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Abstract. Several types of hierarchical fuzzy integral models in decision theory
have been proposed and been investigated by many researchers. Some of them
aim to simplify the models. Others aim to build a high modeling capability. Re-
cently, the notion of hierarchical bipolar Sugeno integral has been proposed by
Sugeno and Nakama in order to represent/model almost all admissible preference
orderings. It is known that the ordinary Sugeno integral can be represented as
a hierarchical Choquet integral. However, it has never been known whether the
hierarchical bipolar Sugeno integral can be represented as some types of Cho-
quet integrals, or not. This paper will show that the hierarchical bipolar Sugeno
integral can be represented as a hierarchical bipolar Choquet integral.
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1 Introduction

The Choquet and Sugeno integrals are one of the most important integrals with respect
to fuzzy measures. In decision theory, the Choquet integral model is well-known and
used as a cardinal preference model and the Sugeno integral an ordinal one. Since 1995,
hierarchical Choquet integrals have been studied by many researchers (e.g., Sugeno,
Fujimoto, and Murofushi [[12}15], Mesiar, Vivona, and Benvenuti [119]), Narukawa and
Torra [[14117] ...). Recently, the notion of hierarchical bipolar Sugeno integral, i.e., hier-
archical Sugeno integral with respect to bi-capacities, has been proposed by Sugeno and
Nakama [16/13]] in order to model/represent almost all admissible, in a natural/common
sense, preference orderings. While, Narukawa and Torra [[14] investigated relations with
the Choquet and Sugeno integrals. They have proved that the Sugeno integral can be
represented as a (2-step) hierarchical Choquet integral (with a constant). However, it
has never been known whether the bipolar Sugeno integral can be represented as some
types of the Choquet integrals, or not. In this paper, we shall show that the hierarchical
bipolar Sugeno integral can be represented as a hierarchical bipolar Choquet integral.

2 Preliminaries

Throughout this paper we use the following notations and conventions. Let N be a non
empty finite set, N := {1, --- ,n}, U, and B, a finite set of integers, U, := {0, 1,--- ,m}
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and B,, = {-m,---,-1,0,1,---,m}. For a function f : N — U,, (resp., f : N = B,),
we denote oy a permutation on N satisfying that

flop) <--- < flop(n)  (resp., |flor()I<--- <|f(op(m))])
with convention f(cr(0)) = 0, and Ay ), A

Agy = {op(k), -, op(m)},
A;/(k) = Ao'j(k) N {l eN | f(l) > 0}, and A;/(k) = Ao'j(k) \A(-:'f(k)

+ . and A~ . the subset of N such as
(k) (k)

for any k € N, respectively. we denote P(N) := 2V = {S | S C N} and QN) := 3V =
{(A1,A2) | A1, Ay € P(N),A; N A, = 0}. Binary operators V, A on U,, and v, A on B,, is
defined as follows: Foranya,b € U,, and c,d € B,

aV b :=max{a,b} and a A b := min{a, b},

cvd:=sign(c+d) (c|vVId]) and c Ad:= sign(c-d)- (c| Ald]),

where sign(c) := —1ifc < 0,:= 0if ¢ = 0, and := 1 if ¢ > 0. These operators v and
A have been introduced by Grabisch [4l5] in order to define the Sugeno integral with
respect to a bipolar scale. Moreover, | | : B, X - -+ X B,, = By, is defined as follows:

Ub .mm bv rlnax b;.

i€f

2.1 Fuzzy Measures and Bi-Capacities

Definition 1 (fuzzy measure [13]). A function u : P(N) — U,, is a fuzzy measure (or
capacity) on P(N) to U,, if it satisfies the following two conditions:

»H w@=0

(i) E,FeP(N),ECF = uE)<ulF).
u is said to be normalized if u satisfies that u(N) = max U,, = m

Definition 2 (bi-capacity [6]). When equipped with the following order C: for arbi-
trary (A1, Az), (B1, B2) € Q(N),

(A1,A2) C (B, By) iff Aj € By,A2 2 By,

a function v : Q(N) — B, is a bi-capacity on Q(N) to B,, if it satisfies the following
two conditions:

i v0,0)=0

(ii) A,B€Q(N),AC B= v(A) < v(B).

If v satisfies that v(V, 0) = max B,, = m and v(0, N) = minB,, = —m, v is said to be

normalized. If v satisfies the condition (i), v is said to be a bi-cooperative game [2]].

Definition 3 (the Mébius transform [6]). To any bi-cooperative game v : Q(N) — By,
another function (bi-cooperative game) m” : Q(N) — B, for some integer / can be
associated by

VALA) = ) m'(BiL B V(A1 A) € QN).
(B1,B2)E(A1,A2)



Hierarchical Bipolar Sugeno Integral 117

This correspondence proves to be one-to-one, since conversely, for (A1, Az) € Q(N),

m'(ALA) = Y (-, ).
BiCA,
ArCByCAS

Definition 4 (support, null set). A subset S C N is said to be a support of N with
respect to a bi-cooperative game v on Q(N) if

vA,B)=v(ANS,BNS) VY(A,B) e Q(N).
So, N\ S is said to be a null set.

Definition 5 (relative bi-cooperative game). For a bi-cooperative game v on Q(N)
and a subset S on N, the bi-cooperative game w on Q(S) is said to be the relative bi-
cooperative game of v on Q(S) if

w(A,B) =v(A,B) Y(A,B) € Q(S).

Proposition 1. [3] Let v be a bi-cooperative game on Q(N). The following two condi-
tions are equivalent to each other:

(1) vis a bi-capacity,

(i >, mBLB)=0
(C1,G2)E(B1,B2)E(A1,A2)

for all (C1,C,) € Q(N) such as |C,| = n — 1 and all (A1, A) € Q(N).

Proposition 2. For any bi-cooperative game v on Q(N), there exist two bi-capacities
vy and v, on Q(N) such that

VA1, A2) = vi(A1,Ar) —v2(A1,A2) V(A1 Az) € Q(N).

Proof. Let m" be the Mobius transform of v. Then, we define two functions m; and m;
on Q(N) via v as follows:

m' (A1, Ay) if m*(A;,Ay) > 0and Ay % N.

mi(Ay,A) = .
0 if m'(A1,Ay) <0and A, # N,
—m"(Al,Az) if m"(A],Az) < 0and A2 # N.

my(Ay,A) = .
0 if m"(A1,Ay) > 0and A, # N,

m@ON) == > m(Bi,B), m@N):=- > m(B,B).
(B1,B2)=(0,0) (B1,B2)E(0,0)
B#N By#N

Through these m; and m,, we define v; and v; as

viALA) = ) miBi,By) Vie{l,2).
(B1,B2)E(A1,A2)
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Then, it follows from Proposition[I] that both v; and v, are bi-capacities. Moreover, for
any (A1, Az) € Q(N),

Vi(A1,A2) = (A1, Ap) = Z mi(By, By) - Z my(B1, By)
(B1,B2)C(A1,A2) (B1,B2)E(A1,A2)

= Z m'(By, By) = v(A1,A)),
(B1,B2)E(A1,A2)

from the definition of the Mobius transform (See, Definition [3). ]

2.2 The Sugeno Integral and the Choquet Integral

Let (N, U,,) be the set of all fuzzy measures on P(N) to U,,, B(N, B,,) the set of all
bi-capacities on Q(N) to B,,, and B'(N, B,,) the set of all bi-cooperative games on Q(N)
to By,.

Definition 6 (the Sugeno and Choquet integral). The Sugeno (resp., Choquet) inte-
gral, S ,(f) (resp., C,(f)), of a function f : N — U,, with respect to u € F(N, U,,) is
given by

n

Su(f) = \/ [ 1) A A, 0))] (1)
k=1

CulF) = ) (Flop) = flor sl = 1) - (A 0. )
k=1

Definition 7 (the bipolar Sugeno and Choquet integral [4)6]). The Sugeno (resp.,
Choquet) integral, BS ,(f) (resp., BC,(f)), of a function f : N — B,, with respect to
v € B'(N, B,,) is given by

n

BS(f) = | |[If(o o) avAL . A )] 3)
k=1

BC(f) = Y (If (o kD] = 1o plle = D)) - WAL 0, A - 4
k=1

Proposition 3. Suppose that S C N is a support of N with respect to v € B'(N, By,)
and that w is the relative bi-cooperative game of v on Q(S). Then for any f : N = B,

BC,(f) = BCu(fls)
where fls is the function on S such that f|s (i) = f(i) Vie S.
Proof. It suffice to prove the case where supports S are represented as
S =N\ {k}

for some null £ € N with respect to v. When we denote g(i) instead of f|s (i), we have a
permutation o, on S = N \ {k} such as

. «f . -1 k ,
og(i) = {Zfil.) 1 ifi < o-{]( )
r(i+1) 1f1>0'f (k).
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Then, it is easy to verify, from the fact that {k} is a null set, that

+ _ _
A(rf((r}' (k))’ A(rf((r}' (k))) V(Ao'/ (0"1 (k)+1)° Ao‘, (0'}1 (k)+]))'

Under above notations with convention (A" A (0, 0),

o1y (r,(n+1>) (A (rg(n)’A(;g(n))z

BC,(f) Z P DI [V(AT 00 A ) = VAT a1 As )]

Z |f(o (D)) [V(A(rfu)’ (_rfu)) - V(A;fuﬂ)’A(_rf(m))]

i<a'}] (k)-1

+ - + -
Hf(@ o7 ) = D) [v(A(,f((,,l(k)_l),A(,f((,}l(k)_lg - v(A(,f((,}l(k)),Aﬁ_m},(k)g]

- + -
+f(o(oy kD) [V(Atrf(k)’ U'f(k)) - V(A(rf((ril(km)’A(rf((ril(k)ﬂ))]

+ Z |f(0'f(’))|[V(Aa,(z)’ ;,-(i))_V(A;,-(Hl)’A;f(M))]

>0 ](k)

Z |f(o (D)) [V(A(rfu)’ (_rfu)) - V(A;fuﬂ)’A(_rf(m))]

i<a;‘ (k-1

1 + - + -
+f (o7 (k) = D)l [v(Ag ot A i) ~ v(AW}I(M,AW(‘T}IM)]

+ Z If (o (D)l [V(A(rfu)’ Av i)~ V(A;f(ul)’Az_rf(zH))]

>0 ](k)

= Z lg(og () [V(Aag(l)’ ;g(i))_V(A;X(HI)’A;'X(HI))]

i<a;‘ (k-1

Ao'g(o';] (k)-1)

)= V(AT

ag(a;‘(k)ﬂ)’ A

1
+g(o (o7 (k) = 1) [V(A; w1y Ug(g;l(k)ﬂ))]

+ Z |8(0'g(l))| [V(A(rg(z)’ (_rg(z)) - V(A;guﬂ)’A(_rg(m))]

n-l1zizo; (k)

n-1

18T eI WIAL 12 Agy ) = WAL a1 Agin))| = BCu(g) = BC,(fls). O

i=1

Definition 8 (hierarchical bipolar Sugeno and Choquet integral [13]). Let L be a
positive integer and {N}} je(1,.+1) a family of non empty sets with Ny = N, Ny, = {1},
and N; := {1,--- ,n;} for an integer n; forall j € {1,---,L + 1} \ {1, L + 1}. For each
je{l,---,L}, let {v },eNH be a set of bi-cooperative games on Q(N;) to By, ie.,
v{ € B'(Nj, ij) for any i € Nj.i. Then,

" = (N} je1. 41)» ien,ui, jet.1p)

is called a system of L-step hierarchical bi-cooperative games. Then, the L-step hier-
archical bipolar Sugeno (resp., Choquet) integral, HBS g.(f) (resp., HBCg.(f) ), of a
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function f : N — B,, with respect to H is given by the following procedures (e.g., see
Fig. 1.):

(1) Fi() = f@) Yie N=N),
(i) F;() :=BS v{"(Ff—l) (resp., F(i) := BCV{q(Fj_l))
VieN;, jefl,---,L+1}\{l,L+1}.
(iii) HBS g.(f) == BSV]L(FL) (resp., HBCg.(f) := BCV]L(FL)).

1| 1
...\: vL_'

R R o bipolar integral
L-1
//// nL|ng

Ny,

bipolar integral

bipolar integral

1
N2
bipolar integral
Fig. 1. Hierarchical bipolar Sugeno and/or Choquet integral
3 Lemmas

3.1 Binary Operators A, V, A, Y and the Bipolar Choquet Integral

Lemma 1. Let N :={1,2}. For any a,b € B,,, a > 0, we define a function f : N — B,
as f(1) =aand f(2) = b. Then

aArb ::lg(jv(ij

where
1 ifA=N,
VA,B)=4 0 ifA=00rA+N,B=0,
—1 otherwise.

Proof. In the case that b > a,i.e.,a A b = a, BC,(f) = a - v(N,0) + (b —a)v(2,0) = a.
In the case thata > b > 0,1.e.,a A b = b, BC,(f) = b - v(N,0) + (a — b)v(1,0) = b.
In the case that —a < b < 0,i.e.,aAb = b, BC,(f) = —b-v(1,2)+ (a+ b)v(1,0) = b.
In the case that b < —a,i.e.,a Ab = —a, BC,(f) =a-v(1,2) +(-b—a)v(0,2) = —a.O
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Lemma 2. Let N := {1,2}. For any a,b € B,,, we define a function f : N — B, as
f(1) =aand f(2) = b. Then av b can be represented as a hierarchical bipolar Choquet
integral of f as follows:

(1) Define a set of non empty set Ny and N, as Ny = N and N, = {1,2,3}.
(i) Define a set of bi-cooperative games {v}} jen, in B'(N, By,,) and v2 in
B’(N, B;) as

0 ifA=0, 0 ifB=0,

vI(A, B) = ifA=0, Vi(A, B) = ifB=0
1 otherwise, —1 otherwise,

1 ifA={1,3},

Vvi(A,B) = (Al - |B))-m, V*A,B)={ -1 ifB={2,3},

0  otherwise,

respectively.
(iii) Define the function F» : N; — B,, as F»(i) := BC1(f) Vie N,.

Then, we have that a v b = BC,2(F>).
Proof. Let f*(i) := max{f(i),0} and (i) := min{f(i), 0}, fori € N;.

Claim 1 : F>(1) = max;ey f(0).
Now we will prove the claim 1. In the case that b > a > 0, i.e., max f* = b,
F(1) = BCV}(f) =0b-a)- v}(2, 0)+a- v}(12, 0) = b.
In the case thata > b > 0, i.e,, max f* = a,
Fy(1) = BC,(f) = (a—b)-v}(1,0) + b - v}(12,0) = a.
In the case thata > —b > 0, i.e., max f* =a,
F(1) = BCV}(f) =(a+b)- v}(l,(/))+ (=b) - v}(l,Z) =a.
In the case that —=b > a > 0, i.e., max f* = q,
F(1) = BCV}(f) =(-b-a)- vi((b, D+a- v}(l,Z) =a.
In the case that b > —a > 0, i.e., max f* = b,
Fy(1) = BCy(f) = (b+a) - v}(2,0) + (—a) - v}(2.1) = b.
In the case that —a > b > 0, i.e., max f* = b,
F(1) = BCV}(f) =(-a->b)- vi((l), D+b- v}(2, 1) =b.
In the case that —a > —b > 0, i.e., max f* =0,
Fy(1) = BC,(f) = (=a+b) - v}(0, 1) + (=b) - v (0, 12) = 0.
In the case that —b > —a > 0, i.e., max f* =0,
Fy(1) = BC,(f) = (b +a) - v}(0.2) +a - v}(0.12) = 0.

Claim 2 : F»(2) = miney [~ (i).
This claim can be verified similarly to the proof of Claim 1.

Claim 3: F>,(3) = (a + b) - m.
This claim can also be verified similarly to the proof of Claim 1.

Here, we consider the following three cases:
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IF2(DI > [F2)l,  [F2(D < [F2(2)],  and  |F>(1)] = [F2(2)].

In the case that |F(1)| > |F2(2)),
ie., |max f*| > |min f~| and F,(3) > F5(1) > —=F,(2) > 0. Then,

BC\2(F») = (F2(3) = F2(1)) - v*(3,0) + (Fa(1) + F2(2)) - v*(13,0) — F2(2) - v*(13,2)
=F)(1)=max f* =avb, since max f* > 0and|max f*| > |min f|.

In the case that |F(1)| < |F2(2)),
ie., |max f*| < |min f~| and —F,(3) > —F,(2) > F»(1) > 0. Then,

BC,2(F) = (=F2(3) + F2(2)) - v}(0,3) + (=F2(2) — F2(1)) - v*(0,23) + F2(1) - v*(1,23)
= F,(2)=minf~ =aVv b, sinceminf” <0and|max f| <|minf|.

In the case that |F(1)| = |F2(2)],
ie., |max f*| = |min f~| and F,(1) = —=F,(2) > F,(3) = 0. Then,

BC2(F) = Fo(1)-v*(1,2)=0=a v b, sincea=max f* =-minf" =-b. O

Lemma 3. There exist bi-cooperative games v and w € B'(N, B,,) such that, for any
function f : N = B,,

max f*() = BC,(f) and min f~(i) = BC,(),
where f*(i) = max{f(i), 0} and f~(i) = min{f(i), 0} forie€ N.
Proof. We put v and w as

1 ifA+#0,
0 otherwise,

-1 ifB+#0,
0 otherwise.

v(A, B) = { and w(A, B) = {

Then, it is easy to verify that
max f*(i) = BC,(f), minf ()= BC,(f). O
ieN ieN

3.2 Ordinary Bipolar Sugeno Integral and Hierarchical Bipolar Choquet
Integral

Lemma 4. There exists a system of 4-step hierarchical bi-cooperative games $* such
that, for any function f : N — By, | liey f(i) can be represented as a hierarchical
bipolar Choquet integral of f with respect to $%, i.e.,

| | £6) = HBCs: ().

ieN
Proof. Let Ny = N, N, ={1,---,2n},and N5 = {1,2}. Put {V}}jeNz as
1 ifA>j,
0 otherwise

\AB) ien ot BRI
vi(A,B) = if j<n, VviA,B)= i n
J J J 0  otherwise /

and put {v? }jen, as

1 ifA#0,

0 otherwise,

-1 ifB=+#0,
0 otherwise.

Vi(A,B) = { and v3(A,B) = {
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Here, we define a function F, on N, as F»(j) := BC,:(f). Then
N A if j<n,
Fr()=1"._". o
f(j—n) ifj>n.
Next, define F3 on N3 as F3(j) = BC,2(F5). Then, it follows from Lemma 3] that
F3(1) =max f* and F3(2) = min f~.
ieN ieN
Thus,
%J f(i) = F3(1) Y F3(2) since |3]| f() = max f* v min f~.

Then, it follows from Lemma [2] that | |,y f(i) can be represented as a 4-step bipolar
Choquet integral. O

Lemma 5. Let N :={1,---,n}, andv € B(N, B,,). Then, for any k € N, there exists a
system of 4-step bi-cooperative games, 532, such that

VAT s AT, w) = HBCy:(g’)
for any function f : N — B,,, where g/ is the function on N U {0} defined by

ro _[f@ iien,
&0 {1 ifi=0.

Proof. We consider a 4-step bipolar Choquet integral of g/. Let N; := N U {0} =
{0,---,n}, No :={0,---,2n}, N3 :={0,--- ,n}, and Ny := {1,--- ,n}. Here, we use the

notation v;*", on the domain considered, to denote, for any p € N,
1 if A>3 p,
vp¥(A,B):=<-1 ifB>p,

0 otherwise.

We put a set of bi-cooperative games {vl.l Jien, as follows:

vI(A, B) := v]*"(A, B) ifi <n,
1 ifJAUB|>n+1—-kandA>i-n,
vI(A,B):={-1 if[AUB|>n+1—kandB>3i—n, ifi > n.

0 otherwise,
Here, we define a function F», : N, — B, on N, as
Fy(i) := BC,1(g/) Vi€ Ns.

Then,

Fyi) = g/ () ifi<n,
2= gf(i—n)/\lgf(agf(k—l))| ifi > n.
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Next, we would define F5 : N3 — B,, as

F3(0), ie., 1 ifi =0,

F2(i) = Fa(n + 1), ie., /(i) =g/ (op(k— 1) if f(i) > 0 and o 4(i) > o4 (k),
Fy(i) = Fa(n+ 1), ie., g/()+ Igf(O'g/ (k—=1)| if f(i) <0and o /(i) > or(k),
Fy(i)— Fr(n+1i), ie., 0 otherwise,

Fg(l) =

via some bipolar Choquet integral. To do this, {v7}iey, should be v§ := v(sfg" and

1 ifA>iand A $n+1i,
Vi(A,B)=1{-1 ifB>siand B#n+i,

0 otherwise,
fori € N, \ {0}. Next, we would define F4 : N — B,, as F4(i) := F3(0) A F3(i), i.e.,

1 if g/(i) > 0 and Ogr(i) 2 ogr(k), 1ie,if f(i) 2 0and of(i) = os(k),
Fii@)={-1 ifg/(i)<0and 0o (i) 2 ogr(k), ie,if f(i) <0and of(i) = o(k),
0  otherwise,
via some bipolar Choquet integral. It is easy, from Lemmal[I] to demonstrate the fact.

Finally, we have that
BC\(Fy4) = v(A;f(k),A;f(k)).

O
Lemma 6. Let N := {1,--- ,n}, For any k € N, there exists a bi-cooperative game
vk € B'(N, By,) such that |f (o ¢(k))| = BC,(f) for any function f : N — B,,.
Proof. We have that |f(o(k))| = BC\x(f) forany f : N — B, via
1 if[AUB -k,
(A By = 1L AU B>
0 otherwise.
[m}

The next lemma is obtained immediately from Lemmas[Tl[3] and[6l

Lemma 7. Let N :={1,---,n}, andv € B(N, B,,). Then, for any k € N, there exists a
system of 5-step bi-cooperative games, Sf)i, such that

f (o s (RN A VAT 1y, Ay 40) = HBCg3(g”)
for any function f : N — B,,, where g/ is the function on N U {0} defined by

s [0 ifien,
&0 {1 ifi=0.

The next lemma, obtained immediately from Lemmas [l and [7] shows that the bipolar
Sugeno integral can be represented as a hierarchical bipolar Choquet integral.
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Lemma 8. Let N :={1,--- ,n}, andv € B(N, B,,). Then, there exists a system of 9-step
bi-cooperative games, 552, such that

|| [1Fnl A v(AL 40 A7, )] = HBCg(8"),
keN

Le.,
BS\(f) = HBCg(g")

for any function f : N — B,,, where g/ is the function on NU{0} defined by f4(i) := f(i)
ifieNand:=1ifi=0.

4 Theorem

Theorem 1. Let N :={1,--- ,n} and $ a system of hierarchical bi-cooperative games.
Then, there exists another system of hierarchical bi-cooperative games, ', such that

HBS o(f) = HBCg(g')

for any function f : N — B,,, where g/ is the function on NU{0} defined by f4(i) := f(i)
ifieNand:=1ifi=0.

That is, the hierarchical bipolar Sugeno integral, of any functions with respect to any
systems of hierarchical bi-cooperative games, can be represented as a corresponding
hierarchical bipolar Choquet integral.

Proof. It is easy to verify from the fact that the hierarchical bipolar Sugeno integral

is represented as a hierarchical combination of bipolar Sugeno integrals and that any

bipolar Sugeno integral can be represented as a hierarchical bipolar Choquet integral.
O

5 Concluding Remarks

In this paper, we show that the hierarchical bipolar Sugeno integral of any function f
can be represented as a hierarchical bipolar Choquet integral of g/ which is obtained
by extending the domain N of f to N U {0} (i.e., g/(i) = f(i) if i € N and =1 if i = 0).
The Choquet integral of this g/ is essentially the same as the Choquet integral with con-
stant, introduced by Narukawa and Torra [14], of f. Moreover, Torra and Narukawa [[17]
have demonstrated that the bipolar Choquet integral can be represented as a hierarchical
CPT-type Choquet integral. That is, the hierarchical bipolar Sugeno integral can be rep-
resented as a hierarchical Choquet integral without using bi-capacities (bi-cooperative
games).
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