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Introduction

The study of positive maps of C*-algebras started around 1950 with Kadison’s
generalized Schwarz inequality and characterizations of isometries of C*-algebras,
[35, 36]. A few years later Stinespring introduced completely positive maps and
showed his famous dilation theorem [70]. A little later Tomiyama proved some of
the basic results on positive projections of von Neumann algebras onto von Neu-
mann subalgebras, called conditional expectations [92]. After that the theory grad-
ually developed, but with rather few people involved. A change came in the 1990’s
when it became clear that positive maps are important in the study of entanglement
in quantum information theory. Since then the interest in the subject has increased
considerably, as has the development of the theory.

The aim of the present book is to present the main part of the theory of positive
maps as it stands today. We start with the basic results in Chap. 1 and prove in
particular the Stinespring Theorem and the inequalities for positive maps that follow
from it. It turns out that the order theory of C*-algebras is closely related to Jordan
algebras. In Chap. 2 we study positive maps from this point of view, and in particular
study projection maps and their images. The unit ball of maps from one C*-algebra
into another is a convex set. As might be expected, many of the extreme points of
this convex set have special properties. This topic will be treated in Chap. 3.

From Chap. 4 on much of the theory will be developed in finite dimensions. There
are three main reasons for this; firstly, the main ideas come from finite dimensions,
the extension to infinite dimensions are often unnecessarily technical, and the appli-
cations to quantum information theory are mostly in finite dimensions. The reader
who is mainly interested in this part may skip Chaps. 2 and 3 on first reading.

Since we shall mainly be interested in properties of positive maps, and each C*-
algebra can be considered as a subalgebra of B(H)—the bounded linear operators
on a Hilbert space H, we shall mostly restrict attention to maps into B(H). If a
map is from B(K) into B(H) with K finite dimensional, a very useful technique
was introduced by Choi [7] and Jamiolkowski [30], namely the Choi matrix for
a map. This matrix yields an isomorphism of the linear maps of B(K) into B(H)
onto B(K ® H), identified with B(K) ® B(H). Thus problems on positive maps are
reformulated in terms of matrices. Their basic properties will be studied in Chap. 4.
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vi Introduction

In Chap. 5 we introduce cones of maps in P (H)—the positive maps of B(H)
into itself—called mapping cones, and positivity of maps into B(H) with respect
to mapping cones. An important result in this connection is a Hahn-Banach type
theorem for maps positive with respect to a mapping cone, which implies that we
may restrict attention to maps of B(K) into B(H). This will be done in the three last
chapters, which are all to a great extent inspired by quantum information theory. In
Chap. 6 we study the dual cones of mapping cones, in Chap. 7 applications to states,
and in Chap. 8 we consider different norms on positive maps.

In order to reach a more general audience the mathematical level of the book
is kept as elementary as possible. We have therefore avoided proofs which require
much of the theory of von Neumann algebras and the second dual of C*-algebras.
Therefore some results appear in less generality than is possible. In the Appendix
we include some results and references which will be used in the text.

Since our main goal is the study of positive maps as such, we have omitted the-
ory of more general type and closely related results concerning maps which are not
positive.We have therefore not included results on completely bounded maps. For
this see the book [59]. Furthermore, we have not included results on the facial struc-
ture of P(H), nor the dual action on the state spaces of C*-algebras given by unital
positive maps. For a survey on the facial structure see [45]. For exposed maps see
e.g. [13, 19]. Another area where positive maps appear, is in operator spaces. In that
context the maps are usually completely positive, see [14]. However, there is a close
connection with positive maps of C*-algebras, which is shown in [34].

Most of the results in this book have not appeared in book form before. The
exceptions are the basic theory of completely positive maps, which is well treated
in Paulsen’s book [59] and partly in Effros and Ruan’s book [14]. Furthermore parts
of the content of Chaps. 4, 6 and 7 are considered in the book [2] by Bengtsson and
Zyczkowski, but then in a more descriptive form. For a survey of the theory as it
was prior to 1974 see the survey article [75] by the author.
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Chapter 1
Generalities for Positive Maps

In this chapter we introduce the basic notions of positive maps. We show the main
results on completely positive maps, inequalities and norm properties, plus the ad-
joint map.

1.1 Basic Definitions

It is expected that the reader knows the basic elements of operator algebra theory.
But for the reader’s convenience we shall state the main definitions and results we
need, in the Appendix. Since there are different notations and conventions in use for
the main concepts, we first introduce the basic ones used in this book.

The inner product on a complex Hilbert space H is denoted by

&.m, & neH.

The inner product is linear in the left variable and conjugate linear in the right.

We denote by B(H) the bounded linear operators on H. M,, = M,,(C) denotes
the complex n x n-matrices. It is identified with B(C"). If A is a C*-algebra we
also use the notation M,,(A) for the n x n-matrices with entries in A. The transpose
map is denoted by ¢, so that 7((a;)) = (a,-j)’ = (aj;). Tr will always denote the trace
on M, which takes the value 1 at minimal projections. The notation is independent
of n, but will be clear from the context.

Definition 1.1.1 Let A and B be C*-algebras. A linear map ¢ : A — B is said to
be positive, written ¢ > 0, if ¢ (a) > 0 whenever a > 0.

When we say a map is positive we always implicitly assume it is linear. Note that
the definition makes sense in much more general circumstances, e.g. when A is an
operator system, i.e. a linear subspace A C B(H) such that a € A implies a* € A
and 1 € A. We shall often use the notation B(A, H) for the linear space of bounded
linear maps of A into B(H) and B(A, H)" for the positive maps in B(A, H).

E. Stgrmer, Positive Linear Maps of Operator Algebras, 1
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2 1 Generalities for Positive Maps

Since each self-adjoint operator is the difference of two positive operators with
orthogonal supports, a positive map ¢ carries self-adjoint operators to self-adjoint
operators. If a = b 4 ic with b and c self-adjoint in A, we get

p(a) =¢®) —ip(c) =¢(a)",

so ¢ preserves adjoints, and is often referred to as a self-adjoint linear map. If A has
an identity 1 and a € A is self-adjoint, then —|la||l <a < |a]/1, so —|la|l¢(1) <
¢(a) < |lall¢(1). Thus the norm of the restriction ¢| 4,, of ¢ to the self-adjoint part
of A,1is ||¢(1)]. If A does not contain 1 then we can extend ¢ to A—the C*-algebra
A with 1 adjoined, i.e. A=A+ C1, and define ¢(1) to be ||¢|a,, lI1.Ifa=b +ic
as above we have

l¢@]| < e® |+ |o@] <2|oM|lall.

because |||, ||c]| < |la||. Thus every positive map is bounded and therefore contin-
uous. We shall see later that ||¢|| = [|¢ (1]l

A linear functional p on a C*-algebra A is called a state if it is positive on positive
operators and has norm 1. In particular if 1 € A, p(1) = 1. If A = M,, the density
matrix for p is the positive matrix i such that p(a) = Tr(ha) fora€ A. If pisa
state on M, ® M,,, p is said to be a product state if there are states p; on M, and
02 on M, such that p = p1 ® p2. p is said to be separable if it is a convex sum of
product states.

1.2 Completely Positive Maps

Positive maps are divided into several classes of which the completely positive maps
have been the most important. This has also been the case in applications to physics,
see [49]. See the Appendix for a discussion of tensor products.

Definition 1.2.1 Let ¢ : A — B be a linear map, and let k € N—the natural num-
bers. Then ¢ is k-positive if ¢ Qi : A Q My — B ® M is positive, iy denotes the
identity map on My. ¢ is said to be completely positive if ¢ is k-positive for all
k eN.

A restatement of the definition of k-positivity is that if (a;;) € My (A)T—the pos-
itive elements in My (A)—then (¢ (a;)) € M (B)*. Note also that since the flip
map A Q@ My — My ® A, defined by a ® b — b ® a, is an isomorphism, ¢ is also
k-positive if and only if iy ® ¢ : My ® A — M ® B is positive.

We next list some properties of k-positive, and hence completely positive maps.
But first recall that a x-anti-homomorphism is a self-adjoint linear map ¢ such that
¢(ab) = ¢(b)pp(a). We shall often drop the prefix * when we say a map is a *-
homomorphism or an x-anti-homomorphism. If K and H are Hilbert spaces, and
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V : H — K is a bounded linear operator, then AdV denotes the map of B(K) into
B(H) defined by

AdV(a) = V*aV.

Since every C*-algebra can be imbedded in B(H) for some Hilbert space H, we
can often replace the C*-algebra B in Definition 1.2.1 by B(H).

Lemma 1.2.2 Let A C B(K) and B C B(H) be C*-algebras and ¢ : A — B a
self-adjoint linear map.

(1) If ¢ = AdV for a bounded operator V : H — K, then ¢ is completely positive.
(i) If ¢ is a x-homomorphism then ¢ is completely positive.
(iii) If Ag and Bg are C*-algebras, ¢ k-positive and a : A9 — A, B : B — By are
k-positive then B o ¢ o « is k-positive.
(iv) Ifin (iii) o and B are x-anti-homomorphisms and ¢ k-positive, then B o ¢ o «
is k-positive.

Proof (i) This follows since AdV ® i = Ad(V ® 1) is positive, where iy is the
identity map on M.

(i1) Similarily if ¢ is a homomorphism, then so is ¢ ® ik, hence is positive.

(iii) Since

(Bodoa)Rixr=(BRik) V(P Qi) (¢ i)

is a composition of positive maps, 8 o ¢ o « is k-positive.
(iv) Similarily if o and B are anti-homomorphisms then

(Bogoa)Qix=(f®1)o(pQ®ix) (@),

as t? = ix. Since « ® t and B ® ¢ are s-anti-homomorphisms they are positive maps,
s0 again 8 o ¢ o & is k-positive. 0

If (a;j), (bjj) € M, then their Schur product is the matrix (a;;b;) € M.

Lemma 1.2.3 If (a;) € M;F then the Schur product (bij) = (ajjbjj) is a completely
positive map M, — M,,.

Proof By spectral theory we may assume (a;;) is of rank 1, hence of the form (a@;a ).
Let V denote the diagonal matrix with diagonal entries aj, ..., a,. Then (a;b;;) =
(@ibjja;) = V*(b;)V, so the lemma follows from Lemma 1.2.2 part (i). O

If either A or B is abelian then a positive map ¢ : A — B is completely positive.
In the next two theorems we prove this.

Theorem 1.2.4 Let A and B be C*-algebras with B abelian. Then every positive
map ¢ : A — B is completely positive. In particular, each state on A considered as
a positive map of A into C is completely positive.
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Proof We first show that if p is a pure state on B ® My then p is a product state.
Indeed, since B ® C1 is the center of B ® M;,if 0 <b <1 in B ® C1 then for all
a>0in B ® My, p(ba) < p(a). Since p is pure it follows that p(ba) = p(b)p(a).
Thus, if @ = p|pgct and n = plcigwm, then for b e B,a € My,

pb®a)=p((b®H(1®a)=pb® p(l ®a)
= 0@ =0 b ea),

proving the assertion.
Let now ¢ : A — B be a positive map. Let p be a pure state of B ® M. With w
and 7 as above

po(Pp®ir)=(wod)® (noix)

is the tensor product of two positive linear functionals, hence is positive. Since this
holds for all pure states p, ¢ ® i is positive, so ¢ is completely positive. U

Theorem 1.2.5 Let A and B be C*-algebras with A abelian. Then every positive
map ¢ : A — B is completely positive.

We first give a simple proof when A is finite dimensional. In that case let
e1, ..., ey be the minimal projections in A, so Ae; = Ce;. Define ¢; (a) = ¢ (ae;).
Then ¢; is the composition of the homomorphism a +> ae; and a positive map
C — B(H), so is clearly completely positive, hence sois ¢ =Y 7| ¢;.

Proof of Theorem 1.2.5 We may assume A = Co(X)—the continuous complex
functions vanishing at infinity on a locally compact Hausdorff space, or if A is
unital that A = C(X)—the continuous functions on a compact Hausdorff space. Let
a=(fj € M,(A)T. Assume B C B(H), and let &, ..., &, be vectors in H. We
wish to show

n 'i:l él
DU E) = @u) | ||| |=0 (1.1)
Lj=1 Sn %-n

By the Riesz-Markoff Theorem there exists a regular measure m on X such that
Y@ (NELED) = f fdm for all f € A. Then by the Riesz-Markov and Radon-
Nikodym theorems there exist measurable functions 4;; such that

(¢(f)§,~,$,-)=/fh,;,~dm forall f € A. (1.2)
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Let A1, ..., A, € C. Then we have for f >0,

Al Al

/ fo [ gy || 2 | | am
A An

= f FO)Y hi()xjhidm
i,J
=Y (&) &)xjhi
i,

¢(f) -~ 0 A1l A€

0 e ¢(f) )\ngn )\n%‘n
2 07
since ¢(f) >0 when f > 0. It follows that for each A = (Aq,...,A,) € C”,
((hij(¥))A, &) = 0 almost everywhere. Letting A run through a countable dense set
in C" we conclude that (%;(y)) > 0 almost everywhere.
Since the evaluation f +— f(y) is a state for y € X, it is completely posi-

tive by Theorem 1.2.4, so the matrix (fjj(y)) € M, for all y € X. Therefore by
Lemma 1.2.3 the Schur product

(fi»hij(y)) =0

almost everywhere, and so

Z fiiy)hij(y) =0 almost everywhere.
ij

Thus from (1.1) and (1.2)

> (b (fips). &) =/Zﬁj(y)hg(y)dm >0,

i.j i.j
completing the proof. 0

Remark 1.2.6 An alternative proof of the above theorem would be to show that
the cone (A ® My)™ of positive operators in A ® M; equals the cone AT ® M,j'
generated by operators a ® b witha € AT, b M,:r. In that case, if a € (A @ My)™
then a is of the forma =Y a; ®b;, a; € AT, b; € M,:r, 0 (pQu) (@)=Y ¢(a)®
b; > 0, and therefore ¢ is completely positive.

The main result on completely positive maps is the Stinespring Theorem, which
is an extension of the GNS construction for states to completely positive maps.
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Theorem 1.2.7 Let A be a unital C*-algebra and ¢ : A — B(H). Then ¢ is com-
pletely positive if and only if there exist a Hilbert space K, a bounded linear opera-
tor V: H — K and a x-homomorphism w : A — B(K) such that

¢a)=V*r(a)V forallaeA.
Furthermore |V ||* < ¢ (D).
Proof If ¢ is of the above form then ¢ is completely positive by Lemma 1.2.2.

The proof of the converse is a generalization of the proof of the GNS-
representation for a state. We define a sesquilinear form on A ® H by

<be ®njs ) ®5f>=2(¢(a;*bj)n,-,si),

fora;,bj € A, n;,§ €eH,i=1,...,k, j=1,...,1 In particular, if n = (31, ...,
n;), then

<Iij®7]j,Zbi®77i> i n],n,)
= ((#(67b;j))n.m) = 0,

since ¢ is in particular /-positive, and

by - b

*

* R A : )

(bibj) =1 : 2 o emmt.
b 0 - 0/ g g

We therefore have a positive semidefinite sesquilinear form, and if we let
N:{ueA@H : (u,u):O}

then (, ) induces a Hilbert space inner product on (A ® H)/N. We let K denote the
completion of the pre-Hilbert space (A ® H)/N.
For each a € A we let w(a) be the linear map on A ® H defined by

n(a)(Zaj ®é‘j> =Zaaj ®&;.

If) a;j®& € A® H leté = (&1,...,&). We then have

<71(a) (Za./ ®§j>,n(a) <Zai ®.§,~>>
j i
—Z a *a aaj S, f;‘,)
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= ((¢(ara*aq;))s. €)
<llal*((p(afay))E. &)

= lalP{Y e 08> a &)

In particular 7 (a) maps N into itself. 7 (a) therefore determines a bounded linear

operator, also denoted by 7 (a), of A® H/N intoitself. Itis clear that ||z (a)| < ||la]l.

Thus 7 (a) extends to a linear operator on K, which we again denote by 7 (a). It is

easy to check that 7 : A — B(K) is a unital x-homomorphism.
Define V: H — K by

VE=1Q&+N.
Then

IVEI? = (VE, VE) = (10& 1®E) = (p(1)E,§)
< e@]I&12,

so in particular, V is bounded and || V2 < |lopD)].
Finally, if a € A and &, n € H then

(V*r(@VEn) =(r@(1®E),1®n)
=a®&1®n)
= (¢p(@é&. 7).

Thus ¢ (a) = V*r(a)V, completing the proof. Il

For more on the Stinespring Theorem see Sect. 3.5.
The Stinespring Theorem has immediate formulations to other classes of maps,
as we shall now see.

Definition 1.2.8 Let A be a C*-algebraand ¢ : A — B(H). We say that ¢ is copos-
itive if t o ¢ is completely positive, where ¢ is the transpose map on B(H). ¢ is de-
composable if ¢ is the sum of a completely positive and a copositive map. Otherwise
¢ is indecomposable.

Remark 1.2.9 Note that if ¢’ is the transpose map on B(H) with respect to another
orthonormal basis, then there is a unitary operator u € B(H) such that 7' = Adu ot.
Thus by Lemma 1.2.2 the definition of copositive maps is independent of the choice
of basis, and thus of ¢.

The same is the situation with maps of the form ¢ o ¢ with ¢ k-positive. We shall
come back to these and k-positive maps in Chaps. 6 and 8, where it will be shown
that they fit well into the classification scheme for positive maps. The remaining
class which is very poorly understood, is that of atomic maps, where a positive map
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¢ : A — B(H) is said to be atomic if it cannot be written as a sum ¢ = @1 +1 o ¢,
with ¢ and ¢, two 2-positive maps.

Definition 1.2.10 Let A and B be C*-algebras and ¢ : A — B a self-adjoint linear
map. We say that ¢ is a Jordan homomorphism if ¢ (a*) = ¢ (a)? for all self-adjoint
operators a € A.

Note that since ab + ba = (a + b)> — a> — b?, a Jordan homomorphism preserves
the Jordan producta o b = %(ab + ba).

Theorem 1.2.11 Let A be a unital C*-algebra and ¢ : A — B(H) a positive map.
Then

(1) If ¢ is copositive then there exist a Hilbert space K, a bounded linear op-
erator V : H — K and an anti-homomorphism w : A — B(K) such that
¢(a) =V*n(a)V fora e A.

(ii) If ¢ is decomposable then there exist K and V as in (i) and a Jordan homomor-
phism 7w : A — B(K) such that ¢ (a) = V*r(a)V fora € A.

Proof (i) Let Ko be a Hilbert space such that A C B(Kp), and let fy denote the
transpose on B(K() and ¢ the transpose on B(H). Let B =ty(A). Then B is a C*-
algebra anti-isomorphic to A. Define ¢’ : B — B(H) by ¢'(b) = ¢ (t9(b)). This is
well-defined because 7o = 1, ! Since ¢ is copositive, ¢ o ¢ is completely positive,
hence by Lemma 1.2.2 (iv) ¢/ =1 o (¢ o ¢) o fo is completely positive. Therefore
by the Stinespring Theorem, 1.2.7, there exist V and 7’ as in the statement of the
Stinespring Theorem such that ¢’ = V*7'V. Then if a € A,

P(a) =¢otyoio(a) =¢'(toa) = V*r'(1o(a))V = V*m(a)V,
where 7 is a x-anti-homomorphism, proving (7).
(ii) Suppose ¢ = @1 + ¢ with ¢1 : A — B(H) completely positive and ¢ : A —
B(H) copositive. By the Stinespring Theorem and (i) there exist Hilbert spaces K;,

a homomorphism 7y : A — B(K1), and an anti-homomorphism 7, : A — B(K>)
such that ¢; = V*m; V; where V; : H — K;.Let V: H — K| @ K; by

VE=Vi5 @ Vas.
Define 7 : A - B(K| & K») by
w(a) =m(a) + m(a).
Thus 7 is a Jordan homomorphism, and for a € A,
Vir(a)V = Vim(@)\Va + Vym(a)Va = ¢1(a) + ¢2(a) = ¢(a),

completing the proof of the theorem. g
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1.3 Inequalities

The Stinespring Theorem, 1.2.7, yields several inequalities for positive maps. From
the theorem it follows that if ¢ = V*7V, then ||V |2 < |||, hence if ||¢|| < 1 then
Vi <1.

Theorem 1.3.1 Let A be a C*-algebra and ¢ : A — B(H) be a positive map with
ol < 1. Then for a € A we have:

(i) If A is unital and ¢ is completely positive then ¢ (a*a) > ¢ (a)*¢p(a).
(i1) If a is a normal operator then ¢ (a*a) > ¢ (a)*¢(a).
(iii) If a is a self-adjoint operator then ¢ (a*) > ¢(a)?.
(iv) ¢(a*a+aa*) > p(a)*¢(a) + P (a)p(a)*.

Proof (i) If ¢ is completely positive, ¢ = V*7 V as in the Stinespring Theorem with
IVl < 1. Thus

¢(a*a) = V*n(a*a)v =V*r(a)*m(a)V > V*n(a)*VV*r(a)V
=¢(a) ¢(a).

(ii) If @ is a normal operator in A then the C*-algebra C(a) generated by a and
1 is abelian and ¢ has a positive extension to C(A) with norm ||¢] < 1. Then the
restriction of ¢ to C(a) is completely positive by Theorem 1.2.5. Hence (ii) follows
from (i). (iii) is immediate from (ii). (iv) The operators a + a* and i(a — a™*) are
self-adjoint. Thus by (iii)

o((ata")’) +o((i(a—a"))’) z¢(a+a") +o(i(a—a))"
A straightforward computation now yields the desired result. d

Corollary 1.3.2 Let A be a unital C*-algebra and ¢ a 2-positive map with ||¢|| < 1
of A into B(H). Then ¢ (a*a) > ¢p(a)*¢(a) forall a € A.

Proof Let 1» denote the identity map on M;. Since ¢ ® tp is positive, Theo-
rem 1.3.1 (iii) implies

¢(a*a) 0 a*ta 0 0 a*\*
( 0 ¢(aa*)>=¢®t2<0 aa*>=¢®u<<a 0))

0 a*\> _ [¢@*pa) 0
2¢®‘2<a 0) ‘( 0 ¢<a>¢(a>*>’

proving that ¢ (a*a) > ¢ (a)*¢ (a). O

In Sect. 1.1 we showed that if ¢ is positive ||¢| < 2|l¢(1)]. Using Theorem 1.3.1
we can now improve this.
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Theorem 1.3.3 Let A be a unital C*-algebra and ¢ : A — B(H) a self-adjoint
linear map. If ¢ is positive then ||p|| = ||@ (1)||. Conversely, if (1) = 1 and ||p|| =1,
then ¢ is positive.

Proof Multiplying ¢ by a scalar we may assume ||¢|| = 1. By the Russo-Dye The-
orem, see Appendix Al.5, the unit ball of A is the closed convex hull of the unitary
operators in A. Thus 1 = sup ||¢ («)||, where the sup is taken over all unitary opera-
tors in A. But by Theorem 1.3.1(ii) if ¢ is positive, then

[o@]* = low ] < [(u)| = s D] < 1.

Thus 1 =sup ¢ @)[* < [[p(D)]| < 1, so [¢(1)]| =1 = [|¢]|. Conversely if ¢ is a
self-adjoint linear map such that ¢ (1) = 1, and ||¢|| = 1, then for each state p of
B(H), p o ¢ is a state, hence is positive. Since this holds for all states, ¢ is posi-
tive. O

1.4 The Adjoint Map

If K and H are finite dimensional Hilbert spaces, then B(K) and B(H) with the
Hilbert-Schmidt inner product (a, b) = Tr(ab*) are Hilbert spaces. Thus a linear
map ¢ : B(K) — B(H) can be considered as a bounded operator between Hilbert
spaces and therefore has an adjoint map defined by

Tr(¢(a)b) = Tr(ag* (b)), a € B(K),b € B(H). (1.3)

In the infinite dimensional case we must assume ¢ is normal, i.e. if (aq)qes 1S an
increasing net in B(K)™ with least upper bound a, so a, /" a € B(K), implies
¢(ay) /" ¢ (a), then ¢ is weakly continuous on bounded sets, see Appendix A.1.
Since every normal state on B(H) is defined by a density operator, which is a pos-
itive trace class operator, a normal positive map ¢ has an adjoint map ¢* mapping
the trace class operators .7 (H) on H into .7 (K), defined by (1.3).

Definition 1.4.1 Let M be a von Neumann algebra and ¢ : M — B(H) be a normal
positive map. Then the null space of ¢ is the sup of all projections e € M such that
¢(e) = 0. If f is the null space of ¢ then 1 — f is the support of ¢, denoted by
supp ¢. We say ¢ is faithful if the null space of ¢ is 0, i.e. if a > 0 and ¢ (a) =0
then a = 0.

Proposition 1.4.2 Let K and H be Hilbert spaces and ¢ : B(K) — B(H) a normal
positive map. Then we have:

(i) ¢*: I (H)— B(K) is positive.
(i1) ¢ (1) =1 ifand only if Trx o ¢* = Try, where Trg and Try are the traces on
B(K) and B(H) respectively.
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(iii) Let e = supp ¢. Then e¢p™(b)e = ¢p*(b) for allb e T (H).
@iv) If V: H — K is linear then (AdV)* = AdV*.

Proof (1) This follows since a € B(K) is positive if and only if Tr(ab) > 0 for all
positive b € .7 (K).

(i) Trg (¢ (1)b) = Trx (¢p* (b)) for all b €  (H). Thus (ii) follows.

(iii) Since ¢ (e) = ¢ (1) we have for b € T (H)

0=Tr((1 — e)¢* (b)) = Tr((1 — &)¢*(b)(1 — e)).

Hence for all b > 0 in J(H), (1 —e)¢p™(b)(1 — e) =0, so that (1 — e)¢p*(b) =0
for all positive b, and therefore ¢*(b) = e¢p™(b) = (e¢p*(b))* = ¢*(b)e. Thus (iii)
follows easily, since the positive operators span .7 (H).

(iv) This follows since

Tr(AdV (a)b) = Tr(V*aVb) = Tr(aVbV*) = Tr(aAdV*(b)). O

If H is finite dimensional then .7 (H) = B(H), so 1 € .7 (H). Then we can add
the following to Proposition 1.4.2.

Proposition 1.4.3 Let H be finite dimensional and ¢ : B(K) — B(H) be weakly
continuous on bounded sets. Then we have:

(1) ¢ is positive if and only if ¢* is positive.
(ii) If f =supp@™* then ¢* : f B(H) f — eB(K)e is faithful, where e = supp ¢.
(iii) ¢ is k-positive if and only if ¢* is k-positive. Hence ¢ is completely positive if
and only if ¢* is completely positive.
(iv) If ¢ is faithful then the range projection of ¢* (1) equals 1.

Proof (1) This follows by the argument of Proposition 1.4.2(i).

(i) If f = supp @™ then ¢*(b) = d*(fbf), so by Proposition 1.4.2(iii) ¢*(fbf)=
ep™(b)e, and (ii) follows by definition of supp ¢*.

(iii) We have (¢ ® 1)* = ¢* ® 1f = ¢* ® 1. Thus by (i) ¢ is k-positive if and
only if ¢* is k-positive.

(iv) If the range projection of ¢*(1) is not the identity then there exists a 1-
dimensional projection p orthogonal to ¢*(1). Then Tr(¢(p)) = Tr(pe*(1)) = 0.
Since ¢ is faithful p = 0, completing the proof. g

1.5 Notes

The main results in the present chapter are closely related to completely positive
maps. The definition is due to Stinespring [70], who proved Theorem 1.2.7. As the
reader can see, the proof is a generalization of the proof of the GNS construction
for states. Our proof follows closely the proof in the book by Effros and Ruan [14].
The theorem has been extended to *x-algebras of unbounded operators by Timmer-
mann [90].
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The ideas of the Stinespring Theorem go back to Naimark [52], who proved the
theorem in the case when the map is from an abelian C*-algebra into B(H). Thus
Theorem 1.2.5 is due to him. Our proof follows closely the one due to Stinespring.
The other theorem on positive maps being automatically completely positive, The-
orem 1.2.4, is due to the author [71], see also [85]. Among the inequalities in Theo-
rem 1.3.1 the most famous is the third, ¢(a2) > ¢(a)2. This inequality was proved
by Kadison [36] and is usually referred to as the Kadison-Schwarz inequality. Corol-
lary 1.3.2 is due to Choi [6], and Theorem 1.3.3 to Russo and Dye [65].



Chapter 2
Jordan Algebras and Projection Maps

The order structure in C*-algebras is closely related to Jordan algebras. In this chap-
ter we shall study this connection. In the first part we shall study general positive
maps, and in the second and third projection maps, i.e. positive idempotent maps of
C*-algebras into themselves.

2.1 Jordan Properties of Positive Maps
The class of Jordan algebras which we shall encounter, are contained in C*-algebras.

Definition 2.1.1 A JC-algebra J is a norm closed real linear subspace of the self-
adjoint operators in B(H) for a Hilbert space H, such that a, b € J impliesa o b =
Iab+ba)eJ.

a o b is called the Jordan product of a and b. Since 2a o b = (a + b)2 —a?— b2,
one could equivalently just require that a € J implies that a*> € J. Thus the self-
adjoint part Ag, of a C*-algebra A is a JC-algebra.

Definition 2.1.2 Let A and B be C*-algebras and ¢ : A — B a self-adjoint linear
map. Then ¢ is an order-isomorphism if ¢ is bijective and ¢ (a) > 0 if and only if
a=>0.

The close relation between the order-structure and the Jordan structure is clear
from the following theorem.

Theorem 2.1.3 Let A and B be unital C*-algebras and ¢ : A — B a unital self-
adjoint linear map. Then ¢ is an order-isomorphism if and only if ¢ is a Jordan
isomorphism.

Proof Since a self-adjoint operator is positive if and only if it is of the form a® with
a self-adjoint, it is clear that a Jordan isomorphism is an order-isomorphism.

E. Stgrmer, Positive Linear Maps of Operator Algebras, 13
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-34369-8_2,
© Springer-Verlag Berlin Heidelberg 2013
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Conversely assume ¢ is an order-isomorphism. By the Kadison-Schwarz inequal-
ity, Theorem 1.3.1(iii), @ (a?) > ¢(a)? for all self-adjoint a € A. Since the inverse
map ¢! is also positive and unital, it also satisfies the Kadison-Schwarz inequality,
hence for a self-adjoint in A,

a2 — ¢,—1 (¢(a2)) > ¢_1(¢(a)2) > ¢_1 (¢(a))2 =a2,
so that ¢ (a) = ¢ (a)*, hence ¢ is a Jordan isomorphism. O

Definition 2.1.4 Let A and B be C*-algebras and ¢ : A — B a positive map. The
definite set for ¢ is the set D = {a € Ay : ¢ (a®) = ¢ (a)?}. The multiplicative do-
main for ¢ is the set My ={a € A : ¢(ba) = p(b)p(a)} forall b € A.

We say ¢ is a Schwarz map if it satisfies the Schwarz inequality ¢ (a*a) >
¢(a)*¢(a) for all a € A. Then ¢ is in particular a contraction, since ¢ (1) > o (12,
By Corollary 1.3.2 each 2-positive contraction is a Schwarz map.

Proposition 2.1.5 Let A and B be C*-algebras and ¢ : A — B a Schwarz map.
Suppose a € A satisfies

¢(a*)¢(a) = ¢(a*a).
Then
qb(b*a) =¢(b)*¢p(a) and 45(0*[7) =¢(a) ¢(b)

forall b € A. Hence a belongs to the multiplicative domain My for ¢.

Proof With a and b as above and ¢ € R we have, using the assumption on a,
1(p(@)*¢(b) + p(b)*¢(a))
=¢(ta+b)*¢(ta+b) — *¢(a)*¢(a) — ¢p(b)* ¢ (b)
< ¢((ta+b)*(ta+ b)) — (@) *p(a) — p(b)*p (b)
<t¢(a*b+b*a) + (¢(b*b) — p(b)*$(D)).
Since this holds for all r € R,
P (@) ¢ (D) + ¢ (b)*d(a) = ¢(a*b + b*a). @2.1)
Replacing b by —ib and then multiplying by i gives
P (@) ¢ (b) — ¢(b)*d(a) = ¢(a*b — b*a). 22)

Adding (2.1) and (2.2) and then subtracting one from the other yields the two equa-
tions in the proposition.
The last statement is obvious from the first of the two equations. g
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Corollary 2.1.6 Let A and B be C*-algebras and ¢ : A — B a Schwarz map. Then
the multiplicative domain My for ¢ is a subalgebra of A.

Proof If a,b € My and c € A, then
¢((ab)c) = p(a(be)) = ¢p(a)p(be) = p(a) (b)p(c)
= ¢(ab)p(c),

hence ab € My. Since M, is clearly a linear set it is an algebra. g

Proposition 2.1.7 Let A and B be C*-algebras and ¢ : A — B positive with
¢l < 1. Suppose a belongs to the definite set D for ¢. Then for all b € Ag, we
have

(i) ¢p(aob)=¢(a)o¢(D).
(i) ¢(aba) = ¢p(a)¢p(b)¢(a).

Furthermore, D is a JC-subalgebra of Asq.

Proof In the proof of Proposition 2.1.5 we use the Schwarz inequality only for
operators a, b, and ta + b, so when they are self-adjoint we only needed the Kadison-
Schwarz inequality. Therefore (i) follows from (2.1).

(ii) follows from (i) via the identity

aba=2(aob)oa—a’ob.
To show D is a JC-algebra let a, b € D. Then by (i) and (ii)
4¢((a o b)*) = ¢(abab + ab*a + ba*b + baba)

=2¢(a o (bab)) + ¢ (ab’a) + ¢ (ba’b)
=2¢(a) o ¢ (bab) + ¢(ab’a) + ¢ (ba’b)
=2¢(a) o (L) ()¢ (b) + p(a)p (b) ¢ (a) + P (b)p(a) ¢ (b)
=4(p(@) 0 p (b))’
=4¢(aob)?,

so that a o b € D. We have

¢((a+b)?) =p(a* +2a0b+b*) =p(a)* +2¢(a) o p(b) + ¢ (b)*
= (@@ +o®)’ =pa+b?,

hencea +b e D. O

Proposition 2.1.7 raises a natural problem, namely, what kind of JC-algebra is
the definite set D for different kinds of positive maps. In the finite dimensional
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case the irreducible JC-algebras are: (M,,),, the real symmetric matrices in M,;; if
the quaternions Q are represented by 2 x 2-matrices, the self-adjoint block matrices
M, (Q)sq in M, (C) with entries in Q, and the spin factors to be defined in Sect. 2.3.

A JC-algebra J is said to be reversible if it is closed under symmetric products,
ie.ifay,...,ar € J then

aiay...ar +agag—1...a1 € J.

In this case if R is the real algebra generated by J then Ry, = J. In the above
examples only the spin factors are not reversible.

Proposition 2.1.8 Let A be a C*-algebra and ¢ : A — B(H) a unital positive map.
Let D be the definite set of ¢. Then we have:

(1) If ¢ is decomposable then D is a reversible JC-algebra of Ag,.
(i) If ¢ is completely positive then D is the self-adjoint part of a C*-subalgebra
of A.

Proof (i) By Proposition 2.1.7 D is a JC-subalgebra of Ag,. By Theorem 1.2.11
there exist a Hilbert space K, a bounded linear operator V : H — K, and a Jordan
homomorphism 7 : A — B(K) such that ¢ (a) = V*n(a)V for a € A. Then for
aeD,

V*n(a)?V =V (a®)V = ¢(a®) = p(a)* = (V*n(a)V)z.

Since V*V = ¢ (1) = 1, e = VV* is a projection, and if we set 7 (a) = x, we have
ex?e = exexe, so

((1 — e)xe)*(l —e)xe = ex’e — exexe = 0,

hence (1 — e)xe =0, so that xe = exe = (exe)* = ex, hence w(a) = x € {e}/, the
commutant of e.
Conversely, if a € Ay, with w(a)e = em(a), then

¢(a®) = V*n(@)?V = Va(@en(a)V = Va(@)VV*r(@)V = ¢(a).

Then D =7~ ({e} N7 (As)).
Since 7 is the sum of a homomorphism and an anti-homomorphism, as was
shown in the proof of Theorem 1.2.11, we have for ay, ..., a, € Ay

n 1 n 1
n(l_[a,- + Ha,-) = Hn(a,-) + l_[n(ai).
1 n 1 n

In particular if a; € D, by the above characterization of D, 71(]_['11 a; + ]_[,11 a;) com-

mutes with e and hence belongs to (D), so ]_['1’ a; + ]_[,11 a; € D, hence D is re-
versible, proving (i).
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(ii) If in the above proof ¢ is completely positive, by the Stinespring Theo-
rem 1.2.7, 7 is a homomorphism. Thus

D={acAy:m(@e=en(a)},

hence if a,b € D then w(ab)e = w(a)w(b)e = em(ab). It follows that each a in
the C*-algebra C*(D) generated by D satisfies 7w (a)e = ex(a). Thus D = C*(D),
proving (ii). g

2.2 Projection Maps

Definition 2.2.1 Let A be a C*-algebra and P : A — A a positive map with
|P|| < 1. Then P is a projection map if P> =P o P = P. If P(A) is a C*-
subalgebra of A then P is called a conditional expectation.

These maps, and especially conditional expectations, have been very important in
the theory of von Neumann algebras. We shall mainly be interested in their structure
and as examples of positive maps. For simplicity of the arguments we shall mostly
consider faithful projection maps.

Theorem 2.2.2 Let A be a C*-algebra and P : A — A a faithful projection map.
Then

(1) P(Agy) is a JC-subalgebra of As, contained in the definite set for P.
(ii) If P is a Schwarz map then P(A) is a C*-subalgebra of A contained in the
multiplicative domain for P.

Proof We first show (ii), because (i) follows by the same arguments. So assume P
is a Schwarz map, and let a € P(A). Then

P(P(a*a) — a*a) = P(a*a) — P(a*a) =0.
From the Schwarz inequality
P(a*a) —a*a> P(a)*P(a) —a*a=a*a—a*a=0,

so by faithfulness of P, P(a*a) = P(a)*P(a) = a*a, so by Proposition 2.1.5 a
belongs to the multiplicative domain for P. Thus P(ba) = P(b)a for all b € A. In
particular, if b € P(A), then ab = P(ab) € P(A), so P(A) being closed under the
x-operation, is a C*-subalgebra of the multiplicative domain.

To show (i) apply the above arguments to a € Ay,. Then it follows that P (a?) =
a®> = P(a)?, so a belongs to the definite set for P, and as in the proof of (ii) it
follows from Proposition 2.1.7 that P(Ay,) is a JC-subalgebra of Ay,, and P(a o
b)y=ao P(b)forallbe A. O

We make the following observation.



18 2 Jordan Algebras and Projection Maps

Lemma 2.2.3 If A is a unital C*-algebra and P : A — A is a faithful projection
map, then P(1) = 1.

Proof Since ||P|| <1, P(1) < 1. But P(1 — P(1)) =0, so by faithfulness of P,
P()=1. O

Theorem 2.2.4 Let A be a unital C*-algebra, A C B(H),and P : A — A afaithful
decomposable projection map. Then P(Ag,) is a reversible JC-algebra.

Proof By Proposition 2.1.8 and Lemma 2.2.3 the definite set D of P is a reversible
JC-subalgebra, and by Theorem 2.2.2, P(Ay,) C D. By the definition of D, the
restriction P|p is a Jordan homomorphism.

Let P = V*nV as in the proof of Proposition 2.1.8. Since 7 is the sum of a
homomorphism and an anti-homomorphism, so is the restriction of P to D. Hence

P preserves symmetric products, so thatif ag, ..., ax € D then
n 1 n 1
[[P@) +][P@)=P (Ha; + l_[a,~> € P(D) = P(Ay).
1 n 1 n
Thus P(Ay,) is a reversible JC-algebra. Il

We have now seen how the image of a projection map depends on positivity
properties of the map. A natural problem is whether there are results in the converse
direction. This is true for Theorem 2.2.4, i.e. if P(Ay,) is reversible then P is de-
composable, see [76], but we shall not prove this because the proof is too much of
a detour into Jordan algebra theory to belong here. It was shown by Robertson [64]
that the assumption in Theorem 2.2.4 can be weakened, because if P is the sum of
a 2-positive and a 2-copositive map, then P is automatically decomposable.

However, if the image is a C*-algebra, a converse is easier to prove. Remember,
since each completely positive map is a Schwarz map by Theorem 1.3.1 it follows
by Theorem 2.2.2 that the image of a faithful completely positive projection map is
a C*-algebra. We first prove a simple lemma.

Lemma 2.2.5 Let A be a C*-algebra. Then every positive operator in M, (A) is a
sum of n positive operators of the form (a}'a;) for ai, ..., a, € A.

Proof Letb € M, (A) be the matrix whose kthrow is ay, ..., a, and the other entries
are 0. Then b*b = (a}'a;), so each operator (a}a;) is positive. Now leta € M, (AT,
Then a = b*b for b € M,,(A). Write b = by + - -- + b,, where by, is the kth row of
b and 0 elsewhere. Then b*b; =0 when i # j, soa =b*b=)"7_, bib;, is of the
form desired. O

If B C B(H) is a C*-algebra and & € H we denote by [B£] the orthogonal pro-
jection of H onto the closure of the subspace of H consisting of vectors b&, b € B.
Since ab&é € B& for a and b € B, [B&] is invariant under B, hence belongs to the
commutant B’ of B. If [B&] = 1 then £ is said to be a cyclic vector for B.
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Theorem 2.2.6 Let B C A be unital C*-algebras. Suppose P : A — B is a surjec-
tive projection map. Then P is completely positive.

Proof We may assume A C B(H). Assume first there exists a unit vector ng in H
cyclic for B. We have to show thatif a € M,,(A)™" then P ®,(a) € M, (A)*+, where
we identify M, (A) with A® M,,. By Lemma 2.2.5 we may assume a = (a}a;) with
aip,...,a, € A.Let&q, ..., &, € H. We have to show

n

Y (P(afaj)Ej &) =0, 2.3)

i,j=0
see (1.1).
Let & > 0. Since ng is cyclic for B there exist b; € B such that

Ibino — &l < e/n*max &, i=1,...,n.

By Proposition 2.1.5 applied to the b;’s we get

Y (P(afaj)e; &) = D (P(afa;)bjno, bino) —

iJ iJj

—Z (bfaiajbj)no. no) —
= P(Z(a,-bi)*(a,-b,-)no,no) —

i,j

> —€.

Since ¢ is arbitrary, (2.3) follows.

In the general case there exists a sequence (1) in H such that Zk[Bnk] =1,
where [Bny] denotes the projection onto the closure of the set {bn; : b € B}. Then
we have by the above, since [Bni] € B,

> (P(afa))e;. &) = (1Bl P(afa;)[Bulé;. &)
i,j i,j.k

—Z aia;)[Bnlg;. [Bnil&:).

i,j.k

which is nonnegative by the first part of the proof, since 1y is cyclic for [ Bng ] B[ Bni]
as acting on [Bni]H. O

Corollary 2.2.7 Let A be a unital C*-algebra and P : A — A a faithful projection
which is a Schwarz map. Then P is completely positive.
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Proof By Theorem 2.2.2 P(A) is a C*-subalgebra of A. By Lemma 2.2.3 P is
unital, and by Theorem 2.2.6 P is completely positive. g

When we described the ranges of projection maps we assumed the maps were
faithful. We shall now see what happens when they are not faithful. It is then sim-
plest to replace the C*-algebras by von Neumann algebras and assume the projec-
tion maps to be normal. By a JW-algebra we mean a weakly closed JC-algebra.

Proposition 2.2.8 Let M be a von Neumann algebra and P : M — M be a normal
unital projection map. Let e denote the support of P (Definition 1.4.1). Then P,
defined by P,(a) = eP(eae)e is a faithful projection map of eMe onto eP(M)e,
hence e P (Msg)e is a JW-algebra.

Proof We first show P, is a projection map. Let a € M. Then since P (eae) = P(a),
Pez(a) = eP(eP(eae)e)e = eP(P(a))e =eP(a)e =eP(eae)e = P,(a),

so P, is a projection map. To show P, is faithful on eMe assume a > 0 and
P,(a) =0. Then, using that P is faithful on eMe, we have

O0=eP(eae)e = P(eP(eae)e) = P(P(eae)) = P(eae),

so that eae =0, and P.(eMg,e) is a JC-algebra by Theorem 2.2.2. Since P is nor-
mal, P is weakly continuous on bounded sets, see Appendix A.l, hence P(M) is
weakly closed. Thus e P (Mj,)e is a JW-algebra. O

Proposition 2.2.9 Let M be a von Neumann algebra and P : M — M a normal
unital projection map. Let e be the support of P and N = P(My,). Then e belongs
to the commutant N' of N, and N + fM,f is a JW-subalgebra of My,, where

f=1—e.
Proof Leta € N. By Proposition 2.1.7,
P(aea) =aP(e)a= a’= P(az),
so P(a(1 —e)a) = 0. Hence by definition of the support ea(1 — e)ae = 0. Therefore
ea(l —e) =0, and so ea = eae = ae.
By Proposition 2.2.8 eNe is a JW-subalgebra of e M,e. Thus by the above
N=Ne+ Nf CeNe+ fMyf,

so that N + f M, f is a JW-subalgebra of Mj,. O

It should be remarked that in both of the last two propositions we could have
assumed M to be a JW-algebra rather than a von Neumann algebra. The proofs
would be the same.
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There are many theorems in the literature showing the existence of projection
maps of C*- or von Neumann algebras into themselves. We shall need one, which
we for simplicity state for finite dimensional algebras, even though the result is true
under much more general circumstances.

Proposition 2.2.10 Let A be a C*-algebra acting on a finite dimensional Hilbert
space. Let Tr be a faithful trace on A, and let B be a JC-subalgebra of Ag,. Then
there exists a faithful projection map P : A — B+1iB given by the formula Tr(ab) =
Tr(P(a)b) forall b € B.

Proof With the inner product < a, b >= Tr(ab*), A becomes a pre-Hilbert space,
and B 4 i B is a complex subspace. If a € A the map b — Tr(ab) is a continuous
linear functional on B + i B, so by the Riesz representation theorem there exists an
operator P(a) € B + i B such that

Tr(ab) = Tr(P (a)b), beB.

Clearly P so defined is linear, unital, and idempotent. If @ > 0 then Tr(P (a)b) > 0
for all b € B*. If P(a) were not positive, by spectral theory there would exist
non zero projections commuting with P(a), e, f € B with e + f = 1, such that
P(a)e >0,0# P(a)f <0.But then

0<Tr(P(a)f) <0,

a contradiction. Thus P(a) > 0, and P is a projection map. Finally, if a > 0 and
P(a) =0, then Tr(a) = Tr(P(a)) =0, so a = 0, since Tr is faithful, and therefore
P is faithful. O

If ¢ is a unital positive map of a C*-algebra into itself, then its fixed point set has
Jordan structure. Our next result describes this in more detail.

Theorem 2.2.11 Let M be a von Neumann algebra and ¢ : M — M a normal
unital positive map. Let M® = {a € M : ¢ (a) = a} be the fixed point set for ¢. Then
we have:

(i) There exists a projection map P : M — M.

Assume that there exists a faithful normal state on M such that w o ¢ = w. Then
we have:

(ii) P is normal, faithful, and Mgi, is a JW-subalgebra of My,.
(iii) If ¢ is 2-positive then M?® is a von Neumann subalgebra of M.

Proof For eachn € N let ¢, = % > i_; ¢*. Since the unit ball in the set of positive
maps of M into itself is BW-compact, see Appendix A.1.1, there is a subnet (¢,,)
of (¢,) which converges pointwise weakly to a positive unital map P : M — M.
Then we have for all n € N,
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= P(a).
In particular, ¢, (P (a)) = P(a), and we have
P*(a) = P(P(a)) = lim¢y, (P(a)) = P(a).

so P is a projection. Clearly ¢ (a) = a implies P(a) = a. Conversely, if P(a) =a,
then by the above, a = P(a) = ¢(P(a)) = ¢(a), so a € M?. Thus P(M) = My,
and we have proved (i).

Now assume there is a faithful normal state @ such that w o ¢ = w. Then clearly
w o ¢, = w, and since w is weakly continuous on the unit ball of M by the Ap-
pendix A.1, w o P = w. Let (ag) be an increasing net in M such thata, /a € M.
Then

O=limw(a — ay) =a)(P(a) — P(aa)).

Since P is positive, P(ay) < P(a), so x = sup,, P(ay) < P(a), hence P(a) =
sup, P(aq), proving that P is normal. If a > 0 and P(a) =0 then 0 = w(P(a)) =
w(a), so a =0, thus P is faithful. Since the support of P is 1, Mf; =P(My,) is a
JW-algebra by Proposition 2.2.8, proving (ii).

(iii) If ¢ is 2-positive, then, since the composition of two 2-positive maps is 2-
positive, it follows that P is 2-positive, hence by Corollary 1.3.2, P is a Schwarz
map. But then by Theorem 2.2.2 M% = P(M) is a von Neumann subalgebra
of M. d

2.3 Spin Factors

The canonical anticommutation relations give rise to an interesting class of JC-
algebras, called spin factors. Algebraically they are quite different from the re-
versible ones we have encountered so far. We shall in the present section study
projections onto spin factors and show they have properties which are very different
from the others we have considered.
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Definition 2.3.1 Let H be a Hilbert space. A spin system in B(H) is a collection
& of at least two symmetries, i.e. self-adjoint unitary operators different from +1
such that s ot = %(st + ts) =0 whenever s # ¢t in &. A JC-algebra A is called a
spin factor if it is the real linear span of 1 and a spin system.

Given a spin system & let Hy be its real linear span. Then any two elements
a,b e Hy canbe written as a =) ; a5, b= ; Bisi, @i, Bi € R, s; € & distinct.
From this we get

aob= (Za,ﬂ,) 1,
i
from which it follows that Hy is a real pre-Hilbert space with inner product defined
by
(a,b)l =aob.

It is clear that Hy + R1 is a Jordan subalgebra of B(H )4, whose norm closure is the
spin factor obtained from 2. It is also clear that if &7; and &7, are two spin systems
with the same number of symmetries, then the spin factors are Jordan isomorphic;
just take a bijection between &) and &, and extend it linearly.

In order to give an example of a spin factor let

(1 0 (01 (0 i

be the Pauli spin matrices in M;. Let aég’k denote the k-fold tensor product o3 ®
-+ ® o3 of o3 with itself k times in M, and let similarily 1®% denote the k-fold
tensor product of 1 with itself in M. Let

s1=0; @ 18771
SH=02Q 1®n—1’
s3=03Q01 Q1972

s4=03Q0® 1972, 2.4)

-1

S2n—1 =6§®" ® o1,
-1

S =03®” ® os.

Then &, = {s1,..., 5}, k € {2n — 1,2n} is a spin system in Mpn, and the real
linear span Vi of & and 1 is a k + 1 dimensional spin factor. We say a JC-algebra
is irreversible if it is not reversible.

Lemma 2.3.2 The spin factors V4 and Vi, k > 6, are irreversible.
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Proof V4 is the span of si,...,s4 and 1, so it is of dimension 5. Suppose
%(S1S2S3S4 + 54535251) € V4, and let s = s1525354. Since s;5; = —s;s; fori # j,
s* =sus35051 =s,and s2=1,s0s is a symmetry in V4. Furthermore s o 5; =0, so
P = {s1, 82,53, 54, 8} is a spin system such that the span of &2 and 1 is of dim6,
contradicting the fact that dim V4 =5, hence s = %(slszsm; ~+ 54535281) & Vg, 50 Vy
is not reversible.

Let & and Vj be as above with k > 6, and suppose s € V. Let [ > k. Then
s;os; =0 for all s; € &, and thus

SIS = S|S1528354 = §15253545] = §5].

Since s € Vi, s =al + Zf;l a;s; with o, o; € R. Thus

as] — Zaisisl =uas; + Zaislsl- =58 =885 =] + Zais,-sl.

Thus Y w;s;s; = 0. Since s; is a symmetry, Y o;s; = 0. But s1,...,s; are lin-
early independent, so «; = 0 for all i, hence s = a1, contradicting the fact that
{s,s1,...,54} 1s a spin system. It follows that s & Vi, so Vj is irreversible. U

By Proposition 2.2.10 if Vi C M,, k > 2, then there exists a faithful projection
P of M,, onto Vi. By Theorem 2.2.4 and Lemma 2.3.2 this projection cannot be
decomposable unless k € {2, 3, 5}. We thus have

Proposition 2.3.3 Let k =4 or k > 6, and Vi C M,,. Then the projection map P :
M, — Vi +iVy given by Tr(P(a)b) = Tr(ab),a € My, b € Vi, is indecomposable.

We thus have an infinite family of indecomposable maps. However, a stronger
result is true. Recall that a map is atomic if it is not of the form ¢ + ¢ o ¢ for ¢
and ¢, both 2-positive.

Theorem 2.3.4 Let P : M, — M, be a faithful projection map such that P(My)sq
is a spin factor of dimension 5 or greater than or equal to 1. Then P is atomic.

In order to prove the theorem we need the following lemma.

Lemma 2.3.5 Let M be a von Neumann algebra and B a JW-subalgebra of Mg,.
Suppose ¢ : M — M is a positive map such that ¢ (x) < x for all x € BY. Then

ob)=¢p(1)b=>b¢(1) forallbeB.

Proof Given a projection e € B we have 0 < ¢(e) < e, so that (1 —e)¢(e) =0.
Replacing e by 1 — e gives e¢ (1 — e) = 0, and subtraction of these two equations
results in ¢ (e) = e¢p (1), and taking adjoints ¢ (e) = ¢(1)e. Since B is the weakly
closed linear span of its projections, the lemma follows. g
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Proof of Theorem 2.3.4 We can assume P(M,);, = Vi with k =4 or k > 6, and the
spin system is the one defined in (2.4). Let A be the C*-algebra generated by V.
Then A is isomorphic to M4 = M, ® M>. Let t denote the transpose on M; such
that o/ = 0;,i =1, 2, and let 8 = Ado3. Since 0} = —o3 and B(0;) = —0;,i = 1,2,
it follows that the map «(a) = (f ® t o B)(a) is a *-anti-automorphism of A such
that a(a) = a fora € V4.

In order to prove the theorem we assume P is not atomic and will produce a
contradiction. So assume P = ¢ + v with ¢ 2-positive and ¥ = ' o ¢/, with ¢’
2-positive, ¢’ being the transpose on M,, extending 7. By Theorem 2.2.6 and Propo-
sition 2.2.10 there exists a completely positive projection map P : M, — A. Then
Q =« o Py is a projection map of M,, onto A such that Q o ¢’ is 2-positive and
QO(a) =aforall a € V4.

Let 0 <& < 1/2, and let

Pe=(1—-28)P+et+¢€Q,
where ¢ is the identity map on M,,. Then
Pe = ¢o + Vo,

where ¢ = (1 — 2¢)¢ + et is 2-positive, and g = (1 — 2e)y + €Q is such that
Yo o t’ is 2-positive. Moreover, h = ¢0(1)1/ 2 k= wo(l)l/ 2 are invertible. We then
have unital positive maps @1, ¥ : M, — M}, such that

$r@=h""go@h™",  Yr=k""po(Dk".
Then ¢ and v| o ¢’ are 2-positive, and
Pg(a) = hgr(a)h + kyri(@)k = dpo(a) + Yo(a).
Now P.(a) =a for all a € V4. Thus by Lemma 2.3.5
do(a) = h*a =ah?, Yola) = k*a =ak*, foralla € Vj.
It follows that ha = ah and ka = ak for all a € V4. Therefore
¢1(@)=a=1v1(a) forallae V4.

Since ¢ is positive and unital and ¢1(s;) =i, i =1,...,4, ¢; (siz) =¢;()=1=
siz, s; belongs to the multiplicative domain for ¢;. Hence by iterated use of Proposi-
tion 2.1.5, since ¢ is a Schwarz map by Corollary 1.3.2, we have for s = 51525354,

1(s) = @1(s1525354) = 515285354 = S.

Similarly, by the same result for maps satisfying the inequality ¢ (a*a) > ¢ (a)p(a)*,
we get Y¥1(s) =s. Now h and k commute with all operators in V4, hence with s.
Thus we get

Pe(s) = hp1 ($)h + ki ()k = hsh + ksh = (h* +k?)s =,
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since h? + k% = P,(1) = 1. Letting ¢ — 0 we get

P(s)=1lim P.(s) =5 € V4.
e—0

But from the proof of Lemma 2.3.2, s ¢ Vj, so we have obtained the desired contra-
diction. O

2.4 Notes

Some of the results in this chapter have been part of the theory of C*-algebras for
several years. Theorem 2.1.3 was proved by Kadison [35] already in 1952. Definite
sets and multiplicative domains appeared later. Proposition 2.1.7 on definite sets was
shown by Broise [3] in 1967. Multiplicative domains were introduced by Choi [6]
and Proposition 2.1.5 is due to him. Proposition 2.1.8 is due to Robertson [62]. For
further work on multiplicative domains see [33].

Projection maps, and especially conditional expectations, have been important
in von Neumann algebra theory since the paper of Tomiyama [92] in 1957. In our
treatment of projection maps we have avoided the applications of von Neumann al-
gebras, because that would divert our attention more than desired from the emphasis
on positivity properties of the maps. See Takesaki’s book [87] for some of this the-
ory. In the case of automorphism groups of C*-algebras there often exist invariant
projection maps onto the fixed point algebra, see e.g. [40, 61, 74].

Among the results in Sect. 2.2, Theorem 2.2.2 can be traced back to [92], while
Theorem 2.2.4 is due to the author [76]. Theorem 2.2.6 is due to Nakamura, Take-
saki and Umegaki [54]. Proposition 2.2.9 can be found in [15] and the same with
Proposition 2.2.10, but that result and its generalizations were known before, see for
example [86].

For the theory of JC-algebras, and in particular spin factors see the book of
Hanche-Olsen and the author [22]. Proposition 2.3.3 appeared in [76], and is the
first example of an infinite family of indecomposable map in different dimensions
found in the literature. Other such families were later exhibited by Terhal [89], see
Theorem 7.4.8 below and Tanashashi and Tomiyama [88], see Remark 7.3.7. Theo-
rem 2.3.4 is due to Robertson [63], see also [18].



Chapter 3
Extremal Positive Maps

The unit ball of the set of positive maps from a C*-algebra into another C*-algebra
is a convex set, and it is natural to expect that the maps which are extreme points,
have special properties. We shall in the present chapter study different classes of
extremal maps.

Section 3.1 is on general results and the most obvious extremal maps. Section 3.2
is devoted to Jordan homomorphisms, Sect. 3.3 to maps such that the composition
with pure states are pure states, and Sect. 3.4 to maps called nonextendible maps,
which have strong extremality properties.

Finally, in Sect. 3.5 we prove a Radon-Nikodym theorem for completely positive
maps together with its applications to extremal maps.

3.1 General Properties of Extremal Maps

Definition 3.1.1 Let A and B be C*-algebras and ¢ : A — B a positive map. We
say that ¢ is extremal if the only positive maps ¥ : A — B, such that ¢ — i is
positive, are of the form A¢ with 0 <A < 1.

Thus if ¢ is positive with ||¢]| < 1, ¢ cannot be the convex combination
A1 + (1 — A)yp of two positive maps ¥ and ¥» of norms less than or equal to 1
unless both v and v, are positive multiples of ¢. We list some simple properties
of extremal maps.

Lemma 3.1.2 Let ¢ : A — B be a positive map, A and B being C*-algebras. Then
we have:

(1) If e is a projection in A such that ¢ (e) = ¢ (1), then the restriction of ¢ to eAe
is an extremal map eAe — B if and only if ¢ is extremal.

(ii) If a : B — C with C another C*-algebra, is an order-isomorphism of B onto
C, then a o ¢ is extremal if and only if ¢ is extremal.

E. Stgrmer, Positive Linear Maps of Operator Algebras, 27
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Proof (i) Assume ¢ is extremal and ¢ : eAe — B a positive map such that 0 < ¢ <
@lese- Extend i to a map Yo on A defined by ¥(a) = Y (eae).
If 0 < a € A then, since ¢ (a) = ¢ (eae) from the assumption on ¢,

0 <vo(a) =y (eae) < p(eae) = p(a).

Since ¢ is extremal, ¥y = A¢, hence ¥ = Ap|.4. for some A > 0.
Conversely, if 0 < ¢ < ¢ then 0 < ¥|eae < Plese, SO extremality of ¢|.4, im-
plies V]ese = A@|ese. Since 0 < Y (1 —e) < @ (1 —e) =0, it follows that

Y(a) =Y (eae) = Ao (eae) = A,

SO ¢ is extremal.
(ii) This is obvious, since 0 < ¢ <« o ¢ if and only if 0 < alo v <. O

As remarked in Sect. 1.1 we use the notation B(A, H) (resp. B(A, H)™) for the
bounded linear (resp. positive) maps of A into B(H).

Proposition 3.1.3 Let H and K be Hilbert spaces and V : H — K a bounded
linear operator. Then the map AdV (a) = V*aV is extremal in B(B(K), H)™.

Proof We first consider the case when K = H and V = 1, so AdV = —the identity
map. Suppose ¥ is a positive map of B(H) into itself such that ¢y <. Let f be
projection in B(H). Then ¥ (f) < f, hence by Lemma 2.3.5 applied to M = B(H),
B = B(H)gq, ¥(a) =¥ (1)a for all a € B(H). In particular ¥ (1) commutes with a
forall a € B(H), so (1) = Al, and v = A¢, proving that ¢ is extremal.

We next consider the case when V is invertible. Then AdV is an order-
isomorphism, so by the above paragraph and Lemma 3.1.2, AdV =10 AdV is ex-
tremal.

Let e = range V* = supportV, and f = range V = support V*. Thus AdV :
fB(K)f — eB(H)e. If V:eH — fK is invertible, then AdV : fB(K)f —
eB(H)e is extremal in B(fB(K)f,eH)" by the previous paragraph. Since any
positive map ¢ < AdV maps 1 — f to 0 and ey (a)e = ¥ (a) for all a, it follows
that AdV is extremal in B(B(K), H)*.

Finally, if V is not invertible on e H choose an increasing net (e, ) of projections
converging strongly to e such that Ve, is invertible on ¢, H. Let f,, =range Ve, .
Then by Appendix A.1 f,, — f strongly. If < AdV is a map in B(B(K), H)™"
then 0 Ad f,, <AdV oAd f, =Adf,V, so by the previous paragraph, ¥ o Ad f, =
AyAd f), V for anumber A, > 0. Let A be a limit point for (A, ), then

Y =limy o Ad f, =limA,Adf,V =1AdV,
Y Y
proving that AdV is extremal. g

Proposition 3.1.4 Let A and B be C*-algebras and ¢ : A — B be an extreme point
of the convex set of positive unital maps of A into B. Let a € A belong to the center of
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A and assume ¢ (a) belongs to the center of B. Then a belongs to the multiplicative
domain for ¢.

Proof We have

1 1
a= E(a +a*) + Ei(a —a*).
Since a* satisfies the same assumptions as a, we may assume « is self-adjoint and
lla]l < 1. Then ||¢(a)]| < 1,501 —a and 1 — ¢ (a) are positive and invertible. Define
Y :A— Bby

V) =¢((1 —ab)(1 - ¢@) .

Since 1 —a and (1 — cj)(a))_1 belong to the centers of A and B respectively, there
is A > 0 such that 0 < ¢ < A¢. Furthermore

y()=¢(1l—a)(l—¢@) ' =1,

so by assumption on ¢ as an extreme point, ¥ = ¢. Thus (1 — ¢ (a))¢ (D) = ¢ (1 —
a)b), hence ¢ (a)p(b) = ¢ (ab) forall b € A. O

Our next result is contained in Theorems 3.4.3 and 3.4.4 in Sect. 3.4, but will be
needed in Sect. 3.3.

Proposition 3.1.5 Let A and B be unital C*-algebras and ¢ a Jordan homomor-
phism of A into B. Then ¢ is an extreme point of the unit ball of positive maps from
A — B.

Proof We may assume ¢ (1) = 1. Suppose ¢ = %(W + n) with v, n belonging to
the unit ball of positive maps of A into B, and suppose there exists a self-adjoint
operator a € A such that ¥ (a) # n(a). Then by the Kadison-Schwarz inequality,
Theorem 1.3.1,

1 1 1
9(@’) = 9@’ = (V@ +1@)" = (¥ @ +1@°) = ; (¥ (@ — (@)’
1 1
<5 (V@? +n@?) < 5(¥(a®) +n(a?))
= ¢(a2).
This is a contradiction so ¥ (a) = n(a), and hence ¥ = n = ¢. O

Corollary 3.1.6 Let A and B be unital abelian C*-algebras. Let ¢ : A — B be a
unital positive map. Then ¢ is a homomorphism if and only if ¢ is an extreme point
of the convex set of unital positive maps of A into B.
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Proof This is immediate from Propositions 3.1.4 and 3.1.5. g

We conclude this section with a characterization of automorphisms of B(H).
Recall the notation [A£] for the projection onto the closed subspace generated by
vectors a&,a € A, £ € H. If A = C we use the notation [£] instead of [CE] for the
1-dimensional projection on the subspace generated by the vector &.

Proposition 3.1.7 Let ¢ be an automorphism of B(H). Then there exists a unitary
operator U such that ¢ = AdU.

Proof Since ¢ maps minimal projections onto minimal projections, for each & € H
there is n € H such that ¢ ([£]) = []. Composing ¢ by an inner automorphism
AdU, we may assume ¢ ([£]) = [£] for a unit vector &. Each unit vector in B(H) is
cyclic, so [B(H)&] = 1. Define an operator V € B(H) by

Vaét =¢p(a)é, ae€ B(H). 3.1
Then

Vabs = ¢(ab)s = ¢p(a)p(b)s = ¢p(a)VD§.
Thus

Va=¢(a)V, forallac B(H). (3.2)
Since ¢ ([§]) = [£],
IVag|* = (Vag, Vag) = (p(a)€. ¢ (a)€) = (¢(a*a)&. &) = (p([E]a*al£])E. §)
= (a*at. &) (¢ (1€1)€. &) = (a*a&. &) = |a&|*.

Thus V is an isometry, which by (3.1) is surjective. Thus V is unitary, so by (3.2)
¢(a) =VaV*. Let U = V*. Then ¢ = AdU. a

3.2 Jordan Homomorphisms

An important class of maps is that of Jordan homomorphisms. It follows from a
result of Jacobson and Rickart [29] together with some structure theory for von
Neumann algebras and second dual techniques for C*-algebras, that each Jordan
homomorphism of a C* algebra into another is the sum of a homomorphism and
an anti-homomorphism much like that of the proof of Theorem 1.2.11, see [72]
hence they are not extremal, even though they are extreme points of the unit ball. To
simplify our approach we shall restrict our attention to the simpler case of Jordan
automorphisms of B(H), where we can use more elementary techniques together
with the extremality properties we have shown for Jordan homomorphisms. We start
with the n x n matrices M, and in particular M». Let (e;j) denote a complete

n
. . i,j=1
set of matrix units for M,,.
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Lemma 3.2.1 Let p be a linear functional on M,,. Then

(1) The density matrix for p is (p (eij))’ .
(i) If p is a state then p is pure if and only if

loe)|* = plenples;) foralll <i,j<n.

Proof (i) follows since Tr((,o(el-j))’ek[) = p(ey) for all k, [.
(i) p is a pure state if and only if its density matrix is a 1-dimensional projection,
hence by (i) if and only if (p(e;)) is a 1-dimensional projection, so (ii) follows. [J

Lemma 3.2.2 Denote by C, the convex set of unital positive maps of M, into itself.
Let ¢ be an extreme point of Cy. Then there exists a pure state p of My such that
p o @ is a pure state.

Proof Let p be alinear functional on M». Then its density operator is positive if and
only if p is positive, hence by Lemma 3.2.1 if and only if p(e11) >0, p(e2n) >0
and |p(e1)|? < p(e11)p(e2). Suppose there is no pure state p such that po ¢ is a
pure state. Then for all pure states p, by Lemma 3.2.1(ii),

p(B(ein)o(den)) > |p(d(en)|.

Since the set of pure states on M, is compact there exists « > 0 such that

a < p(plein)p(d(exn) — |,0(¢>(€12))|2

for all pure states p. Since |p (¢ (e12))]* < 1

(A +a)|p(d )] < p(de1n)p(d(en)).

Define two maps ¥ and v~ of M into itself as follows; ¥ is linear, ¥+ (¢;;) =
¢(ei),i=1,2,and

vEen) =1 £id)plen),  vE(ea) = (1 Fid)p(ean),

where 0 < § < «!/2, so that 1+ i8|2 =148 <1+a. By the characteriza-
tion of positive linear functionals in the beginning of the proof p o ¥* is a pos-
itive linear functional for all states p, hence ¥ is a positive map. Furthermore
vE1) =¢(1) =1, so y* € C,. Since ¢ = %(t/ﬁ 4+ ¥7), and ¢ is extreme,
Y =1, so that ¢(e12) = 0. Then ¢(e22) = 1 — ¢(ey1), so the range of ¢ is an
abelian subalgebra of M,. Composing ¢ by AdV for a suitable unitary operator V,
we can by an application of Lemma 3.1.2 assume the range of ¢ is contained in the
diagonal algebra D;. If ¢(M3) C Cl1, then ¢ is a state, so pure since ¢ is extreme,
a case which is ruled out. Thus ¢ (M3) = D;. Therefore ¢(e11) = xer1 + ye,
@(en) =1 —x)er + (1 —y)exn.

There are two cases. Assume first one of the four entries is 0; say y = 0. Then 1 —
y = 1. Thus Tr(exn¢(e11)) =0, Tr(exn¢(e22)) = 1, so the state w(a) = Tr(exnd(a))
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is pure, a case which is ruled out. Assume next 0 < x < 1,and 0 < y < 1. Then there
exists o > 0 such that ¢ (e;;) > «l,i =1,2. Thus ¢(a) > aTr(a)l for all a > 0. By
extremality ¢ (a) = %Tr(a) for all a, which is impossible since ¢ is extremal. We
have thus obtained a contradiction to the assumption that p o ¢ is never pure for p a
pure state. The proof is complete. g

Lemma 3.2.3 Let ¢ be extreme in Co. Then there is a unitary operator U such that

a b\ a ab + Bc
AdU°¢<c d)‘(achEb ya+8b+§c+8d>’

where0 <y <1,§=1-—vy.

Proof Write ¢ in the form ¢(a) =) ¢;j(a)e;j, where ¢;; is a linear functional on
M>. By Lemma 3.2.2 we can compose ¢ by AdU for a suitable unitary U so we can
assume ¢ is the pure state ¢11((a;)) = ai1. Thus ¢11(e22) =0, s0 ¢p12(e22) =0=
¢12(e11). Thus ¢ is of the form described in the lemma. O

Theorem 3.2.4 Let ¢ be a normal Jordan automorphism of B(H). Then ¢ is either
an automorphism or an anti-automorphism, hence is of the form AdU or AdU o't
for a unitary operator U.

Proof We first assume dim H = 2, so B(H) = M;. By Proposition 3.1.5 ¢ is ex-
treme in Co, hence we can assume ¢ is of the form described in Lemma 3.2.3, i.e.

é a b\ a ab + Bc
¢c d) \ac+pBb ya+eb+ec+é8d)’

with y + § = 1. In particular

G- )
owol(o ) -ole V(5 )

Thus, @B = ae =B = af + ¢2 = 0. There are three cases.

(i) =0.Then e =2 =0, so

(0 0)-G o) )0 ")

(i) B = 0. Then similarily

#(00)=( %) ¢ 0)-( ")

hence
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(iii) € = 0. Then o = 0, so one of the two cases (i) or (ii) occurs. In case (i)

qb(l 1) = (Eﬂ)’ so the square is 1, hence || = 1. In case (ii) || = 1. It follows that

in case (i) ¢ is an anti-automorphism, and in case (ii) an automorphism.

Now consider the general case. Let p be a 1-dimensional projection. Then p is
a minimal projection, so ¢(p) is a minimal projection, hence is a 1-dimensional
projection. Let e be a 2-dimensional projection. Then it is the sum of two 1-
dimensional projections, so ¢ (e) is a 2-dimensional projection, and ¢ : e B(H)e —
¢(e)B(H)¢p(e) is a Jordan isomorphism, hence by the first part of the proof ap-
plied to the composition of ¢ by an isomorphism of ¢ (e) B(H)¢(e) onto eB(H)e,
¢ is either an isomorphism or an anti-isomorphism. Let now p and ¢ be distinct 1-
dimensional projections in B(H) and e = span(p, g). Then e is a 2-dimensional
projection, and so is ¢(e). By the above applied to e, if ¢ is an isomorphism,
#(pq) = ¢(p)¢(q), and in the anti-isomorphism case ¢ (pq) = ¢ (q)$(p).

Let X, (resp. Y;,) be the set of 1-dimensional projections g in B(H) such that
0+# pq # p and ¢(pq) = ¢ (p)p(q) (resp. ¢ (pq) = $(q)$(p)). Then either X, or
Y, is non-empty, say X, # . Let g € X,. Then g is an interior point of X ,. Indeed,
lety =1lpqll,

c=[o(ra) — @ ()|
Then y > 0, ¢ > 0. Let f be a 1-dimensional projection such that f # p and

I f—qll <8=min(c/4,v/2).
Then || fpll = llgpll = I(f —q)pll = v /2. Furthermore,

c=|o(pg) — @9
<|era) =N+ ¢ ) =N | + (¢ () — d@)d(p)]
<5+ o) —d(Hom)| +8.

Hence

l¢pf) —d(Hd ()| =c—c/2=c/2.

Then f € X, proving that g is an interior point of X .

Let g # p be a 1-dimensional projection such that gp # 0. Let v, &, n be unit
vectors such that p =[], g = [£], ¢ = [n]. Multiplying & and n by scalars we may
assume (§,v) >0, (n, ) > 0. Let

EO)=00—-0n+15, 1€][0,1],

be the line segment in H from n to &. Then ||§(¢)|| < 1, and (§(¢),¢¥) = (1 —
(n, ) +t&, ) >0, s0 p[&(r)] # 0. It follows from the previous paragraph ap-
plied to ¢ = [£(0)] and thus to each [§(z)] that the set of ¢ such that [£(7)] € X, is
open. Since the set is trivially closed, it follows that g = [£§(1)] € X ,.
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We have thus shown that every 1-dimensional projection with gp # 0 belongs to
X . Since each projection g L p obviously satisfies the identity ¢ (pg) = ¢ (p)P(g),
this identity is therefore shown for all 1-dimensional projections g. Since p was
arbitrary, it follows by linearity and normality of ¢ that ¢ is an isomorphism. Simi-
larly, if Y, # ¥, ¢ is an anti-isomorphism.

The last statement follows from Proposition 3.1.7, and the fact that the transpose
t is an anti-automorphism of B(H ), and the composition of two anti-isomorphisms
is an isomorphism. O

3.3 Maps which Preserve Vector States

In Lemma 3.2.2 we saw that for each extreme point ¢ of the convex set of unital
maps of M into itself, there is a pure state ¢ of M, such that p o ¢ is a pure state.
A natural problem is to study maps in the extreme converse direction, i.e. maps
¢ : A — B, with A, B C*-algebras, such that p o ¢ is a pure state for all pure states
p of B. It was shown in [71] that for all such maps 7 o ¢ is either a pure state, or an
anti-homomorphism or homomorphism of A for all irreducible representations of
B. We shall in the present section restrict ourselves to maps of B(K) into B(H) for
which wg o ¢ is a vector state of B(K) for all vector states wg of B(H) defined by
wy(a) = (a&, &). We then apply this to maps which carry positive rank 1 operators
to positive rank 1 operators.

Lemma 3.3.1 Let K and H be Hilbert spaces and ¢ € B(B(K), H) a unital pos-
itive map such that for each vector state wy of B(H) there is a vector state wg of
B(K) such that wg o ¢ = wy. For such a pair &, n, either ¢ ([n]) = [£] or ¢ ([n]) = 1.
In the latter case ¢ (a) = wy(a)l for all a € B(H). Furthermore ¢ is weakly con-
tinuous.

Proof We first show ¢ is weakly continuous. Let (ay)qcs be a net in B(K) such
that ay, — a is weakly. Let & be a unit vector in H and 7 a unit vector in K such
that wg o ¢ = wy. Then wg (P (ay)) = wy(ay) — wy(a) = we (P (a)).

Since each weakly continuous linear functional on B(H) is a linear combination
of vector states, (¢ (ay))ocs converges weakly to ¢ (a), so ¢ is weakly continuous.

Let & and n be as above. Then 0 < ¢([n]) <1 and ws(¢([n])) = 1. Thus
d(nDIE] =[] < & ([n]). To prove the lemma we first assume n = dim H < oo,
and use induction on n. If n = 1 the lemma is trivial.

Suppose n =2 and ¢ ([n]) # [£]. We may then assume B(H) = M3 and

#(In) = <(1) 2) : (3.3)

with 0 < p < 1. Let i be a unit vector in K orthogonal to [n]. Let f = [n] + [u].
Then fB(K)f = M>. Let (e;),1, j =1, 2, denote the matrix units in M> such that
[n] =ei1, [u] = exn. If @, is a vector state of M then w, o ¢ = w, for a unit vector
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T € K, so its restriction to fB(K) f is w ¢, which is a scalar multiple of a vector
state, so by Lemma 3.2.1 satisfies the equality

®p 0 p(e1)wp 0 dlen) =|w, 0 plern)|. (3.4)

In particular this holds for p = 5. Since also 0 < ¢ (e11 + e22) < 1, we have

¢(€22)=<8 2) ¢(€12)=<S ;)

Since p = (p1, p2) is a vector in C2 the following equations hold, cf. (3.3):
wp 0 p(enn) =|p1* + plo2l*,
wp 0 ple2) = qlpal*,
wp 0 p(erz) =t|p2|* +rPip2 + 5p172-
Thus, using (3.4)
ltlp2|* + roip2 + sp1pzl”
= [tP1p2l* + (Ir* + Is1?) 101 P o2 I* + 2%((rF +50) | p2|*B1p2) + 2R (r5(B1p2)%)
=qlo2l*(lo1* + plo2l?). 3.5)

Now, if f1, f2, f3 are complex valued functions of the two complex variables p;
and p; such that

fillotl 1o2l) =R(F (1011, lo2l)Br02 + f3(1011, 1021) BTP2)%).
then it is easily verified that f; = f> = f3 =0. With
fillpilde2l) = (10117 + ple2 gl = 1P 1o2l* = (Ir? + Is1%) o1 Plp2l?
and f> and f3 the two real parts in (3.5), we get
ri+5st=0=r5, 1t)? = pq, Ir)? + s> =q.

Thus g =0, and ¢ ([1]) = ¢ (e22) = 0. Since this holds for every unit vector []
orthogonal to 7, and since ¢ is weakly continuous, ¢ ([n]) = 1, as asserted.

Suppose n > 3, and assume the lemma is proved whenever dim H <n — 1. Let
e be a projection in B(H) containing &, and dime = k < n. Then Ade o ¢ has the
same properties as ¢ with respect to composition with vector states,

Adeo ¢ : B(K) — eB(H)e,

and wg o ¢ = wy,. By induction assumption e¢ ([n])e equals [£] or e. If e¢p ([n])e =
[£] then

0= (@ (In) ~ [E1)e = ((#(0m) ~ 1£1) )" (6 (1n]) — 161) ).
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so (¢ ([n]) — [E])e =0, hence ¢ ([n])e =[] = edp([n]), taking adjoints. Similarily,
if e¢p([n])e = e, then e(1 — ¢ ([n]))e =0, and ep([n]) = ¢([n])e = e. Thus ¢([n])
commutes with every projection containing &. Since n > 3 this is possible only if
#([n)) equals [§] or 1.

If H is not finite dimensional it follows from the above that ¢ ([n]) commutes
with every finite dimensional projection containing [£]. Hence ¢ ([n]) equals [£]
orl. O

Theorem 3.3.2 Let K and H be Hilbert spaces and ¢ € B(B(K), H) be a positive
unital map such that for each unit vector & € H there is a unit vector n € K such
that wg o ¢ = wy,. Then either ¢ (a) = w,(a)l for avector p € K, or there is a linear
isometry V : H — K such that ¢ =AdV or ¢ =AdV ot, t being the transpose on
B(K).

Proof By Lemma 3.3.1 ¢ is weakly continuous. Let 7r denote the trace on either
B(K) or B(H). Thus if wg o ¢ = w;,; we have for a € B(K)

Tr(¢*([E])a) = Tr([€]¢(a)) = we o P (a)
=wy(a) = Tr([n]a).

Thus ¢*([£]) =[], and ¢* : B(H) — B(K) is faithful and maps 1-dimensional
projections to 1-dimensional projections. Let & and p be mutually orthogonal unit
vectors in H. Let n and p be unit vectors in K such that w¢ o ¢ = w;;, and w,, o
¢ = w,. By Lemma 3.3.1 either ¢ ([]) = 1, in which case support ¢ =[], so that
¢(a) = ¢([nlalnl) = wy(a)l, so ¢ is a vector state, or ¢([n]) = [§], ¢ ([p]) = [u].

In the latter case

0 < wy([p]) = we (¢([p])) = we ([1]) =0,

so n and p are orthogonal. Since ¢*([£]) = [] and ¢*([]) = [p], it follows that
¢* maps mutually orthogonal 1-dimensional projections onto mutually orthogonal
projections. Thus ¢* is a Jordan isomorphism on finite rank operators in B(H)
into those of B(K). Thus for each finite dimensional projection ¢ € B(H), ¢* is a
Jordan isomorphism of ¢ B(H )e into ¢*(¢) B(K )¢*(e), and onto, since they have the
same dimensions. It follows from Theorem 3.2.4 that ¢* is either an isomorphism or
anti-isomorphism of ¢ B(H )e onto ¢*(e) B(K)¢*(e), and implemented by a unitary
operator U : eK — ¢*(e) H. By Proposition 1.4.2 the adjoint map of AdU is AdU*,
and the adjoint of the transpose map 7 is ¢. Thus ¢ : ¢*(e) B(K)¢*(e) — eB(H)e is
either an isomorphism or an anti-isomorphism. Let f = V,¢*(e), where the span is
over all finite dimensional projections in B(H). Since ¢ is weakly continuous it is
either an isomorphism or anti-isomorphism of f B(K) f onto B(H). O

Remark 3.3.3 Theorem 3.3.2 has a generalization to C*-algebras. Recall that if p
is a state of a C*-algebra B then there are a Hilbert space H,, a *-representation
7, of B on H, and a vector &, € H, such that p(a) = wg, o wy(a) for a € B.
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Furthermore, p is a pure state if and only if 7, is irreducible. Then the generalization
of Theorem 3.3.2 states, see [71]: Let A and B be unital C*-algebrasand ¢ : A — B
a positive unital map. Then p o ¢ is a pure state of A and for all pure states p of
B if and only if for each irreducible representation ¢ of B on a Hilbert space H,
¥ o ¢ is either a pure state of A or ¥ o ¢ = V*1V, where V is a linear isometry
of H into a Hilbert space K, and 7 is an irreducible *-homomorphism or *-anti-
homomorphism of A into B(K).

Many problems on maps of operator algebras are what are called preserver prob-
lems. Then one studies maps which preserve selected properties. For a treatment on
this topic we refer the reader to the book [51] of Molnér. Our next result, which is
close to Theorem 3.3.2, is of this type.

Theorem 3.3.4 Let K and H be finite dimensional Hilbert spaces and ¢ €
B(B(K), H) a positive map such that rank ¢ (p) < 1 for all 1-dimensional pro-
Jjections p € B(K). Then one of the following three conditions holds:

(1) There exist a state w on B(K) and a positive rank 1 operator q € B(H) such
that ¢ (a) = qw(a) for a € B(K).

(i) ¢ =AdU with U : H — K a bounded linear operator.

(iii) ¢(a) = (AdU (a))! for a € B(K), t is the transpose on B(H).

Proof Let e = support of ¢. Then ¢ : eB(K)e — B(H) is faithful, so we may re-
strict attention to e B(K)e and assume ¢ is faithful. By Proposition 1.4.3(iv) ¢*(1)
is invertible. Let & = ¢*(1)~!/2. Then h¢*(1)h = 1, so the map ¥ (a) = h¢*(a)h is
unital and positive. Then for a € B(K), b € B(H) we have

Tr(alﬁ(b)) = Tr(hah¢*(b)) = Tr(d)(hah)b).

If p is a 1-dimensional projection in B(K) then hph = Aq for a 1-dimensional
projection g, so by the assumption on ¢, ¢ (hph) = Lp(g) is positive of rank 1. It
follows that the functional

o' (a) =Tr(py(a)) = Tr(phe*(a)h) = Tr(¢ (hph)a) = ATr(¢ (q)a),

for a € B(H), is a scalar multiple of a pure state on B(H). Furthermore, /(1) =
Tr(py (1)) = Tr(p) = 1, so &' is a pure state. Thus v : B(H) — B(K) preserves
vector states. By Theorem 3.3.2 and 3.2.4 i is either

(i) a vector state, i.e. ¥ (a) = wg (a)l.
(ii) ¥ (a) =V*aV,V :K — H is alinear isometry of K into H.
(iii) ¥ (a) = V*a'V, with V as in (ii).

If p is a state on B(K) with density operator d then for a € B(H)

Tr(ap* (b)) = Tr(p(a)b) = Tr(Tr(da)b) = Tr(daTr(b)),
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so that p*(b) = dTr(b). By construction, ¢* = h~ 'y h~!. Thus we have in case (i),
Y (a) = Tr(qa) for a 1-dimensional projection g, so that

Tr(¢(a)b) = Tr(ah ™'y (b)h ")
=Tr(ah™ ' Tr(gb)h ")
= Tr(ah~?)Tr(gb)
=Tr(qTr(ah™2)b),

so that ¢ (a) = gTr(ah™?) is as in (i) in the theorem.
In case (ii)

Tr(¢p(@)b) = Tr(ah ™'y (B)h™") = Tr(h'ah™'V*oV) = Tr((VA™)a(VR™1) D),
so that ¢ (a) = AdU with U*=Vh~!: H - K.
In case (iii) we similarily have
Tr(p(a)b) = Tr(h'ah~'V*b' V) = Tr((AdU (a))'b),
so that ¢ (a) =t o AdU. O

It turns out that 2-positive and 2-copositive extremal maps in B(B(K), H)™ are
of the form described in Theorem 3.3.4. We conclude the section with a proof of
this. Assume for simplicity that K and H are finite dimensional. Recall thatif £ is a
vector in an n-dimensional Hilbert space, & = (£1, ..., §,) then £ can be identified
with the 1 x n column matrix

&1
£=| ¢
€n
Then £* =[&, ..., &,]. If n is another vector we get
&' =),

and if they are unit vectors, £n* is the partial isometry from 7 to &. In particular £&*
is the projection [£].

Lemma 3.3.5 Let ¢ € B(B(K), H) be of the form ¢ (x) = AxA* with A: K — H
non-zero. Choose unit vectors & € K, w € H and ) > 0 such that

¢(§E*)w=kw.
Define B: K — H by
Bn=1""2¢(nt*)w.
Then B = €' A for some t € [0, 21).
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Proof By assumption
rw=AEET AT w = AE(AE) w = A& (w, AE).
Thus A& = zw for some z € C. Since
2P0 = z0(w, zw) = A§{w, AE) = Lo,
|zl =A1/2. Let n € K. Then
Bn=1""2Ang* A% 0 =172 An(w, AE) =172 ZAn = ¢ Ap,
where ¢ satisfies A~1/27 = ¢'. Thus B = e A. O

Proposition 3.3.6 Let ¢ € B(B(K), H)". Let A, £, w, B be defined by ¢ as in
Lemma 3.3.5. Let » € B(B(K), H)V be the map v (x) = BxB*. Then v < ¢ if and
only if foralln € K, p € H we have the inequality

[(n")e. )| < (@ (58")0. @)fg (1170 0)-
Proof Clearly y < ¢ if and only if forall n € K, p € H
(w(mm*) e, p) <{dm*p, p).
The left hand side of the above inequality is equal to
(Bnn*B*p, p) = (Bn(Bn)*p. p)
=(Bn(p, Bn), p)
=[(Bn, p)|?
=27 l(e ("), )|,
by definition of B. If the inequality in the proposition is satisfied it follows that
(W (mm*)p. p) <27 p(EE%)w, w)(d (n0™*) 0. p)
=(¢(m*)p. p),

by choice of A. Thus ¢ < ¢.
Conversely, if Y < ¢, then by the above computations

_ 2

2N (nE ), p)|” < (S(m*) 0. p),
so the inequality in the proposition follows from the definition of A. g
Theorem 3.3.7 Let ¢ € B(B(K), H)" be an extremal map. Assume ¢ is 2-positive

(resp. 2-copositive). Then ¢ is a completely positive of the form ¢ = AdV with
V :H — K (resp. ¢ is copositive of the form AdV ot).
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Proof Let&, w, A be as in Lemma 3.3.5. Let n € K. Consider the positive matrix

_ (& e\ _(0 &\ (0 &Y
X_(né* nn*)_<n 0) <n 0) € Ma(B(K)).

Since ¢ is 2-positive the matrix

P(EE™) P(En™)

920X = <¢(n$*) ()

) e My(B(H))™.

Thus for each p € H we have

GE0. @) BEMP O\ (o 0) © 0
<<¢<ns*)w,p> <¢<nn*)p,p>>‘<o p) ¢2(X)(0 p)zo'

Thus the inequality in Proposition 3.3.6 is satisfied, so by the theorem i < ¢.
Since ¢ is extremal ¥ = AdB* = u¢ for some u > 0. Hence ¢ = AdV with
vV =pu"12B*

If ¢ is 2-copositive then ¢ o ¢ is 2-positive and still extremal by Lemma 3.1.2, so
¢ot=AdV,hence p =AdV ot. g

3.4 Nonextendible Maps

If A is a C*-algebra and ¢ € B(A, H) is a unital completely positive map the
Stinespring Theorem, 1.2.7, states that there are a Hilbert space K, an isometry
V : H — K, and a representation 7 : A — B(K) such that p = V*n' V.

Since V*V =1, VV* is a projection, which we can look at as the projection
P : K — H, where we consider H as a subspace of K. Then ¢ has the form P P.
We can thus consider 7 as an extension of ¢ to amap 7 : A — B(K). We therefore
make the following definition.

Definition 3.4.1 Let A be a unital C*-algebra, and H C K two Hilbert spaces. Let
P be the orthogonal projection of K onto H. Let ¢ € B(A, H) and @ € B(A, K)
be positive unital maps. We say

(i) @ is an extension of ¢ and write @ D ¢ if ¢ (a) = PP (a)P foralla € A.
(i) @ D ¢ is trivial if H is invariant under the action of @ (a) for all a € A, i.e.
D(a) =¢(a)é forac Aand & € H.
(>iii) ¢ is called nonextendible if all extensions @ D ¢ are trivial.

Note that if @ D ¢ is an extension as above, and Z'{ a; ®& € AQ® H, consider

the element
> p@s =P(Y P@s) e H.
k
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Then

I s@gs| < | > ew@s

If the extension @ D ¢ is trivial then Y &(q;)& € H, so we have equality in
(3.6). Conversely, if for all ) ;a; ® & € A ® H we have equality in (3.6), then
> ¢(ai& =) ; P(a;)é;, so the extension @ D ¢ is trivial. We have shown:

. (3.6)

Lemma 3.4.2 Let ¢ € B(A, H) be a positive unital map. Then ¢ is nonextendible

if and only if
| s@s| = > ew@s|

for all extensions @ D¢ anda; € A, & € H.

We say a positive map ¢ : A — B(H) is irreducible if the commutant of ¢ (A) is
the scalar operators, i.e. the only operators which commute with ¢ (a) foralla € A,
are the scalar multiples of the identity operator 1.

Theorem 3.4.3 Let A be a C*-algebra and ¢ € B(A, H) be a unital positive map.
Then

(1) If ¢ is nonextendible then ¢ is an extreme point of the convex set of positive
unital maps of A into B(H).
(1) If ¢ is both nonextendible and irreducible then ¢ is an extremal map.

Proof Assume ¢ € B(A, H)T is nonextendible and ¢ = A + gy with ¢; : A —
B(H) positive linear maps, A, i > 0 and A + u = 1. The operators ¢; (1) are invert-
ible on the subspace ¢; (1) H. Let H; denote the closure of ¢;(1)H .

Let

Vi) = ¢ g @ei (D72, acA.
Then ; (a) defines an operator on H;, which we still denote by v; (a). Let
K =H ® H>, P =Y &Y.
Then
®:A— B(K)
is unital and positive. Let V : H — K be the linear operator

1/2

V(E) = (hp1 (1) e @ (ugpa(1)) .

Then a straightforward computation yields

(p(@&.n) = (@@)VE, V)
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for £, € H and a € A. In particular, if we put a = 1, we see that V is an isometric
imbedding of H into K. Thus @ D ¢ is an extension of ¢. By assumption ¢ is
nonextendible. Thus @ is a trivial extension. In our definition we considered H as a
subspace of K. In the general case one must consider the case when H is imbedded
in K asitis here, with V : H — K. Thus we have

Pa)VE=Vep(a)t foracA e H.
By the definitions of V and @ = | @ > we get

D (a)VE =229 (1) 1)k ® 12 (1) 2o (a)t.

This is equal to

V(g =120 (1)12p(a)e @ n'ha(a) 9 (a)t,
so that
di(DP(@)E = ¢i(a)e, forall & € H,
hence ¢; = ¢; (1)¢.

In case (i) in the theorem ¢; (1) = 1, so ¢; = ¢, and the conclusion in (i) follows.
In case (ii) ¢;(a) = @i (1)¢(a) for all a. Taking adjoints for a self-adjoint we
see that ¢; (1) commutes with the self-adjoint operator ¢ (a), and therefore ¢; (1) €
¢ (A)’, which we assumed is the scalar operators. Thus ¢; is a scalar multiple of ¢,
and thus ¢ is extremal. O

It is a quite special property to be a nonextendible map. Our next result is an
example of a nonextendible map. It is an extension of Proposition 3.1.5, where it
was shown that Jordan homomorphisms were extremal in the set of positive unital
maps.

Theorem 3.4.4 Let A be a C*-algebra and ¢ € B(A, H) a unital Jordan homo-
morphism. Then ¢ is nonextendible.

Proof Since ¢ (1) is always a projection the assumption that ¢ is unital is just made
for convenience. Let @ D ¢ be an extension, so ¢(a) = PP (a) P, where P is the
projection of K onto H, @ : A — B(K) positive and unital. If a € A is self-adjoint
then the Kadison-Schwarz inequality, Theorem 1.3.1, applied to @, implies with 1
the identity in B(K),

0< P®(@@)(1— P)®(a)P
=P®(@)’P —p(a)’
=P®(a)’P — ¢(a?)
=P(®(a)* — ¢ (a?))P <0.
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It follows that (1 — P)®(a)P =0, hence @ (a)é € H for all £ € H. Thus @ is a
trivial extension of ¢. O

In the converse direction we see that if ¢ is a nonextendible unital completely
positive map, then the Stinespring Theorem, 1.2.7, shows that ¢ has an extension
which is a representation, hence by nonextendibility ¢, is itself a homomorphism.
It is interesting that this conclusion holds in much more generality. Recall from
Definition 1.2.1 that a map ¢ € B(A, H) is 2-positive if ¢ ® ¢ is positive, where ¢ is
the identity map of M, onto itself. This means that

a b b(a)  ¢(b) +
(b* c)eMz(A)+=><¢(b)* ¢(c))eM2(B(H)).

Theorem 3.4.5 Let A be a C*-algebra and ¢ € B(A, H) a unital 2-positive nonex-
tendible map. Then ¢ is a homomorphism.

Proof Leta,b € A with a > 0. Then

a ab* al’? 0 1 a2\ (a'? 0 0
ba  bab* —<0 b <a1/2 a JLo »)="

Let b be fixed, and, then since ¢ is 2-positive,

([ b@  pabh)
‘/’(")‘<¢<ba> ¢<bab*>>

defines a positive map of A into B(H @ H). Then (1) is invertible on ¥ (1) H & H.
Let K denote the closure of ¥ (1)H & H. Defineamap @ : A— B(H @ H) by

O(a) =y () 2y @y )~

Then @ is a positive unital map of A into B(K). Let V : H — K be the linear
operator defined by

Ve=y ()2 ®0).
Thus for &£, n € H we immediately get

(#(@&, 1) = (@@VE, V).

In particular, if a = 1, so ¢(a) = 1, we see that V : H — K is an isometric imbed-
ding, and so
¢a)=V*®@)V.

Thus @ is an extension of ¢, and since ¢ is nonextendible, @ D ¢ is a trivial exten-
sion. Therefore

P(@)VE=Ve(a).
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Using the defining formulas for @ and V we then get
—12 @) Pab®) \ (&) _ _ _ 172 (®(@)§
v (Wa) ¢(bab*)> (O> = P@VE=Vo@si = (1) ( 0 ) .

If we multiply on the left by v (1)!/2, we get

( p(a)  ¢p(ab¥) > (E) _ ( L o) ) ((/)(H)E)
¢(ba) ¢(bab*) ) \0O ¢(b) ¢ (bb*) (U

hence ¢ (ba)é = ¢ (b)p(a)& for all & € H, proving that ¢ is a homomorphism. [

3.5 A Radon-Nikodym Theorem

One version of the classical Radon-Nikodym theorem for measures states that if
w and n are finite measures on a measure space, and n < u, then there exists a
measurable function 0 < f < 1 such that

/gdn=/fgdu

for all integrable functions g. We shall in the present section prove an analogous
result for completely positive maps and then apply this to characterize maps which
are extremal among the completely positive ones. We first show a sharpening of the
Stinespring Theorem 1.2.7.

Lemma 3.5.1 Let A be a C*-algebra and ¢ : A — B(H) a completely positive
map. Then there exist a Hilbert space K, a representation @ of A on K, a bounded
operator V : H — K with the property that the closed subspace

[T(AVH]={r(@VE:acA EcH}

equals K, and such that g = V¥ V.

Proof Let W*mgW be a Stinespring decomposition of ¢ as in Theorem 1.2.7 with
7o a representation of A on a Hilbert space K¢, and W : H — K¢ a bounded op-
erator. Let e be the projection onto [7o(A) W H]. Then e belongs to the commutant
mo(A) of mo(A), because if a, b € A then

7o(b) (mo(@)WE) = mo(ba) WE € [mo(A)WH].
Let K =eKqy, m =emg and V =eW, then
V*a(a)V = V¥emg(a)eV = Wrg(a)W = ¢ (a),

and

[T(A)VH]=[emp(AWH] =eKo=K. 0
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Lemma 3.5.2 Let ¢y and ¢o be completely positive maps of A into B(H) such
that ¢y — ¢1 is completely positive. Let ¢;(a) = Vi*m (a)V; be the Stinespring de-
compositions such that [w;(A)ViH] = K;,i = 1, 2. Then there exists an operator
T : Ky — Ky with ||T|| <1 such that

() TV>= V.
(ii) Tma(a)=m1(@)T,a€A.

Proof Leté&,...,§,€ H,ay,...,a, € A. Then

2

=Y (Vimi(afa;)Vig) &)

ij

= Z(¢1(“?“./)5j"§i)

iy

Zm(a/‘)Vléj
J

< Z(@(ai*aj)%vfi)

7
=[S mapvag [

since ¢, — ¢ is completely positive and (afa;) € (A® M,,) ™. Therefore there exists
a unique contraction 7" defined on [ (A)V H] = K> which satisfies Tmwa(a) Va€ =
mi(a)Vi€ forallae A, & € H. Takinga =1, we have TV, = V. If a, b € A then

Try(a)ma(b)Vak = Tra(ab)Vaé = mi(ab) Vi€ = w1 (a) T (D) V2,
so that Tmp(a) = my(a)T, using that [m2(A) V2 H] = K». O

Let ¢ be a completely positive map of A into B(H) with Stinespring de-
composition ¢ = V*g V. If 0 < T < 1 is an operator in 7(A)" then the map
¢r(a) = V¥*Tr(a)V is a completely positive map of A into B(H), because if
W =T1/2V then ¢ (a) = W*m(a)W, so is completely positive by the Stinespring
theorem, 1.2.7. If we apply this to 1 — T, we see that ¢ — ¢ = ¢1_7 is also com-
pletely positive.

Theorem 3.5.3 Let A be a C*-algebra and ¢ and r completely positive maps of A
into B(H) such that ¢ —  is completely positive. Let ¢ = V*1'V be the Stinespring
decomposition of ¢ with [T(A)V H] = K. Then there is a unique operator T €
w(A) with0 < T <1 such that ¥ (a) = ¢7(a) = V*Tr(a)V.

Proof The map T — ¢r is clearly linear, and if ¢7 = O then for all a,b € A and
&,n € H we have

(Tr(@)VE, m(b)Vn) = (V*Tr(b*a)VE, n) = (¢r(b*a)s, n) =0.

Since [t (A)VH] = K, T =0, so we have uniqueness in the theorem.
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It remains to show that ¢ = ¢r for 0 <T < 1,T € n(A)’. By Lemma 3.5.1
¥ has a Stinespring decomposition, ¥ = W*o W, where W : H — K| and K| =
[c(A)WH]. By Lemma 3.5.2 there is a contraction X : K — K such that XV =
W and X7 (a) = o(a)X for all a € A, and taking adjoints, 7 (a)X* = X*o (a) for
ac€A. Let T=X*X.Thenclearly 0 <T <1, and Tn(a) = X*0(a)X =n(a)T,
so that T € 7 (A)’. Finally, we have for &, n € H,

(¢r(@&, 1) = (X*X7n(a)VE, V)
Xm(a)VE, XVn)
o(a)XVE, XVn)
o(@)WEg, Wn)

¥ (a)§,§),

completing the proof of the theorem. d

=
=
=
=

We can now show the promised characterization of maps extremal in the cone of
completely positive maps. For this we make the following,

Definition 3.5.4 Let ¢ : A — B(H) be completely positive. We say ¢ is pure if
every completely positive map ¢ : A — B(H) with ¢ — ¢ completely positive is a
scalar multiple of ¢.

It is well known that a state is pure if and only if its GNS-representation is irre-
ducible. This extends to completely positive maps as follows.

Corollary 3.5.5 Let ¢ : A — B(H) be completely positive with Stinespring decom-
position ¢ = V*nV, such that V : H — K and [ (A)V H] = K. Then ¢ is pure if
and only if 7 is irreducible.

Proof Let ¢ be pure. By the comments before Theorem 3.5.3 the set {T € w(A) :
0 < T < 1} consists of scalar multiple of the identity, which implies that 7(A) is
irreducible.

Conversely, if 7 is irreducible and ¥ : A — B(H) is a map such that ¢ and ¢ —
are completely positive, then by Theorem 3.5.3 y = ¢ for some T € w(A)',0 <
T < 1. Since w(A)’ consists of scalar operators, T = A1 for some 0 <A <1, so ¢
is a scalar multiple of ¢, hence ¢ is pure. d

In the finite dimensional case we get a stronger extremality result for pure maps.
The result can easily be extended to maps ¢ : A — B(H), where A is a C*-algebra
all of whose irreducible representations are finite dimensional.

Corollary 3.5.6 Let Ko be a finite dimensional Hilbert space and ¢ : B(Ko) —
B(H) completely positive. Then ¢ is pure if and only if it is an extremal positive
map in B(B(Ky), H)*.
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Proof 1t is clear that if ¢ is extremal then it is in particular pure. Conversely,
assume ¢ is pure with Stinespring decomposition ¢ = V*nV, where by Corol-
lary 3.5.5 & is irreducible. Since Ky is finite dimensional, 7 (B(Ky)) = B(K), K as
in Corollary 3.5.5, and by finiteness 7 is an isomorphism. By Proposition 3.1.3
AdV : B(K) — B(H) is extremal. Let ¥ € B(B(Ky), H)™, with ¥ < ¢. Then
¥ ol <AdV, so by extremality of AdV, ¥ o ~! = AAdV for 0 < A < 1. Thus
Y =AAdV o = A, so ¢ is extremal. d

3.6 Notes

Extreme points of the convex set of unital positive maps were studied in [71]. The
results in Sect. 3.1, except Proposition 3.1.7, are mostly variations of results in [71].
Proposition 3.1.7 is a special case of well known results on automorphisms of von
Neumann algebras.

As mentioned in the introduction to Sect. 3.2 Jacobson and Rickart [29] showed
that Jordan homomorphisms of matrix algebras over certain rings are sums of ho-
momorphisms and anti-homomorphisms. Their result was used by Kadison [35] to
show that surjective Jordan homomorphisms between C*-algebras were sums of
homomorphisms and anti-homomorphims, and finally the author [72] showed the
same result for Jordan homomorphisms of a C*-algebra into another C*-algebra.
Theorem 3.2.4 is a special case of Kadison’s result, but the proof is quite different
from the proofs in the papers referred to above. In [9] surjective Jordan homomor-
phisms were characterized as those positive maps which map invertible operators
onto invertible operators.

Theorem 3.3.2 and its proof is taken from [71], but its followup, Theorem 3.3.4
is, with a different proof, due to Marciniak [50]. For a closely related result for
maps which are not necessarily positive, see [31, 46—48]. Theorem 3.3.7 is also due
to Marciniak [50]. For further work on nonextendible maps see [95, 96].

The contents of Sect. 3.4 on nonextendible maps are all due to Woronowicz [99],
see also [42].

The Radon-Nikodym type theorem, Theorem 3.5.3 is due to Arveson [1].

If K and H are finite dimensional the facial structure of the cone B(B(K), H)*
has been studied by several authors; see [45] for a survey. In this context maps which
generate exposed rays in B(B(K), H)™, called exposed maps have attracted much
attention as they form a dense subset of the extremal maps, see e.g. [13, 19].



Chapter 4
Choi Matrices and Dual Functionals

In the theory of positive maps from the n x n matrices M,, (=B(K) with K =C")
into B(H), the Choi matrix corresponding to a map is very important. The present
chapter is devoted to the close relationship between maps and their Choi matrices.
In Sect. 4.1 we present the basic definitions and results. Then in Sect. 4.2 we intro-
duce the dual functional to a map and show how its properties reflect the positivity
properties of the map.

4.1 The Choi Matrix

In this section K is a finite dimensional Hilbert space. The vector space of linear
maps of B(K) into B(H) can be identified with B(K) ® B(H). In our treatment
this identification will be done via the Choi matrix for a map.

Definition 4.1.1 Let K = C" and let ¢ : B(K) — B(H) be a linear map. Let (e;)),
i,j=1,...,nbeacomplete set of matrix units for B(K). Then the Choi matrix for
¢ is the operator

n

Co= ) ej®ple) € BK) ® B(H).
i,j=1

The map ¢ — Cy is clearly linear and injective, and given an operator ) _e; ®
a;j € B(K) ® B(H), then we can define a linear map ¢ by ¢ (e;;) = a;;. Thus the
map ¢ — Cy is surjective. This map is often called the Jamiolkowski isomorphism.

As defined the Choi matrix depends on the choice of matrix units (e;;). The next
lemma describes it with respect to another set of matrix units. Recall the notation
B(B(K), H) is the linear space of all linear maps from B(K) into B(H).

Lemma4.1.2 Let ¢ € B(B(K), H) have Choi matrix Cy with respect to a complete
set of matrix units (e;). Let (f;j) be another complete set of matrix units and w
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a unitary operator such that w*e;w = fi;. Then the Choi matrix C ¢]; with respect to
(fij) is given by

C} = Ad(w ® 1)(Cporau)-

Proof
Copoadw = Zeij ® ¢ (wrejw)
=D e ®b(fy)
=we® 1)(2 fi®o(fip(w* ® 1)).
ij
Hence C = (w* ® 1)Cpoadu(w ® 1). O

Two special cases are important.

Proposition 4.1.3 Let w be a linear functional on B(K) with density operator h,
viz. w(a) = Tr(ha), a € B(K). Let a € B(H)™, and identify bw with the map a —
w(a)b of B(K) into B(H). Then

Cho =h' @b.
Proof
Cho = Zeij ® w(e)b
= Zw(eij)e,j ®b
= Z Tr(hej)e; @ b
= Z hjie;®b
— ' ®b. :
Proposition 4.1.4 Suppose dim H = m < oo. Let &1, ...,&, (resp. n1, ..., Nm) be
an orthonormal basis for K (resp. H), and (ej;) (resp. (fi1)) be the corresponding
complete set of matrix units, so e;j& = 8 1.&;, and similarly for (fi). Let V : H — K
be defined by Vi =", vik&;. Let
8.k, (.l = €ij @ [fui-
Then the set (g k),(j,1)) is a complete set of matrix units for B(K ® H), and
Caav = Z ViIVik& i k). (j.l)

is a positive scalar multiple of the projection onto w =Y Vik&; ® 1.
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Proof It is obvious that (g ),(j,1)) is a complete set of matrix units for B(K ® H).
Let £ =) agny € H. Then

(V) =(VEE) =) ar(Vi. &)
k

=Y @vi=Y_ alne. Vam) = Y _ (. Vi)
k k k

Thus
V¥ =Y g, foralli. @.1)
k
It follows that

VeV = Ve szkés =V & = Z Vv
K I
Therefore we get

Caav (& ®@n) = (Z € ® V*eijV) & @)

)

=) & ® vy Uik

= (Z eis @ Ustvikfkt> & ®@n)

ik

= (Z Uszﬁikg(i,k)(s,t)) és @ ).

ik
Thus

Cagv = Z VjiVik&(i,k)(j,1)- O
i,jk,l
In the above proposition the rank of V is reflected in how w is written as a tensor
product of vectors.

Definition 4.1.5 Let & € K ® H. Then & has Schmidt rank r denoted by SRE, if r is
the smallest number m such that £ can be written as & = Z;"zl & ®n with§ e K,

ni € H.

Then we can find an orthonormal family wq,...,», € H and vectors p; € K
such that £ = )/_, pi ® w;. To show this, note that the span of the n;’s must be
r-dimensional by minimality of », so we can write the 1;’s as linear combinations
of r orthonormal vectors wi, ..., ®, in H. Using this we can give more specific
information on V and w in the last proposition.
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Proposition 4.1.6 Let V : H — K and w be as in Proposition 4.1.4. Then Caqy =
AMw] for some A > 0. w has Schmidt rank r if and only ifrank V =r.

Proof Suppose rank V = r. Choose an orthonormal basis 7, ..., n, for H such
that V*V i = Agng with Ay, ..., A, >0and Ay =0 for k > r. Let &,...,&, be an
orthonormal basis for K. By Proposition 4.1.4

Caav =Ao], o= Z(Z@k&') ® Nk
kN

and
V=Y vai.
i
Thus by (4.1)

M =ViVie=Y_ V& =) v, 4.2)
i il
hence v;; =0 for [ # k, and Zi |vl-k|2 = Ak. Thus v # 0 for some i when k <r, so
that w has Schmidt rank r.

Conversely, if SRw = r, choose and orthonormal basis 11, ..., 1, in H such that

,
w= Z(Zv_zkéz) ®m =) ki ® M.
k=1 ik

If wedefine V:H — Kby Vg =) ;vaéi #0if k <r,and Vi =0 for k > r,
Proposition 4.1.4 shows us that C44y is a scalar multiplum of [w]. By construction
V has rank r. Since ¢ — Cy is an isomorphism, and AdV = AdW if and only if
W =zV,|z| = 1, the rank of V is uniquely defined whenever Cagy = Alw] with
A>0.ThusrankV =r. O

Remark 4.1.7 If dim K = n, and ¢ denotes the identity map of B(K) into itself, then
for V=1 we get

C,=Caq1 = Zeij@)e,-j
is n times the projection onto ﬁéi ® §&;, called the maximally entangled state. For

more on entanglement see the discussion after Proposition 4.1.11 and Sect. 7.4.

Note that by Proposition 4.1.6 rank V = 1 if and only if C44y = A[§]® [n] if and
only if w = & ® n is a product vector.
As an immediate consequence of Proposition 4.1.4 we have

Theorem 4.1.8 Let K and H be finite dimensional and ¢ € B(B(K), H). Then the
following conditions are equivalent:
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(1) ¢ is completely positive.

(ii) Cy > 0.
(i) ¢ => /", AdV; with V; : H — K linear, and m < dimK - dim H.
(iv) ¢ =Y *_, AdW;, with W; : H — K linear and k € N.

Proof (i) = (ii). Let n =dim K, m = dim H. If ¢ is completely positive then ¢, ®
¢: M, ® B(K) > M, ® B(H) is positive, where (,is the identity map on M,,.
Hence

C¢ = Zeij®¢(6ij) =1 ®¢<Zeij®elj> > 0.
ij ij

(i) = (iii). If Cp > 0 then Cy = > _/™; Ai[w;] with ; an orthonormal basis for
K®H,1=<i<mn, A > 0. By Proposition 4.1.4 [w;] = Caqy, for an operator
Vi:H — K.Thus ¢ =Y 1" A;AdV;. If we replace V; by Ai_l/z\/i whenever A; #£0,
we have (iii).

(iii) = (iv) is trivial.

(iv) = (i). This follows since ¢, ® AdV = Ad(1,, ® V) is positive, so AdV is
completely positive (see also Lemma 1.2.2). g

The decomposition (iii) in the above theorem is usually called the Kraus decom-
position for ¢.

Corollary 4.1.9 Let ¢ : B(K) — B(H), with K =C", H =C", and let k =
min(m, n). Then ¢ is completely positive if and only if ¢ is k-positive.

Proof Suppose ¢ is k-positive. Assume first k = n. Then ¢, ® ¢ is positive, so
Co=t,® ¢(Zij ejj ® ejj) > 0. Thus by Theorem 4.1.8 ¢ is completely positive. If
k =m then ¢* : B(H) — B(K) is k-positive from Proposition 1.4.3, hence by the
first part ¢* is completely positive. Then by the same proposition ¢ is completely
positive. The converse is obvious. g

The above corollary can be extended to maps of C*-algebras. Then it states that
every k-positive map of a C*-algebra A into another B is completely positive if
and only if either A or B has all its irreducible representations on Hilbert spaces of
dimension less than or equal to &, see [93].

We shall need to know the Choi matrix for ¢* when ¢ € P(H), the cone of
positive maps of B(H) into itself.

Lemma 4.1.10 Let dim H =n and &1, ..., &, be an orthonormal basis for H. Let
J be the conjugation of H ® H defined by

J7E ®§; =75 ®&;

withz € C. Let ¢ € P(H). Then Cypx = JCy J .
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Proof Let V = (vjj)i j<n € B(H), and let e; denote the matrix units such that
eji&x = 0 ji&;. Then a straightforward computation yields

AdV (ex)) = VeV = (Ukivij)ij-
Since V* = (v};) it follows that
AdV*(ex) = Ve V* = (vikvjp)jj.
From the definition of J it thus follows that
JCaav ) (2Ep ® &) =1 <Z€k1 ® Vi wjei,-)zsq ®Ep
ijiki
= Z Vi vz eii€p @ zepéy
= (Z VikUjien ® eg,') (z&p ®&y)
ik
= (Z en ® Vesz*)(ZEp Q&)
= Caqv+(z&p ® &),

where we at the third equality sign exchanged (i, j) with (k, /). Since the vectors
&y ® &, form a basis for H @ H, JCaqvJ = Caqy+. Now, if ¢ is a positive map
then Cy is self-adjoint, hence the difference between two positive operators, which
both are Choi matrices for completely positive maps by Theorem 4.1.8. Hence by
Theorem 4.1.8 again ¢ is a real linear sum of maps AdV. By Proposition 1.4.2 the
adjoint map of AdV is AdV*. Applying this to each summand AdV, we thus get
JCyJ = Cyr. 0

Proposition 4.1.11 Let H be a Hilbert space of arbitrary dimension. Let ¢ €
B(B(K), H). Then ¢ is positive if and only if Tr(Cya ® b) > 0 for all a € B(K)T
and b a positive trace class operator on H.

Proof Computing we get

Tr(Cpa®b) = Tr((ej ® ¢(ey))(a ®b))
ij
= Z Tr(e;ja)Tr(¢ (e;)b)
ij
= Za jiTr(®(ei)b)
= Tr(d)(at)b).
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Since this holds for all positive trace class operators b, and a > 0 if and only if
a' >0, ¢(a) > 0if and only if Tr(Cya ® b) > 0 for all positive a and b. O

In quantum information theory Cy is often called an entanglement witness when
¢ is not completely positive, because the proposition shows thatif A =Y a; b; >0
is the density operator for a state @ on B(K ® H), then w is entangled, i.e. h cannot
be written in the above form with all a;, b; > 0, if there exists a positive map ¢ :
B(K) — B(H) such that Tr(Cyh) < 0.

Let ¢ € B(B(K), H) be a self-adjoint linear map, so ¢ (a) is self-adjoint when a
is self-adjoint. Then it is easily seen that Cy is a self-adjoint operator, hence is the
difference of two positive operators C;“ and C(; such that C;r C(; =0.

We shall see later, Theorem 7.4.3, that C; contains much information. Presently
we concentrate on C;. Let ¢ > 0 be the smallest positive number such that c1 > Cy.
Then ¢ = ||C;r||. Hence, if ¢ # 0 there exists a map ¢, : B(K) — B(H) such that
its Choi matrix Cg,, =1 — %qu, is a positive operator. Thus if 7r is identified with

the positive map a — Tr(a)l, it is straightforward to show that C7- = 1, so %qb =
Tr — ¢p. By Theorem 4.1.8, ¢, is completely positive. We have

Theorem 4.1.12 Let ¢ € B(B(K), H) be a self-adjoint linear map such that —¢ is
not completely positive. Then there exists a completely positive map ¢cp : B(K) —
B(H) such that

[cg 1™ =17~ g

Furthermore, ¢ is positive if and only if p(Cgy,,) < 1 for all product states p =
w1 ® wr on B(K) ® B(H).

Proof The existence of ¢, was shown above. To show the second part let p(x) =
Tr ® Tr((a @ b)x) be a product state on B(K) ® B(H) with density operator a ® b.
Then

p(Cg,,) =Tr®Tr(Cy,a Qb),
so that Tr(Cya ® b) > 0 if and only if p(Cy,,) < 1. Hence the theorem follows from
Proposition 4.1.11. 0

Recall from Definition 1.2.1 that a map ¢ is k-positive if ( ® ¢ is positive,
where ¢, denotes the identity map on M. We now give several characterizations of
k-positive maps, one of them in terms of the Choi matrix.

Definition 4.1.13 An operator C on K ® H is called k-block positive if (C Zle &®
Ni, Zle‘g‘,- ® n;) > 0 for all choices of vectors &1, ...,& € K,and n1, ..., € H.

Remark 4.1.14 Note that a vector £ € K ® H is of the form Zle & ®n; if and only
if £ = (1 ® q)y for a vector ¥ € K ® H and projection ¢ € B(H) of dimension k.
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Indeed, if £ = Zf»‘zl & ® n; let g denote the projection onto the span of 1y, ..., g,
then & = (1 ® ¢)§. Conversely, if § = (1®¢)y withy =) 7, & ®n;, g as above,

we can choose a basis y1, ..., y for ¢ H such that gn; =) «;jy;. Then
k
1®qW) =) &@qni=) iy =Z(Zag&> RV
j=1" i

The same argument also yields that £ = Z]f & ®@mn;ifandonly if £ = p ® g(y) for
Y € K® H, and p and g k-dimensional projections in B(K) and B(H ) respectively.

Theorem 4.1.15 Let ¢ € B(B(K), H) and k < min(dim K, dim H). Then the fol-
lowing conditions are equivalent.

(i) ¢ is k-positive.

(i) ¢ o AdV is completely positive for all V € B(K) withrank V < k.
(iii)) AdW o ¢ is completely positive for all W € B(H) with rank W < k.
(iv) Cy is k-block positive.

Proof The proof goes as follows. (i) < (ii) = (iv) = (iii) = (@1).
(1) = (ii). Let ¢ be k-positive and V € B(K) withrank V < k. Let e = support V.
Then dime < k. Thus

¢oAdV =¢poAdV oAde:eB(K)e - B(H).

Since eB(K)e = M; with | <k, and ¢ is k-positive, ¢ o AdV is completely positive
by Corollary 4.1.9.

(ii) = (i). Let (e;j);, j<k be a complete set of matrix units for M. Let a =
Zi’jfk ejj®a;j € (M ® B(K))*. Again by Corollary 4.1.9 a = Cy, for a completely
positive map ¥ : My — B(K). By Theorem 4.1.8 ¥/ = Y AdV; with V; : K — CF.
Since k < dim K we may assume C* C K, hence V; € B(K) with rank V; < k for
all i. Thus by (ii) ¢ o ¥ is completely positive, hence by Theorem 4.1.8

U ®¢a)=u ®@¢(Cy) = Cpoy =0,

so that ¢ is k-positive.

(i) = (iv). Let & = ZI{ & ® n;i € K ® H have Schmidt rank k. Let g be a k-
dimensional projection in B(H) such that gn; = n; for all i. Let (e;;) be a complete
set of matrix units in B(K) such that Cyp =) e;; ® ¢ (e;;). Then we have

Cadgop = Y _ €ij ® Adg (¢ (e;)) = Ad(1 ® q)(Cy).
Thus by (ii) and Theorem 4.1.8 Ad(1 ® ¢)(Cy) = 0. It follows that

(Cy€,8) = (C4(1 @ )€, (1 ® 9)§) = (Ad(1 ® ¢)(Cy)E, §) = 0.

Thus Cy is k-block positive.
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(iv) = (iii). Let W € B(H) withrank W <k.Let£ =) & ®n; € K ® H. Let
e support W, so dime < k. Then there exist k vectors «1, ..., € H such that
en; =Y 1 cjjaj, cij € C. We can therefore write 1 @ W& = Z’f S} ® B, with Ej/- ek,
Bj € H. Thus 1 ® W& has Schmidt rank< k, hence by the assumption that Cy is
k-block positive (Cy (1 @ W)&, (1 ® W)&) > 0. Thus

Cadwop = (1 @ AdW)(Cy) >0,

so that AdW o ¢ is completely positive.
(iii) = (i). Let V € B(H) with rank V < k. Then (AdV)* = AdV*. Hence

¢* 0 AdV* = (AdV o ¢)* : B(H) — B(K).

Since by assumption AdV o ¢ is completely positive, so is ¢p* o AdV *. We have there-
fore shown that ¢* c AdW is completely positive for all W € B(H) withrank W < k.
Therefore by the equivalence (i) < (ii) applied to ¢* : B(H) — B(K), ¢* is k-
positive, hence so is ¢. O

4.2 The Dual Functional of a Map

In the previous section we studied the duality between positive maps of B(K)
into B(H) as matrices via the Jamiolkowski isomorphism ¢ — Cy € B(K ® H).
In this section we consider the duality between maps and linear functionals on
B(K)® .7 (H), or more generally A ® 7 (H), where .7 (H) denotes the trace class
operators on B(H), and A is an operator system, i.e. a unital linear subspace of
B(K) such that a € A implies a* € A.

Definition 4.2.1 Let A be an operator system and ¢ : A — B(H) a bounded linear
map. Then its dual functional ¢ on A ® 7 (H) is the functional defined by

ba®b) =Tr(p(a)b'),

where ¢ is the transpose on B(H) defined by a fixed orthonormal basis.

5 is well defined because ¢ (a) is a bounded operator in B(H), and b is a trace
class operator. Let the projective norm on the algebraic tensor product of A and
Z (H) be defined by

n
el =inf} Y llaglllbill : x =Y a; @ bi,ai € A,y € T(H)

i=1

where ||b]|; is the trace norm ||b||; = Tr(|b|). We denote by A®.7 (H) the com-
pletion of the algebraic tensor product with respect to the projective norm, and by
AT®Z (H)* the closed cone generated by operators Y ; a; ® b; witha; € AT, b; €
T (H)T. AQ.Z (H) is called the projective tensor product of A and .7 .
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Lemma 4.2.2 Let A be an operator system. Then the map ¢ — a is an iso-
metric isomorphism of the space of bounded linear maps of A into B(H) and

(A®.Z (H))*. Furthermore ¢ is positive if and only lfa; is positive on AYQ.7 (H)*.

Proof Let x = Z'l' a; ® bj € A®.7 (H) be a finite tensor. Then

p(0)| =

Z Tr(p(a;)b!)

<> |7 (9 @b
<> |o@)]|libil
<11 lailllibills-

Thus ||¢]l < ll#]-
Conversely, since || || » is a cross norm,

Il = Jup l¢@|= sup |Tr(p(@)b’)]

lall=1 llall=L1,l1bll1=1
= sup|$(a ® b)|
=sup||¢lla @b
< sup [$]lllalll|b];
<1l

Thus the map ¢ — 5 is an isometry. The last part of the lemma follows from the
proof of Proposition 4.1.11. g

The connection between the Choi matrix Cy and b is given by the following
result.

Lemma 4.2.3 Let K be finite dimensional and ¢ € B(B(K), H). Then Céb is the
density operator for 5 .

Proof Since the transpose is Tr-invariant, if a @ b € B(K) @ J (H),
Tr(Cya ® b) =Tr(Cpa' @b')

=Y Tr(eja' ® ¢(e)b')

)

= Z Tr(e,-jat)Tr(¢ (eij)bt)

y
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= Y ayTr{es ()
=Tr(ag™(0"))
=¢a®b),

proving the lemma. g

We shall often encounter the situation when we compose a map by the transpose
map both in the domain and the range of ¢. Let as before ¢ denote the transpose
both of B(K) and B(H).

Definition 4.2.4 Let ¢ € B(B(K), H). Then we denote by
¢'=togot.
The basic properties are given in

Lemma 4.2.5 Let ¢ € B(B(K), H). Then we have

(1) If ¢ is k-positive (resp. completely positive), so is ¢’ .
(i) If p = AdV then ¢' = AdV'™.
(i) Ifdim K < oo then Cyi = Cy, where C(’p is the transpose on B(K ® H).

Proof (i) Let t = (4 be the identity map on M. Then

1@ =(1®No(l®P)o(l®N) =R o(RP)o(tR1),
is positive, since  ® ¢ is the transpose on B(K ® H), so is a positive map, and ¢ ® ¢
is a positive map when ¢ is k-positive.

(i) (AdV) (a) = (AdV (a"))! = (V*a'V)! = ViaV*.
(iii) Cpr =Y e;j @' (ej) =D e @P(eji) = D eji @p(eji)) = C;- O

The relationship between 5 and ¢’ is given in the next result.
Lemma 4.2.6 Let K and H be finite dimensional. Let w : B(K) ® B(K) —

B(K) be defined by m(a ® b) = b'a. Then Tr o w is positive and linear. Let
¢ € B(B(K), H). Then

$=Trono(t®¢*t).

Proof Linearity of Tr o 7 is clear. To show positivity let x =) a; ® b; € B(K) ®
B(K). Then

Tro n(xx*) = ZTro n(a,-a;‘ ® bibjf)

ij
= Z Tr(b;ftb,’-aiaj)
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_ZTr (bia;)* (biai))
:Tr((Zb;aj) (> par)) =0

so Tr o i is positive. The formula in the lemma follows from the computation
$(a ®b)=Tr(p(@)b") =Tr(ap*(b')) = Tr(ap™ (b)) =Trow (1 ® $*' (a ® b)).
0

In the finite dimensional case we showed in Theorem 4.1.8 that ¢ € B(B(K), H)
is completely positive if and only if Cy > 0, hence by Lemma 4.2.3 if and only if qNS
is positive. We now show a generalization of this. When H is infinite dimensional
we define the positive cone (A@y (H)" in ART (H) for A an operator system,
to be the closure of the positive cone in the algebraic tensor product A ® 7 (H).

Theorem 4.2.7 Let A be an operator system and ¢ : A — B(H). Then ¢ is com-
pletely positive if and only if ¢ is a positive linear functional on A®.7 (H).

Proof We first assume H is finite dimensional. Then we have
$'a®b)=¢*(b®a), aecAbeB(H). 4.3)
This follows from the computation
¢ (a®@b) =Tr(p(a") b') =Tr(a'¢* (b)) = *(b ® a).

Assume 5 is a positive linear functional on A ® B(H). Since 1 ® 1 is an in-
terior point of the positive cone (A ® B(H))™' in the algebraic tensor product
A ® B(H), and 5 is positive on (A ® B(H))™T, it follows from Appendix A.3.1
that a has an extension to a positive linear functional p on B(K) ® B(H). Since
p(1®1)= $(1 ® 1), p is bounded, and by the definition of the dual functional and
Lemma 4.2.2, p is of the form p = 1/~f for a positive map i € B(B(K), H).

Let) ;a;®b; >0in B(K)® B(H). Then ) _a] ® bl = (}_a; ®b;)" =0, hence
Y- b ®a! > 0. Thus by (4.3)

W(Zbi ®ai> let(zai ®bi) =1Z<Zaf ®bf~) >0

SO J* is positive.

To continue the proof assume first K finite dimensional. Then, J* > 0 im-
plies Cyx = Cf//* > 0 by Lemma 4.2.3, hence * is completely positive by The-
orem 4.1.8. In the general case let e be a finite dimensional projection in B(K) such
that e’ = e. Then

(Ade oY) = ¥ 0 Ad(1 @ e), (4.4)
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which is positive, so * : B(H) — eB(K)e is completely positive by the finite
dimensional case. Since this holds for all e as above, ¥* is completely positive. But
then v is completely positive by Proposition 1.4.3. Since  is an extension of ¢,
is an extension of ¢. Thus ¢ is completely positive.

If dim H = oo, we use the same argument, and let (e, ) be a net of finite dimen-
sional projections in B(H), such that ¢, = e;, and ¢, — 1. Then as in (4.4)

(Ade, o) =¢' 0 Ad(1 @ e}) (4.5)

is positive, so by the first part of the proof Ade, o ¢ is completely positive, and
finally by taking limits ¢ is completely positive.

Conversely suppose ¢ is completely positive. Assume first that dim H =n < oo,
so B(H) = M,. Let ¢, = ¢ ® t,,. Then ¢, is a positive map A @ M, — M, M.
Let 7 : M,, ® M,, — M,, be defined by ¢(a ® b) = b'a. By Lemma 4.2.6 Tr o 7 is
positive. Let Y, a; ® b; € (A ® M,,)". Then we have

¢ (Za,- ® b,) =Y Tr(p(ai)b})

= ZTFO]T((b(ai) ®bl‘)

:Tron(qﬁn(Zai ®bi)> >0,

SO qNS is positive. In the general case let (e, ) be an increasing net in B(H) as in the
previous paragraph. Then Adey, o ¢ : A — e, B(H)e,, is completely positive, so by
the above (Ade, o ¢) is positive.

For each a € B(H), ejae, — a strongly. Thus for each trace class operator b,

Tr(aeybe,) = Tr(e,ae, b) — Tr(ab).

Hence e, be, — b as trace class operators. Thus if >ai®bie(A® T (H))' we
get

$(Zai ®b,~> =Y Tr(¢(ai)b})
= 1imZTr(¢ (ai)eyble,)

is positive, since ) ; a; ® e, bie, =Ad(1 ® e,)(}_a; ® b;) > 0. Thus é>0. O

4.3 Notes

The results in Sect. 4.1 are due to several authors. The Kraus decomposition was
noted by Kraus [41] and the Jamiolkowski isomorphism by Jamiolkowski [30]
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a year later. Then Choi introduced the Choi matrix [7] and showed Theorem 4.1.8.
Propositions 4.1.4, 4.1.6, and Theorem 4.1.15 can be found in [67-69], but some of
these results were previously known in the literature in one form or the other, see
[2, Sect. 10.3].

The results in Sect. 4.2 can be found in [78], except for Lemma 4.2.6, which is
taken from [80].



Chapter 5
Mapping Cones

In the theory of positive maps the completely positive ones have by far attracted
most attention. We shall in the present chapter see that if we consider cones of
positive maps with selected properties then we can prove results similar to those for
completely positive maps. In Sect. 5.1 we introduce the main concepts and prove
the basic results, and in Sect. 5.2 we show a Hahn-Banach like extension theorem
for maps positive with respect to cones.

5.1 Basic Properties

The problems on positive maps ¢ : A — B(H) encountered in the present chapter
are to a great extent independent of the C*-algebra structure of A. We shall there-
fore concentrate on the more general situation when A is an operator system, i.e. a
complex linear subspace of B(K) such that a* € A whenever a € A with 1 € A. Let
as before B(A, H) denote the linear space of bounded linear maps of A into B(H),
and let P(H) denote the positive linear maps of B(H) into itself. The BW-topology
(see Appendix A.1.1) on B(A, H) is the topology where a bounded net (¢y) in
B(A, H) converges to ¢ € B(A, H) whenever ¢y (a) — ¢ (a) in the weak topology
for all a € A. With the duality of B(A, H) and (A®.7 (H))* given by ¢ — ¢ in
Definition 4.2.1 we have that ¢, — ¢ in the BW-topology if and only if bo — ¢ in
the w*-topology on bounded functionals in (A®.7 (H))*. This is easily seen, since
¢o(a) - ¢(a) weakly if and only if aa (a ® b) = Tr(¢py (a)b") — Tr(¢(a)b") =
dla®b)foralla®be AQ T (H).

It should be remarked that if A and H are finite dimensional then the BW-
topology reduces to the norm topology on B(A, H).

Definition 5.1.1 A mapping cone is a BW-closed convex subcone % of the positive
maps P(H) of B(H) into itself such that

(i) if 0 #a € B(H)™ then there is ¢ € % such that ¢ (a) # 0,
(ii) % is invariant in the sense that if ¢ € ¢ and a, b € B(H ), then the map

E. Stgrmer, Positive Linear Maps of Operator Algebras, 63
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© Springer-Verlag Berlin Heidelberg 2013


http://dx.doi.org/10.1007/978-3-642-34369-8_5

64 5 Mapping Cones

x — a*¢(b*xb)a =Ada o ¢ o Adb(x) € €.

Note that if H is finite dimensional condition (ii) is by Theorem 4.1.8 equiva-
lent to

(iii) If ¢ € € and o, B € CP(H), the cone of completely positive maps, then o o ¢ o
BeET.

Many well known cones are mapping cones. Clearly P(H) and CP(H) are mapping
cones.

The cone Py (H) consisting of all k-positive maps in P(H) is a mapping cone,
since if ¢ € Py(H) and a, b € B(H) then

w ®Ada o¢oAdb=Ad(l ®a)o (x ® ¢) o Ad(1 @ b)

is positive, so Ada o ¢ o Adb € Py(H).
Some other classes are defined as follows.

Definition 5.1.2 For each k € N let SPy(H) denote the closed convex cone gener-
ated by maps AdV € P(H) with V € B(H) having rank less than or equal to k.

A map ¢ € SP1(H) is called super-positive and a map ¢ € SPr(H), k > 2 is
k-super-positive. Super-positive maps are also called entanglement breaking in the
literature.

Lemma 5.1.3 SP|(H) is generated by maps a — w(a)x with @ a normal state on
B(H) and x € B(H)™. In particular, if ¢ € SP1(H) and a, 8 € P(H) then both
aop,popBeSP (H).

Proof If ¢ = AdV with rank V = 1, let g be the range projection of V. Then ¢ is
the projection onto the 1-dimensional subspace spanned by a unit vector 7. Thus

AdV(a) =V*qaqV =V*(an,n)V = wy(a)V*V,

is of the form described in the lemma. Here w, is the vector state w;(a) = (an, n).

Conversely, if ¢ (a) = w(a)x with w a normal state on B(H ), then w is a convex
sum of vector states. We may therefore assume o = w, with  as above, and g = [n].
We have to approximate ¢ in the BW-topology by maps of the form ) AdV; with
Vi ofrank 1. Letay, ..., a, € B(H). By weak approximation we may assume there
is a finite dimensional projection e € B(H) such that g, ay, x € eB(H)e for all k.
Let (e;;) be a complete set of matrix units for e B(H)e with e;; = ¢q. Then

¢ (ar) = wylar)x = x2Tr(e1arern)x!/?

=x!/? Zeilake“xl/z
i

= Z(e“xl/z)*ak(el,-xl/z),

is of the form Y_ AdV; with V; = ej;x!/? of rank 1. Thus ¢ € SP|(H).
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Note that since the normal states are w*-dense in the state space of B(H) it
suffices to consider normal states in the lemma. O

Since for each a # 0 in B(H)™ there is a normal state w such that w(a) # 0, it
follows that SP1(H) is a mapping cone. Since rank V < k implies rank a Vb < k for
all a,b € B(H), and SPy(H) D SP1(H), it is clear that SP;(H) is also a map-
ping cone. The name “entanglement braking” comes from the last statement of
Lemma 5.1.3.

Another characterization of the super-positive maps is given in the next propo-
sition. Recall that a linear functional p on A ® B is said to be separable if it is of
the form p = Zi w; ® p; with w; and p; positive linear functionals on A and B
respectively.

Proposition 5.1.4 Let ¢ € P(H). Then ¢ is super-positive if and only if its dual
functional ¢ is a w*-limit of separable functionals.

Proof Since 7 (H) is weakly dense in B(H), by Lemma 5.1.3 SP1(H) is the map-
ping cone generated by maps of the form a — w(a)x with w a state on B(H) and x
a positive operator in .7 (H). Let p denote the positive functional, o (b) = Tr(xb")
on B(H). Thus, if ¢ (a) = w(a)x then

$(a®b) =Tr(w@xb') = w@Tr(xb') =0 ® pla ®b),

and the proposition follows easily. g
Lemma 5.1.5 If € is a mapping cone in P(H) then SP|(H) C% C P(H).

Proof By definition ¥ C P(H). By condition (i) in Definition 5.1.1 if e is a 1-
dimensional projection in B(H) there is ¢ € € such that ¢(e) # 0. Let w be the
pure state on B(H) defined by eae = w(a)e. Then the map

a— ¢(eae) =w(a)p(e)

belongs to SPi(H) N €. Since every vector state is of the form w o AdU for a
unitary operator U, and each normal state is a norm limit of convex combinations
of vector states, and each positive operator is approximated in the weak topology
by finite sums Y _ A;e; with A; > 0 and ¢; 1-dimensional projections, it follows that
SPi(H)C%. O

In order to study positivity properties of maps relative to a mapping cone we need
the following cones.

Definition 5.1.6 Let ¥ be a mapping cone in P(H), and let A be an operator sys-
tem. Then P (A, ¥) is defined by

P(A,6)={xe(ABT(H))  :1®a(x)>0foralla %},

sa

where ¢ is the identity map on A.
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Lemma 5.1.7 In the above notation P(A, %) is a proper norm closed convex cone
in AR.7 (H) containing the cone AT ® T (H)*.

Proof Since ||b|| < ||b|l; for all be T (H),if e € P(H) and ) ;a, ®b; € A ®
Z (H), we have

L®a<2a,- ®b,-)H = ”Zal- ®@ab)| <llell Y llai Il

< el llaill1bils-

It follows that ||t ® a(x)|| < |l||||x|| A for all x € AR.Z (H) where as before x|
is the projective norm of x € A®.7 (H). In particular : ® « is a bounded map of
AR.7(H) into A ® B(H), and so P(A, %) is well defined and closed. Since it is
trivially convex, it remains to show that it is proper. For this let x € P(A, %) be
suchthat tQ a(x) =0foralle € €. If w € A* wehave w @ a(x) =0foralle € ¥.
Since SP1(H) C € by Lemma 5.1.5,  ® p(x) = 0 for all states p on B(H) and
w € A*. Since these functionals span a w*-dense subspace of (A®.7 (H))*, x =0.
In particular, if x € P(A, %) N (—P(A, €)) then

(®a(x)e(A®BH)) N(—(A®BH))")=1{0)

for all @ € €. Thus x =0, and P(A, %) is a proper cone. Since it is trivial that
(ARZ (H))T D AT ® F(H)*, the proof is complete. O

Lemma 5.1.8 Let H be finite dimensional and ¢ a mapping cone in P(H). Then
the linear isomorphisms of B(H) onto itself belonging to € are norm dense in € .

Proof Letn =dim H and identify B(H) with M,,. We first show there exists a linear
isomorphism of B(H) onto itself belonging to SP{(H). Since dim M,, = n? each
set of n? 4 1 positive matrices in M,, is linearly dependent. Since span M =M,
there exists a basis {a;; : i, j =1, ...,n} for M,, with a;; € Mj. Similarly M;; has a
basis consisting of n? states wjj, 1, j =1, ..., n. Then the linear map of M,, into itself
defined by a — (wjj(a)) is a linear isomorphism, hence is in particular surjective.
But then the map

Bla) = Zwij(a)az:/
i

is a linear isomorphism of M,, onto itself belonging to SP1(H), see Lemma 5.1.3.
To complete the proof let ¢ > 0 and « € ¢, and let 8 be as above. Scaling 8
we may assume ||B]| < ¢/2 and o + B # 0. If a(a) + B(a) = 0 for some a € M,
then —1 € Spec(8~! o a)—the spectrum of 8~! o «. Since Spec(8~! o @) is finite
there exists A € [%, %] such that —1 ¢ )»Spec(ﬂ_1 ow) = SPGC()\.,B_I o «). Thus
A8l oa(a) # —a for all a, so that y = o + A~ is a linear isomorphism of M,,
into itself, so onto by finite dimensionality, satisfying [« — y || < A~!||8]| < €. Since
B € SP1(H), y € ¢ by Lemma 5.1.5, completing the proof. g
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We can now state the crucial positivity condition for maps with respect to map-
ping cones.

Definition 5.1.9 Let " be a mapping cone in P(H) and A an operator system. Then
amap ¢ € B(A, H) is said to be € -positive if its dual functional ¢ is positive on
the cone P(A, %), or equivalently

> Tr(p(a)b}) =0 forall Y a; ®b; € P(A, 7).

Since P(A, %) D AT ® 7 (H)* by Lemma 5.1.7 it is immediate from Lemma 4.2.2
that a ¢’-positive map is positive.

Proposition 5.1.10 Let € be a mapping cone in P(H) and A an operator sys-
tem. Let ¢ € B(A, H) be € -positive, and let V € B(H), 8 : A — A be completely
positive. Then AdV o ¢ o B is € -positive.

Proof For simplicity of notation let & = AdV. Recall that o' = o @ o ¢t with ¢
the transpose map on B(H), and «* is the adjoint map defined by Tr(a(a)b) =
Tr(aa*(b)), a @ b€ A ® T (H). We first show « o ¢ is € -positive. Let a ® b €
A® 7 (H). Then

aoda®b)=Tr(aop(ab') =Tr(p@a*(b'))
=Tr(¢(@)a™ (b)")
=¢(t®a*(@®Db)),
soﬂ:%o(t@a*l).
For each matrix a, a*'* = a'. Thus with a = AdV, a*' = AdV** = AdV' by

Lemma 4.2.5 and Proposition 1.4.2. If vy € €, then ¥ o a* € ¢ by definition of
mapping cone. Thus if x € P(A, %) den

RY(®@a™)(x)=1® Y oa™(x) >0,

hence ¢ ® a* (x) € P(A, %), so by the above m(x) > 0. Thus AdV o ¢ is €-
positive.

We next show ¢ o 8 is €-positive, where B is a completely positive map of A
into itself. We then have

$oBla®b)=¢(Ba)®b)=o(BR@b),

sodpof=po(B®0.
If x € P(A,%) and ¥ € ¥ then

tRVYBRIVX)=BRYo(t®@Y)(x) =0,
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since 8 ® ¢ is positive when B is completely positive. Thus 8 ® t(x) € P(A, €), so
pof = $(,3 ® t(x)) > 0, proving that ¢ o B is € -positive. O

If dim H < oo then by Theorem 4.1.8 each completely positive map is a sum of
maps of the form AdV . Thus we get

Corollary 5.1.11 Let H be finite dimensional and € a mapping cone in P(H). If
¢ € B(A, H) is € -positive then a o ¢ o B is C -positive for all completely positive
maps o« € CP(H) and B: A — A.

In Proposition 5.1.10 we had to restrict attention to maps AdV, or finite sums of
such in order to conclude that AdV o ¢ o B was % -positive. As can be seen from
the proof, the reason for this is that if « € CP(H) we cannot conclude that o* is
well defined on B(H), as it is only defined on .7 (H). To avoid technicalities we
therefore state the following definition for finite dimensional Hilbert spaces.

Definition 5.1.12 Let H be finite dimensional. A mapping cone ¢ in P(H) is said
to be symmetric if ¢ € ¢ implies both ¢* and ¢’ belong to %

It is clear that the cones Py (H), SPx(H), CP(H), P(H) are all symmetric map-
ping cones. We next show that if € is symmetric the € -positive maps have a more
intuitive interpretation than in Definition 5.1.9.

Theorem 5.1.13 Let A be an operator system and H a finite dimensional Hilbert
space. Let € be a symmetric mapping cone in P(H) and denote by Cy the BW-
closed cone in B(A, H) generated by all maps of the form o o ¥ with o € € and
¥ : A — B(H) completely positive. Then a map ¢ € B(A, H) is €-positive if and
only if ¢ € Cy.

We first prove a lemma.

Lemma 5.1.14 Let € be a symmetric mapping cone in P(H). Suppose o € € is a
linear isomorphism of B(H) onto itself. Let A be an operator system and let

Py={x€eA®B(H) : 1@ a™(x) > 0}.

If ¢ € B(A, H) is such that ¢~S is positive on Py, then there exists W € B(A, H)
which is completely positive such that ¢ = o o Y.

Proof Let  =a~! o ¢. Then ¢ € B(A, H). The proof is complete as soon as we
can show v is completely positive. For this let x =Y a; ® b; € (A ® B(H))".
Then, since o*' is also invertible,

L®a*’<Za,’®(a*I)7](bi)) =x >0, G.D
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sothat ) a; ® (o)~ 1(b;) € P,. Since 5 is positive on P, we have

Y(x) =Y Tr(Y(a;)b})

=> (9@ (e ") (5}))
=Y Tr(pa((e™")" tn)")
= 5(2%’ ® (a_l)*t(bi)>-

For a map « we have (@~ !)* = («*) ™!, because this holds for invertible operators
on a Hilbert space. Since 1! =t we get

(@) =((@) ) =to(e*) or=(toa*or) = (a*)".

Therefore by (5.1) J is positive, hence by Theorem 4.2.7, i is completely positive.
Since ¢ = « o ¥ the proof is complete. 0

Proof of Theorem 5.1.13 Suppose ¢ € Cx. Now, sums of €-positive maps are -
positive, and if (1) is a net of €-positive maps converging to ¥ € P(H) in the
BW-topology, then as remarked in the beginning of Sect. 5.1, (ﬁ; — 1; in the w*-
topology. Thus we may, in order to show ¢ is ¢-positive, assume ¢ = « o Y with
a € F, ¥ is completely positive, ¥ € B(A, H). Let x = > a; ® b; € P(A,%).
Since % is symmetric Y a; ® a*' (b;) € (A ® B(H))™, hence

()= Tr(aoy(anbl) =Y  Tr(y(a)a™ (b))
=¥ (Y aea®)) =0,

because {Z is positive by Theorem 4.2.7. Thus ¢ is € -positive.

Assume ¢ is € -positive. By Lemma 5.1.8 C¢ is generated by maps « with «
a linear isomorphism of B(H) onto itself belonging to €. Let o € € be a linear
isomorphism, and let Py be as in Lemma 5.1.14. Then

P(A,€) =[] Pa.

the intersection being taken over all linear isomorphisms in 4’. The dual cone of
P(A, %) in (A® B(H))* is the cone spanned by all dual cones of P,’s. Hence it is
the w*-closure of all finite sums »_ 50, with aa positive on P,.

By Lemma 5.1.14, ¢y = o o ¥y, ¥, completely positive map of A into B(H).
For such a sum we have

> Fe=Y @ov) = (D o).
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Since our given map is ©- -positive there exists a bounded net (qbl) of the form
¢>y => ¢a as above such that 4),, — ¢> in the w*-topology. Hence ¢ is a w*-limit
of maps ()« o ’#a) hence ¢ is a BW-limit of maps )_ & o ¥/, with « a linear iso-
morphism in ¢ and ¥, € B(A, H) completely positive. But that means ¢ € C. O

Remark 5.1.15 Since the identity map is completely positive it is obvious that
P(A,CP(H)) = (A@ﬂ(H))*‘ for an operator system A. Also, it is immediate by
Lemma 5.1.3 that

P(A,SPI(H))
= {x € ARZ (H) : p ® w(x) >0 for all states p of A and w of B(H)}

because ¢ ® w(x) > 0 for all states w of B(H) if and only if p @ w(x) > 0 for all
states p of A.

We shall see later, Remark 7.1.4, that if H is finite-dimensional, then P(B(K),
P(H))=B(K)* ® B(H)".

Proposition 5.1.16 Let H be finite dimensional. Then P(B(H), P(H)) = B(H)* ®
B(H)*. In particular, if h € B(H)" is the density operator for a state p, then
t®a(h) >0 foralla € P(H) ifand only if h € B(H)T @ B(H)™, i.e. if and only
if p is a separable state.

Proof By Theorem 5.1.13 amap ¢ : B(H) — B(H) is P(H)-positive if and only
if ¢ € P(H), which by Lemma 4.2.2 is equivalent to ¢ being positive on B(H)™ ®
B(H)™. Since P(B(H), P(H)) > B(H)"™ ® B(H)™", and a linear functional is pos-
itive on the smallest cone if and only if it is positive on the largest, it follows from
the Hahn-Banach theorem for cones, that P(B(H), P(H)) = B(H)™ @ B(H)*.
The last statement is obvious. g

5.2 The Extension Theorem

In this section we prove the analogue of the Hahn-Banach theorem for % -positive
maps. For this we need two lemmas.

Lemma 5.2.1 Let H be a Hilbert space and € a mapping cone in P(H). Let A be
an operator system and e a finite dimensional projection in B(H). Then 1 ® e is an
interior point of (1 ® e)P(A, €)(1 ® e).

Proof Since each map in ¥’ is positive, it is clear that 1 ® e € P(A,%). Letax € €.
By Lemma 5.1.8 we can add a linear isometry in %" of ¢ B(H )e onto itself of small
norm to o, so we may assume the range projection of Ade o «(1) equals e. Since e is
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finite dimensional, there is a € (e B(H)e)™ such that a(Ade o a(1))a = aa(1)a = e.
Again, since e is finite dimensional,

M=sup{[t®@vy| :y=Adeoy’, y' €€, y'(1)=¢}

is finite. Let 8 = Ada o . Then B € €, and B(1) = ¢, s0 [t Q@ Bl < M. Let x €
A ® 7 (H) be self-adjoint and ||x|| < 1/M. Then

I@e+:®P((x)=>0.
Hence
(@a(1®1+x)=(®Ada")o(t@B)(1®1+x)
=(1®Ada ") (1®e+1® B(x)) = 0.
Since « was an arbitrary mapin ¢, 1 ® 1 +x € P(A, ¥). But then
I@e+(1®e)x(1®e)c(1®e)P(A,E)(1R®e),
s0 1 ® e is an interior point of (1 @ e) P(A,€)(1 Q e). O

Lemma 5.2.2 Let A C B be operator systems on the same Hilbert space. Let € be
a mapping cone in P(H) and e a finite dimensional projection in B(H). Then

(1®e)P(A,6)(1®e)=(18®e)P(B,E)(1®e)NART (H).

Proof If x € P(A, %) then for all « € ¥,
(®a(x) e (A®B(H)) C(B®BH)),

hence x € P(B,%). Thus P(A,%€) C P(B,%) N AR.7 (H), and therefore (1 ®

PA,6)1®e)C(1Qe)P(B,€)(1®e)NART (H).

Conversely, if x € P(B,€) N A®.7 (H), then t ® a(x) > 0 for all « € €. Since

(1Qe)x(1®e)e(1®e)P(B,6)(1®e)NART (H), it follows that

(1®e)x(1®e)e(1®e)P(A,E)(1®e). U

We are now in position to prove the extension theorem for 4’-positive maps.

Theorem 5.2.3 Let A C B be operator systems on the same Hilbert space, and
let € be a mapping cone in P(H). Then each € -positive map ¢ € B(A, H) has a
€ -positive extension € B(B, H).

Proof Let e be a finite dimensional projection in B(H) such that e = e’. Let ¢,
denote the map Ade o ¢ € B(A, eH), where B(eH) is identified with e B(H)e. By
Lemma 5.2.1 1 ® e is an interior point of (1 ® ¢) P(A, % )(1 ® e). Since the dual
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functional 5 of ¢ is positive on P(A, %), 5 is positive on (1 ® ¢) P(A, €)(1 Q e)
hence so is ag = 50 (t®Ade), as is easily shown. By Lemma 5.2.2 it follows from a
theorem of Krein, see Appendix A.3.1 that ae has an extension 1}: in B(B, 7 (H))*
which is positive on (1 ® ¢) P(B, %)(1 ® e), hence 1;6 is the dual of a map ¥, in
B(B,eH). Since a @ ebe € (1 ® e)P(B,€)(1 ®e) fora € AT, ebe € B(eH), V.
is a positive map by Proposition 4.1.11. Note that if H is finite dimensional and we
let e = 1, then v, is the desired extension of ¢.

Since 1 € A, A being an operator system, and 1, is positive, by Theorem 1.3.3

[e| = [we] = ¢ D] < ¢ D] =l (5.2)

To complete the proof let (e,,) be an increasing net of finite dimensional projections
in B(H) converging strongly to 1, and e, = e;/. For each y let by the above v, be an
extension of ¢e, to B(B, H) such that 1/7,, is positive on (1 ® e, ) P(B, €)1 ® ¢)).
By (5.2) the net (¥, ) is uniformly bounded, so by compactness of the unit ball in
B(B, H), () has a BW-limit point € B(B, H). Let a subnet (1) converge
to . Since each Vg is an extension of ¢, , so is . Hence ¥ is an extension of ¢.
To show r is €-positive let x =Y 1, a; ® b; € P(B, ). Then

(1IRe)x(1R®ey) e (1R®ey)P(B, €)1 ®ey) foralla,

hence, since e, = ¢/, and b; € T (H), 50 eqb}e, is close to bl in norm for large «,
T =7 (Y a©b) =Y 1r(v @)
i
- 11312 Tr(Yo (a;)b})
l
= lig(nz Tr(l/fa(ai)eabfea)
1
= lim i (1 ® ea)x (1 ® €0))

> 0.

Since operators like x are norm dense in P(B, %), 1; is positive on P (B, ¥), hence
¥ is € -positive. O

As a consequence of Theorem 5.2.3 it suffices in many cases to study maps from
B(K) into B(H) rather than maps from operator systems into B(H). The proof we
shall now give of Arveson’s extension theorem for completely positive maps is an
example of this.

Corollary 5.2.4 Let A C B(K) be an operator system. Let ¢ € B(A, H) be a com-
pletely positive map. Then ¢ has a completely positive extension y € B(B(K), H).
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Proof By Theorem 4.2.7 ¢ is completely positive if and only if 5 is positive on
AQ®.7 (H), hence on P(A, CP(H)), by Remark 5.1.15. Thus ¢ is completely pos-
itive if and only if ¢ is CP(H)-positive, hence the corollary follows from Theo-
rem 5.2.3. g

If A C B(H), the €-positive maps of A into B(H) with H finite dimensional
have a very nice form when % is symmetric.

Theorem 5.2.5 Let A be an operator system contained in B(H) with H finite di-
mensional, and let € be a symmetric mapping cone in P(H). Then a map of A into
B(H) is € -positive if and only if it is the restriction of a map in € to A.

Proof Let ¢ € B(A, H) be €-positive. By Theorem 5.2.3 ¢ has a €-positive exten-
sion to a map in P(H). We may thus replace A by B(H). Let C¢ denote the BW-
closed cone in P (H) generated by maps of the form o oy witha € €, v € CP(H).
By Theorem 5.1.13 ¢ € C4. By Proposition 5.1.10, each @ o ¥y € €, hence ¢, being
a limit of such maps, belongs to 4. This shows that the ¢ we started with is the
restriction to A of a map in €.

Conversely, if @ € € then « € Cy, hence is € -positive by Theorem 5.1.13. Thus
the restriction to A is % -positive. O

5.3 Notes

Most of the results in Chap. 5 have been taken from [78], but not all. Proposi-
tion 5.1.4 is due to P. Horodecki, P.W. Shor, and M.B. Ruskai [26], with a different
proof, see also [79]. Proposition 5.1.16 is due to M., P., and R. Horodecki [25]. The
Arveson Extension Theorem, Corollary 5.2.4 was shown by Arveson in [1] and has
been very important in the study of completely positive maps.



Chapter 6
Dual Cones

If C is a closed convex cone in a Hilbert space H, its dual cone is defined as the
cone

C°={6e€H:(§n) >0forallneC}

If K and H are finite dimensional Hilbert spaces we shall study dual cones in
B(B(K), H) with respect to the Hilbert-Schmidt structure. Because of the Exten-
sion Theorem 5.2.3 we shall concentrate on B(B(K), H) rather than B(A, H) as
we did previously.

The chapter is divided into three sections. In Sect. 6.1 we develop the basic theory
for the dual cone of the cone of % -positive maps. In Sect. 6.2 we describe the dual
cone for the main mapping cones. These results are used in Sect. 6.3 to show that all
positive maps of M5 into itself are decomposable. Finally, in Sect. 6.4 we consider
tensor products of positive maps.

6.1 Basic Results

Throughout this section K and H are finite dimensional. B(B(K), H) denotes the
linear maps of B(K) into B(H).

Definition 6.1.1 Let S C B(B(K), H) be a closed convex cone. Then its dual
cone S° is defined as

S°={¢ € B(B(K),H) : Tr(C4Cy) = 0 forall € S},

where as before, Cy and Cy, are the Choi matrices for ¢ and . Here Tr denotes the
usual trace on B(K ® H).

We shall mainly study dual cones for mapping cones and % -positive maps. Note
that in the Hilbert space case considered above, it is well known that C°° = C. Thus
we get the same result for S as above.

E. Stgrmer, Positive Linear Maps of Operator Algebras, 75
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-34369-8_6,
© Springer-Verlag Berlin Heidelberg 2013
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Lemma 6.1.2 Let S C B(B(K), H)™T, the positive maps of B(K) into B(H), be a
closed convex cone. Then $°° = §.

Our first result on dual cones shows that the dual cone of a mapping cone has
similar properties. In this case K = H.

Theorem 6.1.3 Let € be a mapping cone in P(H). Then its dual cone €° is a
mapping cone. Furthermore, if € is symmetric, so is €°.

Proof We first show %° is a mapping cone. By Lemma 5.1.5 ¢ D SP1(H), the
super-positive maps in P(H). By Proposition 4.1.3 the Choi matrix for a super-
positive map isasum y_; a; ®b; € B(H)* @ B(H) ™. Thus by Lemma 4.1.10 a map
¢ is positive if and only if it is in the dual cone of SP;(H). Since €° C SP1(H)° it
follows that every map in € is positive.

Now let @ € CP(H), the completely positive mapsin P(H), € €°,and ¢ € €.
Then by Proposition 1.4.3 a* € CP(H), so a* o ¢ € €. Hence

Tr(CypCouoy) = Tr(C¢, (t® Ol)(Cw)) = Tr(t X O{*(C¢)C¢) =Tr(CyropCy) = 0.

It follows that o o Y € €°.

By Lemma 4.1.10, if &, ..., &, is an orthonormal basis for H and J the con-
jugation on H ® H given by Jz& ® &£ = ) 7§ ® &, then Co+ = JC,oJ for
« € P(H). The map a — Ja*J is an anti-automorphism of order 2 of B(H ® H),
so by uniqueness of the trace, Tr(Ja*J) = Tr(a) for all a € B(H ® H). Thus if
¢ b,y e, ae CP(H), we have

Tr(CyCyoa) = Tr(Cy(t @ ¥)(Ca))
=Tr(CyropCq)
=Tr(J Cproy J Cy)
=Tr(Cyroy JCoJ)
=Tr(1® ¢*(Cy)Car)
=Tr(Cy Cgpou*)
>0,

since ¢ o™ € €. Thus ¥ o € €°, so €° is a mapping cone.

Assume € is a symmetric mapping cone. Let 1 € 4°. We have to show ' and
Y* e €°. Let ¢ € €. Then, since Cpr = C; by Lemma 4.2.5,

0 <Tr(CyCy) =Tr(CyuCy) = Tr(cfﬁ,c(p) =Tr(Cy:Cy) = Tr(Cyi Cyr).

Since ¢ € ¢ if and only if ¢’ € €, it follows that ¥’ € €°. Similarly we have by
Lemma 4.1.10
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Tr(CyxCy) =Tr(JCy JCy) =Tr(Cy JCypJ) =Tr(Cy Cypx) = 0.
So y* € €°, since ¢* € € if and only if p € €. O

Notation 6.1.4 Let % be a mapping cone in P (H). We denote by P4 (K) the closed
cone in B(B(K), H)" of ¢-positive maps of B(K) into B(H).

Remark 6.1.5 Note that if K = H then by Theorem 5.2.5 if ¢ is symmetric, then
Py (H) =% . Thus by Theorem 6.1.3, P (H)° = 6° = Pgo(H).

If K # H the situation is more complicated.
Theorem 6.1.6 Let € be a symmetric mapping cone in P(H) and ¢ € B(B(K), H)

a positive map. Then the following conditions are equivalent.

(1) ¢ € Pg(K)°.

(ii) Cyp € P(B(K),?),i.e..®@a(Cy)>0forallacE.
(iii) po (t®@ ) >0 foralla € €.
(iv) « o ¢ is completely positive for all @ € € .

Proof We shall prove the equivalences (i) < (ii) = (iii) = (i), and (iii) < (iv).

(i) & (). Let (e;) be a complete set of matrix units for B(K), and let p =
ZU ejj ® ejj, so by definition Cy = Y e;; ® ¢p(ejj) =1 ® ¢(p). By Theorem 5.1.13
P4 (K) is generated by maps of the form « o Y with « € €, ¥ € B(B(K), H)
completely positive. We thus have

¢ € Pg(K)° < Tr(CyCouoy) >0 forall , ¥ as above
& TV(L ® a*(C¢)C¢) >0 forall a, ¥
S1Qa*(Cy) >0,

because by Theorem 4.1.8 B(K @ H)* = {Cy : ¥ € B(B(K), H) completely pos-
itive}. Thus ¢ € Py (K)° if and only if t ® «(Cy) > 0 for all « € €, because € is
symmetric, hence if and only if Cy € P(B(K),%).

(ii) = (iii). We have for @ € ¥

1®a'(Cy) =t ®) o (t®a)o(t @1 (Cy)
= ®1)o (@) (Cy).

Since of € € and t ® ¢ is an anti-automorphism of B(K ® H), t ® oz(Cé)) > 0 for
all o € €, by (ii). By Lemma 4.2.3,if x e B(K ® H) ™,

bo(lQ@a)(x)= Tr(Cfb (® a)(x)) = Tr(t ® ot*(C;)x) >0,

since a* € €. Thus (iii) follows.
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(i) = (). If 5 o (t ® @) is positive, and p is as in the first paragraph of the proof,
0<go(®a)(p)=Tr(CyCq) =Tr(CyCar)

foralla € €. Since o« € € if and only if @’ € ¥, since € is symanetric, ¢ € Pg(K)°.

(>iii) < (iv). By the computations in the proof of (ii) < (iii) ¢ o (¢ ® ) is positive

for all « € ¥ if and only if Coop =1 ®a(Cy) > 0forall x € % if and only if @ 0 ¢
is completely positive by Theorem 4.1.8, for all @ € €. 0

Theorem 6.1.6 gave conditions for a map to belong to P (K)® in terms of prop-
erties of its Choi matrix, its dual functional and composition with maps in %. We
now show that a map ¢ belongs to Py (K)® if and only if ¢ is €°-positive.

Theorem 6.1.7 Let € be a symmetric mapping cone in P(H). Then
Pg(K)® = Pgo (K).
We divide the proof into two lemmas.

Lemma 6.1.8 Let K¢ denote the closed convex cone generated by the cones
1Qa(B(K®QH)), ac%.
Then
©°=|BeP(H): ®@B(x)=0forallxcK?)
= {,3 € P(H) : Boa e CP(H) foralla € ‘5}
Proof Let B € P(H). Then we have

L®pB(x)>0 forallxeK?

& (1®Bo(®a)>0 foralla e¥
IQBoa>0 foralla € ¥
BoaecCP(H) foralla €%
a*op*=(Boa)*eCP(H) foralla €¥

¢ ¢ ¢

B* € €¢° by Theorem 6.1.6 since € is symmetric.
& B €%° byTheorem 6.1.3,

proving the lemma. 0

Lemma 6.1.9 K¢ = P(B(K), ¢°).
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Proof If x € K% then by Lemma 6.1.8 ¢t ® B(x) > 0 for all 8 € €°, hence K% c
P(B(K),%¢°). By the proof of Lemma 5.2.1, 1 ® 1 is an interior point of K?.
If the inclusion is strict there exists yg € P(B(K), %°) such that yg & K% . Thus
by the Krein theorem, see Appendix A.3.1 there exists a linear functional ¢~> on
B(K ® H) with ¢ € B(B(K), H) such that (/) is positive on KY) while qb(yo) < 0.
By Theorem 6.1.6(iii), since ¢ is positive on K ¢ , ® € Pyw(K)°. Write yg in the
form yo =) ",a; ® b;, a; € B(K), b; € B(H), and let 7 : B(K) ® B(K) — B(K)
be given by m(a ® b) = b'a. By Lemma 4.2.6

Trom(t®¢™ (y0)) = d(yo) <O. (6.1)

Since by Lemma 4.2.6, Tr o 7 is positive, ¢ ® ¢*' (yg) is not positive. We shall show
that ¢ ® ¢*' (yo) > 0, so we obtain a contradiction, and thus completing the proof of
the lemma.

First note that ¢’ € Py (K)°. Indeed, by Theorem 6.1.6 « o ¢ is completely pos-
itive for all & € %, hence a’ o ¢’ = (a o ¢) is completely positive, so o o ¢’ is
completely positive since % is symmetric, and therefore ¢’ € Py (K)°.

We have yg € P(B(K), ¢°). Let y € B(B(K), H) be a map such that yg = Cy,.
Then Cyoy =t ® a(Cy) > 0 for all o € €°, hence « o ¥ is completely positive for
all @ € €°, hence by Theorem 6.1.6, ¥ € Py (K)°.

Let y € B(B(H), K) be completely positive, and let o« € €. Then a0 (¢! 0 y) =
(a o ¢") o y is completely positive since a o ¢’ is completely positive. Since this
holds for all @ € €, ¢' o y € P¢(H)®°, which by Remark 6.1.5 equals ¢°. Thus
¢' oy € €°, hence y* o ¢'* = (¢' o y)* € €° since €° is symmetric. Again by
Theorem 6.1.6, y* o ¢'* o is completely positive, hence for all x € B(K ® H)*

0 < Tr(Cy*o(t,t*ow .X) = Tr(CW*O,/, (L ® )/)(X))

Now y was an arbitrary completely positive map of B(H) into B(K). Hence it
follows that B(K ® K)V is the closed convex cone generated by the set

{L Qyx):xeB(K® H)+, y € B(B(H), K) completely positive}.

It follows that ¢ ® ¢"*(Cy) = Cyreoy, = 0. Now ¢ = ¢*. Indeed, if a € B(K),
be B(H),

Tr(¢™ (a)b) = Tr(¢* (a')'b) = Tr(¢* (a')b")
=Tr(a'¢(b")) = Tr(ag' (b)) = Tr(¢"* (a)b).
Thus we have shown ¢ ® ¢*' (y9) > 0, contradicting (6.1). O

Proof of Theorem 6.1.7 By Theorem 6.1.6, if ¢ € B(B(K), H) then ¢ € P(,n(K)O
if and only if qb o (t®@ ) is positive for all « € F, if and only if (]) is positive on K?
so by Lemma 6.1.9 if and only if ¢ is €°-positive, i.e. ¢ € Pgo(K). D
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6.2 Examples of Dual Cones

In this section we describe the dual cones of the main mapping cones. H is, except
in Theorem 6.2.6, a finite dimensional Hilbert space.

Proposition 6.2.1 P(H)° = SP|(H)—the super-positive maps in P(H).

Proof By Proposition 4.1.11, a map ¢ € P(H) if and only if Tr(Cypa ® b) > 0
for all @, b € B(H)™, so by Proposition 4.1.3 if and only if Tr(CyCy) = 0 for all
Y € SP1(H), hence if and only if ¢ € SP1(H)°. Thus the proposition follows from
Lemma 6.1.2. 0

Proposition 6.2.2 CP(H)° = CP(H).

Proof Since each self-adjoint operator is the Choi matrix for a self-adjoint map, it
follows by Theorem 4.1.8 that an operator is positive if and only if it is the Choi
matrix for a completely positive map. Thus a map ¢ € P(H) belongs to CP(H)°
if and only if Tr(CyCy) > 0 for all v € CP(H) if and only if Tr(Cyx) > 0 for
x € B(H® H)™, if and only if Cy >0, if and only if ¢ € CP(H). O

Recall from Definition 5.1.2 that a map ¢ in P(H) belongs to the cone SPy(H)
of k-super-positive maps if and only if ¢ = ) ; AdV;, where V; € B(H) has
rank V; < k. Since the rank of the product of two operators is smaller than or equal
to the minimum of the ranks of the two operators, it is clear that SPy(H) is a
mapping cone. Since rank V* = rank V! = rank V for V € B(H), it follows from
Lemma 4.2.5 and Proposition 1.4.2 that SPx(H) is a symmetric mapping cone. Re-
call that Py (H) denotes the mapping cone of k-positive maps. It is also easily seen
to be symmetric, see e.g. Lemma 4.2.5.

Proposition 6.2.3 Py (H)° = SP;(H).

Proof By Theorem 4.1.15 a map ¢ belongs to Py(H) if and only if AdV o ¢ is
completely positive for all V € B(H) with rank V < k, which holds if and only if
for all v € CP(H),

0 <Tr(CaavopCy) = Tr(CypCadgv+oy),

if and only if 0 < Tr(CyCy) for all ¥y € SPy(H), using Theorem 4.1.8, hence if and
only if ¢ € SPr(H)°. By Lemma 6.1.2, Py (H)° = SPy(H). O

In Definition 1.2.8 we defined amap ¢ € P(H) to be copositive if fo¢p € CP(H),
and ¢ is decomposable if ¢ = ¢1 + ¢, with ¢; € CP(H) and ¢, copositive. We can
do the same for maps in the cones Py (H) and SP(H) and call a map ¢ co-k-positive
if t o ¢ € Py, and similarly co-k-super-positive if t o ¢ € SP,(H).
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We denote the corresponding cones by coPy(H) and coSPy(H). For two map-
ping cones 471 and % their intersection 41 N %> is a mapping cone, as is the closed
cone %1 V 6 they generate. By standard results from Hilbert space

(C1N6)° =67 V6, (G1V6) =6 NG.
We thus get from Proposition 6.2.3,

(P(H) N coP(H))° = SPy(H) v coSP;(H) when k,l <dimH,
(Pc(H) V coPi(H))° = SPi(H) N coSP;(H).

Recall from Remark 1.2.9 that a map ¢ € P(H) is atomic if it is not the sum of a 2-
positive and a co-2-positive map, hence if ¢ ¢ P,(H) V coP,(H), or by the above,
if ¢ & (SP2(H) N coSP,(H))°. This yields a technique for showing that a map is
atomic. One example of this will be shown in Chap. 7.

Proposition 6.2.4 Let ¢ € B(B(K), H). Then ¢ is Py-positive if and only if ¢ is
k-positive. In particular ¢ is P (H)-positive if and only if ¢ is positive.

Proof Tt follows from Theorem 4.1.15 that a map ¢ € B(B(K), H) is k-positive
if and only if AdV o ¢ is completely positive for all V € B(K) with rank V < k.
But these maps AdV generate SPy(H ), hence by Theorem 6.1.6, ¢ is k-positive if
and only if ¢ € Pgp, (K)°, which equals Pp (K) by Proposition 6.2.3 and Theo-
rem 6.1.7.

The last part follows since P(H) = P)(H). O

Remark 6.2.5 Recall that a map ¢ is decomposable if it is the sum of a completely
positive and a copositive map. Thus ¢ € P(H) is decomposable if and only if

¢ € CP(H) V coCP(H) = (CP(H) N coCP(H))".

If as above dim H < oo then by Lemmas 6.1.8 and 6.1.9 ¢ is decomposable if and
only if ¢+ ® ¢(x) > 0 whenever x = Cy, with v € CP(H) N coCP(H), i.e. when-
ever x and t ® ¢(x) are positive. If dim H = n we can identify B(H) ® B(H) with
M, (B(H)) and reformulate the above as follows: ¢ is decomposable if and only if
¢ (xjj) € My (B(H))" whenever (x;) and (x;;) are in M, (B(H))™.

We shall now generalize this result to maps on C*-algebras.
Theorem 6.2.6 Let A be a C*-algebra and ¢ a unital positive map of A into B(H),
where H is an arbitrary Hilbert space. Then ¢ is decomposable if and only if for all
n € N whenever (x;;) and (xj;) belong to M, (A)" then (¢ (x;)) € M, (B(H))*.

Proof Suppose ¢ is decomposable. By Theorem 1.2.11 and its proof ¢ = v*mv,
where 7 is a Jordan homomorphism 7 of A into B(K) for some Hilbert space K,
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such that 7 is the sum of a homomorphism and an anti-homomorphism, and v :
H — K abounded linear operator. Thus if (x;;) and (xj;) € M, (A)T it is immediate
that (¢ (x;)) € My (B(H))™.

Conversely suppose (x;;) and (xj;) € M, (A)T implies (¢ (x;)) € M (B(H Nnt.
We may assume A C B(K) for a Hilbert space K. Let ¢ denote the transpose map
on B(K) with respect to some orthonormal basis. Let

V= {(’6 f,) € My(B(K)) : x eA}.

Then V is a self-adjoint subspace of M>(B(K)) containing the identity. Let n €
N and let 6, on M,(B(K)) be defined by 6, ((x;)) = (x}i). Hence if we write
M, (B(K)) in tensor form B(K) ® M,, then 6, =t ® t. Then 0, is an anti-
isomorphism of order 2. Hence if (x;;) € M,,(A) then (xj;) € M, (A)* if and only if
(xfj) = 0,((xji)) € M, (B(K))™. Therefore both (x;;) and (xj;) belong to M, (A)* if

and only if
xj 0 L
(7)) ewmer

Let ¢ : V — B(H) be defined by

()

Then ¢ is completely positive by our hypothesis on ¢ and the above equivalence.
By Corollary 5.2.4 ¢ has a completely positive extension 3 :M>(B(K)) - B(H).
Thus by Stinespring’s theorem, 1.2.7, there are a Hilbert space L, a bounded linear
map v: H — L and a representation 1 : M2 (B(K)) — B(L) such thatg: v¥mv.
Let m be the Jordan homomorphism of A into M,(B(K)) defined by

7T2(x)=<)6 f,) x €A.

Then 75 is the sum of a homomorphism and an anti-homomorphism, and so is & =
71 o 3. Thus ¢ (x) = v*7 (x)v is decomposable. O

In the next section we shall show that all maps in P(H) with H = C2, are decom-
posable. For this we shall need our next proposition. Recall thatif £ = (§,...,&,) €
C" then & = (&1, ..., &,). Then if £ is a unit vector, [£] = (§;&), so that [] = [£]".
Recall also that SP;(H) denotes the super-positive maps in P(H).

Proposition 6.2.7 Let H be finite dimensional. Then SP1(H) = CP(H) NcoCP(H)
if and only if for all operators a € B(H ® H)™ such that (t ® 1)(a) > 0 there exists
a nonzero product vector £ @ n € rangea such that € ® n € range(t ® 1)(a). In
particular, if these conditions hold, then every map ¢ € P(H) is decomposable.
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Proof Suppose SP1(H) = CP(H) N coCP(H), and let a > 0 with t ® t(a) > 0.
Then a = Cy with ¢ € CP(H) N coCP(H), so ¢ € SP1. By Proposition 5.1.4 its
dual functional 5 is separable, hence Cy being the transpose of the density matrix
for 5 by Lemma4.2.3,isasum ) ; a; ®b; with a;, b; € B(H)™.If & €rangea; and
n; € rangeb; then & @ n; € range af ® b;, hence in range(t ® t)a, proving necessity
in the proposition.

Conversely let a = Cy with ¢ extremal in CP(H) N coCP(H). Let £ ® n €
rangea, EQne ranget @t (a). Since H is finite dimensional and both ¢ and t ® ¢ (a)
are positive, there exists ¢ > 0 such that a > ¢[§]® [n], and  ® t(a) > ¢[£] ® [n].
Thus the map ¢ with Cy =a — ¢[§] ® [n] belongs to CP(H) N coCP(H), and is
majorized by ¢. Since ¢ is extremal in CP(H) N coCP(H), there exists A > 0 such
that a = A[£] ® [n], and ¢ € SP1(H), so SP1(H) = CP(H) N coCP(H).

Finally, from the last statement, we have, using Propositions 6.2.1, 6.2.2 and
Remark 6.2.5,

P(H) = (SP\(H))° = (CP(H) N coCP(H))° = CP(H) V coCP(H),

proving that each map in P (H) is decomposable. g

6.3 Maps on the 2 x 2 Matrices

The only cases where the positive maps from B(K) into B(H) are fully understood
are when dim K = 2 and dim H < 3, or when dim K = 3 and dim H = 2. In this
section we consider the case when dim K = dim H = 2. Our proof follows from
that of Woronowicz [98] and can without much work be extended to the case when
one of K and H is three dimensional.

Theorem 6.3.1 Every positive map of M3 into itself is decomposable.

Since each completely positive map is a sum of maps of the form AdV by Theo-
rem 4.1.8, and each map AdV is extremal by Proposition 3.1.3. It follows by com-
posing such a map by the transpose and using Lemma 3.1.2, that we have as an
immediate consequence of Theorem 6.3.1,

Corollary 6.3.2 A map in P(C?) is extremal if and only if it is of the form AdV or
toAdV.

In order to prove Theorem 6.3.1 we shall need a result on anti-automorphisms
of B(H) with H finite dimensional. Recall that a conjugation of H is a conju-
gate linear isometry J on H such that J> = 1. Then the map a — Ja*J is an
anti-automorphism of order 2. In [73] it was shown that each anti-automorphism of
order 2 of a factor, i.e. a von Neumann algebra with center the scalars, is either of
the above form or of the form a — —Jya™Jo where Jy is a conjugate linear isometry
such that J(% = —1. We shall need the following rather special result on the existence
of an anti-automorphism implemented by a conjugation.
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Proposition 6.3.3 Let H be finite dimensional and b € B(H). Suppose there exist
A > 0 and unit vectors &€, 1 € H such that

b*b — bb* = A[n] — AlE].
Then there exists a conjugation J on H such that Jb*J = b, and J& = 1.

Proof Note that if A =0, b is a normal operator, and the existence of J such that
Jb*J = b, is an easy consequence of the spectral theorem. We have A > 0. Multiply
b by A~'/2 and assume

b*b — bb™ = [n] — [£].

In the proof we shall consider products where each factor is either b or b*. It will
therefore be convenient to write b; or b, i > 1, for b;, b € {b, b*}. Similarly we
shall denote by £* the vector n, and n* = &. In some cases we shall write ¥ and ¥
for & or n. In that case ¢* = & if and only if ¢ = n, ¥* =n if y = &, and similarly
for 1. For s € R let

A(s) =b + sb*.

By direct computation we have

(A)*AGs) — A()A(9)") = [n] — [&].

1 —s?

For an integer n > 1 we therefore have

(A©)"'n, n) — (A(®)"E,§) = Tr(A)" ([n] - [§1))

1 i . )
= 1_S2Tr(A(s) (A(S)*A(s) — A A)*))

1 n * n *
= S2Tr(A(s) TLA@s)* — A()" T A(s)¥)

=0.

With the notation introduced above this reduces to

(A", ¥r1) = (A" ¥, ¥™), 6.2)

because when ¥ = v this follows from the above, and when ¥ = ¥/, then ¢ = v/,
and Y| = ¢¥*, so0 (6.2) is trivial.

Both sides of (6.2) are polynomials of order n in s. We shall compare the coeffi-
cients of s* for all k. To see the pattern most easily consider as an example

A(s)} = b + (D*b* + bb*b + b*b?)s + (bb* + b*bb* + b*2b)s* + b*s°.
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For 0 < k < n let oy consist of all products bixbog - - - byy with n — k b’s and k
b*’s. Then, as is easily seen by induction on n,

n

A(s)" = Z(Zblk : .-b,,k>s’<.
Ok

k=0

Since each coefficient of s¥ is symmetric in the indices we have
D b b= buk- b
Of Ok

By (6.2) we thus get from the uniqueness of the coefficients for each s¥,

D i but Y1) =Y (buk by, ¥¥),
Ok Ok

or rather

D At bucr, Y1) = (bakc by, v*) )

Ok

0. (6.3)

As will be seen later, the existence of the conjugation J satisfying the conditions
of the proposition is equivalent to the following identity.

(brba - by, Y1) = (b - - bab1 ¥}, ¥¥) (6.4)

for all products of b;’s. For m = 0 this relation was shown in (6.2) with n = 0.
Use induction on n, and assume (6.4) holds for all m < n — 1. Then using that
b*b — bb* = [n] — [£] and remembering our conventions on v and 11, and the fact
that for operators x and y,

(x[nly v, 1) = (Inlyy, [ndx* ) = v, ) (%91, ) = Yy, ) (xm, Y1)

and using the induction hypothesis we have

(b1 -bkb*bbiys - by, Y1) — (b1 -+ bbb* by g3 - - by, 1)
= (b1 br[nlbrg3 -+ buyr, Y1) — (b1 -+ blE1brg3 -+ bufr, Y1)
= (b1 bin, Y1) b3 - bn iy, m) — (b1 -+ b, Y1) (g3 -+ - b, §)
= (bk---b1yy %) (b - brgan™ ™) — (bx -+ - by EF) (b - - bry3E™, YY)
= (bn - brs3&. ") (br - b1y, &) = (bu- - brgan, ™) (bx -+ - by, n)
= (bn -+ bkg3lElb - b1y, ™) — (b - biyalnlbe -+ - by}, ¥*)
= (bu -+ biyabb™ by - byyry , Y*) — (b -+ biy3b™bby - - by, ¥*).

=
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By the equality of the first and the last expression of this computation we see that
the difference

(b1 -+ -ba¥r, Y1) = (bu - - D1y}, ¥*) = a(k)
is independent of the order of the sequence by, ..., b, as long as the sequence con-
tains n — k entries of b and k entries of b*. Thus all summands of (6.3) are equal to
a(k). Since the sum is 0, «(k) = 0, and therefore (6.4) is verified for m = n. Thus
by induction we have shown that (6.4) holds for all non-negative integers m. Let

u=by---by, v=">---b, Y,

u*zbl*bn*w*’ U*Zbll*"'b/m*llf*.
Then it follows from (6.4) that
(u,v) = (v*, u*) (6.5)

Let Hy be the subspace of H generated by all vectors of the form b ---b,. By
(6.5) there exists a conjugation Jy acting on Hy such that

Joby by = b - bEY*

If Hy = H this conjugation solves our problem. In the general case H = Hy @ H;.
Then Hjy is invariant under b and b*, so b = co ® ¢y, where ¢; is the restriction of b
to H;. Since &, n € Hy the operator c¢; is normal. As remarked at the beginning of the
proof there exists a conjugation J; on Hj such that chle =c1. Thus J = Jyd J;
satisfies our requirements. 0

We are now in position to prove Theorem 6.3.1. The proof will be divided
into some lemmas. Recall from the Appendix that we identify M ® M, with
M(B(C?)) = My (M>).

Lemma 6.3.4 Ler H = C2, and let

0= (bl i’) e My(B(C?))

satisfy a > 0 and t ® 1(a) > 0. Let s € C and let Hg be the subspace of H spanned
by (b — sl)ker(c — b*b) and (b — sl)*kj:r(c —bb*). If0#ne€ H, n L Hy and
£=(1,5) € C? then ¢ ® n e rangea and € ® n € range(t @ 1)a.

Proof Sincen L (b—s1)ker(c—b*b), (b—s1)*n L ker(c —b*b). For a self-adjoint

operator the kernel coincides with the orthogonal complement of the image. There-
fore there exists ¥ € H such that

(b—sD*n=(c—b*b)y.
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Using this relation we easily find that

n\_(1 b\ (n+by
sn) \b* ¢ - )’
so that (1,5) ® n € rangea. In the same way we show (1, s) ® n € range(r ® t)a. U

In the case when b in Lemma 6.3.4 is normal then the conclusion of the lemma
is immediate with the assumption on the vector 7. Indeed we have

Lemma 6.3.5 [fin Lemma 6.3.4 b is a normal operator then there exist§ and n € H
such that £ ® n e rangea, £ ® n € range(t @ 1)(a).

Proof Let s be an eigenvalue of b and 7 the corresponding eigenvector, so bn = s,
b*n =7sn. Then

ny_ (1 b\(n ny_ (1 b\ (n
(@) =0 @) = (3)-0 ) @)
so the lemma follows with & = (1, s) since we can identify & ® n with (Enn ), see the
Appendix. U

We next show that with the notation and assumptions as in Lemma 6.3.4 the
vector 1. H exists, or b is normal.

Lemma 6.3.6 Let a be as in Lemma 6.3.4, and assume b is not normal. Then there
exist 7 € C and a non-zero vector ¥ L H;.

Proof We first note that ¢ — b*b > 0 and ¢ — bb* > 0. The first inequality follows,
since if o, B € H then

(a @) , (Z)) — o+ BBI2 + ((c — b*b)B. B).

so that a > 0 if and only if ¢ — b*b > 0. Similarly t ® ¢(a) > 0 if and only if ¢ —
bb* > 0.

Let ny = dimker(c — b*b), n_ = dimker(c — bb*). To prove the lemma we must
consider the following cases.

If ny =2 then ¢ = b*b, so that

0= Tr(c — b*b) = Tr(c — bb*) =0,
hence b*b = ¢ = bb*, and b is normal, a case which is ruled out by assumption.

Similarly n_ # 2.
If ny +n_ <1, then dim Hy < 1, so the existence of n L H; is obvious.
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We are therefore left with the case ny + n_ = 2, and so by the above, ny =
n_ = 1. Then the operators ¢ — b*b and ¢ — bb* have rank 1. Since they have the
same trace there exist A > 0 and unit vectors £ and 5 such that

c—b*b =[], c —bb* = A[n]. (6.6)

Furthermore [£] # [n7], so § and 7 are not proportional.
Consider the vectors &, 1, b€, b*n. Since dim H = 2, they are linearly dependent.
Therefore there are complex numbers «, 8, y, § such that

ab*n + Bn = ybE + S¢. 6.7)

We may assume « and y are real and non-negative, since possible phase factors can
be absorbed in & and 5. Also we may assume « + y > 0, since otherwise 1 and &
would be proportional.

By Proposition 6.3.3 there exists a conjugation J on H such that JbJ = b* and
J& =n. Applying J to (6.7) we get

abé + BE =yb*n + 8.
Combining this with (6.7) we obtain
(b—sDE=(>b-sh)™n, (6.8)

_ B+
where s = aty”

Let v € H, z, w € C. Since b*b — bb* = A[E] — A[n] with & and 7 unit vectors,
and using (6.4) it follows from a straightforward computation that

| =2y + wn|* + |E ) + s — Dwl’
= |6 —z0*y + w&|* + |0, ) + G — Dw|. (6.9)

For each z € C let

D,=({b-2z1)+ v, Z#s,

=S
where v is a partial isometry such that v*v = [£], vv™ = [5]. The determinant det D,
is a rational function of z and tends to infinity as z — oo. Since any rational function
defined on the one-point compactification of the complex plane takes any complex
value, there exists z € C such that det D, = 0. Thus there exists a nonzero vector
Y € H such that D,y =0, or more explicitly

V.8

Z—Ss

b—z)y + n=0.

This shows that (b — z1) is proportional to 5. Since ¢ — bb* = A[n], (b — z1){ is
orthogonal to ker(c — bb*), and consequently

¥ L (b—z1)*ker(c — bb*).



6.3 Maps on the 2 x 2 Matrices 89
Letw = % We see that the left side of (6.9) is zero, hence the summands on the
right side are zero, in particular (b — z1)*y is proportional to &, so (b — z1)*y is
orthogonal to ker(c — b*b), and so
v L (b— zl)ker(c - b*b).
We have thus found the desired vector orthogonal to H, for some z € C. O
In the above lemmas we considered operators a of the form
a— 1 b
“A\b* )’
We must now extend the results to the general case.

Lemma 6.3.7 Leta = (l:* ?) € (Mr® M) ™ satisfy (t ®1)(a) > 0. Then there exists
a product vector &€ @ n € range a such that € @ n € range(t @ 1) (a).

Proof Clearly x, ¢ > 0. There are two cases.
Case 1 x is invertible. Let
(x7120 12
a={"¢ ,2)i o 2)
Then a; has the form in Lemmas 6.3.4 and 6.3.5. Thus by the lemmas there exists
a product vector £ ® n € rangea; such that £ ® n € range(t ® t)(a;). But then (1 ®

xl/z)é ® n erangea, and (1 ®x1/2)§® n e ranget ® t(a).

Case 2 x is non-invertible. Since dim H = 2, x = Ap with p a 1-dimensional pro-
jection. Let ¢ =1 — p. Then

() o )
(boq qf*>=(q 1)l‘®t(a)<q 1>zo.

gb=b"q=qb* =bg =0. (6.10)
Suppose cq # 0. If g = [n] then c¢n # 0, so by (6.10)

0 0 0 0
<Cn>=a(n> and (cn)z(l‘®t)(a) (n> 6.11)

and

Hence
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Thus (37) = ((1)) ® cn is the desired product vector.
If cq = 0 then all operators x, b, c act on the 1-dimensional Hilbert space pH, in
which case the lemma is trivial, or can be deduced from Lemma 6.3.5 if desired. [J

Proof of Theorem 6.3.1 By Lemma 6.3.6 for each operator a € (M2 ® M2)_+ such
that ( ® t)(a) > 0, there exists a product vector £ ® 1 € rangea such that £ @ n €
range(t ® 1)(a). Then by Proposition 6.2.7 each map in P (H) is decomposable. []

6.4 Tensor Products

A major problem with positive maps is that their tensor products are usually not
positive. It follows from the Stinespring Theorem 1.2.7, that the tensor product of
two completely positive maps is positive, indeed it is completely positive. As a con-
sequence the tensor product of two copositive maps is copositive. We shall see that
this result follows from the fact that CP(H)°® = CP(H), see Proposition 6.2.2, and
similarly for copositive maps.

We assume in this section that H is a finite dimensional Hilbert space, and (e;;)
is a complete set of matrix units for B(H). We put p = ZU ejj @ e;;. Then we have

Theorem 6.4.1 Let G be a symmetric mapping cone in P(H), and let ¢ € P(H).
Then the following conditions are equivalent:

(1) ¢ € €°—the dual cone of €.

(ii) ¢ o ¥ is completely positive for all € €.
(iii) ¥ ® ¢ is positive for all € €.
(iv) v ® ¢(p) =0forall y € €.

We first do some preliminaries. Let 7 : B(H) ® B(H) — B(H) be the map
m(a ® b) =b'a. By Lemma 4.2.6 if ¢ € P(H) then

d=Tromo(1®¢"), (6.12)

where ¢ is the identity map on B(H ). Note also that since C, = p is the Choi matrix
for ¢, we have by Lemma 4.2.3,

x)= Tr(Cfx) =Tr(px), x€B(HQ®H).

Thus by (6.12) applied to ¢ we obtain, since T= Tr o r, and the fact that ¢*' = ¢'*,
see the proof of Lemma 6.1.9,

PX)=Tron(1®¢™ (%)) =Tr(p(t®¢* ))) =Tr(t® ¢' (p)x).  (6.13)

Lemma 6.4.2 Let ¢, € P(H). Then we have

() (¢ o) (x)=Tr((Y* ®$')(p)x). x € B(H ® H).
(i) ¥ ®p(p) =1 @ (oY) (p).
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(iii) Furthermore if y € B(B(H), K) for another Hilbert space K, then Cyopoy =
U @y (Cy).

Proof Using the above formulas we get for a, b € B(H),
@o)@®b)=Trom(1® (@ oy)* (@ ®b))

=Tron(a® (v* 0 o*) (b))
=Tr(a(y" 0 ¢*)(b"))
= Tr(l//(a)qb* (b’))
=Trom(¥(a)® ™ (b))
=Tr(p(V(a) ® ™ (b))
=Tr((v*®¢")(p)a b)),

proving (i).
We also have by (6.13) that

@oyY)X)=Tr(t® (¢ o ¥) (p)x). (6.14)

It is straightforward to show (¢ o )" = ¢’ o '. We therefore get from (6.14)
and (i)

VR (P)=t®@oy) (p)=t®¢" oy (p).

Since P(H) is symmetric and the last equation holds for all ¢’ and ¥’ in P(H),
(ii) follows.

To show (iii) notice that it is immediate from the definition of the Choi matrix
that

Cyo(goy) =t @ ¥ (Cpoy).
Thus by (ii)

Cy0¢01// =1Q® V(I//*[ ® ¢)(P)
=W Qy)t®d)(p)
=y ®@y(Cy).

Proof of Theorem 6.4.1 The pattern of the proof is (i) < (ii) < (iv) and (1) =
(iii) = (iv).

(i) < (ii). By Theorem 5.2.5 ¥ = Py (H)—the % -positive maps in P(H). By
Theorem 6.1.3 €° is symmetric. Thus by Theorem 6.1.6 ¢ € ¢° if and only if
¢* € €° if and only if v o ¢* is completely positive if and only if ¢ o * = ( 0 p™)*
is completely positive if and only if ¢ o ¥ is completely positive for all ¢ € €,
proving (i) < (ii).

(ii) < (iv). By Theorem 4.1.8 and Lemma 6.4.2 ¢ o ¥ is completely positive if
and only if

O
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0<Cpoy =1@@0Y(p)=¥" @P(p).

Since ¥’is symmetric the equivalence (ii) < (iv) follows.

Clearly (iii) = (@iv).

(i) = (iii). With the chosen complete set of matrix units (e;;) we have p = ) e; ®
e;j, which is a positive rank 1 operator with range the vector ) ; & ® &;, where
&1,...,6,,n =dim H, is an orthonormal basis for H such that e;;§ = §;§;. Let
E=) & ®n; beavectorin H® H. Let v € B(H) be defined by v&; = n;, so

E=1 ®U(Z§i ®Ei).
i
Let ¢ be the 1-dimensional projection [£] onto C&. Then it follows that

Ad(1®@v)(p) =Ag for some A > 0.

We have thus shown that given a 1-dimensional projection ¢ € B(H) then there
exists v € B(H) such that

1®Adv(p) =q.

Since %° is a mapping cone by Theorem 6.1.3, and ¢ € €°, ¢ o Adv € €°. Thus
by Theorem 6.1.6 ¢ o Adv o i is completely positive for all ¥ € %, hence by
Lemma 6.4.2

v ®@d(q) = (V™ ® 0o Adv)(p) =1 ® (¢ 0 Adv o Y)(p) = 0.

Since € is symmetric, ¥ @ ¢ (¢) > 0 for all € ¢ and 1-dimensional projections g.
It follows that ¥ ® ¢ is positive for all ¥ € €. Thus (i) = (iii), and the proof is
complete. g

The above theorem is about maps in P(H). We next apply the theorem to maps
from different B(K)’s into B(H).

Corollary 6.4.3 Let H, K, L be finite dimensional Hilbert spaces. Let € be a
symmetric mapping cone in P(H). Suppose W € B(B(K), H) is €-positive and
¢ € B(B(L), H) is €°-positive. Then v ® ¢ : B(K ® L) — B(H ® H) is positive.

Proof By Theorem 5.1.13 it suffices to consider maps of the form ¢ = « o 8 with
a€C, B:B(K)— B(H) completely positive, and ¢ =y o § with y € €°, § :
B(L) — B(H) completely positive.

Thus

V®p=(@Qy)o(B®I)

is positive, since f ® & is completely positive, and o ® y is positive by Theo-
rem 6.4.1. g
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6.5 Notes

Duality of cones of positive maps has been studied for some time, see e.g [17, 21, 27]
and [2].

The results in Sects. 6.1, 6.2 and 6.4, except for the examples 6.2.1 and 6.2.3 in
Sect. 6.2, which are taken from [69], are to a great extent taken from papers by the
author. However, Proposition 6.2.4 was shown by Itoh [28]. For Theorem 6.1.3 see
[82], for Theorem 6.1.6 [80], and for Theorem 6.2.6 see [77]. The results in Sect. 6.4
are taken from [84].

For an extension of Remark 6.2.5 to maps which are sums of k-positive and [-
copositive maps, see [16].

Section 6.3 on maps on M is due to Woronowicz [98]. Related results on maps
on M» can be found in [71].



Chapter 7
States and Positive Maps

The duality ¢ — ¢~> between the bounded maps of B(K) into B(H), B(B(K), H),
and the dual (B(K)®.7 (H))* of the projective tensor product of B(K) and .7 (H),
see 4.2, shows a close relationship between positive maps and linear functionals. In
this chapter we shall elaborate on this relationship. In Sect. 7.1 we shall translate
the duality theorem, 6.1.6, to a theorem on linear functionals and show some con-
sequences. In Sect. 7.2 we consider PPT-states on tensor products B(K) ® B(H)
and show their relationship to decomposable maps. Section 7.3 is devoted to en-
tanglement. It turns out that the negative part C, of the Choi matrix Cy for a map
¢ contains much information related to entanglement. Finally in Sect. 7.4 we shall
relate positive maps to super-positive maps.

7.1 Positivity Properties of Linear Functionals

The main result in the present section is the following theorem, which is essentially
a translation of Theorem 6.1.6 to linear functionals. We denote by Px(K) the ¢ -
positive maps from B(K) into B(H).

Theorem 7.1.1 Let K and H be finite dimensional Hilbert spaces and € a sym-
metric mapping cone in P(H). Let p be a linear functional on B(K) @ B(H) with
density operator h, so p(x) = Tr(hx). Then the following conditions are equiva-
lent.

(i) p=¢ with¢ € Pg(K)°.
(i) p(Cy) >O0foralla € €.
(iii)) t®a(h) >0foralla € €,i.e. he P(B(K),%).
@iv) po(t®a)>0foralla € €.
(V) p is positive on the cone P(B(K),€°).

Proof (i) < (ii). By Lemma 4.2.2 ng for some ¢ € B(B(K), H). By Lem-
ma 4.2.3 C(; is the density operator for ¢. We thus have for o € ¥, using
Lemma 4.2.5,
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p(Co) =Tr(CyCq) = Tr(CyCy,) = Tr(Cy Cyr).

Since € is symmetric it follows that ¢ € P»(K)° if and only if p(Cy) > 0 for all
a € €, proving (i) < (ii).

(iii) & (iv). We let (ej;) be a complete set of matrix units for B(K) and p =
Y eij ® ejj. Then since Cé) =Cyt,

L®ot(h)=t®a(Cfb)=(t®oz)o(t®¢t)(p). (7.1)
Hence
po(t®a)(x)=Tr(Cpit®@ax))=Tr(t® (™ 0 d")(p)x).

Thus by (7.1) po (t ® @) > 0 for all & € € if and only if t ® (a 0 ¢")(p) > O for all
a €%, if and only if t ® w (k) > O for all a € €, proving (iii) < (iv).
(i) & (iii). Since p = p' =t ® t(p) we have

(t®No(t®aod’)(p)=1Q@(toaotod)(t®1(p))
=1®a op(p')
=1®a o p(p).

Since % is symmetric, and ¢ ® ¢ is an anti-isomorphism, it follows from (7.1) that
o o ¢ is completely positive if and only if ¢t ® a (k) > 0. Hence by Theorem 6.1.6
¢ € Py (K)° if and only if t ® a(h) > 0, i.e. (i) < (iii).

(1) & (v). By Theorem 6.1.7 P¢(K)° = Pgo(K). Thus ¢ € P¢(K)° if and only
if ¢ is ¥’ °-positive if and only if p = ¢~5 is positive on P(B(K), €°), proving (i) <
(v). Thus all conditions (i), ..., (v) are equivalent. O

Corollary 7.1.2 Let K and H be finite dimensional Hilbert spaces and p a state
on B(K) ® B(H) with density operator h. Then p is separable if and only if 1 ®
a(h) >O0foralla € P(H).

Proof By Proposition 5.1.4 the mapping cone SP1(H) of super-positive maps in
P (H) consists of maps ¢ with 5 a separable positive linear functional. By Proposi-
tion 6.2.1 SP1(H) = P(H)°. Thus by the equivalence (i) < (iii) in Theorem 7.1.1
p(= q~5) is separable if and only if t ® w(h) > 0 forall @« € P(H). O

Remark 7.1.3 The above corollary can easily be extended to the infinite dimensional
case if we assume p is a normal state and the maps « are normal. The proof is then
obtained by reduction to the finite dimensional case by considering e ® f he ® f
for e and f finite dimensional projections in B(K) and B(H) respectively, and then
taking limits. Considering adjoint maps we can also show the analogue result when
the «’s map B(H) into B(K).

Remark 7.1.4 An equivalent formulation of Corollary 7.1.2 is the identity

P(B(K), P(H))=B(K)" ® B(H)". (7.2)
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Indeed, by definition of P(B(K), P(H)), (Definition 5.1.6), a positive operator 1 €
B(K ® H) belongs to P(B(K), P(H)) ifandonlyif t® a(h) >0 foralla € P(H),
so by Corollary 7.1.2, if and only if 7r(h -) is a separable positive linear functional,
i.e.,ifand only if » € B(K)T ® B(H)™.

Thus by Lemma 5.2.1, 1 ® 1 is an interior point of B(K)* @ B(H)™. Since
Crr =1 ® 1, it follows that for each positive linear functional p of small enough
norm, 77 + p is separable. In Sect. 7.5 we shall prove a strengthening of this result.

7.2 PPT-States

PPT-states, i.e. states with positive partial transpose, are rough approximations to
separable states, and have attracted much attention in the literature. We show in this
section how they relate to positive maps and in particular to decomposable maps.
They are defined as follows.

Definition 7.2.1 Let A be an operator system and H a Hilbert space. A state p on
A®.7 (H) is said to be a PPT-state if p o (1 @ 1) is a state on AQ.7 (H) as well.

Theorem 7.2.2 Let A and H be as above and p a state on AQ.7 (H). Let ¢ €
B(A, H) be the map such that p = ¢. Then p is a PPT-state if and only if ¢ is both
completely positive and copositive.

Proof Since p is a state ¢, is completely positive by Theorem 4.2.7. Let a € A and
b be a trace class operator on H. Since the trace is invariant under transposition,

$o(®N@®b)=¢(a®b') =Tr(p(a)b)
=Tr(top(a)b') = (t 0 §)(a ® b).

Thus p = 5 is PPT if and only if both ¢ and ¢ o ¢ are completely positive, hence if
and only if ¢ is both completely positive and copositive. d

Corollary 7.2.3 Let H = C?. Then a state p on My ® M is separable if and only
if it is PPT.

Proof By Theorem 6.3.1 each positive map in P(C?) is decomposable. Hence
CP(C?) NcoCP(C?) = P(C?)° = SP;(C?).

It follows that a map is both completely positive and copositive if and only if it is
super-positive. Hence the corollary follows from Proposition 5.1.4. g

If € B(B(K), H) for K and H finite dimensional we have the following appli-
cation of Theorem 7.1.1 to PPT-states.
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Corollary 7.2.4 Let K and H be finite dimensional and p a state on B(K) ® B(H)
with density operator h. Let € = CP(H) v coCP(H) be the mapping cone gener-
ated by CP(H) and coCP(H). Then the following conditions are equivalent.

(i) p is a PPT-state. ~
(ii) o o ¢ is completely positive for all o € €, where p = ¢.
(iil)) t Q@ a(h) >0 foralla € F.

Proof Since by Proposition 6.2.2 CP(H)° = CP(H) and similarly for coCP(H),
€° = CP(H) N coCP(H). Therefore by Theorem 7.2.2 5 is PPT if and only if
¢ € €°, hence by Theorem 7.1.1 if and only if ¢ ® a(h) > 0 for all @ € ¥, hence
(1) & (ii).

(ii) < (iii). By Theorem 7.1.1 ¢t ® a(h) > 0 for all « € ¥ if and only if ¢ €
P#(K)°, which by Theorem 6.1.6 is equivalent to « o ¢ being completely positive
foralla € . O

The relationship between PPT-states and decomposable maps is clear from the
next result.

Corollary 7.2.5 Let ¢ € P(H). Then ¢ is decomposable if and only if p(Cy) >0
for all PPT-states p on B(H) @ B(H).

Proof ¢ is decomposable if and only if ¢ € CP(H) v coCP(H) = (CP(H) N
coCP(H))®, hence by Theorem 7.2.2, if and only if 7r(CyCy ) > O for all ¢ with w
a PPT-state. Since 1# is PPT if and only if wt is PPT it follows that ¢ is decompos-
able if and only if p(Cy) > O for all PPT-states p. 0

7.3 The Choi Map

For some time it was a problem whether all PPT-states were separable. By Corol-
lary 7.2.5 and the proof of Corollary 7.2.3 this would via Proposition 4.1.11 be the
same as saying that all positive maps are decomposable. But we saw in Proposi-
tion 2.3.3 that the positive projection of M,, onto the spin factor Vi, k =4 or k > 6,
is indecomposable, so there exist PPT-states which are not separable.

A celebrated example of an indecomposable positive map is the Choi map in
P(C3). It was the first example known of an indecomposable map and has been
generalized to higher dimensions. We shall for simplicity of the argument only study
the simplest case, namely

Definition 7.3.1 The Choi map is the map ¢ € P(C?) defined as follows: If x =
(x;}) € M3 then

X11 + X33 —X12 —X13
P(x) = —X21 X220 + X171 —X23 =A(x) —x,
—X31 —X32 X33 + x22
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where
2x11 + x33 0 0
Alx) = 0 2x20 + X11 0
0 0 2x33 +x22

It is not immediate that ¢ is positive. For this we shall need two lemmas.

Lemma 7.3.2 Let & be a unit vector in the finite dimensional Hilbert space H, let
p = [&0] be the projection onto C&y, and let a € B(H)™ be invertible. Then a > p if
and only if (a~'&), &) < 1.

Proof Suppose (a~'&y, &) < 1. By the Cauchy-Schwarz inequality for states
_ 2 _
1= (£0.50)° = (a'*€0.a"*&)" < (ako. £0)(a ™" £0. &0).
If it is not the case that a > p, then (a&p, &) < 1, hence (a’léo, &) > 1, contrary

to assumption. Thus a > p. Conversely, if a > p then, since H is finite dimensional
and a is invertible, there is € > 0 such thata > p +¢(1 — p). Thus al< p+ %(1 —

p), so that pa=' p < p. Thus (a~'&, &) = (pa™' p&o, &) < 1. O

Lemma 7.3.3 Let o, 8,y = 0. Then

o B 14
+ + <L
20+y 2+a 2y +pB
Proof Put
=Y 2% Zf
o B’ v

Then xyz = 1, so the inequality in the lemma becomes

1+1+1<
24x 24y 24z

If we multiply out this reduces to showing

xy+xz+4+yz>3,

or since z = %, to showing

f(x,y)=x2y2+x+y—3xy20 for x,y > 0.

Then £(0,0) =0, f(x,y) — +oo if either x — 400 or y — +00. Straightforward
calculus shows that the only minimum point for f in (0, c0) x (0, c0) is (1, 1), with
value f(1,1) =0. Thus f(x, y) >0, and the lemma is proved. O
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Proposition 7.3.4 The Choi map is positive.

Proof Tt suffices to show ¢ (p) > 0 for all 1-dimensional projections p. Let p = [&o]
for a unit vector &y = (a1, a2, ®3) € C3. Then

2ot |? + |as|? 0
A(p) = 0 20oz)? + lo 2 0
0 0 2les? + loa|?
By Lemma 7.3.3
o1 |? oz |? o3 |?

(A(p) "0, &) =

S 2lar P+ lesl?  2len + a2 2les? + a2 T
Thus by Lemma 7.3.2
¢(p)=A(p)—p =0,

SO ¢ is positive. O

One can show that ¢ is atomic and extremal. The proofs are rather involved, so
we shall only prove the following result.

Proposition 7.3.5 The Choi map ¢ is not 2-positive.

Proof Let& =(0,1,1,1,1,0) e C®=C> ® C2. Let p = [&]. Then

00 0[O0 0O

01 1|1 10
_1011110_1(1711 p12>
P=210 1 11 1 0ol 2a\ps po

01 1[1 10

00 0[0 0O

with p;; € M3 as indicated. Then

1
LP(p)= Z(q)(pij)) € My ® M3.

A straightforward calculation shows that

1
(2 ® ¢ (p)éo. §0) = —1< 0.
Thus ¢ is not 2-positive. g

In addition to the negative result that ¢ is not 2-positive we next show that ¢ is
indecomposable.
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Proposition 7.3.6 There exists a PPT-state p such that p(Cy) < 0. Hence ¢ is
indecomposable.

Proof We have

1 0 0|0 -1 0|0 O -1
0O 1 0j0 O O0]0 O O
0O 0 0|0 O 0|0 O O
0O 0 0|0 O 0|0 O O
Co=]-1 0 00 1 00 O -1
O 0 0|0 O 1]0 0 O
0O 0 0|0 O Oj1 0O O
0O 0 0|0 O O0]O0 O O
-1 0 0|0 -1 0|0 O 1
Let S € M3 ® M3 be the matrix
2 0 0|0 2 0[O0 O 2
01 0[O0 O 0|0 O O
0 0 4({0 0 0|0 O O
0 0 0(4 0 0|0 O O
S=12 0 0[]0 2 0|0 O 2
0 0 0[O0 O 1|0 O O
0 0 0[O0 O O|1 O O
0 0 0[O0 O 0|0 4 O
2 0 0|0 2 0[O0 O 2

Then S >0 and ¢ ® £(S) > 0, as is easily checked. Let p = %Tr(&). Then p is a
PPT-state, and p(Cy) < 0, so by Corollary 7.2.5 ¢ is indecomposable. U

We note that the state p is entangled, because ¢ is positive, so Tr(Cya @ b) > 0
foralla,b € M3+, using Proposition 4.1.11.

Remark 7.3.7 The Choi map has a natural extension to M,. Let P be the positive
projection of M,, onto the diagonal. Let s be the shift unitary in M,,, so s = (6; i+1),
where §; ; is the Kronecker symbol, and where the indices are understood modulo 7.
Then we have an extension of the Choi map to P(C") defined by

k
¢(a)=(n—1P(a)+ Y P(s'as™) —x.

i=1

It was shown by Tanahashi and Tomiyama [88] and Ha [17] that for n > 3 and
1 <k <n —2, ¢ is atomic, hence in particular indecomposable.
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7.4 Entanglement

A state on a tensor product B(K) ® B(H) is called entangled if it is not separable.
We shall see in this section how entanglement is related to positive maps. We first
give a definition of entanglement related to a given mapping cone.

Definition 7.4.1 Let % be a mapping cone in P(H), ¥ D CP(H) with dim H < oo,
and let K be another finite dimensional Hilbert space. Let

S¢={peB(K®H)*: p=Tr(Cy-) is astate with ¥ € Px(K)°},

where as before Py (K) denotes the cone of % positive maps of B(K) into B(H).
We say a state w on B(K ® H) is € -entangled if o & S¢.

Note that if € = P(H), then €° = SP|(H), so by Theorem 6.1.7 P4 (K)° =
Py (K) is the cone of SP(H )-positive maps, so the corresponding states are sepa-
rable by Proposition 5.1.4. Thus in this case a state is % ’-entangled if and only if it
is entangled.

We shall need the following lemma. If % is a symmetric mapping cone it follows
from Theorem 6.1.6.

Lemma 7.4.2 Let € D CP(H) be a mapping cone in P(H) and K finite dimen-
sional. Then each map in Py (K)° is completely positive.

Proof Let ¢ € B(B(K), H) belong to Py (K)°. Then Tr(CyCy) > 0 for all ¢ €
P4 (K). Since ¥ D CP(H), Px(K) D Pcp(K). By, for example Theorem 5.1.13,
Pcp(K) consists of the completely positive maps of B(K) into B(H). By Theo-
rem 4.1.8 a map  in B(B(K), H) is completely positive if and only if Cy > 0.
Thus 7r(Cpx) = 0 for all x € B(K ® H)™, hence Cy > 0, and therefore ¢ is com-
pletely positive by Theorem 4.1.8. 0

If € B(B(K), H)™, we let as before, see Sect. 4.1, C; and C(; denote the pos-
itive and negative parts of the Choi matrix Cy, so Cy = C;' — C, with C(;f C, =0.

Theorem 7.4.3 Let e be a projection in B(K @ H) and € be a mapping cone
in P(H) such that € strictly contains CP(H). Then each state w on B(K ® H)
with support in e is € -entangled if and only if there exists a € -positive map ¢ €
B(B(K), H) with support C(; =e.

Proof Suppose ¢ is a ¢-positive map as in the theorem. Let w be a state with
support w < e. Then

w(Cy) =w(eCype) = —a)(Cq;) <0.
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Thus if ¥ is a map in B(B(K), H) such that Cy, is the density matrix for w, then
Tr(Cy Cy) < 0,50 ¥ € P»(K)°, and therefore w ¢ S .
Conversely let © = sup .. p(e). We claim that u < 1. We have

1= |le|l =sup{Tr(eh) : 0<h <1, Tr(h) =1}.

Now Tr(eh) = Tr(h) if and only if & < e. For such an & the state Tr(h-) is by
assumption ¢ -entangled, hence Tr(h-) & S¢. It follows that Tr(eCy) < 1 for all
states Tr(Cy -) in S¢. By compactness of S¢ and continuity of the maps v —
Tr(eCy), u < 1 as claimed.

Let A =1/, and let ¢ be the map defined by Cyp =1 — Ae. If Tr(Cy -) € S¢, so
in particular ¥ € Py (K)°, then by definition of u

Tr(CyCy) =1 —ATr(eCy) > 1 — A =0. (1.3)

If Y € P¢(K)° then v is completely positive by Lemma 7.4.2, so Tr(Cy -) is au-
tomatically positive and therefore a positive multiple of a state in S¢.. Thus (7.3)
implies that ¢ € P (K)°° = Py (K), using Lemma 6.1.2. Thus ¢ is € -positive,
with c; =1—e,and C; = ( — 1)e with support e. O

As an immediate corollary we have

Corollary 7.4.4 Let ¢ € B(B(K), H) be € -positive with € as in Theorem 7.4.3.
Then every state with support in the support of C(; is entangled. In particular, this
holds for all positive maps ¢ : B(K) — B(H).

Remark 7.4.5 If ¢ : B(K) — B(H) is unital and positive, and f is the projection
onto the eigenspace of Cy corresponding to the eigenvalues A > 1, then each state
with support majorized by f is entangled. Indeed, since Tr(a)l —a > O foralla > 0,
the map ¥ =Tr — ¢ = ¢ o (Tr — 1) is positive, Cyy, =1 —Cy, s0 CI; = f, hence our
assertion follows from Corollary 7.4.4.

Corollary 7.4.4 has a natural extension to k-positive maps. Recall that a vec-
tor £ € K ® H has Schmidt rank k if k is the smallest number m such that
&€ =) " ,& ®n;. For simplicity we state the next result for the case K = H.

Corollary 7.4.6 Let ¢ € P(H) be k-positive and not completely positive. Let & be
a unit vector in support C;. Then the Schmidt rank of & is greater than k.

Proof Let p = we be the vector state defined by &. Then [§] = supportp <
supportC;, hence by Theorem 7.4.3 p is Py-entangled. Thus p = Tr([§]-) =
Tr(Cy -) with ¢ & Py (H)°. By Proposition 6.2.3 Py (H)° = SP(H) is the cone
of k-super-positive maps. By Proposition 4.1.4 ¢ = AdV. Since AdV € SPy(H) if
and only if rank V' <k, it follows that rank V > k. Since [§] = Cyqy it follows from
Proposition 4.1.6 that £ has Schmidt rank SR(§) > k. O
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Remark 7.4.7 The above corollary can easily be extended to the case when dim K =
m # n =dim H. See [43] and also [32]. In the last reference. it was also shown that
it follows from [91] that

dim supp C(; <(m-—k)y(n—k).

Using Theorem 7.4.3 we can obtain a large class of indecomposable maps. Let
as before K and H be finite dimensional Hilbert spaces. An orthogonal family of
product vectors & ® n; in K ® H is called an unextendible product basis if the
orthogonal complement of the span of {§; ® n;} contains no product vector.

Theorem 7.4.8 Let {&; ® n;} be an unextendible product basis for K @ H, and let X
denote the linear span of {§; ® n;} in K @ H. Let e denote the orthogonal projection
onto the orthogonal complement X+ of X. Then there exists » > 1 such that the map
¢ : B(K) — B(H) with Cy =1 — Ae is indecomposable.

Proof Applying Theorem 7.4.3 and its proof to the symmetric mapping cone P (H)
we see that there exists A > 1 such that the map ¢ € B(B(K), H) with Cy =1 — Ae
is positive. Let [&;] (resp [1;]) denote the one dimensional projection onto C§; (resp.
Cn;). Then

e=1@1-) [E]1® ]

We assert that ¢ ® #(e) is a projection. Indeed, suppose f, g € B(K), p,q € B(H)
are projections such that f ® plg ® g, then f ® p’' Lg ® ¢'. This follows, since
TrRTr((fer)(s®4q') =TreTr(fs®p'q’)
=Tr(f)Tr(p'q")
=Tr(f8)Tr(pq)

=TrTr((f ® p)(g®q)) =0.
It follows that ¢ ® t(e) being the sum of the orthogonal projections [&;] ® [n;]’
is a projection as claimed. But then ¢ ® ¥ (e) > 0 for all completely positive and
copositive maps in B(B(H), K) and thus for all decomposable maps of B(H) into
B(K).
Let (e;) be a complete set of matrix units in B(K) and p = Zeij ® e;;. Then
Cy =1 ® ¢(p). We thus have for the trace Tr on B(K ® H),
Tr(p(t ® ¢*)(e)) = Tr(t ® ¢p(p)e)

=Tr(Cye)

=Tr(e — \e)

= —=MTr(e) <0.
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Thus ¢ ® ¢*(e) is not positive, hence ¢* is indecomposable by the above paragraph.
But then ¢ is also indecomposable. d

7.5 Super-positive Maps

One of the main problems in the study of states and positive maps in quantum in-
formation theory is to find criteria for when a state is separable, or equivalently for
a positive map to be super-positive. We have already seen two approaches, that of
PPT-states and the Horodecki theorem, Corollary 7.1.2. A third approach is that of
optimal maps, i.e. maps which do not majorize any completely positive maps. For
those maps one can construct their SPA, physical structural approximation, which
for a unital map ¢ is defined by having a Choi matrix of the form ld_—zpl + pCy,
where d = dim H, and p € [0, 1] is maximal such that the above Choi matrix is
positive. It was conjectured that the corresponding state is separable, see e.g. [12].
This has recently been shown to be false, as shown in [20] and [83].

In the present section we shall show a similar result for any positive map, namely
that ¢ (1)Tr + ¢ is always super-positive. Our approach is close to that used in the
study of the SPA above. For this we need some preliminary results.

Lemma 7.5.1 Let H have an orthonormal basis &1, ...,&4, and let (e;) be the
matrix units such that e;j&, = 6 j;&;. Let V denote the flip VEQn=n®& on HQ H.

Then
V= Zeij ® eji,

and Ad(U @ U)(V) =V for all unitary operators U in B(H).

Proof Y e;j®eji(sk ®&) =8k ®8i1€E; = & ® &, so V is given by the formula
in the lemma. To show V is invariant let U be a unitary operator, and E ® n € H Q H.
Then

AdU R U)(V)E@n=(U"®U")V(UE®Un)
=(U*QU*)(Un®UE)
=n®%&
=V(E®n). O
Lemma 7.5.2 Let (e); j=1,2 be the usual matrix units in M>. Let A € My @ M>

be invariant under all automorphisms of My ® My of the form AdU ® U with U
unitary in M. Then A is of the form

A=al +bV,

with V as in Lemma 7.5.1.
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Proof The proof goes in three steps.

Step1 Let U :( (1) _01 ) Then it follows easily that

al 0 0 b4
|0 a b O
A= 0 by a3z O
by 0 0 a4

Step 2 Let U =( ) with |z| = 1. Then with A as above

aq 0 0 Z2b1
0 a3 by O
0 by aa O
Zbys 0 0 a

A=AdU @ U(A) =

Thus a; = as, a» = a3, z2by = ba, by = b3. Since this holds for all z € C with
|z| = 1, by = bgy = 0. Therefore

aa 0 0 O
10 a b O
A= 0 b2 [75) 0
0 0 0 a

If we subtract b = b, from a; we see that A has the form

0 0

S O OoOR
S o O
S I e i)
S oo
(=3 e )
SO OO

0 b
c 0
0 0

The right summand is ) e;; ® ej;, which is invariant under all automorphisms
AdU ® U by Lemma 7.5.1. Therefore the right summand is invariant, so it remains
to show

Step 3 a = c. Rewriting we have

a 1
=(a—c) +cl®l
a 1
=(a—cle1®ej1+(@a@—clen®en+cl®I.

Since 1 ® 1 is invariant we have (a — c)[e11 ® e11 + €22 ® en7] is invariant. But if
we choose U such that
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1 1 1 1 -1

e11®ei+en®en #AdU Q@ U)(e ®er +exn ®en).

AdU(en) =

N =

then it is easily seen that

Therefore a — ¢ = 0, completing the proof of Step 3, and therefore of the lemma. [J
We next extend Lemma 7.5.2 to arbitrary dimensions.

Lemma 7.5.3 Let A € My ® My be invariant under all automorphisms AdU @ U
with U unitary in M. Then A is of the form A=al ® 1 + bV with V the flip on
Ci®C.

Proof Let &1, ..., &, be an orthonormal basis for H = C? and (ej) the correspond-
ing complete set of matrix units. Let n # m belong to {1,...,d}, and let F,, be
the orthogonal projection onto span{§; ® &; : i, j € {m,n}}. If {m,n} # {p, q} with
p#q,r €{m,n, p,q} and equal to only one of them, and U is the unitary operator
such that U§, = —§,,and U&; =§&; for j #r, then

(A‘i:m by én, ‘Ep by éq) = (AUSm & U";:n» Usp ® qu) = _(Agm ®'§ns sp ®‘§q),
hence (A&, ® &,,§), ® §;) = 0 whenever {m,n} # {p, q}. Since any permutation

of the basis elements is implemented by a unitary operator, A depends only on the
matrix elements m, n, p, g, such that {m,n} = {p, ¢}, i.e.

A= Za(m,p)(n,q)emp & €nq (7.4)

with g, py(n,q) =0 unlessm=n=p=gqg,orm=p#qg=n,orm=q #n=p.

Considering the unitaries U in My such that U§; = & for i # m,n and
U ® UFppCé ® C = F,yC¢ @ C it follows that AdU ® U(FunMy @ My Fpp) =
FnMg @ My Fyy,,,. Furthermore F,, A Fy,;, is fixed under the restrictions of Ad U ®
U. Thus by Lemma 7.5.2

FrinAFy, = aFp, + bV, (7.5

where V,,,, is the restriction of the flip V to F,,,C¢ ® C?. If we take U self-adjoint
such that U§,, =§,, U§, =&, and U§; =& for j & {m,n, p, q} then

AdU @ U(FyunAFny) = FpgAFy,.

Thus the coefficients a and b in (7.5) remain the same for Fyu, A Fyy and FpgAFpy.
It follows that the coefficients @y, py(n,q) in (7.4) are given by the formula
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a+b whenm=p,n=gq,

Agm,p)(n.g) = | b whenm =g # p=n,
0 otherwise.
But this means that A=a1® 1 + bV with V as in Lemma 7.5.1. 0

Theorem 7.5.4 Let H be a finite dimensional Hilbert space and ¢ € P(H). Then
the map ¢ (1)Tr + ¢ is super-positive.

Proof We first show that Tr 4 ¢, ¢ being the transpose, is super-positive. Let G
denote the compact group G = {AdU ® U : U unitary in B(H)}. Let dU denote
the normalized Haar measure on G. Then

P(A) :/ AdU @ U(A)dU
G

is a unital positive projection of B(H ® H) onto the fixed point algebra of G,
which by Lemma 7.5.3 equals the span {al ® 1 + bV : a,b € C}. Clearly P is
trace invariant, so if & is the density operator for a state p on B(H ® H), then
Tr(P(h)) = Tr(h) = 1. Thus

P(h)y=al®1+bV, a,beR, (7.6)
has trace 1. By Lemma 7.5.1 Tr(V) = d where d = dim H, so that
1 =Tr(P(h)) =ad® + bd. (1.7)
We have

Tr(P(h)V) =/Tr(AdU ®Uh)V)dU

:[Tr(hAdU* ® U*(V))dU
=TrhV). (7.8)
Let e = (h,ﬁj) be a 1-dimensional projection in B(H), and leth =e ® e, so p =

Tr(h -) is a product state. Then by Lemma 7.5.1

Tr(hV) = Tr(e Re Zeij ® ej,)

y

= Z Tr(ee;j)Tr(eej;)

y

=Y (hihj)(hjhy)

iy
=Y " |hilPlhlF =1
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By (7.6) P(h)V =aV + b1 ® 1. Thus by (7.7) and (7.8)
1=Tr(P(W)V)=Tr@aV + bl ® 1) =ad + bd”.
Combining this with (7.7) we get
a=b=1/d(d+1).
Hence

1
P(h)= m(l RL+V),

which is the Choi matrix for m (Tr +1).

Let e(U) = Ad U (e), and put ¢ = m(Tr +1). Then Cy = P(h),soif ¢ €
P(H) we have

Tr(CyCy) = Tr((/ e(U)® e(U)dU)C¢> = / Tr(e(U) ® e(U)Cy) dU = 0,

since the integrand is positive by Proposition 4.1.11. Since this holds for all ¢ €
P(H), by Proposition 6.2.1 ¥ € P(H)° = SP1(H). Thus Tr + ¢t is super-positive.

The super-positive maps have the property that their compositions with positive
maps remain super-positive, hence 7r + ¢ =t o (Tr + t) is super-positive. Thus if ¢
is a positive map then

¢(DTr(a) + ¢p(a) = p(Tr(@)1) + ¢ (a) = ¢ o (Tr + 1)(a)
is super-positive, completing the proof of the theorem. U

If |l¢|l <1 then, since Tr as a map in P (H) is super-positive, (||¢|| — ¢ (1))Tr is
super-positive, hence we have, since ||¢||Tr + ¢ = (|¢|| — ¢ () Tr + d(1)Tr + .

Corollary 7.5.5 If ¢ € P(H) has norm ||¢|| < 1, then Tr + ¢ is super-positive.
If we translate the theorem to states we get the following

Corollary 7.5.6 Let p be a state on B(H ® H) withd = dim H. Let p; be the state
on the second factor defined by p(b) = p(1 ® b). Then the state ﬁ(Tr ® p2 + p)
is separable.

Proof Since p is a state, p = 5 for a completely positive map ¢, see Theorem 4.2.7.
By Theorem 7.5.4 the map ¢ = ¢ (1)Tr + ¢ is super-positive, hence i is separable
by Proposition 5.1.4. We have

V(@ ®b) =Tr((¢(DTr(@) +¢(@)b')
=Tr(a)Tr(¢(Hb") + Tr(p(a)b")
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=Tr(a)p(1Q@b)+ p(a®Db)
=Tr®@m+p)a®b),

proving the corollary. d

If a map ¢ is not completely positive and Cy = Cg - qu, then C(; is a nonzero
positive operator. We next give an estimate for the norm of Cy-

Corollary 7.5.7 Let ¢ € P(H) with ||| < 1. Then Cy > —1® 1, hence | C;, || < 1.

Proof By Corollary 7.5.5 Tr + ¢ is super-positive so in particular completely posi-
tive. Hence

0<Crrp=Crr+Cp=1+Cs=14C45 —C;.
Since C;'Cqs_ =0, it follows that Cdj <1. O

It follows that for all ¢ € P(H), |Cy || < ll¢]l.

7.6 Notes

Behind much of the theory in Chap. 7 lies the duality ¢ — é. Theorem 7.1.1 is
essentially a translation of Theorem 6.1.6 to states and is taken from [82]. Corol-
lary 7.1.2 is in the form given, a celebrated result of Horodecki [25], and is often
referred to as one of the main results which show the importance of general positive
maps rather than completely positive maps. The identity (7.2) in Remark 7.1.4 can
be found in [78] in the case K = H.

PPT-states were introduced by Peres [60]. Theorem 7.2.2 and its corollaries have
been observed independently by several authors. For a discussion on PPT-states,
see [2]. By work of Woronowicz [98] Corollary 7.2.3 is also true for states on M> ®
M3 and M3 ® M.

The Choi map described in Sect. 7.3 was introduced by Choi [8]. It has in gener-
alized form been studied by others, see [4, 44] and [55], because it is an indecom-
posable map in the least possible dimension, 3 x 3 matrices. It and its extension to
higher dimensions as in Remark 7.3.7 have been shown to be both atomic and ex-
tremal see [17, 55-57, 88]. Related results on extremal and indecomposable maps
were obtained in [39]. The example in 7.3.6 was exhibited in [77]. This was before
the introduction of PPT-states by Peres, see also [21]. An example of a PPT-state
which was not separable was later exhibited by P. Horodecki [23].

Theorem 7.4.3 is due to Skowronek and the author, [68], but a related result for
P(H) is due to Parthasarathy [58]. For Corollary 7.4.6 see the paper by Kuah and
Sudarshan [43] and Sarbicki [66]. Theorem 7.4.8 is due to Terhal [89].
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Section 7.5 is based on work of Werner [97], Horodecki [24] and ChruScinski,
Pytel [11]. They were mainly interested in optimal maps and whether they were
super-positive. Theorem 7.5.4 is different and new, being a result on all possible
positive maps, but it can easily be deduced from [24].



Chapter 8
Norms of Positive Maps

As we saw in Chap. 1 the uniform norm of a positive map ¢ from an operator system
A into B(H) is defined by

Il = sup ||¢(a)

lall <1

|

which equals ||¢(1)] if A is a unital C*-algebra. However, there are many other
norms that could be used. In this chapter we shall consider some of these norms,
first for general positive maps in B(B(K), H) and then for the so-called Werner
maps of the form 7r —AdV,V : H - K.

8.1 Norms of Maps

Let K and H be finite dimensional Hilbert spaces, 4 a mapping cone in P(H) and
Py (K) the €’-positive maps in B(B(K), H), and P»(K)° the dual cone of P¢(K).
Let in analogy with Definition 7.4.1

S¢={peB(K®H)* : p=Tr(Cy-), Tr(Cy) =1,¥ € Pp(K)°}.

Thus S is a convex set of linear functionals. Note that if € D CP(H), then as
pointed out in the proof of Lemma 7.4.2, every map ¥ € Py (K)° is completely
positive, hence the definitions of S¢ given in Definition 7.4.1 and above, coincide.
Ifae B(K® H) let

lalls, = sup{|p@)] : p € S¢},
and if ¢ € B(B(K), H), let
gl = sup{|Tr(CyCy)| : p=Tr(Cy -) € S¢}.
Then ||¢ [l = [Cpllse4-

E. Stgrmer, Positive Linear Maps of Operator Algebras, 113
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-34369-8_8,
© Springer-Verlag Berlin Heidelberg 2013
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Lemma 8.1.1 || ||s., and || || are norms on B(K ® H) and B(B(K), H) respec-
tively.

Proof The norm properties ||Aalls, = |Alllalls., and |[A@ |l = |All@|l are clear,
and the same is subadditivity, i.e. ||¢ + ¥ |l» < |l¢ll¢ + l|¥]«. Since the composi-
tion of a super-positive map with a positive map is super-positive by Lemma 5.1.3,
the super-positive maps in B(B(K), H) belong to the dual cone Py (K)° by Theo-
rem 6.1.6. Thus S¢ contains all states with density operator corresponding to super-
positive maps, hence all separable states by Proposition 5.1.4. By Lemma 5.1.7 and
its proof, if w(a) = 0 for all separable states then p(a) = 0 for all states p, hence
a=0.Thus || ||s, and || || are norms. O

Recall that if ¢ € B(B(K), H) is positive then Cy is a self-adjoint operator with
positive and negative parts C; and C(;, soCy = Cg - C(;, and CJC; =0.Letp™
and ¢~ be the completely positive maps such that Cg+ = C;, Co-=0C,. Then we
have

Proposition 8.1.2 Ler ¢ be a mapping cone in P(H) containing CP(H). Let ¢ €
B(B(K), H) be € -positive. Then

[ PP L P2

or equivalently, ||C(;_||S<g > [1Cy llses-

Proof As noted in Lemma 7.4.2, since ¥ D CP(H), P#(K)° is contained in the
cone of completely positive maps of B(K) into B(H). Therefore if p =Tr(Cy-) €
S, then p is a state. Since ¢ € Py (K),

0 <Tr(CyCy) =Tr(Cy Cy) = Tr(Cy Cy).
Thus, since Cy, > 0 by Theorem 4.1.8,

le*

« 25U Tr(Cy Cy) = 1o [ -

Since ||C; s, = ¢ |l, and the same for ¢, the proof is complete. O

The reader should note the related result, Corollary 7.5.7, that if ¢ is unital then

1Cy Il = 1=1l2]l.
We saw in Theorem 4.1.12 that each positive map in B(B(K), H) can be written
in the form

lc 1™ e =17~ g,

where T is the usual trace on B(K) identified with the map a — Tr(a)1, and ¢, €
B(B(K), H) is completely positive. In the next proposition we just consider 7r —

¢cp .
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Proposition 8.1.3 Let € be a mapping cone in P(H) containing CP(H). Let ¢ =
Tr — ¢cp as above. Then ¢ is € -positive if and only if

||¢cp||%’ <l

Proof By Lemma 6.1.2 Py (K) = Py (K)®°, so ¢ is € -positive if and only if
Tr(CyCy) = 0 for all ¥ € Py (K)°, if and only if Tr(CyCyr) > 0 for all ¢ such
that vy € S¢ (recall that Cy: is the density operator for i by Lemma 4.2.3). Now
Crr = 1. Thus ¢ is €-positive if and only if

0< _inf Tr(CypCyr)
VeSe

=inf7r((1 = Cg,,)Cyr)
v

=1—supTr(Cy,Cyr)
4

=1- ||¢cp||(@”,

if and only if [l¢cll < 1, where we used that ¥ O CP(H) to conclude that
sup Tr(Cey,, Cyt) = ll9epllz- O

We next specialize to the cone of k-positive maps Px. Recall from Proposi-
tion 6.2.3 that Py (H)°® = SPy(H), where SPy(H) is the cone of maps of the form
ZiAdX/i, where each V; € B(H) has rank V; < k. For a vector £ € K ® H its
Schmidt rank is by Definition 4.1.5 the smallest m such that Y 7" | & ®n, € K @ H
represents &, i.e. SR(§) = minm, with m as above. For a self-adjoint operator
a € B(K ® H) we define a norm

lalls@ =sup{|(a&, §)| : § € K ® H, €]l = 1,5R(E) <k}.
Lemma 8.1.4 Let ¢ be a positive map in B(B(K), H). Then
&N Py = I1Co Il s x)-

Proof Recall from Theorem 5.1.13 that the cone Psp, (K) of k-super-positive maps
is generated as a cone by maps « o 8 with o € SPy(H) and B8 € B(B(K), H)
completely positive. Since SP;(H) is generated by maps AdV with V € B(H)
with rank V < k and B is a sum of maps AdW with W : H — K, it follows that
Psp, (K) is generated by maps V : H — K with rank V < k. Recall also from
Proposition 4.1.6 that if [£] is the 1-dimensional projection on the space C& then
[£] = Cagqy with V : H — K, and rank V = SR(&). Using this we have for ¢ in the
lemma,

IClls) = sup{|(Cp&.&)| : &l =1, SR(E) <k}
= sup{|Tr(Cyl£€1)| : SR(E) <k}
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= sup{|Tr(CyCuav)| : Tr(Caav) =1, rank V <k}
= sup{|Tr(CyCy)| : ¥ € SPL(K), Tr(Cy) =1}
= ol peca)- O

From this result we get immediately from Proposition 8.1.3

Proposition 8.1.5 Let ¢ € B(B(K), H) be of the form ¢ =Tr — ¢cp with ¢, com-
pletely positive. Then ¢ is k-positive if and only if | Ce,, sk < 1.

In particular, if ¢, = AdV we get

Corollary 8.1.6 Let V : H — K be a linear operator. Then the map ¢ = Tr — AdV
is k-positive if and only if

ICaav llsw < 1.

It turns out that the norms |AdV || p, () and [|Caqv | sk are closely related to the
Ky Fan norms defined as follows.

Definition 8.1.7 Let a € B(H)", and dim H =d. For k € {1, ..., d} define the Ky
Fan norm of a to be

k

lallgy =) si.

i=1

where s; > 57 > --- > 54 are the eigenvalues of a in decreasing order.

A useful characterization of the Ky Fan norm of a positive operator is given by
the Ky Fan maximum principle.

Lemma 8.1.8 Leta € B(H)". Then

k
lallx = max{Z(aSi, &) : (Ei)le is an orthonormal set in H}
i=1

= max{Tr(ae) : e k-dimensional projection in B(H)}.

Proof If e is a k-dimensional projection, then e = Z/f[’;‘i] with {& ..., &} an or-
thonormal set of vectors in e(H). Since

Tr(ae) =) _Tr(al&]) =) _(ati, &),

the last equality in the lemma is obvious.



8.1 Norms of Maps 117

Let 51 > 53 > - -+ > 54 be the eigenvalues of a in decreasing order. Let n; be an
eigenvector for the eigenvalue s;. Then (an;, n;) = s;, so that

k

k
laley =Y (ani.ni) <maxy _(a. &) = Tr(ea).
1

1

with e and (&;) as above. Thus ||a||x) < max, Tr(ea).

We must next show the opposite inequality. By a small perturbation of the s;
we may assume they are distinct. Let {£1, ..., &} be an orthonormal set in H, and
arrange the indices so that

(a&1,&1) = (aé2, &) = --- = (aék, &).

We use induction to conclude that (a;, &) < s;. Since 51 = ||a||, clearly (a1, &1) <
s1. Assume we have shown (a&;, &) <s; fori =1,...,m — 1. There are two cases.

Case (1). (am—1,8m-1) = Sm.

In this case (@&, &n) < s, because the dimension of the eigenspace correspond-
ing to the eigenvalues greater than s,, is m — 1, using that the s; are assumed to be
distinct.

Case (2). (aém—1,Em—1) < Sm-

Then (a&,, &n) < Sm, SO in either case (a&y,, &) < s, completing the induction
argument. It follows that Zlf (a;&,&) < Z]f s; = |la|lx), completing the proof. [

In order to relate the norms for AdV discussed above to the Ky Fan norm we
have

Theorem 8.1.9 Let V € B(H). Then

|| A% || © = sup{Tr(CAdVCAdW) crank W <k, Tr(Cagw) = l}

= ||AdV || p,(m)-

Proof The last equality follows from the definition of |AdV || p, () and the fact that
Py(H)° = SPy(H), see Proposition 6.2.3.

We first show that ||V V*|| ) majorizes the right side of the equality in the theo-
rem. Let W € B(H) have rank W < k and Tr(Caqw) = 1. Then the range projection
e of W has dimension < k, and W = eW. Let &1, ..., &; be an orthonormal basis
for H, and e;; matrix units such that e;; & = §;x&;. Suppose V& = > ;i vik&i. Then
by Proposition 4.1.4

Caav = Z VjjVikeij ® ek

is a scalar multiple of the projection onto C¢ with & = > Vix&; ® &. Similarly by
our assumption on W, Cagw is the projection onto Cn with n =Y wi&; ® &. We
thus have
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Tr(Cagv Caaw) = Tr(Z VUi ® ex Y Wieus @ evt)
= Tr(Sudn Vi wsWjicis ® ex)
= Z TF(Z ViU wikWjiei; @ Ekk)
- (z i ) (3 )
jl
=Tr(VW*)Tr(V*W)
= |7r(v W), 8.1)
Now Cygw is a 1-dimensional projection, so applying the above to V = W, we get
1 = Tr(Caaw) = Tr(Ciay) = Tr(WW*). (8.2)
Since W = eW we thus have from the above and Lemma 8.1.8,
2
Tr(Caav Caaw) = |Tr(VW*e)|
<Tr(eV(eV)*)Tr(WW*)
=Tr(eVV?¥)

< sup Tr(fVVv?)
rank f<k

)2
=|vv H(k)' (8.3)

It remains to show the opposite inequality. Since H is finite dimensional, we can by
compactness find a projection e with rank e < k such that by Lemma 8.1.8

[vv¥|= sup Tr(fVV*)=Tr(evV¥).
rank f <k

Let W = || VV*||(kl/2eV. Then rank W < k, and

W35 = [VV*] o Tr(eV)eVy®) = [VVF]  Tr(ev V) =1.

o
In particular, 1 = [[VV*||)*Tr(WV*) = [[VV*|| /> Tr(V W*). Since by (8.2),
Tr(Cagw) = 1, we thus have by (8.1)

12
HVV ”(k)_”VV ”(1?) ( W*)'l

= |[vvel g mr(vw) [vve | P Tr(wve)

= |Tr(Vvw* )|

=Tr(Caav Caaw).
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Thus the sup on the right side of the equation in the theorem is attained and equal to
IV V*|l &), and we have the asserted equality. O

Corollary 8.1.10 Let V € B(H). Then the map Tr — AdV is k-positive if and only if

[VV*] =1

Proof By Theorem 8.1.9 ||V V*| &) = |AdV || p, (), which equals [|Caqv |lsk) by
Lemma 8.1.4, so the corollary follows from Corollary 8.1.6. g

As a consequence it is easy to exhibit maps of the form 7r — AdV which are
k-positive but not (k + 1)-positive. Just take V with [[VV*||q) =1 < [[VV | k+1).
For more results along these lines see [5, 85, 94].

8.2 Notes

The treatment in the last chapter follows closely the paper [68]. For Proposition 8.1.3
see [81]. However, for k-positive maps of the form 7r — AdV the results had been
obtained earlier by Chruscinski and Kossakowski [10]. Corollary 8.1.6 is due to
Johnston and Kribs [32], where one also can find a proof of the Ky Fan maximum
principle, Lemma 8.1.8. For further study of norms and the relation to operator
spaces see [33].



Appendix

In this appendix we collect a few basic results which are needed in the text. They
are on topologies on B(H), tensor products, and an extension theorem for linear
functionals which are positive on a cone.

A.1 Topologies on B(H)

In addition to the norm topology we shall come across two topologies on B(H), the
strong and weak topologies. Their definitions are as follows. The strong topology
has neighborhood basis around a € B(H) given by the sets

{be B(H) : b —a&ill <e, &,....6. € H}.
The weak topology has neighborhood basis around a € B(H) given by the sets

{beBH) : |(b&i,ni) — (a&i.m)| <&, &1, & m1.....nn € H}.

We refer the reader to Chap. 5 in [38] for the properties of the strong and weak
topologies. We now list with references to [38] in brackets some of the main results
we shall need.

Al1.1 (5.1.2) The weak and strong closures of a convex subset of B(H) coincide.
If particular, a unital C*-algebra is a von Neumann algebra if it is weakly closed, or
equivalently if it is strongly closed.

Al1.2  (5.1.3) The unit ball in B(H) is weakly compact.

A1.3 (5.1.4)If (ay) is a monotone increasing net of self-adjoint operators in B(H)
with a, < k1 for some k > O for all «, then (a,) is strongly convergent to a self-
adjoint operator a, and a is the least upper bound for (ay).

For us the last result is very important for going from the finite dimensional case
to infinite dimensions. Many properties of positive maps can be extended to infinite
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dimensions from the finite dimensional case, by considering e, ¢e,, for ¢ : B(K) —
B(H), or similarly by considering ¢ (ey - e,) if ¢ : B(K) — B(H) where (ey) is
an increasing net of finite dimensional projections converging strongly to 1.

A positive map ¢ : A — B(H) with A a von Neumann algebra is said to be
normal if for each net (ay) in A as in Sect. A.1 we have ¢ (a,) — ¢ (a) strongly. In
particular if w : A — C is a state we have the following theorem.

Al4 (7.1.2) The following conditions on a state @ on a von Neumann algebra A
acting on a Hilbert space H are equivalent:

() =Y 72 wg with Y, ||& > = 1 an orthogonal family of vectors in H.
(i) =37 wy, withn; € H, >, IIn; > = 1.
(iii) w is weakly continuous on the unit ball of A.
(iv) w is strongly continuous on the unit ball of A.

(V) w is normal.

It follows that a positive map ¢ : A — B(K) is normal if and only if ¢ is weakly con-
tinuous on the unit ball of A. Concerning the norm topology we have the following
result on the convex hull of the unitary operators in a C*-algebra—the Russo-Dye
theorem, see [65] or (10.5.4).

Al1.5 Let A be a unital C*-algebra. Then the convex hull of the unitary operators
in A is norm dense in the unit ball of A.

Let A be an operator system and as before, B(A, H) the bounded linear maps of
A into B(H). Then the BW-topology (BW stands for bounded-weak) on B(A, H)
is the topology, where a bounded net (¢y) in B(A, H) converges to ¢ € B(A, H) if
¢o(a) = ¢ (a) weakly for each a € A.

Theorem A.1.1 With the above notation let Ay denote (resp. B(H)1) the unit ball
of A (resp. B(H)). Let

S={¢peB(A H) : ¢l <1}
Then S is compact in the BW-topology.

Proof Let X = ]_[QGAl B(H)14, where B(H)1, = B(H)1, be the product space of
B(H); indexed by Aj. By the Tychonoff theorem X is compact in the product
topology when B(H) is given the weak topology, so is weakly compact. Consider
the map S — X defined by

¢— ¢ =()eX,

where ¢ (a) is the ath coordinate of ¢’. By definition of the BW-topology and the
product topology the map ¢ — ¢’ is a homeomorphism of S onto its image S’ C X.
To show S is compact it follows from the compactness of X that it remains to show
S’ is closed in X. So let ¥’ be a limit point of S’ in X. We must show there exists
¢ € S such that ¢’ = v’. Let ¢ be the map of A} into X such that ¥ (a) = ¥'(a)
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fora € Aj. Since Aj spans A, ¥ can be extended linearly to a map ¢ : A — B(H).
To show ¢ € B(A, H) we must show that ¢ is single valued and linear, hence to
show that if a; € A, 0; € C,i=1,...,n,and ), o;a; =0, then ) ;¢ (a;) =0.
For this let p be a normal state on B(H) and ¢ > 0. Letc =1+ ), |o;|. Since ¢’
was a limit point of §’, and v’ (a) = ¢(a) for a € Ay, there exists T € S such that
lp(t(a;) — ¢(a;))| < &/c for all i. Then since Y «;a; =0, and t is linear,

’P(Zai(f)(di))‘ = 'P(Z“id’(ai)) - ait(a)

Since the normal states separate B(H), and ¢ is arbitrary ), a;¢(a;) = 0. Thus
¢S, and ¢y =¢ € 8,508 is closed, proving the theorem. O

<Eé&.

This proof is based on a more general result in [37]. Note that with H = C, the
above theorem reduces to the well known result that the state space of A is w*-
compact.

A.2 Tensor Products

Let K and H be Hilbert spaces, and let (é,-zf-e 1, I an index set, be an orthonormal
basis for K. Let H; = H fori € I, and let H = @;<1 H; be the Hilbert space direct
sum of the H;. Let§ = Y i wi&i € K and n € H. Define the product vector € @ n €
H by

E§Q@n=1(ainier-
Then

1E@nl* =" leil*llnll* = IEI* I,

so & ® n is well defined. We define the algebraic tensor product of K and H as the
linear span of all product vectors as above, and denote by K ® H the completion
in H. We define an inner product on product vectors by

E@nyouw=_Ev)nw, &ek, nueH,

and extend it bilinearly to K ® H. Thus K ® H is a Hilbert space. If a € B(K), b €
B(H) we let a ® b be the operator on K ® H defined by

a®b& ®n) =a& ®bn.
We let products and adjoints be given by coordinate action, i.e.

@®b)(c®d)=ac®bd, a,ce B(K), b,de B(H),
(a®b)*=a*Qb*.
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It follows that the linear span of all operators a ® b is a *-subalgebra of B(K ® H).
Its weak closure is the von Neumann algebra denoted by B(K) ® B(H).
If (n;) jes is an orthonormal basis for H, then (§; ® 1), j)erxJ is an orthonor-
mal basis for K ® H. One can then use this to show B(K) ® B(H) = B(K ® H).
Assume now K is finite dimensional; let » = dim K. Then B(K) = M, —the
complex n x n-matrices. Let (e;;) be a complete set of matrix units for B(K), 1 <1,
Jj<n,s0) ei=1,eje =jey. Leta = (a;) =) ajje;; € B(K). Then

a®b=Zaijeij®b.

If ¢, =(0,...,0,1,0,...,0) is the unit vector with 1 in the ith coordinate, then
(e1, ..., ey) is an orthonormal basis for K with ejjey = §jre;. Thusif & = Y &eieK
and n € H we get

a®bE®n = ((a,;,) Z€k6k> ® bn

k=1
= Zaijsjej ® bn

= (Zauéjel ®bn,..., Zanjéjen ® '7)-
This can be written as matrices, where we now write the vectors as column vectors.
We then get
aitb -+ ab\ [&1by
a®bE®n) = : :
anb -+ appb Snbn

Hence a ® b is the n x n block matrix (a;;b) over B(K), so that
B(K)® B(H) = M,(B(H)).

Since the flip a ® b — b ® a defines an isomorphism of B(K) ® B(H) onto B(H) ®
B(K) we can, if dim H = m < o0, also consider a ® b with b = (by;) € B(H) as the
block matrix (aby) € M,,(B(K)). This will be done on some occasions.

A.3 An Extension Theorem

Results of the Hahn-Banach type, where one extends a linear functional or map
from a subspace to a larger space, are of crucial importance in functional analysis.
We shall need the following result of Krein, see [53, Ch. 1, §3, Theorem 2].

Theorem A.3.1 Suppose K is a convex cone in a real locally convex space X.
Assume K contains interior points, and let M be a subspace of X which contains
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at least one interior point of K. Then every linear functional f(x) on M which
is positive on K N M can be extended to a linear functional F(x) on X which is
positive on K .
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