Chapter 8
Polarization Bremsstrahlung on Nanostructures

8.1 PBs on Atomic Clusters in a Wide Spectral Range

In Chap. 1 of this monograph the examples of calculation of PBs of an electron on a
nanocluster in the low-frequency range were given, when the photon energy is from
1 to several tens of eV [1]. Here we will consider bremsstrahlung of a relativistic
electron scattered on atomic clusters in a wide frequency range with an emphasis on
the role of cooperative effects in the polarization and ordinary (static) channels of
the process [2].

Let us calculate the intensity of the polarization and ordinary channels of Bs of a
fast charged particle on a cluster within the framework of a simple model. The main
assumptions of the used approach are reduced to the first Born approximation for
interaction of an IP with a target and a jelly model for the form factor of the cluster.

Further we use the quasi-classical formula for the amplitude of static (ordinary)
bremsstrahlung and the approximate expression for the generalized polarizability of
cluster atoms.

With the use of the standard quantum-mechanical procedure (see details in the
work [3]), for the differential intensity of Bs by each of the channels normalized to
the number of atoms in a cluster N the following expression can be obtained:

Gmax

dl 1
=_ T(q)d 1
dodo. ~ N J (4)da, 8.1)

Gmin

where q = p; — p; + Kk is the momentum transferred to the target from an IP, T(q)is
the partial intensity of Bs, dQ2, is the solid angle in the direction of radiation, ®, k are
the frequency and the wave vector of a photon, p; , are the initial and finite momenta
of an incident particle. In this section the atomic system of units 7z =e¢ =m, = 1
is used.
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The partial intensity of PBs within the framework of the used approach can be
represented as
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where Z, is the IP charge, c is the velocity of light, v is the velocity of an IP, S(g, N)is
the structure factor of the cluster, Z,,/(®, ¢) is the effective polarization charge of
cluster atoms, I¢(q,v,w,0) is the kinematic integral appearing as a result of
integration with respect to the azimuth angle of the vector q, 6 = p;"k is the angle
of photon emission.

It should be noted that the expression (8.2) was obtained for a range of high
enough frequencies, in which w>>1,, where I, is the potential of ionization of atoms
forming the cluster. An opposite case of low frequencies </, was considered in the
work [4].

For the structure factor of the cluster we will use the following model approximation:

S(¢,N) = N*Fj(q,N) + N (1 — F;(q,N)), (8.3)
where
Jilgr(N))
Fy(g,N) =317/ 8.4
J(Q7 ) qr(N) ( )

is the form factor of the spherical cluster in the jelly model normalized to one atom.
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is the spherical first-order Bessel function, r(N) is the cluster radius depending on
the number of atoms N that can be calculated by the formula:
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r(N) = rws VN = (8.6)
where ryy is the Wigner—Seitz radius, n, is the solid-state concentration of cluster
atoms.

The first summand on the right side of the Eq. 8.3 is the coherent part of the
structure factor of the cluster, the second summand is its incoherent part. It should
be noted that the forms factor (Eq. 8.4) is normalized to the number of atoms by the
spatial Fourier transform of probability of distribution of atoms in a cluster in the
jelly model:

3NO(F(N)—r)

wi(rN) = 4nr(N)

; (8.7)

where ©(x) is the Heaviside step function. In case of a monatomic cluster the
structure factor (Eq. 8.4) is equal to one.
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The polarization charge of cluster atoms can be represented as
Zpoi(@, q) = @ |#(0, q)] = o ()| Fulq), (8.8)

where a(w) and F(g) are the dipole polarizability and the normalized form factor of
an atom. These values were calculated by the method proposed in [5]. The imaginary
part of the polarizability was determined with the use of the optical theorem in terms
of the cross-section of photoabsorption of an atom by the data given at the site of the
Berkeley National Laboratory. Then the real part of the polarizability was restored
with the use of the Kramers-Kronig relation. The atomic form factor was calculated
in the Slater approximation by the formula obtained in the paper [6].

The kinematic integral included in the partial intensity of PBs (Eq. 8.2) is
determined by the equation
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where A, B, C, D, E are rather cumbersome functions of the problem parameters,
the explicit form of which is given in [5].

The approximate expression for the partial intensity of ordinary Bs in the quasi-
classical approximation ¢;>>m (¢; is the initial IP energy) and the relativistic limit
(v = c) looks like:
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where m, is the IP mass, Z is the charge of an atomic nucleus. It should be noted that
the relative error of the formula (8.10) for nonrelativistic IP velocities does not
exceed 30 %.

The above formulas describe the intensities of two Bs channels in scattering of a
fast charged particle by a cluster for high enough radiation frequencies w>>1,. We
neglect the inter-channel interference summand due to different dependence of PBs
and SBs amplitudes on a transferred momentum, and in the relativistic case — on a
radiation angle too.

Let us use the obtained formulas for calculation of intensity of Bs by the static
and polarization channels in scattering of a fast electron by polyatomic clusters.

We will characterize the cooperative effects in Bs by the following ratio:

W)
= m7 (8.11)
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where dI is the differential intensity of Bs by one of the channels normalized to the
number of atoms in a cluster. In the absence of cooperative effects it is obvious that
& = 1. In the opposite limiting case of constructive interference of contributions of
cluster atoms to the Bs intensity we have: & = y N, y < 1. The coefficient y takes into
account the fact that transferred momenta essential in the process on an individual
atom do not all make a considerable contribution to the coherent part of Bs on a cluster.

The dependence of the parameter £ on the number of atoms in a copper cluster
for both Bs channels is presented in Fig. 8.1. The bremsstrahlung photon energy is

. N -12
1 keV, the Lorenz factor is y = 10 (y = (1 — (v/c) ) ).

In case of the polarization channel the dependence ¢(N) is given for two values
of the radiation angle 8 = 0.5, 1 rad. From the figure it follows that cooperative
effects are negligible for the static Bs channel and rather substantial for the
polarization channel. The analysis shows that the value of cooperative effects in
PBs grows noticeably with decreasing radiation angle. Besides, their role increases
with growing IP energy and decreasing bremsstrahlung photon frequency. From the
given curves and calculation data it follows that in case of the polarization channel,
beginning from some value Ny, depending on the radiation angle and IP energy, the
saturation of radiation intensity as a function of the number of atoms in a cluster
takes place. The analysis shows that with decreasing radiation angle and growing IP
energy the value Ny, grows.

For explanation of the listed regularities we will take into account the fact that,
as follows from the formulas for the structure factor (Egs. 8.3, 8.4, 8.5 and 8.6),
constructive interference of contributions of different cluster atoms to the process
takes place only for low enough values of the transferred momentum:

q<1/r(N), (8.12)
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where r(N) is the radius of the cluster (Eq. 8.6). Otherwise the structure factor of the
cluster (normalized to the number of atoms) is equal to one, and cooperative effects
are absent.

It is essential that the inequation (8.33) is incompatible with the condition

qg>1/r, (8.13)

defining the range of transferred momenta, in which ordinary Bs is not low in view
of the obvious inequation r(N) > r, (r, is the characteristic atomic radius). Hence a
negligible value of cooperative effects in ordinary Bs on a cluster follows.

At the same time the partial amplitude of PBs is great in case of fulfilment of an
inequation opposite to Eq. 8.13, so there is no analogous prohibition of cooperative
effects in the polarization channel. Let us write out the expression for a minimum
momentum transferred to the target from an IP, appearing in the integral (8.1):

Gmin(@, v, 0) _@ (1 —XCOSQ). (8.14)
v ¢
Following from the condition of essentiality of cooperative effects

Gmin < l/iﬂ(N) (8.15)

and the formula (8.6) for the cluster radius is the expression for the saturating value
of the number of atoms in a cluster Ny,;:
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(8.16)

Following from Eq. 8.16 is the strong dependence of the value N, on the radiation
angle and IP energy in the relativistic case. For example, for the parameters of
Fig. 8.1 we have: Ny, (0 = 1 rad) = 27 and Ny,;(0 = 0.5 rad) = 1,312.

The influence of cooperative effects on the angular dependence of PBs on a
cluster is demonstrated by Fig. 8.2. Shown in this figure is the PBs intensity
normalized to its value at a zero angle as a function of the radiation angle for
different numbers of atoms in a copper cluster, including a monatomic case, at the
photon energy of 5 keV and a Lorenz factor of 10.

It is seen that the angular distribution of PBs with growing number of atoms is
narrowed, and its dependence on an angle in the limit of high values of the number N
becomes nonmonotonic. This nonmonotonicity disappears in the nonrelativistic case
with decreasing radiation frequency and grows with increasing number of atoms.

It should be noted that the said dependences in the angular distribution of PBs on
clusters can be found experimentally only for heavy IP. In case of light IP (electron,
positron), at small radiation angles the static channel prevails, cooperative effects in
which are low.
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Fig. 8.2 The angular dependence of the normalized intensity of PBs of an electron on an individual
atom (Eq. 8.22) and a copper cluster: N = 100 (Eq. 8.23), N = 1,000 (Eq. 8.24); hw = 5 keV,
y =10

To describe the relative contribution of PBs to the process, let us introduce the

R-factor according to the equation:

o dl pol

R = .
dly

(8.17)

The angular dependence of the R-factor of an electron with y = 10 for a photon
energy of 1 keV and different numbers of atoms in a copper cluster is presented in
Fig. 8.3. It is seen that with increasing number of atoms the role of PBs grows.
For example, for a monatomic case the angle, at which the intensities of PBs and
SBs become equal, is 30°, and for N = 100 this angle is 10°.

Figure 8.4 demonstrates the influence of cooperative effects on the relative
contribution of the polarization channel to emission of a fast electron (y = 10)
scattered by a copper cluster at different energies of a bremsstrahlung photon and a
radiation angle of 15°.

The growth of the R-factor with increasing number of electrons in a cluster goes
to saturation more fast for high photon energies according to the formula (8.16) for
the value N, . Following from this figure is the strong dependence of the role of
polarization effects on the cluster size, especially in the low-frequency range.

The condition of essentiality of cooperative effects in the spectrum of PBs on a
cluster can be obtained from the inequation (8.15) in view of the explicit expression
for the minimum momentum transferred to the target (Eq. 8.14). It looks like:

(8.18)
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Fig. 8.3 The angular dependence of the R-factor for different numbers of atoms in a copper cluster
including a monatomic case: 1w = 1 keV,y =10,/ -N =100,2 -N = 10,3 -N =1
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Fig. 8.4 The dependence of the R-factor on the number of atoms in a copper cluster for different
frequencies / — 1w =500¢eV,2 -hw =2keV,3-hw=3keV;y=10,0=15°

For frequencies more than wy,,x cooperative effects in Bs on a cluster are low.
In the nonrelativistic limit v<<c the maximum frequency of manifestation of
cooperative effects does not depend on the radiation angle and is:
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The value of the Wigner—Seitz radius for metal clusters varies within
rws = 24, so the characteristic value of frequency (Eq. 8.19) for a mid-size
cluster and an IP velocity about 10 a.u. is 1 a.u.

It should be noted that in the frequency a range @ < 1 a.u. the calculation model
used here becomes inadequate since then the dynamic polarizability of the cluster
will be to a great extent defined by collective excitations of the cluster electrons.
Such a situation for a nonrelativistic IP was considered in the work [7].

In the relativistic limit y>>1 it is convenient to represent the formula (8.18) in
the form:

1 292
rws VN 472 sin2(9/2) +1

(8.20)

Wmax =

clearly demonstrating the dependence of the maximum frequency wmax on the IP
energy. From the Eq. 8.20 it follows that in contrast to the nonrelativistic case, in the
relativistic limit the influence of cooperative effects on the PBs spectrum is essen-
tially defined by the angle of photon emission. For small angles and high values of
the Lorenz factor of an IP the maximum frequency of manifestation of cooperative
effects in PBs can reach high values. However, in this case it should be remembered
that in the angular range 0<y~2 in Bs of an electron (positron) the static channel
prevails. So the question about a role of cooperative effects in the spectrum of Bs of a
light charged particle on a cluster should be decided in view of concrete values of
problem parameters. At the same time for Bs of heavy charged particles, when SBs is
negligible, the spectral restriction on the role of cooperative effects in the relativistic
a case is given by the frequency of Eq. 8.20.

The dependence of the spectrum of PBs on a copper cluster consisting of ten
atoms on the IP energy is presented in Fig. 8.5 for a radiation angle of 0.5 rad.

It is seen that with growing Lorenz factor the intensity of radiation increases, and
the maximum of the spectral dependence is shifted to the region of high frequencies.
These changes are most pronounced in going from fast, but nonrelativistic IP to
weakly relativistic particles. With further growth of the Lorent factor the spectrum of
PBs on a cluster varies not so appreciably. With decreasing radiation angle the
spectrum of PBs of relativistic IP is found to be more pulled into the region of high
frequencies according to the formula (8.20), following from which is also the
decrease of the maximum frequency with growing number of atoms in a cluster.

The intensity of total Bs and PBs in scattering of a nonrelativistic electron on a
copper cluster and an individual atom as a function of the IP velocity is shown in
Fig. 8.6 for the radiation angle 6 = 1 rad and the photon energy im = 200eV. It is
seen that in the nonrelativistic case there is the optimum value of the electron
velocity vp, at which the intensity of PBs on a cluster is maximum. The dependence
of this optimum velocity on the problem parameters is given by the expression:

Vopt = 01(N). (8.21)
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Fig. 8.5 The spectrum of PBs on a copper cluster (N = 10) for different values of the Lorentz
factor and a radiation angle of 0.5 rad: / —y = 10?,2 -9 = 10,3 -y = 1.1
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Fig. 8.6 The dependence of the Bs and PBs intensity on the electron velocity in the nonrelativistic
case for a copper cluster (N = 20) and an individual atom, @ = 200 eV, § = 1 rad. I —total Bs
(N =20),2-PBs (N =20),3—total Bs(N=1),4-PBs (N = 1)
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In case of the process on an individual atom the cluster radius in Eq. 8.21 should
be replaced by the characteristic atomic radius r,. The given formula can be
obtained with the use of the expression for the minimum transferred momentum
(Eq. 8.14) in the case v<<c.

From the Eq. 8.21 it follows that with decreasing frequency and size of a cluster the
value of the optimum velocity decreases. In particular, for the process on an individual
atom and the photon energy 7w = 200eV the value vqy lies beyond the range of
applicability of the Born approximation, so the velocity dependence of the Bs and PBs
intensity looks like a monotonically decreasing curve. With growing number of atoms
in a cluster the value of the optimum velocity increases as seen from the formulas
(8.21) and (8.6).

With decreasing radiation angle the maximum in the velocity dependence of the
Bs intensity disappears, and for PBs it becomes less pronounced. This is connected,
on the one hand, with increasing contribution of the static channel to the process
(see the formula (8.10)), and on the other hand, with growing value of the minimum
transferred momentum (Eq. 8.14).

Figure 8.6 demonstrates the disappearance of cooperative effects with decreasing
IP velocity: for the given photon energy (200 eV) the total Bs and PBs on a cluster
and one atom coincide in the limit of low velocities.

In the high-frequency range the velocity dependence of the PBs intensity becomes
monotonically increasing, which is connected with the natural restriction on the
optimum IP velocity: v,,<<137. The monotonically increasing dependence of
the PBs intensity on the IP energy is characteristic also for the relativistic case (with
the exception of low frequencies not considered here).

Based on the analysis carried out in this section, it is possible to draw a conclusion
about the essentiality of cooperative effects in Bs of a fast (including relativistic)
charged particle scattered by a polyatomic cluster in a wide range of frequencies.
These effects caused by constructive interference of the contributions of atoms to the
process by the polarization channel result in nonlinear growth of the PBs intensity as
a function of the number of atoms in a cluster. At the same time for the static Bs
mechanism the contribution of different atoms to radiation is incoherent, which is
caused by the smallness of impact parameters, on which SBs is formed.

It is shown that cooperative effects result in significant modification of the main
characteristics of Bs on a cluster in comparison with a monatomic case. For example,
in the high-frequency range with growing number of atoms the pattern of PBs is
narrowed, and for large enough clusters the angular dependence of PBs of relativistic
particles becomes nonmonotonic: a maximum appears with nonzero radiation angles.

With growing IP energy the maximum of the spectral distribution of PBs on a
cluster is shifted to the region of high frequencies. The form of the high-frequency
part of the spectrum in the relativistic case strongly depends on the radiation angle.
With reduction of this angle the Bs intensity decreases with growing frequency
much more slowly than for wide angles.
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The analysis of the Bs intensity as a function of the IP velocity has shown that in the
nonrelativistic case this dependence can be of different nature: from monotonically
increasing to monotonically decreasing. In the relativistic limit the PBs intensity
monotonically increases with IP energy. In the limit of low IP velocities the role of
cooperative effects in Bs on a cluster becomes negligible.

The obtained results can be used in interpretation of experimental data on Bs of
fast charged particles on clusters in the range of high enough photon energies.

8.2 PBs on Metal Nanospheres in a Dielectric Matrix

Metal nanoparticles of noble metals find use as nanomarkers for biological objects,
for investigation of behavior of chemical and biological processes, as sensors for
local optical environmental monitoring, for electrical control of light switching, for
measurement of an electric charge, etc. [8]. In the said applications, as a rule, scattering
of electromagnetic radiation in the spectral range corresponding to excitation of
surface plasmons (the photon energy 7ico = 1 <+ 4 eV) is used.

Polarization bremsstrahlung (PBs) is a fundamental radiative process that can be
interpreted as the conversion of the eigenfield of a charged particle on target electrons
to a propagating electromagnetic wave [9]. Following from this interpretation is a
possibility (by analogy with ordinary radiation) to use PBs for substance spectroscopy,
in particular, for determination of parameters of metal nanoparticles.

Inrecent years works have appeared that are dedicated to the study of PBs as a basic
process for nanomaterial diagnostics. For example, in the paper [10] a possibility to use
this process for determination of a fullerene structure on the basis of calculation of a
target form factor was discussed. PBs spectroscopy for diagnostics of polycrystalline
and fine-grained media in the more general context of modification of the energy
dispersion method was considered in the work [11]. We believe that PBs spectroscopy
has also considerable promise as a physical method for metal nanosphere diagnostics.

8.2.1 General Formulas

In the Born approximation for interaction of an incident particle (IP) with a target in
a dielectric medium the differential PBs cross-section is given by the expression [2]
(in this section we use the Gaussian system of units):

do"B 20 e " 2 dq
—=—— I 0) — 8.22
da)ko b C3 hvz J |a(w7Q)‘ ¢(q7v7w7 ) q ) ( )

dmin

where dQy is the element of a solid angle in the direction of radiation, c is the velocity
of light, e, is the IP charge, v is the IP velocity, a(w, ¢) is the generalized dynamic
polarizability of the target, k = /&, (w/c) s is the wave vector of a bremsstrahlung
photon in a medium with the dielectric permittivity ¢,,, 0 is the angle between the
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electron velocity vector and the wave vector of a bremsstrahlung photon (the radiation
angle). The value q = (pf —p; + k) /h is the wave vector transferred from an IP to
the target (p; ; are the initial and finite momenta of an IP). The limits of integration on
the right side of the Eq. 8.22 are gmin = (1 — (v/¢) cos0) (w/V), Gmax = 2 uv/h,
c=c / \/em 1s the velocity of light in a medium. The dimensionless kinematic

integral [4(q,v,®,0) appearing in the formula (8.22) is determined by the
equation

s,wenv/c*—q]?

@ —2 kq)2 , (8.23)

Iy(q,v,0,0) = c12v JdQ o(w — kv + qv) [

where s is the unit vector in the direction of photon emission. The solid-angle
integral of the wave vector transferred to the target in the determination (8.23) can
be calculated in elementary functions [5]. We do not give here a corresponding
expression because of its cumbersomeness.

In the multiplicative approximation that well works for multielectron systems
[12] the equation is true

o(w, q) = o(w) F(g), (8.24)

where o(w) is the dynamic polarizability, F(q) is the normalized form factor of the

target (F (0) = 1). Substituting the relation (8.24) in the formula (8.22) and using the
expression for the radiation scattering cross-section in terms of the target polarizability

8 4
ra(@) =5 (7) la@)f, (825)

we find the representation of the cross-section of PBs on an isolated target in terms
of the radiation scattering cross-section

Gmax
- d
e () J F(q) 15(¢, v, , 0) ;" (8.26)
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The convenient use of the expression (8.26) with regard to the analysis of PBs on
metal nanospheres in a range of photon energies of 1-5 eV consists in the fact that
the scattering cross-section oy.,(®) can be calculated using the Mie theory [13].
Within the framework of this theory the cross-section of radiation scattering by a
metal sphere of the radius 7 placed in a dielectric medium looks like

2 &

a%lf o 2n+1) {|a,,(x7 mx, m)|* + |bu(x, mx, m)|2}7 (8.27)

8”‘1

n=1
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where x = kry = \/&, ¢ 1 and m = \/es(w) /e, are the parameters of the Mie
theory, &;(w) is the dielectric permittivity of the nanosphere material. The expansion
coefficients a,, and b, are

/n (y) lpn (.Xf) — mwln ()C) lpn (y)

) = ) — M) bay) (8:28)
X m) = m lﬁ/n(y) l//n(x) - lpln (y) lpln (X)
b = ) @) = Cal) ) (8:29)

06 = 0D = \ [0, 830

((z) = 2hV(z) = ﬁﬂgfvz(z) (8.31)

are the functions coined by Debye; j,(z), Y (z) are the spherical Bessel and Hankel

functions, J,;1/>(z) and Hz(11+)1/2

The formula for the normalized form factor of a spherical target looks like [2]

() are the Bessel and Hankel functions.

(8.32)

From this equation it follows in particular that Fi(g =0)=1 and F(¢>
4/rs)<0.01.

8.2.2 Results and Discussion

The spectral dependences of the PBs cross-section are presented in Fig. 8.7 for
different nanosphere radii and in Fig. 8.8 for different velocities of an incident
electron; the radiation angle in these figures is taken equal to 30°.

The maximum of the spectral dependence of the PBs cross-section shown in
Fig. 8.7 is caused by excitation of a plasmon on the surface of the metal sphere
under the action of the electric field of a scattered electron. From this figure it is
seen that with increasing nanosphere radius the position of the spectral maximum of
the PBs cross-section is shifted to the region of lower photon energies, and its width
increases.

An analogous dependence takes place for the cross-section of radiation scatter-
ing by metal nanospheres [8], which is caused by a change of the resonance
frequency of a surface plasmon w,.; with changing radius of the sphere. Really,
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Fig. 8.7 The differential PBs cross-section for electron scattering by silver spheres with different
radii in glass: solid line —ry = 30 nm, dotted line —ry = 60 nm, dashed line —r; = 90 nm, 0 = 1/6,
v =50 a.u.
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Fig. 8.8 The differential PBs cross-section for electrons with different velocities scattered by a
silver sphere in glass: solid line —v = 20 a.u., dotted line —v = 50 a.u., dashed line —v = 90 a.u.,
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the expression for the resonance frequency of a dipole plasmon on the sphere
surface looks like

(8.33)

where ), is the plasma frequency of electrons of the sphere substance, 7 is the
damping constant of a surface plasmon, ¢, — 1is the contribution of bound electrons
to the dielectric permittivity of the metal. For large enough radii (r; > 30 nm in case
of a silver sphere) the damping constant becomes proportional to the cubed radius of
the sphere y o 2, which defines a shift of the maximum of the radiation scattering
and PBs cross-sections with increasing radius of the metal sphere.

Shown in Fig. 8.8 is the PBs cross-section as a function of the photon energy for
different electron velocities and a silver sphere radius of 60 nm, the radiation angle
is 30°. It is seen that for specified values of parameters the PBs cross-section with
increasing electron velocity increases, and its spectral maximum is shifted to the
region of higher frequencies. For small nanosphere radii r; <20 nm on the spectral
curve of the PBs cross-section additional maxima appear that are caused by
excitation of quadrupole and octupole surface plasmons.

It is seen that with approach of the electron velocity to the velocity of light in the
glass matrix vk = ¢ = ¢ / Vem ~ 91.33 a.u. the velocity dependence of the PBs cross-
section has singularity. Physically the said singularity corresponds to a possibility of
radiation by an electron of a propagating electromagnetic field in a medium without
scattering by a nanosphere. Besides, following from Fig. 8.9 is the presence of maxima
on the velocity dependence of the PBs cross-section for small enough metal sphere
radii. The value of electron velocity vy.x corresponding to these maxima decreases
with decreasing radius according to the relation vy,,x x @ 7.

Oscillations of the PBs cross-section in Fig. 8.9 at low electron velocities arise
due to the contribution to the process of transferred wave vectors of high magnitude:
q > 4/rs, when oscillations of the target form factor (Eq. 8.32) as functions of the
argument x = q r, take place.

The dependence of the differential PBs cross-section on the nanosphere radius for
different energies of a bremsstrahlung photon is demonstrated in Fig. 8.10 for an
electron velocity of 50 a.u. and a radiation angle of 90°. It follows from Fig. 8.10 that
with increasing photon energy the optimum radius of a nanoparticle, at which the
PBs cross-section is maximum, decreases. In this case it turns out that the greatest
value of the cross-section at the maximum of the radius dependence is reached for
ho=2.8¢eV.

Figure 8.11 demonstrates the narrowing of the angular dependence of the
normalized PBs cross-section with increasing nanosphere radius for an IP velocity
close to the velocity of light in a medium: v — ¢. The normalization of the cross-
section was carried out to its value at a zero radiation angle. It is seen from this figure
that for small nanosphere radii (r; = 10 nm) the angular dependence of the PBs
cross-section practically coincides with the angular dependence of linear dipole
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Fig. 8.9 The PBs cross-section for electron scattering by a silver sphere in glass as a function of
the electron velocity for 0 = 7/2,liw = 2.8 €V. Solid line — ry = 20 nm, dotted line —r; = 40 nm,
dashed line — ry = 60 nm
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Fig. 8.10 The PBs cross-section for electron scattering by a silver sphere in glass as a function of
the sphere radius for v = 50 a.u., 0 = /2. Solid line —h v = 2.6 eV, dotted line —h o = 2.8 eV,
dashed line — o = 3.0 eV

radiation. For lower electron velocities the effect of narrowing of the angular PBs
distribution also takes place, though it is not so pronounced.

Thus in this section polarization bremsstrahlung on metal spheres in a dielectric
medium is investigated theoretically with the use of the Mie theory of light scattering.
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Fig. 8.11 The angular dependence of the normalized PBs cross-section for electron scattering
by a silver sphere in glass for v =91 a.u., iw = 2.8 eV. Solid line is the dipole dependence
(1+ 00520)/2, dotted line —ry = 10 nm, dashed line —ry, = 50 nm, dash-and-dot line —r; = 90 nm

The spectral-angular distribution of PBs is calculated in the vicinity of a surface
plasmon resonance for different radii of nanospheres and IP velocities. It is shown
that the spectral line shape for PBs and the angular dependence are modified with the
increase of the target radius. The carried out analysis makes it possible to determine
an optimum region of parametric variation, in which the use of PBs spectroscopy for
investigation of the structure and physical properties of metal nanoparticles in a
dielectric matrix is most promising.

8.3 Bremsstrahlung of Fast Electrons on Graphene

8.3.1 Cross-Section of Bremsstrahlung on Graphene

8.3.1.1 General Expression for the Cross-Section of the Process
on an Ensemble of Atoms

The cross-section of a photoprocess on an ensemble of target atoms looks like
(in case of a monatomic target) [14]:

2
AGrarger = Zexp(iqrj) A6 aiom, (8.34)
j
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where the sum is over all target atoms being in the volume of interaction, do 4y, 1S
the differential cross-section of the process on one atom under consideration,

q= (Pf _pi)/h+k
is the wave vector transferred from an incident electron to the target, p;, p; are the
initial and finite electron momenta, K is the wave vector of a photon.

In the state of thermodynamic equilibrium the squared absolute value in the
formula (8.34) should be properly averaged:

2 - <%;exp(iq (rj — r/))>‘

S expliar)

8.3.1.2 Structure Factor of a Three-dimensional Crystal

The structure factor of a medium in a three-dimensional case (a three-dimensional
single crystal, the angle brackets mean averaging over atom positions) [14]:

<zexp(fq (5 - r,-/>>> N (1 exp(-a )
+Nn, (2n)? Z e e 1S(g)]* 0% (q—g), (8.35)
g

where N = Ny N is the full number of atoms in the volume of interaction, Vg is the
full number of cells in the volume of interaction, N, is the number of atoms in a
cell, g is the wave vector of a reciprocal lattice, n, = Neei/Acenr is the volume
concentration of atoms, A..; is the volume of a unit cell.

In the formula (8.35) the value S(q) is introduced — the normalized structure factor
of a unit cell of a crystal on the wave vector q, S(q = 0) = 1, 3 (q) = 3(¢.) 9(gy)
0(g,) is the three-dimensional delta function of the wave vector transferred to the
target.

It should be noted that in the book [14] the nonnormalized structure factor of a
cell is used.

8.3.1.3 Structure Factor of a Two-dimensional Crystal

In going to a two-dimensional case (we assume that a two-dimensional single
crystal lies in the xy plane, the z coordinate is fixed: z = zp; graphene), when:

qr; =g:z0 +q) p);

for the structure factor of the target by analogy with the three-dimensional case
we have
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(8.36)

where p; is the radius vector of an atom in the plane of the two-dimensional crystal,
p=(x,y),o?% (q”> = 5(qx) 6(gy) is the two-dimensional delta function, n, is the

two-dimensional concentration of atoms, u is the root-mean-square deviation of
atoms from the equilibrium position. The case u = 0 corresponds to going to a
perfect crystal.

In Fig. 8.12 the crystal structure of graphene is presented.

The following values are introduced: a = \/§ ap = 0.246 nm is the lattice
constant for graphene, @y = 0.142 nm is the distance between the nearest atoms
(the distance between the atoms in a unit cell, graphene has rwo atoms in a unit cell).

8.3.1.4 Structure Factor of a Unit Cell of Graphene

We assume that an atom A (Fig. 8.12) is at the origin of coordinates, then

1 .
S(q) = 3 [l +exp(iqrg)]. (8.37)
From Fig. 8.12 it follows that
rp = z e +1 e
B — 3 1 3 2

V3a

2

where e; = ( - %) and e; = (0, a) are the basis vectors if the y-axis is directed

straight down. Displacing a unit cell by these vectors, it is possible to reproduce the
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whole crystal lattice of graphene. Then for the graphene reciprocal lattice vectors
we have

g = (4n/\/§a,0), g = (2n/\/§a,2n/a), (8.38)

so €; g; = 27 ;; according to the definition of the reciprocal lattice vector.
In the Cartesian coordinates (yp = 0) it can be written:

8rp = 8«Xp + 8y Y = 8xXp = gxa/\/§7
where the reciprocal lattice vector is:
g=n1g +mg,, (8.39)
ny are the integers and

&y = Ny gix + N2 g0y

Thus the scalar product included in determination of the structure factor of a unit
cell of graphene (Eq. 8.37) is

4 2
grp :?” n +7”n2. (8.40)

Accordingly, the structure factor of a unit cell of graphene is

S(g) :% [1 +exp(i (2 +n2)2{)} (8.41)

Hence for the squared absolute value of the structure factor of graphene we find

IS(g)” = % {1 + cos (%n (2n; + nz))] . (8.42)

The magnitude of the graphene reciprocal lattice vector can be determined in
view of the above expressions:

dn
glny, m) = E \/n? +n3+nin. (8.43)
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The two-dimensional concentration of graphene atoms that is included in the
structure factor of the two-dimensional crystal is

N(rell

ng = .
Scell

The number of atoms in a unit cell of graphene is N..;; = 2, the area of a unit cell

. 2
is Scenr = \/§2a , SO

4
V3a®

Let us consider bremsstrahlung arising as a result of electron scattering by the
two-dimensional plane of graphene. The geometry of the process is shown in
Fig. 8.13.

(8.44)

ny =

8.3.2 Cross-Section of Polarization Bremsstrahlung
on a Carbon Atom

The cross-section of polarization bremsstrahlung on an atom, differential with
respect to the frequency and the solid angle of photon escape, is

2

(PB) 2 2—q’
= otk B2 (), g

dw dQy - % v (q2 — 2kq)2 c

(8.45)

where a(w, q) is the generalized dynamic polarizability of an atom, s = k/|k| is the
unit vector in the direction of photon emission.
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Fig. 8.14 The normalized form factor of a carbon atom, the X-axis is plotted in atomic units

In the multiplicative approximation the generalized dynamic polarizability of an
atom is expressed in terms of the dipole polarizability and the atomic form factor:

o(w, q) = o(w) Fg), (8.46)

where F(gq) is the atomic form factor normalized by the condition F(g = 0) = 1.

To calculate the atomic form factor F(g) that within the framework of the
multiplicative approximation defines the dependence of the generalized polarizability
of an atom on the value of a transferred momentum (of a wave vector), it is
convenient to use the Slater wave functions of atomic orbitals. As shown in the
work [15], the form factor calculated in such a way differs from its Hartree-Fock
analog by no more than units of percents. Corresponding formulas look like:

2 u
F(q) :% ZNJ'Q(%ﬁfaﬂj)v 0(q, b 1) = % Sin{zuatan(zi)}

where N; is the number of equivalent electrons in the j th atomic shell, f and y are the
Slater parameters of atomic shells.

The normalized form factor of a carbon atom calculated according to the above
formulas is presented in Fig. 8.14 as a function of the magnitude of the transferred
wave vector g. The nonmonotonicity of decrease of the form factor with growing
value gis connected with the shell structure of an atom. Corresponding to high values
of g is the contribution to F(g) of the inner shell of a carbon atom with the principal
quantum number n = 1. Corresponding to small values of ¢ is the second (outer)



8.3 Bremsstrahlung of Fast Electrons on Graphene 229

atomic shell. A bend of the dependence F (q) atg =~ 1 corresponds to transition from
one electron shell to another.

Since the dynamic polarizability of an atom is a complex value, the real and
imaginary parts of which are related by the Kramers-Kronig relations, it is convenient
to begin its calculation with the imaginary part. To obtain the frequency dependence of
the imaginary part of the dipole polarizability, we proceed from its relation with the
cross-section of radiation absorption o, () given by the optical theorem:

Im((w)) = % (). (8.47)

In this book, to determine the spectral dependence of the photoabsorption cross-
section o, (), the data on the radiation absorption coefficient given at the Internet
site of the Berkeley National Laboratory are used.

The real part of the atomic polarizability can be restored by the known imaginary
part with the use of the Kramers-Kronig relation that for calculations is convenient
to be presented as follows:

Re(a(w)) = do'. (8.48)

2 T olm(a(w)) — o'Im(a(w’))
T ) 0?2 — w'?

This equation, due to the presence of the second summand in the numerator of
the integrand, allows calculation of the principal-value integral appearing in the
standard form of the Kramers-Kronig relations in terms of a punctured integral with
a “puncture” eliminating the singularity of the integrand, which is convenient in
practical calculations. At high frequencies the imaginary part of the polarizability
decreases as » /2, so the integral on the right side of the equation converges well at
infinity.

The results of calculation of the dynamic polarizability of a carbon atom are
presented in Fig. 8.15. Given for comparison in the same figure is the number of
electrons in a carbon atom, tending to which in the high-frequency limit is the real
part of the atomic polarizability normalized to the polarizability of a free electron
with the opposite sign: a(w) — a(w)/(—e*/mw?).

From this figure it is seen that in the high-frequency limit the imaginary part of the
polarizability tends to zero. The peculiarities on the curves of Fig. 8.15 correspond to
potentials of ionization of electron subshells of a carbon atom.

8.3.3 Polarization Bremsstrahlung on Graphene

If the expression for the structure factor of graphene (Eq. 8.36) is substituted in the
general formula for the cross-section of bremsstrahlung on a polyatomic target
(Eq. 8.34), two terms will appear in the Bs cross-section that correspond to the
incoherent (the first summand on the right side of Eq. 8.36) and coherent (the second
summand on the right side of Eq. 8.36) parts of the structure factor.
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Fig. 8.15 The real (solid curve) and imaginary (dotted curve) parts of the dynamic polarizability
of a carbon atom multiplied by the squared frequency, the Y-axis is plotted in dimensionless units,
minus in the definition of the Y-axis relates to the real part and plus relates to the imaginary part of
the polarizability

8.3.3.1 Incoherent PBs on Graphene

Substituting Eq. 8.36 in Eq. 8.34, we find that the cross-section of incoherent PBs
on a target (in terms of one atom) is

1 do*l(,ii)h e ¢
N doddy mm]“w—k”‘”)
2 2
2 2 [s,wv/cz—q} \?
x (1 —exp(—u” q°)) T - 2%’ (c) a(w, q)| dq.
(8.49)

Integration on the right side of this equation with respect to the angles of the
vector q in view of the presence of the delta function gives:

Gmax

1 dG(PB)h 262 dq 2 2 2
— incoh  __ g v, : 0 (1 -y ) ) , 7
N dwdQy, nv?cdho J q o(g, v, @, 0) ¢ |a) a(w C])|

Gmin

(8.50)

where

Qmin(wav’g) = 8 (1 - X cos 0), qmax = 2:“ V/h,
\'% C
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 is the reduced mass of an electron and a target atom, 0 = angle(k, v) is the
radiation angle,

s,a)v/c2 —q}z

v
[w(q,V,Cl), 0) qz JdQ 5(0) kv + qV) [(qz _9 kq)2 (851)

is the dimensionless kinematic integral calculated in the explicit form in [5], dQq is
the element of the solid angle around the vector q. In the nonrelativistic limit v<<c
the kinematic integral looks like

1 + cos?6 o \? 1—3cos20
I 0) 2 —ouv— _) — 8.52
sb‘(q,V, CL), ) 2 + <q V> 2 ( )

In the general case the kinematic integral can be represented as a function of
three variables /,(q, v, ®,0) = I}(x =gqc/ow,f =v/c,0), where

xzfl (x7ﬁa 6)

i‘ﬂ(x’ﬁve):Ayz(x ﬁ 9) %

(8.53)

f(x,8,0) 1

A (x,8,0) ]

fi=(*+2Fcos0) [( — ) cos?0 + (¥ — ﬁ)zsinze}
2

),

fz—x + 22X cos 0, x—qmm —[3 I — cos,

2
A= ( 2-2(1—”;9)) +41;2ﬁ2 sin0.

In the relativistic limit (f — 1) the function Ila (x, ,0) has a sharp maximum in
fulfilment of the equation Xy, = /2 (1 —cos0/f) = 2 sin(0/2), and the sharp-
ness of the maximum increases for wide radiation angles § — 7. This maximum
corresponds to exit of a photon “to the mass shell” in case of propagation of an
electromagnetic field in a medium.

+ 4 sin?0 cos 0 (¥ — B) (¥* —

8.3.3.2 Coherent PBs on Graphene

The cross-section of coherent PBs on a two-dimensional periodic structure, which
is graphene, (in terms of one atom) is
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1 dogy) & e (2)'n, @y
N dodQ,  ho w2v \¢/ °

Z o (gta,) |S(g)|2 Ja(w —kv+gv+ag.v:)
g

[s, v/ — (g +q,)]°

5 (o, g+ q. )| dg.. (8.54)
(e+a.) —2k(g+a,))

In derivation of this expression it was taken into account that integration with

respect to the two-dimensional delta function o (qH — g) gives:

q =8, (8.55)

and there remains integration with respect to the component of the wave vector dq,
transferred to the target, this component being normal to the graphene plane, the
said integration is also “removed” due to the presence of the delta function
o0(w —kv+gv+ g.v,) under the sign of integration. As a result, we find a fixed
value for the normal (to the graphene plane) component of the wave vector
transferred to the target as a function of the problem parameters:

w—Kkv

¢ = —gtgh + (8.56)

vcosy

This value should be substituted in the expression for the coherent PBs cross-
section (|q, | = ¢,). Taking into account the fact that (q, g) = 0 and in view of the
relation (8.46), we obtain for the differential spectral-angular cross-section of
coherent PBs on graphene the following expression:

coh

N dodQy  cosy

x e s
g

1 de"® dng [\ o! |oe()[*
hiw c3v?

2
P(g’ ka qL)v (857)

()

where

P(g7 ka ql)
_ (“(’—2")2 + g%+ q2 —22% (g siny +q. cosyy) — [2¥ cosO — g sina — g cosoc]2

)

(gz +q>—-22(gsina+gq. cosoc))2
(8.58)
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T
S(g) = cos? (5 @ +m)), lg] = glm, n2) = <= \/md + 13+ nimz

4n

V3a
4

V3a?'

cos = cosa cosy + cos p sina siny, ng =

and

1—(v/c) cosB
L= gty +o—tL
@ 818y v cos Y
Summation over the reciprocal lattice vectors g implies summation over the
integers nj > defining the magnitude of g.
It should be noted that in contrast to coherent PBs in a three-dimensional single
crystal, when the radiated frequency is fixed by the condition

6 ____ 8V 8.59
Dmax 1 —pBcos0’ (8.59)
hence we find for a cubic crystal (1,3 are the integers):
o) = gV (n siny cosp +ny siny sinp +n3 cosy) ’ (8.60)
1—pfcosf

the frequency of coherent PBs in a two-dimensional single crystal is not a fixed value.
Nevertheless, in the two-dimensional case with fulfilment of certain conditions (see
below) the PBs spectrum has sharp maxima. The frequencies of these maxima are
defined by the zeros of the denominator P(g, k, ¢.) in the expression for the coherent
PBs cross-section (Eq. 8.57).

For the denominator P(g, k, ¢,), taking into account the explicit form of ¢,,
we find:

g4

{(g%)zé[é — 23 cosa cos ]
2

+2 @ cos i [cos o sinyy — sinoz—étglp] + 1} , (8.61)
gV B

where the contracted notations 0 = 1 — f§ cos 0, f = v/c are introduced, and the
cosine of the radiation angle is cos @ = cos o cos iy + cos ¢ sina siny.

For the zero angle of electron incoming into the graphene plane (y = 0) the
expression for the denominator is simplified to the form:
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Den(w, o,y =0,,0 = )
2

2
—g4{<w> (1—ﬁcosa)(1—3ﬁcosa)—2ﬁwsinoc—l—l} .
gv gv

(8.62)

The resonance condition for the coherent PBs cross-section in the general case
looks like

Den(w, a,y, f,0) = 0. (8.63)

If this equation is solved with respect to the radiation frequency, the following
expression for the frequency of a spectral maximum in coherent PBs on graphene
will be obtained:

wmax - g VF(U(O(a Wa Ha ﬁ) (864)

Here the dimensionless function is introduced:

Fo(o,,0, )
cos (B sino + & tgy — B sinyy cosa) + sign(d — 2 fcosa cos ) VD
- 0(6 — 2 Bcosa cosy) ’
(8.65)

where d = 1 — f cos 0, f = v/c,D = cos?yy (f sino + 1g & — f siny cosa)” — &
(0 —2fcosa cosyy) and

1 for x>0
sign(x) =¢ 0 forx=0.
—1 for x<0

In case of the zero angle of electron incoming into a two-dimensional single
crystal (y = 0), we have the following expression for the function determining the
dependence of the resonance frequency of radiation on the electron velocity and the
angle of photon emission:

Fo(¥ =0)

p sino + sign(1 — 3 f cos o) \/(ﬁ sina)® — (1 — f cosa) (1 — 3f cosa)
- (1 =pcosa)(l—3pcosa)

(8.66)
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Fig. 8.16 The dependence of the discriminant (8.67) defining the resonance frequency of PBs for
the zero angle of electron incoming = 0 on the electron velocity (.y o< r3.) for different radiation
angles a: solid line — oo = 0, dotted line — o. = n/4, dashed line — o. = n/3, dotted-dashed line
o = Tm/2

For the positiveness of the discriminant in this expression
Do, f) = (f sina)® — (1 — f cosa) (1 — 3 cos ), (8.67)

that is, for existence of a resonance frequency of coherent PBs the fulfilment of the
condition is required:

(8.68)

>p> .
2 coso— 1 2 coso+ 1

Following hence is the necessary condition of the presence of a resonance
2 coso+1>1, that is, a<m/2 — radiation should go to the top hemisphere z >0
(see Fig. 8.13).

The dependence of the discriminant (8.67) on the electron velocity for different
radiation angles for the zero angle of electron incoming is presented in Fig. 8.16.

From this figure it is seen that with increasing radiation angle the range of
electron velocity values decreases, in which the discriminant is positive, that is,
there is a resonance in the cross-section of coherent PBs on graphene. For the angle
o = 7/2 this range comes to the point v = c.

If the equation 1 — 3f cosa = 0 is satisfied, then, as follows from the formulas
(8.64) and (8.66), the resonance frequency of coherent PBs becomes infinite, that is,
a resonance is absent. So the equation
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1 1
= >
3cosoc< 2 coso+ 1

p for a < n/2> (8.69)

means the absence of a resonance. In turn, it is possible if o< arccos(1/3).

Thus the analysis of coherent PBs in case of normal electron incoming has
shown in particular that for small enough radiation angles o< arccos(1/3) with the
condition 3 cos o = ¢/v satisfied spectral resonances in radiation are absent since
the resonance frequency becomes infinite.

It should be noted that if the discriminant (8.67) is negative, but is close to zero,
the cross-section of coherent PBs on graphene also has maxima, but not so sharp as
in case of the positive discriminant.

The total cross-section of electron PBs on graphene in terms of one atom is equal
to the sum of the incoherent and coherent parts:

PB PB
l dO-(PB) — l dO—I(nCO)/’l + l do-f‘oh) (8 70)
N dodQ N dodQ N dodQ’ :

8.3.4 Static Bremsstrahlung on Graphene

The expression for the cross-section of static bremsstrahlung of a relativistic
charged particle on an atom (without its excitation) in the first Born approximation
looks like [16]:

daeolB 1

2 2
% oo (Pr) (M _F 2
do dOy A whel e (p> <m,,> Jdg"f [1 = Falq)] J<pr)’ ®.71)

where m,, is the mass of an incident particle and J (pr) is the dimensionless

function determined by the equations:

2 N2
J(pr) = (hcj)4 {(i—;) (4 el — (hqc)z) sin’¢/

Di ? 2 Z(Ew)z
+ <—) (4 sfz — (higc) ) sin?0 + = (pl2 sin0 + p? sin26’)
K; K Kf ’

_ “pipy [2(?,2 + g?)—(hqc)z} sin 0'sin 0’ cos <p},
Ki Kr ’

K= ¢&f/c — c(kp;) /o, 1Ky = ¢ /c — C(kpf) /o,
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hg = \/(hk)z + pi2 + p}% — 2pihik cos 0 + 2pghik cos 0 — 2pipy (cos 0cos @ + sin0sin ' cos <p),

¢’ is the angle between the vectors pr andk, @ is the angle between the planes p; k

and ps Kk, r, = m‘—fz

The approximate formula for the differential cross-section of SBs on an atom
looks like:

v 2 ‘max ~
do98 NLZZ €® (1 + cos?0) (1 -©) ) ! (1 —F(q))2

do dQx T p2hoved (1—%c059)2 q
qmin

dq, (8.72)

where

Qmin(w,v’e) = 9 (1 - X Ccos 0)7 qmax = 2,“ V/ha
\% C

u is the reduced mass of an electron and a target atom, 6 = angle(k, v) is the
radiation angle.

The expression (8.72) has a characteristic error of 10-30 % in comparison with
the formula (8.71). In derivation of Eq. 8.72 the approximate equation for electron
energy change during bremsstrahlung was used:

g — & ~h(q—Kk)v.
In the nonrelativistic limit v<<c from the expression (8.72) the equation follows:
qmax ~
do98 1 7265 (1 + cos?0) J (1 —F(q))2

do dQx ~ n  mPhov?d q

dq. (8.73)

Gmin

For the incoherent part of the cross-section of SBs on graphene (in terms of one
atom) we have:

v 2 max ~
i 409" %lzzw(] +cos?0) (1 - () ) ! (1 —F(q))z(
NdodQx ™ n m2hovied (1-2cos)’ q

Gmin

1— exp(—u2 qz)) dq.

(8.74)

Given in Figs. 8.17 and 8.18 is the comparison of the spectral cross-sections of
PBs and SBs on a carbon atom and incoherent PBs and SBs on graphene for an
electron velocity of 100 a.u. (this velocity corresponds to an incident electron energy
of 240 keV).
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Fig. 8.17 The comparison of the spectral cross-sections of PBs (solid curve) and SBs (dotted
curve) of an electron with a velocity of 100 a.u. scattered by a carbon atom, the radiation angle is
6 = 30°, the abscissa is plotted in electron-volts, the ordinate is plotted in atomic units
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Fig. 8.18 The comparison of the spectral cross-sections of incoherent PBs (solid curve) and SBs
(dotted curve) of an electron scattered by graphene (in terms of one atom), v = 100 a.u., the
radiation angle is 6 = 30°

From Fig. 8.17 it is seen that in case of a carbon atom the PBs cross-section at the
maximum of the frequency dependence is about an order of magnitude less than the
SBs cross-section. This circumstance is explained by relatively low dynamic
polarizability of a carbon atom that defines the value of the PBs cross-section.
With growing electron velocity the relative contribution of PBs will increase since
the role of high impact parameters will increase.

The difference of incoherent channels of PBs and SBs on graphene is even more
(Fig. 8.18) and is about two and a half orders of magnitude at the maximum of the
spectral dependence of PBs. The latter circumstance is connected with the fact that
the polarization channel is formed at long distances from a target, the contribution
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of these distances to incoherent radiation is suppressed by the multiplier 1 — exp
(—u?* ¢%) that is small for ¢ < 1/u (low impact parameters).

8.3.4.1 Coherent SBs on Graphene

For calculation of the coherent part of SBs on graphene it is necessary to express the
cross-section of the process on an atom in terms of the integral with respect to the
transferred wave vector (:

10" o 72 e® (1 + cos?0) (1 — (%)2> J(l 71*:(‘1))25(00 —kv+qv)dq
7 |

do d% 21 jomlyed (1 —%cos@)2

(8.75)

Then the expression for the differential cross-section of coherent SBs on
graphene (in terms of one atom) looks like:

2 6 2 _ (v)?
1 dafg,f) _ Z% ¢® (1 4 cos®0) (1 () )nsze"z (£rq,)® S(e)P
N dow dQy hoom?vcl (1—%0050)2 e

[1-Fllg+q.))’
(g"'(h)z

X J(S(co —kv+gv+aq.v,) dq.. (8.76)

The calculation of the integral on the right side of this equation in view of the
delta function gives

| de'®® 72 ¢ (1 + cos?0) (1 - (%)2)
— —<h__ —fracd ngcos 2
N dw dQ o m?2v2 el (1—%0059)

~ 5 5112
o S o) s L WE ) (8.77)
g

P+ ’
where

1—(v/c) cosB
Vv cos Y

4
g(nl,l’lz): - n2+n2+l’lll’lz.
\/ga 1 2

In view of the last equation summation over the reciprocal lattice vectors g in the
formula (8.77) comes to summation over the set of the integers (n;, ny).

q. = —gtgy + o , cos ) = cosocosyy + cospsinasiniy,
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Fig. 8.19 The comparison of the cross-sections (in terms of one atom) of coherent and incoherent
PBs and SBs of an electron on graphene for an electron energy of 30 keV (v = 45 a.u.), y = 0 and
a radiation angle of 30°: solid curve — coherent PBs, dotted curve — coherent SBs, dashed curve —
incoherent PBs, dash-and-dot curve — incoherent SBs
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Fig. 8.20 The same as in Fig. 8.19 for an electron energy of 58 keV (v = 60 a.u.)

8.3.5 Comparative Analysis of Contributions of Different
Bremsstrahlung Channels in Electron Scattering
on Graphene

Let us calculate the contribution of different Bs channels in electron scattering on
graphene with the use of expressions obtained in the previous section. The results of
calculations are given in Figs. 8.19, 8.20, 8.21 and 8.22.

From Fig. 8.19 it follows that in case of a relatively low electron velocity of 45 a.u.,
which corresponds to the energy of 30 keV (at a specified radiation angle), spectral



8.3 Bremsstrahlung of Fast Electrons on Graphene 241

1x10°8 T T T T
1x1077

a.u. 1x10®
11070 1
1x10°10
1x10~M
1x10712

1x10713

110714

1x10-15 1 1 1 1
0 2x10°8 4x10° 6x10° 8x10° 1x10*

o, eV
Fig. 8.21 The cross-section of coherent PBs of an electron on graphene for an electron energy of

58 keV (v = 60 a.u.), y = 0 and different radiation angles: solid curve —30°, dotted curve — 60°,
dashed curve — 120°
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Fig. 8.22 The velocity dependences of coherent and incoherent PBs on graphene for the
normal incidence of an electron, a photon energy of 272 eV, and a radiation angle of 30°: solid
curve — coherent PBs, dotted curve — coherent SBs, dashed curve — incoherent PBs, dash-and-dot
curve — incoherent SBs

resonances in the spectral range under consideration in the coherent PBs cross-section
are absent. In this case coherent PBs prevails in the low-frequency region of the
spectrum /i < 1 < 1 keV, in the rest of the spectrum incoherent SBs prevails.
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With growing electron velocity maxima appear in the coherent PBs cross-section
at frequencies determined by the formulas (8.64) and (8.65) as seen from Fig. 8.20.
Now near resonance frequencies a prevailing radiation channel is coherent PBs.
With further increase of electron velocity the relative contribution of coherent PBs
grows: it becomes comparable with incoherent SBs even far from resonances.

Given in Fig. 8.21 is the comparison of spectra of coherent PBs on graphene for a
fixed electron velocity and different radiation angles.

It is seen that with growing radiation angle the maxima of the cross-section of
coherent PBs in the spectral range under consideration disappear, and the value of
the cross-section in a wide spectral range decreases.

The dependences of the cross-sections of different Bs channels on the electron
velocity are presented in Fig. 8.22. From this figure it is seen that coherent PBs on
graphene has sharp maximum and minimum. The velocity dependence of other Bs
channels is monotonic. Deep minima in the cross-section of coherent PBs on
graphene are caused by zeros of the function P(g, k, ¢.) (see the formula (8.58))
included in the expression for the cross-section (Eq. 8.57).

Thus the carried out analysis shows that the main contribution to bremsstrahlung of
an electron on graphene is made by coherent polarization Bs and incoherent static Bs.
It is found that the spectrum of coherent PBs of an electron on graphene for high
enough velocities and small radiation angles contains sharp maxima corresponding to
the vanishing denominator in the expression for the process cross-section. The spectral
maxima in the cross-section of coherent PBs in a certain region of parametric variation
take place in the angular and velocity dependences of the cross-section.
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