
Chapter 6

Bremsstrahlung of Fast Charged Particles

with an Electron Core in a Medium

6.1 Polarization Bremsstrahlung of a Hydrogen-Like

Ion in a Crystal

6.1.1 Introductory Remarks

In scattering of a fast ion in a medium, ordinary (static) bremsstrahlung caused by

acceleration of an incident particle (IP) in the field of a target is suppressed because of

the high mass of an ion. So the prevailing mechanisms of photon emission in this case

are connected with excitation (real or virtual) of electronic degrees of freedom of

colliding particles. In emission of high-energy photons with an energy of the order of

the IP kinetic energy,when amomentum transferred in collision is great in comparison

with the characteristic momenta of bound electrons, considered as main mechanisms

of radiation, as a rule, are processes with changing state of an electron subsystem.

Among these processes are radiation ionization, emission of secondary electrons, and

radiation electron capture [1]. In the spectral region far from the kinematic limit, when

the characteristic transferred momentum is not great, and the photon frequency is of

the order of the frequencies of excitation of bound electrons of colliding particles, it is

necessary to take into account radiation caused by virtual excitation of electronic

degrees of freedom without change of an electronic state. This kind of radiation

defined by the dynamic polarizability of a target and an IP was called polarization

bremsstrahlung [2].

PBs is a fundamental radiative process representing the conversion of the

electromagnetic eigenfield (a virtual photon) of one of colliding particles to a real

photon on the electron shell of another particle. In the case that both particles have

electronic degrees of freedom, radiation can proceed by two channels according to

on whose bound electrons the conversion of a virtual photon occurs. Thus, generally

speaking, “target” PBs caused by the polarizability of target atoms (channel 1) and

PBs of an incident particle caused by virtual excitation of an IP electron (channel 2)

take place. The schematic representation of two PBs channels is shown in Fig. 6.1. It

should be noted that the first PBs channel was studied by different authors both for a
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case of collision of a pair of particles and in scattering in a medium [3–8]. The role

of the second PBs channel is studied much less. Both PBs channels were first

calculated in the works of M.Ya. Amus’ya with co-authors [2, Chap. 7].

In going to consideration of PBs of an ion with an electron core in a crystal, it is

necessary to take into account collective effects caused by a possibility of coherent

interaction of an IP with a target. This problem becomes especially urgent in

connection with further improvement of methods of producing fast ion beams

with specified characteristics including beams of multiply charged hydrogen-like

ions [1]. Various aspects of interaction of such ions with a substance have been

intensively studied in recent years [9, 10]. In particular, coherent excitation of a

hydrogen-like argon ion in a single crystal was investigated experimentally [11], in

which a momentum multiple of the momentum of a reciprocal lattice is transferred

to a target (the Okorokov effect). Since PBs can be considered as a process of

virtual excitation of a subsystem of bound electrons with their following radiation

deexcitation, it is natural to expect that coherent effects such as the Okorokov effect

are to show themselves in polarization bremsstrahlung as well.

6.1.2 Bremsstrahlung in a Polycrystal

The expression for PBs on a target due to virtual excitation of a medium electron in

a polycrystal was derived in [5]. In this case the frequency-angular distribution of

photon yield per unit length is given by the sum of the incoherent and coherent

contributions:

dNt

dl do dOk

¼ dN
incohð Þ
t

dl do dOk

þ dN
cohð Þ
t

dl do dOk

: (6.1)

Fig. 6.1 (a) PBs by the first channel (target PBs), (b) PBs by the second channel (PBs from an IP)
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Incoherent PBs on a target is described by the formula:

dN
incohð Þ
t

dl do dOk

¼ 2 nt
e2

�ho
o2at oð Þ�� ��2
p v2 c3

�

�
ðqmax

qmin

1� exp �u2 q2
� �� �

Z proj � Fproj q1cð Þ� �2
F2
t ðqÞ I’ q; v;o; yð Þ dq

q
; ð6:2Þ

wherent,at oð Þ,FtðqÞ are the concentration, the dynamic polarizability, and the form

factor of target atoms; v,Z proj,Fproj are the velocity, the nuclear charge number, and

the form factor of an incident ion (IP);o,k are the frequency and the wave vector of
radiation in the target rest frame, y is the angle between v and k in the same rest

frame; �hq is the momentum transferred from an IP to the target, �hq1 is the change of
the IP momentum, �hq1c is the same value in the IP rest frame; u is the root-mean-

square deviation of target atoms from the equilibrium position; c is the velocity of

light; qmin ¼ 1� v c=ð Þ cos yð Þ o v=ð Þ, qmax ¼ 2 m v, m is the target IP reduced mass;

I’ q; v;o; yð Þ ¼ q3 v

2 p

ð
dOq d o� kvþ qvð Þ s;o v c2

� � q
� �

2

q2 � 2 k qð Þ2 ; s ¼ c k o= ; (6.3)

is the integral with respect to the solid angle connected with the momentum transfer

vector. This integral in the nonrelativistic limit takes the form

I’ q; v<<c;o; yð Þ ffi 1þ cos2y
2

þ o
q v

� 	2
1� 3 cos2y

2
: (6.3a)

The formula (6.2) describes PBs on a target without excitation of bound

electrons of the target and an IP – so-called “elastic” PBs.

The coherent part of PBs on a target is given by the following expression [5]:

dN
cohð Þ
t

dl do dOk

¼ 2 n2t
e2

�ho
o2 at oð Þ�� ��2
p v2 c3

X
g

NðgÞ Y gv� o 1� v

c
cos y


 �
 �
�

� exp �u2 g2ð Þ
g3

F2
t ðgÞ I’ g; v;o; yð Þ

ð2 p
0

Zproj � Fproj g1c fð Þð Þ� �2
df : (6.4)

There is the sum over the magnitudes of the reciprocal lattice vectors g, NðgÞ is
the number of these vectors with a specified magnitudeg;’ is the azimuth angle ofg.

In Eq. 6.4 averaging over the g direction is made to describe the contribution of all

polycrystalline cells to the process. The theta function YðxÞ expresses the law of

conservation of energy-momentum in radiation.

The expression for PBs of an IP (projectile) in a polycrystal can be derived with

the use of the approach proposed in [2, Chap. 7] for description of PBs in atom-atom
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collisions in the relativistic case. Generalization of this approach to scattering in a

polycrystalline medium gives the following expression for the incoherent channel:

dN
incohð Þ
proj

dl do dOk

¼ nt
e2

�ho
ooc aproj ocð Þ�� ��2

p v2 c3
1þ cos2yc
� ��

�
ðqmax

qmin

F2
proj q1cð Þ Zt � FtðqÞ½ �2 1� exp �u2 q2

� �� � dq
q
; (6.5)

where aproj ocð Þ is the dynamic polarizability of an IP at the frequency in the IP rest

frame and yc as a radiation angle in the IP rest frame. These values are connected

with their analogs in the target rest frame according to the relations:

oc ¼ go 1� v c=ð Þ cos yð Þ; cos yc ¼ cos y� v c=

1� v c=ð Þ cos y ; (6.6)

where g ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v c=ð Þ2

q
:.

The coherent channel of PBs of an IP is described by the formula:

dN
cohð Þ
proj

dl do dOk

¼ n2t
e2

�ho
ooc aproj ocð Þ�� ��2

p v2 c3
1þ cos2yc
� ��

�
X
g

NðgÞ Y gv� o 1� v

c
cos y


 �
 � exp �u2 g2ð Þ
g3

� Zt � FtðgÞ½ �2
ð2 p
0

F2
proj g1c fð Þð Þ df : ð6:7Þ

Total PBs on an IP is given by the sum of Eqs. 6.5 and 6.7 as in the case of PBs

on a target Eq. 6.1.

Let us consider a hydrogen-like incident ion. The eigenfrequencies of its bound

electrons are given by the Bohr formula (the initial state of an IP electron is

supposed to be the ground state):

on ¼ Z2
proj Ry 1� n�2

� �
; (6.8)

where Ry ¼13.6 eV and n is the principal quantum number. The IP form factor is

Fproj q1ð Þ ¼ 1

1þ aproj q1 2=
� �2
 �2 ; (6.9)
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where aproj ¼ �h2 Zproj m e2
� ��

is the Bohr radius. The general expression for the

dynamic polarizability of an IP has the usual form:

aproj ocð Þ ¼ e2

m

X
n

fn
o2

n � o2
c

; (6.10)

where fn are the oscillator strengths that in case of a hydrogen-like ion have

universal values independent of the charge number Zproj. Small imaginary additives

in the denominators on the right side of the Eq. 6.11 are omitted since further we do

not consider the exact resonance when oc ¼ on.

At first, let us compare the contributions of the coherent and incoherent channels

to PBs on a target and an IP. Figure 6.2 demonstrates this comparison for two values

of radiation angles in case of scattering of a hydrogen-like argon ion in polycrys-

talline aluminum (R ¼ dN cohð Þ dN incohð Þ�
).

The ratio R in Fig. 6.2 is shown as a function of the IP kinetic energy T for the

specified photon energy �ho ¼ 6 keV. The curves 1, 2 correspond to PBs on a target,

the curves 3, 4 correspond to PBs on an IP. It can be seen from Fig. 6.2 that in case

of PBs on a target the coherent channel prevails over the incoherent channel

(R > 1), while for PBs on an IP there is an opposite situation (R < 1). The latter

is due to the fact that in case of PBs on an IP an incident ion should approach the

target nucleus to interact with it. But at such small distances the coherent interaction
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Fig. 6.2 The ratio between the coherent and incoherent contributions to PBs of an incident Ar17+ ion

in aluminum: 1 – PBs on a target (y ¼ p/2); 2 – PBs on a target (y ¼ p/6); 3 – PBs on an IP (y ¼ p/2);
4 – PBs on an IP (y ¼ p/6)
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between an IP and the solid target is weak. During PBs on a target an incident ion

interacts with target electrons. This interaction occurs at long distances (if the

radiation frequency is not very high), so then coherent IP scattering by the target

is strong enough. Coherent PBs leads to appearance of a distinct stepped structure

on the curve 1. This structure is due to the presence of theta functions in the

formulas (6.4), (6.7) that correspond to turning of the additional reciprocal lattice

vector in the process with increasing IP kinetic energy.

Figure 6.3 demonstrates the spectra of PBs of an Ar17+ ion scattered in polycrys-

talline aluminum for the IP (curve 1) and target (curve 2) channels. There is also the

spectrum of electron bremsstrahlung on the same target (curve 3).

In Fig. 6.3 the presence of sharp and relativelywidemaxima in the spectrumof PBs

on an IP can be seen (curve 1). These maxima correspond to fulfilment of the resonant

conditions in the denominators of the expression for the dynamic polarizability of an

IP (Eq. 6.10) in case of a hydrogen-like incident particle. Due to the Doppler effect

(the first equation in Eq. 6.6), the resonance frequencies in the laboratory reference

system depend on the IP energy and the radiation angle according to the formula

omax n; v,yð Þ ¼ on

g 1� v c=ð Þ cos yð Þ ; (6.11)

where on is the eigenfrequency of a bound electron of an IP (Eq. 6.8), g is the

Lorentz factor. The first spectral maximum in Fig. 6.3 corresponds to virtual

excitation of an IP electron to the excited state with n ¼ 2. According to the formula

(6.11), the resonant photon energy in this case (for specified values of T and y) is
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Fig. 6.3 The spectra of PBs of an Ar17+ ion in polycrystalline aluminum: 1 – PBs on an IP, 2 – PBs
on a target, 3 – electron bremsstrahlung; T ¼ 390 MeV/u (g ¼ 1.42), y ¼ p/6
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6,041 eV, while in the IP rest frame it is equal to 3,305 eV. As can be seen from

Fig. 6.3, in the vicinity of the maxima PBs on an IP strongly prevails over PBs on a

target and electron bremsstrahlung. In the high-frequency limit the curves 1 and 3

coincide. This has a simple physical interpretation. A bound electron interacts with

high-frequency radiation as a quasi-free electron. Therefore scattering of the IP

eigenfield by an IP electron to a real high-energy photon occurs as by a free electron.

The angular dependence of PBs on scattering of an Ar17+ ion in polycrystalline

aluminum (�ho ¼6 keV) is shown in Fig. 6.4 for two values of IP kinetic energy.

There are also sharp maxima due to dependence of the resonance frequency in

the target reference system on the radiation angle (Eq. 6.11). Radiation angles

corresponding to the maxima in the angular PBs distribution are given by the

formula:

ymax n;o; vð Þ ¼ arccos
c

v
1� o

gon

� 	
 �
; (6.12)

where on is the eigenfrequency of an IP electron (Eq. 6.8). It can be seen from

Fig. 6.4 that the angles of the maxima increase with increasing IP kinetic energy.

Presented in Fig. 6.5 is PBs from hydrogen-like argon as a function of the IP

kinetic energy for two values of the radiation angle. There are also sharp maxima in

these dependences that have the same reason as in the case of the spectral-angular

distribution of PBs. In this case, however, the first excitation frequency (Eq. 6.8)

(n ¼ 2) in the sum (Eq. 6.10) corresponds to the high-energy peaks on the curves 1, 2.
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Fig. 6.4 The angular dependence of PBs on scattering of an Ar17+ ion in polycrystalline aluminum,

�ho ¼ 6 keV: 1 – T ¼ 100 MeV/u, 2 – T ¼ 390 MeV/u

6.1 Polarization Bremsstrahlung of a Hydrogen-Like Ion in a Crystal 163



This is due to the fact that the radiation frequency in the IP rest frame decreases with

increasing IP kinetic energy according to the first formula (6.6).

It is shown that scattering of a fast multiply charged hydrogen-like ion in a

polycrystalline target results in intense radiation that has a sharp frequency and

angular dependence. This radiation arises due to scattering of the electromagnetic

eigenfield of a target to a real photon by a bound electron of an IP (IP polarization

bremsstrahlung). The PBs channel studied earlier due to scattering of the IP field to

a real photon by target electrons may be called PBs on a target. In contrast to PBs on

a target, the main contribution to PBs on an IP is made by the incoherent channel of

the process. In this item it is demonstrated that the frequency-angular features of

PBs on an IP strongly depend on the IP energy.

6.1.3 Bremsstrahlung in a Single Crystal

In this section we will consider a situation when a fast hydrogen-like ion with the

velocity v is scattered in a single crystal and emits a PBs photon with the wave

vector k in the geometry shown in Fig. 6.6.

The axes of the Cartesian coordinate system presented in this figure coincide

with the crystallographic axes of the target. The ion velocity is supposed to be high

enough, so that the first Born approximation for interaction of an IP with the target

can be used. As was mentioned at the beginning of Chap. 6, in the case under

consideration PBs proceeds by two channels: Eq. 6.13 due to virtual excitation of

target electrons and Eq. 6.14 as a result of virtual excitation of the electron core of
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Fig. 6.5 PBs from an Ar17+ ion in polycrystalline aluminum as a function of the IP kinetic energy,

�ho ¼ 6 keV: 1 – y ¼ p/6, 2 – y ¼ p/10
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an IP. In the first case scattering of the electromagnetic eigenfield of an incident ion

to a real photon by target electrons occurs, and in the second case, on the contrary,

there is scattering of the target eigenfield to a real photon by the electron core of an

IP (Fig. 6.1). The expressions for the cross-sections of these channels can be

obtained by summation of the contributions of PBs on different atoms (ions) of a

substance. In the case under consideration with a crystalline target for each of the

channels two types of the process are possible: the coherent process, when a

momentum from an incident particle is transferred to the crystal lattice as a

whole, and the incoherent process in case of pair interaction of an IP with atoms

(ions) of a medium. Thus there are four kinds of PBs in consideration: coherent PBs

on a target and an IP and incoherent PBs on a target and an IP.

To estimate the PBs value, it is convenient instead of the cross-section to use the

number of photons emitted by an IP per unit length in the unit frequency range and

to the unit solid angle. Then for coherent PBs by the first channel (Fig. 6.1а) the
following expression can be obtained:

dN
cohð Þ
t

dl do dOk

¼ n2t e
2

p �h v c3
X
g

S2 gð Þ d oþ gv� kvð Þo3 at oð Þj j2�

� exp �u2 g2
� �

~F2
t ðgÞ Zproj � Fproj g1cð Þ� �2 s;o v c2

� � g
� �

2

g2 � 2 k gð Þ2 : (6.13)

Here the following designations are introduced: nt is the concentration of target

atoms, e is the elementary charge, c is the velocity of light, S gð Þ is the geometrical

structure factor of the crystal, g is the reciprocal lattice vector,o is the frequency of

a bremsstrahlung photon,at oð Þ is the dynamic polarizability of target atoms, u is the

root-mean-square deviation of target atoms from the equilibrium position, ~FtðqÞ is
the normalized form factor of medium atoms, Zproj is the charge number of the IP

nucleus, FprojðqÞ is the form factor of the IP electron core, s ¼ c k o= is the unit

Fig. 6.6 The geometry of the

process
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vector in the direction of photon emission, g1 ¼ g� k, g1c is the reciprocal lattice

vector in the reference system connected with an IP.

In derivation of the formula (6.13) integration with respect to the transferred

wave vector q was performed in view of interaction of an IP with the target, which

resulted in the equation q ¼ g. The squared concentration of target atoms on the

right side of the Eq. 6.13 is indicative of the coherent behavior of the process.

The presence of the dynamic polarizability of target atoms in the formula (6.13)

reflects the fact that photon emission results from induction of a variable dipole

moment in target atoms during IP scattering. From the obtained expression it

follows also that in the limit u g > 1 coherent PBs is low since then the coherence

of IP interaction with a crystal lattice is violated.

The expression for incoherent PBs by the first channel looks like:

dN
incohð Þ
t

dl do dOk

¼ 2 nt
e2

�ho
o2at oð Þ�� ��2
p v2 c3

ðqmax

qmin

1� exp �u2 q2
� �� �

Zproj � Fproj q1cð Þ� �2 ~F2
t ðqÞ If q; v;o; yð Þ dq

q
; (6.14)

where qmin ¼ 1� v c=ð Þ cos yð Þ o v=ð Þ, qmax ¼ 2 m v �h= are the minimum and maxi-

mum transferred vectors, m is the reduced mass of an IP and an electron,

If q; v;o; yð Þ ¼ q3 v

2 p

ð
dOq d o� kvþ qvð Þ s;o v c2

� � q
� �

2

q2 � 2 k qð Þ2 (6.15)

is the dimensionless integral that in the nonrelativistic limit is equal to:

If q; v<< c;o; yð Þ ffi 1þ cos2y
2

þ o
q v

� 	2
1� 3 cos2y

2
; (6.16)

y is the angle between the IP velocity vector and the wave vector of a

bremsstrahlung photon (the radiation angle).

In contrast to coherent radiation (Eq. 6.13), incoherent PBs (Eq. 6.14) is propor-

tional to the concentration of medium atoms in the first degree and grows with the

parameter u.
With the use of the formulas for the cross-section of atom-atom PBs given in

[2, Chap. 7] it is possible to obtain the following equation for the number of photons of

coherent PBs in a single crystal by the second channel (Fig. 6.1b):

dN
cohð Þ
proj

dl do dOk

¼ n2t e
2Z2

t

p �h v c3
1þ cos2yc
� � X

g

S2 gð Þ d oþ gv� kvð Þo o2
c

� aproj ocð Þ�� ��2 exp �u2 g2
� �

F2
proj g1cð Þ 1� ~FtðgÞ

� �2
g2
�

; ð6:17Þ
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whereZt is the charge number of nuclei of medium atoms. Appearing in the formula

(6.17), in contrast to coherent PBs by the first channel, is the dynamic polarizability

of the IP electron core aproj ocð Þ at the photon frequency in the reference system

connected with an incident particle:

oc ¼ go 1� v c=ð Þ cos yð Þ; (6.18)

where g ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v c=ð Þ2

q
: is the Lorentz factor. The expression (6.17) includes

also the cosine of the angle of photon emission in the IP reference system:

cos yc ¼ cos y� v c=

1� v c=ð Þ cos y : (6.19)

The formula for incoherent PBs by the second channel looks like:

dN
incohð Þ
proj

dl do dOk

¼ Z2
t nt

e2

�ho
ooc aproj ocð Þ�� ��2

p v2 c3
1þ cos2yc
� �

�
ðqmax

qmin

F2
proj q1cð Þ 1� ~FtðqÞ

� �2
1� exp �u2 q2

� �� � dq
q

: (6.20)

It should be noted that the form factors of medium atoms and IP are included in

the formulas (6.17), (6.20) for the second PBs channel differently than in the

analogous expressions (6.13), (6.14) for the first channel, which reflects the distinc-

tion in the processes of radiation by these channels (see Fig. 6.1).

The appreciable difference between the coherent and incoherent PBs channels is

that in the coherent case the radiation frequency is fixed for specified IP velocity,

angle of photon emission, and reciprocal lattice vector. This fact manifests itself in

the presence of a delta function in the formulas (6.13), (6.17), whence the equation

for the coherent radiation frequency (“coherent” frequency) follows:

og Nð Þ ¼ �g0Nv

1� v c=ð Þ cos y ; (6.21)

where the integer vector N ¼ N1; N2; N3ð Þ is introduced that is related to the

reciprocal lattice vector by the formula g ¼ g0 N1; N2; N3ð Þ, where g0 ¼ 2 p d=
(d is the lattice constant).

Since in the experiment the recording of photons is carried out with the use of a

photodetector with a finite frequency resolution, let us integrate the obtained
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expressions for coherent PBs (6.13), (6.17) using the spectral function of the

photodetector that we will choose in the form [8]:

fsp oð Þ ¼ 1ffiffiffi
p

p exp � o� orð Þ2
Do2

 !
; (6.22)

where or ¼ r e is the central frequency of the rth channel, Do is the spectral

resolution of the photodetector (e < Do).
After the said frequency integration we obtain the following expression for

coherent PBs by the first channel (see Fig. 6.1) recorded in the rth channel of the

photodetector [12]:

dN
cohð Þ
t

dl dOk

 !
r

ffi n2t e
2

p
ffiffiffi
p

p
�h v c3

X
N

S2 Nð Þo3
g Nð Þ at og Nð Þ� ��� ��2 exp � u g0ð Þ2 N2


 �

� exp � or � og Nð Þ� �2
Do2

 !
~F2
t g0 Nj jð Þ Zproj � Fproj g0 Nj jð Þ� �2

G s; v;N; g0ð ÞY �vNð Þ;

(6.23)

G s; v;N; g0ð Þ ¼ s; og Nð Þ v c2
� � g0 N

� �2
g20 N

2 � 2 g0 og Nð Þ s Nð Þ� �2 ; (6.24)

andY �vNð Þ is the Heaviside step function providing the positiveness of frequency
of an emitted photon.

The expression for coherent PBs by the second channel integrated with the use of

the spectral function of the photodetector (Eq. 6.22) looks like:

dN
cohð Þ
proj

dl dOk

 !
r

¼ Z2
t n

2
t e

2

p
ffiffiffi
p

p
�h v c3

g0 g2

1� v c=ð Þ cos y 1þ cos2yc
� �

X
N

S2 Nð Þ Y �vNð Þ �vNð Þ3 � aproj �g g0 vNð Þ�� ��2

exp � u g0ð Þ2 N2

 �

exp � or � og Nð Þ� �2
Do2

 !

� F2
proj g1cð Þ 1� ~Ft g0 Nð Þ� �2

N2
�

: (6.25)

Here the photon frequency in the reference system connected with an IP in the

argument of the dynamic polarizability of an IP is written out in the explicit form in

view of the Eqs. 6.18 and 6.21. In the formulas (6.23), (6.25) summation over the
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reciprocal lattice vectors are replaced by summation over the components of the

integer vector N ¼ N1; N2; N3ð Þ.
For incoherent PBs by the second channel after frequency integration with the

spectral function of the photodetector (6.22) the following approximate expression

can be obtained:

dN
incohð Þ
proj

dl dOk

 !
r

� Z2
t nt e

2

2
ffiffiffi
p

p
�h c

c

v


 �2 1þ cos2ycð Þ r2e
g2 1� v c=ð Þ cos yð Þ2

X
n

on

Don
f 2n

� exp � or � o labð Þ
n v,yð Þ� �2
Do2

( ) ð2mv
on g v=

1� exp �q2u2
� �� �

F2
proj q1cð Þ 1� ~FtðqÞ�2 dq q= ;

h
(6.26)

where o labð Þ
n v,yð Þ ¼ on

g 1� v c=ð Þ cos yð Þ is the IP eigenfrequency in the laboratory reference

system connected with a target, re ¼ e2 mc2
�

is the electron classical radius. The

derivation of the formula (6.26) was carried out under the assumption that Don<<Do
(Don is the spectralwidth of the line of the bound-bound transition in the electron core of

an IP). Besides, in Eq. 6.26 the cross terms appearing in squaring themagnitude of the IP

polarizability are omitted. For the polarizability of a bound electron the following

standard expression is used:

aproj ocð Þ ¼ e2

m

X
n

fn
o2

n � o2
c � ioc Don

; (6.27)

where fn, on are the oscillator strengths and the eigenfrequencies of transitions of a

bound electron of an IP from the ground state to the exited states. We assume that

the IP core during the process is invariably in the 1 s-state.

The spectral dependence of incoherent “target” PBs (the first channel) is rather

weak, so integration of its spectrum with the tool function of the photodetector

(Eq. 6.22) will result in multiplication of the primary expression (6.14) by the

parameter Do.
Let us use the obtained formulas for calculation of spectral, velocity (on the IP

velocity), and angular dependences of four kinds of PBs arising in scattering of a

hydrogen-like Ar17þ argon ion in a silicon single crystal. In this case for the

geometrical structure factor of the crystal the equation is true [13]:

S gð Þ ¼ 1

4
cos

p
4

N1 þ N2 þ N3ð Þ
h i

1þ cos pN1ð Þ þ cos pN2ð Þ þ cos pN3ð Þf g;
(6.28)
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where Nj are the integers that mark out nonzero terms in the sum over N in the

expression for coherent PBs (6.23), (6.25).

For the parameters of the polarizability of a bound electron of an IP being in the

ground 1s-state and of its form factor we use the known hydrogen-like formulas [14]:

on ¼ Z2
proj

n2 � 1

2 n2
a:u:; fn ¼ n5

28 n� 1ð Þ2n�4

3 nþ 1ð Þ2nþ4
; (6.29)

Fproj q1ð Þ ¼ 1

1þ aproj q1 2=
� �2
 �2 ; aproj ¼ �h2 Zproj m e2

� ��
: (6.30)

In the formulas (6.29) n is the principal quantum number of the electron core of

an IP. Fine splitting of energy levels is neglected. To be specific, in calculations the

natural broadening of transitions of an IP electron in the discrete spectrum is

assumed, then

Don ¼ An ¼ Z4
proj

27 n n� 1ð Þ2n�2

9 c3 nþ 1ð Þ2nþ2
a:u:; (6.31)

where An is the Einstein coefficient for a spontaneous transition.

It should be noted that using the formulas (6.29) that take into account only

transitions in the discrete spectrum is justified by the fact that the contribution of the

second PBs channel from bound-free transitions in the IP core is small.

The calculation of the dynamic polarizability and form factors of target atoms is

described in detail in the work [5].

Presented in Fig. 6.7 are the dependences of four kinds of PBs at the

central frequency of the photodetectoror calculated by the formulas of the previous

section for a case of scattering of a hydrogen-like Ar17þ argon ion (the IP velocity

v ¼4 6.65 a.u.) incoming along the crystallographic axis 2 (the input angle a ¼ 0,

see Fig. 6.2) into a silicon single crystal. For short, we will call these dependences

spectral. The radiation angle y is supposed to be 120�, and the spectral resolution

of the photodetector is taken equal to 3 a.u. (Do¼81.6 eV). From the figure it

follows that the spectra of coherent PBs by the first and second channels are sets

of maxima, the position of which, according to the formula (6.21), is defined by

the reciprocal lattice vector transferred from an IP to the target during PBs, by the

IP velocity and the radiation angle. The width of these spectral maxima is

connected with the width of the spectral resolution of the photodetector Do ,

and the value is defined by the magnitude of the polarizability of target atoms and

an IP electron at the coherent frequency (6.21).

The spectrum of incoherent PBs by the second channel is defined by the spectral

dependence of the IP polarizability having sharp peaks at frequencies that in the IP

reference system are close to the eigenfrequencies of excitation of a bound electron
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of a hydrogen-like ion. A corresponding condition for the frequency of a maximum

in the spectrum of incoherent PBs by the second channel looks like:

omax n; v,yð Þ ¼ on

g 1� v c=ð Þ cos yð Þ : (6.32)

The formula (6.32) is a condition of coincidence of the eigenfrequency of a

bound electron of an IP in the laboratory reference system with the frequency of

PBs recording. Owing to the Doppler effect, the eigenfrequency of the electron core

of an IP in the laboratory system depends on the IP velocity and the radiation angle.

The width of the discussed maxima, as in the coherent case, is defined by the value

of the spectral resolution of the photodetector Do.
It should be noted that in case of fast enough ions, following from the expression

(6.32) is a possibility of radiation frequency tuning at the expense of change of the

radiation angle, which may be found to be rather essential in practical applications

of the phenomenon under consideration.

The spectrum of incoherent PBs by the first channel in the frequency range under

consideration is described by a line weakly decreasing with growing frequency,

close to the horizontal straight line. This is connected with the fact that the dynamic

polarizability of target atoms defining this kind of PBs according to the formula
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Fig. 6.7 The dependence of four kinds of PBs on photon energy at the central frequency of the

photodetector in scattering of a hydrogen-like argon ion in a silicon single crystal (the ion velocity

v ¼ 46.65 a.u., the radiation angle y ¼ 120�, the IP input angle a ¼ 0, the resolution of the

photodetectorDo¼81.6 eV): 1 – coherent PBs on a target, 2 – coherent PBs on an IP, 3 – incoherent
PBs on a target, 4 – incoherent PBs on an IP
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(6.14) depends rather weakly on the frequency in the spectral range presented in

Fig. 6.7.

Figure 6.8 demonstrates the dependence of four kinds of PBs under consideration

on the IP velocity for the bremsstrahlung photon energy at the central frequency of

the photodetector �hor ¼ 2,445 eV and a radiation angle of 135�. The input angle is
supposed to be equal to zero, and the spectral width of the line of the photodetector

resolution Do ¼ 81.6 eV.

From the figure it is seen that incoherent PBs by the first channel weakly depends

on velocity. The velocity dependence of coherent PBs of the same channel is defined

by the condition of equality of the frequency of recording the radiation and frequency

of coherent radiation (Eq. 6.21). The maxima of the discussed dependence are

connected with different reciprocal lattice vectors transferred from an IP to the target

during coherent PBs. The width of these maxima is defined by the width of the

spectral function of the photodetector (Eq. 6.22), and the value is defined by the

dynamic polarizability of target atoms at the coherent frequency (6.21). It is seen that

in the presented range incoherent PBs by the first channel everywhere prevails over

coherent PBs.

The velocity dependence of incoherent PBs by the second channel has a wide

maximum caused by the Doppler effect and the finite width of the spectral line of the

photodetector. This maximum is connected with the fact that in view of fulfilment of
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Fig. 6.8 The dependence on the velocity of an incident particle for four kinds of PBs in scattering

of a hydrogen-like argon ion in a silicon single crystal (the photon energy at the central frequency

of the photodetector �hor ¼ 2,448 eV, the radiation angle y ¼ 135, the IP input angle a ¼ 0, the

resolution of the photodetector Do ¼ 81.6 eV): 1 – coherent PBs on a target, 2 – coherent PBs

on an IP, 3 – incoherent PBs on a target, 4 – incoherent PBs on an IP
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the conditionDon<<Do the radiation frequency in the reference system connected

with an IP is fixed and equal to one of the eigenfrequencies of a bound electron of an

ion. When going to the laboratory reference system, the dependence of this reso-

nance frequency on the IP velocity and the radiation angle appears, resulting in this

maximum.The presented reasoning immediately follows from the expression (6.26).

A characteristic feature of Fig. 6.8 is the presence of sharp peaks in the velocity

dependence of coherent PBs by the second channel. These peaks appear in case of

equality of the coherent frequency (6.21) and one of the eigenfrequencies of a

bound electron of an IP (the first equation in Eq. 6.29) converted to the laboratory

reference system. This condition looks like:

omax n; v,yð Þ � on

g 1� v c=ð Þ cos yð Þ ¼ og Nð Þ � �g0Nv

1� v c=ð Þ cos y : (6.33)

Hence the condition for the velocity value at the maximum of the velocity

dependence follows:

vmax n;N; a; ’ð Þ ¼ cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 p c

on d


 �2
N1 sin a cos’þ N2 sin a sin’� N3 cos a½ �2

r :

(6.34)

It should be noted that the velocity at the maximum does not depend on the angle

of bremsstrahlung photon emission. In case of IP incoming along the crystallo-

graphic axis of the target (a ¼ 0) the expression (6.34) is simplified: the depen-

dence only on the integer N3 connected with the value of the transferred reciprocal

lattice vector and on the eigenfrequency of an ion electron remains.

For maxima defined by the first eigenfrequency of anAr17þ ion (on¼2 ¼ 3305eV),

from the Eq. 6.34 it is possible to obtain the table of values of IP velocity at

the maxima of the velocity dependence of coherent PBs by the second channel

(see Table 6.1).

Given in the second line of Table 6.1 are the values of coherent frequency (6.21)

calculated for a radiation angle of 135�. The distinction of these values from the first

eigenfrequency of an Ar17þ ion is connected with the Doppler effect.

In Fig. 6.8 four maxima corresponding to the values of IP velocity are well

visible that are given in Table 6.1: 38.13, 46.656, and 59.579 a.u.. Also present in

this figure are additional maxima of lesser values that are connected with equality of

the coherent frequency (6.21) and other eigenfrequencies of the electron core of an

IP (at n>2). The lesser value of these maxima is explained by the lesser value of

oscillator strengths for virtual transitions to bound states of an IP electron with n>2.

The width of “velocity” maxima, as seen from Fig. 6.8, is rather small. It is

defined by the value of spectral broadening of the line of the electron transition in

the IP core that in the present calculation is supposed to be natural (see Eq. 6.31).
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Taking into account the additional mechanisms of broadening will result in broad-

ening of corresponding velocity dependences.

From Fig. 6.8 it follows that for the parameters under consideration in the range

of low velocities (v < 42 a.u.) incoherent Bs by the first channel prevails. For high

IP velocities the main contribution to the process is made by incoherent PBs by the

second channel, with the exception of rather narrow ranges near the values given in

Table 6.1, where coherent PBs by the second channel prevails.

It should be noted that now rather high energy monochromaticity of an ion beam

is achievable, at which the relative spread of IP velocity is fractions of a percent [1].

Therefore averaging over the spread of velocities in an ion beam should retain the

main conclusions following from the given analysis of velocity dependences of

different PBs kinds.

Presented in Fig. 6.9 are the angular dependences of considered kinds of PBs of an

Ar17þ ion incoming into a silicon single crystal at a zero angle to the crystallographic

axis for the IP velocity v ¼ 46.65 a.u. and the bremsstrahlung photon energy

�hor ¼ 2,448 eV. The angular dependence of incoherent PBs by the first channel

is manifested rather weakly.

The angular distributions of coherent PBs by both channels are similar: they have

two maxima, and for wide angles maxima are more flat. The widths of these maxima

are defined by the spectral resolution of the photodetector: they grow with Do .

Incoherent PBs by the second channel has amaximum in the region of wide radiation

angles connected with fulfilment of the resonant condition in the polarizability of

the electron core of an IP, when the conversion of the eigenfield of a target to a

bremsstrahlung photon on a bound electron of an IP proceeds most effectively.

On the whole, for specified values of IP velocity and bremsstrahlung photon energy

incoherent PBs prevails in the angular dependence, and only in a rather narrow range

of radiation angles near y ¼ 82� prevailing is the contribution of coherent PBs by the
first channel.

From the form of the angular dependences in Fig. 6.9 it follows that integration of

the obtained expressions for PBs with the angular tool function of the photodetector

may not change significantly the obtained result.

With increasing charge of the nucleus of a hydrogen-like ion the contribution of the

second PBs channel to total radiation will decrease. This is connected, first, with growth

of the IP eigenfield, which increases PBs by the first channel (see Eqs. 6.13, 6.14), and,

second, with reduction of the polarizability of a bound electron of an IP. Really, in case

of the natural broadening of the line (6.31) the sum over the principal quantum number

in the formula (6.26) will contain the multiplier fn on= decreasing as Z�2
proj. On the other

hand, with growingZproj the spectral region of essentiality of PBs by the second channel
will be shifted to the high-frequency region because of growing resonance frequencies

of the polarizability of a hydrogen-like ion, whereas for low Zproj this region

Table 6.1 Coherent

frequency as a function of

velocity in maximum for

various N3 values

N3 1 2 3 4 5

vmax, a.u. 112.751 80.372 59.579 46.656 38.13

�hog, keV 1,187 1,892 2,276 2,505 2,652
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corresponds to vacuum ultraviolet radiation and soft X-rays. With growing charge of

the nuclei of target atoms the relative contribution of the first and second PBs channels

practically will not change, and radiation by each of the channels will increase

proportionally.

6.2 Polarization Bremsstrahlung of a Fast Ion

with an Electron Core in Plasma

In this paragraph within the framework of the first Born approximation polarization

bremsstrahlung of a fast hydrogen-like ion in plasma is calculated and analyzed.

The contribution of two channels to the process is taken into account: Eq. 6.35 of

radiation due to conversion of the electromagnetic field of an ion to a real photon on

plasma electrons and Eq. 6.36 of radiation as a result of virtual excitation of a bound

electron of an ion (see Fig. 6.1a, b).

It is shown that the second channel of polarization bremsstrahlung has sharp

peaks in the narrow spectral-angular range near the eigenfrequencies of the electron

core of a fast ion, the spectral-angular dependence of radiation significantly

depending on the velocity of an incident particle. The influence of plasma

parameters on both polarization bremsstrahlung channels was investigated.

100 150
1´10-14

1´10-12

1´10-10

1´10-8

1´10-6

1´10-4

0.01

1

Photon 
number, 

arb.u. 4

3

2

1

q°

Fig. 6.9 The angular dependence of different kinds of PBs in scattering of a hydrogen-like argon

ion in a silicon single crystal (the ion velocity v ¼ 46.65 a.u., the photon energy �hor ¼ 2,448 eV,

the input angle a ¼ 0, the resolution of the photodetector Do ¼ 81.6 eV): 1 – coherent PBs on a

target, 2 – coherent PBs on an IP, 3 – incoherent PBs on a target, 4 – incoherent PBs on an IP
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PBs of fast charged particles in plasma called transient Bs was for the first time

investigated in the works of V.N. Tsytovich and А.V. Akopyan [15]. Further it was

shown that this type of radiation is analogous to Bs in case of collision of charged

particles with an atom that is caused by a variable dipole moment induced in the

electron core of the atomby a scattered charged particle [2, Chap. 6]. PBs can arise also

as a result of collision of neutral atoms or ions having an electron core. Then two

channels of radiation are possible according to in which electron shell a radiating

dipole moment is induced. Corresponding formulas for cross-sections in nonrelativis-

tic and relativistic caseswere obtainedbyM.Ya.Amus’yawith co-authors [2,Chap. 9].

Let us consider the process of emission of a transverse photon in scattering in

plasma of an ion having a subsystem of bound electrons. By a transverse photon is

meant the transverse mode of an electromagnetic field in plasma propagating also in

vacuum in contrast to the longitudinal mode (plasmon). We assume that the ion

velocity exceeds significantly the characteristic velocities of plasma particles and

that the condition of the Born approximation for interaction of an IP with plasma

particles is satisfied. Besides, we consider that the photon frequency o > gop (g is
the Lorentz factor of the IP, op is the plasma frequency), then the influence of the

density effect on Bs can be neglected.

As was already noted, the ordinary mechanism of Bs caused by acceleration of an

IP in the target field is suppressed because of the high mass of an ion. As a result, the

main radiative process is connected with the polarization mechanism of Bs. PBs in

the case under consideration can proceed by two channels: (6.35) due to scattering of

the IP eigenfield to a real photon on plasma electrons and Eq. 6.36 as a result

of conversion of the eigenfield of plasma charges to a real photon on bound electrons

of an IP. In both cases the energy of electromagnetic radiation is got from the kinetic

energy of an IP, and the energy-momentum excess during the radiative process is

absorbed by plasma ions. This interpretation assumes that the energy of plasma ions

is insufficient to generate radiation of frequencies considered below.

6.2.1 Polarization Bremsstrahlung Due to Virtual Excitation
of Plasma Electrons (the First Channel)

The expression for the differential cross-section of PBs in plasma by the first

channel can be obtained within the framework of the approach described in

[2, Chap. 6] that is based on the use of the formalism of the dynamic form factor

of plasma components. The dimensionless PBs amplitude caused by the contribu-

tion of the jth plasma electron to the process under consideration is

TPB
fi ¼ 2p i d oþ ofi þ q1v

� �
q01
� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 p
�h o c2 V

r
e2

mo2
e	
k;s
; A prð Þ q1ð Þ


 �
exp i q rj
� �

;

(6.35)
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where V is the volume of quantization, v is the IP velocity and charge, �h q ¼ �h q0; qð Þ
is the four-dimensional energy-momentum vector transferred to plasma, �hofi is

the energy of excitation of a plasma electron during Bs, q1 ¼ q� k ¼
1 �h=ð Þ ef � ei; pf � pi

n o
is the four-dimensional wave vector proportional to the

change of the IP energy-momentum,k ¼ o c= ; kð Þ is the four-dimensionalwave vector

of a bremsstrahlung photon, ek;s is the unit vector of photon polarization,

A prð Þ q1ð Þ ¼ 4p cepr
q01 V

v q01 c2
� þ q1

q01 c=
� �2 � q21

; q01 ¼ q1v (6.36)

is the vector-potential of the IP field, epr ¼ Zpre is the IP charge. The axial gauge of

the electromagnetic field is used, in which the scalar potential is equal to zero.

Summing the amplitude (Eq. 6.35) over all final states of a plasma electron fj i,
plasma electrons in the volume of quantization and polarizations of a bremsstrah-

lung photon s, we find the following expression for the number of bremsstrahlung

photons emitted by the first channel per unit IP trajectory length to the range of

wave vectors dk:

dNt arg

dl do dOk

¼ 1

p2
r2e

c

v

e2

�ho

ð
Zpr � Fpr qð Þ� �2 s;o v c2

� � q
� �

2

q2 � 2 k qð Þ2 S eeð Þ q0; q
� �

dq;

(6.37)

where Zpr , Fpr qð Þ are the charge number and the electron form factor of an IP,

re ¼ e2 mc2
�

is the electron classical radius, s is the unit vector in the direction of

photon emission,

S jlð ÞðqÞ ¼ 1

2 p

ð1
�1

dt ei q
0 t n̂ðjÞ q; tð Þ n̂ðlÞ �qð Þ
D E

(6.38)

is the dynamic form factor corresponding to absorption of the four-momentum

�hq ¼ �h q0; qð Þ by plasma through interaction of the plasma components j and l.
(For more details of the DFF of plasma components, see Appendix 3.)

PBs by the first channel is defined by the electron–electron DFF:

S eeð ÞðqÞ ¼ S eeð Þ
e ðqÞ þ S

eeð Þ
i ðqÞ: (6.39)

The first summand in the electron DFF (6.39) describes processes with transfer

of the energy-momentum excess to the electron subsystem of plasma, the second

summand does the same for the ionic subsystem. In the first case the conversion of

the IP eigenfield occurs on individual plasma electrons (the incoherent process),

and in the second case the conversion occurs on the Debye sphere screening a
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plasma ion (the coherent process). Further we will be interested in coherent PBs.

A corresponding component of the dynamic form factor of plasma S
eeð Þ
i ðqÞ in the

limit v>>vTi can be represented as:

S
eeð Þ
i ðqÞ ffi ni Z

2
i

1� elðeÞðqÞ
elðqÞ

����
����
2

d q0
� �

; (6.40)

where Zi, ni are the charge number and the concentration of plasma ions, elðeÞðqÞ,
elðqÞ are the longitudinal dielectric permittivities of an electron plasma component

and of plasma as a whole. The delta function in the Eq. 6.40 describes the energy

conservation law with neglected recoil of a plasma ion. The coherent nature of the

process is reflected in the quadratic dependence of S
eeð Þ
i ðqÞ on the number of

electrons in the Debye sphere equal to Zi . In the case under consideration for a

fast IP (v>>vTe>>vTi) we have

elðeÞðqÞ ffi el q ¼ 0; qð Þð Þ ¼ 1þ 1

r2D q2
; (6.41)

where rD is the Debye radius. Then

S
eeð Þ
i ðqÞ ffi ni

Zi
1þ r2D q2

����
����
2

d q0
� � ¼ ni Fi qð Þj j2 d q0

� �
: (6.42)

Here the form factor of the Debye sphere screening an ion in plasma is

introduced by analogy with the atomic case that is by definition equal to:

Fi qð Þ ¼ Zi
1þ r2D q2

; (6.43)

so the spatial Fourier transform of the charge of a plasma ion on the wave vectorq in

the units of elementary charge is Zi � Fi qð Þ. Substituting the expressions (6.42),

(6.43) in the formula (6.37) and dividing by the concentration of ions, we obtain the

expression for the differential cross-section of PBs on the Debye sphere (“target”

PBs) with transfer of the energy-momentum excess to a plasma ion:

dsPBt arg
do dOk

¼ 2Z2
i

po
va c

v2
r2e

ðqmax

qmin

Zpr � Fpr qð Þ� �2
If q; v;o; yð Þ dq

1þ r2D q2ð Þ2 q
; (6.44)

where va ¼ e2 �h= , q ¼ qj j, y ¼ k^v is the radiation angle, and

If q; v;o; yð Þ ¼ q3 v

2 p

ð
dOq d o� kvþ qvð Þ s;o v c2

� � q
� �

2

q2 � 2 k qð Þ2 (6.45)
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is the kinematic integral that in the nonrelativistic limit is

If q; v<< c;o; yð Þ ffi 1þ cos2y
2

þ o
q v

� 	2
1� 3 cos2y

2
: (6.46)

6.2.2 Polarization Bremsstrahlung as a Result
of Virtual Excitation of the Electron Core
of an IP (the Second Channel)

For the differential cross-section of the second PBs channel with generalization of

the formulas obtained by M.Ya. Amus’ya with co-authors [2, Chap. 9], in case of

atom-atom and ion-ion collisions the following expression can be obtained:

dsPBproj
do dOk

¼ Z2
i

p
va oo2

c

v2 c3
aproj ocð Þ�� ��2 1þ cos2yc

� �
Ipl rDð Þ; (6.47)

where aproj ocð Þ is the dynamic polarizability of an incident particle,

oc ¼ go 1� v c=ð Þ cos yð Þ; cos yc ¼ cos y� v c=

1� v c=ð Þ cos y (6.48)

are the frequency and the cosine of the radiation angle in the reference system

connected with an incident particle,

Ipl rDð Þ ¼
ðrD qmax

rD qmin

x3 Fpr x rD=ð Þ dx
1þ x2ð Þ2 ; (6.49)

qmin ¼ o
v

1� v c=ð Þ cos yð Þ; qmax ¼ 2 m v
�h

; (6.50)

where m is the reduced mass of an IP and a plasma ion. In derivation of the formula

(6.47) the expression for the form factor of the Debye sphere (Eq. 6.43) was used,

by which the above generalization of the formulas of the work [2, Chap. 9] to the

plasma case is achieved.

Further we will consider a case of a hydrogen-like incident ion. Then for the

dynamic polarizability of an IP we have:

aproj oð Þ ¼ e2

m

X
n

fn
o2

n � o2 � iodn
; (6.51)

where
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on ¼ Z2
pr

Ry

�h
1� 1

n2

� 	
(6.52)

are the eigenfrequencies of a bound electron of an IP, fn are the oscillator strengths,
dn are the damping constants. A characteristic feature of the dynamic polarizability

of a hydrogen-like ion is the presence of sharp resonances ato � on sinceon >> dn.
The electron form factor for the ground state of a hydrogen-like IP is

FprðqÞ ¼ 1

1þ a q 2=ð Þ2

 �2 ; (6.53)

where a ¼ �h2 Zpr me
2

� ��
. Substituting Eq. 6.53 in the formula (6.49), we find

Ipl rD; að Þ ¼
ðrD qmax

rD qmin

x3 dx

1þ x2ð Þ2 1þ a 2 rD=ð Þ2 x2

 �4: (6.54)

It should be noted that in the limit rD>>a characteristic for nondegenerate

plasma the approximate equation is true:

Ipl rD>>að Þ � ln
2 rD

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2D q2min

p
 !

� 17þ 11 r2D q2min

12þ 12r2D q2min

: (6.55)

The cross-section of ordinary Bs of an electron in plasma in the frequency range

under considerationm v2 2 �h= >> o > gop can be obtained if in the formula (6.47)

the function aproj ocð Þ is replaced by the dynamic polarizability of a free electron,

and instead of the integral Ipl rDð Þ, ln m v rD �h=ð Þ is substituted. As a result, we find

dsOBe
do dOk

¼ Z2
i

p
r2e
va c

v2
1þ cos2yc

g2 1� v c=ð Þ cos yð Þ2 ln
m v rD
�h


 �
: (6.56)

Now let us consider some limiting cases of the above expressions for the cross-

sections of PBs by the first and second channels. In the nonrelativistic case (v) in the

frequency range o < v rD= the formulas (6.44), (6.46) give

dsPBt arg o<v rD=ð Þ
do dOk

¼ 2Z2
i

p
Zpr � 1
� �2
v2 c3 o

1þ cos2y
� �

ln
v

o rD

� 	
: (6.57)
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In the opposite case of high enough frequencies o > v rD= , for the differential

cross-section by the first channel we have

dsPBt arg o > v rD=ð Þ
do dOk

¼ Z2
i

2p
Zpr � 1
� �2

1þ cos2y
� � v2

c3 o5 r4D
: (6.58)

The obtained expression contains the small multiplier v o rD=ð Þ4 that describes the
suppression of PBs on the Debye cloud in the frequency range under consideration.

This suppression is connected with the loss of coherence of conversion of a virtual

photon to a real photon on the electron charge of the Debye sphere if l<rD (l is the
wavelength of a bremsstrahlung photon).

In the low-frequency limit o < v rD= in case of nondegenerate plasma the

inequation o<Z2
prRy is satisfied. Then for the IP polarizability it is possible to use

the static approximation that for a hydrogen-like ion givesaprojð0Þ ¼ a3B Z4
pr

.
, where

aB is the Bohr radius. Substituting this expression in the formula for the cross-section

of PBs by the second channel (Eq. 6.47), we obtain:

dsPBproj o<Z2
prRy


 �
do dOk

¼ 81

4p
Z2
i

Z4
pr

a6B
o3 va

v2 c3
1� v c=ð Þ cos yð Þ2

1� v c=ð Þ 2 1þ cos2yc
� �

ln
rD
a


 �
:

(6.59)

In case of fulfilment of the inequation dn<< oc � onj j<<on for the dynamic

polarizability of an IP the resonant approximation “works”. Then for the differential

cross-section of PBs by the second channel the formula is true:

dsPBproj oc � onð Þ
do dOk

ffi Z2
i

2p
r2e
o

va c

v2
f 2n

on

o � g 1� v
c cos y

� �� �2 1þ cos2yc
� �

Ipl rDð Þ;

(6.60)

following from which is the presence of sharp peaks in the frequency-angular PBs

distribution caused by conversion of fluctuations of the electric field of plasma to a

real photon on a bound electron of a hydrogen-like IP. The frequency of a peak

depends on the angle of photon emission the and IP energy according to the equation:

omax n; v,yð Þ ¼ on

g 1� v c=ð Þcos yð Þ : (6.61)

At a fixed PBs frequency the maximum in the angular distribution of the process

is defined by the angle

ymax n;o; vð Þ ¼ arccos
c

v
1� o

gon

� 	
 �
: (6.62)
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From the Eq. 6.62 it follows in particular that the angular maximum occurs in

fulfilment of the inequations

g 1� v

c


 �
on 
 o 
 g 1þ v

c


 �
on: (6.63)

Beyond the said spectral range the angular dependence of the cross-section of

resonant PBs by the second channel has a monotonic behavior.

Calculated by the formulas (6.44), (6.47) the spectra of two PBs channels

in scattering of a hydrogen-like helium ion (v ¼ 90a.u.) in nondegenerate plasma

(rD ¼ 103 a.u.) (curves 1, 2) are presented in Fig. 6.10 together with the spectrum of

ordinary Bs of an electron (curve 3) for the radiation angle y ¼ p 3= .

It is seen that PBs caused by conversion of the electric field of a plasma ion on a

bound electron of an IP to a bremsstrahlung photon (the second channel) has sharp

maxima at frequencies described by the formula (6.61), corresponding to resonances

of the dynamic polarizability of an IP. PBs by the second channel prevails every-

where, with the exception of the narrow region of low frequencies. At o ! 0 the

spectral cross-section of the second channel decreases according to the formula

(6.59) as the third power of frequency. At the same time the cross-section of the

first PBs channel rapidly decreases with growing frequency because of the loss of

coherence in reradiation of the IP eigenfield by electrons of the Debye sphere to a

bremsstrahlung photon. This circumstance is connected with the high value of the
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Fig. 6.10 The spectrum of PBs by the first channel (curve 1), by the second channel (curve 2) of a
Heþ ion and the spectrum of ordinary Bs of an electron (curve 3) in nondegenerate plasma

(rD ¼ 5�10�6 cm): v ¼ 1.98�1010 cm/s, y ¼ p 3=
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Debye radius in nondegenerate plasma rD >> aB , so the inequation o > v rD= is

satisfied in the overwhelming part of the spectral range, and the low value of the

process cross-section in this case is predicted by the formula (6.58). Thus the spectral

regions of essentiality of two PBs channels in nondegenerate plasma are much

spaced due to the high value of the Debye radius. It should be noted that in the

region of high frequencies, when the inequation oc > Z2
pr Ry is satisfied, the cross-

sections of PBs of a hydrogen-like ion by the second channel and of ordinary Bs of an

electron are close in value. This is connected with the fact that in the region of high

frequencies the dynamic polarizability of an IP is close to that for a free electron.

With growing IP velocity the spectral maxima of PBs by the second channel are

shifted to the region of lower frequencies, and the cross-section of the second

channel decreases not so rapidly. Similar changes of the spectra occur with reduction

of the radiation angle.

The spectral Bs cross-sections in scattering of a hydrogen-like carbon ion in

degenerate plasma are presented in Fig. 6.11. Since in this case the Thomas-Fermi

radius is much less than the Debye radius of nondegenerate plasma, the spectral

ranges of essentiality of both PBs channels intersect. The second PBs channel, as

before, prevails near the resonances of the dynamic polarizability of an IP.

The angular dependence of total PBs (the sum of both channels) in scattering of a

hydrogen-like helium ion ( v ¼ 90 a.u.) in nondegenerate plasma is presented in

Fig. 6.12 for the frequency o ¼ 1:7 a.u. (46.24 eV). From Fig. 6.12 it follows that

the angular dependence of PBs of a hydrogen-like ion in plasma has sharp maxima

corresponding, according to the formula (6.62), to the resonant conditionoc v,yð Þ � on

if only the frequency of a bremsstrahlung photon in the laboratory reference system

satisfies the inequations (6.63). These maxima are shifted to the region of small angles

with growing IP velocity.

The dependence of PBs of a hydrogen-like carbon ion scattered in nondegenerate

plasma on the IP velocity is presented in Fig. 6.13 for two radiation angles:y ¼ p 10=
and y ¼ p 6= . The bremsstrahlung photon energy is �ho ¼ 544 eV.

Two sharp peaks on these curves correspond to the resonance of the dynamic

polarizability of a carbon ion in excitation of its bound electron from the ground

state to the first exited condition. It is seen that with growing radiation angle the

position of the maximum is shifted to the region of higher velocities.

This circumstance is a corollary of the formulas (6.52), (6.61) determining the

photon energy at the maximum of the spectral dependence of the PBs cross-section

as a function of the radiation angle and the IP velocity. Following from them is the

expression for the IP velocity at the maximum:

v �ð Þ
max ¼ c

cos y�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 yþ on o=ð Þ2 � 1

h i
on o=ð Þ2 þ cos2 y

h ir
on o=ð Þ2 þ cos2 y

; (6.64)

where on is the eigenfrequency of a bound electron of an IP that is given by the

formula (6.52). The expression (6.64), naturally, is true for vmax. Depending on the
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Fig. 6.11 The spectrum of PBs by the first channel (curve 1), by the second channel (curve 2)

of a Cþ5 ion and the spectrum of ordinary Bs of an electron (curve 3) in degenerate plasma

(rTF ¼ 5�10�9 cm): v ¼ 1.98�1010 cm/s, y ¼ p 3=
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Fig. 6.12 The angular dependence of total PBs of a Heþ ion (v ¼ 90 a.u.) in nondegenerate

plasma (rD ¼5�10�6 cm) for the bremsstrahlung photon energy �ho ¼ 46.24 eV
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value of the ratio on o=ð Þ and the radiation angle y, the function s vð Þ can have two,
one, or no maxima. For example, if the radicand on the right side of the Eq. 6.64 is

equal to zero, it is obvious that v
�ð Þ
max ¼ v

þð Þ
max – there is one maximum. Satisfying this

condition is the relationship between the frequency and the radiation angle:

o ¼ on

sin y
� o	: (6.65)

In fulfilment of Eq. 6.65, following from Eq. 6.64 is a simple relation between

the velocity at the maximum of the cross-section of PBs by the second channel and

the radiation angle: vmax ¼ c cos y. At frequencies o > o	 the PBs cross-section

sharply decreases since the approximate equation oc � on resulting in a resonance

in the dynamic polarizability of an IP ceases to be satisfied. With decreasing

radiation frequency, when o << o	 , from the expression (6.64) the limiting

dependences follow: v
�ð Þ
max ! 0 and v

þð Þ
max ! c . Then the cross-section of PBs by

the second channel is low in a wide range of IP velocities.
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