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Abstract. Conformal mapping provides a unique way to flatten the three dimen-
sional (3D) anatomically-complicated colon wall. Visualizing the flattened 2D
colon wall supplies an alternative means for the task of detecting abnormality as
compared to the conventional endoscopic views. In addition to the visualization,
the flattened colon wall carries supplementary geometry and texture information
for computer aided detection of abnormality. It is hypothesized that utilizing both
the original 3D and the flattened 2D colon walls shall improve the detection ca-
pacity of currently available computed tomography colonography. One of the ma-
jor challenges for the conformal colon flattening is how to make the input colon
wall inner surface to be genus zero, as this is required by the flatten algorithm and
will guarantee high flatten quality. This paper describes an efficient topological
cleaning algorithm for the conformal colon flattening pipeline. Starting from a
segmented colon wall, the Marching Cube algorithm was first applied to gener-
ate the surface, then we apply our topological clearance algorithm to remove the
topological outliers to guarantee the output surface is exactly genus 0. The cleared
or denoised colon surface was then flattened by an Ricci flow. The pipeline was
tested by 14 patient datasets with comparison to our previous work.

Keywords: Flattening, conformal mapping, homotopy, Ricci flow, virtual
colonoscopy.

1 Introduction

Virtual colonoscopy (VC), mimicking the conventional optical colonoscopy (OC), is a
medical imaging procedure which uses X-rays or magnetic resonance (MR) signals and
computers (1) to produce two and three-dimensional (3D) images of the colon (large
intestine) from the lowest part, i.e., the rectum, all the way toward the lower end (i.e.,
the cecum) of the small intestine, and (2) to visualize the colon mucosal surface by
endoscopic views on a screen [7,8]. The procedure has shown the potential to screen
colonic polyps and detect colon diseases, including diverticulosis and cancer [14].

Traditional paradigm in VC employs X-ray computed tomography or computed to-
mography colonography (CTC) to achieve the tasks of screening and detection due to
the high speed of CT scanning and high contrast between colon wall and colon lumen
filled by CO2 or air in CT images. While MR colonography (MRC) has an attractive
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point of non-ionization radiation [16], it faces several drawbacks, e.g., lower spatial res-
olution, prone to motion artifacts, and noticeable susceptibility artifacts on the interface
between air and tissue/colon wall. Therefore, MRC remains in the early research de-
velopment stage, while CTC has been successfully demonstrated to be more convenient
and efficient than OC as a screening modality [14]. A combination of VC screening with
OC follow-up for therapeutic intervention could be a cost-effective means to prevent the
deadly disease of colon cancer.

However, because of the length of the colon with complicated structures, inspecting
the entire colon wall is time consuming and prone to errors by current VC technologies.
Moreover, because of the complicated colon structure, the field-of-view (FOV) of the
VC endoscopic views is limited, resulting in incomplete examinations. Flattening the
3D wall into a 2D image would effectively increase the FOV and provide supplementary
information to the VC endoscopic views [5]. Thereafter, various flattening techniques
[2,3,9,13,10,18] have been developed, among which the conformal mapping algorithm
[9,10] showed advantages in generating 2D colon wall image with minimal distortion
by preserving the structural angles.

Paik et al. [13] used cartographic projections to project the whole solid angle of the
camera. This approach samples the solid angle of the camera, and maps it onto a cylin-
der which is finally mapped to a 2D planar image. However, this method causes dis-
tortions in shape. Bartrol et al. [3] moved a camera along the central path of the colon.
However, this approach does not provide a complete overview of the colon. Haker et
al. [5] employed certain angle-preserving mappings, based on a discretization of the
Laplace-Beltrami operator, to flatten a surface onto a plane in a manner which pre-
serves the local geometry. However, the flattened result of their method is not efficient
for applications like polyp identification, and it requires a highly accurate and smooth
surface mesh to achieve a good mean-curvature calculation. Wang, et al. [18] explored a
volume-based flattening strategy to visualize the textures of the original 3D colon wall
in the flattened 2D image. However, the distance-based mapping may not be accurate
enough for detection of small polyps. The associated computation is intensive.

Hong et al. [9,15] utilized conformal structure to flatten the colon wall onto a planar
image. Their method is angle preserving and minimizes the global distortion. First, the
colon wall is segmented and extracted from the CTC image data set. The topology noise
(i.e., minute handle) is removed by a volumetric algorithm. The holomorphic 1-form,
a pair of orthogonal vector fields, is then computed on the 3D colon surface mesh us-
ing the conjugate gradient method. The colon surface is cut along a vertical trajectory
traced using the holomorphic 1-form. Consequently, the 3D colon surface is conformal
mapped onto a 2D rectangle. The flattened 2D mesh is then rendered using a direct vol-
ume rendering method accelerated with the GPU strategy. For applications like polyp
detection, the shape of the polyps is well preserved on the flattened colon images, and
thus provides an efficient way to enhance the navigation of a virtual colonoscopy system.

Unfortunately, the de-noise algorithm in [9,15] cannot always get genus 0 surface
(actually only one case succeed out of 14). In this paper, topological de-noise is solved
by our new algorithm, which guarantees the output surface to be genus 0. This efficient
de-noise algorithm greatly improved the efficiency and accuracy and deliver comparable
flattening results.
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2 Method

Fig. 1 shows our new conformal mapping pipeline with comparison to our previous one.
From acquired CTC datasets, our first task was to segment each image data volume and
extract the corresponding colon wall. This was achieved by a statistical maximum a
posteriori expectation-maximization (MAP-EM) algorithm [17]. Both our present and
previous pipelines share this task. Then a triangle mesh of the colon wall mucosal sur-
face was generated by the standard Marching Cube algorithm. To remove topology han-
dles, a new surface-based de-noise algorithm was applied. In our present pipeline, the
Marching Cube algorithm was applied prior to topological de-noising. After de-noising,
we developed Ricci flow method to perform the conformal flattening task.

Conformal mapping has many unique properties in flattening the colon wall, as
shown in [9]. However, as we mentioned, the old de-noise method cannot guarantee
the output surface is genus 0. Our contribution: we developed and applied a new topo-
logical de-noise algorithm, which is very efficient and can guarantee the output surface
to be genus 0.

CTC data
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Conformal Flattening
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2D MeshMAP-EM
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Fig. 1. Pipeline for our previous and current methods

3 Theoretic Background

This section briefly introduces elementary theories of surface topology and surface
Ricci Flow.

3.1 Homotopy Basis

Definition 1 (Homotopy). Two continuous maps f0, f1 : M → N are said to be homo-
topic if there is a continuous map f : M× I → N such that F(·,0) = f0 and F(·,1) = f1.
The map F is called a homotopy[12] between f0 and f1, denoted as f0

∼= f1.

Definition 2 (Homotopic Paths)[1]. Two paths f , g in M are said to be equivalent if f
and g are homotopic relative to {0,1}, denoted as f ∼= g

Definition 3 (Homotopy Basis). For a closed orientable surface M with genus g (i.e.,
a torus with g handles), there are 2g classes of homologically independent loops, called
the homotopy basis of the surface M. A homology basis consists of one loop from each
class, as shown in figure 2.
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Fig. 2. Left: Homotopy: Curve α is homotopy to β , but not homotopy to γ . Right: Homotopy basis
for a genus 2 surface. The number of loops L = 2g = 4 {a1,a2,b1,b2}, each as a representative of
it’s homotopy class.

3.2 Surface Ricci Flow

Suppose S is a surface in three dimensional Euclidean space R
3, therefore it has nat-

urally the induced Euclidean metric g. The Gaussian curvature is determined by the
Riemannian metric g, and satisfies the following Gauss-Bonnet theorem:

Theorem 1 (Gauss-Bonnet Theorem). The total Gaussian curvature of a closed met-
ric surface is ∫

S
KdA = 2πχ(S),

where χ(S) is the Euler number, which equals to χ(S) = 2−2g for closed surface with
genus g.

Ricci flow is a powerful curvature flow method invented by Hamilton[6] for the pur-
pose of proving Poincaré’s conjecture. Intuitively, it describes the process to deform the
Riemannian metric according to curvature such that the curvature evolves like a heat
diffusion process:

dg
dt

=−2Kg. (1)

The convergence of surface Ricci flow was also proved in[6].

Theorem 2. Suppose S is a closed surface with a Riemannian metric. If the total area
is preserved, the surface Ricci flow will converge to a Riemannian metric of constant
Gaussian curvature[6].

Fig. 3 shows the conformal parameterization of colon surface computed by Ricci flow,
figure 4 shows that conformal mapping preserves angle.

4 Algorithm

4.1 Topological De-noise

In previous work [9], the de-noise process started from the segmentation of the colon,
incorporated the simple point concept in a region growing based algorithm to extract a
topologically simple segmentation of the colon lumen. However, as we mentioned, the
de-noise algorithm cannot guarantee the output surface is genus 0 in practice, so we
developed a new efficient surface based de-noise algorithm to remove the topological
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Fig. 3. Conformal parameterization of the colon surface

Fig. 4. Conformal Mapping preserves angle: the angle on the texture domain is well preserved
after mapped to the surface, so the shape information of colon surface is well preserved

Algorithm 1. Topological De-noise Algorithm
Input: Surfaces M.
Output: Genus 0 surface M̄.
1. Compute the homotopy basis G of M using algorithm 2.
2. For each point p on homotopy basis G, grow a patch P.
3. Find the shortest homotopy loop pl starts at p in patch P.
4. Find the shortest loop min{pl} among all the vertices on G.
5. Cut M along min{pl} and fill the 2 holes appeared, get M̄.
6. If M̄ is not genus 0, goto step 1.

noise. As our method find tiny handles based on surface topology and remove them one
by one, the final surface is guaranteed to be genus 0. The pipeline is like the following:

The idea of efficient topological de-noise algorithm is like following: we can com-
pute the shortest loop goes though vertex v for all the vertices in mesh M, then find the
shortest one among them, it must be the shortest handle loop in M. Furthermore, all the
handles of a surface must be “go around” by the homotopy basis. As a result, we just
need to compute the shortest loops for vertices on the homotopy basis G instead of all
vertices of surface M, which leads to a 10 times speed up. Compared to the old voxel
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based de-noise algorithm, our surface based method is much faster, and guarantees the
output surface to be exactly genus 0. Fig. 5 shows a tiny handle went though by the
homotopy basis.

Fig. 5. A typical tiny hole and the homotopy basis (labeled by yellow line) goes around it

A homotopy basis at s can be thought of as a homology basis where all loops meet
at a common vertex s, called the basepoint. Erickson and Whittlesey [4] proved that
a shortest homotopy basis at a point on a mesh with n vertices can be computed in
O(nlogn) time. Fig. 6 shows the homotopy basis for genus 1 surface, algorithm 2 gives
the algorithm for computing the homotopy basis:

Algorithm 2. Homotopy Basis Algorithm
Input: Surfaces M.
Output: The homotopy basis G of M̄.
1. Find the maximum spanning tree T from a basepoint s.
2. Find a maximum spanning tree T ∗ on the edges of the dual graph which do not cross edges
in T .
3. Find all edges {e1,e2...e2g} which are neither in T nor are crossed by edges in T ∗.
4. Find the loops containing each ei (using T ), these loops form the homotopy basis.

4.2 Discrete Ricci Flow

The computation of the conformal mapping of a triangular mesh is based on the discrete
Ricci flow [11,19], as Algorithm 3 shows.

5 Experimental Results

CTC datasets was random selected from a database. The presented algorithm was im-
plemented in a similar manner as the previous algorithm [9] for a fair comparison. These
algorithms were executed on a PC platform of Intel Xeon X5450 3.0GHz CPU and 8.00
GB RAM. To get the maximum quality, we use the original un-simplified mesh for con-
formal mapping. The triangle number of the 14 datasets range from 700k to 1200k. The
method in [9] can only find around half of the handles, while our method can com-
pletely remove all the handles. Table 1 shows the de-noise result comparison between
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Fig. 6. Left: a and b are 2 homotopy basis for a genus 1 surface. Middle: The surface becomes a
topological disk after cut along the it’s homotopy basis. Right: Flatten the surface onto the plane.

Algorithm 3. Discrete Ricci Flow
Input: Surface M.
Output: The metric U of M.
1. Assign a circle at vertex vi with radius ri; For each edge [vi, v j ], two circles intersect at an
angle φi j , called edge weight.
2. The edge length li j of [vi, v j ] is determined by the cosine law: l2

i j = r2
i + r2

j −2rir jcosφi j

3. The angle θ jk
i , related to each corner , is determined by the current edge lengths with the

inverse hyperbolic cosine law.
4. Compute the discrete Gaussian curvature Ki of each vertex vi:

Ki =

{
2π −∑ fi jk∈F θ jk

i , interior vertex

π −∑ fi jk∈F θ jk
i , boundary vertex

(2)

where θ jk
i represents the corner angle attached to vertex vi in the face fi jk

5. Update the radius ri of each vertex vi: ri = ri − εKiri
6. Repeat the step 2 through 5, until ‖Ki‖ of all vertices are less than a specific error tolerance.

our method and the method in [9], as well as the total running time for de-noise and
conformal flattening. Notice that only 1 out of 14 case (3053S) reached genus 0 using
method in [9], which means most of the data are not qualified as input of the conformal
flattening algorithm, while all 14 reached genus 0 using our de-noise algorithm.

Table 1. De-noise Result and Time Efficiency

Data Index #Of mesh triangles # NO. of handles removed by our method # NO. of handles removed by method in [9] # Running time (Min.)
3033P 830 K 8 5 8.6 min
3033S 1120 K 26 10 10.3 min
3034P 764 K 24 21 8.1 min
3034S 800 K 7 2 8.2 min
3035S 1060 K 13 6 10.2 min
3036P 875 K 13 8 8.5 min
3037S 836 K 6 0 8.5 min
3038P 1167 K 16 10 10.8 min
3039P 920 K 7 5 9.4 min
3039S 1040 K 9 8 10.0 min
3041P 902 K 15 8 9.7 min
3041S 886 K 4 1 9.1 min
3043P 917 K 11 5 9.4 min
3053S 958 K 4 4 9.6 min
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Fig. 7. Letf : The zoomed-in results from method in [9]. Right : The zoomed-in results from our
method.

Fig. 8. Zoom-in flatten results of all 14 datasets

For the final colon image, figure 7 shows the zoomed in colon image of [9] and the
colon image computed by our method. We can see that the image from our method
is clearer and preserved more details compared with the old method. We also show
zoom-in flatten results of all 14 datasets in figure 8.
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6 Discussion

The key parts of our method is the new efficient topological de-noise algorithm. Our
new topological de-noise algorithm guarantee the output to be exactly genus 0. As a
result, the whole mapping process becomes much faster and more stable.
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