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Abstract We present some new asymptotic results for functionals of higher order
differences of Brownian semi-stationary processes. In an earlier work [8] we have
derived a similar asymptotic theory for first order differences. However, the central
limit theorems were valid only for certain values of the smoothness parameter of a
Brownian semi-stationary process, and the parameter values which appear in typical
applications, e.g. in modeling turbulent flows in physics, were excluded. The main
goal of the current paper is the derivation of the asymptotic theory for the whole
range of the smoothness parameter by means of using second order differences.
We present the law of large numbers for the multipower variation of the second
order differences of Brownian semi-stationary processes and show the associated
central limit theorem. Finally, we demonstrate some estimation methods for the
smoothness parameter of a Brownian semi-stationary process as an application of
our probabilistic results.
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1 Introduction

Brownian semi-stationary processes (%£.%.%) has been originally introduced in [2]
for modeling turbulent flows in physics. This class consists of processes (X;);er of
the form . .
X =pu+ / gt —s)o,W(ds) + / q(t — s)asds, (1
o0 o0

where u is a constant, g,g : R.g — R are memory functions, (0y)ser is a cadlag
intermittency process, (ds)ser a cadlag drift process and W is the Wiener measure.
When (0;),er and (ay);er are stationary then the process (X;),er is also stationary,
which explains the name Brownian semi-stationary processes. In the following we
concentrate on A.¥ . models without the drift part (i.e. a = 0), but we come back
to the original process (1) in Example 1.

The path properties of the process (X;),ecr crucially depend on the behaviour
of the weight function g near 0. When g(x) ~ x? (here g(x) ~ h(x) means
that g(x)/h(x) is slowly varying at 0) with B € (—%, 0) U (0, %), X has
r-Holder continuous paths for any r < f + % and, more importantly, X is not a
semimartingale, because g’ is not square integrable in the neighborhood of 0 (see
e.g. [10] for a detailed study of conditions under which Brownian moving average
processes are semimartingales). In the following, whenever g(x) ~ x#, the index
B is referred to as the smoothness parameter of X .

In practice the stochastic process X is observed at high frequency, i.e. the data
points X;u,, i = 0,...,[t/A,] are given, and we are in the framework of infill
asymptotics, that is A,, — 0. For modeling and for practical applications in physics
it is extremely important to infer the integrated powers of intermittency, i.e.

t
/ 0y|7ds,  p >0,
0

and to estimate the smoothness parameter 8. A very powerful instrument for
analyzing those estimation problems is the normalized multipower variation that
is defined as

[t/ An]—k+1
n —pt n "
MPV(X’Pl,...,Pk)t ZAnl’np Z |A’.X|]’1...|Ai+k_lX|Pk’ )

i=1

where A?X = Xia, — Xg-na,, Pro--- px = 0and pt=Y"1_ p;, and 1, is
a certain normalizing sequence which depends on the weight function g and n
(to be defined later). The concept of multipower variation has been originally
introduced in [3] for the semimartingale setting. Power and multipower variation
of semimartingales has been intensively studied in numerous papers; see e.g. [3—
6,13,15,17,22] for theory and applications.



Limit Theorems for Functionals of Higher Order Differences 71

However, as mentioned above, %.7.% processes of the form (1) typically
do not belong to the class of semimartingales. Thus, different probabilistic tools
are required to determine the asymptotic behaviour of the multipower variation
MPV(X, pi1,....pr)} of B processes. In [8] we applied techniques from
Malliavin calculus, which has been originally introduced in [18, 19] and [20], to
show the consistency, i.e.

where p, ., is a certain constant and Y"=5Y stands for supeo.7y ¥/ =Y |i>0
(for all " > 0). This holds for all smoothness parameters € (—%, 0) U (0, %), and
we proved the associated (stable) central limit theorem for 8 € (—%, 0).

Unfortunately, the restriction to § € (—%, 0) in the central limit theorem is not
satisfactory for applications as in turbulence we usually have 8 € (0, %) at ultra high
frequencies. The theoretical reason for this restriction is two-fold: (i) long memory
effects which lead to non-normal limits for 8 € (4—11, %) and more importantly (ii) a
hidden drift in X which leads to an even stronger restriction 8 € (—%, 0).

The main aim of this paper is to overcome both problems by considering
multipower variations of higher order differences of %..% processes. We will
show the law of large numbers and prove the associated central limit theorem for all
values of the smoothness parameter € (—%, 0) U (0, %). Furthermore, we discuss
possible extensions to other type of processes. We apply the asymptotic results to
estimate the smoothness parameter § of a %.7.7 process X. Let us mention that
the idea of using higher order differences to diminish the long memory effects is
not new; we refer to [12, 16] for theoretical results in the Gaussian framework.
However, the derivation of the corresponding theory for .. processes is more
complicated due to their more involved structure.

This paper is organized as follows: in Sect.2 we introduce our setting and
present the main assumptions on the weight function g and the intermittency o.
Section 3 is devoted to limit theorems for the multipower variation of the second
order differences of %..% processes. In Sect. 4 we apply our asymptotic results to
derive three estimators (the realised variation ratio, the modified realised variation
ratio and the change-of-frequency estimator) for the smoothness parameter. Finally,
all proofs are collected in Sect. 5.

2 The Setting and the Main Assumptions

We consider a filtered probability space (£2, #,F = (% ):;er,P) on which we
define a B.7 . process X = (X;);ecr Without a drift as

t
Xi=pn +/ gt —s)o,W(ds), 3)
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where W is an [F-adapted Wiener measure, o is an F-adapted cadlag processes and
g € L2(R.(). We assume that

t
/ g (t —s)olds < oo as.
—00

to ensure that X; < co almost surely. We introduce a Gaussian process G = (Gy);er,
that is associated to X, as

G; :/ gt —s)W(ds). 4)

—00

Notice that G is a stationary process with the autocorrelation function

> g(u)g(u+t)du
(1) = cort(Gy. Gyyy) = J0_8W8WED) )
IF 4]
We also define the variance function R of the increments of the process G as
R(1) = E(|Gsts = Gs*) = 2[[gI72(1 = r(1)). 6)

Now, we assume that the process X is observed at time points #; =i A, with
A, —0,i =0,...,[t/A,], and define the second order differences of X by

OiX = Xia, = 2Xi-na, + Xi-2a,- @)

Our main object of interest is the multipower variation of the second order
differences of the .. process X, i.e.

[t/An]—2k+2 k—1

n —_ + n
MPVO(X.pri.....p)} = Aux)) ™" D JTIOMa X1 ®
i=2 =0

where (z°)? = E(] O G|») and pt = Yi_, pi. To determine the asymptotic
behaviour of the functional MPV® (X, p1,..., pr)" we require a set of assumptions
on the memory function g and the intermittency process o. Below, the functions
Lg., Li“‘” Ly, Lg(z) : R.9p — R are assumed to be continuous and slowly varying

at 0, £® denotes the k-th derivative of a function f and B denotes a number in
Assumption 1. It holds that
() g(x) = XV Ly (x).
(i) g@ = xﬂ_nga) (x) and, for any ¢ > 0, we have g@ € L?((e, 0)).
Furthermore, |g?| is non-increasing on the interval (a,00) for some
a>0.
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(iii) Foranyz >0
o0
F = / 82 ()P0l ds < co. ©)
1

Assumption 2. For the smoothness parameter B from Assumption 1 it holds that

(i) R(x) = xzﬁHLF(x).
(i) RV (x) = ¥ 3L (x).
(iii) There exists a b € (0, 1) such that

Lﬁ(“) )
Ly(x)

limsup sup
x=0 yelx.x]

Assumption 3-y. For any p > 0, it holds that
E(loy _Uslp) = Cplt _slyp (10)

for some y > 0 and C,, > 0.
Some remarks are in order to explain the rather long list of conditions.

 The memory function g: We remark that g(x) ~ xf implies g® (x) ~ xf=2
under rather weak assumptions on g (due to the Monotone Density Theorem; see
e.g. [11, p. 38]). Furthermore, Assumption 1(ii) and Karamata’s Theorem (see
again [11]) imply that

1
/ lg(x +24,) — 2g(x + Ay) + g)Pdx ~ #7340 (1)

for any ¢ € [A,,1). This fact will play an important role in the following
discussion. Finally, let us note that Assumptions 1(i)—(ii) and 2 are satisfied for
the parametric class

g(x) = x” exp(-ix),

where 8 € (—1,0) U (0, %) and A > 0, which is used to model turbulent flows
in physics (see [2]). This class constitutes the most important example in this
paper. O

» The central decomposition and the concentration measure: Observe the decom-
position

iA,
onx = / g(i Ay — 5)o, W (ds)
(-4,

i—1nA4a,
+ /(i—z)A,, (g(’An —5)—2g(( = DA, — S))USW(ds)

(i_z)An
[ (00 =) = 2506 = DA, = )+ 806 =28, = 9))oWds).
h (12)
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and the same type of decomposition holds for &7 G. We deduce that

@0)? = /OA" g2 (x)dx + /OAH (g(x +A,) - 2g(x))2dx

+ /Ooo (g(x F2A,) —2g(x + Ay) + g(x))zdx.

One of the most essential steps in proving the asymptotic results for the
functionals MPV® (X, p1....., pr)" is the approximation &7 X & 0(—2)4, OF G.
The justification of this approximation is not trivial: while the first two summands
in the decomposition (12) depend only on the intermittency o around (i —2)A4,,
the third summand involves the whole path (0;)s<(i—2)4,.- We need to guarantee
that the influence of the intermittency path outside of (i — 2)A,, on the third
summand of (12) is asymptotically negligible. For this reason we introduce the
measure

Sy (86 +240) = 28(x + 4,) + g(x))zdx
<l AcBR0).
()
(13)

and define ﬁ,? (x) = Jrf ((x, 00)). To justify the negligibility of the influence of
the intermittency path outside of (i — 2)A, we need to ensure that

o (A) =

ﬁ,? (e) =0

for all ¢ > 0. Indeed, this convergence follows from Assumptions 1(i)—(ii) (due
to (11)). O
The correlation structure: By the stationarity of the process G we deduce that

G)

rJ

r,,<>(j) = corr(O7 G, O

_ —RWU +2)40) +4R(( + DA = 6R(jA) + 4R(Ij — 1|1An) = R(1j —2]An)
(@22 '

(14)
Since (r,f> )2 = 4R(A,)—R(24,) we obtain by Assumption 2(i) the convergence
r () = ()
_ =G AP a4+ )P 64 a2 -y ot (15)
2(4 - 21+2ﬂ) '

We remark that /o<> is the correlation function of the normalized second order
fractional noise <<>;’ B/ /var(OT BH )) , where B¥ is a fractional Brownian
i>2

motion with Hurst parameter H = 8 + % Notice that

1pC )l ~ j*3,
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where we write a; ~ b; when a;/b; is bounded. In particular, it implies that
Z?o:l |,o<> (J)| < oo. This absolute summability has an important consequence:
it leads to standard central limit theorems for the appropriately normalized
version of the functional MPV® (G, py, ..., pc)" forall f € (—%, 0)u(o, %). O

* Sufficient conditions: Instead of considering Assumptions 1 and 2, we can
alternatively state sufficient conditions on the correlation function r,? and the
measure 7'[,? directly, as it has been done for the case of first order differences
in [8]. To ensure the consistency of MPVO(X,pl, ..., px)} we require the
following assumptions: there exists a sequence /() with

[1/44]
I <h(j).  Ar Y H(j) >0, (16)

J=1

and f,? (¢) — 0O for all & > 0 (cf. condition (LLN) in [8]). For the proof of the
associated central limit theorem we need some stronger conditions: r,? () —
p°(j) forall j > 1, there exists a sequence A(j) with

o0
I <h(). > R()) < oo, (17)
j=1
Assumption 3-y holds for some y € (0,1] with y(p A 1) > %, p =

max;<;<k(pi), and there exists a constant A > 1/(p A 1) such that for all
k € (0,1)and g, = A we have

70 (en) = O(A;“—K)). (18)

(cf. condition (CLT) in [8]). In Sect.5 we will show that Assumptions 1 and 2
imply the conditions (16)—(18). O

3 Limit Theorems

In this section we present the main results of the paper. Recall that the multipower
variation process is defined in (8) as

[t/A]=2k+2 k—1

n —pTt n
MPVC (X, p1.....po)} = Au(z0) 77 Z l—[|<>i+21X|m
i= =0
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with 72 = E(| 7 G|?) and p* = Y5_, p. We introduce the quantity

19)

z+2[
P ﬂ \

Notice that in the case k = 1, p1 = p we have that p}, = E(|U|?) with U ~ N(0, 1).
We start with the consistency of the functional MPV? (X, p1. ..., DIt

Theorem 1. Let the Assumptions 1 and 2 hold. Then we obtain

t
MPVC (X, pr..... PO = Py / oy 17" ds “% 0. (20)

Proof. See Sect. 5. O

As we have mentioned in the previous section, under Assumption 2(i) we deduce
the convergence r,? (j) = p®(j) forall j > 1 (see (15)). Consequently, it holds
that

) @

n l+21
ppl ..... Pk - pPl ~~~~~ ( ‘
var(Or,, B

where B is a fractional Brownian motion with Hurst parameter H = 8+ % (notice
that the right-hand side of (21) does not depend on 1, because B is a self-similar
process). Thus, we obtain the following result.

Lemma 1. Let the Assumptions 1 and 2 hold. Then we obtain

MPVO(X pl,...,pk)”gpm,___, / |U;|p ds. (22)

Next, we present a multivariate stable central limit theorem for the family
(MPV® (X, Pl pk) )i<j<a of multipower variations. We say that a sequence
of d-dimensional processes Z" converges stably in law to a d -dimensional process
Z, where Z is defined on an extension (£2',.#',') of the original proba-
bility (£2,.%,P), in the space 2([0,T])¢ equipped with the uniform topology

(z" =% Z)if and only if

Jim B(f(Z")V) = E(f(Z)V)

for any bounded and continuous function f : 2([0,T])Y — R and any bounded
#-measurable random variable V. We refer to [1, 14] or [21] for a detailed study of
stable convergence.

Theorem 2. Let the Assumptions 1,2 and 3-y be satisﬁed for some y € (0, 1] with
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P P d + st !
A;1/2<MPV<>(X, P{s cee P}i)’: - p’;/‘ ..... ) /0 o |7 ds)lgjsd — /0 A;/ZdWS/’
(23)
where W' is a d-dimensional Brownian motion that is defined on an extension of the
original probability space (82, %, P) and is independent of %, A is a d x d-dimen-
sional process given by

AV = pylog? T 1<ij<d. 24)
and the d x d matrix i = (ij)1<i,j<a IS defined as
wy = lim Alcov(MPVO (B, pi,..... pp)t MPVO(B™ i, pl)t) (25)
n—>oo

with BH being a fractional Brownian motion with Hurst parameter H = B + %

Proof. See Sect. 5.

We remark that the conditions of Theorem 2 imply that “max  ( p,-j ) >

o= O

since y € (0, 1].

Remark 1. Notice that the limit process in (23) is mixed normal, because the
Brownian motion W’ is independent of the process A. In fact, we can transform
the convergence result of Theorem 2 into a standard central limit theorem due to
the properties of stable convergence; we demonstrate this transformation in Sect. 4.
We remark that the limit in (25) is indeed finite; see Theorem 2 in [8] and its proof
for more details. O

Remark 2. In general, the convergence in (23) does not remain valid when p” o

is replaced by its limit Poi ol defined by (21). However, when the rate of
k

convergence associated with (21) is faster than A, 172 , we can also use the quantity
Loyl without changing the stable central limit theorem in (23). This is the case

when the convergence
AP =p% () = 0

holds for any j > 1. Obviously, the latter depends on the behaviour of the slowly
varying function L from Assumption 2(i) near 0. It can be shown that for our main
example

g(x) = x# exp(—Ax),
where B € —— 0)U(0,4)and)t > 0, p/

can indeed be replaced by the

j

quantity Poi...p] without changing the limit i 1n Theorem 2. O
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Remark 3 (Second order differences vs. increments). Let us demonstrate some
advantages of using second order differences <7X instead of using first order
increments A7 X

(i) First of all, taking second order differences weakens the value of autocor-
relations which leads to normal limits for the normalized version of the
functional MPV® (G, pi. ..., pr)" (and hence to mixed normal limits for
the value of MPV® (X, pi..... pr)") forall B € (—31,0) U (0, %). This can
be explained as follows: to obtain normal limits it has to hold that

D 1p° (I < o0

J=1

where p© () is defined in formula (15) (it relies on the fact that the function
|x|? — E(N(, 1)|?) has Hermite rank 2; see also condition (17)).
This is clearly satisfied for all B € (—3,0)U (0, %), because we have
0% ()]~ 2.

In the case of using first order increments A7 X we obtain the correlation
function p of the fractional noise (B — B |);>, with H = 8 + % as the
limit autocorrelation function (see e.g. (4.15) in [8]). As |p(j)| ~ j2#~1 it
holds that

D lp()HIP < o0

Jj=1

only for 8 € —%,O)U (0, %). O

(i) As we have mentioned in the previous section, we need to ensure that
ﬁ,? (¢) — 0, where the measure Jrf is defined by (13), for all ¢ > 0 to
show the law of large numbers. But for proving the central limit theorem we
require a more precise treatment of the quantity

e (g(x +2A,) —2g(x + A,) + g(x))zdx
7o) = = .
(t))?

In particular, we need to show that the above quantity is small enough (see
condition (18)) to prove the negligibility of the error that is due to the first
order approximation 7 X & 0(;_2)4, OF G. The corresponding term in the
case of increments is essentially given as

12 (56 + A0 — g(0)) dx

2
Th

TTa(e) =

)

where 72 = E(|A7G|?) (see [8]). Under the Assumptions 1 and 2 the

n
denominators (t,f> )? and 2 have the same order, but the nominator of

ﬁ,? (&) is much smaller than the nominator of 77, (¢). This has an important
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consequence: the central limit theorems for the multipower variation of the
increments of X hold only for B € (—%, 0) while the corresponding results
for the second order differences hold for all B € (—%, 0) U (0, %) O

Another advantage of using second order differences &7 X is the higher robustness
to the presence of smooth drift processes. Let us consider the process

}]l:Xt_'_Dta 1203 (26)

where X is a A.7.% model of the form (3) and D is a stochastic drift. We obtain
the following result.

Proposition 1. Assume that the conditions of Theorem 2 hold and D € C"(Rxo)
for somev € (1,2), i.e. D € C'(Rxo) (a.s.) and D' has (v — 1)-Holder continuous
paths (a.s.). Whenv — 8 > 1 then

) ) t " t

A2 (MPVO(Y, plo.pDl=p" / |o |7 ds) o Aaw,
PP Jo I<j=<d 0o '

where the limit process is given in Theorem 2. That is, the central limit theorem is

robust to the presence of the drift D.

Proof. Proposition 1 follows by a direct application of the Cauchy-Schwarz and
Minkovski inequalities (see Proposition 6 in [8] for more details). O

The idea behind Proposition 1 is rather simple. Notice that &7 X = Op (A5+%)
(this follows from Assumption 2) whereas 7 D = Op(A)). It can be easily seen
that the drift process D does not influence the central limit theorem if v — g —
% > %, because A;l/ 2 is the rate of convergence; this explains the condition of
Proposition 1.

Notice that we obtain better robustness properties than in the case of first order

1
increments: we still have AT X = OP(A§+2), but now A7 D = Op(A4,). Thus, the
drift process D is negligible only when 8 < 0, which is obviously a more restrictive
condition.

Example 1. Let us come back to the original %.%.% process from (1), which is of
the form (26) with

t
D, :/ q(t —s)ads.

—0o0
For the ease of exposition we assume that
q(x) = xP 1o B> -1,

and the drift process a is cadlag and bounded. Observe the decomposition

t+e t
D;y.— D, = / q(t +8—s)asds+/ (gt +e—5)—q(t —s))ads.
t —0o0



80 O.E. Barndorff-Nielsen et al.

We conclude that the process D has Holder continuous paths of order (E + 1) Al
Consequently, Theorem 1 is robust to the presence of the drift process D when
B>p—1 5. Furthermore, for B > 0 we deduce that

D= 4Oa + [ qGads
0

By Proposition 1 we conclude that Theorem 2 is robust to the presence of D when
the process a has Holder continuous paths of order bigger than S. O

Remark 4 (Higher order differences). Clearly, we can also formulate asymptotic
results for multipower variation of g-order differences of %..¥ processes X.
Define

N [t/ An]—qgk+q k—1
MPVO(X. pr.....po)} = Au(@)™ 7" ) fﬂ&%ﬂw,
i=q

where A;q)nX is the g-order difference starting at i A, and (rnq))2 lE(|A(q)"G 1?).
Then the results of Theorems 1 and 2 remain valid for the class
MPVD(X, py, ..., pr)" with Oy, defined as

A(‘]) G

( 1—[ ) i+ql
..... ‘E,Sq)

).

The Assumptions 1 and 2 have to be modified as follows (a) g® has to be replaced

by g(’” in Assumption 1(ii) and 1(iii), and (b) R has to be replaced by R( q)
Assumption 2(ii).

However, let us remark that going from second order differences to g-order
differences with ¢ > 2 does not give any new theoretical advantages (with respect
to robustness etc.). It might though have some influence in finite samples. O

Remark 5 (An extension to other integral processes). In [8] and [9] we considered
processes of the form

t
7 = ,u+/ 0,dG,, @7
0

where (G;)s>0 is a Gaussian process with centered and stationary increments.
Define
R(t) = E(IGs+t - Gs|2)

and assume that Assumption 2 holds for R (we use the same notations as for the
process (3) to underline the parallels between the models (27) and (3)). We remark
that the integral in (27) is well-defined in the Riemann-Stieltjes sense when the
process ¢ has finite r-variation with r < 1/(1/2 — B) (see [8] and [23]), which we
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assume in the following discussion. We associate tf and MPV® (Z,p1,....pe)}
with the process Z by (8). Then Theorem 1 remains valid for the model (27) and
Theorem 2 also holds if we further assume that Assumption 3-y is satisfied for some

We remark that the justification of the approximation $¥Z = o0(i-2)4, OF G is
easier to provide for the model (27) (see e.g. [8]). All other proof steps are performed
in exactly the same way as for the model (3). O

Remark 6 (Some further extensions). We remark that the use of the power functions
in the definition of MPV® (X, p1,..., pr)} is not essential for the proof of
Theorems 1 and 2. In principle, both theorems can be proved for a more general
class of functionals

[t/ An]—2k+2 "
orx Ol X
& no_ i i+2(k—1)
MPVO(X H)P =4, Y. H(Zm,.. —2000),
i=2 Ty Tn

where H : R¥ — R is a measurable even function with polynomial growth
(cf. Remark 2 in [8]). However, we dispense with the exact exposition.

Another useful extension of Theorem 2 is a joint central limit theorem for
functionals MPV® (X, p1,..., px)} computed at different frequencies (this result
will be applied in Sect. 4.3). For r > 1, define the multipower variation computed
at frequency rA, as

. [t/ A]=2k+2 k—1
MPVE (X, pi,.., pi)! = A(t0) P DN [ AR ¢ LN ¢
i=2r 1=0
where O X = X;ia, —2X (i), + X(i—2r)4, and (7,,)> = E(| O G|?). Then,
under the conditions of Theorem 2, we obtain the stable central limit theorem

, 1 +
An—l/z (MPV’E(X’ plv”'vpk)’[l_p;lrs{..,pk j(; |US|p+dS) st /t |Ur|p+lll/2dW5/
1,1 b ’

MPV (X, p1s-- s P! — Pp) - fo log|? " ds 0

(29)

where W' is a 2-dimensional Brownian motion independent of .%,

k—1 n,r
SN G
R _ i+2Ir
ot = E(TT|722=]7)
and the 2 x 2 matrix i = (i;j)1<i,j <2 is defined as

—00

iy = Tim A;lcov(Mpvjf(BH,pl, e P MPVE (B ... .,pk)';)

with B¥ being a fractional Brownian motion with Hurst parameter H = 8 + %

Clearly, an analogous result can be formulated for any d-dimensional family
(rjipia-e o POI=)=d- O
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4 Estimation of the Smoothness Parameter

In this section we apply our probabilistic results to obtain consistent estimates of the
smoothness parameter B € (—1,0) U (0, %). We propose three different estimators

for B: the realised variation ratio (RVR®), the modified realised variation ratio

(RVRO) and the change-of-frequency estimator (COF ). Throughout this section
we assume that

AR () = 0% () = 0 (30)

forany j > 1, where r<>( 7) and p®(j) are defined in (14) and (15), respectively.

This condition guarantees that p” - can be replaced by the quantity Pyi..pi in
..... pl P

Theorem 2 without changing the 11m1t (see Remark 2). Recall that the COIldlthIl 30)
holds for our canonical example

g(x) = xP exp(—Ax)

when § € (—%,O) U (0, %) and A > 0.

4.1 The Realised Variation Ratio

We define the realised variation ratio based on the second order differences as

MPV®(X,1,1)"

MPV®(X,2,0)" Gb

RVR®" =

This type of statistics has been successfully applied in semimartingale models to
test for the presence of the jump part (see e.g. [4]). In the .. framework the
statistic RVR,O” is used to estimate the smoothness parameter f.

Let us introduce the function ¢ : (—1,1) — (%, 1) given by

Y(x) = %(«/ 1 — x2 + x arcsin x). (32)

We remark that ¥ (x) = E(U,U,), where U}, U, are two standard normal variables
with correlation x. Let us further notice that while the computation of the value of
MPV® (X, p1,..., pr)} requires the knowledge of the quantity tf (and hence the
knowledge of the memory function g), the statistic RVR?” is purely observation

based since /A2
t n n
D" TIOrX]] <>,+2X|

On
RVR™ = Z[Y/An] | <>nX|2

Our first result is the consistency of RVR,O" , which follows directly from Theorem 1
and Lemma 1.
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Proposition 2. Assume that the conditions of Theorem 1 hold. Then we obtain
RVR?" == 1 (p° (2)). (33)

where p©(j) is defined by (15).

Note that
_4l+2ﬁ 4+ 4. 3l+2}3 —6- 21+2ﬂ +4

2(4— 21+2ﬂ)

p°(2) =

’

,o<> 2) = pf; (2) is invertible as a function of 8 € (—1,0) U (0, %), it is positive for
B e (—%, 0) and negative for B € (0, %)

Obviously, the function ¥ is only invertible on the interval (—1,0) or (0, 1).
Thus, we can recover the absolute value of p(2), but not its sign (which is not
a big surprise, because we use absolute values of the second order differences in
the definition of RVR,O”). In the following proposition we restrict ourselves to f €
(0, %) as those values typically appear in physics.

Proposition 3. Assume that the conditions of Theorems 2 and (30) hold. Let
B e (0.3 pg@ = (0,5) — (=1,0), ¥ : (=1,0) — (2,1) and set
f=vo pg(Z). Then we obtain for h = f~!

h(RVR®™) =25 B, (34)
and
Ay P (W(RVRO™) — BYMPV® (X, 2, 0)"
( ( t ) ﬁ) ( )t i) N(O, 1),
/ HIW(RVRO™ (1, ~RVR™) (1. ~RVRS")T MPV® (X. 4, 0)!
(35)

foranyt > 0, where 1 = (Jij)1<i,j <2 is given by
wi = nlgr;o A;lvar(MPVO(BH, 1, 1)’11),
i = lim An_lcov(MPVO(BH, 1, 1)", MPV°(B" 2, 0)7),
n—>oo
[z = lim An_lvar(MPVO(BH, 2, 0)7),
n—o0
with H = f + 1.
Proposition 3 is a direct consequence of Theorem 2, of the delta-method for stable
convergence and of the fact that the true centering Ip(rn<> (2)) in (23) can be replaced

by its limit ¥ (p® (2)), because of the condition (30) (see Remark 2). We note
that the normalized statistic in (35) is again self-scaling, i.e. we do not require the



84 O.E. Barndorff-Nielsen et al.

knowledge of rno , and consequently we can immediately build confidence regions
for the smoothness parameter 8 € (0, %).

Remark 7. The constants B;;, 1 < i, j <2, can be expressed as

= var(|Q111Q3]) +2 ) cov(| Q11Q5l. [ Q14411 Q3+

k=1

iz = cov(03,10111Q3]) + 2> cov(Q7, 101441 Q314 1),

k=0

po = var(QF) +2 3 Jcov(QF. 0F,0) = 2+ 43 o® (),

k=1 k=1

with Q; = O"BH /,/var(O7 BH). The above quantities can be computed using
formulas for absolute moments of the multivariate normal distributions. O

4.2 The Modified Realised Variation Ratio

Recall that the restriction 8 € (0, %) is required to formulate Proposition 3. To
obtain estimates for all values B € (—4,0) U (0, %) let us consider a modified (and,
in fact, more natural) version of RVR,O”:

on Z[f/A] 2<>nX on X

RVR, i+2 (36)
i orxp

. 5501 . . . .
Notice that RVR, " is an analogue of the classical autocorrelation estimator. The

following result describes the asymptotic behaviour of RVRton

Proposition 4. Assume that the conditions of Theorems 2 and (30) hold, and let
h = (p§(2))_l. Then we obtain

hRVR") 25 B, 37
and, with MPV (X, 1, 1)? = A,(x0) 2 Y1402 ony on  x

_1/2 <& n
(h(RVR") — BYMPV® (X, 2, 0)! L N, D,

\/ L RVRS")|(1, —~RVR") (1, ~RVR.")T MPV® (X, 4, 0)!
(38)
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foranyt > 0, where 1 = (Jij)1<i,j <2 is given by
: —1 LY iTAd H n
wy = lim A; var(MPV (B" 1, 1)1),
n—>oo
i = lim A;1c0v<MPV<>(BH,1, 1)",MPV<>(BH,2,0)';),
n—>oo
{tz = lim A;lvar(MPVO(BH,Z,O)’l’),
n—>oo

with H =  + 3.

Remark 8. Note that Proposition 4 follows from Remark 6, because the function
H(x,y) = xy is even one. In fact, its proof is much easier than the corresponding
result of Theorem 2. The most essential step is the joint central limit theorem for

the nominator and the denominator of mf” when X = G (i.e. 0 = 1). The latter
can be shown by using Wiener chaos expansion and Malliavin calculus. Let H be a
separable Hilbert space generated by the triangular array ($F G/ rno In=11<i<[t/A]
with scalar product (-,-)y induced by the covariance function of the process
(O1G/ T nm1.1<i<[1/a,)- Setting ! = O'G/t° we deduce the identities

[f/An]_z [t/An]_z
AP Y (a = @) = LU, S =47 Y e e,
=2 i=2
/4,1 /4,1

A2 Z (I)(?I2 - 1) = L(f®), f@=al2 Z (%2,
i=2

i=2

where I, is the second multiple integral. The joint central limit theorem for the
above statistics follows from [19] once we show the contraction conditions

14D @1 £ e = 0. 2 @1 £, lue2 — 0.

and identify the asymptotic covariance structure by computing
2 limp ool £, n(]))H®2 for 1 < i,j < 2. We refer to the appendix of [7] for a
more detailed proof of such central limit theorems. O

Remark 9. The constants 8;;, 1 <1i, j <2, are now much easier to compute. They
are given as

pinr = var(Q103) +2 ) cov(Q103, Q144 Q3+k)

k=1

=1+[p°@P +2) (p° 0 + p° (k +2)p°(k —2)).
k=1
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iz = cov(Q3, 0103) + ZZcov(Qf, O1+k Q3+k)

k=0

=210 (P +4)_p°(k)p° (k +2).
k=1

o0 o0
px = var(Q7) +2) cov(07. 0%, =2+4> " |p° (k).
k=1 k=1

with Q; = OB/ /var(O BH). This follows from a well-known formula
cov(Z12Z,,Z37Z4) = cov(Zy, Z3)cov(Z,, Z4) + cov(Z,, Z3)cov(Zy, Z4)

whenever (Z, Z,, Z5, Z4) is normal. O

4.3 Change-of-Frequency Estimator

Another idea of estimating B is to change the frequency A, at which the second
order differences are built. We recall that (r,,<> )? = 4R(A,) — R(24,) and
consequently we obtain the relationship

(TQ)Z ~ AZﬂ +1
n - n
by Assumption 2(i). Observing the latter we define the statistic

Ay 2
fand) om2y

COF} = ==t L —_
AI‘I ’
o onxp

(39)

that is essentially the ratio of MPV® (X, 2, 0)} computed at frequencies A, and 2A,,.
Recall that (tn<’>2)2 = [E(| 0?’2 G|?) = 4R(2A,) — R(4A,) and observe

(‘sz)z
(z)?

N 22}3+l‘

As a consequence we deduce the convergence
u.c.p.
COF" 25 22P+1,

The following proposition is a direct consequence of (29) and the properties of stable
convergence.
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Proposition 5. Assume that the conditions of Theorems 2 and (30) hold, and let
h(x) = (logy(x) — 1)/2. Then we obtain

h(COF}) — B, (40)
and
A, (h(COF?) — pYMPV® (X, 2,0)!
\/§|h/(COF;?)|(1, —COF"u(1,—COF"TMPV® (X, 4,0);

< N@©, 1), @1)

foranyt >0, where [t = (W;j)1<i,j<> is given by
pn = lim A;lvar(MPvf(BH,z,O)*;),
piz = lim. A;lcov(MPvf(BH,2,0)",MPV<>(BH,2,0)’1’),
U = nlggo An_lvar(MPVO(BH, 2, 0)'11),

with H = f + 1.

Let us emphasize that the normalized statistic in (41) is again self-scaling. We recall
that the approximation

&2
T
((ng))z —22PF1 = 5(Al/?),
‘Cl‘l

which follows from (30), holds for our main example g(x) = x? exp(—Ax) when
Be(—1.00U(0, 1) and 1 > 0.

Remark 10. Observe the identity
Xia, = 2X -2, + Xi—aa, = O7 X =207 X + O/, X,

The latter implies that

o0
i =242 p%k +2) = 4p°(k + 1) + 6p° (k) — 4p° Ik — 1))
k=1

+0° (lk —2))%,
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p2 =27 (M) =D+ 27 Y %k +2) = 2%k + 1) + 0 (R,
k=0

o0
pn =2+4> |p° k)%
k=1

5 Proofs

Let us start by noting that the intermittency process o is assumed to be cadlag, and
thus o is locally bounded. Consequently, w.l.o.g. ¢ can be assumed to be bounded
on compact intervals by a standard localization procedure (see e.g. Sect.3 in [5]
for more details). We also remark that the process F defined by (9) is continuous.
Hence, F is locally bounded and can be assumed to be bounded on compact
intervals w.l.0.g. by the same localization procedure.

Below, all positive constants are denoted by C or C, if they depend on some
parameter p. In the following we present three technical lemmas.

Lemma 2. Under Assumption 1 we have that
E(O/X17) < Cp(z0)", i =2,....[1/A)] (42)

forall p > 0.

Proof of Lemma 2: Recall that due to Assumption 1(ii) the function |g®| is non-
increasing on (a,o00) for some a > 0 and assume w.l.o.g. that a > 1. By the
decomposition (12) and Burkholder’s inequality we deduce that

E(| O'X|7) < cp<(r;>)1’

oo 2 ) p/2
FE([ (864280 - 286+ 4) +86)) 07, ds)” ).
0
since o is bounded on compact intervals. We immediately obtain the estimates

1 2
[ (st +280 =266+ A4,) + £0)) 0 s, o5 = CEPP
0

a 2
[ (64280 =266+ 4 + 50)) 0 apa, s = A2,
1
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because g'® is continuous on (0, 0o) and o is bounded on compact intervals. On the
other hand, since |g®| is non-increasing on (a, c0), we deduce that

0 2
[ (gt + 280 =266+ 4) + £6)) 0 s, = A2 Fima,
a

Finally, the boundedness of the process F implies (42). O
Next, for any stochastic process f and any s > 0, we define the (possibly infinite)
measure

.[A (g(x =+ 2An) — 2g(x + An) + g(x))z sz—xdx

rr}in (A) = e , A € BR.y),
(43)
and set T30 (x) = 7 ({y = y > x}).
Lemma 3. Under Assumption 1 it holds that
sup T (¢) < C7Ty (e) (44)

s€[0.1]

for any ¢ > 0, where the measure JT,? is given by (13).

Proof of Lemma 3: Recall again that |g'?| is non-increasing on (a, 0o) for some
a > 0, and assume w.l.o.g. thata > ¢. Since the processes ¢ and F are bounded we
deduce exactly as in the previous proof that

/oo (g(x +24,) —2g(x + 4,) + g(x))zasz_xdx
= /a (g(x +24,) —2g(x + Ay) + g(X))zctf_xdx

[ (s + 280 260 + A0 + 500) 0 v = CGED ) + 4D,

This completes the proof of Lemma 3. O
Finally, the last lemma gives a bound for the correlation function r,? ().

Lemma 4. Under Assumption 2 there exists a sequence (h(j)) =1 such that

rCDI<hG), D) < oo, (45)

J=1

forall j > 1.
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Proof of Lemma 4: This result follows directly from Lemma 1 in [7]. Recall that
r,? (j) = p°(j) and Z?O=1 |p°(j)| < o0, so the assertion is not really surprising.
O

Observe that Lemma 4 implies the conditions (16) and (17).

5.1 Proof of Theorem 1

In the following we will prove Theorems 1 and 2 only for k = 1, p; = p. The
general case can be obtained in a similar manner by an application of the Holder
inequality.

Note that MPV® (X, p)} is increasing in ¢t and the limit process of (22) is
continuous in ¢. Thus, it is sufficient to show the pointwise convergence

t
MPVO (X, p)"' i>mp/ |o, |7 ds,
0

where m, = E(|N(0, 1)|?). We perform the proof of Theorem 1 in two steps.

e The crucial approximation: First of all, we prove that we can use the approxi-
mation O X & 0(j-2)4, OF G without changing the limit of Theorem 1, i.e. we
show that

[t/An]
_ P
An(T0)P § (l OIX NP = lo(i-na, O?Gl”) — 0. (46)
i=2

An application of the inequality ||x|? — |y|?| < plx — y|(|x|?~" + |y|?~") for
p > land ||x|? — |y|?] < |x — y|? for p < 1, (42) and the Cauchy-Schwarz
inequality implies that the above convergence follows from

[t/A4]
An(t)) 2 Y E( OFX — 0-2)a, OFG|?) —> 0. (47)
i=2

Observe the decomposition
OIX —0(-24, O/ G = A + B + C'°

with

iAy
Al = giA, —s)(o5s — 0(i—2)4,) W(ds)
(i—1A,

(=14,
+ / (2G40 —5) =2 = DA, —5)) (0, — 022, W(ds)
(i=2)4A,
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(=2 A,

B = g, —5) = 2g((i — DA, —s) + g(( —2)A, — s))crs Wids)
(i—2)A,—e

(i—2)A,
—0(i—2)A, /( ) gliA, —s)—2g((i — DA, —s) + g((i —2)4, —s)W(ds)
i—2)A,—e¢

(i—2)A,—¢
e = / (g(iA,l —5)—2g((i = DA, —s) +g((i =24, — s))crs W(ds)
(i—2)A,—e
—0(i-2)4, L gy =) =28((i =1DA, =) + g(( =2)A, —5)W(ds)

Lemma 3 and the boundedness of o imply that

[t/An]
An()) 7 Y E(CIP) < Cry (o), (48)

i=2
and by (11) and Assumption 2(i) we deduce that
[t/ 4]

An(t))2 Y E(CIP) — 0,
i=2

asn — oo, forall & > 0. Next, set v(s, n) = sup{|os—o,|*| r € [-t.1], |[r—s| <
n} for s € [—t,t] and denote by Ao the jump process associated with 0. We
obtain the inequality

[t/A4] [t/A4]
Ayt Y E(ANP) < Ay Y EW(( —2)A0.24,)) (49)
i=2 i=2

<a+ ME( Y 140 P anzn ) = 00)

SE[—t,1]
for any A > 0. We readily deduce that

im limsup 8(A,n) = 0.

1
A=0 p—oo

Next, observe the decomposition B/"* = B!"“(1) + B;"*(2) with

(i—2)A,
B*(1) = / (262, =)= 28(G = DAy —5) + 8 — D4, —5))
(i—2)A,—e

X (0y — 0(i—2)4,—) W(ds)
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B"*(2) = (0(1—2)8,— — 0(i—2)4,)

(i—2)4,
X [ g@A, —s)—2g((i — 1A, —s)+g((i —2)A, —s)W(ds).

i—2)A,—¢
We deduce that

[t/ 4n] [t/ 4n]

Au(@)? Y R(BIP) < Ay Y E@((E —2) A, 8),
i=2 i=2
[1/An] [t/ An] 1

A, Y EBM@P) < An Y EG(( -2 A8, (50)
i=2 i=2

By using the same arguments as in (49) we conclude that both terms converge to

zero and we obtain (47), which completes the proof of Theorem 1. O
o The blocking technique: Having justified the approximation &7 X & 0(i_2)4, O7 G

in the previous step, we now apply a blocking technique for o(;_2)4, OF G: we

divide the interval [0, ] into big sub-blocks of the length /™' and freeze the

intermittency process o at the beginning of each big sub-block. Later we let /

tend to infinity.

For any fixed [/ € N, observe the decomposition

' [t/ An]
MPVO X, )t =y [ loilrds = 4, Y (190 X1 ~log—aa, O1GI) + Ry,
0 i=2

where
l [t/ An] /1]
R} = An(fno)_p< > oG24, O?GIP—ZIUQV > |<>?G|p)
i=2 j=1 i€li(j)
1] 1]
ONe _
+ (4@ Y loial? Y 101G —mp ™Y o )?)
Jj=1 i€l;(j) Jj=1
/1] ¢
+m (17! Y losal” —/0 joy17ds).
j=1
and Fq i
n()={iliane (=21} =t

Notice that the third summand in the above decomposition converges to 0 in
probability due to Riemann integrability of 0. By Theorem 1 in [8] we know that
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MPV® (G, D)} Eom p»t, because the condition (16) is satisfied (see Lemma 4).
This implies the negligibility of the second summand in the decomposition when
we first let n — oo and then [ — oo. As o is cadlag and bounded on compact
intervals, we finally deduce that

lim limsupP(|R"| > &) = 0,

=00 p—o0

for any ¢ > 0. This completes the proof of the second step and of Theorem 1. O

5.2 Proof of Theorem 2

Here we apply the same scheme of the proof as for Theorem 1. We start with the
justification of the approximation 7 X =~ o(-2,, ¢7G and proceed with the
blocking technique.

e The crucial approximation: Here we prove that
[t/An]

APE Y (101X1 = [0-21, O GI7) —> 0. (51)
i=2

Again we apply the inequality ||x|? — |y|?| < plx — y|(]x|?~" + |y|?!) for
p>1,|x|? = |y|?| <|x — y|? for p <1 and (42) to deduce that

[t/ An]
AT Y E()l CIX | = loi-2)a, <>?Glp))l < A (z0)nD
i=2

[t/ 4] o
x Y (E(| OTX — 024, O}G) 7.
=2

Now we use a similar decomposition as in the proof of Theorem 1:

,si,j),a,(,j+l)

I
(1)
OlX —0(-9a, OJG = A + B + Zcin ;
j=1

0 pned 0 0 I+
where A7, B; " are defined as above,0 < ¢, <--- < ¢g," <¢g, = oo and
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neg) e T (=24, . .
o = /( Lo (G4, =5) =22 = DA, =)

i—2) A, —e

+4(( = 2)A, —5)) o, W(ds)

(—24,—s
—0(i—2)4, /( D e+ g, —s)—2g(@ — DA, —s) + g((i —2)4, —s)W(ds).
1= n—é&n

An application of Assumptions 1, 2 and 3-y, for y € (0, 1] with y(p A 1) > %,
and Lemma 3 implies that (recall that o is bounded on compact intervals)

[t/ 4] "
_ JZa3 ( Al)—l
AP ()P Y (B(AND)) 2 o< ca T
=2
[t/ An] o
Arlz/z(f;?)_p Z (E(|Bf’€” |2)) < CA;1/2|€£1)|V(pAl)7
=2

‘*:
N>

A

12 0_p[t/A”] pel) U+ 5\
APEOT YRGS P)) <

i=2

N

—1/2| . +1 — —O () 2ot
< CAn / |8£11+ )|V(]7/\1)|7Tn (£§l/+l))_nn (821))| 7,

[t/ 4] ) _(+1) = PAl
APEDT Y (chi”’s" |2>) < CATPT ()
i=2
(52)
forl < j <1 —1.1In[8] (see Lemma 3 therein) we have proved the following
result: if the condition (18) is satisfied then there exist sequences
0< 55,1) < < 5,(11) < 8£,I+l) =00

such that all terms on the right-hand side of (52) converge to 0.

Set A = (3 —28)(1 —4) for some 6 > 0 such that A > 1/(p A 1). This is
possible, because 3 — 28 € (2,4) and the assumptions of Theorem 2 imply that
p > 1/2. We obtain that

7O (e,) < CAMNIT,

for any &, = A¥, k € (0, 1), by (11) and Assumption 2(i). Thus, we deduce (18)
which implies the convergence of (51). O
The blocking technique: Again we only consider the case d = 1, k = 1 and
p1 = p. We recall the decomposition from the proof of Theorem 1:

t
AT (MPVE (X, pY = m, /0 oy 7ds)

[i1] [t/14,]
—1/2 ON— —1
= 4,2 (A, Y o |” Y [ OIGI = myl ™Y o))
j=1 i€l(j) j=1
[t/ An] .
— —n,
+AV2 @) Y (1 08X 1 ~ o214, O1GI7) + B, (53)

i=2
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where
[t/ An] s
R = A,l/z(tf)_p( > 10624, OIGI” = o l” Y |<>:'1G|p)
= j=l1 i€1())
[l7] t
i (S [ )
=

Note that the negligibility of the second summand in the decomposition (53) has
been shown in the previous step. The convergence

lim lim supIP’(lR | >¢g) =0,

[—00 n—o00

for any ¢ > 0, has been shown in [7] (see the proof of Theorem 7 therein). Finally,
we concentrate on the first summand of the decomposition (53). By Remark 11
in [8] we know that (G,, A, '>(MPV® (G, p)! — m 1)) = (G,, JEW,), where
W is defined by (25), because r,? (j) = p®(j) and condition (17) holds (see
again Lemma 4). An application of the condition D” from Proposition 2 in [1]
shows that

ATP(MPV (G, p)! —myt) =5 JaW,.

Now we deduce by the properties of stable convergence:

[11] [t/144]
A;I/Z(An(rno)_pZWgV Z | OIG|P —m I~ Z |0?|p)
j=1 i€l (j) Jj=1

(1]
st
— VLY oo |t AW,
j=1
for any fixed /. On the other hand, we have that
/1]
JEY 011 Al w! N f/ |og|Pd W/
j=1

as [ — oo. This completes the proof of Theorem 2. O
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