
Chapter 6
Massive Gravity: A Primer

E.A. Bergshoeff, M. Kovacevic, J. Rosseel, and Y. Yin

Abstract We show that the recently constructed 3D higher-derivative “New Mas-
sive Gravity theory” is the result of a general procedure that allows one to construct,
in the free case, higher-derivative gauge theories for a wide class of “spins” in di-
verse dimensions. We specify the criterium that the “spin” and dimension need to
satisfy in order for the construction to apply. To clarify the general procedure we
present examples of higher-derivative gauge theories for the special cases of spin 1
in D = 3, 5 and 7 dimensions. We next apply the procedure to spin 2 in D = 3 di-
mensions and show how the New Massive Gravity and Topological Massive Grav-
ity theories are constructed. Both theories allow interactions. We indicate how and
under which conditions the 3D New Massive Gravity theory can be extended to
D = 4 dimensions and the 3D Topological Massive Gravity theory can be extended
to D = 7 dimensions. We discuss the issue of interactions of these two theories.

6.1 Introduction

These lectures deal with higher-derivative theories of gravity. Consider first Ein-
stein’s theory of gravity as a theory of interacting massless spin 2 particles around a
Minkowski space-time background. The dynamics of this theory is described by
the Einstein-Hilbert action which is second-order in the derivatives. As is well-
known, Einstein’s theory of gravity is perturbative non-renormalizable when ex-
panded around a flat Minkowski spacetime. One way to try to cure this problem is
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by adding higher-derivative terms to the Einstein-Hilbert action in order to obtain
better behaving propagators that could lead to a perturbative renormalizable theory.

Already in the seventies of the previous century a systematic investigation of
the effect of adding fourth-order derivative terms to the Einstein-Hilbert action was
undertaken by Stelle [1, 2]. He considered the most general such terms:

L ∼ R + a
(
Rμν

ab
)2 + b(Rμν)

2 + cR2. (6.1)

Here Rμν
ab , Rμν , R are the Riemann tensor, Ricci tensor, Ricci scalar, respectively,

and a, b and c are generic coefficients with dimension of one over mass squared. The
outcome of his studies was that for generic coefficients the theory is renormalizable1

but not unitary. It is easy to understand why this is the case. In the above Lagrangian
the fourth order derivative terms act like the kinetic terms and the Einstein-Hilbert
term as the mass term. Since the kinetic terms are fourth-order in derivatives they
can generically be written as the product of two second-order operators. It turns
out that one operator corresponds to a massless graviton and the other one to a
massive graviton. Unfortunately, it turns out that the signs of the two kinetic terms
are opposite and that is why ghosts cannot be avoided.

The occurrence of a massive and massless graviton with opposite signs is a
generic feature of any dimension. For each dimension this would imply a break-
down of unitarity except for three dimensions since in three dimensions there is no
massless graviton! This implies that one is only left with the massive graviton only
whose kinetic term can always be given the correct sign by adjusting the over-all
sign of the Lagrangian. This is the reason that unitary higher-derivative theories of
gravity do exist in three dimensions. There is one more special situation that is less
obvious. It turns out that when expanding around an AdS vacuum solution instead
of a Minkowski space-time the coefficient in front of the linearized Einstein-Hilbert
term gets shifted with a term involving the cosmological term Λ. The value of Λ can
be chosen such that the coefficient in front of this term vanishes which has the effect
that there is no massive graviton! This special so-called “critical” point in parameter
space leads to the so-called “critical” gravity theories. Note that these critical grav-
ity theories are not limited to three dimensions. They will be shortly discussed later
in these lectures.

It turns out that in three dimensions there are not one but two unitary higher-
derivate gravity theories. They are called Topological Massive Gravity (TMG) [3]
and New Massive Gravity (NMG) [4, 5]. An important difference between the two
theories is that only one of them (NMG) is parity-invariant. In these lectures we will
discuss the general procedure for constructing these TMG and NMG theories. This
also shows the way of how to extend these constructions, at least at the linearized
level, to higher than three dimensions.

1This is not the case for special choices of the coefficients. In particular, scalar gravity, with a =
b = 0 and Weyl gravity, in which case a, b and c are chosen such that the Weyl tensor squared
combination is obtained, are not perturbative renormalizable.
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The organization of these lectures is as follows. In Sect. 6.2 we will discuss the
general procedure of constructing higher-derivative gauge theories mentioned above
for general dimensions and general spin. We will do this on hand of Young tableaux
thereby avoiding too many explicit (and complicated!) formulae. In Sect. 6.3 we
will elucidate this procedure by working out several examples corresponding to
“spin 1” fields. By this we mean fields that carry an index structure correspond-
ing to a Young tableaux with one column. Subsequently, in Sect. 6.4 we will discuss
the “spin 2” case, i.e. we will discuss fields whose symmetry structure correspond
to Young tableaux with two columns. This will include the construction of the 3D

NMG and 3D TMG theories and a discussion of the higher-dimensional generaliza-
tion (at the linearized level) of these theories. This will lead to the construction of
a new 4D NMG and 7D TMG theory which will be briefly discussed. In the con-
clusions we will address a few open issues. We have included an Appendix which
contains the four exercises that were mentioned during the lectures together with
their answers.

6.2 General Spin

In this section we will explain the general procedure of how to construct a higher-
derivative gauge theory for a massive field in a pictorial way using Young tableaux.
The precise formulae, corresponding to specific examples, will be presented in the
following sections. First, we will explain in Sect. 6.2.1 how to “boost up the deriva-
tives” of a given massive theory. Next, in Sect. 6.2.2 we will explain how to “take
the square root” of a massive theory. The techniques of the first subsection may then
be applied to boost up the derivatives of this “square root” theory.

6.2.1 “Boosting up the Derivatives”

Following [6, 7],2 the starting point is a field S in D dimensions with indices cor-
responding to a GL(D,R) Young tableau with s columns. In order to elucidate the
general procedure, we consider as an example a 4D field with indices corresponding
to the following Young tableau with s = 2 columns:

S ∼ (6.2)

For simplicity, we will restrict in the discussion below to the cases s = 1 and s = 2
only. Most of the discussion, however, is valid for any s. In order that the field S

2For a recent discussion, see also [8].
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describes a massless spin3 corresponding to the same Young tableau but with the
indices now referring to the SO(D − 2) little group4 the field S should transform
under a set of gauge transformations whose parameters λ correspond to GL(D,R)

Young tableaux that are obtained from the original tableau by deleting one box in
all possible ways such as to obtain an allowed Young tableau. For our example (6.2)
given above this leads to gauge parameters λ1 and λ2 corresponding to the following
two GL(D,R) Young tableaux

λ1 ∼ λ2 ∼ (6.3)

This corresponds to a generic 2-tensor gauge parameter λ = λ1 + λ2. The transfor-
mation rule of the gauge field S is obtained by hitting the parameters λ1,2 with a
derivative and projecting to the original Young tableau:

δ = ∂ +
∂

(6.4)

or, shortly, δS = ∂λ1 + ∂λ2.
For a Young tableau with s columns a gauge-invariant curvature is obtained by

adding one box, representing a derivative, to each column. This leads to a curva-
ture with s derivatives. Following the 4D spin 2 case we will call this curvature the
“generalized” Riemann tensor R(S) or, shortly, the Riemann tensor. For our exam-
ple (6.2) we obtain

R(S) ∼ ∂

∂

(6.5)

That this Riemann tensor is gauge-invariant can be seen from the fact that the sub-
stitution of the transformation rule (6.4) into the expression (6.5) always leads to
a column with two derivatives and hence a vanishing result since two derivatives
commute [8].

We now construct out of the Riemann tensor R(S) another tensor G(S) by taking
the dual of each column. Due to the Bianchi identities of the Riemann tensor this
new tensor is divergence-free in each of its indices. We now assume that the field
S and the tensor G(S) have indices corresponding to the same Young tableau. For
the example given in Eq. (6.2) this assumption is valid. Assuming this property we
can identify G(S) with the “generalized Einstein” tensor for S and write down the
following equations of motion for S:

G(S) = 0. (6.6)

3In 3D there is no concept of massless spin. In D = 3, 4 a Young tableau with s columns always
describes (massless or massive) degrees of freedom of spin s or less. For D > 4 the specification
of spin requires more than one number. For ease of notation we will call in these lectures any field
with indices corresponding to a GL(D,R) Young tableau with s columns a “spin-s” field.
4To obtain an irreducible SO(D − 2) representation from the field S one should first require that
all indices only take values in the (D − 2) transverse directions and, next, that all traces in any of
these transverse directions vanish.
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Table 6.1 This table lists, for s = 1,2, all the GL(D,R) representations of S in 3 ≤ D ≤ 7 di-
mensions for which the massless representation describes zero physical degrees of freedom. The
star indicates that the equation of motion of the corresponding field S cannot be integrated to a
Lagrangian. The s = 2 Young tableaux with a † indicate the family of fields S that are all dual to a
symmetric tensor

D = 3 D = 4 D = 5 D = 6 D = 7

s = 1
�

s = 2 †
†

†
†

†

Restricting to s = 1,2, we find that for a single-column s = 1 Young tableau with
p boxes (p odd) and for any two-column s = 2 Young tableau these equations of
motion can be integrated to the following Lagrangian for S:5

L ∼ SG(S). (6.7)

Making use of the property that the Einstein tensor G(S) is divergence-free in each
of its indices one can show that this Lagrangian is invariant under the gauge trans-
formations (6.4). The corresponding Euler-Lagrange equations imply the equations
of motion (6.6). To derive these equations we use the fact that the Einstein tensor
G(S) defines a rank s self-adjoint differential operator. The special thing about the
cases described by the Lagrangian (6.7) is that the vanishing of the Einstein tensor
G(S) implies the vanishing of the Riemann tensor R(S) since, by construction, the
two are dual to each other. Since the Riemann tensor is zero, the original field S is a
pure gauge and, therefore, does not describe any massless physical degrees of free-
dom. The fact that there are no non-trivial solutions S of the equation G(S) = 0 is
the crucial property that underlies the construction of the higher-derivative massive
gauge theories we are going to describe below.

For a single-column s = 1 Young tableau with p boxes the fact that S and G(S)

correspond to the same Young tableau implies that the following relation between
p and D must hold:

p = 1

2
(D − 1). (6.8)

Similarly, for a Young tableau with s = 2 columns, of height p and q , we obtain the
condition

p + q = D − 1, p, q �= 0. (6.9)

Consider now a field S corresponding to a given GL(D,R) Young tableaux. Fol-
lowing [6, 9] we may write down the massive “generalized” Fierz-Pauli (FP) equa-

5For s = 1 and p even this Lagrangian would be a total derivative.



124 E.A. Bergshoeff et al.

tions for this field as follows:
(
�− m2)S = 0, Str = 0, ∂ · S = 0. (6.10)

Here Str indicates the trace of any of the two indices carried by S while ∂ · S de-
notes the divergence taken with respect to any of the indices of S. The effect of the
algebraic and differential subsidiary conditions given in Eq. (6.10) is that the mas-
sive physical degrees of freedom described by S transform according to a SO(D−1)

Young tableau that is equal to the original GL(D,R) Young tableau that corresponds
to S. We now assume that the massless representation corresponding to S describes
zero degrees of freedom. This requires imposing the restrictions (6.8) and (6.9), for
s = 1 and s = 2, respectively. For 3 ≤ D ≤ 7 this leads to the cases listed in Ta-
ble 6.1. Note that for s = 2 we obtain in each dimension a mixed-symmetry tensor
that is the massive dual of a symmetric tensor [10]. This family of fields is indicated
with a dagger in Table 6.1. They play a special role in the construction of “New
Massive Gravity” theories beyond 3D, see Sect. 6.4.3 [11].

Assuming from now on that we restrict to the cases listed in Table 6.1 we know
that the Einstein tensor G(S) is in the same representation as S. We may now exploit
this fact and solve the divergence-free condition ∂ · S = 0 by making the following
replacement in the massive equations of motion (6.10):

S = G(T ), (6.11)

for some other field T that is in the same GL(D,R) representation as S. Note that
after the replacement (6.11) one ends up with a gauge-theory for T although the
starting point (6.10) is not a gauge theory. The important thing is that the equation
G(T ) = 0 does not have any non-trivial solution which is not a pure gauge. There-
fore, the replacement (6.11) represents all solutions of the equation ∂ · S = 0. This
implies that the degrees of freedom remain the same independent of whether they
are described in terms of S or T . The substitution (6.11) therefore leads us to an
equivalent higher-derivative gauge theory for the massive field T with the following
equations of motion:

(
�− m2)G(T ) = 0, G(T )tr = 0. (6.12)

For s = 2 the above procedure was first applied to the case of a symmetric tensor in
3D in which case it leads to the (linearized) equations of motion of NMG [4, 5].

For Young tableaux with s = 1 or s = 2 columns one can write down actions
corresponding to the equations of motion (6.10) and the boosted up equations of
motion (6.12).6 However, it is not guaranteed that after boosting up the derivatives
the action will not contain ghosts. We consider first the s = 1 case. It turns out that
for a (2k − 1)-form T in D = 4k − 1 dimensions ghosts will occur. The reason for
this is that in these dimensions the “helicities” described by the (2k−1)-form T split

6Starting from s = 3 one needs to introduce an extra set of auxiliary fields to write down such
actions.
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into two groups which are not in the same induced representation of the Poincaré
group. They can only be mapped to each other by a parity transformation. Since
the replacement (6.11) breaks parity in these cases one does end up with a relative
minus sign between the kinetic terms of these two groups of helicities. Therefore,
one cannot adapt the overall sign of the action such as to avoid ghosts. On the other
hand, for a 2k-form in D = 4k + 1 dimensions the equations of motion cannot be
integrated to an action and the issue does not arise. It turns out that for s = 2 the
issue of ghosts does not arise since the replacement (6.11) never breaks parity for
s = 2. It has been conjectured that the same is true for any even s [12].

6.2.2 “Taking the Square Root”

The feature described at the end of the previous subsection, namely that the helicities
described by a field S, for given s, split into two groups which are only connected
by a parity transformation, manifests itself in a factorization of the Klein-Gordon
operator acting on that field. To be explicit, for D = 4k − 1 one can show that
the Klein-Gordon operator � − m2, when acting on a field S corresponding to a
Young tableaux with s columns of height 2k − 1 each, that satisfies the massive
FP equation (6.10), can be factorized in terms of two first-order matrix operators
D(±m)μ1···μ2k−1

ν1···ν2k−1 as follows:7

D(m)D(−m)S = 0, Str = 0, ∂ · S = 0, (6.13)

where the full index structure of the operator D(m) is given by

D(m)μ1···μ2k−1
ν1···ν2k−1 = 1

(2k − 1)!εμ1···μ2k−1
αν1···ν2k−1∂α + mδ

ν1···ν2k−1
μ1···μ2k−1 . (6.14)

It is understood that this operator acts on the first column of the Young tableaux
corresponding to S. It is an on-shell projector:

D2(m)S = D(m)S if S satisfies (6.13). (6.15)

One can show that the symmetry properties of D(m)D(−m)S are the same as that
of S itself as a consequence of the algebraic and differential subsidiary conditions.

One could try to write down a similar factorization in D = 4k +1 dimensions for
a Klein-Gordon operator when acting on a Young tableau with s columns of height
2k each. However, in this case one finds that the Klein-Gordon operator with the
“wrong” sign of the mass term factorizes:

(
�+ m2)S = −D(m)D(−m)S = 0, Str = 0, ∂ · S = 0. (6.16)

7We do not indicate indices. In later sections we will give the precise form of the equations in
specific examples, including the indices.
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The factorization (6.13) of the Klein-Gordon operator � − m2 in D = 4k − 1
dimensions shows that one can take the “square root” of the generalized FP equa-
tions (6.10) and describe the dynamics of only half of the degrees of freedom by the
first-order differential equations

D(m)S = 0. (6.17)

Note that this equation is not in the same representation as that of S. One can show
that it implies the algebraic conditions Str = 0 and the differential subsidiary condi-
tions ∂ · S = 0. The other half of the degrees of freedom are described by a similar
set of equations but with m replaced by −m. Under parity the two equations are
mapped into each other. For s = 1 these equations reduce to the massive self-duality
equations [13, 14]

R(S) = ±m�S. (6.18)

Such massive self-duality equations occur for instance in seven-dimensional gauged
supergravity theories where S is a 3-form and m plays the role of the gauge coupling
constant [13].

One can play the same trick of “boosting up the derivatives” not only on the
generalized FP equations (6.10) but also, in D = 4k − 1 dimensions, on the “square
root” of these equations, see Eq. (6.17). One thus arrives at the following higher-
order derivative equations describing the same degrees of freedom:

D(m)G(T ) = 0. (6.19)

The integration of these equations of motion to an action in this case does not lead
to ghosts since the degrees of freedom are always in the same irreducible induced
representation of the Poincaré group. In D = 3 dimensions this leads to Topological
Massive Electrodynamics (TME) for s = 1 [15, 16] and Topological Massive Grav-
ity (TMG) for s = 2 [3]. The analogue of Eqs. (6.19) does not exist in D = 4k + 1
dimensions since the integration of these equations would lead to a Klein-Gordon
equation with the “wrong” sign in front of the mass term.

This ends our discussion of the general procedure of how to obtain out of a gen-
eralized massive FP theory for a massive field S, or its “square root”, a massive
higher-derivative gauge theory for a field T without ghosts. In the next sections we
will further explain the general expressions introduced in this section at the hand of
the one-column Young tableaux, i.e. s = 1.

6.3 Spin 1

In this section we consider the general case of a field S in D dimensions with indices
corresponding to a one-column s = 1 Young tableau. As explained in footnote 3 we
will generically denote this set of fields as “spin-1” fields. In these cases we are
dealing with a p-form gauge field Sμ1···μp(x) with gauge transformation

δSμ1···μp(x) = p∂[μ1λμ2···μp](x). (6.20)
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The gauge-invariant curvature or “Riemann tensor” of S is given by the curl of this
gauge field:

Rμ1···μp+1(S) = (p + 1)∂[μ1Sμ2···μp+1]. (6.21)

In the following we discuss the cases p = 1, p = 2 and p = 3 in more detail.

p = 1 The simplest case that satisfies the condition (6.8) is a vector (p = 1) in
D = 3 dimensions. In that case the curvature or “Riemann tensor” R(S) and the
“Einstein tensor” G(S) are given by

Rμν(S) = 2∂[μSν], Gμ(S) = 1

2
εμ

νρRνρ(S). (6.22)

The massless Lagrangian (6.7) is now given by

L = 1

2
εμνρSμRνρ(S), (6.23)

which indeed does not describe any massless spin 1 degree of freedom.
We next consider the massive Proca equation for a 3D massive vector field Sμ:

(
�− m2)Sμ = 0, ∂μSμ = 0. (6.24)

These equations are derivable from the Proca Lagrangian

L = 1

2
Gμ(S)Gμ(S) − 1

2
m2SμSμ. (6.25)

This Lagrangian describes the unitary propagation of two states, one with helicity
+1 and one with helicity −1, see Exercise 1.8 The differential subsidiary condition
is solved by making the substitution:

Sμ = Gμ(T ) (6.26)

in terms of another vector field Tμ. Note that Tμ is a gauge field with gauge transfor-
mations δTμ = ∂μλ. The substitution (6.26) leads to the following higher-derivative
so-called “extended Proca” equation for Tμ:

(
�− m2)Gμ(T ) = 0, (6.27)

which can be integrated to the following Lagrangian containing the “extended
Chern-Simons” term introduced in [17]:

L = −1

2
T μGμ(T ) + 1

2m2
εμνρGμ(T )∂νGρ(T ). (6.28)

8The exercises, together with their solutions, are given in the Appendix.
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Table 6.2 This table lists all the s = 1 cases, with 3 ≤ D ≤ 7, where the “boosting up the deriva-
tives” trick works without encountering ghosts. This leads to the 3D and 7D “Topological Massive
Electrodynamics” (TME) theories indicated in the table. The 5D “Extended Proca” (EP) theory,
indicated by a star in the table, is special in the sense that the equation of motion of this theory
cannot be integrated to a Lagrangian

D = 3 D = 4 D = 5 D = 6 D = 7

EP
�

TME

A canonical analysis shows that this higher-derivative gauge theory contains ghosts
[12, 17]. For a proof of this statement, see Exercise 2.

To avoid ghosts one should first take the “square root” and consider the massive
self-duality equations

Rμν(S) = mεμν
ρSρ. (6.29)

Boosting up the derivatives and integrating the equations of motion leads to the
Lagrangian of 3D TME [15, 16], see Table 6.2

L = − 1

4m
Rμν(T )Rμν(T ) + 1

2
εμνρTμ∂νTρ. (6.30)

p = 2 We now move on and consider the next simplest case of a 2-form (p = 2)
in 5D. In this case we are dealing with gauge fields S, gauge parameters λ and
Riemann tensors R(S) corresponding to the following Young tableaux

S ∼ λ ∼ R(S) ∼
∂

(6.31)

These expressions correspond to the following formulae:

δSμν = 2∂[μλν], Rμνρ(S) = 3∂[μSνρ], (6.32)

while the Einstein tensor Gμν(S) is given by

Gμν(S) = 1

3
εμν

ρστRρστ (S). (6.33)

In this case the equation Gμν(S) = 0 cannot be integrated to a Lagrangian since the
candidate kinetic term SμνGμν(S) is a total derivative, see Table 6.2. This is similar
to the self-dual 2-form in IIB string theory whose dynamics can be described by an
equation of motion without having a Lagrangian.

We next consider the equations of motion for a massive 5D two-form Sμν :

(
�− m2)Sμν = 0, ∂μSμν = 0. (6.34)
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These equations are derivable from the following Lagrangian:

L = 1

8
Gμν(S)Gμν(S) + 1

2
m2SμνSμν. (6.35)

The differential subsidiary condition given in (6.34) is solved by making the follow-
ing substitution:

Sμν = Gμν(T ) (6.36)

in terms of another 2-form field Tμν . Note that Tμν is a gauge field with gauge trans-
formations δTμν = 2∂[μλν]. The substitution (6.36) leads to the following higher-
derivative equations of motion for T :

(
�− m2)Gμν(T ) = 0. (6.37)

Again, these equations cannot be integrated. Trying a Lagrangian of the form
L ∼ αT μνGμν(T )+βεμνρστGμν(T )∂ρGστ (T ) one finds that both terms are total
derivatives. The dynamics of this case can only be described by a set of equations
of motion without having a Lagrangian. Taking the “square root” is not an option
in this case since the integrability conditions of the massive self-duality equations
would lead to a Klein-Gordon equation with the wrong sign in front of the mass
term.

p = 3 Finally, we consider a 3-form (p = 3) in D = 7 dimensions. We are now
dealing with gauge fields S, gauge parameters λ and Riemann tensors R(S) given
by the following Young tableaux:

S ∼ λ ∼ R(S) ∼
∂

(6.38)

These expressions correspond to the following formulae:

δSμνρ = 3∂[μλνρ], Rμνρσ (S) = 4∂[μSνρσ ], (6.39)

while the Einstein tensor Gμνρ(S) is given by

Gμνρ(S) = 1

4
εμνρ

αβγ δRαβγ δ(S). (6.40)

This leads to the following massless Lagrangian

L = Sμνρ(S)Gμνρ(S), (6.41)

which does not describe any massless degrees of freedom.
We next consider the massive Proca equation for a 7D massive 3-form Sμνρ :

(
�− m2)Sμνρ = 0, ∂μSμνρ = 0. (6.42)
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These equations are derivable from the Lagrangian

L = Gμνρ(S)Gμνρ(S) + 1

2
m2SμνρSμνρ. (6.43)

The differential subsidiary condition is solved by making the substitution:

Sμνρ = Gμνρ(T ) (6.44)

in terms of another 3-form field Tμνρ . This substitution leads to the following higher-
derivative equations for Tμνρ :

(
�− m2)Gμνρ(T ) = 0, (6.45)

which can be integrated to the following Lagrangian

L = 1

2
T μνρ

(
�− m2)Gμνρ(T ). (6.46)

To see whether the Lagrangian (6.46) describes ghosts or not we perform a
canonical analysis. We first fix all gauge degrees of freedom by imposing the fol-
lowing gauge-fixing conditions on the 3-form T and the 2-form gauge parameters λ:

∂iTiμν = 0, ∂iλiμ = 0, i = 1, . . . ,6. (6.47)

Using these conditions it follows that δ(∂iTiμν) = ∇2λμν , which shows that indeed
all gauge degrees of freedom in T are fixed.

Taking the gauge-fixing conditions (6.47) into account, we decompose T as fol-
lows:

T0ij = Tij , Tijk = εijk
lmn∂lUmn, (6.48)

where Tij = −Tji , Uij = −Uji , ∂iTij = 0 and ∂iUij = 0. Therefore, Tij and Uij

each describe 10 components.9

Using the decomposition (6.48) and dropping all terms with a spatial divergence
of T or U , the Lagrangian (6.46) can be rewritten as follows:

L = 36T ij
(
�− m2)∇2Uij .

The off-diagonal nature of this expression shows that this Lagrangian describes 20
massive degrees of freedom but that half of them are ghosts.

To avoid ghosts one should first take the “square root” and consider the massive
self-duality equations

Rμνρσ (S) = 1

3!mεμνρσ
αβγ Sαβγ . (6.49)

9It is always understood that Tij and Uij are spatially divergenceless. This means that when we
apply the variational principle, we should not vary the “divergenceful degrees of freedom”.
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Table 6.3 This table lists all the s = 2 cases where the “boosting up the derivatives” trick works
without introducing ghosts. This leads to the different NMG and TMG theories indicated in the
table for 3 ≤ D ≤ 7. The cases with the sub-indices 1–3 are discussed in Sects. 6.4.1–6.4.3

D = 3 D = 4 D = 5 D = 6 D = 7

NMG 1 3

TMG 2 3

Boosting up the derivatives and integrating the equations of motion leads to the 7D

higher-derivative TME Lagrangian, see Table 6.2

L = − 3

4m
Rμνρσ (T )Rμνρσ (T ) + 1

2
εμνρσαβγ Tμνρ∂σ Tαβγ . (6.50)

This finishes our discussion of the one-column Young tableaux.

6.4 Spin 2

We now consider fields corresponding to two-column Young tableaux, i.e. s = 2.
For 3 ≤ D ≤ 7 the cases where the “boosting up the derivatives” procedure does not
lead to ghosts are indicated in Table 6.3. In the first subsection we will discuss the
3D NMG theory [4, 5]. In the next subsection we will review the 3D TMG theory
[3]. In Sect. 6.4.3 we will briefly discuss the extensions of the 3D NMG and TMG
theories to higher dimensions. To keep in line with notational conventions we will
denote the two-column fields with the letter h instead of S since in specific cases h

can be viewed as the linearization of a metric tensor g.

6.4.1 3D New Massive Gravity

It is well-known that the pure Einstein-Hilbert term in three dimensions does not
describe any physical degrees of freedom: there are no gravitational waves in three
dimensions. For a proof of this, see Exercise 3. This is consistent with our analysis in
Sect. 6.2 where we concluded that setting the Einstein tensor corresponding to a 3D

symmetric tensor to zero implies that there are only gauge degrees of freedom left.
In this section we will show that adding a specific combination of higher-derivative
terms quadratic in the Riemann tensor has the effect that massive gravitons, with
helicities +2 and −2, start propagating unitarily. The corresponding model is called
NMG [4, 5]. The mass parameter is related to the dimension-full parameter in front
of the higher-derivative terms. Effectively, the higher-derivative term acts as the
kinetic term and the original Einstein-Hilbert term behaves like a mass term.
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It is surprising that NMG, given the fact that it contains higher derivatives, does
not contain ghosts. The same is not true for similar higher-derivative models in four
spacetime dimensions [1, 2]. In general our method of “boosting up the derivatives”
does not guarantee that this is the case. However, since in this case the theory is
parity-preserving, there are no ghosts to be expected. Below we will give a separate
proof that integrating the NMG equations of motion leads to a Lagrangian without
ghosts. But first we will describe how NMG is obtained by the boosting up proce-
dure.

Our starting point are the Fierz-Pauli (FP) equations for a symmetric tensor h̃μν

in D dimensions:

(
�− m2)h̃μν = 0, ημνh̃μν = 0, ∂μh̃μν = 0. (6.51)

The last two of these FP equations are algebraic and differential subsidiary condi-
tions that have to the imposed in order to obtain the correct counting of degrees of
freedom. This counting is as follows:

1

2
D(D + 1) − 1 − D =

{
5 for 4D,

2 for 3D.
(6.52)

In 3D, the Lagrangian that gives these FP equations is given by

LFP = 1

2
h̃μνGlin

μν(h̃) − 1

2
m2(h̃μνh̃μν − h̃2), (6.53)

where we denote h̃ ≡ ημνh̃μν . The 3D linearized Einstein tensor Glin
μν(h̃) for any

symmetric tensor h̃μν is defined as

Glin
μν(h̃) ≡ εμ

αβεν
γ δ∂α∂γ h̃βδ. (6.54)

We note that the trace h̃ plays the role of an auxiliary field: it is needed to write
down a Lagrangian but it does not describe a physical degree of freedom. Such
auxiliary fields become more and more abundant when one considers fields with
spin higher than two. It is instructive to see what goes wrong if one actually tries
to write down a FP Lagrangian in terms of a symmetric and traceless tensor Hμν

alone. The Klein-Gordon equation and the differential subsidiary condition for Hμν

would read:
(
�− m2)Hμν = 0, ∂μHμν = 0. (6.55)

In analogy with the spin-1 case one could try to combine the above equations into
the following single equation of motion:

∂ρ(∂ρHμν − ∂μHρν) − m2Hμν = 0. (6.56)

The nice thing about this equation is that it implies the differential subsidiary condi-
tion. However, unlike the spin 1 case, this equation can never serve as the equation
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of motion for Hμν since, unlike Hμν itself, it is not symmetric in the free indices μ

and ν. One could next try to write down the most general symmetric and traceless
equation but it turns out that that does not work. The problem is that, in order to
derive the differential subsidiary condition ∂μHμν = 0 one needs to make use of
the constraint ∂ρ∂σ Hρσ = 0 first. In order to impose this constraint we must ex-
tend the field content and introduce an additional auxiliary scalar H . Making the
most general Ansatz in terms of Hμν and H one can indeed arrange things such that
the equations of motion imply both the constraint ∂ρ∂σ Hρσ = 0 as well as H = 0.
Hence, the Lagrange multiplier H does not introduce a new physical degree of free-
dom. Having derived the Lagrangian in terms of Hμν and H one can go back to the
h̃-basis via the transformation

h̃μν ≡ Hμν + 1

3
ημνH (6.57)

and recover the FP Lagrangian (6.53).
We now apply our “boosting up the derivatives” procedure as explained in

Sect. 6.2.1. We take the standard FP equations in terms of a symmetric tensor h̃μν .
We next solve the differential subsidiary condition ∂μh̃μν = 0 by expressing h̃μν in
terms of the Einstein tensor of another symmetric field hμν :

h̃μν = Glin
μν(h), (6.58)

with the linearized Einstein tensor Glin
μν(h) defined in (6.54). Substituting this solu-

tion of the constraint into the original FP equations (6.51) we obtain the following
equivalent higher-order equations of motion:

(
�− m2)Glin

μν(h) = 0, Rlin(h) = 0, (6.59)

where Rlin(h) is the linearized Ricci scalar, i.e. the trace of the linearized Ricci
tensor

Rlin
μν(h) = �hμν − 2∂(μ∂ρhν)ρ + ∂μ∂νh. (6.60)

The linearized Einstein tensor can be written as Glin
μν(h) = Rlin

μν(h) − 1
2gμνR

lin, so
Rlin(h) = 0 is equivalent to ημνGlin

μν(h) = 0. The equations of motion (6.59) can be
integrated to a Lagrangian. At this point there are two surprises. First of all, as we
will show below, this Lagrangian does not contain ghosts. Secondly, it turns out that
the Lagrangian can be extended to a more general non-linear one with interactions.
More precisely, the quadratic (in hμν ) Lagrangian corresponding to (6.59) can be
viewed as the linearization of a non-linear quadratic curvature Lagrangian where the
metric gμν is expanded around a flat Minkowski spacetime metric ημν as follows:

gμν = ημν + hμν. (6.61)

Upon making this substitution into this quadratic curvature Lagrangian and retaining
only the terms quadratic in hμν one obtains the quadratic Lagrangian that yields the
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equations of motion (6.59). It turns out that the quadratic curvature Lagrangian in
question is the NMG Lagrangian given by:

L = √−g

[
−R − 1

2m2

(
RμνRμν − 3

8
R2

)]
. (6.62)

A noteworthy feature of this NMG Lagrangian is that the Einstein Hilbert term has
the so-called “wrong” sign in the sense that it is not the sign it should have in four
spacetime dimensions. Note that this is possible due to the fact that the Einstein-
Hilbert term plays the role of a mass term and not of a kinetic term.

Before we prove that the NMG Lagrangian (6.62) describes unitarily the helicity
states +2 and −2 it is convenient to introduce the following generalization of this
Lagrangian:

L = √−g

[
σR + 4λm2 − 1

2m2

(
RμνRμν − 3

8
R2

)]
. (6.63)

We have introduced here two new parameters: a sign parameter σ = ± and a cos-
mological parameter λ. The Lagrangian (6.63) is sometimes referred to as “Cosmo-
logical New Massive Gravity” (CNMG). Note that the cosmological parameter λ

we have introduced is not necessarily equal to the cosmological constant Λ char-
acterizing a maximally symmetric background. This is typical for higher-derivative
theories. Substituting the Ansatz

Gμν = 2Λgμν (6.64)

into the NMG equations of motion leads to the following quadratic relationship
between λ and Λ:

4m4λ = Λ
(
Λ + 4m2σ

)
. (6.65)

To analyze the modes propagated by the CNMG Lagrangian (6.63) it is conve-
nient to first lower the number of derivatives by introducing a second auxiliary sym-
metric tensor field fμν . In terms of gμν and fμν one can write down the following
equivalent Lagrangian:

L = √−g

[
σR + 4λm2 + f μνGμν + 1

2
m2(f μνfμν − f 2)

]
. (6.66)

The equation of motion of fμν may be used to solve for fμν in terms of Gμν(g).
Substituting this solution back into the Lagrangian (6.66) one obtains the CNMG
Lagrangian (6.63).

We now consider the linearization of (6.66) around a maximally symmetric back-
ground with metric ḡμν with cosmological constant Λ. We first expand the metric
gμν around this background as follows:

gμν = ḡμν + hμν. (6.67)
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It turns out to be convenient to expand the auxiliary field fμν as

fμν = 1

m2

{
Λ[ḡμν + hμν] − kμν

}
, (6.68)

where kμν is an independent symmetric tensor fluctuation field. Substituting the
expansions (6.67) and (6.68) into the CNMG Lagrangian (6.63) one obtains (the
details can be found in [4, 5]) the following quadratic Lagrangian in terms of the
fluctuations hμν and kμν :

Lquadr ∼ −1

2
σ̄ hμνG lin

μν (h) − 1

m2
kμνG lin

μν (h) + 1

2m2

(
kμνkμν − k2). (6.69)

Here

σ̄ = σ − Λ

2m2
(6.70)

is a shifted σ parameter and G lin
μν (h) is the linearized Einstein tensor in the presence

of a cosmological constant:

G lin
μν (h) = Rlin

μν(h) − 1

2
ḡμνḡ

ρσ Rlin
ρσ (h) + 4Λhμν − 2Λḡμνh. (6.71)

The linearized Ricci tensor Rlin
μν is given by

Rlin
μν(h) = �hμν − ∇ρ∇μhρν − ∇ρ∇νhρμ + ∇μ∇νh. (6.72)

Some general properties of the generalized Einstein tensor (6.71) are given in Exer-
cise 4.

One can show that, after an appropriate diagonalization, the Lagrangian (6.69)
can be written as the sum of a massless spin 2 Lagrangian and a massive spin 2
Lagrangian, with mass

M2 = −m2σ̄ . (6.73)

This is related to the fact that the kinetic operator, which is of fourth-order in the
derivatives, can be written as the product of two second-order derivative operators.
One of these operators describes a massless graviton while the other factor describes
a massive graviton. In general the Lagrangian (6.69) contains a ghost because the
signs of the kinetic terms of the massless and massive graviton turn out to be of
opposite sign. There are now two special situations where this does not cause any
problem:

D = 3 In this case there is no massless graviton but only a massive graviton. This
implies that one can always adapt the overall sign of the Lagrangian such that the
kinetic term of the massive graviton has the correct sign. This case leads to the 3D

NMG theory of [4, 5].
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Fig. 6.1 This figure indicates
the unitary bulk region (the
boldface line) for the choice
σ = −1. The boundaries of
this unitary region occur for
λ = −1 and λ = 3 and are
discussed in the text

Λ = 2m2σ For this special value of the cosmological constant the coefficient σ̄

in front of the linearized Einstein-Hilbert term vanishes and the massive graviton
becomes massless. This special point in the parameter space is more subtle in the
sense that it is a degenerate point in the spectrum where one mode, the massive
graviton, gets replaced by another, so-called logarithmic mode. This leads to a 3D

so-called “critical gravity” theory. The interesting thing about this critical point is
that it allows a natural generalization to D > 3 dimensions [18, 19].

Due to the fact that the sign parameter σ gets shifted to a σ̄ in a cosmological
background one can have unitary bulk models for both signs of σ depending on
the value of Λ. There are now several situations. As an example we have given the
unitary bulk region in Fig. 6.1 for the choice of σ = −1. Note that for each choice of
the cosmological parameter λ there may be two distinct values of the cosmological
constant Λ. The boundary points λ = −1 and λ = 3 are special. For λ = −1 there
is an enhanced gauge symmetry leading to a so-called “partial massless” graviton
[4, 5] while the λ = 3 case corresponds to the critical gravity case discussed above.

6.4.2 3D Topological Massive Gravity

In this section we consider the “square root”, as described in Sect. 6.2.2, of the 3D

massive FP equation and show how the procedure of “boosting up the derivatives”,
as described in Sect. 6.2.1, leads to 3D TMG. Our starting point is the massive spin
2 FP equations (6.51). Following the general procedure as described in Sect. 6.2.2
we write the 3D Klein-Gordon operator as the product of two first-order matrix
operators

[
O(±m)

]
μ

ρ = εμ
τρ∂τ ± mδρ

μ. (6.74)

Using such first-order operators, the Klein-Gordon operator acting on a symmetric,
traceless and divergenceless rank-2 tensor factorizes as follows:

(
�− m2)h̃μν = [

O(m)
]
μ

σ
[
O(−m)

]
σ

ρh̃ρν . (6.75)
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To show this factorization one must use that h̃μν satisfies the algebraic and differ-
ential subsidiary conditions of the FP equations.

We now take only one of the two first-order operators and consider the
√

FP
equation [O(−m)]μρh̃ρν = 0:

mh̃μν = εμ
ρσ ∂ρh̃σν. (6.76)

One can easily prove from this equation that the symmetric tensor h̃μν satisfies the
FP subsidiary conditions of tracelessness and divergencefreeness. This equation can
be integrated to the following first-order action [20]

S = 1

2

∫
d3x

{
εμνρh̃μ

σ ∂νh̃ρσ − m
(
h̃νμh̃μν − h̃2)}, (6.77)

which contains a non-symmetric tensor h̃μν �= h̃νμ. The tensor h̃μν can be proven
to be symmetric after applying the variational principle and then manipulating its
equations of motion, but being a fundamental field in the action, it’s not symmetric.
Its anti-symmetric part behaves like the kind of auxiliary fields we discussed in the
case of NMG, see Sect. 6.4.1.

We now apply the “boosting up” procedure and consider the
√

FP equations
(6.76) in terms of a symmetric tensor h̃μν . We next solve for the divergence-less
condition by expressing the tensor h̃μν in terms of a linearized second-order Ein-
stein operator acting on another symmetric tensor hμν :

h̃μν = Glin
μν(h). (6.78)

Substituting this solution of the differential subsidiary condition into the original√
FP equations (6.76) one obtains the following equivalent set of higher-order equa-

tions of motion:

mGlin
μν(h) = εμ

ρσ ∂ρGlin
σν(h). (6.79)

These equations can be integrated to a Lagrangian that can be viewed as the lin-
earization of the Lagrangian of TMG [3] around a Minkowski spacetime. Writing
gμν = ημν + hμν the TMG Lagrangian in terms of gμν is given by [3]

L = −√−gR + 1

m
LLCS, (6.80)

where the last term represents a Lorentz Chern Simons term:

LLCS = −εμνρ

[
Γ α

μβ∂νΓ
β
ρα + 2

3
Γ α

μγ Γ
γ
νβΓ β

ρα

]
. (6.81)

Here Γ is the usual Levi-Civita connection for the spacetime metric g:

Γ ρ
μν = 1

2
gρσ (∂μgνσ + ∂νgμσ − ∂σ gμν). (6.82)
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The Riemann curvature tensor is determined, in 3D, by the Ricci tensor, which is

Rμν ≡ Rρμ
ρ

ν = −2
(
∂ρΓ ρ

μν − ∂μΓ ρ
ρν + Γ

ρ
ρλΓ

λ
μν − Γ

ρ
μλΓ

λ
ρν

)
. (6.83)

Note that, like in the NMG case, the Einstein-Hilbert term in the TMG Lagrangian
has the “wrong” sign.

6.4.3 Extensions

It turns out that, using our general procedure described in Sect. 6.2, both the 3D

NMG as well as the 3D TMG theories constructed in the previous two subsections
allow, at least at the linearized level, a natural extension to D > 3 dimensions. The
case of NMG has recently been discussed in [11]. Since this result was published
only after the Naxos lectures we will be rather brief here. The basic idea, needed to
extend NMG beyond three dimensions, is to use exotic representations to describe
the massive spin 2 states. Only in three dimensions the usual symmetric tensor de-
scription suffices. In D > 3 dimensions one should use, instead, a massive dual rep-
resentation. These are the mixed-symmetry representations indicated by a dagger in
Table 6.1. A common feature of all these representations is that the corresponding
Einstein tensor does not describe any massless degrees of freedom. Starting from
the generalized FP equations of these fields one can therefore use our “boosting up
the derivatives” procedure and construct an equivalent higher-order in derivatives
Lagrangian that describes, unitarily, the same massive degrees of freedom as the
original massive spin 2 FP equation. The 4D NMG Lagrangian makes use of the
following exotic representation

h ∼ 4D NMG (6.84)

For the actual construction of the 4D NMG Lagrangian and for more details we
refer to [11].

The 3D TMG theory can also be extended, at the linearized level, to D > 3 di-
mensions but it requires the use of different exotic representations of the massive
spin 2 states. Instead of using the massive dual of the symmetric tensor representa-
tion one should use a self-dual representation. Only in three dimensions these two
representations coincide and that is why both the 3D NMG and the 3D TMG the-
ories can be formulated in terms of the symmetric tensor representation. Such mas-
sive self-dual representations exist in odd dimensions only and only in D = 4k − 1
dimensions, with k integer, do the integrability conditions that follow from the cor-
responding self-duality equations yield the desired Klein-Gordon operators with the
correct sign in front of the m2 term. The first dimensions beyond 3D where this
occurs is the 7D case. In that case the h field corresponds to the following self-dual
representation:

h ∼ 7D TMG (6.85)
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The details of the construction of the corresponding (linearized) 7D TMG theory
will be discussed elsewhere [21].

6.5 Conclusions

In these lecture we have indicated the general procedure that can be applied to con-
struct higher-derivative theories of gravity. The method is based on the assumption
that the field involved does not describe any degrees of freedom as a massless rep-
resentation. This requires the property that setting its Einstein tensor to zero implies
that the field in question is a pure gauge. We derived the general criterium that
needs to be satisfied in order for this to be true. We exemplified our procedure by
first working out several cases involving “spin” 1 fields. Next, we applied the pro-
cedure to the “spin 2” case. We first reviewed the constructions of the 3D NMG
and the 3D TMG theories and, subsequently, showed how the procedure can also be
applied to construct higher-dimensional generalizations of these theories, at least at
the linearized level. The lowest-dimensional examples beyond 3D that we discussed
were the 4D NMG and the 7D TMG theories.

It is an open question whether interactions can be introduced for the D > 3 NMG
and TMG theories. An example of a 4D non-linear theory that makes use of an
exotic representation is the Eddington-Schrödinger theory which is equivalent to
general relativity with a cosmological constant, see [11]. This is some encourage-
ment that it might be possible to introduce interactions for the case of 4D NMG.
It might necessitate that we need to consider an AdS background instead of a flat
Minkowski spacetime. It would be interesting to see whether the 7D TMG theory
can be reformulated as a Chern-Simons theory like the 3D case. This could facili-
tate the introduction of interactions in that case. Clearly, at the time of writing these
lectures the issue of interactions is unresolved and requires a further investigation.
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Appendix: Exercises

During the lectures several exercises were given. They are repeated here together
with their solutions.

Exercise 1 Show that the kinetic terms of the two degrees of freedom described by
the 3D Lagrangian (6.25) have the same sign. Hint: Use the following decomposi-
tion:

S0 = 1√−∇2
(φ0 + λ̇), Si = 1√−∇2

(
εij ∂jφ1 + ∂iλ

)
, i = 1,2. (6.86)
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Solution The 3D Lagrangian is given by:

L = 1

2
Gμ(S)Gμ(S) − 1

2
m2SμSμ, (6.87)

where Gμ(S) = 1
2εμ

νρRνρ(S) and Rμν(S) = 2∂[μSν]. Now use the decomposition
(6.86) to calculate both terms in the Lagrangian (6.87). For the mass term we obtain

SμSμ = S0S0 + SiSi = −S0S0 + SiSi (6.88)

= (φ0 + λ̇)
1

∇2
(φ0 + λ̇) − (∂̂iφ1 + ∂iλ)

1

∇2
(∂̂iφ1 + ∂iλ), (6.89)

where ∂̂i ≡ εij ∂j . This can be rewritten as follows:

SμSμ = φ0
1

∇2
φ0 + λ̇

1

∇2
λ̇ + 2φ0

1

∇2
λ̇ + φ2

1 + λ2. (6.90)

Similarly, the first term in (6.87) reduces to:

Gμ(S)Gμ(S) = −1

2
RμνR

μν = −2R0iR0i + RijRij = −2
(
φ1�φ1 + φ2

0

)
. (6.91)

Substituting the expressions

R0i = 1√−∇2
(∂̂i φ̇1 − ∂iφ0), Rij = 1√−∇2

(∂i ∂̂j φ1 − ∂j ∂̂iφ1) (6.92)

we obtain

Gμ(S)Gμ(S) = −2
(
φ1�φ1 + φ2

0

)
. (6.93)

Putting everything together, the Lagrangian becomes:

L = 1

2

(
φ2

0 − m2φ0
1

∇2
φ0 − 2m2φ0

1

∇2
λ̇ − m2λ2 − m2λ̇

1

∇2
λ̇ + φ1�φ1 − m2φ2

1

)
.

(6.94)
From this Lagrangian we obtain the EOM for the field φ0:

φ0 − m2

∇2
φ0 − m2

∇2
λ = 0 or φ0 = m2

∇2 − m2
λ̇. (6.95)

Substituting this back into the Lagrangian and using that

φ2
0 = −λ̇2 + 2λ̇

1

1 − ∇2

m2

λ̇ = −λ̇2 − 2λ̇φ0, (6.96)

1

∇2
φ0 = − 1

∇2
λ̇ + 1

m2
φ0 (6.97)
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we obtain the following expression for the Lagrangian:

L = 1

2

(
φ1�φ1 − m2φ2

1 − λ̇
m2

∇2 − m2
λ̇ − m2λ2

)
. (6.98)

We next redefine λ in terms of a λ̃

λ =
√

−∇2 + m2λ̃ (6.99)

to obtain the simpler expression

L = 1

2

(
φ1�φ1 − m2φ2

1 − m2λ̃∂0∂0λ̃ + m2λ̃∇2λ̃ − m4λ̃2), (6.100)

which reduces to

L = 1

2
φ1

(
�− m2)φ1 + 1

2
λ1

(
�− m2)λ1 (6.101)

in terms of λ1 = m2λ̃.
We deduce that the Lagrangian (6.101) describes two degrees of freedom, where

both of them have the same sign in front of the kinetic terms, and therefore, there
are no ghosts.

Exercise 2 We have seen that “boosting up the derivatives” in the 3D Lagrangian
(6.25) leads to the Lagrangian (6.28). Show that this Lagrangian describes two prop-
agating degrees of freedom, one of which is a ghost. Hint: Work in the transverse
gauge ∂iTi = 0 and use the following decomposition:

T0 = 1√−∇2
φ0, Ti = 1√−∇2

εij ∂jφ1. (6.102)

Solution We consider the Lagrangian:

L = −1

2
T μGμ(T ) + 1

2m2
εμνρGμ(T )∂νGρ(T ), (6.103)

where

Gμ(T ) = 1

2
εμ

νρRνρ(T ), Rμν(T ) = 2∂[μTν]. (6.104)

Using the decomposition (6.102) the first term in the Lagrangian becomes:

T μGμ(T ) = −ε0
jkT0∂jTk + εoij Tj ∂0Ti + εij0Ti∂jT0 + εijkTi∂jTk

= −
(

1√−∇2
φ0

)
∂̂k

(
1√−∇2

∂̂kφ1

)
+

(
1√−∇2

∂̂iφ1

)(
1√−∇2

∂̂ iφ0

)

= 2φ0φ1. (6.105)
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Similarly, the second term in the Lagrangian (6.103) becomes

εμνρGμ(T )∂νGρ(T ) = ε0
ij Tj�∂iT0 − εi

0j Tj ∂0T
i − εi

j0T0�∂jT
i − εi

jkTk�∂jT
i

= 2ε0
ij Tj�∂iT0 = 2Tj�∂̂j T0

= 2

(
1√−∇2

∂jφ1

)
�∂̂j

(
1√−∇2

φ0

)
= 2φ1�φ0. (6.106)

Substituting the calculated terms into the original Lagrangian we obtain:

L = 1

m2
φ1

(
�− m2)φ0. (6.107)

Writing

φ0 = η − ψ, φ1 = η + ψ (6.108)

the Lagrangian reads

L = 1

m2

[
η
(
�− m2)η − ψ

(
�− m2)ψ

]
. (6.109)

The relative minus sign between the two kinetic terms shows that there are two
propagating degrees of freedom, one of which is a ghost.

Exercise 3 Consider the 3D linearized Einstein-Hilbert Lagrangian when lin-
earized around a Minkowski spacetime:

L = 1

2
SμνGμν(S), (6.110)

with the Einstein tensor Gμν(S) defined by

Gμν(S) = εμ
αβεν

γ δ∂α∂γ Sβδ. (6.111)

Show that this Lagrangian does not describe any physical degrees of freedom. Hint:
use the following decomposition:

S00 = − 1

∇2
φ0, S0i = − 1

∇2
∂̂iφ1, Sij = − 1

∇2
∂̂i ∂̂j φ2, (6.112)

with ∂̂i ≡ εij ∂j .

Solution We first rewrite the Lagrangian (6.110) as follows

L = 1

2

(
S00G00 + 2S0iG0i + SijGij

) = 1

2
(S00G00 − 2S0iG0i + SijGij ). (6.113)
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Using the definition (6.111) of the Einstein tensor and the decomposition (6.112) of
Sμν we obtain:

G00(S) = ∂̂ i ∂̂j Sij = −∇2φ2,

G0i (S) = −∂i φ̇2 − ∂̂iφ1,

Gij (S) = − 1

∇2
(∂̂i ∂̂j φ0 + ∂̂i∂j φ̇1 + ∂i ∂̂j φ̇1 + ∂i∂j φ̈2)

(6.114)

and hence

S00G00(S) =
(

− 1

∇2
φ0

)(−∇2φ2
) = φ0φ2,

S0iG0i (S) =
(

−φ1
1

∇2
∂̂i∂i φ̇2 − φ1

1

∇2
∂̂i ∂̂iφ1

)
= −φ2

1,

SijGij (S) = φ2
1

∇2

1

∇2
∇2∇2φ0 = φ0φ2.

(6.115)

Using all these expressions the Lagrangian as given in Eq. (6.113) reduces to

L = 1

2

(
2φ0φ2 + 2φ2

1

) = φ0φ2 + φ2
1 . (6.116)

This Lagrangian does not describe any propagating degrees of freedom.

Exercise 4 Show that the linearized generalized Einstein tensor G lin
μν (h) defined in

(6.71) satisfies the Bianchi identities

∇μG lin
μν (h) = 0. (6.117)

Show that the tensor G lin
μν (h) is invariant under the linear diffeomorphisms

δhμν = ∇μεν + ∇νεμ. (6.118)

Hint: Use that

[∇μ,∇ν]Vρ = Λ(ḡμρVν − ḡνρVμ). (6.119)

Solution Taking the divergence ∇μ of the generalized Einstein tensor gives:

∇μG lin
μν (h) = ∇μRlin

μν − 1

2
∇ν ḡ

ρσ Rlin
ρσ + 4Λ∇μhμν − 2Λ∇νh

= ∇μ�hμν − ∇μ∇ρ∇μhρν − ∇μ∇ρ∇νhρμ +�∇νh

− ∇ν

(
�h − ∇α∇σ hασ

) + 4Λ∇μhμν − 2Λ∇νh. (6.120)

Using the property [∇μ,∇ν]Vρ = Λ(ḡμρVν − ḡνρVμ) together with

[∇μ,∇ν]Vρσ = 2Λ(ḡρ[μVν]σ + ḡσ [μVν]ρ), (6.121)
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the previous relation reduces to:

∇μG lin
μν (h) = −Λ∇μhμν + Λ∇νh − ḡμαḡρβ [∇α,∇β ]∇μhρν

= −Λ∇μhμν + Λ∇νh − Λ
(
3∇ρhρν − ∇ρhρν + ∇νh

)

− Λ
(−∇αhνα + ∇ρhρν − 3∇αhαν

)

= −Λ∇μhμν + Λ∇αhαν + Λ∇νh − Λ∇νh

= 0, (6.122)

where we used:

[∇α,∇β ]∇μhρν = 2Λ(ḡμ[α∇β]hρν + ḡν[α∇|μhρ|β] + ḡρ[α∇|μ|hβ]ν). (6.123)

We now calculate the variation of the generalized Einstein tensor G lin
μν (h) under

the linearized diffeomorphisms (6.118). We first calculate δRlin
μν :

δRlin
μν = �δhμν − ∇ρ∇μδhρν − ∇ρ∇νδhρμ + ∇μ∇ν ḡ

αβδhαβ

= −4Λ∇μεν − 4Λ∇νεμ, (6.124)

where we used (6.118) and the following relation:

[∇ρ,∇μ

]∇νερ = 3Λ∇μεν − Λḡμν∇ρερ. (6.125)

It then follows that:

δG lin
μν (h) = −4Λ(∇μεν + ∇νεμ) + Λḡμνḡ

ρσ (2∇ρεσ + 2∇σ ερ)

+ 4Λ(∇μεν − 2∇νεμ) − 2Λḡμνḡ
ρσ (∇ρεσ + ∇σ ερ)

= −4Λḡμν∇ρερ + 4Λḡμν∇ρερ = 0, (6.126)

which is what we wanted to proof.
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