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Abstract. We study the computational complexity of determining
whether the zero matrix belongs to a finitely generated semigroup of
two dimensional integer matrices (the mortality problem). We show that
this problem is NP-hard to decide in the two-dimensional case by us-
ing a new encoding and properties of the projective special linear group.
The decidability of the mortality problem in two dimensions remains a
long standing open problem although in dimension three is known to be
undecidable as was shown by Paterson in 1970.

We also show a lower bound on the minimum length solution to the
Mortality Problem, which is exponential in the number of matrices of
the generator set and the maximal element of the matrices.

1 Introduction

In this paper we study the computational complexity of the problem of deter-
mining whether the zero matrix belongs to a matrix semigroup (the Mortality
Problem) generated by a finite set of 2 x 2 integral matrices. The Mortality
Problem of 3 x 3 integer matrices was shown to be undecidable in 1970 [13] and
the question about 2 x 2 matrices is currently open.

In the past there has been much interest in decidability questions for problems
concerning matrix semigroups and in particular the Mortality Problem [10/11],
which have a number of connections with linear algebra, geometry and control-
lability of switched linear systems [7J6]. The mortality problem was shown to
be decidable for a pair of rational 2 x 2 matrices in [7]. Also, it was recently
shown in [I2] that the Mortality Problem is decidable for any set of 2 x 2 integer
matrices whose determinants assume the values 0,+£1, by adapting a technique
from [9). The main goal of this paper is to show that the Mortality Problem for
the same set of 2 x 2 integer matrices (whose determinants assume the values
0,+1) is NP-hard.

Another set of hardness results is known about bounded membership. A set of
matrices over the integers is said to be k-mortal (with k a positive integer) if the
zero matrix can be expressed as a product of length & of matrices in the set. In
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[5], it was shown that the bounded membership problem for the zero matrix (the
k-mortality problem) is NP-hard for semigroups generated by a pair of matrices
(where the dimension is variable). Also a straightforward encoding of the Subset
Sum Problem can be used to show NP-hardeness of the bounded membership
problem for 2 x 2 matrices including the case of commutative matrices [g].

In this paper we prove that the unbounded mortality problem for 2 x 2 matrices
is NP-hard by a more sophisticated construction that requires detailed analysis
of the semigroup generator as well as the use of an extended group alphabet
and the concept of border letters. We also show a lower bound on the minimum
length solution to the Mortality Problem, which is exponential in the number of
matrices of the generator set and the maximal element of the matrices.

It is known that many computational problems for matrix semigroups and
groups are inherently difficult to solve even for low-dimensions. In contrast to
the Mortality(3 x 3), which was one of the first matrix problems, shown to
be undecidable several decades ago, the Identity Problem [l was shown to be
undecidable for dimension 4 only a few years ago [2]. Moreover it has been
recently proven in [9] that the Identity Problem for integral matrices of dimension
2 is decidable and later in [3] that the problem for SLy(Z) is NP-hard. The NP-
hardness result of this paper about the Mortality(2 x 2) corresponds very well
with the Identity situation. Unfortunately, the same proof technique as in [3]
cannot be directly applied for the Mortality Problem and therefore we must use
new encoding and properties of the projective special linear group in this paper
to derive the result.

2 Notations and the Structure of SLy(Z)

By an alphabet we understand (usually) a finite set I', and call its elements
letters. Any alphabet can be furnished with algebraic structure, defining the
product by letter juxtaposition (concatenation). Assumption that there are no
nontrivial relations between the letters is another way to say that the alphabet
generates a free monoid, denoted as I'* or (I'). An element of the monoid I'*
is called word, and the identity element is called empty word and denoted by
e or 1. A group alphabet is an alphabet augmented with inverse elements: X' =
{z1,22,..., 2k, 21, 22, ..., 2k}, where z; and z; (notation z; = z;l is also used) are
assumed to satisfy z;2; = z;2; = €. The relation between a letter and its inverse
is the only nontrivial relation in a group alphabet. We denote ¥ = {a; ...a, |
a; € X¥,n > 1}. For a word w = wyws - - - wy,, we denote w = w™l = w, - wy w.

Let X be a group alphabet. Using the notation of [I], we shall also introduce
a reduction mapping which removes factors of the form zz for z € X. To that
end, we define the relation - C X* x X* such that for all w,w’ € X*, wt w' if
and only if there exists u,v € X* and z € X where w = uzzv and w' = uv. We

! The Identity Problem for matrix semigroups is a well-known challenging problem
which is also equivalent to another fundamental problem in Group Theory: given a
finitely generated matrix semigroup S, decide whether a subset of the generator of
S generates a nontrivial group (Group Problem).
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may then define by F* the reflexive and transitive closure of . The following
Lemma is well-known, see eg. [I] for the proof.

Lemma 1. For each w € X* there exists exactly one word r(w) € X* such that
w F* r(w) does not contain any factor of the form zz, with z € X.

The word r(w) is called the reduced representation of word w € X*. As an
example, we see that if w = 13221131 € X*, then r(w) = e.

A homomorphism h : I' — I}, between two monoids [} and I is a mapping
satisfying h(ab) = h(a)h(b) for any a,b € I'* and h(1) = 1 where 1 denotes the
identity element of the respective monoid. An injective homomorphism, A’ is
called a monomorphism and is denoted I} — I5.

Notation Z2*2 stands for the set of all 2 x 2 integer matrices. This set has a
natural ring structure with respect to ordinary matrix addition and multiplica-
tion. A subset of Z2*2, GLa(Z) (also denoted as GL(2,7)) stands for the general
linear group over the ring of integers, meaning all 2 x 2 integer matrices having
integer matrix inverses:

GLa(Z) = {A € Z%** | det(A) € {—1,1}}.

Group GL3(Z) is clearly the largest multiplicative matrix group contained in
Z2*2 but quite often it is useful to study its subgroup SLz(Z) (also denoted as
SL(2,Z)), the special linear group defined as

SL2(Z) = {A € GLa(Z) | det(A) = 1}.
Furthermore, it turns out that the quotient group
PSLy(Z) = SLa(Z)/{£1},

called the projective special linear group has a very useful representation as a
free product of two cyclic groups of order 2 and 3.

Group SLy(Z) is very important in number theory, and its structure has been
studied extensively in various textbooks (see [I4], for instance), but for pointing
out the algorithmic complexity issues, we reproduce the structural properties
most relevant to our study here.

Two structurally important elements of SLy(Z) are

0-1 11
S(lO) and T<01)
Evidently S? = —I (which implies S® = —S and S* = I, so S has order 4),

whereas for each n € Z,
1n
n __
m=(01):

implying that 7" has no finite order.
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Lemma 2. SLy(Z) = (S, T). Furthermore, any matriz

ab
A= (C d> € SLo(Z)
can be represented as
A=8"T1S*TLS3 . S¥TWG3TUhr1, (1)
so that v € {0,1,2,3}, ¢; € Z for some k > 0.

It is worth noticing that even though all matrices A € SL2(Z) can be repre-
sented in terms of S and T, the representation is by no means unique. A direct
computation shows that, for example,

TST = ST~153.

For a more canonical representation, let

0-1
nest=(071).

Direct computation shows that

R2—<_11_é> and R =—I,

implying that RS = I, so R is of order 6. Since now T' = S™'R = S3R, it follows
that SLa(Z) = (S, R), and that a representation of A € SLy(Z) in terms of R
and S can be obtained by substituting 7' = S*R = —SR in (). It is noteworthy
that when substituting 7= —SR in (), one can use R*> = —I and S? = —TI to
get a representation

A= (71)"/’R7LOSR”1S. 'Rnl_lsRnl7 (2)

where v/ € {0,1}, n; € {0,1,2} and n; € {1,2} for 0 < ¢ < [. It turns out, that
representation (2) for a given matrix A € SLy(Z) is unique, but it is very common
to present this result ignoring the sign. For that purpose, we let s = S{£I} and
r = R{+£I} be the projections of S and R in PSLy(Z).

Lemma 3. PSLy(Z) is a free product of (s) = {1,s} and (r) = {1,r,7%}. That
1s, if
Tqu_ls,rTqu7

rMgr™Mg . optrolgple = pMogpMig. Ly
where n;,m; € {0,1,2} and n;, m; € {1,2} for 0 <i <p and 0 < j < q, then
p =q and ng = my, for each 0 < k < p.
For the proof of the lemma see [I4]. We say that a representation in PSLy(Z) is
reduced if it satisfies the conditions of the previous lemma.

MORTALITY PROBLEM: Decide whether a given finitely generated matrix semi-
group contains the zero matrix.
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3 The Mortality Problem

In this section we show that the mortality problem is NP-hard for a finite
set of matrices from Z2*2. In order to prove this result, we shall adapt the
proof technique used in [3] by showing a monomorphism (injective homomor-
phism) between an arbitrary sized alphabet and PSL2(Z) with certain essential
properties.

Lemma 4. Given a group alphabet X = {z1,2a,..., 2k, 21, 22, .., 2k} and a bi-
nary group alphabet Xy = {c,d, c,d}, then mapping o : X — X35 defined by

alz) = cldct,  afz) = cdc
can be extended to a monomorphism o : X* — X3 see [JJ] for more details.

Lemma 5. Let Yy = {c¢,d,c,d} be a group alphabet. Then the mapping f :
Yo — PSLy(Z) defined by:

Ble) = (rsr)®,  B(d) = (rs)*,  Ble) = (rPsr?)%, B(d) = (sr%)?
can be extended to a monomorphism B : X5 — PSLy(Z).

Proof. Recall that PSLy(Z) has monoid presentation (s,r|s> = r3 = 1), and let
w € {¢,d, ¢, d}* be areduced word (i.e., contains no subwords in {cc, cc, dd, dd}).
Tt suffices to show that from S(w), we can always deduce the initial symbol of

w e X3,
This follows from a case analysis. The possible initial parts of w can be dis-
covered by computing all products B(cc) = (rsr)* = rsr?sr?srisr, f(cd) =

(rsr)?(rs)? = rsr?sr?srs, B(ed) = rsrisrsrisr?, B(dc) = rsrsrsr?sr, f(dd) =
rsrsrsrs, 3(dc) = rsrsr?srsr?, B(ed) = r?sr?s, B(cc) = rPsrsrsrsr?, B(cd) =

r?srsr?sr?sr?, B(de) = srsr, B(dc) = sr?srsrsr?, and B(dd) = sr?sr?sr?sr?.

The claim follows now from comparing the initial parts of the sequences (no-one
is a prefix of another) and from the fact that PSL2(Z) = (s) * (r). O

Ezample 1. Let w € {¢,d,c¢,d} and
B(w) = r?sr?srsr?sr?srisrsrsr’srsrsrs.

As representation in PSLo(Z) in this form is unique, we must conclude that w
begins with ¢ (Only the image of ¢ begins with 72). To proceed, we introduce
identity 1 = 72sr?rsr in the representation of B(w) to see that

B(w) = 12512 (r2srrsr)srsr? srsr? srsrsr? srsrsrs

= (7‘2 57“2’/‘2 8’/‘2)7“57“57“57“2 57“257“257“57“57“287‘87‘87”8

= B(c)rsrsrsr®sr?srisrsrsrisrsrsrs.
writing w = cw; we see that

B(wy) = rsrsrsr?srisr?srsrsr? srsrsrs,
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and now we must have w; = dws, and
Blws) = rsrsrisrisrsrsrsrsrsrs
continuing in the same way we see that we = cws,
2 2
B(ws) = rsresrsrsresrsrsrs,

w3 = CWy,
Blwy) = srsrsrsrsrs,

and now w4 must begin with d. Again introducing identity 1 = rsr?rsr? we see

that

Blwy) = sr(rsrirsr?)sr?srsrsrs = (srrsr?)rsrisrisrsrsrs,

and if wy = dws, then

Blws) = rsrisrisrsrsrs,

and letting ws = cwsg
B(wg) = rsrsrsrs = [(dd)

combining all letters we see that w = cdeededd.

Lemma 6. For any nonempty reduced word w € X%, B o a(w) has first letter
r and last letter v in its reduced representation under PSLo(Z), where 5o « :
X* — PSLs(Z).

Proof. For each letter z; we have
Bla(z)) = B(c'de’) = B(e)' B(d)B(c)".

Now that B(c) begins with r, so does B(a(z;)), for otherwise S(a(z;)) would
have two representations, S(a(z;)) = r... and S(a(z;)) = s..., contradicting
Lemma[dl Similar conclusion can be made for the ending letter and for S(a(z;)),
as well. The result can be directly extended to words w € X, as the failure of
it would contradict Lemma [3 as well. O

We see that foa : X* < PSLy(Z) is a monomorphism since it is the composition
of two monomorphisms. We require the following lemma concerning the size of
the matrix when o « is applied to the power of a letter from X.

Lemma 7. Given ¥ ={z1,22,...,2k, 21,22, ..., 2k}, for any letter z; € X:
; —8i%j — 4ij —1 —8i?j
Jy —
Boalz) = {+1} <8i2j + 8ij + 25 8i%j + 4ij — 1

Proof. Let Xy = {‘c, d, c, d}. Since a and f are homomorphisms, we have that

a(z) = a(z)! = c'd’c* and

Bla(=])) = Ble)' B(dY Be)'

= (rsr)? (rs)? (r*sr?)*
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Elementary matrix multiplication of 3 o a(zg ) reveals that

Boa(zl) = (rsr)? (rs)r?(sr)*r

B 8% —4ij—1  —8i%j

=+ < 8% + 8ij + 25 8i%j + 4ij — 1
We see that the size of the maximal element of the matrices (a(2))) is polyno-
mial in 4 and j and thus size(8(a(z7))) = O(i%). O

K2

We need one final technical lemma concerning mapping /3 o .

Lemma 8. For any nonempty reduced word w € X7, let A = 3o a(w) where
we ignore the sign of the matriz. Then Ay1 # 0 and A2 # 0.

Proof. By Lemma[fl we have that 8 o a(w) has first letter r and last letter r in
its reduced representation under PSLy(Z). Thus we see that

0-1\ /ab) [0-1
A:RXR:(1 1>(cd> (1 1)
[ —d c—d

" \b+db+d—a—c)’

for some matrix X € SLa(Z) (again we are ignoring the sign in this product).

We first prove A12 # 0. By the above formula, A12 = 0 implies ¢ — d = 0.
Since det(X) = 1, ad — bec = 1 implies ¢(a — b) = 1, thus either ¢ = d = 1 and
b=a—1,orelse c=d=—1and b = a + 1. Therefore either:

. aa—1 . a a+1
AR(1 1 >R or AR<_1 _1>R.

Tt is not hard to see that matrices X of this form have factorizations (SR)*R or
(RRS)*R for some z > 0. This holds since:

(SR)*R = (—1)* <If g N 1) and (RRS)*R = (~1)* (‘f ‘(‘“1+ 1))

and under PSLy(Z) we factor out —I and can therefore ignore the sign. Thus, we
see that A = R(SR)*RR or A = R(RRS)*RR for some x > 0. However, these
are not reduced representations (since they have R? on the left or right) and
since these reduced factorizations are unique, this contradicts Lemma [G] since
under PSL2(Z) A would start with s.
We now prove Ay; # 0. Clearly A;; = 0 implies d = 0. Since det(A) = 1, then
b=+1 and ¢ = F1. Thus A = 0 +1
Fl x
reduced factorization (up to sign) of (RS)*R where a > 0 or (SRR)®S where
a > 0 which is easy to check via straight forward matrix calculations. However,
Lemma [6] shows that A should end with ‘r’ in its reduced representation under

for some = € Z. Now, such A have
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PSL2(Z), thus it must be of the form (RS)*R. It is not hard to see however
that (rs)®r ¢ {B(w) | w € X} for any a > 0. This follows because B(w) =
(rs)*r = B(d)(rs)*2r = ... = B(d)*?r which cannot be further factorized
giving a contradiction. a

Combining this information, we now have the following four essential properties:

i) Boa: X* — PSLy(Z) is a monomorphism by Lemma H] and Lemma

ii) For all nonempty reduced w € X+, Boa(w) has reduced representation rw’r
over PSLo(Z) = (s,r|s? = r3 = 1) for some w’ € {s,r}*. This follows from
Lemma [6

iii) For any z; € %, the size of matrices in 8o a(z!) in terms of the number

of bits to represent it is logarithmic in terms of ¢ and j. This follows from

Lemmal[7l

iv) For any nonempty reduced word w € X, the upper left and upper right
entries of matrices 8 o a(w) are nonzero by Lemma

We are now ready to prove the main result of this section.
Theorem 1. The mortality problem for matrices in Z>*? is NP-hard.

Proof. We adapt the proof from [3] which shows that the identity problem in
Z**? is NP-hard. The proof in [3] essentially consists of two parts. First, an
encoding is shown from the subset sum problem to a problem on words - given a
finite set of words, can they be combined in such a way as to reach the identity
(or empty) word. The number of letters in these words is exponential in the
representation size of the subset sum problem instance however.

Therefore the second half of the proof shows a mapping from this set of words
into Z2*2 such that the matrix representation of the words has size polynomial
in the subset sum problem instance. The set of matrices generate a semigroup
containing the identity matrix if and only if the subset sum problem has a
solution, thus the identity problem is NP-hard for 2 x 2 matrix semigroups.

For our purposes of the mortality problem, we shall use the identical first part
of the proof to give a set of words W encoding a subset sum problem instance.
We shall then define a matrix P and use mapping So«a : X* — PSLs(Z) and its
properties to encode the set of words W in such a way that the zero matrix is in
the semigroup generated by a certain set of matrices if and only if there exists a
solution to the subset sum problem.

Let ¥ = {1,2,...,2k +2,1,2,...,(2k 4+ 2),a,b,a,b} be an alphabet. The
subset sum instance is given by S = {s1,s2,...,sr} and value x - thus the
problem is: does there exist a subset of S whose sum is 7 We now define set of
words:
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{1-a% -2, 1-e-2,
2.a% .3, 2.¢.3,
k-a’ - (k+1), k-e-(k+1),
W= (k+1)-a®- (k+2),
- (E+2)-b - (E+3), (k+2)-e-(k+3),
(k+3)-b2-(k+4), (k+3)-e-(k+4),

k2k+1).b8k.(2k+2), 2k +1) - (2k +2),
(2k+2)-b" -1} C X+

It was proven in [3] that ¢ € W if and only if the subset sum instance S
has a solution. We shall not repeat the details here, suffice it to say that let-
ters {1,...,2k + 2,1,...,2k+ 2} act as ‘border letters’ which enforce a par-
ticular ordering on any possible words reducing to give €. In any such word
w' = wiwy---w; € WT such that r(w’) = ¢, we can assume by [3] that w;
is from the first row of W (above), wq is from the second row etc. and that
wp = (2k42)-b" - 1, thus [ = 2k + 2.

We now use mapping 5o« : X* < PSLy(Z) applied to set of words W. We
earlier defined this function on a different alphabet but the same analysis holds.

Since any element a in PSLa(Z) already is a set {A, —A} of two matrices in
SL2(Z) we set M in a way that it will actually contain 2|W| matrices. It does
not alter this construction, since it does not matter if you select A or —A in the
product. Specifically we have

M = {Boa(w)w e W} C 22,

thus | M| = 2|W|. Note that each w € W contains two border letters and possibly
a power of a single letter from Y. By Lemma[7] this implies that the size of the
matrices in M (i.e. number of bits required to represent them) is polynomial in
the number of bits to represent the subset sum problem instance.

Our next steps are to introduce a new matrix P and to modify one of the
matrices in M by right multiplying by matrix S which will make it possible to
reach the zero matrix if and ounly if I € (M).

Let P = ((1)8 and define M’ = M U {P}. For any matrix X € Z**? we
have that (PXP)ll = X11 and (PXP)lg = (PXP)Ql = (PXP)QQ = 0. Since
for any reduced word w € W7, we have that 3o a(w);; # 0 by Lemma [, and
all matrices in M are unimodular, then the zero matrix is not in (M’).

We now modify the matrix set M’ one final time. Let Y be the matrix in M’
corresponding to word (2k+2)-b" -1 € W. We now form set M" = (M'\ {Y})U
{Y'S},i.e. wereplace Y in M’ by Y'S. Since all other matrices in M’ have reduced
factorizations of the form RX’R for some X’ € {S, R}*, the right multiplication
of Y by S in this way does not allow any additional cancelation of elements.
More formally, for any non-identity X1V € (M’) and X2 € (M’) Lemma
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shows that we have reduced representations XY = RX|R and X, = RX,R for
some X| € {S,R}* and X} € {S, R}*. Therefore, under M", since we replace
Y by V'S, then X;(YS)X2 = RX{R-S-RX,R is also a reduced representation
and no cancelation has occured by replacing Y with Y'S.

E s e
on-e-¢ ;zz

Fig. 1. The structure of a solution to the mortality problem

By Lemma [ all non-identity matrices in M’ have reduced (and unique)
factorization RX R over {R, S} for some X € {S,R}*. The only matrix in M’
with a zero upper right corner (up to sign) is the identity matrix by Lemma [8
From the proof of NP-hardness of the identity problem in [3], any reduced word
in W+ equal to the empty word must be of the form w’((2k+2)-b" - 1) for some
w' € W+, in other words the last word from W used must be (2k +2)-b" - 1.
This word was represented by matrix Y under M’, which we replaced with Y'S in
M". Thus, let VY € (M’) be a product equal to the identity matrix. Therefore
we see that S = VY'S € (M") and therefore PVY SP = PSP is the zero matrix
as required. This follows since

(9611 3712) S = (9612 —9611) (3)
T21 T22 T22 —T21

The structure of such a product PVY SP can be seen in Figure[ll To reach the
zero matrix, we first use matrix P. We follow that by the matrix corresponding
to either word 1 -a®' -2 or word 1 - € - 2, meaning we move from node 1 to
node 2 and choose either a®! or else . This continues iteratively until we reach
node k + 1 at which point we move to k + 2 with word a®. At this point, if
the selected nonempty words are such that a®ta®?2---a%™ - a® = ¢ for some
1 <551 <552 <...<38jm <k, then this corresponds to a correct solution to the
subset sum problem instance. The same procedure holds between nodes k + 2
and 2k 4+ 2 (with a’s replaced by b’s) at which point we then use matrix S and
the final matrix P. In the diagram, nodes 1 to 2k + 1 correspond to matrix V'
and nodes 2k + 2 and S correspond to matrices Y and S respectively. O

Since an upper bound for the decidability result in [I2] is unknown, we now
consider a lower bound on the minimum length solution to the MORTALITY
PROBLEM. Below we derive a lower bound on the minimum length solution to
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the Mortality Problem for a constructible set of instances, which is exponential
in the number of matrices of the generator set and the maximal element of
the matrices. This bound shows that the most obvious candidate for an NP
algorithm, which is to guess the shortest sequence of matrices which multiply to
give the zero matrix, does not work correctly since the certificate would have a
length which is exponential in the size of the instance.

Theorem 2. There exists a set of matrices M = {My, My, ..., M,} C 7Z>*?
where the mazimum element of any matriz in M is O(n?) such that 0 € (M)
(where O here denote the zero matriz) and the minimal length product over M
equal to 0 is of length 2™, which is exponential in the number of matrices in the
generator and the mazimal element of any matriz in M.

Proof. Let X = {1,2,...,2n — 1,1,2,...,2n — 1} be a group alphabet. It is
proven in [3] that there exists a set of words V = {vy,va,...,v2,_2} C X3 such
that there exists w € VT where r(w) = ¢ and |w| = 2" — 2 and for all w’ € V'
such that |w'| < 2™ — 2, then r(w') # e. This results from an encoding of a
deterministic finite automaton introduced in [I].

First, we encode set of words V' into matrices. We apply monomorphism Soq :
X* < PSLo(Z) to the set of words V' to give

V' ={Boa(v)|lveV}CPSLy(Z)

From the encoding of the DFA used in [3], it is shown that for any w € VT
where r(w) = e, we may assume that the last letter of w is va,—2. We proceed
in a similar manner to that of the proof of Theorem [Il We form the set

V" = (V' \{Boa(vzn—2)}) U{B o a(vzn-2)S},

i.e. we right multiply the final matrix of set V/ by matrix S. Finally, we define
matrix P € Z?*? such that P;; = 1 and Pia = Pa; = Py and let V" = V"U{P}.

For any w € V' such that r(w) = ¢, then Boa(w) = +I and thus Soa(w)S €
V" with |w| > 2" — 2. Clearly,

P(Boa(w))SP = foalw)s,

which equals 0 if and only if r(w) = £ by Lemma[8 and the number of matrices
used is 2”. For all X € V" then X717 # 0 by Lemma [ and Equation (). Thus
only matrix S € V' is such that PSP = 0 where 0 is here the zero matrix.
Finally we need to consider the representation size of V. Lemma [1 shows
that for | 2| = 4n — 2, we have that size(8 o a(z)) = O(n?) for any z € X. Since
|[V"'| = 2n — 1, then size(V"") = O(n?®) where size denotes the number of bits
required to represent set V. O
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