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Abstract. The study presents an introduction to algebraic structures
related to belief functions (BFs) on 3-element frame of discernment.

Method by Héjek & Valdés for BFs on 2-element frames [I5IT6120]
is generalized to larger frame of discernment. Due to complexity of the
algebraic structure, the study is divided into 2 parts, the present one is
devoted to the case of quasi Bayesian BFs.

Dempster’s semigroup of BFs on 2-element frame of discernment by
H4jek-Valdés is recalled. A new definition of Dempster’s semigroup (an
algebraic structure) of BFs on 3-element frame is introduced; and its sub-
algebras in general, subalgebras of Bayesian BFs and of quasi Bayesian
BFs are described and analysed. Ideas and open problems for future
research are presented.

Keywords: belief function, Dempster-Shafer theory, Dempster’s semi-
group, homomorphisms, conflict between belief functions, uncertainty.

1 Introduction

Belief functions (BFs) are one of the widely used formalisms for uncertainty
representation and processing that enable representation of incomplete and un-
certain knowledge, belief updating, and combination of evidence [18§].

A need of algebraic analysis of belief functions (BFs) on frames of discernment
with more then two elements arised in our previous study of conflicting belief
functions (a decomposition of BFs into their non-conflicting and conflicting parts
requires a generalization of Hajek-Valdés operation ”"minus”) [12] motivated by
series of papers on conflicting belief functions [IJ6JOUI7ITI]. Inspired by this de-
mand we start with algebraic analysis of BFs on 3-element frame in this study.

Here we generalize the method by Hajek & Valdés for BF's on 2-element frame
[I5UT6120] to larger frame of discernment. Due to complexity of the algebraic
structure, the study is divided into 2 parts; the present one is devoted to the
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special case of quasi Bayesian BFs (i.e., to the case of very simple BFs), the
second part devoted to general BF's is under preparation [13].

The study starts with belief functions and algebraic preliminaries, includ-
ing Hajek-Valdés method in Section 2. A Definition of Dempster’s semigroup
(an algebraic structure) of BFs on 3-element frame (Section 3) is followed by
a study of its subalgebras in general, of Bayesian BFs and of quasi Bayesian
BFs (Section 4). Ideas and open problems for future research are presented in
Section 5.

2 Preliminaries

2.1 General Primer on Belief Functions

We assume classic definitions of basic notions from theory of belief functions [1§]
on finite frames of discernment §2,, = {w1,wa, ..., w, }, see also [4-9]. A basic belief
assignment (bba) is a mapping m : P(§2) — [0, 1] such that ) ,, m(A4) = 1;
the values of the bba are called basic belief masses (bbm). m(()) = 0 is usually
assumed. A belief function (BF) is a mapping Bel : P(£2) — [0, 1], Bel(A) =
dozxcam(X). A plausibility function PI(A) = 3y, anx m(X). There is a
unique correspondence among m and corresponding Bel and Pl thus we often
speak about m as of belief function.

A focal element is a subset X of the frame of discernment, such that m(X) > 0.
If all the focal elements are singletons (i.e. one-element subsets of (2), then we
speak about a Bayesian belief function (BBF); in fact, it is a probability distribu-
tion on {2. If all the focal elements are either singletons or whole {2 (i.e. | X| =1
or |X| = |£2]), then we speak about a quasi-Bayesian belief function ((BBF),
that is something like 'un-normalized probability distribution’, but with a dif-
ferent interpretation. If all focal elements are nested, we speak about consonant
belief function.

Dempster’s (conjunctive) rule of combination @ is given as (m1 ® ma)(A) =
> xrya Kmi(X)mo(Y) for A # 0, where K = ' |k = Y vqy_gmi(X)
mo(Y), and (m1 ®m2)(0) = 0, see [18]. Let us recall U,, the uniform Bayesian be-
lief functiort! [9], i.e., the uniform probability distribution on (2,,, and normalized
plausibility of singletond of Bel: the BBF Pl P(Bel) such, that (Pl P(Bel))

N — _ Pl{wi})

W) = 5o Pictey) 28]

An indecisive BF' is a BF, which does not prefer any w; € (2,,, i.e., BF which
gives no decisional support for any w;, i.e., BF such that h(Bel) = Bel®U,, = U,,
Le., Pl({w}) = const., i.e., (Pl P(Bel))({w;}) = }, [10].

Let us define Exclusive BF as a BF such that PI(X) = 0 for some ) # X C £2;
BF is non-exclusive otherwise, thus for non-exclusive BF's it holds true that,
Pl({w;}) # 0 for all w; € 2. (Simple) complementary BF has up to two focal

! U, which is idempotent w.r.t. Dempster’s rule @, and moreover neutral on the set
of all BBFs, is denoted as »,p0" in [8], 0 comes from studies by Hajek & Valdés.

2 Plausibility of singletons is called contour function by Shafer in [I8], thus Pl P(Bel)
is a normalization of contour function in fact.
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elements ) # X C 2 and 2\ X. (Simple) quasi complementary BF has up to 3
focal elements @ # X C 2, 2\ X and 2.

2.2 Belief Functions on 2-Element Frame of Discernment;
Dempster’s Semigroup

Let us suppose, that the reader is slightly familiar with basic algebraic notions
like a semigroup (an algebraic structure with an associative binary operation), a
group (a structure with an associative binary operation, with a unary operation
of inverse, and with a neutral element), a neutral element n (n* x = x), an
absorbing element a (a * x = a), an idempotent i (i *xi = i), a homomorphism f
(flxxy) = f(z) * f(y)), etc. (Otherwise, see e.g., [AITIHIE].)

We assume (2 = {w1,wsa}, in this subsection. There are only three possible
focal elements {w1}, {wa}, {w1,w2} and any normalized basic belief assignment
(bba) m is defined by a pair (a,b) = (m({w1}),m({ws})) as m({w1,w2}) =
1 — a — b; this is called Dempster’s pair or simply d-pair in [4[7[I5/16] (it is a
pair of reals such that 0 < a,b <1,a+b<1).

Extremal d-pairs are pairs corresponding to BFs for which either m({w1}) =1
or m({we}) =1, ie., L =(0,1) and T = (1,0). The set of all non-extremal d-
pairs is denoted as Dy; the set of all non-extremal Bayesian d-pairs (i.e. d-pairs
corresponding to Bayesian BFs, where a + b = 1) is denoted as G; the set of
d-pairs such that a = b is denoted as S (set of indecisivdd d-pairs), the set
where b = 0 as S1, and analogically, the set where a = 0 as Sy (simple support
BFs). Vacuous BF is denoted as 0 = (0,0) and there is a special BF (d-pair)
0 =(3,3), see Fig. [

The (conjunctive) Dempster’s semigroup Do = (Do, ®,0,0") is the set Dy
endowed with the binary operation @ (i.e. with the Dempster’s rule) and two
distinguished elements 0 and 0’. Dempster’s rule can be expressed by the formula

(a,b)®(c,d) = (1— (11:(21(}55))7 1— (11:(%;?))) for d-pairs [15]. In Dy it is defined

further: 7(04’ b) = (ba a)7 h(aa b) = (aa b) @ 0, = (Qi;ib) gi;ib)7 hl(a7 b) =
- a+b—a’—b%—a a+b—a®>—b%—a
giagw (aab) = (a7b) D (b7 a) = ( +b1_a2_bb2 b7 +b1_a2_bb2 b); (a7b) S (Ca d)

iff [h1(a,b) < hi(e,d) or hi(a,b) = hi(c,d) and a < (] A
The principal properties of Dy are summarized by the following theorem:

Theorem 1. (i) The Dempster’s semigroup Do with the relation < is an or-
dered commutative (Abelian) semigroup with the neutral element 0; 0" is the only
non-zero idempotent of Dy.

(ii)) G=(G,&,—,0,<) is an ordered Abelian group, isomorphic to the additive
group of reals with the usual ordering. Let us denote its negative and positive
cones as G=0 and G=Y".

(i1i) The sets S,S1,S2 with the operation @ and the ordering < form ordered
commutative semigroups with neutral element 0; they are all isomorphic to the
positive cone of the additive group of reals.

3 BFs (a,a) from S are called indifferent BFs by Haenni [T4].
4 Note, that h(a,b) is an abbreviation for h((a,b)), similarly for h;(a,b) and f(a,b).
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1 1=,

G
s, 0=(%2,12)

0=(0,0) S1 T=(1,0)

Fig.1. Dempster’s semigroup Do. Homomorphism A is in this representation a pro-
jection to group G along the straight lines running through the point (1,1). All the
Dempster’s pairs lying on the same ellipse are mapped by homomorphism f to the
same d-pair in semigroup S.

(iv) h is an ordered homomorphism: (Dgy,®,—,0,0",<) — (G, ®,—,0,<);
h(Bel) = Bel ® 0/ = Pl P(Bel), i.e., the normalized plausibility of singletons
probabilistic transformation.
(v) f is a homomorphism: (Dgy,®, —,0,0") — (S, @, —,0); (but, not an ordered
one).

For proofs see [T5I6/20].

2.3 BFs on n-Element Frames of Discernment

Analogically to the case of {25, we can represent a BF on any n-element frame of
discernment §2,, by an enumeration of its m values (bbms), i.e., by a (2-2)-tuple
(a1,az2,...,a2n_3), or as a (2%1)-tuple (a1, az, ..., agn_2; asn_1) when we want to

explicitly mention also the redundant value m(£2) = agn_; =1 — 2?272 a;. For
BFs on {25 we use (a1, az, ...., a6; a7) = (m({w1}), m({wa}), m({ws}), m({w1,wa})

m({wr, ws}), m({ws, ws}); m({2s})).

3 Dempster’s Semigroup of Belief Functions on
3-Element Frame of Discernment 23

3.1 Basics

Let us sketch the basics of Dempster’s semigroup of BFs on 3-element frame
of discernment {23 in this subsection. Following the subsection 23] and Hajek &
Valdés’ idea of the classic (conjunctive) Dempster’s semigroup [I5/16/20], we have
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a unique representation of any BF on 3-element frame by Dempster’s 6-tuple or d-
6-tupld (dy, dy, ds, ds, dys, das), such that 0< di, dij < 1, 30 di+Y 0, dij <
1. These can be presented them in 6-dimensional ’triangle’, Fig.

{0y} {0y} T

(0,1,0,0,0,0)
7

h‘\ {0,035} {o,0,}

0.0.000.1)] 0.0.0..0.0)

{o}

o}

"(1,0,0,0,0,0) (1,0,0)

{933,7(0,0,1,0,0,0)

31,7 0,0,1)

Fig.2. General BFs on 3-element frame Fig.3. Quasi Bayesian BFs on 3-element
(23 frame (23

Generalizing the Héjek — Valdés terminology we obtain two special Dempster’s
6-tuples 0 = (0,0,...,0) representing the vacuous belief function (VBF) and
0 =U; = (:1,), :1,), :1,),070,0) corresponding to the uniform distribution of bbms
to all singletons. Generalization of extremal d-pairs are categorical d-6-tuples
(1,0,...,0), (0,1,0,...,0), (0,0,1,0,0,0), (0,0,0,1,0,0), (0,...,0,1,0), (0,...,0,1)
which represent categorical BFs on (23. Further generalization of extremal (i.e.
categorical) d-pairs are exclusive d-6-tuples (a,b,0,1—a—b,0,0), (a,0,b,0, 1—a—
b,0),(0,a,b,0,0,1—a—b), we can see, that the categorical 6-tuples are the special
cases of exclusive 6-tuples, the most special case are categorical singletons.

There are simple d-6-tuples (a, 0, ...,0), (0,q,0,...,0),(0,0,qa,0,0,0),(0,0,0, a,
0,0), (0,...,0,a,0), (0, ...,0,a) corresponding to simple (support) BFs and 6 con-
sonant d-6-tuples (a,0,0,b,0,0), (a,0,0,0,b,0), etc. corresponding to consonant
BFs. We can note, that simple 6-tuples are special cases of consonant ones.

It is possible to prove that Dempster’s combination & is defined for any pair
of non-exclusive BFs (d-6-tuples) and that the set of all non-exclusive BFs is
closed under @, thus we can introduce the following version of the definition:

Definition 1. The (conjunctive) Dempster’s semigroup D3 = (D3, ®,0,0') is
the set D3 of all non-exclusive Dempster’s 6-tuples, endowed with the binary
operation @ (i.e. with the Dempster’s rule) and two distinguished elements 0

and 0" = Us, where 0 = 03 = (0,0,...,0) and 0' =05 = Us = (3, 3, 3,0,0,0).

There is a homomorphism h : D3 — BBF5 = {Bel € D3| Bel is BBF} defined
by h(Bel) = Bel @ Us; it holds true that h(Bel) = Pl P(Bel) [10].

® For simplicity of expressions, we speak often simply on 6-tuples only.
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3.2 The Extended Dempster’s Semigroup

There are only single 2 extremal (categorical, exclusive) d-pairs on {22, thus the
extension of Dy to D, (where Df = Do U {L, T} and L @ T is undefined) is
important for applications, but it is not interesting from the theoretical point of
view.

There are 6 categorical (exclusive) d-6-tuples in D3 (in the set of BFs defined
over 23) and many general exclusive 6-tuples (BFs) in DJ, thus the issue of
extension of Dempster’s semigroup to all BFs is more interesting and also more
important, because a complex structure of exclusive BFs is omitted in Demp-
ster’s semigroup of non-exclusive BF's, in the case of 23. Nevertheless, due to
the extent of this text we are concentrating only on the non-extended case in
this study.

4 Subalgebras of Dempster’s Semigroup

4.1 Subalgebras of Dy and Ideas of Subalgebras of D3

There are the following subalgebras of Dg: subgroup of (non-extremal) BBF's
G = ({BBFs},®,—,0), two trivial subgroups 0 = ({0},®,—,0) and 0 =
({0'},®,—,0'), (other two trivial groups L = (0,1) and T = (1,0) are sub-
algebras of D); there are 3 important subsemigroups S = ({(s,s) € Do}, ®),
S1 = ({(a,0) € Do}, ®), S2 = ({(0,b) € Do}, ®), further there are many sub-
semigroups which are endomorphic images of S; and S; by endomorphisms of
Dy, for endomorhpisms of Dy see [3J5] and [10]. Note that there are also other
semigroups that are derived from the already mentioned subalgebras: DZ° and
D:", positive and negative cones of G (i.e. G=*',G="") with or without 0’, ver-
sions of S, 51,52 with or without absorbing elements 0’, (1,0), (0,1), versions
of S, 51,5 without 0, and further SUG,S1 UG, S UG, SUG...,S1UG..,SU
G.,5%UG.,0UG0UG.,.0UG.,0U0 = ({0,0'},®), some of these sub-
semigroups given by union have variants without 0 and/or 0/ with or without
extremal elements | or T (note that subalgebras with L or T are subalgebras
of extended Dempster’s semigroup D in fact). Altogether there are many sub-
algebras, but there are only 4 non-trivial and really important ones: subgroup
G and 3 subsemigroups S, S7, and Ss.

From [4T5T6] we know that O is neutral element of Dy, thus 0 is also neutral
element of all subsemigroups of Dy containing 0, hence Dg and its subsemigroups
containing 0 are monoids, i.e. we have the following observation.

Observation 1. Dempster’s semigroup Do and its subsemigroups S, S1 and S
are monoids.

The 3-element case is much more complex. In accordance with a number of pos-
sible focal elements and a representation of BFs by d-6-tuples we cannot display
general BFs on 3-element case by 3-dimensional but by 6-dimensional triangle,
see Fig. 2 Also the generalization of Dempster’s semigroup and its subalgebras
is much more complicated, as there is a significantly greater amount of struc-
turally more complex subalgebras. Subsequently the issue of homomorphisms
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of corresponding structures is more complex. Nevertheless, there is a simpli-
fied special case of quasi Bayesian BF's, which are representable by ”triples”
(dl, dg,dg, 0,0, 0), as dlg = d13 = d23 =0 for qBBFs, see Fig. E -

4.2 The Subgroups/Subalgebras of Bayesian Belief Functions

Before studying the simplified case of quasi Bayesian BFs we will utilize the
results on their special case of BBFs from [10].

Following [I0] we have ”—” for any BBF (d,ds,ds,0,0,0), such that d; >
0, and neutrality of 0/ = 0%, in the following sense: —(dy,d2,ds,0,0,0; O) =
(21, x2,235,0,0,0;0) = (21, gle, 2.71,0,0,0;0), where z; = 1/(1—|—ZZ 2 q. dry =
1/(1+ g1 + 9), such that, (dy,da, d3,0,0,0) & —(di, da, d3,0,0,0) = Us = 05.
We can prove equality of BBFs (dy,ds,ds,0,0,0), such that d; > 0 with non-
exclusive BBF's, further we have definition of &, consequently we can prove
closeness of non-exclusive BBFs w.r.t. @, hence G3 = ({(d1,d2,ds,0,0,0)|d; >
0, Zle d; =1}, ®, —,0%) is a group, i.e. subgroup of Ds_g. As we have 3 different
non-ordered elements, without any priority, we do not have any linear ordering
of Gz in general, thus neither any isomorphism to additive group of reals in
general. This is the difference of G3 subgroup of D3_¢ from G subgroup of Dy.

There are several subalgebras of special BBFs (subalgebras both of G5 and
of D3_g). Let us start with subalgebras of BBFs (di,ds,d2,0,0,0;0) where
dy = m(w2) = m(ws). The set of these BBFs is closed w.r.t. @. There is
minusy=3(di,da,d2,0,0,0;0) = (, 3, 5 Th 54 0y ,0,0,0,0) = ([ 390
1i’éldl,O,O,O;O)7 forany 0 < d; <1,dy = 2(1 dy), such that (dy, 2(1 dy), 1(
d1),0,0,0;0) ® minusa—s(d1, 5(1 — dy1), 3 (1 — d1),0,0,0;0) = (3, 3, 3), hence
minusa—g] is inverse w.r.t. @ on the set. Thus Ga—3 = ({(d1, d2,d2,0,0,0;0)}, ®,
minuss—s, 04) is subgroup of G3 and of D3_¢. As there is a natural linear order
of dy’s from 0 to 1, consequently, there is also a linear order of Go—3, thus Ga—3
is an ordered group of BBFs. Analogically there are ordered subgroups G1—3 and
(G1—2. Based on these facts and on analogy of Go—3, G1—3, and G1—o with G,
there is the following hypothesis. Unfortunately, isomorphisms of the subgroups

o (Re,+,—,0) have not been observed till now.

Hypothesis 1. Go—3, G1—3, and G1—2 are subgroups of Ds_q isomorphic to
the additive group of reals.

s ; >0 ~>0 >0 <o’ >0 >0
Poswlve an/d neg?tlve cones Gy, G125, G5—3, Gi= 27G1 3,G2 “a, (G125, G725,
G52, G70%, G0, G505) of Gi—2, G1—3, G2—3 with and without 0’ are subsemi-
groups of G3 and consequently also subsemigroups of D3_g.

4.3 The Subsemigroup of Quasi-bayesian Belief Functions

Let us turn our attention to the set of all non-exclusive quasi-Bayesian belief
functions D3_g = {(a,b,¢,0,0,0);0 < a+b+c < 1,0 < a,b,c}. This includes

5 The name minusa—3 reflects the fact, that the operation is a generalization of Héjek-
Valdés operation ”minus” (—(a,b) = (b,a)) to Ga=3.
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neutral element 0 and idempotent 0’ = Us. Considering only non-exclusive
qBBFs, @ is always defined, closeness w.r.t. @ is obvious, hence we have a
subsemigroup (with neutral element, thus monoid) Ds_.

Subgroup G3 of D3 and its subalgebras are also subalgebras of D3_q. Analo-
gously to subsemigroups S and S; of Dy, there are subsemigroups S1 = ({(d1, 0,0,
0,0, O) € D37O}a @)a Sy = ({(Oa dz,0,0,0, O) € D37O}a @)a S = ({(07 0,ds,0,0, 0) €
Ds_o},®) and Sy = ({(s,,5,0,0,0) € D3_o},®) are subsemigroups of Ds_g.
and similarly also S1_» = ({(s,5,0,0,0,0) € D3_o},®) (without (3, 5,0,0,0,0)),
S1_3, and Sy_3 of D3_g. All of them are isomorphic to the positive cone of the
additive group of reals Re>(. Using isomorphicity of Sy (subsemigroup of Dy),
there are simple isomorphisms z; : S; C D3 — S C Dg: 21(d1,0,0,0,0,0) =
(d1,0), 22(0,d2,0,0,0,0) = (d2,0), 23(0,0,ds,0,0,0) = (d3,0). Analogously
there is z1_9 : S1—2 C D3 — S C Dg: 21-2(s,,0,0,0,0) = (s,s), where S
is already isomorphic to S (and Rex() using Valdes’ isomorphism ¢ : S5 — S
given by ¢(x1,0) = (11;1, L, ) see [20].

For subsemigroup Sy in D3 we can use isomorphicity of Sy verified in the
previous paragraph, further we have to deﬁne new isomorphism ¢3 : S; — S
given by ¢s3(d;,0,0,0,0,0) = (, & 4 0,0,0) for 0 < dy <1, where

1+2d1° 1+4+2dy1° 1+2d1
@51(5,5,5,0,0,0) = (1%,,0,0,0,0,0) for 0 < s < 1 . Let us verify the ho-

momorphic properties: we have to verify 3((a,0,0,0, 0 0) @ (b,0,0 0,0,0)) =
3(a,0,0,0,0,0)®¢s3(b,0,0,0,0,0): p3((a,0,0,0, 0 O) (b 0,0,0,0,0)) = ¢3(a+
b—ab,0,0,0,0,0) = (¢,¢,¢,0,0,0), Where c= 1+2a+2b 2ab’

(u,u,u,0,0,0) ® (v,v,v,0,0,0) = (w,w,w,0,0,0), where w = “T=5%  thus

1—6uv ?
b b
¢3(a,0,0,0,0,0)@p3(b,0,0,0,0,0) = ({5, 1sza7 1+2a’0 0 0)@(1+2b7 14267 14+2b°
0,0,0) = (s,s,5,0,0,0), where s = 1+2aJ1r1gzb 51+b2a 1 _ 1+§j_$rba—bzab = c

14+2a 1+2b
Hence 3 is really a homomorphism, i.e. we have the following lemma:

Lemma 1. Sy is subsemigroup of Ds_q isomorphic to the positive cone of the
additive group of reals extended with oo.

Let us consider subsemigroup Di_2-3 = ({(d1,d2,d2,0,0,0}, &) now. Analo-
gously to Go—3, do = d3, but di + 2ds < 1 here. Thus Go—_3 is proper subalgebra
of Dy_o—3. There are subsemigroups 51,52=3 = ({(0,d2,d2)},®) and Sy, we
have already seen that S; and Sy are isomorphic to Re>o and Rei07 the same
holds also for Sp—3 using simple isomorphism z : So—3 — S C Dy, such that
2(0,dg, d2) = (da,d3). A structure of the subsemigroup D;_»s_3 is very similar to
that of Dg, we can even extend the operation minuss—3 from Go—3 to the entire
D;_o_3, where minuszzg(dl,dg,d270,070) = (:U1,£U27x2) such that z1 = dy +
2ds —22d1+d23:d5;25d52_3d1d2, To = 2d1+d2 d _2d —3did . Assuming validity of Hy-
pothesis[l the subsemigroup D;_s—3 = ({(dl,dg,dg,o 0,0}, @, minusa—s,0,Us)
is isomorphic to Dempster’s semigroup Dg. The same for Dy_1_3 and D3_1_5.

We can observe that subsemigroups Di_s = ({(d1,d2,0,0,0,0},®), Dy_3,
Ds_3,51-2,51-3, 523 are not included D3_¢ (due to exclusive BBFs, e.g. (d1,1—
d1,0,0,0,0) for Dy_5), thus they are subalgebras of D3 only.
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We can summarize the properties of subsemigroup D3_g of gBBF's as:

Theorem 2. (i) Monoid D3s_g = (Ds—_0,®,0,Us) is a subsemigroup of Ds
with neutral element 0 = (0,0,0,0,0,0) and with the only other idempotent
0=Us=(}11000).

37373
(ii)  Subgroup of non-exclusive BBFs Gs = ({(a,b,¢,0,0,0)|a+b+c=1,0<
a,b,c},®,” —7,Us) and its subalgebras are subalgebras of Ds_g.

(i1i) The sets of non-exclusive BFs Sp, Sy, 52,53, 512, S1-3, So—3 with the op-
eration @ and VBF 0 form commutative semigroups with neutral element O
(monoids); they all are isomorphicﬂ to the positive cone of the additive group
of reals Resqo (to ReZ, extended with oo in the case of S).

(iv) Subsemigroups D1_o—3, Da_1-3 and D3_1—2 (with their subalgebras S;’s,
Ga—3,G1=3 and G1=2) are subsemigroups (resp. subgroups in the case of G;’s) of
Ds_g (hence also of D3). Assuming validity of Hypothesis [, D1_2-3, Da_1_3
and D3_1—o are isomorphic to Dempster’s semigroup Dy.

(v) Semigroups of non-exclusive BF's ({(a,b,0,0,0,0)|a+b < 1},®), ({(a,0,c,0,
0,0)|a+c<1},®), ({(0,b,¢,0,0,0)|b+c< 1}, @), are subsemigroups of D3_g
and all three are isomorphic to Dgy without set of BBFs G.

(vi) h is homomorphism: (Ds_g,®,0,Us) — (G3,®,” —7,Us); h(Bel) =
Bel® 0 = Pl P(Bel), i.e., the normalized plausibility of singletons probabilistic
transformation.

A generalization of the Hajek-Valdés operation ”minus” — and of homomorphism
f from Dg to D3_g is still under development.

5 Ideas for Future Research and Open Problems

The presented introductive study opens many interesting problems related to
algebraic properties of belief functions on 3-element frame of discernment.

— Elaboration of the properties of D3_ and related substructures required by
investigation of conflicting BFs [12]:
e a generalization of operation — to Ds_g analogously to the operation
minuse—s from Dy _o_3;
e and related issue: a generalization of the homomorphism f to D3_g.
— The basic study of qBBFs should be supplemented by description of the
extension Ds_g to D:—ato containing all quasi Bayesian BFs.
— Study of properties of general BF's, i.e. the semigroup D3 = (D3, ®, 0, Us).

6 Conclusion

Dempster’s semigroup of belief functions on 3-element frame of discernment
was defined. Its substructures related to Bayesian and to quasi Bayesian belief
functions were described and analyzed.

7 o-isomorphic as in the case of Dy in fact, see Theorem [Il There is no ordering of

elements of {23, thus we are not interested in ordering of algebras S; in this text.
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A basis for a solution of the questions coming from research of conflicting

belief functions (e.g. an existence of a generalisation of Hajek-Valdés operation
"minus”) was established.
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