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Abstract. In this paper, we introduce justification counterparts of
distributed knowledge logics. Our justification logics include explicit
knowledge operators of the form [[t]; F" and [[t]pF, which are interpreted
respectively as “t is a justification that agent i accepts for F”, and “t
is a justification that all agents implicitly accept for F”. We present
Kripke style models and prove the completeness theorem. Finally, we
give a semantical proof of the realization theorem.

1 Introduction

Justification logics (cf. [2]) are a new generation of epistemic logics in which the
knowledge operators KC; F' (agent ¢ knows F') are replaced with evidence-based
knowledge operators [[t];F' (agent i accepts t as an evidence for F'), where ¢ is
a justification term. The first justification logic, Logic of Proofs LP, was intro-
duced by Artemov in [1] as an one-agent justification counterpart of the epis-
temic modal logic S4. The exact correspondence between LP and S4 is given by
the Realization Theorem: all occurrences of knowledge operator K in a theorem
of S4 can be replaced by suitable terms to obtain a theorem of LP, and vise
versa. Artemov used a cut-free sequent calculus of S4 to give a syntactic proof
of the realization theorem ([1]). A semantical proof of the realization theorem is
presented by Fitting in [9].

Logic of proofs is a justification logic with a new operator [[-]] for one agent.
In [15] Yavorskaya (Sidon) studied two-agent justification logics that have in-
teractions, e.g., evidences of one agent can be verified by the other agent, or
evidences of one agent can be converted to evidences of the other agent. Renne
introduced dynamic epistemic logics with justification, systems for multi-agent
communication (see e.g. [13,14]). Bucheli, Kuznets and Studer in [5] suggested
an explicit evidence system with common knowledge, an attempt to find a justi-
fication counterpart of epistemic logics with common knowledge (although prov-
ing the realization theorem for this system is still an open problem). Dynamic
justification logic of public announcements also studied in [4,6]. None of the
aforementioned papers deal with the notion of distributed knowledge.

In this paper, we study multi-agent evidence-based systems in a distributed
environment. Distributed knowledge is the knowledge that is implicitly available
in a group, and can be discovered through communication (cf. [8,12]). We in-
troduce an evidence-based knowledge operator for distributed knowledge [[¢]pF,
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with the intuitive meaning “t is an evidence that all agents implicitly accept for
F”. In other words, [[t]pF states that ¢ is an evidence (or justification) that
could be obtained for F' if all agents pooled their knowledge (or justifications)
together. To capture this notion, we present distributed knowledge logics with
justifications JKP, JTP JS4D and JS5D. We establish basic properties of jus-
tification logics for our logics, and give two examples to show how these logics
can be used to track evidences of distributed knowledge (more information on
tracking evidences and its applications can be found in [3,16,17]).

We also present possible world semantics for these logics. In the present paper,
we consider [-]]p as an agent, and give pseudo-Fitting models with additional
accessibility relation Rp and evidence function &p for distributed knowledge.

Finally, by proving the Realization Theorem, we show that our logics are the
justification counterparts of the known distributed knowledge logics K2, TP,
S4D and S5D. There are several methods for proving the realization theorem,
see e.g. [1,9, 11]. We employ the technique of Fitting ([9]) to present a semantical
proof of the realization theorem.!

2 Distributed Knowledge Logics

In this paper, we fix a set of n agents G = {1,2,...,n}. The language
of distributed knowledge logics is obtained by adding the modal operators
Ki,...,Kn, D to propositional logic. Hence, if A is a formula then K;A, for
1=1,...,n, and DA are also formulas. The intended meaning of I; A is “agent
i knows A”, and of DA is “A is distributed knowledge”. Now, we recall the well
known distributed knowledge logics (for more expositions see [8,12]).

Definition 1. The azioms of K2 are (wherei=1,...,n):

Taut. Finite set of axioms for propositional logic,
K. K:I(A — B) — (IClA — ’CiB),

KD. D(A — B) —» (DA — DB),

K;D. K;A— DA.

The rules of inference are:

Modus Ponens: from A and A — B, infer B,
Necessitation: from A infer IC;A.

If the number of agents n =1, then we add the additional axiom:
DA — KA.

Extensions of KD obtain by adding some avioms as follows:

e TD =KD 4 (K;A — A)+ (DA — A),

e S4P =TD 4 (K,A - K,K;A) + (DA — DDA),

e S50 =84D 1 (-K;A — K;=K;A) + (-DA — D-DA).

! Since it seems the method used in the proof of the realization theorem in [10] is not
correct, we use a different method in Section 5 to prove the realization theorem.
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Note that the axioms K;A — A in TP are redundant, since they follow from
axioms ;A — DA and DA — A.

In what follows, LP is any of the logics K2, T2, S4D or S52. Next we recall
Kripke models for the logics LP.

Definition 2. A Kripke model M for K2 is a tuple M = OV, Rq,...,Rn,IF)
where W is a non-empty set of worlds (or states), each R; is a binary accessibility
relation between worlds, and the forcing relation & is a relation between pairs
(M, w) and propositional letters, that can be extended to all formulas as follows:

1. |- respects classical Boolean connectives,

2. (M,w) Ik K; A iff for every v € W with wR;v, (M,v) IF A,

3. (M,w) Ik DA iff for every v € W with wRpv, (M,v) Ik A, where Rp =
N Ri.

For Kripke models of T2, 840 and S5P each R; should be reflexive, reflevive
and transitive and an equivalence relation, respectively.

Theorem 1. ([7]) K2, TP S4D and S52 are sound and complete with respect
to their models.

3 Distributed Knowledge Logics with Justifications

In this section, we introduce distributed knowledge logics with justifications
JKP, JTD  JS4P and JS5P. In the rest of the paper, we extend our set of
agents by the distributed knowledge operator D, and denote by * one of the
agents in G or D (i.e. * € {1,...,n,D}). Similar to the language used in [5] and
[15], we define a set of terms as justifications for each x € {1,...,n,D} . We

start by defining the set of justification variables and constants:
Var* = {a},25,...} Cons' = {c},ch,...}.
Now define the set of admissible terms T'm, (for each %) as follows

1. Var* C Tm,,

Cons® C Tmy,

3. if s,t € Tmy, then s+, ¢, s, t € Tm,,
for JS4D and JS5P: if t € Tm., then !, t € Tm.,
for JS5D: if t € T'm,, then ?.t € Tm,,

4. Tm; C Tmp, for each i € G.

N

Indeed, each distributed justification logic includes those clauses in the construc-
tion of terms that contains the corresponding operator in its language. Note that
by clause 4 there is no need to define variables VarP for operator D. However,
since using variables in Var? simplifies some arguments (see for instance Lemma
3) we keep it. In addition, as we will see from the formulation of our logics (see
Definition 3), there is no need to define a set of justification constants Cons®?
for D.
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Another different alternative is to define only one set of terms T'm that is ad-
missible for all agents as well as for distributed knowledge operator (see e.g. [13,
14], in which Renne considers a set of terms for all agents’ evidences). Neverthe-
less, using labels for justification variables and constants for each agent enables
us to tracking evidences (see Example 1, and the discussion after it).

Formulas of the distributed knowledge logics with justifications are
constructed as follows:

F:=P|L|F = F|[{].F,

where P is a propositional variable and ¢ € T'm,. The intended meaning of
[t]:F is “t is a justification that agent i accepts for F”, and of [[t]|pF is “t is
a justification that all agents implicitly accept for F”. We begin by defining the
language and axioms of the basic distributed knowledge logic with justifications.

Definition 3. The language of JKD contains only the operators -, and +.. The
azioms of JKD are:

AO0. Finite set of axioms for propositional logic,
Al [[s].AV [t]+A = [[s+. t]. 4,

A2. [[s]l.(A— B) = ([t]«A =[5 ]+ B),
A3. [[t]iA = [[t]|pA, where t € Tm,.

The rules of inference are:

R1. Modus Ponens: from A and A — B, infer B,

R2. [terated Aziom Necessitation: - [[c;:’;]]lm e [[céll i, A, where A is an axiom,
Tk 2

c*’s are justification constants and i1, ...,y are in G.

Ji
If the number of agents n = 1, then we add the additional axiom:

Ad. [[t]pA — [t]14, wheret € Tm;.

The justification system JTP is obtained from JKP by adding the following
azioms:

A5. [t].A— A.

The justification system JS4P is obtained from JTY by first extending the lan-
guage with operators !, and then adding the following axioms:

A6. [[t].A = ['t][t].A.
and replacing the rule R2 by the following simple one:

R3. Axiom Necessitation: & [ ¢']}; A, where A is an axiom, ¢ is a justification
constant and i € G.

The justification system JSBY is obtained from JS4Y by first extending the
language with operators 7, and then adding the following axioms:

AT, [t A = [2.4]-[ 1], A
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Notice that, in the axioms A1, A2, A6 and A7 all occurrences of * are the same
agent. Moreover, axioms [[t];A — A in JTD are redundant, since they can be
obtained from axioms [[t];A — [t]pA and [[t]pA — A.

By JLP we denote one of the logics JKP, JTD JS4D and JS5P. Following
[15], we define constant specifications as follows:

Definition 4. A Constant Specification CS for JKP (or JTY ) is a set of for-

mulas of the form [[C;Tn]]zm . [[c;i [li, A, where A is an axiom of JKE (or JTD ),
c;’l ’s are justification constants and iy, ..., iy are in G, and moreover it is down-

ward closed:

if [ Dim 1 iy - [ 2], A € CS, then[[¢ i,y ... [¢2] 4, A € CS.

Jm—1 Crmr

A constant specification CS is axiomatically appropriate if for each axiom A
and i € G there is a constant ¢* € Tm; such that [[¢']; A € CS and also CS is
upward closed:

if [[céz]]im [[céi]]ilA € CS, then [[ci"‘“]]im+1 [T - - - [[céi]]ilA € CS,

jm+1 jm
. Tm41
for some i41 € G and constant cimL € Tmpm1.

Definition 5. A Constant Specification CS for JS42 (or JS5D ) is a set of
formulas of the form [[¢']; A, such that ¢' is a justification constant in Cons’,
A is an aziom of JS4D (or JS5D) and i € G. A constant specification CS is
axiomatically appropriate if for each axiom A and i € G there is a constant
¢t € Tm; such that

[¢]:A €CS.

Let JLP(CS) be the fragment of JLP where the (Iterated) Axiom Necessitation
rule only produces formulas from the given CS. Thus JLP () is the fragment
of JLP without (Iterated) Axiom Necessitation rule. By JLP  F we mean
JLP(CS) I F for some constant specification CS.

Definition 6. A substitution o is a mapping from U, Var* to U, Tm. such
that each justification variable in Var® maps to a term in Tm,. The domain of
o is dom(o) := {x|o(x) # x}. The result of substitution o on the term t and
formula A is denoted by to and Ao respectively.

Distributed knowledge logics with justifications JLP enjoy the deduction theo-
rem and substitution lemma (the proofs are standard and are omitted here).

Lemma 1. Let CS be a constant specification.

1. Deduction Theorem for JLP(CS): Iy At B if and only if '+ A — B.

2. Substitution Lemma: (i) If ' = A in JLP(CS), then I'c - Ao in JLP(CSo).
(ii) If I = A in JLP(CS), then I'(F/P) = A(F/P) in JLP(CS’), where
CS' = CS(F/P) and A(F/P) denotes the result of simultaneously replacing
all occurrences of propositional variable P by formula F in A.
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Distributed knowledge logics with justifications can internalize their own proofs.
This is one of the fundamental properties of justification logics.

Lemma 2 (Internalization Lemma). For each x € {1,...,n,D}, the follow-
ing statements hold:

1. If JLP(CS) + F, then JLP(CS') & [[p]|+F, for some term p in Tm. and
some CS’ O CS.
2. Suppose CS is axiomatically appropriate. If JLP(CS) F F, then JLP (CS) -

[p]«F, for some term p in Tm..

Proof. By induction on the derivation of F. If F is an axiom, then using (It-
erated) Axiom Necessitation rule [ ¢’[;F is derivable in JLP(CS’) for some
¢t € Const' and CS' = CS U {[[¢'];F}. If CS is axiomatically appropriate then
there is a constant ¢! € T'm; such that [[c];F € CS, for each i € G. Hence,
[c']):F is derivable in JLD(CS), for each i € G. Moreover, using axiom instance
[c¢]iF — [c!]|pF, we can derive [¢!]|pF. If F is obtained by Modus Ponens from
G and G — F, then by the induction hypothesis, there are terms ¢, s € T'm, such
that [[t]+G and [[s]«(G — F') are provable. By axiom A2, we derive [s . t]J.F.

It F =1 C;:Z]]zm[[ c;i]]ilA € CS, is obtained by the Iterated Ax-
iom Necessitation rule IAN in JKY or JTY, then using IAN we obtain
[Tl D - - - e}t ]1iy A TE CS is axiomatically appropriate then it is upward

closed, and therefore there is a constant ¢! € T'm; such that [[ ¢'];[ c;:Z | -
I céll Jli,A is in CS, and hence is derivable in JKP(CS) or JTD(CS). Moreover,

using axiom A3, we can derive [¢/]p|| c;:Z || | czll i A.
If F = [[¢'];A € CS is obtained by the Axiom Necessitation rule AN in JS4F
or JS52 then use axiom A6 to derive [[!; ¢']; A in JLY(CS). Moreover, using

axiom A3, we can derive [[!; ¢'[pA. O

Lemma 3 (Lifting Lemma). For each x € {1,...,n,D}, the following state-
ments are provable:

1. If [t1]J« A1,y - [tm]l«Am, B, ..., Bi = F in JS4P(CS), then

[t:]eAr, . [l Am, (23] Brs - . (27 ] B [p(E 2)]F (1)

in JS4D(CS), for some justification variables x¥ (in Var*), term p(t, E) in
Tm, and CS' D CS (all *’s in (1) stand for the same agent).

2. In part (1), if CS is axiomatically appropriate, then (f) is provable in
JsS4P(cs).

Proof. The proof is similar to the proof of Lemma 2, with two new cases. If
F =

[ t:]«A;, for some 1 < i <
1< <1, then put p(t, %) =

m, then put p(f,#) =!.t;. If F = B, for some
xf a
x.

It is worth noting that the terms p and p(t_: Z) constructed, respectively, in the
proof of lifting and internalization lemmas depends on the agent .
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Ezample 1. We prove that JK2 (0) + [s]]:(A — B) A[[t]; A — [[s-p t]p B, where
s € Tm; and t € Tm;. The proof is as follows:

1. [s]i(A— B) A[t];A— s]]l(A — B), tautology in propositional logic

2. [si(A — B) A [t];A — [t];A, tautology in propositional logic

3. [slli(A—= B)A[t];A [[s]]D(A — B), from 1 by reasoning in propositional
logic and axiom A3

4. [s]i(A = B) A[t];A — [t]pA, from 2 by reasoning in propositional logic
and axiom A3

5. [[s]li(A— B)A[t];A — [s]p(A — B) A[t]pA, from 3 and 4 by reasoning
in propositional logic

6. [sli(A — B)A[t];A — [s-pt]pB, from 5 by reasoning in propositional
logic and axiom A2.

This is similar to the fact that KD + K;(A — B) A K;A — DB. This theorem
of KD states that if agent i knows A — B and agent j knows A, then B
is distributed knowledge, which means if all agents combine their knowledge
together, they can infer B. But, in fact, to obtain knowledge of B we do not
need the information of all agents other than agents ¢ and j.

Distributed knowledge logics with justifications allow us to track evidences
occur in [[-]p. For instance, Example 1 shows that if s is an agent i’s evidence
for A — B and t is an agent j’s evidence for A, then s -p t is an evidence
for B that all agents can obtain whenever they combine their knowledge. Since
s € Tm; and t € T'm;, the term s -p t shows that in order to get knowledge of
B and make a justification for it, we only require information of agents ¢ and 7,
and particularly it determines which part of their knowledge is required.

Ezxample 2. The rule

Al/\.../\An—>B
KiAiN...NK,A, — DB

is admissible in LP (see, e.g., [12]). Likewise, we prove that the following rule is
admissible in JLD:

[t1]1 A1 A A [tn]lnAn — [t B

for some term t in T'mp, where t; € T'm; for i = 1,...,n. The proof is as follows:

1. A A...N A, — B, hypothesis

2. [t1]1 A1 A - oo A[[tn]]nAn, hypothesis

3.1. [[t1]]1 41, from 2 by reasoning in propositional logic
3.2. [[t2]]2A2, from 2 by reasoning in propositional logic

3. [tn]]nAn, from 2 by reasoning in propositional logic
4.1. [[t1]|pA1, from 3.1 by axiom A3
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4.2, [[t2]]pAg, from 3.2 by axiom A3

4n. [ty]lDAs, from 3.n by axiom A3

5. Ay = (A2 —» ... = (A, — B)...), from 1 by reasoning in propositional logic

6. [p]p[A1 = (A2 = ... = (A, — B)...)], from 5 by Lemma 2

7.1. [p-pti]p[A2 = (A3 — ... = (A, — B)...)], from 4.1 and 6 by axiom A2

72. [ppti ptep[ds = (A4 — ... = (4, — B)...)], from 4.2 and 7.1 by
axiom A2

7n. [ppti D-.. pta]|pB, from 4.n and 7.(n-1) by axiom A2
8. [[t1]1A1 A ... A[tn]lnArn — [t]pB, from 2 and 8 by the Deduction Theorem
(Lemma 1), where t =p-pt1 p... D tn.

These two examples show that evidence-based distributed knowledge could be
viewed as the knowledge the agents would have by pooling their individual jus-
tifications together.

4 Semantics

In this section, we consider [[-]p as an agent, rather than as explicit distributed
knowledge, and give pseudo-Fitting models for all systems JLP. Fitting models
first introduced by Fitting in [9] for LP.

Definition 7. A pseudo-Fitting model M for JKP is a tuple
M= (W7R17' .. 7Rn7R'Dagla v agnagDa‘Fp)
(or M = (W, Ry, E, k) for short) where (W, R1,...,Rn, Rp,IFp) is a Kripke

model, in which Rp is also a binary accessibility relation between worlds such
that Rp C NJ_1R;. Admissible evidence functions £, are mappings from the set
of terms and formulas to the set of all worlds, i.e., E.(t, A) CW, for any justi-
fication term t in T'm, and formula A, and satisfying the following conditions.
For all justification terms s and t and for all formulas A and B:

ELl. Eu(s, A) UE(t,A) CE(s+4t,A),
E2. E.(s,A— B)NE.(t,A) CE (s« t,B),
E3. &(t,A) CEp(t, A), for each i € G and t € Tm,.

If n =1, then R1 = Rp and evidence functions should also satisfy:
E4. Ep(t, A) C &1(t, A), for each t € Tm;.

The forcing relation I, is a relation between pairs (M, w) and propositional
letters, that can be extended to all formulas as follows:

1. I, respects classical Boolean connectives,
2. (Myw) Ik, [t]A iff w € Ei(t,A) and for every v € W with wR.v,
(M,v) Ik, A.
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We say that A is true in a model M (M Ik, A) if it is true at each world of
the model. For a set S of formulas, M IF, S if M I, F for all formulas F in
S. Given a constant specification CS, a model M respects CS (or meets CS) if
M Ik, CS. A set S of JLP-formulas is JLP (CS)-satisfiable if there is a model
M for JLP respecting CS and a world w in M such that (M,w) I A for all
Aes.

Pseudo—Fitting models for the other distributed justification logics have more
restrictions on accessibility relations and evidence functions. For J TE each R.
is reflexive. For JS4D each R. is reflexive and transitive and evidence functions
should satisfy:

E5. Ifw e E.(t, A) and wR,w, then v € E.(t, A),
€6. E.(t,A) € &1, [1])-A),

For JS5P each R. is an equivalence relation and evidence functions should
satisfy:

ET. I [Ex(t, A)|° C Eu(?:t, —[[t] «A), where the superscript operation “c” on sets
is the complement relative to the set of worlds W,
E8. If w e &(t, A), then (M, w) Ik, [t].A.

Next, we prove the completeness theorem for JLP. Since the proof is similar to
the proof of the completeness theorem of justification logics in [2, 9], we omit the
details.

Theorem 2 (Completeness). For a given constant specification CS,
distributed justification logics JLP (CS) are sound and complete with respect to
their pseudo-Fitting models that respect CS.

Proof. Soundness is straightforward, as usual, by induction on derivations in
JLP(CS). Let us only check the validity of axiom AT, =[t].A — [ 7.t]s«—
[t]«A, in a model of JS5D. Let (M, w) I, =[[t].A. By €8, w & E.(t, A). By &7,
w € (74t 7[[t]+A), and by E8 we have (M, w) Ik, [ 7]« [ ]+ A.

For completeness we first construct a canonical model M = (W, R., E,, 1)
as follows:

W is the set of all maximally consistent sets in JLP (CS),
TR AT CA for IAeW,

E(,F)={T eW|[t)|Fel}

for each propositional letter P: (M, ") I, Piff P € I'.

where P is a propositional variable and
' = {A|[t].A € T, for some termt € Tm,}.

Forcing relation I, on arbitrary formulas is defined as in Definition 7.
Specially, for each JLP the evidence function &, in the canonical model M

satisfies the corresponding properties £1 — £8 in the definition of pseudo—Fitting

model. We only show the new property £3 (£4 is similar). Let I € &(¢, A).



100 M. Ghari

Then [[t];A € I'. Since [t];A — [[t]lpA € I', we have [[t]pA € I', and therefore
I e ép(t, A).

Let us now prove that Rp C N1 R;. Suppose 'RpA and [[t];A € I', for an
arbitrary ¢ € G. We have to show that A € A. Since [t];A — [[t]pA € ', we
have [[t]pA € I', and therefore A € A. Tt is not difficult to verify that for n =1
we have Rp = R1.

We now prove the Truth Lemma: for all formulas F' we have

Fel iff (M), F

The proof is by induction on the complexity of F' and is similar to that for
justification logics in [2]. We only show the case when F' is [[t].G.

If [¢]«G € I', then I € E,(t,G) by the definition of &,.. In addition, for all
A € W such that I'R, A, by the definition of R, we have G € A. Hence, by the
induction hypothesis, we obtain (M, A) I, G. Thus (M, I") Ik, [t].G.

If [¢)].G ¢ I', then I' & E.(t,G). Thus (M, ) I, [t]«G.

Now suppose JLP(CS) I/ A, then {—A} is a JLP(CS)-consistent set. Extend
it to a maximal consistent set I" by standard Lindenbaum construction, then by
truth lemma we have (M, I') I, A. |

Note that in the canonical model M we have U ,&;(t, A) C Ep(t, A), for every
term ¢ and formula A.

Theorem 3 (Compactness). For a given CS for JLP, a set of formulas S is
JLP (CS)-satisfiable iff any finite subset of S is JLP(CS)-satisfiable.

Proof. Suppose every finite subset of S is JLP(CS)-satisfiable. Clearly S is
JLP(CS)-consistent. Extend S to a maximal consistent set I". Thus I is a world
in the canonical model M of JLP(CS). Since S C I, by the Truth Lemma,
(M, I') IF A for all A € S. Therefore, S is satisfiable. 0

One of the important properties of Fitting models is the fully explanatory prop-
erty, which first proved by Fitting in [9] for models of the logic of proofs.

Definition 8. A JLP-model M is a strong model if it has the fully explanatory
property:

1. if for every v such that wR.v we have (M,v) IF, A, then for some term
t € Tm, we have (M, w) I, [t]l+A, and

2. if for every v such that wRyv,..., wR,v we have (M,v) IF, A, then for
some term t € Tmp we have (M, w) Ik, [t]pA.

It is worth noting that the term ¢ introduced in the above definition depends
on the formula A and world w. Moreover, the definition of the fully explanatory
property of JLP-models is slightly different from that for one agent justification
logics (see [2,9]). In contrast to the one agent case, in Definition 8 we extended
the fully explanatory property of models to multi-agent case in statement 1, and
add the statement 2.
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Theorem 4 (Strong Completeness). For any axiomatically appropriate con-
stant specification CS, JLP(CS) is sound and complete with respect to their
strong models that respect CS.

Proof. Tt suffices to prove that, for any axiomatically appropriate constant spec-
ification CS, the canonical model of JLP(CS) satisfies the fully explanatory
property. Let M = (W, R., &, IF,) be the canonical model of JLP(CS), and
I'ew.

(1) Suppose * € {1,...,n,D} and (M, A) I, A for every A such that 'R, A.
Suppose towards a contradiction that there is no justification term ¢ € T'm, such
that (M, I") I, [t]]«A. Then, the set I'** U {=A} would have to be JLP(CS)-
consistent. Indeed, otherwise

JLPCS)F X1 = (X — ... = (X, = A)..)),

for some [[t1]«X1,..., [ tm]]+Xm € I'. Since the constant specification CS is
axiomatically appropriate, by Lemma 2, we would obtain a term s in T'm, such
that

JLP(CS) F [s].(X1 = (Xo = ... = (X, = A)..)).

By axiom A2,
JLP(CS) F [t1]+ X1 — ([t2]+ X2 — .. = ([tm] s Xm — [t]+A) .. .).

where t = s« t1 s ... 'x tm. Hence [t]«A € I'. Thus, by the Truth Lemma,
(M, ) I, [[t]+ A, a contradiction. Now since I'** U{=A} is JLP(CS)-consistent,
it could be extended to a maximal JLP (CS)-consistent set A. Since I'** C A,
we have I'R.A. But since A ¢ A, by the Truth Lemma, (M, A) |, A, which
contradicts the assumption.

(2) Suppose for every A € W such that I'R1A4, ..., 'R, A we have (M, A)
IFp A, and (M, I') I, [t]pA, for each t € T'mp. We show that there is A € W
with I'RpA such that (M, A) I, A. We prove that I'*? U {—=A} is consistent.
Otherwise, for some [#1]|pX1,..., [tm]]pXm in I" we have

JIP(COH X - Xy == (X, = A) ).

Since the constant specification CS is axiomatically appropriate, by Lemma 2,
there is a term s in T'mp such that

JLPCS) F [s]lp(X1 = (Xo = - = (X — A)--1).

By axiom A2, we conclude that
JLP(CS) F [t1]lp X1 = ([t2lpXe = -+ = ([tm o Xm — [[t]pA) )

where t = s pt1 p - p tm. Hence, [[tJpA € I', and by the Truth Lemma,
(M, T) I, [[t]pA, which is a contradiction. Thus I'*? U{=A} is a consistent set.
Now extend it to a maximal consistent set A. By the truth lemma (M, A) £, A.
On the other hand, it is obvious that I"RpA, and since Rp C N ,R;, we have
I'R;A, for each i € G, which contradicts the assumption. O
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5 Realization Theorem

In this section, we prove that each theorem of JLP can be translated into a
theorem of LP | and vise versa. First, we define a translation, called the forgetful
projection, from formulas of JLP to formulas of LP.

Definition 9. For a JLP-formula F, the forgetful projection of F, denoted by
F°, is defined inductively as follows:

For propositional letter P, P° = P, and 1°=1,
(A— B)°=A° - B°,

([2]):A4)° = KA,

([tlpA)° = DA

For a set S of justification formulas we let S° = {F°|F € S}.

1.
2.
3.
4.

Lemma 4. For any formula F of JLP, if JLP + F then LP - F°.

Proof. By induction on a derivation of F in JLP. If F is an axiom of JLP, then
it is easy to verify that F° is provable in LP. For instance, ([[t]; A — [[t]pA)° =
K;A° — DA, which is an instance of K;jD axiom. If F' is obtained by Modus
Ponens from G and G — F, then by the induction hypothesis G° and G° — F°
are provable in LP. Thus, F° is provable in LP. If F = HC;Z N - - [[czll li,AecCS
is obtained by the Iterated Axiom Necessitation rule, then A° is provable in LP,
since A is an axiom of J LE. Hence, by iterated applications of the Necessitation
rule, we can derive K;, ... K;, A°. Likewise, If F' = [[¢!]; A € CS is obtained by
the Axiom Necessitation rule, then use the Necessitation rule to derive K; A°. 0O

Definition 10. Let A be a formula in the language of LP. A realization of the
formula A is a JLP-formula A™ such that (A")° = A.

More precisely, a realization A" is obtained by replacing each modality K; in
A by a term in Tm;, and each modality D in A by a term in Tmp. A re-
alization is called normal if all negative occurrences of modalities are replaced
by distinct variables. In the rest of this section we will prove the following results:

JKD — KD, JTR' TP, "
JS4P° =s4P JsS5P° — S50

The existence of an JLP-realization of any theorems of LP can be established
semantically by a method developed in [9].

Definition 11. By JLP~ we mean the system JLP in a language without op-
erations +, and without axioms A1l. Models of JLP~ are the same as for those
of JLP except that the evidence function is not required to satisfy the condition

£l

It is easy to verify that the internalization lemma holds for JLP~ and the fully
explanatory property of the canonical model holds for JLP~-models (the canon-
ical models of JLP~ are defined similar to the canonical models of JLP).
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Let ¢ be a formula in the language of LP, fixed for the rest of this section. By
subformula we mean subformula occurrence. The set of all subformulas, positive

subformulas and negative subformulas of ¢ are denoted, respectively, by Sub(y),
Sub™ () and Sub~ ().

Definition 12. Let A be any assignment of justification variables

U Var*

x€{1,...,n,D}
to negative subformulas of ¢ of the form K; X or DX such that

o If A(K;X) ==, then x € Var'.
o If ADX) =z, then v € VarP.

We define two mappings w4 and v of subformulas of ¢ to sets of formulas of
JLP and JLP—, respectively, as follows:

1. wa(P) =va(P) = {P}, where P is a propositional variable;
wa(L) = va(L) = {1},
2. wAa(X = Y)={X'2Y'| X' € wa(X),Y €ewa(Y)},
VAX =2 Y)={X' =2 Y| X €cv4(X),Y eva(Y)}.
3. If K;X € Sub™(p), then
wa(KiX) = {[[2]: X' | AKiX) = z,2 € Var', X € wa(X)},
A X) = {[[«]i X' |AK; X) =z, 2 € Vart, X' € va(X)}.
4. If K; X € Sub™(yp), then
wA(K; X) ={[[t]: X' |t € TmZ,X’ cwa(X)},
0AlCX) = {[1:(X1 V-V Xou) £ € T, X, ..., Xom € 0a(X)}.
5. If DX € Sub™(p), then
wA(DX) = {[[2]; X' | ADX) = z,2 € VarP, X' € wa(X)},
vA(DX) = {[2]: X' | A(DX) = x,2 € VarP, X' € va(X)}.
6. If DX € Sub*(y), then
wa(DX) = {[[t]pX'|t € TmD,X cwa(X)},
vADX) ={[[tp(X1 V...V Xp) |t € Tmp, X1,..., Xm € va(X)}.

By w4 (X) we mean {-~X'| X' € va(X)}. It is assumed that A assigns different
variables to different subformulas (this assumption is required in the proof of
Lemma 6).

Let M = (W, R+, &, k) be the canonical model of JLP~. We may consider
M as a model for LP, in which the accessibility relation Rp and evidence
functions &, play no role and I, is defined as in Definition 2. In this case we
write (M, I') IFpo A to denote that M is considered as a model of LP.

Lemma 5. Let CS be an aziomatically appropriate constant specification for
JLP~, and M be a canonical model for JLP~ that respects CS. Then for each
world I' of the model:

1. If ¢ € Sub™(p) and (M, I') Ik, =v4(¥), then ( ,I) \FLD ).
2. Ifp € Sub™(p) and (M, ) I, va(), then (M, ) Iy
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Proof. The proof is by induction on the complexity of 1. The proof for proposi-
tional variables and the case for implication is similar to the proof of Proposition
7.7 in [9].

Suppose ¢ = K; X € Sub™(p) and (M, I") Ik, ~v4(¢). First we show that
I'* U-w(X) is JLP~(CS)-consistent. Indeed, otherwise

JLP=(CSFY, - (Yo— ...(Yim = X1 V...V X})..))

for some [[t1];Y1,...,[tm]iYm € I" and X1,..., X) € v4(X). By the internal-
ization lemma, since CS is axiomatically appropriate, there is a term s € T'm;
such that

JLP=(CS) F [si[yi = Yo — ... (Vs = X1 V...V Xp)..))]
By axiom A2 and propositional reasoning, we have
JLP=(CS) F [talliYi Ao A[[tm]iYo — [2]i(X1 V..V X)

where t = s+ €1+ ... tmy € Tm;. Therefore, (M, ) I, [¢]i(X1 V...V Xk),
which is impossible since [¢]];(X1 V...V Xi) € va(¢). Hence, I' U —w4(X) is
JLP~(CS)-consistent, and can be extended to a maximal JLP~(CS)-consistent
set A. Thus I'R; A and (M, A) I, =v4(X). Since X € Sub™(¢), by the induc-
tion hypothesis, (M, A) ko =X. Hence, (M, I") IFyp —).

Suppose ¥ = DX € Sub™(¢) and (M, I') I, =v4(¢). First we show that
I'? U-wa(X) is JLP~(CS)-consistent. Indeed, otherwise

JLP-(CSFY - (Yo—= ... (Y = X1 V...VX)...)

for some [t1]]pY1,.. ., [tm]DYm € I and X;,..., X}, € v4(X). By internaliza-
tion, there is a term s € T'mp such that

JLP=(CS) F [s]lp[Yi = Yo = ... (Vi = X1 V...V X))
By axiom A2 and propositional reasoning, we have
JLPZ(CS) F [t1]pYi A A ltw]p Y = [Hp(X1 V... v Xi)

where t=s-pt1 -p....p tm € I'mp. Therefore, (M, I") IFp[[t]p(X1 V...V Xi),
which is impossible since [t]p(X1 V...V Xg) € v4(t)). Hence, I'*? U—w4(X) is
JLP~(CS)-consistent, and can be extended to a maximal JLP~(CS)-consistent
set A. Thus I'RpA and (M, A) Ik, —wa(X). Since Rp C i, Ri, we
have I'R;A for any i € G. Since X € Sub*(p), by the induction hypothesis,
(M, A) ko = X. Hence, (M, ) IFyp .

Suppose ¢ = K; X € Sub™(¢) and (M, I') Ik, va()). Let X’ be an arbitrary
element of v4(X). Then [[z]; X" € va(y), where A(K;X) = z, and therefore
(M, ') Ik, [z];X'. Now for any world A such that I'R;A, (M, A) I, X'
Thus (M, A) Ik, va(X). Since X € Sub™(p), by the induction hypothesis,
(M, A) Ik p X. Hence, (M, I) IFyp 1.
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Suppose ¥ = DX € Sub™ (p) and (M, I") Ik, va(¥). Let X’ be an arbitrary
element of v4(X). Then [z]pX’ € va(v)), where A(DX) = z, and therefore
(M, I') I, [z]lpX’. Now for any world A such that 'RpA, we have (M, A) IF,
X'. Thus (M, A) Ik, va(X). Since X € Sub™(¢), by the induction hypothesis,
(M, A) IFpp X. Since Rp C ()i, Ri, we have I'R; A for any i € G. Hence,
(M, T) lrpo 9. 0

Corollary 1. Let CS be an axiomatically appropriate constant specification for
JLP~. IfLP + ¢ then there are 1, ..., om € va(p) such that

JLP=(CS)F p1 V...V .

Proof. Suppose towards a contradiction that JLP~(CS) I/ @1 V...V ¢, for all
1, m € va(p). Thus wv4(¢p) is JLP~(CS)-consistent. For otherwise there
would be ¢1,...,¢m € va(p) such that JLP=(CS) @1 V... V ¢y, contrary
to assumption. Since —w4(p) is JLP~(CS)-consistent, extend it to a maximal
consistent set I' € W. By Truth Lemma, (M, I') I, =v4(¢). Hence, by Lemma
5, (M, I') k0 —¢, contra with the assumption LP + ¢ and Theorem 1. a

Lemma 6. Let CS be an azxiomatically appropriate constant specification for
JLP. For every subformula v of ¢ and each vy, ..., 0, € va(¥), there is a
substitution o and a formula ¢’ € vA(v) such that:

1. If ¢ € Sub™(p), then JLP(CS) F (Y1 V...V )0 — 9.
2. Ifp € Sub™ (), then JLP(CS) F 9" — (W1 A ... Ao

Proof. The proof is by induction on the complexity of 1. The proof for proposi-
tional variables and the case for implication is similar to the proof of Proposition
7.8 in [9].

Suppose ¥ = K; X € Sub™(p), and the result is known for X (which also
occurs positively in ¢). Let ¥1 = [t1]; D1, ..., ¥m = [[tm]}iDm be in v4(¢), such
that t1,...,tm € Tm; and Dy, ..., Dy, are disjunctions of formulas from v 4(X).
Thus Dy,..., Dy € va(X). By the induction hypothesis, there is a substitution
o and X' € vy(X) such that JLP(CS) - (Dy V...V D)o — X'. Note that
(D1 V...V Dy)o = Dio V...V Dyo. Consequently, for each j = 1,...,m,
we have JLP (CS)  Djo — X'. By the internalization lemma, there are terms
S1,---,8m € Tm; such that JLP(CS) + [s,]li(Djo — X'), foreach j = 1,...,m.
Hence by axiom A2

JLD(CS) [ [[tja]]iDja — [[8] i tjU]]iX/.

Note that [[th']]iDjO' = ([[tj]]iDj)U. Let t =51 t10+; ... 45 Sm i tmo € Tm,.
By axiom A1,

JLP(CS) F ([[t;]:Dy)eo — [t]: X,
for each j =1,...,m. Thus,
wPes)- ([0 )o - X

Therefore, letting ¢’ = [[t]}; X', we have
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JLD(CS)I—( \/ zpj)a—>¢’.

1<j<m

Suppose 1 = DX € Sub™ (), and the result is known for X (which also occurs
positively in ¢). Let ¢1 = [[t1]]lpD1, - -« s ¥m = [tm]|/DDm be in v4(¢)), such that
t1,...,tm € Tmp and Dy, ..., Dy, are disjunctions of formulas from v4(X). By
the induction hypothesis, there is a substitution o and X’ € v4(X) such that
JLP(CS) F (Dy V...V Dy)o — X'. Consequently, for each j = 1,...,m, we
have JLP(CS) + Djo — X'. By the internalization lemma, there are terms
81,...,8m € Tmp such that JLP(CS) F [ s;p(Djo — X'), for each j =
1,...,m. Hence by axiom A2

JLP(CS) + [[tjolliDjo — [s; -p tjollp X',
Lett=s1 ptic+p...+D Sm D tmo. By axiom A1,
JLP(CS) F ([t;]pDj)o — [tp X',

for each j = 1,...,m. Thus,

JLPES)F(\/ [4loD;)o = [pX"

1<j<m

Therefore, letting ¢’ = [t]pX’, we have

JLD(CS)I—( \/ zpj)a—>¢’.

1<j<m

Suppose ¥ = K; X € Sub™(p), and the result is known for X (which also oc-
curs negatively in ). Let ¢y = [z]; X1,...,%m = [2]i Xm be in v4(¢)), such
that A(K;X) = 2 (where x € Var?), and X1,..., X,,€v4(X). By the induction
hypothesis, there is a substitution o and X’ € w_4(X) such that JLP (CS) - X' —
(X1 A ... A Xp)o. Since A assigns different variables to different subformulas, =
does not occur in X, ..., X,,, and hence z ¢ dom(o). It follows that, for each
j=1,...,m,JLP(CS)F X' — X,o. By the internalization lemma, there are terms
t1, ... tm € Tm; such that JLP(CS) F [[¢,]:(X’ — X;0), foreach j = 1,...,m.
Thus JLP(CS) + [s]i(X' — Xjo) for s = t; +i ... +; tym. Therefore, for each
j=1,...,m JLP(CS) - [2]; X" — s z]Ji(X;0). Letting o’ = o U{(z,5; x)}
we have JLP (CS) + [z]l; X’ — ([«]}; X;)o’, from which we get

JLPECS) F o' = ([aliXi Ao A [2]liXn)o!

for ¢ = [z]; X'

Suppose v = DX € Sub™(p), and the result is known for X (which also
occurs negatively in ¢). Let ¥ = [z]]lpX1,...,¥m = [z]pXm be in va(v),
such that A(DX) = z (where x € Var?), and Xi,...,X,, € va(X). By the
induction hypothesis, there is a substitution ¢ and X’ € w4(X) such that
JLP(CS) - X' — (X1 A ... A X,,)o. Since A assigns different variables to
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different subformulas, x does not occur in Xy, ..., X,,, and hence = ¢ dom(o).
It follows that JLP(CS) - X’ — Xjo, for each j = 1,...,m. By the inter-
nalization lemma, there are terms tq,...,t, € Tmp such that JLP(CS) I

[t]p(X" — Xjo), for each j = 1,...,m. Thus JLP(CS) F [s]p(X' — X;0)
for s = t1 +p ... +p tm. Therefore JLP(CS) + [2]p X' — [ s p 2]p(X;0),
for each j = 1,...,m. Letting ¢/ = o U {(z,5 -p )} we have JLP(CS) +
[z]pX’ — ([«]]pX;)o’, from which we get

JLP(CS) F o' = ([ellpXi A+ Allz]pXim)o!
for ¢/ = [[z]pX". |

Corollary 2. Let CS be an axiomatically appropriate constant specification for
JLP. If LP & ¢ then there is a substitution o and ¢’ € w4(p) such that

JLP(CSUCSo) .

Proof. Suppose LP I . By Corollary 1, there are o1, ..., ¢, € va(p) such that
JLP=(CS) F 1 V...V, By Lemma 6, there is a substitution o and a formula
@' € va(yp) such that JLP(CS) F (1 V...V pm)o — ¢'. By the substitution
lemma, JLP (CSo) I (1 V...V ¢m)o, and therefore JLP(CSUCSo) - /. O

Our main theorem in this section is the realization theorem. In fact, we give a
uniform realization theorem for all systems JLD.

Theorem 5 (Realization Theorem). JLP° = LP

Proof. One direction of the proof is done by Lemma 4. For the other direction sup-
pose LP - . By Corollary 2, there is a formula 1) € w.4(¢) such that JLP I 1.
Note that, by the definition of w 4, v is a realization of ¢, i.e. ¥° = . O

6 Conclusions

In this paper we study logics of distributed knowledge with justifications. The
advantage of this study is to incorporate the notion of evidence (or justification)
into the distributed knowledge logics. For future work, it is natural to combine
the justified distributed knowledge logic JS42 with the explicit evidence system
with common knowledge LPY introduced in [5]. There remains also some ques-
tions: Are there Fitting models (that are pseudo-Fitting models without accessi-
bility relation Rp) for JLP? Are JLP conservative over multi-agent justification
systems JL,, (the systems JLP without distributed knowledge operator)? Are
there cut-free tableau or Gentzen systems for JLP?
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