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Preface

Phononic crystals and acoustic metamaterials have generated rising scientific
interests for very diverse technological applications ranging from sound abatement
to ultrasonic imaging to telecommunications to thermal management and thermo-
electricity. Phononic crystals and acoustic metamaterials are artificially structured
composite materials that enable manipulation of the dispersive properties of vibra-
tional waves. Phononic crystals are made of periodic distributions of inclusions
(scatterers) embedded in a matrix. Phononic crystals are designed to control the
dispersion of waves through Bragg scattering, the scattering of waves by a periodic
arrangement of scatterers with dimensions and periods comparable to the wave-
length. Acoustic metamaterials have the added feature of local resonance, and
although often designed as periodic structures, their properties do not rely on
periodicity. The structural features of acoustic metamaterials can be significantly
smaller than the wavelength of the waves they are affecting. Local resonance may
lead to negative effective dynamic mass density and bulk modulus and therefore to
their unusual dispersion characteristics. Whether these materials impact wave
dispersion (i.e., band structure) through Bragg’s scattering or local resonances,
they can achieve a wide range of unusual spectral (w-space), wave vector
(k-space), and phase (p-space) properties. For instance, under certain conditions,
absolute acoustic band gaps can form. These are spectral bands where propagation
of waves is forbidden independently of the direction of propagation. Mode locali-
zation in phononic crystals or acoustic metamaterials containing defects (e.g.,
cavities, linear defects, stubs, etc.) can produce a hierarchy of spectral features
inside the band gap that can lead to a wide range of functionalities such as
frequency filtering, wave guiding, wavelength multiplexing, and demultiplexing.
The wave vector properties result from passing bands with unique refractive
characteristics, such as negative refraction, when the wave group velocity (i.e.,
the direction of propagation of the energy) is antiparallel to the wave vector.
Negative refraction can be exploited to achieve wave focusing with flat lenses.
Under specific conditions involving amplification of evanescent waves, super-
resolution imaging can also be obtained, that is, forming images that beat the
Rayleigh limit of resolution. Phononic crystals and acoustic metamaterials with
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anisotropic band structures may exhibit zero-angle refraction and can lead to wave
guiding/collimation without the need for linear defects. The dominant mechanisms
behind the control of phase of propagating acoustic waves at some specific fre-
quency is associated with the noncollinearity of the wave vector and the group
velocity leading to phase shift. More recent developments have considered
phononic crystals and acoustic metamaterials composed of materials that go beyond
the regime of linear continuum elasticity theory. These include strongly nonlinear
phononic structures such as granular media, the effect of damping and
viscoelasticity on band structure, phononic structures composed of at least one
active medium, and phononic crystals made of discrete anharmonic lattices.
Phononic structures composed of strongly nonlinear media can show phenomena
with no linear analogue and can exhibit unique behaviors associated with solitary
waves, bifurcation, and tunability. Tunability of the band structure can also be
achieved with constitutive media with mixed properties such as acousto-optic or
acousto-magnetic properties. Dissipation, often seen as having a negative effect on
wave propagation, can be turned into a mean of controlling band structure.

Finally, the study of phononic crystals and acoustic metamaterials has also
extensively relied on a combination of experiments and theory that have shown
extraordinary complementarity.

In light of the strong interest in phononic crystals and acoustic metamaterials, we
are trying in this book to respond to the need for a pedagogical treatment of the
fundamental concepts necessary to understand the properties of these artificial
materials. For this, we use simple models to ease the reader into understanding
the fundamental concepts underlying the behavior of these materials. We also
expose the reader to the current state of knowledge through results from established
and cutting-edge research. We also present recent progresses in our understanding
of these materials. The chapters in this book are written by some of the pioneers in
the field as well as emerging young talents who are redirecting that field. These
chapters try to strike a balance, when possible, between theory and experiments.
We have made a coordinated effort to harmonize some of the contents of the
chapters and we have tried to follow a common thread based on variations on a
simple model, namely the one-dimensional (1-D) chain of spring and masses. In
Chap. 1, we present a non-exhaustive state of the field with some attention paid to
its chronological development. Chapter 2 serves as a pedagogical introduction to
many of the fundamental concepts and tools that are needed to understand the
properties of phononic crystals and acoustic metamaterials. Particular attention is
focused on the contrast between scattering by periodic structures and local
resonances. In that chapter, we use the 1-D harmonic chain as a simple metaphor
for wave propagation in more complex structures. This simple model will recur in
many of the other chapters of this book. Logically, Chap. 3 treats the vibrational
properties of 1-D phononic crystals (superlattices) of both discrete and continuous
media. A comparison of the theoretical results with experimental data available in
the literature is also presented. Chapter 4 then considers two-dimensional (2-D) and
three-dimensional (3-D) phononic crystals. A combination of experimental and
theoretical methods are presented and used to shed light not only on the spectral
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properties of phononic crystals but also importantly on refractive properties. Par-
ticular attention is paid to the phenomenon of negative refraction. Chapter 5
considers acoustic metamaterials whose properties are determined by local
resonators. These properties are related to the unusual behavior of the dynamic
mass density and bulk modulus in materials composed of locally resonant
structures. Chapters 69 introduce new directions for the field of phononic crystal
and acoustic metamaterials. The more recent topics of phononic structures com-
posed of dissipative media (Chap. 6), of strongly nonlinear media (Chap. 7), and
media enabling tunability of the band structure (Chap. 8) are presented. Chapter 9
illustrates the richness of behavior of phononic structures that may be encountered
at the nanoscale when accounting for the anharmonicity of interatomic forces.
Finally, Chap. 10 serves again a pedagogical purpose and is a compilation of the
different theoretical and computational methods that are used to study phononic
crystals and acoustic metamaterials. It is intended to support the other chapters in
providing additional details on the theoretical and numerical methods commonly
employed in the field.

We hope that this book will stimulate future interest in the field of phononic
crystals and acoustic metamaterials and will initiate new developments in their
study and design.

Tucson, AZ Pierre A. Deymier
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Chapter 1
Introduction to Phononic Crystals and Acoustic
Metamaterials

Pierre A. Deymier

Abstract The objective of this chapter is to introduce the broad subject of
phononic crystals and acoustic metamaterials. From a historical point of view, we
have tried to refer to some of the seminal contributions that have made the field.
This introduction is not an exhaustive review of the literature. However, we are
painting in broad strokes a picture that reflects the biased perception of this field by
the authors and coauthors of the various chapters of this book.

1.1 Properties of Phononic Crystals and Acoustic
Metamaterials

The field of phononic crystals (PCs) and acoustic metamaterials emerged over the
past two decades. These materials are composite structures designed to tailor elastic
wave dispersion (i.e., band structure) through Bragg’s scattering or local resonances
to achieve a range of spectral (w-space), wave vector (k-space), and phase
(¢p-space) properties.

1.1.1 Spectral Properties

The development of phononic crystals for the control of vibrational waves followed by
a few years the analogous concept of photonic crystals (1987) for electromagnetic
waves [1]. Both concepts are based on the idea that a structure composed of a periodic
arrangement of scatterers can affect quite strongly the propagation of classical waves
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such as acoustic/elastic or electromagnetic waves. The names photonic and phononic
crystals are based on the elementary excitations associated with the particle description
of vibrational waves (phonon) and electromagnetic waves (photon). The first observa-
tion of a periodic structure, a GaAs/AlGaAs superlattice, used to control the propaga-
tion of high-frequency phonons was reported by Narayanamurti et al. in 1979 [2].
Although not called a phononic crystal then, a superlattice is nowadays considered to be
a one-dimensional phononic crystal. The actual birth of two-dimensional and three-
dimensional phononic crystals can be traced back to the early 1990s. Sigalas and
Economou demonstrated the existence of band gaps in the phonon density of state
and band structure of acoustic and elastic waves in three-dimensional structures
composed of identical spheres arranged periodically within a host medium [3] and in
two-dimensional fluid and solid systems constituted of periodic arrays of cylindrical
inclusions in a matrix [4]. The first full band structure calculation for transverse
polarization of vibration in a two-dimensional periodic elastic composite was subse-
quently reported [5]. In 1995, Francisco Meseguer and colleagues determined experi-
mentally the aural filtering properties of a perfectly real but fortuitous phononic crystal,
a minimalist sculpture by Eusebio Sempere standing in a park in Madrid, Spain [6]
(Fig. 1.1). This sculpture is a two-dimensional periodical square arrangement of steel
tubes in air. They showed that attenuation of acoustic waves occurs at certain
frequencies due not to absorption since steel is a very stiff material but due to multiple
interferences of sound waves as the steel tubes behave as very efficient scatterers for
sound waves. The periodic arrangement of the tubes leads to constructive or destructive
interferences depending on the frequency of the waves. The destructive interferences
attenuate the amplitude of transmitted waves, and the phononic structure is said to
exhibit forbidden bands or band gaps at these frequencies. The properties of phononic
crystals result from the scattering of acoustic or elastic waves (i.e., band folding effects)
in a fashion analogous to Bragg scattering of X-rays by periodic crystals. The mecha-
nism for the formation of band gaps in phononic crystals is a Bragg-like scattering of
acoustic waves with wavelength comparable to the dimension of the period of the
crystal i.e., the crystal lattice constant. The first experimentally observed ultrasonic full
band gap for longitudinal waves was reported for an aluminum alloy plate with a square
array of cylindrical holes filled with mercury [7]. The first experimental and theoretical
demonstration of an absolute band gap in a two-dimensional solid-solid phononic
crystal (triangular array of steel rods in an epoxy matrix) was demonstrated 3 years
later [8]. The absolute band gap spanned the entire Brillouin zone of the crystal and was
not limited to a specific type of vibrational polarization (i.e., longitudinal or transverse).

In 2000, Liu et al. [9] presented a class of sonic crystals that exhibited spectral
gaps with lattice constants two orders of magnitude smaller than the relevant sonic
wavelength. The formation of band gaps in these acoustic metamaterials is based on
the idea of locally resonant structures. Because the wavelength of sonic waves is
orders of magnitude larger than the lattice constant of the structure, periodicity is
not necessary for the formation of a gap. Disordered composites made from such
localized resonant structures behave as a material with effective negative elastic
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Fig. 1.1 (a) Eusebio Sempere’s sculpture in Madrid, Spain, (b) Measured sound attenuation as a
function of frequency. The inset illustrates the direction of propagation of sound waves. The
brackets [hkl] represent, in the vocabulary of X-ray diffraction, crystallographic planes for which
Bragg interferences will occur (after [6])

constants and a total wave reflector within certain tunable sonic frequency ranges.
This idea was implemented with a simple cubic crystal consisting of a heavy solid
core material (lead) coated with elastically soft material (silicone elastomer)
embedded in a hard matrix material (epoxy). Centimeter size structures produced
narrow transmission gaps at low frequencies corresponding to that of the
resonances of the lead/elastomer resonator (Fig. 1.2).

While early phononic crystals and acoustic metamaterials research on spectral
properties focused on frequencies in the sonic (10°-10° Hz) and ultrasonic
(10°-10° Hz) range, phononic crystals with hypersonic (GHz) properties have
been fabricated by lithographic techniques and analyzed using Brillouin Light
Scattering [10]. It has also been shown theoretically and experimentally that
phononic crystals may be used to reduce thermal conductivity by impacting the
propagation of thermal phonons (THz) [11, 12].

Wave localization phenomena in defected phononic crystals containing linear
and point defects have been also considered [13]. Kafesaki et al. [14] calculated
the transmission of elastic waves through a straight waveguide created in a two-
dimensional phononic crystal by removing a row of cylinders. The guidance of the
waves is due to the existence of extended linear defect modes falling in the band gap
of the phononic crystal. The propagation of acoustic waves through a linear
waveguide, created inside a two-dimensional phononic crystal, along which a
stub resonantor (point defect) was attached to its side has also been studied [15].
The primary effect of the resonator is to induce zeros of transmission in the
transmission spectrum of the perfect waveguide. The transmittivity exhibits very
narrow dips whose frequencies depend upon the width and the length of the stub.
When a gap exists in the transmittivity of the perfect waveguide, the stub may also
permit selective frequency transmission in this gap.
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Fig. 1.2 (a) Cross section of a coated lead sphere that forms the basic structure unit (b) for an
8 x 8 X 8 sonic crystal. (¢) Calculated (solid line) and measured (circles) amplitude transmission
coefficient along the [100] direction as a function of frequency, (d) calculated band structure of a
simple cubic structure of coated spheres in very good agreement with measurements (the
directions to the left and the right of the I" point are the [110] and [100] directions of the Brillouin
zone, respectively (after [9])

In addition to bulk elastic waves, various authors have studied theoretically the
existence of surface acoustic waves (SAW) localized at the free surface of a semi-
infinite two-dimensional phononic crystal [16—19]. For this geometry, the parallel
inclusions are of cylindrical shape and the surface considered is perpendicular to
their axis. Various arrays of inclusions [16, 17], crystallographic symmetries of the
component materials [9], and also the piezoelectricity of one of the constituent [19]
were considered. The band structures of 2D phononic crystal plates with two free
surfaces [20, 21] were also calculated. This includes the symmetric Lamb mode
band structure of 2D phononic crystal plates composed of triangular arrays of W
cylinders in a Si background. Charles et al. [21] reported on the band structure of a
slab made of a square array of iron cylinders embedded in a copper matrix. Hsu and
Wu [22] determined the lower dispersion curves in the band structure of 2D gold-
epoxy phononic crystal plates. Moreover, Manzanares-Martinez and Ramos-
Mendieta have also considered the propagation of acoustic waves along a surface
parallel to the cylinders in a 2D phononic crystal [23]. Sainidou and Stefanou
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investigated the guided elastic waves in a glass plate coated on one side with a
periodic monolayer of polymer spheres immersed in water [24]. On the experimen-
tal point of view, Wu et al. [25] observed high-frequency SAW with a pair of
interdigital transducers placed on both sides of a very thick silicon plate in which a
square array of holes was drilled. Similar experiments were conducted by
Benchabane et al. on a 2D square lattice piezoelectric phononic crystal etched in
lithium niobate [26]. Zhang et al. [27] have shown the existence of gaps for acoustic
waves propagating at the surface of an air-aluminum 2D phononic crystal plate
through laser ultrasonic measurements.

1.1.2 Wave Vector Properties

The wave vector (k-space) properties of phononic crystals and acoustic
metamaterials result from passing bands with unique refractive characteristics,
such as negative refraction or zero-angle refraction. Negative refraction of acoustic
waves is analogous to negative refraction of electromagnetic waves also observed
in electromagnetic and optical metamaterials [28]. Negative refraction is achieved
when the wave group velocity (i.e., the direction of propagation of the energy) is
antiparallel to the wave vector. In electromagnetic metamaterials, the unusual
refraction is associated with materials that possess negative values of the permittiv-
ity and permeability , so-called double negative materials [29]. Negative refraction
of acoustic waves may be achieved with double negative acoustic metamaterials in
which both the effective mass density and bulk modulus are negative [30]. The
double negativity of the effective dynamical mass and bulk modulus results from
the coexistence in some specific range of frequency of monopolar and dipolar
resonances [31]. The monopolar resonance may be due to a breathing mode of
inclusions resonating out of phase with an incident acoustic wave leading to an
effective negative bulk modulus. The dipolar resonance of heavy inclusions coated
with a soft material embedded in a stiff matrix can result in a displacement of the
center of mass of the metamaterial that is out of phase with the acoustic wave,
leading to an effective negative dynamical mass density. Negative refraction may
also be achieved through band-folding effect due to Bragg’s scattering using
phononic crystals. Band folding can produce bands with negative slopes (i.e.,
negative group velocity and positive phase velocity), a prerequisite for negative
refraction. A combined theoretical and experimental study of a three-dimensional
phononic crystal composed of tungsten carbide beads in water has shown the
existence of a strongly anisotropic band with negative refraction [32]. A slab of
this crystal was used to make a flat lens [33] to focus a diverging sound beam
without curved interfaces typically employed in conventional lenses. A two-
dimensional phononic crystal constituted of a triangular lattice of steel rods
immersed in a liquid exhibited negative refraction and was used to focus ultrasound
[34, 35]. High-fidelity imaging is obtained when all-angle negative refraction
conditions are satisfied, that is, the equifrequency contour of the phononic crystal
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is circular and matches that of the medium in which it is embedded. A flat lens of
this latter crystal achieved focusing and subwavelength imaging of acoustic waves
[36]. This lens beat the diffraction limit of conventional lenses by transmitting the
evanescent components of a sound point source via the excitation of a vibrational
mode bound to the phononic crystal slab. In contrast, a conventional lens transmits
only the propagating component of the source. Negative refraction of surface
acoustic waves [37] and Lamb waves [38] has also been reported.

A broader range of unusual refractive properties was also reported in a study of a
phononic crystal consisting of a square array of cylindrical polyvinylchloride
(PVCO) inclusions in air [39]. This crystal exhibits positive, negative, or zero
refraction depending on the angle of the incident sound beam. Zero angle refraction
can lead to wave guiding/localization without defects. The refraction in this crystal
is highly anisotropic due to the nearly square shape of the fourth vibrational band.
For all three cases of refraction, the transmitted beam undergoes splitting upon
exiting the crystal because the equifrequency contour on the incident medium (air)
in which a slab of the phononic crystal is immersed is larger than the Brillouin zone
of the crystal. In this case Block modes in the extended Brillouin zone are excited
inside the crystal and produce multiple beams upon exit.

1.1.3 Phase properties

Only recently has progress been made in the extension of properties of phononic
crystals beyond w-k space and into the space of acoustic wave phase (¢-space). The
concept of phase control between propagating waves in a phononic crystal can be
realized through analysis of its band structure and equi-frequency contours [40].
The dominant mechanism behind the control of phase between propagating acous-
tic waves in two-dimensional phononic crystals arises from the non-colinearity of
the wave vector and the group velocity.

1.2 Beyond Macroscopic, Linear Elastic, Passive Structures
and Media

Until recently, phononic crystals and acoustic metamaterials have been constituted
of passive media satisfying continuum linear elasticity. A richer set of properties is
emerging by utilizing dissipative media or media obeying nonlinear elasticity.
Lossy media can be used to modify the dispersive properties of phononic crystals.
Acoustic structures composed of nonlinear media can support nondispersive waves.
Composite structures constituted of active media, media responding to internal or
external stimuli, enable the tunability of their band properties.
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1.2.1 Dissipative Media

Psarobas studied the behavior of a composite structure composed of close packed
viscoelastic rubber spheres in air [41]. He reported the existence of an appreciable
omnidirectional gap in the transmission spectrum in spite of the losses. The
existence of band gaps in phononic crystals constituted of viscoelastic silicone
rubber and air was also reported [42]. It was also shown that viscoelasticity did not
only attenuate acoustic waves traversing a rubber-based phononic crystal but also
modified the frequency of passing bands in the transmission spectrum [43]. A
theory of damped Bloch waves [44] was employed to show that damping alters
the shape of dispersion curves and reduces the size of band gaps as well as opens
wave vector gaps via branch cutoff [45]. Loss has an effect on the complete
complex band structure of phononic systems including the group velocity [46].

1.2.2 Nonlinear Media

In this subsection, we introduce only the nonlinear behavior of granular-type
acoustic structures. The nonlinearity of vibrational waves in materials at the atomic
scales due to the anharmonic nature of interatomic forces will be addressed in
Sect. 1.2.4. The nonlinearity of contact forces between grains in granular materials
has inspired the design of strongly nonlinear phononic structures. Daraio has
demonstrated that a one-dimensional phononic crystal assembled as a chain of
polytetrafluoroethylene (PTE-Teflon) spheres supports strongly nonlinear solitary
waves with very low speed [47]. Using a similar system composed of a chain of
stainless-steel spheres, Daraio has also shown the tunability of wave propagation
properties [48]. Precompression of the chain of spheres lead to a significant increase
in solitary wave speed. The study of noncohesive granular phononic crystals lead to
the prediction of translational modes but also, due to the rotational degrees of
freedom, of rotational modes and coupled rotational and translational modes [49].
The dispersion laws of these modes may also be tuned by an external loading on the
granular structure.

1.2.3 Tunable Structures

To date the applications of phononic crystals and acoustic metamaterials have been
limited because their constitutive materials exhibit essentially passive responses.
The ability to control and tune the phononic/acoustic properties of these materials
may overcome these limitations. Tunability may be achieved by changing the
geometry of the inclusions [50] or by varying the elastic characteristics of the
constitutive materials through application of contact and noncontact external
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stimuli [51]. For instance, some authors have proposed the use of electro-
rheological materials in conjunction with application of an external electric field
[52]. Some authors have considered the effect of temperature on the elastic moduli
[53, 54]. Other authors [55] have controlled the band structure of a phononic crystal
by applying an external stress that alters the crystal’s structure. Tunability can also
be achieved by using active constitutive materials. Following this approach, some
authors [56, 57] have studied how the piezoelectric effect can influence the elastic
properties of a PC and subsequently change its dispersion curves and gaps. Several
studies have also reported noticeable changes in the band structures of magneto-
electro-elastic phononic crystals when the coupling between magnetic, electric, and
elastic phenomena are taken into account [58, 59] or when external magnetic fields
are applied [60].

1.2.4 Scalability

The downscaling of phononic structures to nanometric dimensions requires an
atomic treatment of the constitutive materials. At the nanoscale, the propagation
of phonons may not be completely ballistic (wave-like) and nonlinear phenomena
such as phonon—phonon scattering (Normal and Umklapp processes) occur. These
nonlinear phenomena are at the core of the finiteness of the thermal conductivity
of materials. Gillet et al. investigated the thermal-insulating behavior of atomic-
scale three-dimensional nanoscale phononic crystals [11]. The phononic crystal
consists of a matrix of diamond-cubic Silicon with a periodic array of nano-
particles of Germanium (obtained by substitution of Si atoms by Ge atoms inside
the phonoic crystal unit cell). These authors calculated the band structure of the
nanoscale phononic crystal with classical lattice dynamics. They showed a flat-
tening of the dispersion curves leading to a significant decrease in the phonon
group velocities. This decrease leads to a reduction in thermal conductivity. In
addition to these linear effects associated with Bragg scattering of the phonons by
the periodic array of inclusions, another reduction in thermal conductivity is
obtained from multiple inelastic scattering of the phonons using Boltzmann
transport equation. The nanomaterial thermal conductivity can be reduced by
several orders of magnitude compared with bulk Si. Atomistic computational
methods such as molecular dynamics and the Green-Kubo method were employed
to shed light on the transport behavior of thermal phonons in models of graphene-
based nanophononic crystals comprising periodic arrays of holes [61]. The pho-
non lifetime and thermal conductivity as a function of the crystal filling fraction
and temperature were calculated. These calculations suggested a competition
between elastic Bragg’s scattering and inelastic phonon—phonon scattering and
an effect of elastic scattering via modification of the band structure on the phonon
lifetime (i.e., inelastic scattering).
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1.3 Phoxonic Structures

Recent effort has been aimed at designing periodic structures that can control
simultaneously the propagation of phonons and photons. Such periodic materials
possess band structure characteristics such as the simultaneous existence of
photonic and phononic band gaps. For this reason, these materials are named
“phoxonic” materials. Maldovan and Thomas have shown theoretically that simul-
taneous two-dimensional phononic and photonic band gaps exist for in-plane
propagation in periodic structures composed of square and triangular arrays of
cylindrical holes in silicon [62]. They have also shown localization of photonic
and phononic waves in defected phoxonic structures. Simultaneous photonic and
phononic band gaps have also been demonstrated computationally in two-
dimensional phoxonic crystal structures constituted of arrays of air holes in lithium
niobate [63]. Planar structures such as phoxonic crystal composed of arrays of void
cylindrical holes in silicon slabs with a finite thickness have been shown to possess
simultaneous photonic and phononic band gaps [64]. Other examples of phoxonic
crystals include three-dimensional lattices of metallic nanospheres embedded into a
dielectric matrix [65]. Phoxonic crystals with spectral gaps for both optical and
acoustic waves are particularly suited for applications that involve acousto-optic
interactions to control photons with phonons. The confinement of photons and
phonons in a one-dimensional model of a phoxonic cavity incorporating nonlinear
acousto-optic effects was shown to lead to enhanced modulation of light by acoustic
waves through multiphonon exchange mechanisms [66].
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Chapter 2
Discrete One-Dimensional Phononic
and Resonant Crystals

Pierre A. Deymier and L. Dobrzynski

Abstract The objective of this chapter is to introduce the broad range of concepts
necessary to appreciate and understand the various aspects and properties of
phononic crystals and acoustic metamaterials described in subsequent chapters.
These concepts range from the most elementary concepts of vibrational waves,
propagating waves, and evanescent waves, wave vector, phase and group velocity,
Bloch waves, Brillouin zone, band structure and band gaps, and bands with negative
group velocities in periodic or locally resonant structures. Simple models based
on the one-dimensional harmonic crystal serve as vehicles for illustrating these
concepts. We also illustrate the application of some of the tools used to study and
analyze these simple models. These analytical tools include eigenvalue problems
(o(k) or k(w)) and Green’s function methods. The purpose of this chapter is
primarily pedagogical. However, the simple models discussed herein will also
serve as common threads in each of the other chapters of this book.

2.1 One-Dimensional Monoatomic Harmonic Crystal

The one-dimensional (1-D) monoatomic harmonic crystal consists of an infinite
chain of masses, m, with nearest neighbor interaction modeled by harmonic springs
with spring constant, 5. The separation distance between the masses at rest is
defined as a. This model system is illustrated in Fig. 2.1.

P.A. Deymier (P<)
Department of Materials Science and Engineering, University of Arizona, Tucson, AZ 85721, USA
e-mail: deymier@email.arizona.edu

L. Dobrzynski

Equipe de Physique, des Ondes, des Nanostructures et des Interfaces, Groupe de Physique, Institut
d’Electronique, de Microélectronique et de Nanotechnologie, Université des Sciences et
Technologies de Lille, Centre National de la Recherche Scientifique (UMR 8520), 59655
Villeneuve d’Ascq Cédex, France

e-mail: Leonard.Dobrzynski@ Univ-Lillel.fr

P.A. Deymier (ed.), Acoustic Metamaterials and Phononic Crystals, 13
Springer Series in Solid-State Sciences 173, DOI 10.1007/978-3-642-31232-8_2,
© Springer-Verlag Berlin Heidelberg 2013


mailto:deymier@email.arizona.edu
mailto:Leonard.Dobrzynski@Univ-Lille1.fr

14 P.A. Deymier and L. Dobrzynski

WOVWOMWOMWOMWOMA

n-1 n n+l

Fig. 2.1 Schematic illustration of one 1-D mono-atomic harmonic crystal

In the absence of external forces, the equation describing the motion of atom “n”

is given by
d*u,
dr?

m = Plups1 — up) — B(uy — ty—1). 2.1
In this equation, u, represents the displacement of the mass “n” with respect to its
position at rest. The first term on the right-hand side of the equal sign is the
harmonic force on mass “n” resulting from the spring on its right. The second
term is the force due to the spring on the left of “n.” The dynamics of the 1-D
monoatomic harmonic crystal can, therefore, be studied by solving (2.2):

d’u,
m
dr?

= Bunt1 — 21y + 1y—1). (2.2)

The next subsections aim at seeking solutions of (2.2).

2.1.1 Propagating Waves

We seek solutions to (2.2) in the form of propagating waves:
U, = Aeilmaeiwt7 (23)

where & is a wave number and o is an angular frequency. Inserting solutions of the
form given by (2.3) into (2.2) and simplifying by Ae!***el’ one obtains the relation
between angular frequency and wave number:

ika ika 2
=P (e‘T - eJT> . 2.4)
m

We use the relation 2isin0 = e — e~ and the fact that  is a positive quantity
to obtain the so-called dispersion relation for propagating waves in the 1-D har-
monic crystal:

(k) = wo’sinkg’, (2.5)

with wg = 2\/5 representing the upper limit for angular frequency. Since the

monoatomic crystal is discrete and waves with wave-length 4 = 27“ larger than 2a
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Fig. 2.2 Tllustration of the
dispersion relation for
propagating waves in 1-D
mono-atomic harmonic
crystal

-m/a m/a

are physically equivalent to those with wave-length smaller than 2a, the dispersion

relation of (2.5) needs only be represented in the symmetrical interval k£ € [— . %]
(see Fig. 2.2). This interval is the first Brillouin zone of the 1-D monoatomic

periodic crystal.

2.1.2 Phase and Group Velocity

The velocity at which the phase of the wave with wave vector, k, and angular
frequency, w, propagates is defined as

[(0)]
Vo= 2.6)

The group velocity is defined as the velocity at which a wave packet (a
superposition of propagating waves with different values of wave number ranging
over some interval) propagates. It is easier to understand this concept by consider-
ing the superposition of only two waves with angular velocities, w; and @,, and
wave vectors, k; and k. Choosing, w; =w —22 and w, =w+242, and,
ky =k — % and kp =k + %. The superposition of the two waves, assuming that

99,

they have the same amplitude, A, leads to the displacement field at mass “n’:

dna i Ak A
Ul = 24e*" e cos (— na + =2 t) ) 2.7
2 2
The first part of the right-hand side of (2.7) is a traveling wave that is modulated
by the cosine term. This later term represents a beat pulse. The velocity at which
this modulation travels is the group velocity and is given by

Aw

= 2.8)

Vg



16 P.A. Deymier and L. Dobrzynski

In the limit of infinitesimally small differences in wave number and frequency,
the group velocity is expressed as a derivative of the dispersion relation:

_ dofk)

=" 2.9)

In the case of the 1-D harmonic crystal, the group velocity is given by v = wq
gcosks.

We now open a parenthesis concerning the group velocity and show that it is also
equal to the velocity of the energy transported by a propagating wave. To that effect,
we calculate the average energy density as the sum of the potential energy and the
kinetic energy averaged over one cycle of time. The average energy is given by

1 1
<E> = Eﬁ(un - Mnfl)(un - Mnfl)* + Emul‘lu; (210)

In (2.10), the * denotes the complex conjugate and # the time derivative of
the displacement (i.e., the velocity of the mass “n”). Inserting into (2.10) the
displacements given by (2.3) and the dispersion relation given by (2.5) yields the
average energy density:

() :——4A2Esm 3 (2.11)

We now calculate the energy flow through one unit cell of the 1-D crystal in the

form of the real part of the power, @, defined as the product of the force on mass “n
due to one spring and the velocity of the mass:

® = Re{B(unr1 — un )it }zﬁAzwolsinkg’Sinka. (2.12)

The velocity of the energy, ve, is therefore the ratio of the energy flow to the
average energy density, which after using trigonometric relations yields: ve = wg§
cosk . This expression is the same as that of the group velocity. In summary, the
group velocity represents also the velocity of the energy transported by the
propagating waves in the crystal.

2.1.3 Evanescent Waves

In Sect. 2.1.1, we sought solutions to the equation of motion (2.2) in the form of
propagating waves (Eq. (2.3)). We may also seek solutions in the form of
nonpropagating waves with exponentially decaying amplitude:

" 1l H
u, = Ae—k naelk naelwt. (213)
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Equation (2.13) can be obtained by inserting a complex wave number k = k'+
ik"into (2.3). Combining solutions of the form given by (2.13) and the equation of
motion (2.2), one gets

2
spla _phta _ipla pha
—mw? = ﬁ(e‘kle K5 _ e K3k 2) . (2.14)

Since the mass and the angular frequency are positive numbers, (2.14) possesses
solutions only when the difference inside the parenthesis is imaginary. This condi-
tion is met at the edge of the Brillouin zone, when, k' = % In this case, (2.14) yields
the dispersion relation:

w = wqcosh k” g. (2.15)

This condition is only met for angular frequencies greater than wy, that is, for
frequencies above the dispersion curves of propagating waves illustrated in
Fig. 2.2.

The solutions of (2.2) in the form of propagating and evanescent waves did not
need to be postulated as was done above and in Sect. 2.1.1. We illustrate below a
different path to solving (2.2). Instead of solving for the frequency as a function of
wave number, this approach solves for the wave number as a function of frequency.
This approach is particularly interesting as it will enable us to determine iso-
frequency maps in wave vector space when dealing with 2-D or 3-D phononic
structures.

We start with (2.4) and rewrite it in the form

—mo? = (et — 2 4 ey, (2.16)

We now define the new variable: X = el** . Consequently, equation (2.16)
becomes a quadratic equation in terms of X:

X2+ (%a)22>X+10. 2.17)

This equation has two solutions, which in terms of wg are

1 2
X= o (0 —20%) £ o w?(0? — w}). (2.18a)

The solutions given by (2.18a) are real or complex depending on the value of
the angular frequency. Let us consider first the case, w < g, for which

1 2i
X= p (0§ —20%) + p w?(w} — 0?). (2.18b)
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We now generalize the problem to complex wave numbers k = k’ + ik”. In this
case, X should take the form

X = e ¥osk'a + ie ' *sink'a. (2.19)

We identify the real and imaginary parts of equations (2.18b) and (2.19) and
solve for k” and k. We find using standard trigonometric relations that £ = 0 and

sin’k’ § = & . This solution corresponds to propagating waves with a dispersion
0

relation equivalent to that previously found in Sect. 2.1.1 (Eq. (2.5)).

In contrast, when we consider w>wy, (2.18a) remains purely real. The real part
of (2.19) should then be equal to the right-hand side term of (2.18a). We will denote
this term A~ (w). The imaginary part of (2.19) is zero. A trivial solution exists for
k' = 0. However, in this case, the function h*(w) is always negative and one cannot

find a corresponding value for k”. There exists another solution, namely, &' =%

(there is also a similar solution k' = — ), for which, we obtain
1"+ 1 +
K= (w) = —=In(—=h~(w)). (2.20)
a

One of the solutions given by (2.20) is positive and the other negative. In the
former case, the displacement is representative of an exponentially decaying
evanescent wave. In the latter case, the displacement grows exponentially. This
second solution is unphysical. This unphysical solution is a mathematical artifact of
the approach used here as it leads to a quadratic equation in X (i.e., k) for a 1-D
monoatomic crystal. Since this crystal has only one mass per unit cell “a” it should
exhibit only one solution for (k) in the complex plane. We illustrate in Fig. 2.3 the
dispersion relations for the propagating and evanescent waves in the complex plane
k=K +ik".

2.1.4 Green’s Function Approach

In anticipation of subsequent sections where Green’s function approaches will be
used to shed light on the vibrational behavior of more complex harmonic structures,
we present here the Green’s function formalism applied to the 1-D monoatomic
crystal. Considering harmonic solution with angular frequency w, the equation of
motion (2.2) can be recast in the form

%[ﬁunﬂ + (maw?* = 2B)u, + Pu,_] = 0. (2.21)
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Fig. 2.3 Dispersion curves
for the 1-D mono-atomic
harmonic crystal extended to
the wave-number complex
plane. The black solid curves
are for propagating waves,
and the grey solid curve is for
the evanescent waves

We now rewrite (2.21) in matrix form when applying it to all masses in the 1-D
monoatomic crystal:

. 1 0 p —y 0 0 0 0
Ho i = — 00 B —y B 00 u, | =101, (222
0 0 0 B 0 0

Unt1

where y = 2 — mw?. The operator, 7—7(; , 1 a more compact representation of
the dynamic matrix in (2.22), and i/is the vector whose components are the
displacements of the masses in the crystal. With this notation, the Green’s function,

a, associated with m is defined by the relation

HoGo = 1. (2.23)

In this equation, 1 is the identity matrix. Equation (2.23) is written in component
form as

S Ho(n,n")Go(n", ) = 8. (2.24)

Here, we have used the Kroenecker symbol 5:“1 to represent the components
of the identity matrix, that is 1 when n =n' and 0 when n # n’. Since Hy is
tridiagonal (harmonic interactions are limited to first nearest neighbors), (2.23)
becomes

nlq[ﬁGo(n + 1,n") —yGo(n,n') + BGo(n — 1,7")] = Sy (2.25)
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From a physical point of view, the Green’s function Gy (n, n’) is the displacement

of mass “n” when a unit external force is applied at the site of mass “n’”. The
solution of (2.25) is known [1] and has the general form

m t\nfn/H»l

Go(n,n') = BA-1"

(2.26)

The quantity, ¢, is determined by inserting this general solution into (2.25) and
choosing n = . In this case, we obtain the simple quadratic equation:

P —28+1=0, (2.27)

2

with & = ZL/i =1- % =1- % The resolution of the quadratic equation yields

@ -0 it e
=3 @-1)" i oe<—1 - (2.28)
cril-)" i —1<e<

We note that for we [0, wo] and e [—1, 1] #is a complex quantity. We introduce
some wave number, k, and write this complex quantity, ¢ = e'**. We equate the
real part and the imaginary part of this quantity with those of the third form of
the solution in (2.28) and using standard trigonometric relations, we obtain the
dispersion relation given by (2.5). We therefore recover the propagating wave
solution in the crystal. For, ® > wy and ¢ < — 1, fe[—1,0]. Introducing a wave
number, k, we can therefore rewrite £ = —coshka and ¢ = —e’k“represents an
evanescent wave. .

As a final note, we recast the operator,m, as the difference, H'g — a)27, where the
operator, H'y, depends on the spring constant f§ only. Equation (2.23) then states that

- -/ — -1
Go =1 (H’o — wz) : (2.29)

meaning that the poles (zeros of the denominator) of the Green’s function are the
eigenvalues of the operator, H'g. According to (2.26), the poles of the Green’s
function of the 1-D monoatomic harmonic crystal are, therefore, given by the
equation

£ —1=0. (2.30)

This condition is met when ¢ = €** = cos ka + i sin ka. In the case, el0, wo], t =

E+i(1— 52)1/2 if —1 < & < 1. We can subsequently writecos ka = & =1 — 22

o2
Do

which, using trigonometric relation, reduces to the dispersion relation of propagating
waves in the crystal (Eq. (2.5)).
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2.2 Periodic One-Dimensional Harmonic Crystals

2.2.1 One-Dimensional Monoatomic Crystal and Super-Cell
Approach

We consider again the 1-D monoatomic harmonic crystal but treat it as a periodic
system with a super-period, R = Na i.e., a super-cell representation of the crystal.
This system is represented in Fig. 2.4.

We will solve the equation of motion of the mass, “/” in the first super-cell, that
is, /¢ [0, N — 1]. Equation (2.21) applied to “/” is

— mo’u; = Bupyy — 2w+ up_y). (2.31)

In contrast to Sect. 2.1, we now assume that the displacement obeys Block’s
theorem [2]. The solutions of (2.31) are the product of plane waves and a periodic
function of the super-cell structure:

up (k) = e (k). (2.32)

The periodic function, & (k) , satisfies the condition: #;(k) = &,y (k). The wave
number, &, is now limited to the interval: [— % ,1%] . The periodic function (k) is
subsequently written in the form of a Fourier series:

(k) =y g (k) e, (233)

where the reciprocal lattice vector of the periodic structure of super-cells g = %m
with m being an integer. Inserting (2.33) and (2.32) into (2.31) gives after some
algebra

> (R [ e? — (ke — g i) | o, (2.34)
8

In addition to the trivial solution, ug(k) = 0, (2.34) admits nontrivial dispersion
relations:

a

(k) = w()’sin (k+g) 2‘. (2.35)

We illustrate this dispersion relation for a super-cell 2a long and containing two
masses. For N = 2, the reciprocal space vectors, ¢ = Zn. Equation (2.35) becomes

sin(k +Zn)a

(k) = wy 2
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0 1 peee | =+« Ry=Na ---- .=« Ro=2Na

Fig. 2.4 Schematic representation of the 1-D mono-atomic crystal as a periodic structure with
super-period Na

-w/2a O TM/2a

Fig. 2.5 Schematic illustration of the dispersion relation of the 1-D monoatomic harmonic crystal
in the super-cell representation, N = 2

When n = 0, this dispersion relation is identical to that given by (2.5) that was
illustrated in Fig. 2.2. The dispersion relation when n = 1is equivalent to that of
(2.5) translated along the wave number axis by % . For n = 2a and other even
values, one obtains again the same result than for n = 0. The case n = 3 and other
odd values are identical to the case n = 1. There are therefore only two possible
nonequivalent representations of the dispersion relation (2.35). These dispersion
relations are only valid in the interval of wave number: [—Z Z|. They are
illustrated in Fig. 2.5.

In the super-cell representation, the dispersion relation consists of two branches
that can be obtained graphically by folding the dispersion curve of Fig. 2.2 about
two vertical lines at wave numbers — 7 and - . The super-cell representation of
the band structure of the monoatomic crystal is a purely mathematical representa-
tion. In general, one can construct the band structure of a super-cell with period
R = Na by folding the single dispersion curve of Fig. 2.2 N times inside a reduced
Brillouin zone: [07 [%} . We will show in the next section that this representation
may be useful in interpreting the band structure of the 1-D diatomic harmonic
crystal.

2.2.2 One-Dimensional Diatomic Harmonic Crystal

The 1-D diatomic harmonic crystal is illustrated in Fig. 2.6.
The equations of motion of two adjacent odd and even atoms are

{ ny 1.4.2;1 = ﬂ(u2n+l — Uy, + u2n—l) (2 36)

Malion1 = P(Uzna — Uzps1 — Uzy)
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2n-1 2n 2n#1

Fig. 2.6 Schematic illustration of the 1-D diatomic harmonic crystal. The atoms with an even
label have a mass my, and the odd atoms have a mass m,. The force constant of the springs is /5. The
periodicity of the crystal is 2a

We seek solutions in the form of propagating waves with different amplitudes
for odd or even atoms as their masses are different:
(2.37)

{MZn _ Aeimteiana

Uopi) = Bel(utelk(2n+1)a :

Inserting these solutions into (2.36) leads, after some algebraic manipulations
and using the definition of the cosine in terms of complex exponentials, to the set of
two linear equations in A and B:

(2B — miw?*)A — 2B coskaB = 0 (2.38)
—2BcoskaA + (2 — mw*)B=0" ’

This is an eigenvalue problem in ?. This set of equations admits nontrivial
solutions (i.e., A # 0, B # 0) when the determinant of the matrix composed of the
linear coefficients in equation (2.38) is equal to zero, that is,

2B —myw* —2B cos ka
=0. 2.
‘ —28B cos ka 2B — mrw? 0 (2.39)

Setting o = w?, (2.39) takes the form of the quadratic equation:

11 44?
o —2p <— + —) o+ b sin’ka = 0, (2.40)
ny niy ny myp

which admits two solutions:

1 1 1 1\* 4
wzzoc:ﬁ<—+—> i\/ﬁ2<—+—> —Lsinzka. (2.41)
m;  nmy mp  np my ny

These two solutions are periodic in wave number, k, with a period of § These
solutions are represented graphically in the band structure of Fig. 2.7 over the
interval, k¢ [0, £]. This interval is the smallest interval, the so-called irreducible
Brillouin zone, for representing the band structure. The complete band structure is
reconstructed by mirror symmetry with respect to a vertical line passing though the
origin.
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Fig. 2.7 Schematic
representation of the band
structure of the 1-D diatomic
harmonic crystal in the
irreducible Brillouin zone

The frequencies w;, w; and ws; are given by w; = \/fn:/f, Wy = \/i:'g, and
w3 = Zﬁ(mil—i—mlz) if one chooses mj;>m;,. The band structure of Fig. 2.7

exhibits two branches since the unit cell of the 1-D diatomic crystal contains
two atoms. These branches are separated by a gap in the interval of frequency
[y, wy]. The low-frequency branch is called the acoustic branch. The high-
frequency branch is called the optical branch. In the limit m; = my = m, the
diatomic crystal reduces to a monoatomic crystal. The band structure of Fig. 2.7
becomes that of the 1-D monoatomic harmonic crystal in the super-cell repre-
sentation with N =2 (see Fig. 2.5). The construction of the band structure
of the diatomic crystal may then be understood conceptually by first considering
the folded band structure of the monoatomic crystal with a super-period R = 2a.
The waves with wave number k =- have a wavelength A= 27": 4a. The
wavelength is twice the period of the diatomic crystal. Then, we label alter-
nating atoms with odd and even numbers in the monoatomic crystal. If at some
instant an even atom undergoes a zero displacement, then the displacement of
all other even atoms will also be zero. At the same time, all odd number atoms
will be subjected to a maximum displacement. The even atom and odd atom
sublattices support the 1 = 4a wave with the same frequency as long as their
masses are the same. However, if now one perturbs the monoatomic crystal by
making the mass of atoms on one sub-lattice different from the atoms on the
other (leading to the formation of a diatomic crystal), the frequency of the 1 = 4a
wave will be lower for the heavier atoms than for the lighter ones. Approaching
the diatomic crystal by perturbing the masses of the monoatomic crystals sepa-
rates the folded branches of the monoatomic crystal at k =, leading to the
formation of a gap.

It is interesting to note that in contrast to the acoustic branch, the optical branch
has a negative slope, i.e., a negative group velocity. The group velocity and energy
velocity point in a direction opposite to the direction of the wave vector and of the
phase velocity. This observation is particularly important when dealing with the
concept of negative refraction. However, since the diatomic crystal is one
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dimensional, we cannot address the phenomenon of refraction yet. However, we
rewrite the real part of the displacement of a superposition of waves given by (2.7)
in the form

uy = 2A cos(k(na + v,t)) cos (% (na + vgt)> . (2.42)

Equation (2.42) shows that the envelope of the wave packet appears to propagate
in the opposite direction of the superposition of waves when the phase velocity
and the group velocity have opposite signs.

2.2.3 Evanescent Waves in the Diatomic Crystal

In this section, we use the method introduced in Sect. 2.1.3 to shed some light on the
nature of waves with frequencies corresponding to the gap of Fig. 2.7. For this, we
start with (2.38) and recast it in the form
—miw*A = fBe*® — 2BA + fBe ke
2p _ ika —ika * (2.43)
—myw B = fAe™ — 2B + fAe

We set X = ' and insert it into the equations of motion (2.43) to obtain after
some algebraic manipulations the set of two quadratic equations:

2
X2A = —A +X(2 — mzﬁa’ )B

e
X’B = —B +X(2 —M)A

(2.44)
p

Equation (2.44) is recast further in the form of an eigenvalue problem taking the
matrix form

0 0 1 0
A 0 0 1 ) A
B np B
=1 -1 0 0 2 —
X XA 8 XA (2.45)
2
XB 0 1 o Mo 0 XB
There exists a nontrivial solution when
—a 0 1 0
0 —u 0 1 5
mMow
-1 0 —0  2- 2[3 -0 (2.46)
2
0 -1 2-"M® —u
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In (2.46), the eigenvalues are o = e'**. This equation yields a fourth-order
equation:

2 2
a4+a2{2—<2—%)(2—%ﬂ+1=0. (2.47)

By setting { = o? = el?

solutions are

, we transform (2.47) in a quadratic equation whose

2
22
w1wy

Vo (@ — 0}) (02 — o) (0 - 3).

(2.48)

1 2 2 4 )
C:w%w% (wla)2—|—2w —2w a)3)j:

To obtain (2.48), we have used the relations w; = \/%, Wy = \/fn:lj and w3
= 2ﬁ(mil+miz) = Vor+ . If 0<w<w; or wy<w<ws, then the argument

of the square root in equation (2.48) is negative and { is a complex function of
frequency corresponding to propagating waves (i.e., real wave number k). These
cases represent the acoustic and optical branches of the band structure of the
diatomic crystal. Inside the gap (w;<w<w,), { is a real function. Introducing a
complex wave number k = k' + ik” we redefine { as the quantity:

¢ =e X082k a + ie " sin 2K a. (2.49)

{is therefore real only when sin 2k’ a = 0, that is when X" = .. Equating the real
part of (2.49) to (2.48) leads to two solutions for k”. The positive solution is
unphysical as it represents an exponentially increasing wave. Again, the emergence
of this unphysical solution results from the fact that in the current eigenvalue
problem we used a 4 x 4 matrix (Eq. (2.45)) that is two times larger than the actual
2 x 2 dynamical matrix of the diatomic harmonic crystal. The negative solution for
k" corresponds to an evanescent wave with exponentially decaying amplitude.
Similarly, the vibrational modes for frequencies beyond w3 also correspond to
evanescent waves. The complete band structure of the 1-D diatomic harmonic
crystal is illustrated schematically in Fig. 2.8.

2.2.4 Monoatomic Crystal with a Mass Defect

To shed additional light on the origin of the band gap in the band structure of the
diatomic harmonic crystal, we investigate the propagation of waves in a 1-D
monoatomic harmonic crystal with a single mass defect. This is accomplished by
substituting one atom with mass m by another atom with mass m’. The diatomic
crystal may subsequently be created as a periodic substitution of atoms with
different masses. We address the following question: does the gap originate from
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Fig. 2.8 Complete band structure of the 1-D diatomic harmonic crystal. The black solid lines
correspond to propagating waves. The gray lines correspond to evanescent waves

m' m
-2 -1 0 1 2

Fig. 2.9 Schematic illustration of the 1-D mono-atomic harmonic crystal with a single mass
defect at site 0. The springs are all identical with the same spring constant

the scattering of propagating waves by mass defects independently of their period-
icity or does the gap originate from the periodic arrangement of the mass defects?
The defected monoatomic crystal is illustrated in Fig. 2.9.
The equations of motion of the atoms in the defected crystal are

a2y — _
{ meuy = upsr — 2y +tty-y) for n#0 (2.50)

—m'w?u, = Bluy —2ug +u_1)
Let us consider an incident wave (i) propagating from the left of the crystal:

ul) = A for n < —1. (2.51)

Part of this wave will be reflected by the mass defect. Another part of the
incident wave will be transmitted through the defect. We write the displacements
associated with these reflected and transmitted waves in the form

uﬁf) = Ae e for < —1

ul) = Ae™ for n>1. (2.52)
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In (2.52), the upper-scripts (r) and (t) stand for reflected and transmitted
waves, respectively. The total displacement on the left of the defect is the sum
of the incident and reflected displacement. The displacement on the right of the
defect consists only of the transmitted wave. The total displacement is therefore
given by

uy =ul) +ul” for n< -1
u, =ulV for n>1. (2.53)

The continuity of the displacement at the defected site “0” imposes the condition
uo = uf) +ul = ul. (2.54)

Substituting (2.51) and (2.52) into the condition (2.54) yields a relation between
the amplitudes of the incident, the reflected, and the transmitted waves:

Ai + A, = A, (2.55)

We now substitute equations (2.51), (2.52), and (2.54) into (2.50) for the motion
of the mass n7'. After some algebraic steps, this equation becomes

(=m' @ + 2B — Be*)Ar = Aife ™ + ArPe™. (2.56)

Equations (2.55) and (2.56) constitute a set of linear equations in the amplitudes
of the incident, reflected, and transmitted waves. We can express the amplitude of
the reflected and transmitted waves in terms of the amplitude of the incident wave
to define a transmission coefficient and a reflection coefficient:

T A P2isin ka
A (m — m)w? + BRisinka
A, —(m' — m)w?
R="= . 2.57
Ai  (m' —m)w? + P2isinka (2:57)

To obtain (2.57), we have used the fact that for the 1-D monoatomic harmonic
crystal, the dispersion relation of (2.5) can be recast in the form maw? = 2(1—
coska). To analyze the behavior of the defected crystal further, we calculate
the square of the modulus of the transmission coefficient:

4p%sin’ka

T =1T" = - 5 .
(m' —m)~w* + 4p°sinka

(2.58)
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We note that when m’ = m, the incident wave propagates without reflection, i.e.,
the transmission coefficient ((2.58)) is equal to 1. We also note that for k = 7, i.e.,
the edge of the Brillouin zone for the diatomic crystal, the transmission coefficient

4p”

(m' —m)* 4 +4
cally as a function of frequency showing no sign of resonance or any other localized
vibration phenomenon. In the absence of such a resonant phenomenon, the band
structure of the diatomic harmonic crystal can, therefore, be ascribed to the period-
icity of the structure, only. The presence of an acoustic branch and of an optical
branch separated by a gap results from scattering of waves by the periodic crystal,
namely, Bragg’s scattering.

simplifies to T? = . The transmission coefficient decreases monotoni-

2.2.5 Monoatomic Harmonic Crystal with a General Perturbation

The approach of Sect. 2.2.4 is generalized by introducing a frequency dependent
perturbation, V(w), of the 1-D monoatomic crystal at site 0. The equations of
motion of the atoms in this defected crystal are

—mwzun = ﬁ(u;1+l = 2u, + un+1) for n 7é 0 (2.59)
—ma*uy = B(uy — 2ug +u_1) + V(w)uo ’ ’

Following the derivation of the transmission and reflection coefficients in the
previous section, we obtain

B p2isin ka
~ V(w) + Bisinka
V(o)

R=————"—"7"—"7"—.
V(w) + f2isinka

(2.60)

We note that if V(w) = oo, then an incident wave is totally reflected. Such a
condition may arise from a local resonance. This case is discussed in the next
section.

2.2.6 Locally Resonant Structure

In this section, we are interested in the behavior of a monoatomic crystal with a
structural perturbation taking the form of a side branch. The side branch is
composed of L’ atoms of mass m’ interacting via harmonic springs with force
constant 8. The side branch is attached to the monoatomic crystal at site “0” via a
spring with stiffness 5;. We assume that the lattice parameter is the same in the
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Fig. 2.10 Illustration of the L
1-D mono-atomic crystal
perturbed by a side branch

side branch and the infinite monoatomic crystal. This structure is illustrated in
Fig. 2.10.

The derivation of an expression for the perturbation potential V begins with the
equations of motion of atoms in the side branch:

—m/a)zl,t,,/ = ﬁ/(unUrI — 2uy + un’71> for o' #1,L (a)
—m’wzuy = —ﬁl(ML/ — ML’—I) (b) (261)
—m'o*uy = —f;(ur — o) + f'(u — uy) (c)
This set of equations is complemented by the equation of motion of site “0”:
— mw’u, = pur — 2up + u_q) + f;(ur — uo). (2.62)
To find the perturbation potential, we are interested in coupling (2.61) and (2.62)

to obtain an effective equation taking the form of equation (2.69) for site “0.”
Rewriting (2.62) as (fmcu2 + ,BI( — M))uo = B(uy — 2up + u_p) yields

uoy

V= —/3,(1 ——>. (2.63)

The ratio of displacements in equation (2.63) is found by considering the general
solution to (2.61)(a):

un, — A/eik’n’a +Blefik’n'a. (264)
Inserting this solution in (2.61)(a) gives

m'w?* = 2f'(1 — cosk'a). (2.65)
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Should site N’ have been in an infinite monoatomic crystal, its equation of
motion would have been

—m' ?up = B (upy — 2up + up_y). (2.66)

Subtracting (2.66) and (2.61)(b) gives
ﬁ/(MLf+1 — MLI) =0. (267)
This equation serves as a boundary condition on site N’ in the side branch. We
define the displacement u;/ at a fictive site “L’ + 1” as support for the boundary
condition (2.67). Similarly subtracting the equation of motion (2.61)(c) and that of

site “1°” if it were embedded in an infinite monoatomic crystal leads to the
boundary condition

— By(ur —uo) + B’ (uy — ug) = 0. (2.68)

Fictive site “0’” is only used to impose the boundary condition. The two
boundary conditions at sites “/’”” and “L’” form the set of equations:

Uy — Uy = 0
{ (ﬁ[ - ﬁ/)ul’ + ﬁ/u(]/ = 0. (269)

We insert the general solution (2.64) into (2.69) and obtain the set of linear
equations

1k La (1 _ ika la—ik'L'a(1 _ a—ika) _
{A/e (1 / cIk’a ) +’B X / (1 e/ —il)<’a 0 / : (270)
A'[(B = B)e* + B'] + B'[(B; = B)e ™ + B] = Bjuo
Solving (2.70) gives
A — _ﬁ]uoe—ik’L’u <1 _ e—ik’a) /A
B= ﬁ,uoei’f’”“(l - eik’“) /A, (2.71)

where

/

A= —4isinl€2—a [(/3, — B)cosk’ (L’ - %)a + B'cosk’ (L’ + %) a] . (2.72)

To obtain (2.72), we have used a variety of trigonometric relations.
It is worth noting that in the limit of §; = 0, the set of (2.70) can be used to find
the displacement of an isolated finite segment of monoatomic crystal. The existence



32 P.A. Deymier and L. Dobrzynski

of nontrivial solutions for the amplitudes A’and B’ is ensured by the condition A = 0.
This condition is rewritten as cosk’ (L' — 1)a + cosk’ (L' + 1)a = —2sink'L’asin£¢
= 0 or sink’L'a = 0. These solutions correspond to vibrational modes of the finite
crystal of length L, i.e., standing waves with wave vectors: k' = L”,—’Z , where p is an
integer.

Finally, to find the perturbation V, we use (2.70) and (2.64) to obtain the
displacement of atom “1°,” which we subsequently insert into (2.63). After several
algebraic and trigonometric manipulations, the perturbation becomes

Zﬁ/ﬁ,sin%" sinL'k'a

Viw)= (B; — B)cosk! (L' — L)a + B'cosk! (L' +L)a’

(2.73)

The effect of the side branch on the propagation of waves along the infinite
crystal is most easily understood by considering the limiting case: f = ff; = f’ and
m = m' such that k = k’. In this case, the side branch is constituted of the same
material as the infinite crystal and equation (2.73) becomes

s ka Gar!
V(w) = 2f3sin smI; ka (2.74)
cosk (L’ + z)a

with the dispersion relation w(k) = woysink%} (i.e., (2.5)). At the frequency (wave
number) corresponding to the standing wave modes of the side branch, the pertur-
bation V = 0. The transmission and reflection coefficients given by (2.60) are equal
to 1 and 0, respectively. Zeros of transmission and complete reflection occur when
V = oo, that is, when cosk (L' +3)a = 0 or k = (2p + 1) iz, - These conditions
correspond to resonances with the side branch. For instance for a single atom side
branch, i.e., L' = 1, there is one zero of transmission in the irreducible Brillouin
zone of the monoatomic crystal atk = 3, For a two-atom side branch, L’ = 2, there
are two zeros of transmission in the irreducible Brillouin zone of the monoatomic
crystal at k =2~ and k = 2—2 The number of zeros of transmission scales with the
number of atoms in the side branch. Therefore, in contrast to the result of Sect. 2.2.4
where the mass defect did not introduce any zeros of transmission, the side branch
leads to perturbations of the band structure of the supporting infinite 1-D mono-
atomic crystal. These perturbations arise from resonances (V = oo) of the side
branch. The alterations to the band structure of the monoatomic crystal due to the
side branch may be visualized as infinitesimally narrow band gaps. The crystal with
a single side branch is not periodic, and the perturbed band structure results only
from local resonances. In the next sections, we develop the formalism necessary to
shed light on the interplay between Bragg’s scattering and local resonances on the
band structure of a 1-D monoatomic crystal with periodic arrangements of side
branches. This formalism is based on the Green’s function approach called the
Interface Response Theory.
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2.3 Interface Response Theory

2.3.1 Fundamental Equations of the Interface response Theory

In this section, we review the fundamental equations of the Interface Response
Theory (IRT) for discrete systems [3]. This formalism allows the calculation of the
Green’s function of a perturbed system in terms of Green’s functions of unperturbed
systems. We recall (2.23) and (2.22) defining the Green’s function, a; by

HoGo = 1.

The operator H is the infinite tridiagonal dynamic matrix:

o 0 0 ... ..
Hy = P 0O B —y B 0 ... ..., (2.75)
0 v B0 ...

where y = 28 — mw?. We initially consider a type of perturbation that cleaves the
1-D monoatomic harmonic crystal by severing a bond between two neighboring
atoms (Fig. 2.11).

The equations of motion of the atoms 0 and 1 are

L (—owy + pu—y) =0
m , (2.76)
{ +(—owy + Puz) =0
with o = mw? — B.
The dynamical operator for the cleaved crystal is written as
‘70’ _ ;121 ;6
.. =3 -2 -1 0 1 2 3 ...
g -y B 0 0 0 0 0 0|3
0 p -y P 0 0 0 0 0| -2
_1]o0 0 g -y B 0 0 0 0| _—1
“m|0 0 0 B -« 0 0 0 0|0 2.77)
0 0 0 0 0 —oa p 0O O 1
0 0 0 0 0 g -y B 0 2
| 0 0 0 0 0 0 p = B :
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WOWVOWNVOMWWO - OWOMMOMWW
3 -2 -1 o 1 2 3

Fig. 2.11 Schematic illustration of the 1-D mono-atomic harmonic crystal cleaved between
atoms 0 and 1

In (2.77),% is a block matrix composed of two independent matrices izS] and 7152,
corresponding to the two semi-infinite crystals on the left and right of the cleaved
bond, respectively. The Green’s function of the perturbed system, g, is therefore
defined through the relation

hogo = 1. (2.78)

Since the dynamical matrix of the cleaved system is a block matrix, its
associated Green’s function is also a Block matrix:

%0 = [gfl 0 ] (2.79)
0 go»

We define the perturbation operator or cleavage operator as the difference
between the dynamical matrices of the cleaved and unperturbed crystals:

Vo = ho — H. (2.80)

Using the matrix representation, the cleavage operator is a 2 X 2 matrix limited
to the sites 0 and 1 of the crystal:

o V(0,0) V(LO) 71 ﬁ 7/3
Vo= <V§(O,1) V2(1,1)> m<_ﬁ B > (2.81)

We rewrite (2.78) in the form §OZO = 7by using the commutative property of the
product of a matrix with its inverse. Introduction (2.80) into this later relation,
multiplying both sides of the equal sign by Gy, applying the distributive property of
the product of matrices, and finally using (2.23) yields

Zo (7 + \7060) =%, (7 + 20) — Go. (2.82)

Equation (2.82) is called Dyson’s equation. It enables the determination of the
Green'’s function of a perturbed system in terms of the perturbation operator and the
Green’s function of the unperturbed system. In (2.82), we have defined the surface
operator:

Ao = Vo Go. (2.83)
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The Green’s function of the perturbed system is then given by
~ o e oy
%, = Go (1 +A0) . (2.84)

The poles of g, (i.e., the eigenvalues of the operator Zo) are the zeros of [ + ;Xo.

2.3.2 Green’s Function of the Cleaved 1-D Monoatomic Crystal

We apply (2.84) to the calculation of the Green’s function of the semi-infinite
crystal on the right of the cleaved bond in Fig. 2.11 (i.e.,n > 1). The components of
the surface operator defined by (2.83) are written as

Asa(n,n') =" Vo(n,n")Go(n",n')  with n,n' > 1. (2.85)

The only nonzero components of the cleavage operator are for n,n' ¢[0, 1], so
(2.85) reduces to

As(1,7) = Vo(1,0)Go(0,1') 4 Vo (1, 1)Go(1,7), n' > 1. (2.86)

Inserting the terms in (2.81) and (2.26) into (2.86) results in

, tn’ o tn’+1
Agp(1 = 2.87
s(ln) =—— (2.87)
We now write equation (2.82) in component form:
gs2(n, 1) + gso(n, Asa(1,n) = Go(n,n'), n,n’ > 1. (2.88)

Expressing (2.88) at site n’ = land using the relation (2.87) gives

We can now combine that relation with (2.87), (2.26), and (2.88) to obtain the
function sought

n—n'|+1 n+n'
mt +t

gsz(”»”l)zﬁ s mrzl (2.89)

The procedure used in this section to find the Green’s function of the perturbed
system can be generalized to obtain the universal equation of the IRT. All matrices
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in equation (2.82) are defined for, n'¢[—00, 00| . We now consider the space D for
n,n’ > 1 and rewrite equation (2.82) as

86, (D,D) + 85, (D,M)Asy(M,D) = Gs,(D, D). (2.90)

The index S specifies that all functions are limited to the space of a semi-infinite
truncated chain. Equation (2.88) is a particular case of the general equation (2.90)
where we have specified the space corresponding to the location of the perturbation
by M. In the case of the cleavage of the monoatomic crystal, M = I. A particular
form of (2.90) is

80 (D, M) + 84, (D, M)Asy(M,M) = Gs,(D, M). (2.91)

We combine (2.91) and (2.90) to obtain the universal equation of the IRT:

g52(D, D) = Gsz(D, D) + Gsz(D,M)A™" (M, M)A5y (M, D), (2.92)
where
AM,M) = T(M,M) + Ag> (M, M). (2.93)

Equation (2.93) introduces the diffusion matrix A.
The displacement vector (D) is related to the Green’s function g via the relation

—

where f is some force distribution applied in the space D. Inserting (2.92) into
(2.94), we obtain the displacement vector of the perturbed system in terms of the
displacement vector of the unperturbed system, U, as

ii(D) = U(D) — UM)A™" (M, M)Asy(M, D). (2.95)
Applying (2.95) to the right side of the cleaved mono-atomic crystal yields

u(n') = U(n') —U)A(1,1)An(1,7) for n' > 1,

with A~'(1,1) = AT = 2=l and Agp(1,n') = ’";;L";“ . The displacement is
therefore

ud) =U@)+ U > 1.
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If we choose U(n') =", corresponding to an incident wave coming from
n'= +oo, the displacement field in the semi-infinite chain takes the form

u(n') _ [7}1, + tn’fl _ efikn’a + eik(n’fl)a.

This is a standing wave resulting from the superposition of an incident wave and
areflected wave. We can also obtain this result by writing the equation of motion at
site 1 of the cleaved crystal:

— mou; = Buy — uy).

This equation implies that #; — 1y = 0, where uy is the displacement of the site
0 taken as a fictive site imposing a zero force boundary condition on site 1. We
assume that the displacement in the semi-infinite crystal is the sum of a reflected
wave and a transmitted wave:

Uy, :Aie—lkna +Arelkna.

Inserting this general solution into the boundary condition leads to the relation
between the incident and reflected amplitudes: A, = Aje~**“ leading to the displace-
ment u(n) = Aj(e " 4 e*(n=1a),

2.3.3 Finite Monoatomic Crystal

The finite 1-D monoatomic crystal is formed by cleaving an infinite crystal at two
separate locations. This doubly cleaved system is illustrated in Fig. 2.12.

The cleavage operator is a 4x4 matrix expressed in the space of the perturbed
sites (0,1) and (L,L + 1):

0 1 L L+1
g - 0 0
-8 B 0 0O

Vo=—1|"/
0 0 -f B|L

! (2.96)
m

The dynamical matrix is composed of three separate blocks corresponding to
the three uncoupled regions of the cleaved system of Fig. 2.12, namely regions
“1,” “2,” and “3.” Similarly, the Green’s function and the surface operators are
also block diagonal matrices. Using (2.83), the nonzero components of the
surface operator matrix corresponding to the block of the finite segment of crystal
“2” are
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-'1 " "2" nge

-1 0o 1 2 L1 L L+

Fig. 2.12 Mono-atomic crystal cleaved between sites (0,1) and (L,L + 1) to obtain a finite crystal
composed of atoms [1,L]

Asz(l,}’l/) = VQ(I,O)G()(O, n’) + V()(l, I)Go(l,n,)

!
Ao (L) = Vo(L, L)Go(Lo ') + Vo(Lo L + 1)Go(L + 1,n) " € [LE @297

The Green’s function of the infinite crystal given by (2.26) is inserted into
(2.97) to obtain

/

"
Asp(1,n') =
t;r_i,ﬂ W e [1,L]. (2.98)
.-
An(l,n) = t+1

To apply the universal equation of the IRT, we need the block “2” of the surface
operator matrix in the space of the corresponding perturbed sites M ¢ [1,L], that is

i) Asz(l,L)] _ -1 [;L fL], (2.99)

Asa(M.M) = it

The green’s function of the finite segment of crystal takes the form

gs2(n,n') = Go(n,n') — Go(n,1)A™ (1,1)As2(1,n) — Go(n,1)A™" (1,L)Agy (L, n")
—Go(n,L)A" (L, 1)Asy(1,n") — Go(n,L)A™ " (L,L)As>(L,n"), n,n'e[1,L].
(2.100)

In (2.100),

- 11
Al(M’M):WM[rlL ﬂ (2.101)

with W = detA = :’12 and according to (2.93) A(M, M) = [ (M, M) + As, (M, M).
Inserting the expressions given by (2.26), (2.98), and (2.101) into (2.100) yields
the Green’s function of the finite crystal (for n, n’e [1,L]):

m t\nfn/Hl_;'_tﬂJrn’ 2L+1

n " Z}llfﬂ tnfn’ tlfnfn' tn+n’71> )
ssamm) =g | = +(t2—1)(1—t2L)( TeoTr o

(2.102)
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According to (2.84), the poles of the Green’s function are also those of A
Here, these poles are the zeros of . The Eigen values of the finite crystals are,
therefore, given by the condition 1 — r?* = 0. This condition may be rewritten as
t* — 7L = 0. For angular frequencies, w ¢ [0, mo],7 = e** and the modes of the
finite crystal are given by e“* — e 7.4 — sin kLa = 0. These modes correspond to
standing waves with wave number conditioned by k =7 with p being an integer.
The displacement field of these standing waves is obtained from (2.95). In

components form, (2.95) becomes
u(n') =U(n) — UMA™(1,1)Asy(1,n) — U(1)A™(1,L)Agy (L, ')
—UL)A (L, DA (1,7") — UL)A (L, L)Asy(L, 1), n,n'€[l,L].
(2.103)

Employing a reference displacement U(n') = ", (2.103) gives

, [2L+2 , t2L , t2L+ 1

/ ! t — —
u(n') = 1" +1" 1_,2L+t 1 1_t2L+tn 1_t2L+t 1 1 — 2L

This expression diverges when 1 — X =0 . It is therefore necessary to
obtain a finite displacement by renormalizing the previous expression by W. The
renormalized displacement then reduces to u(n’) = ¢ 4 t~"*!. This expression is
that of the displacement of standing waves in the finite crystal.

2.3.4 One-Dimensional Monoatomic Crystal with One Side
Branch

The calculation of the displacement in a system composed of a 1-D monoatomic
crystal with a finite crystal branch coupled to its side via a spring with constant, f3;,
as illustrated in Fig. 2.10, begins with the block matrix describing the Green’s
function of the uncoupled system (f5; = 0)

Gs = (Cio Hf) ) (2.104)
0 gsn

where G is the Green’s/function of the infinite crystal (whose components are given
by (2.26)) and where g, is the Green’s function of the finite side crystal given by
(2.102). This later Green’s function is labeled with a “prime” sign to indicate that
the spring constants and masses m’ and f'of the finite crystal may be different from
those of the infinite crystal m and f. The difference between the dynamic matrix of
the coupled systems and of the dynamic matrix of the uncoupled system defines a
coupling operator:
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noo vony (2 b

o (0, (0, -

Vi= (V1(1’70) V](l’, 1/)) = E 7”%1 . (2.105)
m m'

We note that if the masses in the finite and infinite crystals were the same, the
coupling operator would simply be the opposite of the cleavage operator of (2.81).
We now use the fundamental equation of the IRT to derive an expression for the
displacement field in the coupled system in terms of the Green’s function of the
constituent crystals making up the uncoupled system and the perturbation operator
of (2.105).

To that effect, we first write expressions for the surface operator:

A(Oa n) Vi (07 O)GO(Ov n)

" _ | A(0,#) Vi(0,1") g s, (1, ")

AMDY =\ Avn) | T | Vi(1,0)Go(0, n (2.106)
A1, 1) VI(I',l’)g’Sz(l’,n’)

In (2.106), n and n’ refer to sites in the infinite crystals and the finite side branch,
respectively. The diffusion matrix then takes the form of a 2x2 matrix in the space
of the interface sites M:

o _[14+A(0,0)  A(0,1)
AWM)—( A(1',0) 1+A(1,1')>

— 1 + VI(O7 O)GO(()?O) V1(07 ll)g/52(1/7 1/) (2 107)
- Vi(1',0)Go(0,0) 1+ V(1 1)g,(1,1) )" )

The inverse of the diffusion matrix is then

w7 _ L 14+ Vi(U 1) g (U, 1) =Vi(0,1)g's (17, 1)
A (MM)_detg<—V1(1’,o)Go 0,0) 14+ V,(0,0)Go(0,0) ) 108

We use (2.95) to obtain the displacement field. For this we also need to assume
a form for the reference displacement U(D) = #". This displacement corresponds
to a wave propagating in the infinite crystal and launched from n = —oco. The
displacement inside the side crystal is also assumed to be equal to zero. The
displacement in the space of the perturbed sites [0,1] take the form

UM) = (U(0),U(1") = (1,0). (2.109)

The displacement field at a site n > 1 along the infinite crystal (i.e., on the right
side of the grafted branch) is therefore determined from the equation:

o A7'(0,0)  AT'(0,1) ) [ A(0,n)
U, =" — (1,0)<A_1(1,70) A‘l(l’,l’)> (A(l,,n)) (2.110)
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Inserting (2.108) and (2.106) into (2.110) yields

1 -
Uy = " — ——V1(0,0)Go (0, n). 2.111)
detA

One then combines (2.26), (2.102), (2.105), and (2.111) to obtain

1 t
u, :t”(l +% =3 1) =T, (2.112)
detA ©°
with
- £+ t
detA =1 — b * bi (2.113)

B—ni-r) pe-1

In (2.112), T is the transmission coefficient. We can rewrite (2.113) in the form

N 1 B 1
detA = —— —— 2.114
¢ V™~ B 2isinka’ 2.114)
where — % =1- % % To obtain equation (2.114), we also defined t = e'*“.

With # = ¢'*“, one can show that the quantity V is that given by equation (2.73).

2.3.5 One-Dimensional Monoatomic Crystal with Multiple
Side Branches

We now consider N, side branches of various lengths grafted along an infinite 1-D
monoatomic crystal. The spaces D and M for this system are defined as

D={-c0,...,—1,0,1, ... 0}
u{{l’,2/,...L’},{1”,2”,...,L”},{1<3),2(3),...,L(3>}...,{1<Nﬁ>,2<N"),...7L(Nf)}}

and
M= {Pl =0,1,p2, 1", p3, 1(3), 3PN, ](Nu)}.

We have located the first finite crystal at site p; = O of the infinite crystal. The
second finite crystal is located at site p,>p; of the infinite crystal. The third finite
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crystal is located at p3>p,, etc. In this case, the coupling operator is a 2N, x 2N,
matrix, whose form is given by

-1 1 0 0 0 o0
1 -1 0 O 0 o0
o 0 -1 1 ... 0 O
‘7]:& 0 o 1 -1 ... 0 0 |. (2.115)

S
e
e
[
—_
—_

0
o o o o o0 1 -1

To calculate E(MM) = 7(MML# V,(MM)Gs(MM) , one needs the Green’s
function of the uncoupled system, Gs (MM, which takes the form

Go(pip1) 0 Go(p1p2) 0 Go(p1p3) 0 Go(pipw,) 0
0 g, (1'1) 0 0 0 0 0 0
Go(p2p1) 0 Go(p2p2) 0 Go(p2p3) 0 o Golpapn.) 0
0 0 0 g(1"1") 0 0 0 0
a(MM): Go(psp1) 0 Go(p3p2) 0 Go(paps) 0 ... Golpspn,) 0
0 0 0 0 0 g(1910) . 0 0
Go(pnepr) 0 Go(pnep2) 0 Go(pneps) 0 -+ Go(pnePne) 0

0 0 0 0 0 0 0 g5 (10 1)

(2.116)

In this matrix, the odd entries (rows or columns) correspond to locations along
the infinite crystal in M and the even entries correspond to the position of the first
atom of the finite crystals (also in the space M). From (2.26) and (2.102), the
elements of this matrix are therefore

ﬁ t|Pi7pf|+1
i) = — 2.117
GO(ij) m £2—1 ( )
and
) ) / t/+t/L/i
L(1010 _r . 2.118
8 ( ) m' (t’ _ 1)(1 _ t/2Lz) ( )

We use (2.95) to obtain the displacement field. For this we also need to assume a
form for the reference displacement U(D) = ¢". This displacement corresponds to a
wave propagating in the infinite crystal and launched from n = —oo. The displace-
ment inside the side crystal is also assumed to be equal to zero. The displacement
in the space M takes the form

UM) = (U(0),U(1"),U(p2), U(1"),..., U(pn,), U(1%)
=(1,0,#2,0,...,¢%,0). (2.119)
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Fig. 2.13 Infinite mono-atomic crystal with (a) from top to bottom, a one-atom (L' = 1) side

branch located at p; = 0; two single-atom side branches located at p; = 0 and at p; = 0; four
single-atom side branches at p; = 0, p, = 1, p3 = 2, p4 = 3; and ten one-atom side branches at
p1 =0,...,p10 = 9and (b) from top to bottom, a one-atom (L’ = 1) side branch located atp; = 0;
two single-atom side branches located at and at p; = 0, p, = 4; four single-atom side branches at
p1=0,pp =4,p3 =8,p4 =12 ; and ten one-atom side branches at p; =0,...,p;0 =36,
p=p=lm=m=1

The displacement field at a site n > py, along the infinite crystal (i.e., on the right
side of the last grafted finite crystal) is therefore determined from (2.95), where we use

VI(Ov O)GO(O7n) —t
V[(ll,O)Go(OJ’l) t
Vi(p2,p2)Go(p2, n) 85 o —l-r2
AM,n) = | Vi(1";p2)Go(p2, 1) = oo (2.120)
Vi(pw.,pn.)Go(pn,, 1) —1 N
Vi(17¥, pn,)Go(pw,, 1) e

A transmission coefficient is subsequently defined as the ratio T = u, /¢". For a
large number of grafted finite crystals, one has to resort to numerical calculation of
the transmission coefficient by inserting (2.115)—(2.120) into (2.95). For the sake of
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illustration, we have performed such calculations using the limiting case: = f3;
= f'andm = m’ (i.e.,t = ¢'). The numerical calculation involves the following steps
for a series of values of the angular frequency w < wy:

g

(a) calculating & = 1 — 22~
(b) calculating t = ¢ + l( 52)1/2 since — 1 < ¢&<1
(c) inserting ¢ into (2.115)—(2.120)

(d) Calculating the transmission coefficient T'(w)

Figure 2.13 illustrates the formation of a band gap by (a) local resonances and (b)
band folding effects (Bragg scattering) in the transmission coefficient as a function of
frequency for L' =1, § = B, =1, m = m’ = 1. With these conditions, wy = 2. A
single one-atom side branch produces one resonant zero of transmission at w = 1. As
one increases the number of side branches, spaced regularly by one interatomic
spacing, the periodicity of the infinite chain is conserved and the resonant zero of
transmission broadens into a stop band. Two additional dips in transmission on both
sides of the resonant stop band form if the side branches are spaced by four atomic
spacings. For a large number of side branches spaced by four lattice parameters, these
dips broaden and deepen approaching the band gaps that would result from the
multiple scattering of waves by a periodic array of side branches.

This example clearly illustrates the contribution of local resonance to wave
propagation as well as the contribution of scattering by a periodic array of scatterers.
The former mechanism is the foundation of locally resonant structures that determines
the properties of acoustic metamaterials. The latter is associated with Bragg’s scatter-
ing, which is the fundamental mechanism underlying the properties of phononic
crystals.
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Chapter 3
One-Dimensional Phononic Crystals

EI Houssaine EI Boudouti and Bahram Djafari-Rouhani

Abstract In this chapter, we discuss the vibrational properties of one-dimensional
(1D) phononic crystals of both discrete and continuous media. These properties
include the dispersion curves of infinite crystals as well as the confined modes and
localized (surface, cavity) modes of finite and semi-infinite crystals. A general rule
about the existence of localized surface modes in finite and semi-infinite
superlattices with free surfaces is presented. We also present the calculations of
reflection and transmission coefficients, particularly in view of selective filtering
through localized modes. Most of the results presented in this chapter deal with
waves propagating along the axis of the superlattice. However, in the last part of the
chapter, we also discuss wave propagation out of the normal incidence and, more
particularly, we demonstrate the possibility of omnidirectional transmission gap
and selective filtering for any incidence angle. A comparison of the theoretical
results with experimental data available in the literature is also presented and the
reliability of the theoretical predictions is indicated.

3.1 Introduction

The one-dimensional (1D) phononic crystals called superlattices (SLs) are of great
importance in material science. These structures are, in general, composed of two
or several layers repeated periodically along the direction of growth. The layers
constituting each cell of the SL can be made of a combination of solid—solid or
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solid—fluid-layered media. These materials enter now in the category of so-called
phononic crystals (see the first chapter of this book and references therein) [1-3]
constituted by inclusions (spheres, cylinders, etc.) arranged in a host matrix along
two-dimensional (2D) and three-dimensional (3D) of the space. After the proposal
of SLs by Esaki [4], the study of elementary excitations in multilayered systems has
been very active. Among these excitations, acoustic phonons have received
increased attention after the first observation by Colvard et al. [5] of a doublet
associated to folded longitudinal acoustic phonons by means of Raman scattering.
The essential property of these structures is the existence of forbidden frequency
bands induced by the difference in acoustic properties of the constituents and the
periodicity of these systems leading to unusual physical phenomena in these
heterostructures in comparison with bulk materials [6—8].

With regard to acoustic waves in solid—solid SLs, a number of theoretical and
experimental works have been devoted to the study of the band gap structures of
periodic SLs [6—10] composed of crystalline, amorphous semi-conductors, or
metallic multilayers at the nanometric scale. The theoretical models used are
essentially the transfer matrix [7, 11-13] and the Green’s function methods [6,
14-16], whereas the experimental techniques include Raman scattering [5, 17, 18],
ultrasonics [19-29], and time-resolved X-ray diffraction [30]. Besides the existence
of the band-gap structures in perfect periodic SLs, it was shown theoretically and
experimentally that the ideal SL should be modified to take into account the media
surrounding the structure as a free surface [14, 15, 31-40], a SL/substrate interface
[14,15,34,41,42], a cavity layer [43-51], etc., which are often used in experiments
together with SLs. In addition to the defect modes that can be introduced by such
inhomogeneities inside the band gaps, some other works have shown the existence
of small peaks in folded longitudinal acoustic phonons and interpreted as confined
phonons of the whole finite SL [52-54].

All the above phenomena have been exploited to propose one-dimensional (1D)
solid—solid-layered media for several interesting applications as in their 2D and 3D
counterparts phononic crystals (see the first chapter of this book and references
therein). Among these applications, one can mention (1) omnidirectional band gaps
[55-58], (2) the possibility to engineer small-size sonic crystals with locally
resonant band gaps in the audible frequency range [59], (3) hypersonic crystals
[60—63] with high-frequency band gaps to enhance acousto-optical [49-51] or
optomechanical [64, 65] interaction and to realize stimulated emission of acoustic
phonons [66], and (4) the possibility to enhance selective transmission through
guided modes of a cavity layer inserted in the periodic structure [6, 67] or by
interface resonance modes induced by the superlattice/substrate interface [68—70].
The advantage of 1D systems lies in the fact that their design is more feasible and
they require only relatively simple analytical and numerical calculations. The
analytical calculations enable us to understand deeply different physical properties
related to the band gaps in such systems.

In comparison with solid—solid-layered media, the propagation of acoustic
waves in the solid—fluid counterparts’ structures has received less attention [71].
The first works on these systems have been carried out by Rytov [72] and
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summarized by Brekhovskikh [71]. Rytov’s approach has been used by Schoenberg
[73] together with propagator matrix formalism to account for propagation through
such a periodic medium in any direction of propagation and at arbitrary frequency.
Similar results are also obtained by Rousseau [74]. In the low-frequency limit, it
was shown [73] that besides the existence of small gaps, there is one-wave speed for
propagation perpendicular to the layering and two-wave speeds for propagation
parallel to the layering which are without analogue in solid—solid SLs. The two
latter speeds both correspond to compressional waves and their existence is sug-
gestive of Biot’s theory [75] of wave propagation in porous media. Alternating solid
and viscous fluid layers have been proposed recently [76—78] as an idealized porous
medium to evaluate dispersion and attenuation of acoustic waves in porous solids
saturated with fluids. The experimental evidence [79] of these waves is carried out
using ultrasonic techniques in Al-water and Plexiglas-water SLs. Also, it was
shown theoretically and experimentally that finite size layered structures composed
of a few cells of solid—fluid layers with one [80, 81] or multiple [82] periodicity may
exhibit large gaps and the presence of defect layers in these structures may give rise
to well-defined defect modes in these gaps [81]. Recently, solid layers separated by
graded fluid layers [83] and piezoelectric composites [84, 85] have shown the
possibility of acoustic Bloch oscillations analogous to the Wannier—Stark ladders
of electronic states in a biased SL [86].

In this chapter, we discuss the vibrational properties of 1D phononic crystals of
both discrete and continuous media. These properties include the dispersion
curves of infinite crystals as well as the confined modes and localized (surface,
cavity) modes of finite and semi-infinite crystals. We also present the calculations
of reflection and transmission coefficients, particularly in view of selective filter-
ing through localized modes. Most of the results presented in this chapter deal
with waves propagating along the axis of the SL. However, in the last part of the
chapter, we also discuss wave propagation out of the normal incidence and, more
particularly, we demonstrate the possibility of omnidirectional transmission gap
and selective filtering for any incidence angle. More detailed physical and tech-
nical discussions about the band structure, phonon transport, as well as light
scattering by acoustic phonons in SLs and multilayered structures are given in
the review paper [6].

This chapter is organized as follows: In Sects. 3.2 and 3.3, we give a detailed
study on surface and confined longitudinal phonons in infinite, semi-infinite, and
finite 1D discrete and continuous phononic crystals. We demonstrated analytically
a general rule about the existence of surface modes associated with a SL free-stress
surface. This rule predicts the existence of one mode per gap when we consider
together two semi-infinite SLs obtained from the cleavage of an infinite SL between
two cells. In the case of finite 1D phononic crystals made of N cells, we show the
existence of two types of confined modes, namely, there are always N—1 modes in
the allowed bands, whereas there is one and only one state corresponding to each
band gap. In Sect. 3.4, we present briefly the theory of light scattering by longitudi-
nal acoustic phonons by means of the Green’s function method. The application of
this theory to deduce confined and surface phonons in semiconductor-layered
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materials is presented. Section 3.5 is devoted to the transmission enhancement
assisted by surface resonances when a 1D phononic crystal is inserted between
two different substrates. We show that the transmission can reach unity when the
number of cells in the phononic crystal is chosen appropriately. The total transmis-
sion occurs when the incident acoustic wave interacts with surface resonant
phonons localized at the interface between the phononic crystal and one of the
substrates. In Sect. 3.6, we show that similarly to the 2D and 3D phononic crystals
(see the first chapter of this book and references therein), layered media made of
alternating solid—solid and solid—fluid layers may exhibit total reflection of acoustic
incident waves in a given frequency range for all incident angles. Also, these
structures may be used as acoustic filters that may transmit selectively certain
frequencies within the omnidirectional gaps. The transmission filtering can be
achieved through the guided modes of a defect layer inserted in the periodic
structure.

These investigations are done within the framework of the Green’s function
method [87, 88] for discrete and continuous composite systems, the so-called
“interface response theory” associated to such heterostructures. The basic concepts
and the fundamental equations of this theory and its application to deduce the
necessary ingredients to study acoustic waves in continuous media made of solid
and fluid-layered materials are presented in reference [6]. A comparison of the
theoretical results with experimental data available in the literature is also presented
and the reliability of the theoretical predictions is indicated.

3.2 Surface and Confined Modes in 1D Discrete Phononic
Crystals

Even though the problem of vibration modes in an infinite 1D chain of atoms has
been the subject of many standard textbooks in solid state physics [89, 90], it is
interesting to understand quantum confinement in 1D finite crystal as many
fundamental problems are related to low-dimensional physics. In the case of
electronic structures, it was shown recently that a finite 1D crystal made of N
cells exhibits two types of confined states [91], namely, there are always N—1
states in the allowed bands, whereas there is one and only one state corresponding
to each band gap [92, 93]. This latter state did not depend on the width of the
crystal N. This demonstration has been extended to shear horizontal and sagittal
acoustic waves in continuous media made of finite solid—solid [94] and
solid—fluid [95] superlattices, respectively. An experimental and theoretical veri-
fication of this rule has been given recently for electromagnetic waves in 1D
coaxial cables [96]. In this section, we shall give an extension of these results for
longitudinal waves in 1D discrete phononic crystals made of two and three
different atoms.
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3.2.1 Diatomic Chain

In Chap. 2, the band structure of a diatomic crystal made of two different atoms
characterized by different masses m; and m, and coupled by a spring constant f is
given (see Fig. 2.7). Now, if we consider a finite structure made of N cells (i.e., 2N
different atoms), we shall be interested in what follows to the dispersion relation
of the discrete (confined) modes associated to standing waves in the finite
structure as well as to surface waves induced by the surfaces surrounding the
system. The theoretical calculation is based on the interface response theory
[87, 88] described in Chap. 2. In the case of an infinite chain of bi-atoms of
masses m; and m, and coupled by a spring constant f§ (Fig. 3.1a), the dynamical
matrix can be written as

0 0 0 0
o=y, B0 0 0
0 B —N B 0 0
H(M,,,M,,) = 3.1
M) =10 0 = B0 G-
0o 0 0 B -y
0 0 0 0
where
9 =28 —miw*, (i=1,2). (3.2)

Taking advantage of the periodicity d; in the direction of the structure, the
Fourier transformed g~ '(k; MM) of the above infinite tridiagonal (3.1) matrix
within one unit cell has the following form:

~1(q. _ =y B+ pe ik
§ (k’MM) B <ﬁ + ﬁflﬂkdl —72 > G-

where k is the Bloch wave vector in the reciprocal space.
Therefore, one can deduce easily the dispersion relation from det(g™'(k;
MM)) = 0 in the following form:

cos(kd;) = % — (3.4)

where d is the period of the structure. It is also straightforward to Fourier analyze
back into real space all the elements of g(k; MM)) and obtain all the interface
elements of g in the following form:
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Fig. 3.1 (a) Schematic representation of an infinite structure made of two atoms (m; — m,)
coupled by a spring constant . (b) Finite structure made of N bi-atoms. d is the period of the
crystal
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g(”l, 2;’1/7 2) = <ﬁ_12> t2 -1 . (38)

where t = e!*/ and n and r’ indicate the positions of the cells with two atoms labeled
1 and 2.

Now, we consider a finite structure made of 2N atoms (i.e., NV bi-atoms) obtained
from the cleavage of an infinite structure in the interface space M = {0, 1, 2N,
2N + 1} (Fig. 3.1b), which starts with atom 1 of mass m; and terminates with atom
2N of mass m,. The cleavage operator is given by

Va(MM) = h(MM) — H(MM) (3.9)

where £ is the dynamical matrix of the whole system decoupled to three subsystems
after eliminating the springs connecting atoms 0 and 1 from one side and 2N and
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2N + 1 from the other side. Therefore, V(MM) is a 4 x 4 matrix, defined in the
interface space M and can be written as follows:

B —p 0 0
Va(MM) = _oﬁ g ?3 _0[), . (3.10)
0o 0 -8 B

The operator A(MM) is defined by the relation [87, 88]:
AMM) = I(MM) + V(MM )g(MM) (3.11)

where g(MM) can be obtained from (3.5) in the interface space M = {0, 1, 2N,
2N + 1}:

nl 1 N 2N
pt+1 pt+1
72 1 IN_1 V2 N
t ! Bttt Br+1
s(MM) = . (3.12)
(MM) Blr—=1) [ n Y av-1 1 |
t+1 t+1
’ N ’ 1
a2 72
pr+1 pt+1

Therefore, one can deduce the expression of A((MM,) of the finale structure in
the space of the terminated surfaces M; = {0, 2N} (Fig. 3.1b) as follows:

As(MMy) = X . L (3.13)
(rfl_%ﬂfl—’_)t =
The discrete modes are given by the following equation [87, 88]:
det(Ay) = 0. (3.14)

After some algebraic calculation, (3.14) can be written in the following form:

B B N gy

When £ is real, which corresponds to allowed bands, the eigenmodes are given
by vanishing the third term in (3.15), namely:

sin(Nkd;) = 0, (3.16)
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which gives

kdy =" m=1,2, ..., N—1. (3.17)
N
When £ is imaginary, which corresponds to band gaps, the eigenmodes are given
by vanishing the first two terms in (3.15), namely:

B
t= (3.18)
71— B
and
B
t= (3.19)
72— B
with the condition:
lf]<1 (3.20)

that ensures the decaying of the waves far from the surface. By using (3.4), (3.18)
and (3.19) can be written in a compact form:

By +72) =7172=0 (3.21)

Equations (3.18) [respectively (3.19)] and (3.21) can be restricted to the case
my < my (respectively m; < mj). These results show that localized surface modes
appear only when the light atom is at the surface. In addition, (3.15) clearly shows
that surface modes do not depend on N and therefore (3.21) gives the surface modes
associated to two semi-infinite chains obtained from the cleavage of an infinite
chain between atoms 1 and 2.

Figure 3.2a gives the variation of the frequencies as function of kd;/n inside the
first Brillouin zone for a diatomic chain such that m; = 2.09 g, m, = 4.08 g and
p = 6.3 10° N/m. These parameters are taken from the experimental work by
Hladky et al. [97] on welded spheres, i.e., two alternating steel spheres of different
diameters. The band structure of the infinite system is given by dots, whereas the
confined modes of a finite structure made of N = 4 bi-atoms are shown by solid
circles and surface modes are sketched by open circles.

As mentioned in Chap. 2, the first branch starts at the origin for % =0 and
increases progressively until the frequency ri—/; for % = 1. The higher branch
Ty
frequency \/fn:/f for % =1.

One can see clearly that each branch contains N — 1 confined modes. The gap

width is fn—ﬁ - ﬁ Inside the gap, there is a localized mode induced by the
with the light atom. This mode is independent of N as it is

starts at the frequency for % = 0 and decreases progressively until the

surface terminate
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Fig. 3.2 (a) Variation of the frequencies versus % inside the first Brillouin zone for a diatomic
linear chain. The masses are fixed to m; = 2.09 g, m, = 4.08 g and the spring constant f = 6.3
10° N/m. The dots represent the band structure of the infinite chain, the solid circles give the
confined modes of the finite structure made of N = 4 bi-atoms, whereas the open circles show the
surface modes inside the band gaps. (b) Variation of the frequencies versus the number N of bi-
atoms. Solid and open circles are confined and surface modes, respectively

illustrated in Fig. 3.2b where we have represented the variation of the frequency as
function of the number of bi-atoms N in the finite crystal. It is worth noting that this
simple analytical model gives a clear explanation to the numerical and experimen-
tal results by Hladky et al. [97] about the independence of the surface modes on the
width of the finite crystal.

3.2.2 Tri-atomic Chain

Figure 3.3a gives a schematic representation of an infinite linear chain made of
three atoms of masses m,, m,, and mj; repeated periodically. The spring constant f§
is assumed to be the same for all atoms. Figure 3.3b shows a finite linear chain
obtained from the cleavage of the infinite structure between the sites (0, 1) on one
side and (3N, 3N + 1) on the other side. By using the same procedure as above for a
bi-atomic chain, one obtains the dispersion relation of the infinite chain (Fig. 3.3a):

_ Viv2¥s — i3 (v +72+73)

cos(kd) T

(3.22)

where d, is the period and y4, y,, and 3 are given by (3.2). Also, the eigenmodes of
the finite chain (Fig. 3.3b) are given by

(r— ﬂzz )(;— 322 )(ﬁN—l):o (3.23)
7102 — B — B 7203 — B~ — B
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Fig. 3.3 (a) Schematic representation of the infinite structure made of three atoms (m; — m, —
ms3) coupled by the same spring constant 5. (b) Schematic representation of a finite structure
composed of N tri-atoms

For k real, the third term in (3.23) gives the same expression as in (3.17).
However, if k is imaginary, the first two terms in (3.23) give the localized surface
modes, namely:

ﬁz
= (3.24)
7172 = B = B2
and
2
t= ﬁ—z (3.25)
7273 — B — B2
with the condition:
lf] < 1 (3.26)

From (3.22), (3.24), and (3.25), the dispersion relation of surface modes can be
written in a compact form:

Bra(r1 +73) + B2 (21 — 72 +73) — 2B — p17273 = 0. (3.27)

In the particular case where the masses m1; and mj3 are identical, (3.24) and (3.25)
become:

t= 1. (3.28)
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Fig. 3.4 (a) Variation of the frequencies versus % inside the first Brillouin zone for a tri-atomic

linear chain constituted of three atoms of masses m; — m, — m3. The masses are fixed to
my; = 2.09 g, my =4.08 g, my = 6.07 g and the spring constant is taken such that f = 6.3
10° N/m. The dots represent the band structure of the infinite chain, the solid circles give the
confined modes of the finite structure made of N = 4 tri-atoms, whereas the open circles show the
surface modes inside the band gaps. (b) Variation of the frequencies versus the number N of tri-
atoms. Solid and open circles are confined and surface modes respectively. (¢, d) The same as in
(a) and (b), but for a symmetric tri-atomic chain such that m; = mz = 2.09 g, m, = 4.08 g, and
B =63 x 10°N/m

This result clearly shows that surface modes fall at the edge of the band gaps if
the unit cell is symmetric.

Similarly to the case of a bi-atomic chain, (3.24) [respectively (3.25)] and (3.26)
can be restricted to the case m3 < m; (respectively m; < ms3). These results show
that localized surface modes appear only when the structure terminates with the
light atom at the surface.

Figure 3.4a shows the variation of the frequencies as function of kd,/m for a
tri-atomic chain such that m; = 2.09 g, my = 4.08 g, m3 = 6.07 g, and § = 6.3
10° N/m. The band structure of the infinite system is given by dots, whereas the
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confined modes of a finite structure made of N = 4 tri-atoms are shown by solid
circles and surface modes are sketched by open circles.

As predicted, because of three atoms constituting each cell, the band structure is
composed of three branches separated by two gaps. On can notice the formation of
N — 1 confined modes inside each band and one mode per gap induced by the weak
atom at the surface. These modes are independent of N as it is illustrated in
Fig. 3.4b).

Figure 3.4c, d give the same results as in Fig. 3.4a, b, respectively, but for
a symmetric tri-atomic chain, namely, m; = m3 = 2.09 g, my = 4.08 g, and f
= 6.310° N/m. Contrary to the previous case, the surface modes fall exactly at
the edges of the band gaps in accordance with the analytical results [(3.28)]. These
results are similar to those obtained recently for photonic crystals made of coaxial
cables [96].

3.3 Surface and Confined Modes in 1D Continuous Phononic
Crystals

3.3.1 Interface Response Theory of Continuous Media

In Chap. 2, Deymier and Dobrzynski exposed the interface response theory for 1D
discrete media, which allows calculating the Green’s function of any composite
material. In what follows, we present the basic concept and the fundamental
equations of this theory for continuous 1D media [87, 88]. Let us consider any
composite material contained in its space of definition D and formed out of N
different homogeneous pieces located in their domains D;. Each piece is bounded
by an interface M;, adjacent in general to j (1 < j < J) other pieces through
subinterfaces domains M;;. The ensemble of all these interface spaces M; will be
called the interface space M of the composite material. The elements of the Green’s
function g(DD) of any composite material can be obtained from [87, 88]

g(DD) = G(DD) — G(DM)G ™' (MM)G(MD)
+ G(DM)G ™ (MM)g(MM)G ™" (MM)G(MD), (3.29)

where G(DD) is the reference Green’s function formed out of truncated pieces in D;
of the bulk Green’s functions of the infinite continuous media and g(MM) the
interface element of the Green’s function of the composite system. The knowledge
of the inverse of g(MM) is sufficient to calculate the interface states of a composite
system through the relation [87, 88]

det[g™! (MM)] = 0 (3.30)
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Moreover, if U(D) represents an eigenvector of the reference system, (3.29)
enables the calculation of the eigenvectors u(D) of the composite material [87, 88]

u(D)=U(D)—-U(M)G™ " (MM)G(MD)+U(M)G ™" (MM)g(MM)G ' (MM)G(MD).
(3.31)

In (3.31), U(D), UM), and u(D) are row vectors. Equation (3.31) provides a
description of all the waves reflected and transmitted by the interfaces, as well as
the reflection and transmission coefficients of the composite system. In this case,
U(D) is a bulk wave launched in one homogeneous piece of the composite
material [6].

3.3.2 Inverse Surface Green Functions of the Elementary
Constituents

We consider an infinite homogeneous isotropic material i characterized by its
characteristic impedance Z; = p;v; where p; is the mass density, v, the longitudinal
velocity of sound. We limit ourselves to the simplest case of longitudinal vibrations
in isotropic crystals with (001) interfaces where the field displacement u(z) is along
the axis z (perpendicular to the layers). The corresponding bulk equation of motion
for medium i is given by

2
i), 2 (i) d _
<p<>w + Cyj dzz>u(z) =0, (3.32)

where p® and C <1'1) are, respectively, the mass density and the elastic constant and w
is the frequency of the vibrations.
Equation (3.32) can be written as

w(d
cl <dz2 - a,.)u(z) =0, (3.33)
where
® C(i)
% = =] v = Tl; and j=+v-1. (3.34)
i p!

The corresponding bulk Green’s function for medium i is given by the equation:

2
o(d _ n_
i <d22 fxi>Gi(zz) =d(z—7), (3.35)
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whose solution can be written as [6]
. A _j —a|z—7|
Gi(z,7') = 2—6 , (3.36)

Before addressing the problem of periodic lamellar structures, it is helpful to
know the surface elements of its elementary constituents, namely, the Green
function of a finite slab of length d; bounded by two free surfaces located at
z = —d;/2 and +d;/2. These surface elements can be written in the form of a
(2 x 2) matrix g(MM), within the interface space M; = {f%, %} The inverse
of this matrix takes the following form [6]

—CIJZI‘C,‘ G)Z,'

- Si Si
[g(MM)] " = oz, —onC | (3.37)

S; S;

where C; = cos(wd;/v;) and S; = sin(wd;/v;) in equation (3.37).
The inverse of the surface element of a semi-infinite substrate s characterized by
its impedance Z, and bounded by its surface z = 0 is given by [6]

8,(0, 0)] " = joZ,. (3.38)

3.3.3 Dispersion Relations of Finite and Semi-infinite Periodic
1D Structures

Consider an infinite superlattice made of a periodic repetition of a given 1D cell
(Fig. 3.5¢). The cell could be a multilayer structure, a multiwaveguide system, etc.
Using the Green’s function formalism, each cell is characterized by a2 x 2 matrix
constituted by the Green’s function elements on the surface bounding the cell
(Fig. 3.5a). The inverse of this matrix can be written explicitly as

o = (5 1) (.39)

c

where M = {0, 1} (see Fig. 3.5a). The four matrix elements are real quantities
functions of the different parameters of the constituents inside the unit cell. The
elements of a, b, and ¢ for a unit cell made of j layers can be obtained by a linear
juxtaposition of the 2 x 2 matrices of each layer 7 [(3.37)]. Then by inverting the
whole (j + 1) x (j + 1) matrix and keeping only the elements at the extremities of
this matrix, one obtains the 2 x 2 matrix of the unit cell, which we invert once
again to obtain (3.39). It is worth noting that in general a # c¢; however, if the cell
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Fig. 3.5 Schematic representation of (a) a finite cell bounded by the space of interfaces M = {0,
1}, the circle and the cross indicate the left and the right surfaces of the cell, respectively. (b) A
finite SL constituted of N cells. (¢) An infinite SL. (d) Two semi-infinite SLs obtained from the
cleavage of the infinite SL (c) between two cells. Notice the similarities between the surfaces
ending the two complementary SLs [(d)] and those corresponding to a finite SL [(a), (b)]

is symmetric then a = ¢. The eigenmodes of the elementary cell are given by
(3.30), namely

ac — b* = 0. (3.40)

Now, the Green’s function of the infinite SL made of a periodic repetition of a
given cell (Fig. 3.5¢c) is obtained by a linear juxtaposition of the 2 x 2 matrix
[Eq. (3.39)] in the interface domain of all the sites n. We obtain a tridiagonal matrix
where the diagonal and off-diagonal elements of this matrix are given, respectively,
by a + ¢ and b.

Taking advantage of the translational periodicity of this system along the z axis,
this matrix can be Fourier transformed as [6]

[g(k, MM)]™" = 2b[cos(kD) — ¢&] (3.41)

where k is the modulus of the one-dimensional reciprocal vector (Bloch wave
vector), D is the period of the SL, and n = —(a + ¢)/2b.

The dispersion relation of the infinite periodic SL (Fig. 3.5¢) is given by (3.30)
and (3.41), namely

cos(kD) = —(a + ¢)/2b. (3.42)
On the other hand, in the k space, the surface Green’s function is

1

st MM)) = 5 Dy~ d

(3.43)
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After inverse Fourier transformation, (3.43) gives

1 fn—n'l+1

= 44
b 2—1 (3-44)

g(n, n')

where n and n’ denote the positions of the different interfaces between the cells and
ikD
t=¢e".
Consider now a finite SL bounded by the two surfaces n =0 and n = N
(Fig. 3.5b). The 2 x 2 Green’s function matrix in the space of interface M’ = {0,
N} of the finite SL can be written as [6]

s 1 (a+2—N(a+br) —b¥ (t =1
g("““—x( b (=1 —a—bt+12N(a+?)>’ G4
where
b 2N
A_(a+bt)<a+7>(1—t ) (3.46)

The eigenmodes of the finite SL are given by the poles of the Green’s function,
namely A = 0, or equivalently

1 a a ONY _
<;+E)(z+g)(l—z )=o0. (3.47)

This expression shows that there are two types of eigenmodes in the finite
structure:

1. If the wave vector £ is imaginary (modulo 7) which corresponds to a forbidden
band (gap), then the eigenmodes are given by the two first terms of (3.47), namely

t=-7 (3.48)

and

t=—-, (3.49)

b
a
whereas the third term in (3.47) cannot vanish inside the gap since t should satisfy
the condition

It <1 (3.50)

to ensure the decaying of surface states from the surface.

In addition, we remark that if N — oo the term N vanishes and therefore the
two expressions [Egs. (3.48) and (3.49)] give the surface modes for two semi-
infinite SLs with complementary surfaces (Fig. 3.5d).
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Equations (3.48) and (3.49) can be written in a unique explicit form by replacing
them in (3.42) and factorizing by the factor %, one obtains

ac —b* =0. (3.51)

Therefore, the surface modes of one semi-infinite SL are given by (3.51)
together with the condition ’%| <1, whereas the surface modes of the complementary
SL are given by (3.51) but with the condition |§|<1. This result shows that if a
surface mode appears on the surface of one SL, it does not appear on the other
surface of the complementary SL. Moreover, (3.51) shows that the expression
giving the surface modes for two complementary SLs is exactly the same expres-
sion giving the eigenmodes of one cell [Eq. (3.40)]. In the particular case of a
symmetric cell (i.e., a = ¢), then (3.51) reduces to a = £b. This expression
corresponds to a band gap edge as cos(kD) = +1 [Eq. (3.42)].

In addition to these results, let us recall briefly another result concerning the
existence of surface modes associated to two semi-infinite SLs obtained by the
cleavage of an infinite SL, namely [14, 15] there exists as many surface modes as
minigaps. These modes are associated with either one or the other surface of the two
SLs. These results concern especially the transverse elastic waves in layered media
[14, 15] and electromagnetic waves in quasi-one-dimensional waveguides [98, 99].

2. If the wave vector k is real which corresponds to an allowed band, then the
eigenmodes of the finite SL are given by the third term in (3.47), namely

sin(NkD) = 0, (3.52)

which gives

w=""" m=1,2,... N—1, (3.53)
N
whereas the first and second terms in (3.47) cannot vanish in the bulk bands.
From the above results, one can deduce that a finite SL constituted of N cells
gives rise to N — 1 modes inside the bulk bands of the SL and one surface mode in
each gap of the SL that may be attributed to one of the two surfaces surrounding the
finite SL. The surface modes are independent of N and coincide with those of two
semi-infinite SLs obtained by the cleavage of an infinite SL between two cells. In
what follows, we shall give some numerical examples of these results in the case of
longitudinal acoustic wave propagation in layered media.

3.3.4 Transmission and Reflection Coefficients

We shall consider a finite multilayer system sandwiched between two different
homogeneous semi-infinite media having indexes s and s’, respectively. We have
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two interfaces bounding the multilayer system, we shall call them [/ (left) and r
(right) respectively. The inverse of the Green’s-function projected in the space of
the interfaces can be expressed as

ol = |85 D) = atjoz, &' (L, r)="b
S gs'(r, ) =b gs'(r, 1) =c+joZy

Let us then consider an incident wave in the semi-infinite medium s
u(z) = exp(—ioyz), (3.54)

where o, = w/v,. Following the expressions detailed in [100], it can be found that
the transmitted wave in medium s’ has the form

ur(z) = —2iosgg(l, r)exp(—ioyz), (3.55)
whereas the reflected wave has the form
ug(z) = —[1 + 2ia,gg(l, 1)]exp(ioz). (3.56)
It is then clear that (3.55) and (3.56) can be written as

ur(z) = Crexp(—ioyz),
ug(z) = Crexp(ioz), (3.57)

where Ct and Cy are the transmission and reflection amplitudes given by

Cr = —2inegg ' (1,r)det|gs],
Cr = —[1 + 2iog5" (1, D) det|gs] ] (3.58)

3.3.5 Numerical Results

3.3.5.1 Case of a Finite Periodic Structure Made of Asymmetric Cells

In what follows, we consider a finite periodic phononic crystal where each cell is
made of two layers characterized by lengths d, and dp, longitudinal wave velocities
v4 and vg and impedances Z, and Zp respectively. When applied to a SL made of a
periodic repetition of layers A and B, the general dispersion relation [Eq. (3.42)]
gives the well-known relation

COS(kD) = CyCp — O.S(ZA/ZB + ZB/ZA)SASB (3.59)
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where Cyp = cos(wds plvap), Sa = sin(wdap/vap), and D = dy + dp is the
period.

In the particular case where d/vs = dp/vg, one can show easily that the limits of
the first band gap lying at the Brillouin zone edge (i.e., kD = 7) are given by

Q. = Qo +sin ' (|Z4 — Zg|/(Za + Zp)) (3.60)

where Q = wd, p/va g is the reduced frequency and Qy = wdy p/vap = ©/2 is the
central gap frequency corresponding to quarter wavelength layers.

If the impedances Z, and Zp are very close, (3.60) shows that the band gap width
AQ = Q, — Q_ is proportional to the difference between impedances Z, and Zp.
However, if the mismatch between impedances is higher such that for example
Zs/Zg = 2, then (3.59) becomes

cos(kD) =1 — %sinQ(Q) (3.61)

The limits of the band gaps are given by the successive sequences kD = 0, 7, 7,
0,0, n, 7, 0 ... and therefore Q ~ 0, 0.39x, 0.61x, =, @, 1.397, 1.61x, 2=, . ...
These results show that the band gap structure is periodic every Q = . Therefore,
we limited ourselves to the reduced frequency region 0 < Q < 7. The width of
the successive bands is about 0.4m, the width of the gaps at the edge of the
Brillouin zone is about 0.27, whereas the width of the gaps at the center of the
Brillouin zone vanishes. These results are confirmed in Fig. 3.6 where we have
plotted the dispersion curves (frequency versus kD) for the periodic structure
depicted above.

Inside the first gap kD = m =+ jk, the dispersion relation [Eq. (3.61)] becomes

cosh(k/2) = sin(Q). (3.62)

3
2V2

Equation (3.62) gives the imaginary part x of the reduced wave vector kD inside
the gaps which is responsible for the attenuation of the modes that may lie inside
these gaps when a defect is inserted in the structure such as the surface[6]. From the
above results, one can deduce that the center of the first gap is given by Q = /2
and the value of « at this frequency is x ~ 0.69 [Eq. (3.62)][see the dashed curves in
Fig. 3.6].

As concerns the eigenmodes of a finite SL (illustrated in Fig. 3.6 for N = 4
cells), one can distinguish, as described in Sect. 3.3.3, the surface modes [Eq. (3.51)]
lying inside the forbidden bands and the bulk modes [Eq. (3.53)] lying inside the
allowed bands. The expression giving the surface modes [Eq. (3.51)] can be written
as [14, 15]

ZACaSp + ZpCpSa =0, (3.63)
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Fig. 3.6 Band structure of an T Q
infinite SL. Each cell is made
of two layers characterized by
lengths d, and dj,
longitudinal wave velocities
v4 and vg, and impedances Z,
and Zg, respectively. Solid
and open circles correspond
to the eigenmodes of a finite
structure made of N = 4 cells
with dA/dB = DA/UB and
ZplZg =2 0
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together with the condition [Eq. (3.50)]

<1 (3.64)

Z
Q@—;&&
A

when the structure is terminated by layer A, and

<1 (3.65)

Z
Q%—f&&
B

when the structure is terminated by layer B.
In the particular case considered here, C4, = Cp = cos(Q2) and S, = S = sin
(Q). Therefore, (3.63) becomes simply

sin(2Q) =0, ie.,Q=mn/2 (3.66)

where m is an integer. If m is even (i.e., Q = 0, 7, 27, .. .), then neither (3.64) nor
(3.65) are fulfilled since the left-hand term in these equations is unity. As mentioned
above, this situation corresponds to the center of the Brillouin zone (kD = 0) where
the band gaps close. However, if m is odd (i.e., Q = ©/2, 37/2, ...), then only
Eq. (3.64) is fulfilled since Zz < Z,, which means that all the surface modes appear
on the surface of the structure terminated by layer A and no surface modes appear
when the structure terminates with layer B. In Fig. 3.6 we have plotted by open
circles the surface mode lying in the first gap at Q = 7/2 as well as the frequencies
lying at the band gap edges (i.e., Q = 0, &, ...). Apart from these modes, there
exists N—1 = 3 modes in each band given by Eq. (3.53).

Figure 3.7 shows the variation of the eigenmodes of a finite SL as a function of the
number of cells N. For N = 1 (one cell), the eigenmodes are given by (3.66) and we
can distinguish the modes lying at the closing of the band gaps (i.e., Q@ = 0 and
Q = ) and the surface mode lying at the center of the band gap (i.e., Q = 7/2). When
N increases, the above modes remain constant, whereas there exist N—1 modes in
each band for every value of N in accordance with the analytical results in Sect. 3.3.3.
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An analysis of the local density of states (LDOS) (Fig. 3.8) shows that the
surface modes lying in the first gap at O = 7/2 exhibit a strong localization at the
surface with almost the same localization length as far as N exceeds 3. It is worth
noting that the LDOS reflects the behavior of the square modulus of the displace-
ment field inside the structure.

3.3.5.2 Case of a Finite Structure with Symmetric Cells

In what follows, we consider a finite periodic structure made of symmetric cells.
Each cell is composed of a layer of type B inserted between two layers of type A.
Therefore, each cell becomes equivalent to a A/B/A tri-layer. In this case, the
dispersion relation [Eq. (3.42)] becomes

cos(kD) = C%Cp — C2Ca — CuSaSp(Za/Zp + Z5/Z4), (3.67)

where D = 2d, + dg. In the particular case where ds/vs = dpfvg and Z,/Zp = 2,
the above equation becomes simply

cos(Q)

cos(kD) = (9cos*(Q) — 7). (3.68)

The band gap edges are given by cos(kD) = %1, namely, cos(Q) = £1, £1/3
and +2/3. Therefore (see Fig. 3.9),

Q =0,0.277,0.397,0.617,0.73x, =, . .. (3.69)

Inside the first two gaps, kD = © £ jk and kD = =£jk, respectively. Then the
attenuation coefficient x [Eq. (3.68)] satisfies the equation

cos(Q)

cosh(k) = (9cos*(Q) — 7). (3.70)
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Fig. 3.8 The local density of states (LDOS) [in arbitrary units] as a function of the space position
z for the mode lying at the central gap frequency Q = n/2 (Fig. 3.7) for N = 2 (a), 3 (b), 4 (c), 6
(d), and 10 (e). The finite SL is terminated by layers A and B at the left and the right of the
structure, respectively

Thus, one can deduce the reduced frequencies at the center of the first two gaps,
namely

_V1
-

as well as the corresponding values of x (x ~ 0.59, see the dashed curves in
Fig. 3.9).

cos(Q) ie, Q~033r, and Q~0.67n (3.71)
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Fig. 3.9 (a) Same as in Fig. 3.6 but here the cell is taken symmetrical, i.e., an A/B/A tri-layer.
(b) Variation of the eigenmodes of the finite SL as a function of the number of cells N. Open and
solid circles have the same meaning as in Fig. 3.7

The surface modes [Eq. (3.51)] for a tri-layer SL are given in general by [15]
Z Z
2C4S4Cp + Sp (Cf\ Ars —B> =0 (3.72)
7 Za

In the particular case considered here, C4, = Cp = cos(Q), Sy = S = sin(Q),
and Z,/Zg = 2. Thus, (3.72) becomes

sin(Q)(9 cos*(Q) — 1) =0, (3.73)
which leads to
sin(Q) =0, ie, Q=0,=n72nr. (3.74)
or
cos(Q) ==+1/3, ie., Q=0.39%, 0.6ln, 1.397, 1.61x, ... (3.75)

However, the two latter equations give cos(kD) = =1 [Eq. (3.68)]. Conse-
quently, as mentioned in Sect. 3.3.3, the finite periodic SL with symmetric cells
do not exhibit surface modes inside the band gaps, but leads only to a constant
frequency band edge modes. These results are similar to those found by Ren [94] for
transverse waves in finite one-dimensional systems using another method of calcu-
lation. Of course, in addition to the band edge modes, one can expect N—1 modes in
each band given by Eq. (3.53).

Figure 3.9a, b resume the numerical results corresponding to the analytical
results detailed above. Among the different modes, one can distinguish the band-
edge modes plotted by open circles, these modes fall at a constant frequency
independent of the number of cells N (see Fig. 3.9b) and the bulk band modes
(N—1 = 3) lying inside each allowed band (solid circles).
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3.4 Light Scattering by Longitudinal Acoustic Phonons

In this section, we shall give some experimental results related to the determination
of bulk and surface modes in finite superlattices. In particular, we shall concentrate
essentially on experimental measurements based on light scattering by longitudinal
acoustic phonons.

The principle of this scattering can be summarized as follows: the propagation of
an acoustic wave in the superlattice excites periodic variations of strain which in
turn induce a modulation of the dielectric tensor €;; from the photo-elastic coupling
to elastic fluctuations,

Ou, Ou
Sty = £t ZP,,H ( 8x/; + 8}(;) (3.76)

Py are the elements of the photoelastic tensor and can be considered as
functions of z. The coupling of incident light to phonons gives rise to a polarization
in the superlattice which creates a scattered field. We are interested in pure
longitudinal phonons along the axis z of a multilayer structure composed of cubic
materials with (001) interfaces. In this case, we can assume that all the electromag-
netic fields (incident, scattered, and polarization waves) are polarized parallel to the
x axis and propagates along z. Then each medium o in the structure can be
characterized by an elastic constant C, (which means Cy;), the mass density p,,
the dielectric constant &, = ni (where n is the index of refraction in the medium o),
and one photoelastic constant p, = —&2P% ;5.

Equation (3.76) becomes for each medium o

Ouy(2)
0z

5, = p, (377

The calculation of the emitted electric field Ey(z,f) when the superlattice is
submitted to an incident electromagnetic field can be done following the Green’s
function method [101, 102]

w? Ouy, (7
Ey(z, t) = —806’2 Z/pa G(z,7) MaZ(IZ)E?(z/,t) d7. (3.78)

Here w; is the angular frequency of the incident wave, g, and ¢ are the permit-
tivity and the speed of light in vacuum, respectively, E2(Z, ) is the electric field in
the SL, and G(z, ) is the Green’s function associated with the propagation of an
electromagnetic field along z in the vacuum/superlattice system in the absence of
acoustic deformation.

In the particular case where the dielectric modulation of the multilayer structure
can be neglected (which happens when the layers are thin as compared to the optical
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wavelengths), the system can be considered as an homogeneous effective medium
from the optical point of view, then E?(z') = E? e is a plane wave (instead of
being a Bloch wave) and G(z,z') oc e%(~%)_ k; and k, are the wave vectors of the
incident and scattered waves. Therefore, (3.78) becomes

w? iz Ot (2')
Ey(z) _goéz Z / pae =2 d (3.79)
where
q = ki — k5 = 2k1 = 47Tneff/;L (380)

is the wave vector of the phonon in the backscattering geometry and neg is the
effective index of refraction of the effective medium.

A great deal of work has been devoted to light scattering from acoustic phonons
in multilayered structures, since the first observation of folded longitudinal-acoustic
modes by Colvard et al. [S]. Several experimental studies have been reported on
GaAs-Ga, Al_, As and Si-Ge, Si;_, systems. As mentioned before, in an ideal
periodic structure (superlattice) consisting of an infinite sequence of building
blocks AB made of different semiconductors A and B, the branches of the
acoustic-phonon dispersion are back-folded inside the Brillouin zone due to the
periodicity of the system. In the Raman process involving longitudinal acoustic
phonons in backscattering geometry along the growth direction (z), crystal momen-
tum is conserved, i.e., the wave vector transfer to the phonon corresponds to the
sum of the magnitudes of the wave vectors of incident and scattered photons k; and
ks, respectively. Characteristic doublets are observed in the spectrum which reflects
the folding of the superlattice dispersion curves in the first Brillouin zone. Crystal
momentum conservation at the doublet frequencies implies that all partial waves
are coherently scattered, i.e., all layers of the superlattice contribute constructively
to the total intensity. Therefore, the doublets are very sharp and pronounced.

In a real superlattice, the coherence of the scattering contributions from the
individual layers is partly removed due to interface roughness and layer thickness
fluctuations, finite-size effect of the superlattice as well as the effect of different
defects that may be introduced inside these systems such as surfaces, interfaces, and
defect layers (cavities, buffers, etc.).

In view of the relatively small thicknesses of the layers in the superlattice, the
acoustic phonon Raman scattering can be obtained from (3.79) as

2

I(w) Z/pa eiqf’abg—z(f)dz’ (3.81)

Here we assume that the light propagates like in a homogeneous medium and u
(z) is the normalized lattice displacement. Figure 3.10a gives the experimental
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Fig. 3.10 (a) Room-temperature acoustic phonon Raman spectra in the Si/Sigs, Gegas
superlattice, excited with the five studied laser lines (After [53]). (b) Calculated dispersion curves
of the infinite SL (solid lines). The filled circles are obtained from the doublets of the theoretical
spectra sketched in (¢) using our theoretical model. (d) Variation of the intensities of the six first
folded branches as functions of the diffusion wave vector D (¢D/n)

results of Raman intensity obtained by Zhang et al. [52, 53] for a superlattice
composed of 15 periods of 20.5 nm of Si and 4.9 nm of Siy s, Geg4g epitaxially
grown on a [101] oriented Si substrate. The different curves in Fig. 3.10a corre-
spond to different laser wavelengths (i.e., different phonon wave-vectors). By
reporting the frequency positions of the doublets within the band gap structure
(Fig. 3.10b), good agreement between the dispersion curves of the infinite
superlattice (full curves) and the experimental results (dots) has been obtained.
These results enable one to deduce a precise measurement of the width of the first
three gaps. Besides the description of the band gap structure, the Raman spectra
show also small features (indicated by small vertical arrows in Fig. 3.10a) which are
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interpreted as confined modes (discrete modes) due to the finite-size structure of
the superlattice. By using our theoretical model [El Boudouti et al. (unpublished)],
we have reproduced theoretically in Fig. 3.10c the different Raman spectra of
Fig. 3.10a and the agreement between theoretical and experimental results is
quite good. In Fig. 3.10d we have calculated the intensity variation of different
phonon branches labeled 1-6 in Fig. 3.10b within the reduced Brillouin zone. The
intensities show drastic variations, especially for g close to the Brillouin zone
edges. The Brillouin line (branch labeled 1) is the most intense mode for a large
range of ¢ values except near the zone boundary. These behaviors are similar to
the theoretical predictions obtained by He et al. [103] on GaAs-Ga, Al,_, As
superlattices.

Besides the doublets associated to folded longitudinal acoustic phonons, Lemos
et al. [104] have shown the existence of additional modes between the doublets
which are induced by a cap layer deposited at the surface of the superlattice. These
modes fall inside the gap located at ~ 15 cm™'. The superlattice is composed of 20
periods of 21.5 nm of Si and 5.0 nm of Ge( 44Si 5¢ terminated by a cap layer made
of Geg44Sips6 With a thickness d. = 1.5 nm. The top and bottom curves in
Fig. 3.11a are drawn for two different wavelengths 514.5 nm and 496.5 nm,
respectively. By using our theoretical model [El Boudouti et al. (unpublished)],
we have reproduced correctly (Fig. 3.11b) the main features of these results, except
that the intensity of the gap-mode greatly exceeds the observed value. To confirm
that the gap mode is induced by the cap layer, we have calculated the local DOS as a
function of the space position for the mode lying at ~15 cm™". The spatial localiza-
tion of this mode (see Fig. 3.11c) shows clearly that it is localized in the cap layer
and decreases inside the SL.

3.5 Transmission Enhancement Assisted by Surface Resonance

The possibility of the enhanced transmission from a semi-infinite solid to a semi-
infinite fluid, in spite of a large mismatch of their acoustic impedances, has been
shown theoretically and experimentally [68—70]. The transmission occurs through
the surface resonances induced by a 1D solid—solid-layered structure inserted
between these two media. These resonances are attributed to the SL/fluid interface
[69] and coincide with the surface modes of the semi-infinite SL terminated with
the layer having the lower acoustic impedance [31]. Recently [105], the possibility
of the so-called extraordinary acoustic transmission assisted by surface resonances
between two fluids has been shown. The structure consists in separating the two
fluids by a rigid film flanked on both sides by finite arrays of grooves. The
transmission followed by a strong collimation of sound arises through a single
hole perforated in the film.

By analogy with the previous works on this subject [69], we show the possibility
of enhanced transmission between two fluids by inserting a solid—fluid-layered
material between these two fluids. Besides the possibility of selective transmission,
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Fig. 3.11 (a) Raman spectra of a SL composed of 20 periods of 21.5 nm of Si and 5.0 nm of
Ge.4451¢ 56 terminated by a cap layer made of Ge 44Sig 56 With a thickness d. = 1.5 nm. The top
and bottom curves are drawn for two different wavelengths 514.5 nm and 496.5 nm, respectively
(After [104]). (b) Theoretical results obtained from our theoretical model. (¢) LDOS as function of
the space position z for the surface mode located at ~15 cm™!

this structure enables from a practical point of view to separate the two fluids which
are in general miscible. We give a simple analytical expression of the effective
acoustic impedance of the finite SL that enables to deduce easily the optimal value
N of layers in the SL to reach total transmission. In addition to the amplitude
analysis, we study also the behavior of the phase time around the surface resonances
as a function of N.
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As in the previous work [69], we consider a structure formed by a finite
solid—fluid SL composed of N solid layers of impedance Z, separated by N-I1
fluid layers of impedance Z; and inserted between two fluids of impedances Z,
and Zy,. In the particular case of normal incidence (k; = 0) and assuming quarter
wavelength layers, i.e., Pd; = df =Z_ the inverse of the Green’s function of the
finite SL with free surfaces becomes [95]

N
Zs
0 z(%)

N
7%(%) 0

which is equivalent to the inverse Green’s function of a quarter wavelength layer

gMM)™ = (3.82)

N
with an effective acoustic impedance Z, = Z; <§—) . Then we can use the well-
known relation [106] that enables to use an intermediate layer to form an
antireflection coating between two different semi-infinite media, namely, Z¢ Zg

= Z2. Then we get easily
ZnZp
()
N=-— "7 (3.83)

This relation requires a suitable choice of the materials in order to get a positive
value of N greater than unity. In particular, the solid and fluid media constituting the
SL should have close impedances.

An example is illustrated in Fig. 3.12 for a SL composed of Al and Hg and
sandwiched between water (incident medium) and Hg (detector medium). The elastic
parameters of the materials are glven in Table 3.1. The thicknesses of the layers in the
SL are chosen such that fff = f One can see clearly that selective transmission
occurs around the reduced frequency Qy = ‘”‘Ij wdf = (2n+1)5 for a number of
cells such that N = 11 according to (3.83). Far from N = 11, the transmission
decreases significantly as it is illustrated in the inset of Fig. 3.12. As a matter of
comparison, we have also sketched by horizontal line the transmission rate between
water and Hg in the absence of the finite SL. The resonances in Fig. 3.12 are of Breit-
Wigner type [69] with a lorentzian shape because of the absence of transmission
zeros at normal incidence. Zhao et al. [70] have attributed the resonances lying in the
middle of the gaps of the SL to the interference effect of acoustic waves reflected
from all periodically aligned interfaces. This explanation is of course correct but a
physical interpretation is still needed. We show that the resonances are actually
surface resonances induced by the interface between the SL and water. Indeed, the
dispersion relation giving the surface modes of a SL ended with a solid layer in
contact with vacuum are given by (see Sect. 3.3.5.1 and Fig. 3.7)

O = wd CUdf

=(2n+1) (3.84)

N

U1 Ut
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Fig. 3.12 Transmission rate for a finite SL composed of N = 11 layers of Al separated by N —
1 = 10 layers of Hg. The structure is inserted between water (incident medium) and Hg (detector
medium). The inset shows the variation of the maxima of the transmission as a function of the

number of unit cells N for the mode situated at U“(’ki) = 3. The straight horizontal line correspond
1

to the transmission rate between water and Hg (i.e., without the finite SL)

Table 3.1 Elastic parameters of aluminum, glass, water, and mercury

Materials ~ Mass density p(kg/m’) Longitudinal velocity (m/s) Wave impedance Z (kg/m’s)

Aluminum  2.716 x 10° 6.17 x 10° 16.758 x 10°
Glass 2427 x 10° 5.40 x 10° 13.106 x 10°
Water 1.00 x 10° 1.479 x 10° 1.479 x 10°
Mercury  13.500 x 10 1.450 x 10° 19.575 x 10°

In addition to (3.84), the supplementary condition (3.64) that ensures the
decaying of surface modes from the surface becomes

Z,<Z; (3.85)

This condition is fulfilled in the case of a SL made of Al-Hg. Now, when the Al
layer of the SL is in contact with water (instead of vacuum), this latter medium does
not affect considerably the position of the surface resonances as the impedance of
water is much smaller than Al. In order to confirm the above analysis, we have also
sketched the local density of states (LDOS) as a function of the space position z
(Fig. 3.13) for the mode lying at Q¢ = m/2. This figure clearly shows that this
resonance is localized at the surface of the SL and decreases inside its bulk. Let us
notice that the LDOS reflects the square modulus of the displacement field. There-
fore, these results show without ambiguity that the transmission is enhanced by
surface resonances.

Besides the amplitude of the transmission, we have also analyzed the behavior of
the phase time (Fig. 3.14). One can notice a strong delay time at the frequencies
corresponding to surface resonances, reflecting the time spent by the phonon at the
SL/water interface before its transmission. Contrary to the amplitude (see the inset
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of Fig. 3.12), the phase time at the surface resonance goes asymptotically to a
limiting value (~110) (in units of dy/v;(Al)) when N increases. This result known
as the Hartman effect [107] arises for classical waves tunneling through a barrier
where the phase time saturates to a constant value for a sufficiently barrier’s
thickness. This phenomenon has been observed experimentally [108] and explained
theoretically [109-111] in 1D photonic crystals. For a frequency lying in the
allowed bands, the phase time (not shown here) increases linearly as a function of N.

The above results can be explained in terms of the DOS. Indeed, due to the
similarity between the DOS and the phase time (for more details, see [100]),
Fig. 3.14 reflects also the DOS where the different resonant modes are enlarged
because of their interaction with the bulk waves of the surrounding media. When N
increases, the number of oscillations in the bulk bands (which is related to the
number of cells in the system) and the corresponding DOS increase. However, the
behavior is different for the peak associated to the surface resonance. Indeed, for
low values of N, the localization of this mode increases as a function of N because
the mode interacts less with the second substrate. So, its width decreases and its
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maximum increases to ensure an area equal to unity under the resonance peak.
However, the peak width cannot decrease indefinitely and reaches a threshold
because of its interaction with the first substrate. Therefore, the DOS (or the
phase time) saturates to a constant value. We have also examined the group velocity
ve which is inversely proportional to the phase time. We have found that v,
oscillates around the mean velocity v, = D(d/vs + dy/v)™ inside the bands,
whereas this quantity is strongly reduced around the surface resonance. Therefore,
such structures can be used as a tool to reduce the speed of wave propagation.

As a matter of completeness we have also checked two other cases: (1) the case
where there is no surface resonance in the gap of the SL. This can be obtained by
using Hg on both sides of the structure. In this case, even if (3.84) and (3.85) are
satisfied, (3.83) gives inacceptable value of N (N < 0). In spite of the absence of
surface resonances, the phase time saturates to a constant value (~17) (in units of
dy/v,(Al)) at the mid-gap frequencies, because of the Hartman effect [107, 109]. This
value is much smaller than in the presence of a surface resonance. (2) The case
where there is two surface resonances in the gap of the SL. This can be obtained by
using water on both sides of the structure. In this case, (3.84) and (3.85) are satisfied
and (3.83) gives N ~ 22. Because of the existence of two symmetrical surfaces that
can support surface modes, one obtains a large surface resonance at Qg = 7/2, 371/2,
... for N = 22. For smaller values of N, this resonance splits into two distinguished
resonances around ), because of the interaction between the two surfaces. A total
transmission is still obtained at each resonance. On the contrary, for higher values of
N (N > 22), there is a single peak in the transmission because the two surface
resonances become decoupled, although being enlarged due to their interaction with
the substrates. In this case, the transmission peak decreases as far as N increases.

A recent experiment has been realized by Zhao et al. [70] on a layered structure
that consists of an alternative stacking of aluminum and glass planar sheets, which
have the same dimensions: 12 x 12 c¢m section and 3 cm thickness. The experi-
mental setup is based on the ultrasonic transmission technique. Figure 3.15a gives a
schematic diagram of the sample and the experimental setup, showing that the
emitter contact transducer is coupled to substrate using a coupling gel and the last
layer is immersed in water. The receiver transducer is placed at a distance away
from the interface of the last layer B and water. A pulse generator produces a short
duration pulse. The pulses transmitted through the sample were detected by an
immersion transducer, which has a central frequency of 0.5 MHz and a diameter of
12.5 mm. Because of the limit of central frequency of the transducers, only the first
peculiar transmission peak was studied [70].

Figure 3.15b—d give the transmission coefficient versus the frequency for differ-
ent structures as depicted in the insets where materials A, B, and C denote
aluminum, glass, and water, respectively. The elastic parameters of these materials
are given in Table 3.1. The layers in the SL are chosen such that wd/vy = wdp/vg
= 7/2 (i.e., quarter wavelength layers). In the case where the SL starts with layer A
and terminates with layer B, Fig. 3.15b shows a peculiar peak in the first gap around
f = 0.5 MHz for a finite SL composed of N ~ 4 periods. An analytical expression
giving the number of bi-layers necessary to attain the transmission unity has been
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Fig. 3.15 (a) Configuration of a finite SL and the liquid detector. The free surface of the sample is
immersed in liquid. Two kinds of solid layers (A and B) are alternately stacked in the sample.
(b), (¢), (d) Transmission rate of acoustic waves in water (medium C) for three different samples as
described in the insets. Dashed and solid curves represent theoretical and experimental results
respectively. (After [70])

derived and shown to be N :% % (i.e., N >~ 4 in the present case). The
experimental measurements (solid curves) agree well with the theoretical results
(dashed curves). Inside the bands, the transmission coefficient oscillates around the
transmission value 7 ~ 0.36 when the wave is transmitted directly from the
substrate B (i.e., glass) to water without the presence of the finite SL.

In addition to the expression giving the optimized value of N to get the total
transmission, the authors have attributed this enhancement to interference of
the acoustic waves reflected from all the interfaces. Whereas Mizuno [69] has
associated these peculiar transmission phenomenon to surface (or interface)
waves that can exist between the last layer and the receiver medium (i.e., water).
In addition to this structure (considered as the reference system), Zhao et al. [70]
have studied also experimentally two other structures: the first one consists on a SL
ending by layer A layer (i.e., Al) on both sides (Fig. 15¢) and the second structure



78 E.H. EI Boudouti and B. Djafari-Rouhani

consists of a SL starting with A layer and ending with two layers A (i.e., layer A
with thickness 2 d,) (Fig. 15d). Figure 3.15¢ did not show any selective transmission
around 0.5 MHz, whereas Fig. 15d exhibits the reappearance of the transmission
mode. The authors have explained in terms of interference phenomenon between
the different materials how the selective transmission can appear and disappear
depending on the nature of the layer in contact with the last substrate (i.e., water).

In order to give another insight and explanation to these results, we have taken
the same structure as in Fig. 15a (i.e., composed of N periods A-B, but ended with a
cap layer (e.g., D) in contact with the substrate C as follows: BIA/B/A/B/A/B/..../[A/B/
A/B/D/C. We suppose that A and B are quarter wavelength layers (as in Zhao’s
work), whereas the cap layer D can take any thickness dp, velocity vp, density pp,
and impedance Zp. One can show that the transmission coefficient reaches unity in
three situations, namely [95]

i 1 In(Zg/Zc)
= Zec =27
i N 2 InZn/Z8) and Zc =Zp
In(Z3)Z5Z
() N = 1 M and cos(wdp/vp) =0

2 ZH(ZA/ZB)
| In(Zy)Z
(iif) N:E% and  sin(odp/vp) = 0 (3.86)

These three conditions can explain easily the three spectra in Fig. 3.15. One can
see that Fig. 15b corresponds to the first situation (i) and gives N ~ 4 as in Zhao’s
work [70]. Figure 3.15c¢ corresponds to the second situation (ii) where the cap layer
D = A; in this case one can check easily that N becomes negative which means that
this condition cannot be fulfilled and therefore the transmission cannot reach unity
around f ~ 0.5 MHz. Figure 3.15d corresponds to the third situation (iii) where the
cap layer D = 2A (i.e., the double layer dp = 2d,). In this case, D becomes a half
wavelength layer (i.e., sin(wdp/vp) = 0 or wdp/vp = mm) and N ~ 4.

It is worth mentioning that Zhao et al. [70] have also studied theoretically the
situation where the receiver substrate presents a high impedance like tungsten for
example. In this case, it was found that contrary to the situation where the system is
in contact with water, the selective transmission arises when the SL terminates with
A layer (i.e., aluminum) or B layer (i.e., glass) but with double thickness. The
optimized number of periods to reach the maximum transmission when wd,/v, #
wdp/vg has been also examined numerically.

3.6 Omnidirectional Reflection and Selective Transmission

3.6.1 Case of Solid-Solid-Layered Media

In the field of photonic band gap materials, it has been argued during the last years
[112—114] that one-dimensional structures such as superlattices can also exhibit the
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property of omnidirectional reflection, i.e., the existence of a transmission band gap
for any incident wave independent of the incidence angle and polarization. How-
ever, because the photonic band structure of a superlattice does not display any
absolute band gap (i.e., a gap for any value of the wave vector), the property of
omnidirectional reflection holds in general when the incident light is launched from
vacuum, or from a medium with relatively low index of refraction (or high velocity
of light). To overcome this difficulty, when the incident light is generated in a high
refraction index medium, a solution [115] that consists to associate with the
superlattice a cladding layer with a low index of refraction has been proposed.
This layer acts like a barrier for the propagation of light.

The object of this section is to examine the possibility of realizing one-
dimensional structures that exhibit the property of omnidirectional reflection for
acoustic waves. In the frequency range of the omnidirectional reflection, the
structure will behave analogously to the case of 2D and 3D phononic crystals,
i.e., it reflects any acoustic wave independent of its polarization and incidence
angle. We shall show that a simple superlattice can fulfill this property, provided the
substrate from which the incident waves are launched is made of a material with
relatively high acoustic velocities of sound. However, the substrate may have
relatively low acoustic velocities, according to the large varieties in the elastic
properties of materials. Then, we propose two alternative solutions to overcome the
difficulty related to the choice of the substrate, in order to obtain a frequency
domain in which the transmission of sound waves is inhibited even for a substrate
with low velocities of sound. As mentioned in the case of photonic band gap
materials, one solution would be to associate the superlattice with a cladding
layer having high velocities of sound in order to create a barrier for the propagation
of acoustic waves. Another solution will consist of associating two superlattices
chosen appropriately in such a way that the superposition of their band structures
displays a complete acoustic band gap [56, 57].

First, we emphasize that a single superlattice can display an omnidirectional
reflection band, provided the substrate is made of a material with relatively high
velocities of sound. The expressions of the transmission and reflection coefficients
and densities of states are cumbersome. We shall avoid the details of these cal-
culations which are given in [67].

Let us first examine the so-called projected band structure of a superlattice, i.e.,
the frequency w versus the wave vector k; (parallel to the layers). Figure 3.16
displays the phononic band structure of an infinite superlattice composed of Al
and W materials with thicknesses d; and d,, such as d; = d, = 0.5D, D being the
period of the superlattice. We have used a dimensionless frequency Q = wD/
C(Al), where C,(Al) is the transverse velocity of sound in Al (the elastic parameters
of the materials are listed in Table 3.2). The left and right panels, respectively, give
the band structure for transverse and sagittal acoustic waves. For every value of k,
the shaded and white areas in the projected band structure, respectively, correspond
to the minibands and to the minigaps of the superlattice, where the propagation of
acoustic waves is allowed or forbidden. Due to the large contrast between the elastic
parameters of Al and W, the minigaps of the superlattice are rather large in contrast
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Fig. 3.16 Projected band structure of sagittal (right panel) and transverse (left panel) elastic
waves in a W/AL superlattice. The reduced frequency Q = wD/C(Al) is presented as a function of
the reduced wave vector k,D. The shaded and white areas, respectively, correspond to the
minibands and minigaps of the superlattice. The heavy and thin straight lines correspond,
respectively, to sound velocities equal to transverse and longitudinal velocities of sound in epoxy

Table 3.2 Elast.ic parame.ters Materials Mass density (kg m™) C; (m/s) Cy(m/s)
of the materials involved in

the calculations w 19,300 2,360 5,231
Al 2,700 3,110 6,422
Si 2,330 5,845 8,440
Epoxy 1,200 1,160 2,830
Pb 10,760 850 1,960
Nylon 1,110 1,100 2,600
Plexiglas 1,200 1,380 2,700
Water 1,000 - 1,490

to the case of other systems such as GaAs-AlAs superlattices. Nevertheless, it can
be easily noticed that the band structure shown in Fig. 3.16 does not display any
absolute gap, this means a gap existing for every value of the wave vector k.
However, the superlattice can display an omnidirectional reflection band in the
frequency range of the minigap (2.952 < Q < 4.585) if the velocities of sound in
the substrate are high enough. More precisely, let us assume that the transverse
velocity of sound in the substrate C,(s) is greater than 5,543 m/s, (the heavy line
in Fig. 3.16 indicates the sound line with the velocity 5,543 m/s). For any wave
launched from this substrate, the frequency will be situated above the sound line
w = C(s)k, i.e., above the heavy line in Fig. 3.16. When the frequency falls in the
range 2.952 < Q < 4.585 (corresponding to the minigap of the superlattice at
k; = 0), the wave cannot propagate inside the superlattice and will be reflected
back. Thus, the frequency range 2.952 < Q < 4.585 corresponds to an omnidirec-
tional reflection band for the chosen substrate. Generally speaking, the above
condition expresses that the cone defined by the transverse velocity of sound in



3 One-Dimensional Phononic Crystals 81

the substrate contains a minigap of the superlattice. With the Al/W superlattice, this
condition is, for instance, fulfilled if the substrate is made of Si [55-57]. Of course,
in practice, due to the finiteness of the omnidirectional mirror, one can only impose
that the transmittance remains below a given threshold (for instance, 107 or 107%).
A recent experiment [58] has been performed by Manzanares-Martinez on
Pb/Epoxy SLs to show the occurrence of such omnidirectional band gaps.

There exist different ways to realize selective transmission through layered
solid—solid structures. One way consists to insert a defect layer (cavity) within
the structure. The filtering is carried out through the resonant modes of the cavity.
An example is shown in Fig. 3.17a for a SL composed of five layers of Al and four
layers of W. The cavity is made of epoxy and inserted in the middle of the AI-W SL.
The whole system is embedded between two Si substrates.

Figure 3.17a gives the dispersion curves associated to defect modes in the first
gap of the SL. Because of the low velocities of sound in epoxy as compared to Si,
the defect branch is almost flat and falls around Q ~ 3.48, which means that the
transmission filtering arises around almost the same frequency for all incident
angles and polarizations of the waves. Figure 3.17b shows the evolution of the
maximum of the transmission coefficient as function of the incident angle along the
defect branch. Depending on the polarization of the incident wave, one can have
two possibilities (1) the incident wave with shear-horizontal polarization is
completely transmitted (straight horizontal line), (2) an incident wave with shear-
vertical polarization gives rise to two transmitted waves, one longitudinal (dashed
dotted curve) and the other shear-vertical (dashed curve). The two latter curves
present a noticeable variation for the incident angles 0° < 0 < 45° with an impor-
tant conversion of modes from transverse-vertical to longitudinal around 6 ~ 19°.
For 45° < 6 < 90° (i.e., C((Si) < C < C|(Si)), the longitudinal component of the
transmitted wave vanishes, whereas the transverse component continues to exist.
The number of defect branches inside the omnidirectional gap depends on the size
of the defect layer, this number increases as function of the thickness of the defect
layer. Let us mention that the existence and the behavior of localized sagittal modes
induced by defect layers within SLs have been the subject of recent studies
[116,117]. Resonances and mode conversions of phonons scattered by SLs with
and without inhomogeneities have been discussed [117-119]. In addition, group
velocities in the infinite and finite SLs have been calculated [120, 121]. In a
frequency gap, their magnitude in the finite SL. becomes much larger than that in
the band region, and increases as the periodicity N increases [121]. This N depen-
dence is qualitatively different depending on whether the gap in the corresponding
infinite SL is due to the intramode or intermode Bragg reflection. The frequency
gaps associated with intramode and intermode reflections lay, respectively, at the
edges and within the Brillouin zone. The latter modes are strongly related to the
conversion mode effect.

Some years ago, Manzanares-Martinez et al. [58] have demonstrated experimen-
tally and theoretically the occurrence of omnidirectional reflection in a finite SL
made of a few periods of Pb/epoxy and sandwiched between substrates made of
Nylon. The parameters of the materials are given in Table 3.2. The thicknesses of
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Fig. 3.17 (a) Band gap structure of transverse and sagittal modes as described in Fig. 3.16. The
bold line inside the omnidirectional gap represents the defect branch induced by a cavity layer
made of epoxy inserted in the middle of the finite Al/W SL embedded between two Si substrates.
The thick (thin) straight and dashed lines gives respectively the transverse and longitudinal
velocities of sound in Si (epoxy). (b) Amplitudes of the transmitted waves along the defect branch
in (a) as a function of the incident angle 6. The horizontal line with total transmission corresponds
to shear-horizontal wave, whereas dashed and dashed-dotted curves correspond to shear-vertical
and longitudinal transmitted waves respectively

the layers were chosen so that the structure has its omnidirectional gap in the
working frequencies of the transducers. They took layers of the same thickness
1 mm so as to generate a gap centered at around 300 kHz.

Figure 3.18a displays the band gap structure for transverse and sagittal acoustic
waves. An omnidirectional gap is predicted in the frequency region 273 kHz < f
< 371 kHz, which corresponds to the normal incidence band edges of the sagittal
modes. However, it is worth noting that the proposed structure does not have the
property of omnidirectional reflection for transverse waves for which the velocity is
about half of the longitudinal waves. The transmission measurements (Fig. 3.18b)
have been performed for longitudinal incident waves and the waves detected after
travelling the system, consist of the projection in the radial direction of the
transmitted waves (longitudinal and transverse). Figure 3.18b shows the transmis-
sion amplitude measured at different angles of incidence for the samples analyzed.
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Fig. 3.18 (a) Projected band structure of sagittal and transverse elastic waves in a Pb/epoxy
superlattice with layer thickness d; = d, = 1 mm. The frequencies (in kHz) are represented as
function of the reduced parallel wave vector k,D. The horizontal dashed lines delimit the
frequencies where no transmission occurs at every angle, i.e., the band of omnidirectional
reflection. (b) Experimental transmission spectra obtained for the three samples described in the
text. The gray areas define the gaps calculated for each angle of incidence 6;, and the vertical
dashed lines describe the commune omnidirectional gap (After 58)

One can notice that the transmission is almost negligible in the regions where a gap
(shadowed regions) is predicted by the band structure. The commune gap region
indicated by vertical dashed lines has been found in very good agreement with the
theoretical predictions.

3.6.2 Case of Solid-Fluid-Layered Media

Figure 3.19 gives the dispersion curves (gray areas) for an infinite SL made of
Plexiglas and water layers. The gray areas represent the bulk bands. The dashed
straight lines represent the transverse and longitudinal velocities of sound in
Plexiglas, whereas the dashed dotted line gives the longitudinal velocity of sound
in water. The thin solid and dotted curves represent the dispersion curves obtained
from the reflection zeros (total transmission) for a finite SL composed of N = 5
Plexiglas layers inserted in water. The open circles curves show the positions of the
transmission zeros (total reflection). One can notice a shrinking of the N — 1
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Fig. 3.19 Dispersion curves
for a SL made of Plexiglas
and water layers. The curves
give Q = wD/Vipiexiglas) aS @
function of k,D. The widths
of fluid and solid layers are
supposed equal:

dy = dy = D/2. The gray
areas represent the bulk
bands for an infinite SL. The
thin solid lines and dotted
curves show the positions of
the reflection zeros (total
transmission). Whereas the
open circles give the positions
of the transmission zeros
(total reflection). The dashed
straight lines represent the
transverse and longitudinal
velocities of sound in
Plexiglas. The dashed-dotted
line represents the
longitudinal velocity of sound
in water

oD/v (Plexiglas)

branches when they intercept the transmission zero branch around (Q = 4.07,
kyD = 2.3) and (Q = 7.64, kD = 3.8). This phenomenon reproduces for other
values of the couple (€, k;D) not shown here. This property of the shrinking of the
modes is a characteristic of solid-fluid SLs and is without analogue in their
counterpart solid—solid SLs (see Fig. 3.16). It is worth noting that the transmission
zeros occur only for incidence angles 6 such that 0° < 0 < 0, where 0., is a
critical angle depending on the velocities of sound in solid and fluid layers (see [95]
for more details). In the example considered here 0., = 39°.

Figure 3.20 gives the variation of the transmission rates T (Fig. 3.20a—c, e—g and
i—k) as a function of the reduced frequency € for a finite SL composed of N = 1,
2 and 5 Plexiglas layers immersed in water. The left, middle and right panels
correspond to incident angles: 6 = 0°, 25° and 40° respectively. At the bottom of
these panels we plotted the corresponding dispersion curves (i.e., Q versus the
Bloch wave vector k3) (Fig. 3.20d, h and 1). As predicted above, for § = 0° (left
panel) and 0 > 0., (right panel), the transmission exhibits dips at some frequency
regions which transform into gaps as far as N increases. These gaps are due to the
periodicity of the system (Bragg gaps) and coincide with the band gap structure
of the infinite SL. shown in Fig. 3.20d and 1. For an incident angle 0° < 0 < 0,
(middle panel), one can notice the existence of a transmission zero around Q = 7.64
(Fig. 3.20e) which is due to the insertion of one Plexiglas layer (N = 1) in water.
This transmission zero transforms to a large gap when N increases. Besides this gap
there exists a dip around Q = 5 for N = 2 (Fig. 3.20f) which also transforms to a
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Fig. 3.20 Variation of the transmission coefficients as a function of the reduced frequency € for a
finite SL composed of N = 1 [(a), (e) and (i)], N = 2 [(b), (f) and (j)] and N = 5 [(c), (g) and (k)]
Plexiglas layers immersed in water. The left, middle, and right panels correspond to incident
angles: 6 = 0°, 25°, and 40° respectively, (d), (h) and (l) give the dispersion curves (i.e., Q versus
the Bloch wave vector k3) inside the reduced Brillouin zone 0 < k3 < n/D. Outside this zone are
represented the imaginary parts of k3

gap when N increases; this gap is due to the periodicity of the structure. The
transmission gaps map the band gap structure of the infinite SL (Fig. 3.20h),
where one can notice that the imaginary part of the Bloch wave vector (responsible
of the attenuation of the waves associated to defect modes) is finite in the Bragg
gaps and tends to infinity inside the gaps due to the transmission zeros. These latter
gaps can be used to localize strongly defect modes within the structure (see below).

From all the above results, one can conclude that for an incident angle 0° < 6
< 0., (middle panel) there exists two types of gaps: Bragg gaps which are due to the
periodicity of the structure and gaps which are induced by the transmission zeros.
However, at normal incidence (6 = 0°) (left panel) and for 0 > 0, (right panel) all
the gaps are due to the periodicity of the system. The existence of these two types of
gaps has been discussed also by Shuvalov and Gorkunova [122] in periodic systems
of planar sliding-contact interfaces.

Now, we shall examine the condition for the existence and behavior of omnidi-
rectional band gaps in finite solid—fluid-layered media. Let us first come back to
the band gap structure given in Fig. 3.19 for a SL made of Plexiglas and water with
the same thickness dy = dy = D/2. One can notice that the band gap structure of the
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infinite Plexiglas-water SL does not display any absolute gap, this means a gap
existing for every value of the wave vector k. Fig. 3.21a reproduces the results
given in Fig. 3.19 for a finite Plexiglas-water SL made of N = 8 cells. The discrete
modes are obtained from the maxima of the transmission rate that exceeds a
threshold fixed to 107>, One can notice that any wave launched from water will
display a partial gap for an incident angle 0° < 6 < 35° in the frequency region
4.015 < Q < 5.105 indicated by horizontal lines. However, waves with incident
angles 35° < 0 < 90° will be totally transmitted through the discrete modes of the
SL [95]. These results remain valid for any incident liquid medium as, in general,
the velocities of sound in most liquids are of the same order or less than water. In
order to overcome this limitation or at least facilitate the existence of an omnidi-
rectional gap, we proposed, like in the previous subsection on solid—solid SLs, two
solutions. The first one consists to clad the SL on one side by a buffer layer of high
acoustic velocities, which can act as a barrier for the propagation of phonons. The
second solution consists to associate in tandem two SLs in such a way that their
band structures do not overlap.

In the following, we shall give an example concerning the first solution.
Figure 3.21b gives the discrete modes associated to the cladded-SL structure, i.e.,
the frequency domains in which the transmission rate exceeds a threshold of 107, In
this example the clad layer is made of Al with transverse and longitudinal velocities
of sound (dashed and straight lines) higher than the SL bulk modes lying in the
frequency region 4.015 < Q < 5.105 (Fig. 3.21a, b). The thickness of the Al layer is
do = 7D and the SL contains N = 8§ cells of Plexiglas-water. By combining these
two systems, the allowed modes of the SL and the guided modes induced by the Al
clad layer above its velocities of sound do not overlap over the frequency range of
the omnidirectional gap. This means that each system acts as a barrier for phonons of
the other system. In such a way, one obtains an omnidirectional band gap indicated
by the two horizontal lines in Fig. 3.21b in the frequency region 4.015 < Q < 5.105.
By comparing Fig. 3.21a, b, one can notice clearly that the presence of the clad layer
has two opposite effects. It decreases the transmittance in some frequency domains
(essentially below the sound line defined by the transverse velocity of sound in the
clad), but also introduces new modes that can contribute themselves to transmission.
The transmission by the latter modes is prevented by the SL when the corresponding
branches fall inside the minigaps. In the allowed frequency regions belonging to both
the SL and the clad layer, one can notice an interaction and an anticrossing of the
modes associated to these two systems.

It is well known that the introduction of a defect layer (cavity) in a periodic
structure can give rise to defect modes inside the band gaps [43-51, 81]. These
modes appear as well defined peaks in the DOS; however, their contribution to
the transmission rate depends strongly on the position of these defects inside the
structure. Indeed, as it was shown before, a defect layer placed at the contact between
the SL and the substrate (clad layer) induces guided modes in the band gap of the SL
but without contributing to the transmission. However, the transmission through
these modes can be significantly enhanced if the cavity layer is placed at the middle
of the structure [46, 49-51, 67].
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Fig. 3.21 (a) Dispersion curves of a finite SL composed of N = 8 Plexiglas layers immersed in
water. The thicknesses of Plexiglas and water layers are equal. The discrete modes correspond to
the frequencies obtained from the maxima of the transmission rate that exceeds a threshold of 107>
(b) The same as (a) but here the SL is cladded with an Al layer of thickness dy = 7D on one side

In general, a periodic structure made of N cells (N > 2) is needed to create a
transmission gap in which a defect mode is then introduced for filtering. We show
that contrary to solid—solid SLs, it is possible to achieve large gaps as well as
sharp resonances inside these gaps with a solid—fluid structure as small as a
solid—fluid—solid sandwich triple layers (i.e., N = 2). This property is associated
with the existence of zeros of transmission. Figure 3.22a gives the transmission rate
as a function of the reduced frequency Q for a finite Plexiglas-water SL. composed
of N = 2 (solid curves) and N = 4 (dotted curves) cells and for an incidence angle
0 = 35°. The fluid and solid layers have the same width d; = d; = D/2. One can
notice that the transmission rate exhibits a large dip in the frequency region
4 < Q < 8 around the transmission zero indicated by an open circle on the
abscissa. This transmission gap maps the band gap of the infinite system indicated
by solid circles on the abscissa. As it was discussed above, the transmission gap
becomes well defined as far as N increases. Now, if a fluid cavity layer of thickness
do = D is inserted in the middle of the structure, then a resonance with total
transmission can be introduced in the gap (Fig. 3.22b). This resonance falls at
almost the same frequency and its width decreases when N increases. Let us
mention that the structure depicted in Fig. 3.22a, b with N = 2 consists on a
sandwich system made of two Plexiglas layers separated by a water layer. There-
fore, such a small size structure clearly show the possibility of obtaining a large gap
and a sharp resonance inside the gap by just tailoring the width of these three
layered media. This property is specific to solid—fluid structures and is without
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6=35°

Transmission

oD/v,(Plexiglas)

Fig. 3.22 (a) Transmission rate for a finite SL composed of N = 2 (solid curves) and N = 4
(dotted curves) Plexiglas layers immersed in water at an incidence angle 0 = 35°. The solid and
open circles on the abscissa indicate the positions of the band gap edges and transmission zeros
respectively. (b) Same as in (a) but in presence of a defect fluid layer of thickness dy = D at the
middle of the structure. (¢) Same as in (b) for N = 2 and different values of the thickness d, of the
cavity fluid layer as indicated in the inset

analogue for their counterparts solid—solid systems where at least a number N > 2
of layers is needed to achieve well-defined gaps and cavity modes. In what follows,
we shall focus on the simple case of sandwich system (i.e., N = 2).
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An important point to notice in Fig. 3.22b is the shape of the resonance lying in
the vicinity of the transmission zero. Such a resonance is called Fano resonance
[123]. The origin and the asymmetry Fano profile of this resonance was explained
as a result of the interference between the discrete resonance and the smooth
continuum background in which the former is embedded. The existence of such
resonances in 2D and 3D phononic crystals, the so-called locally resonant band gap
materials [124, 125], has been shown recently [126—128]. Some analytical models
have been proposed to explain the origin and the behavior of these resonances
[126—128]. In the case of 1D model proposed here, the Fano resonance in Fig. 3.22b
is just an internal resonance induced by the discrete modes of the fluid layer when
these modes fall at the vicinity of the transmission zeros induced by the surrounding
solid layers. By decreasing the width of the fluid layer from dy = 1D to dy = 0.6D
(Fig. 3.22c¢), one can notice that the position of the Fano resonance moves to higher
frequencies, its width decreases and vanishes for a particular value of dy = 0.71D
before increasing again. At exactly dy = 0.71D, the transmission vanishes and the
resonance collapses giving rise to the so-called ghost Fano resonance [129]. Around
dy = 0.71D, the asymmetric Fano profile of the resonance becomes symmetric and
changes the shape.

In Fig. 3.22c, the two solids surrounding the fluid layer have the same widths d,
therefore the transmission zeros induced by the solid layers fall at the same
frequency. Now, if the two solids have different widths (labeled, e.g., dy; and
dy,), then one can obtain two transmission zeros and a resonance that can be
squeezed between these two dips if dy; and dy, are chosen appropriately. In this
case a symmetric Fano resonance can be obtained whose width can be tuned by
adjusting the frequencies of the zeros of transmission. Such resonances have been
found also for acoustic and magnetic circuits formed by a guide inserted between
two dangling resonators [130, 131].

3.7 Conclusion

In this chapter, we have presented a theoretical analysis of the propagation and
localization of phonons in one-dimensional crystals in both atomic (discrete) and
elastic (continuum) approximations. In the case of continuous media, solid—solid
and solid—fluid-layered materials have been considered. In general, we have
limited ourselves to the case of isotropic materials for which shear-horizontal
waves are decoupled from sagittal waves polarized in the plane defined by the
normal to the surface and the wave vector parallel to the surface. This study has
been performed within the framework of the Green’s function method which
enables us to deduce the dispersion curves, densities of states as well as the
transmission and reflection coefficients. The Green’s function approach used in
this work is also of interest for studying the scattering of light by bulk and
surface phonons. The advantage of the 1D-layered media treated here in compari-
son with their 2D and 3D counterparts systems, resides in obtaining, in general,
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closed-form expressions that enables us to discuss deeply different physical
properties related to band gaps in such systems.

Despite the problem of acoustic waves in solid and fluid materials has been
intensively studied since the beginning of the last century, this subject still attracts
attention of researchers because of the high quality level of control and perfection
reached in the growth techniques of microstructures and nanostructures, but also
due to the sophisticated experimental techniques used to probe different modes of
these systems in different frequency domains. In addition, these systems may
present several applications in guiding, stopping and filtering waves.

First, we have treated pure longitudinal waves (normal incidence), where we
have shown that the eigenmodes of a finite SL constituted of N cells with free-stress
surfaces are composed of N—1 modes in each band and one mode by gap which is
associated to one of the two surfaces surrounding the system. These latter modes are
independent of N and coincide with the surface modes of two complementary SLs
obtained from the cleavage of an infinite SL along a plane parallel to the interfaces.
Then, we have shown the possibility of enhanced transmission between two media
through surface modes. Some experimental results and the interest of the Green’s
function calculation in explaining the Raman spectra are also reviewed.

The application of multilayered media as acoustic mirrors and selective filters at
oblique incidence has been shown. The transmission and reflection coefficients of
wave propagation through these systems has shown several new properties as the
existence of transmission zeros in solid—fluid SLs and therefore new gaps in
addition to Bragg gaps, as well as the existence of Fano resonances.
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Chapter 4
2D-3D Phononic Crystals

A. Sukhovich, J.H. Page, J.O. Vasseur, J.F. Robillard, N. Swinteck,
and Pierre A. Deymier

Abstract This chapter presents a comprehensive description of the properties of
phononic crystals ranging from spectral properties (e.g., band gaps) to wave vector
properties (refraction) and phase properties. These properties are characterized
by experiments and numerical simulations.

4.1 Introduction

In this chapter, we focus on 2D and 3D phononic crystals, which, thanks to their
spatial periodicity, allow the observation of new unusual phenomena as compared
to the 1D crystals discussed in the previous chapter. In experimental studies, 2D
crystals usually employ rods as scattering units, while 3D crystals are realized as
arrangements of spheres. It is common in theoretical studies of phononic crystals
to investigate crystals with scattering units that are simply air voids (e.g., empty
cylinders) in a matrix. Although there are many different ways of realizing the
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phononic crystal theoretically and experimentally (by varying material of the
scattering units and the host matrix), one condition is always observed: the charac-
teristic size of a scattering unit (rod or sphere) and a lattice constant should be on
the order of the wavelength of the incident radiation to ensure that the particular
crystal features arising from its regularity affect the wave propagating through the
crystal. In other words, the frequency range of the crystal operation is set by the
characteristic dimensions of the crystal (i.e., the size of its unit scatterer and its
lattice constant). The exception from this rule, however, is resonant sonic materials,
which exhibit a profound effect on the propagating radiation, whose wavelength
can be as much as two orders of magnitude larger than the characteristic size of the
structure, as was shown by Liu et al. [1, 2].

As described in Chap. 10, the regularity of the arrangement of scattering units of
the phononic crystal gives rise to Bragg reflections of the acoustic or elastic waves
that are multiply scattered inside the crystal. Their constructive or destructive
interference creates ranges of frequencies at which waves are either allowed to
propagate (pass bands) or blocked in one (stop bands) or any direction (complete
band gaps). The width of the band gap obviously depends on the crystal structure
and increases with the increase of density contrast between the material of the
scattering unit and that of a host matrix. Switching from a liquid matrix to the solid
one, e.g., from water to epoxy, which can support both longitudinal and transverse
polarizations, results in even larger band gaps, as was shown by Page et al. [3].

As an example of a 2D phononic crystal, consider a crystal made of cylinders
assembled in a triangular Bravais lattice, whose points are located at the vertices
of the equilateral triangles. Figure 4.1 presents the dlagram of the direct and
reciprocal lattices with corresponding primitive vectors @), a, and bl,bz Since
|d@i| = |@| = a, where a is a lattice constant, it follows from the usual definition of
reciprocal lattice vectors d; - b = 2mdj;, where ¢;; is the Kronecker delta symbol,
that )bl‘ = ’bz = 4n/\/_a By working out components of b1 and bz, one can be
convinced that the reciprocal lattice of a triangular lattice is also a triangular
lattice but rotated through 30° with respect to a direct lattice. Both direct and
reciprocal lattices possess six-fold symmetry. The first Brillouin zone has a shape
of a hexagon with two main symmetry directions, which are commonly referred to
as I'M and I'K (Fig. 4.1).

As an example of a 3D crystal, let us consider a collection of spheres assembled
in a face-centered cubic (FCC) structure, which is obtained from the simple-cubic
lattice by adding one sphere to the center of every face of the cubic unit cell.
Because of its high degree of symmetry, phononic crystals with this structure have
been extensively investigated, both theoretically and experimentally. Figure 4.2
shows the direct lattice of the FCC structure along with the corresponding recipro-
cal lattice, which turns out to be a body-centered cubic (BCC) crystal structure
(obtained from the simple-cubic structure by adding one atom in the center of its
unit cell). Also displayed are the sets of primitive vectors @, d@,, d3 and l;l, 1;2, 1;3 of
both lattices. It can be easily seen from Fig. 4.2 that with this particular choice of
the primitive vectors of the direct lattice we have || = |@| = |d@3| = a/v/2, and
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DIRECT LATTICE RECIPROCAL LATTICE

Fig. 4.1 The direct and reciprocal lattices of the 2D phononic crystals, which were investigated
experimentally. The shaded hexagon indicates the first Brillouin zone. In the actual phononic
crystal the rods were positioned at the points of the direct lattice (perpendicular to the plane of the
figure)

DIRECT LATTICE RECIPROCAL LATTICE
4t /a

Fig. 4.2 The direct (FCC) and reciprocal (BCC) crystal lattices of the 3D phononic crystals

‘1;1 ‘ = ’b}’ = ‘53‘ = 2\/§n/a, where a is the length of the cube edge in the direct

lattice.

The first Brillouin zone of the FCC lattice is a truncated octahedron and
coincides with the Wigner-Seitz cell of the BCC lattice. It is presented in Fig. 4.3
along with its high symmetry directions. With respect to the coordinate system in
Fig. 4.2, the coordinates of the high symmetry points (in units of 27 /a) are: I" [000],
X[100],L[Y%;% ;% ], W[ 1; 0], and K [%; %; 0]. The investigation of the
figure reveals that direction I'L coincides with the direction also known as the [111]
direction, i.e., a direction along the body diagonal of the conventional FCC unit
cell, shown in Fig. 4.2.

A simple way of realizing a 3D crystal with the FCC Bravais lattice is by
stacking the crystal layers along the [111] direction. The touching spheres are
close packed in an ABCABC. .. sequence, which is shown in Fig. 4.4. The spheres
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Fig. 4.4 Schematic diagram explaining the formation of a 3D crystal in a ABCABC. .. sequence

belonging to the first layer are denoted by the letter A. The next layer is formed by
placing the spheres in the interstitials indicated by the letter B, and the third layer is
formed by placing spheres in the interstitials of the second layer, which are denoted
by the letter C. The sequence is then repeated again with the fourth layer beads to
occupy interstitials in the third layer, which are positioned directly above beads
denoted by the letter A. This packing results in the highest filling ratio of 74 %.

In this chapter, the dramatic effects of lattice periodicity on wave transport in 2D
and 3D phononic crystals will be illustrated using these two representative crystal
structures. Section 4.2 summarizes how such effects can be investigated experi-
mentally, with emphasis on measurement techniques in the ultrasonic frequency
range. Section 4.3 discusses the various mechanisms that can lead to the formation
of band gaps, a topic that has been of central interest since the first calculations and
experimental observations in phononic crystals. The rest of the chapter is concerned
with phenomena that occur in the pass bands, starting with negative refraction in
Sect. 4.4, the achievement of super-resolution lenses in Sect. 4.5 and band structure
design and its impact on refraction in Sect. 4.6.
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4.2 Experiments: Crystal Fabrication and Experimental
Methods

4.2.1 Sample Preparation

4.2.1.1 2D Phononic Crystals

In this section we will consider the practical aspects of phononic crystal fabrica-
tion for the examples of 2D and 3D phononic crystals used by Sukhovich et al.
[4, 5] and Yang et al. [6, 7] during their experiments on wave transport, negative
refraction and focusing of ultrasound waves (see Sects. 4.3 and 4.4.). The 2D
crystals were made of stainless steel rods assembled in a triangular crystal
lattice and immersed in a liquid matrix. To ensure that the operational frequency
of the crystals was in the MHz range, the characteristic dimensions of the crystals,
lattice constant and rod diameter (1.27 mm and 1.02 mm correspondingly),
were chosen to be comparable to the wavelength of ultrasound in water at this
frequency range (Fig. 4.5).

For reasons that will be explained in more detail later, the crystals were made in
two different shapes. A rectangular-shaped crystal had 6 layers stacked along the
I'M direction (Fig. 4.6a). A prism-shaped crystal was also made; it had 58 layers,
whose length was diminishing progressively to produce sides forming angles of
30°, 60° and 90°. In this geometry, the shortest and longest sides are perpendicular
to the I'M directions (Fig. 4.6b), and the third intermediate-length side is perpen-
dicular to the I'K direction.

The filling fraction was 58.4 %. The particular details of crystal design depended
on the type of liquid, which filled the space between the rods. For the crystals
immersed in and filled with water, the rods were kept in place by two parallel
polycarbonate plates in which the required number of holes was drilled; the crystal
could then be easily assembled by sliding the rod’s into the holes in these top and
bottom templates (Fig. 4.7a, b). The rectangular crystal was 14 cm high while the
prism-shaped crystal height was 9 cm.

Since key properties of the phononic crystals follow from their periodicity, the
quality of the samples is critically dependent on the accuracy with which their
geometry is set. For example, special care must be taken to use as straight rods as
possible. At the same time, the holes defining the rods’ positions should be precisely
drilled, preferably using an automated programmable drilling machine.

Another rectangular-shaped crystal (with all parameters identical to those of the
first crystal) was constructed to enable the liquid surrounding the rods (methanol) to
be different to the medium outside the crystal (water), and consequently its design
was more complicated. First of all, all plastic parts were made of an alcohol-
resistant plastic (PVC). The crystal was encapsulated in a cell, whose face walls
were made of a very thin (0.01-mm) plastic film tightly wrapped around the crystal
(plastic film produced commercially and available as a food wrap worked very
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Fig. 4.5 Unit cell of a 2D phononic crystal

60 rods 58 rods

00000000000000000000000000000000000000000000000.

|

Fig. 4.6 Geometry of the 2D crystals. (a) Rectangular crystal. (b) Prism-shaped crystal

well). Finally, the edges of the cell were sealed from the surrounding water by two
rubber O-rings. The design of the crystal is shown in Fig. 4.8.

The choice of the phononic crystal materials provided high density and velocity
contrast, thus ensuring that most of the sound energy was scattered by the rods and
concentrated in the host matrix. Table 4.1 provides values of the densities and
sound velocities for the constituent materials of the 2D crystals.

4.2.1.2 3D Phononic Crystals

3D phononic crystals, used in the experiments by Yang et al. [6, 7] and by
Sukhovich et al. [8, 9], were made out of very monodisperse tungsten carbide
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P LR M e e

Fig. 4.7 2D crystals filled with and immersed in water: (a) rectangular crystal, (b) prism-shaped
crystal

beads, 0.800 £ 0.0006 mm in diameter, immersed in reverse osmosis water. The
beads were manually assembled in the FCC structure, with layers stacked along the
cube body diagonal (the [111] direction) in an ABCABC. .. sequence. To ensure
the absence of air bubbles trapped between the beads, the whole process of
assembling crystals was conducted in water. To support the beads in the required
structure, acrylic templates were used. The template consisted of a thick substrate
with plastic walls attached to it (Fig. 4.9).

One can show that in order to keep beads in the FCC crystal lattice two kinds of
walls should be used with sides inclined at angles o = 54.74° and 5 = 70.33°
above the horizontal, and with inner side lengths L, and Lg. The values of L, and
Ly depend on the number of beads n along each side of the first crystal layer and the
bead diameter d. These lengths are given by the following expressions:

La=(n—1 +tan%)d
Lg=(n—1+ tangcot75°)d (4.1)

With 49 beads on each side of the bottom layer, (4.1) gives Ly = 38.814 mm
and Ly = 38.552 mm.

In the experiments on the resonant tunneling of ultrasound pulses, the samples
consisted of two 3D phononic crystals with the same number of layers and separated
by an aluminum spacer of constant thickness. For brevity, these samples will be
referred to as double 3D crystals. After the lower crystal was assembled, the spacer
was placed on the top without disturbing beads of the crystal. The upper crystal was
then assembled on the surface of the spacer. Spacer edges were machined at angles
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Front view Side view

Fill hole Fill hole

\

Rubber
14 cm O-ring
1Il lID () (1) (1)
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Screws

\ Top view

Middle spacer
supporting rods
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Fig. 4.8 Methanol-filled 2D crystal cell design

Table 4.1 Comparison of the physical properties of the constituent materials used for 2D
phononic crystals [49]

Material Density (g/cm3 ) Longitudinal velocity (mm/us) Shear velocity (mm/us)
Stainless steel ~ 7.89 5.80 3.10

Water 1.00 1.49 -

Methanol 0.79 1.10 -

matching the angles of the walls of the template. Also, the thickness of the spacer
was calculated such that it replaced precisely an integer number of layers of the
single crystal. This ensured that the beads resting on the spacer filled the entire
available surface without leaving any gaps, enabling high-quality crystals to be
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Fig. 4.9 Template for 3D phononic crystal (top view) with side views of walls A and B. Note that

tano = 1/2 and tanff = 22

constructed. In most of the experiments, the thickness of the spacer was chosen to
be 7.05 £ 0.01 mm.

The base of the template was made fairly thick (84.45 mm) to allow temporal
separation between the ultrasonic pulses that was directly transmitted through the
crystal, and all of its subsequent multiple reflections inside the substrate. The
density and velocity mismatch in the case of 3D crystals was even larger than for
2D crystals, as tungsten carbide has density of 13.8 g/cm?, longitudinal velocity
of 6.6 mm/ps and shear velocity of 3.2 mm/us. The actual sample (single 3D
crystal) is shown in Fig. 4.10, while the close-up of its surface is presented in
Fig. 4.11.

4.2.2 Experimental Methods

In the sonic and ultrasonic frequency ranges, the properties of phononic crystals are
best studied experimentally by directing an incident acoustic or elastic wave
towards the sample and measuring the characteristics of the outgoing wave,
which was modified while propagating through the crystal. In practice, pulses are
preferred to continuous monochromatic waves since pulses are much more conve-
nient to work with. Due to their finite bandwidth, in a single experiment they allow
information to be obtained over a wide frequency range. The use of pulses also
facilitates the elimination of stray sound from the environment surrounding the
crystal. In what follows, we describe two types of experiments, each used to
investigate different aspects of phononic crystals.
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Fig. 4.11 Close-up view of the surface of the crystal, which is shown in Fig. 4.10

4.2.2.1 Transmission Experiments

In transmission experiments one measures the coherent ballistic pulse emerging
from the output side of the sample after a short pulse (often with a Gaussian
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envelope) was normally incident on the input side. Usually, crystals with two flat
surfaces are used and crystal properties are investigated along the directions for
which the direction of the output pulse is not expected to change with respect to
that of the input pulse. In this case the far-field waveforms are spatially uniform in
a plane parallel to the crystal faces, and thus the outgoing pulse can be accurately
detected using a planar transducer, whose active element’s characteristic dimensions
are many times larger than the wavelength of the measured pulse. (The diffraction
orders that appear at high frequencies are effectively eliminated by measuring the
transmitted field over the finite transverse width that is set by the diameter of the
detecting transducer.) Such a transducer averages any field fluctuations (for example
due to imperfections inside the sample) and provides information on the average
transport properties of the crystal. Another benefit of such averaging is an increase of
the signal-to-noise ratio. Note also that to ensure the best possible approximation of
the incident pulse by a plane wave, the sample should be placed in the far-field of the
generating transducer. In the ultrasonic frequency range, the most convenient refer-
ence material in which the transducers and crystal can be located is water.

The analysis of the recorded pulse is done by comparing it with a reference
pulse, obtained by recording a pulse propagating directly between generating and
receiving transducers (with the sample removed from the experimental set-up). To
allow the transmission properties to be determined from a direct comparison
between the reference and measured pulses, the reference pulse should be shifted
by the time Af = L/vy,, where L is the crystal thickness and vy, is the speed of
sound in the medium between source and receiver. Since the attenuation in water is
negligibly small, the time-shifted reference pulse accurately represents the pulse
that is incident on the input face of the sample.

Figures 4.12a and 4.12b shows a typical example of incident and transmitted
pulses for a 3D phononic crystal of tungsten carbide beads in water. The effects on
the transmitted pulse of multiple scattering inside the crystal are clearly seen by the
considerable dispersion of the pulse shape. Since the full transmitted wave function
is measured, complete information on both amplitude and phase can be determined
using Fourier analysis. The amplitude transmission coefficient as a function of
frequency is given by the ratio of the magnitudes of the Fourier transforms of the
transmitted and input pulses:

1(f) = Al )) @2)
Aref (f )

Figure 4.12c shows the Fourier transform magnitudes corresponding to the
pulses in Figs. 4.12b and 4.12b, demonstrating not only the large effect that
phononic crystals can have on the amplitude of transmitted waves but also the
wide range of frequencies that can be probed in a single pulsed measurement.

In addition to the transmission coefficient, ballistic pulse measurements also
provide information on the transmitted phase, from which the wave vector can be
obtained. This phase information is also directly related to the phase velocity vphage
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Fig. 4.12 (a) Incident and (b) transmitted ultrasonic pulses through a 6-layer 3D phononic crystal
of tungsten carbide beads in water. The crystal structure is FCC, and the direction of propagation is
along the [111] direction. (¢) The amplitude of the incident (dashed line; left axis) and transmitted
pulses (solid line; right axis), obtained from the fast Fourier transforms of the waves in (a) and (b).
Their ratio yields the frequency dependent transmission coefficient [(4.2)]. (d) The phase differ-
ence between the transmitted and reference pulses, from which frequency dependence of the wave
vector can be determined [(4.3)]. The large decrease in transmitted amplitude near 1 MHz and the
nearly constant phase difference of nm, where n = 6 is the number of layers in the crystal, are
characteristics of a Bragg gap

of the component of the Bloch state with wave vector in the extended zone scheme.
These parameters are measured by analyzing the cumulative phase difference Ap
between transmitted and input pulses (obtained from Fourier transforms of both
signals—see Fig. 4.12d). This phase difference can be expressed as follows:

2nL

Ap=iL="T"F (4.3)

Uphase

where L is the crystal thickness. The ambiguity of 27 in the phase can be eliminated
by making measurements down to sufficiently low frequencies, since the phase
difference must approach zero as the frequency goes to zero. From (4.3) it is
possible to obtain directly the wave vector as function of frequency in the extended
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zone scheme; the corresponding wave vector in the reduced zone scheme is
obtained by subtracting the appropriate reciprocal lattice vector. Thus, (4.3) allows
the dependence of the angular frequency w on the wave vector & to be determined,
yielding the dispersion curve and hence the band structure.

Finally, the experiments on the transmission of ballistic pulses allow the group
velocity, which is the velocity of Bloch waves in the crystal, to be measured. By its
definition, the group velocity is the velocity with which a wave packet travels as a
whole. Since the transmitted pulse may get distorted from its original Gaussian
shape as it passes through the crystal, especially if the pulse bandwidth is wide (as
in Fig. 4.12), the group velocity may lose its meaning in this case [10]. However, it
is still possible to recover two essentially Gaussian pulses by digitally filtering
the input and output pulses with a narrow Gaussian bandwidth centered at the
frequency of interest. The group velocity at that frequency is then found by the ratio
of the sample thickness L to the time delay Az, between two filtered pulses:

vg = L/At,. (4.4)

This direct method of measuring the group velocity is illustrated by Fig. 4.13,
which shows input and transmitted pulses filtered at the central frequency of
0.95 MHz with a bandwidth of 0.05 MHz, for a 12-layer 3D crystal of tungsten
carbide beads in water. The delay time is also indicated. By repeating this procedure
for different frequencies, the frequency dependence of the group velocity can be
found.

4.2.2.2 Field Mapping Experiments

In certain cases, the outgoing field is not expected to be spatially uniform and the
direction of the outgoing pulse might not be perpendicular to the crystal’s output
face (as in focusing and negative refraction experiments). To investigate the field
distribution a transducer whose size is larger than the wavelength cannot be used as
it smears out the spatial variations of the field by detecting the average pressure
across the transducer face. To resolve subwavelength details and map the field
accurately one needs an ultrasound detector with physical dimensions less than a
wavelength. For example, Yang et al. [7] and Sukhovich et al. [5] used a small
hydrophone with an active element diameter of 0.4 mm to investigate spatial
properties of the output sound field. This detector was appropriate since in their
experiments the wavelength in water ranged from 0.5 to 3 mm. In practice, the
ultrasound field was measured at every point of a rectangular grid by mounting the
hydrophone on a 3D motorized translation stage. In case of the experiments by
Sukhovich et al. [5], the plane of the grid was perpendicular to the rods and
intersected them approximately in their mid-points (to avoid edge effects).
Fig. 4.14 illustrates the experimental geometry used to map the outgoing field in
negative refraction experiments with the prism-shaped crystal.
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Fig. 4.14 Field mapping to investigate negative refraction for a prism-shaped 2D phononic crystal
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The recorded waveforms (acquired at each point of the grid) can be analyzed in
either time or frequency domains. In the time domain, the value of the field at each
grid point is read at some particular time and then used to create an image plot,
which is essentially a snapshot of the field at this particular moment of time. By
creating several image plots for different times, one can also investigate the time
evolution of the transmitted sound. The video in the supplementary information to
[5] shows an example of such time-evolving field maps. In the frequency domain,
one first calculates the Fourier transforms (FTs) of the acquired waveforms. The
magnitude of each FT is read at a single frequency and these values are used to
make the image plot. The image plot in this case represented an amplitude map
(proportional to the square root of intensity), which would be obtained from the
field plot if continuous monochromatic wave were used as an input signal instead of
a pulse. Examples of field and amplitude distributions measured in the negative
refraction and focusing experiments by Sukhovich et al. [5, 11] are shown in
Sects. 4.4 and 4.5.

4.3 Band Gaps and Tunneling

Lattice periodicity in phononic crystals leads to large dispersive effects in wave
transport, which are shown by band structure plots that depict the relationship
between frequency and wave vector along certain high symmetry directions. Rep-
resentative examples of the band structures of 2D and 3D phononic crystals are
illustrated in Figs. 4.15 and 4.16 for the structures described in Sect. 4.1. In both
these examples, the continuous medium surrounding the inclusions is water, with
the scattering inclusions being 1.02-mm-diameter steel rods for the 2D case and
0.800-mm-diameter tungsten carbide spheres for the 3D case. The solid curves in
these figures show the band structures calculated using Multiple Scattering Theory
(MST), which is ideally suited for determining the band structures of mixed crystals
consisting of solid scatterers embedded in a fluid matrix (see Chap. 10). The
symbols represent experimental data, determined from measurements of the trans-
mitted cumulative phase A¢ , as described in the previous section. To compare with
the theoretical band structure plots, the measured wave vectors (k = w/v, = A¢/L)
are folded back into the first Brillouin zone by subtracting a reciprocal lattice vector
(Kreduced = Kextendeda — G). Excellent agreement between theory and experiment is
seen, showing that experiments on relatively thin samples (6 layers for the 2D case,
and 12 layers for the 3D case) are sufficient to reveal the dispersion relations of
waves in the pass bands of an infinite periodic medium.

For both phononic crystals, there is a large velocity and density difference
between the scattering inclusions and the continuous embedding medium,
facilitating the formation of band gaps due to Bragg scattering. It is well known
that Bragg gaps are caused by destructive interference of waves scattered from
planes of periodically arranged scatterers. The lowest frequencies at which such
band gaps may occur satisfy the condition that the separation between adjacent
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Fig. 4.16 Band structure of a 3D phononic crystal made from 0.800-mm-diameter tungsten
carbide spheres arranged in the FCC lattice and surrounded by water at a volume fraction of
0.74. Solid curves are predictions of the MST and circles are experimental data

crystal planes is approximately half the wavelength in the embedding medium. In
the 2D crystal, the lowest “gap” is only a stop band along the I'M direction, with the
lowest complete gap occurring between the 2™ and 3™ pass bands. For the 3D
crystal, the lowest band gap near 1 MHz is wide and complete, with the complete
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gap width being nearly 20 % and the width along the [111] direction extending to
approximately 40 %. These results show that phononic crystals with relatively
simple structures can exhibit wide gaps, which are easier to achieve for phononic
crystals than their optical counterparts because of the ability to manipulate large
scattering contrast via velocity and density differences. Indeed, there is an extensive
literature on how to create large band gaps for phononic crystals with a wide variety
of structures, with the important role of density contrast now being well established
(see the special edition on phononic crystals in Zeitschrift fur Kristallographie for
many examples and references [12]).

The existence of band gaps in phononic crystals of finite thickness is shown
clearly through measurements of the transmission coefficient. Results for the 2D
and 3D crystals are plotted in Figs. 4.17 and 4.18, where the symbols represent
experimental data and the solid curves are theoretical predictions using the layer
MST [5, 9]. At low frequencies below the first band gap, the transmission exhibits
small oscillations due to an interference effect resulting from reflections at the
crystal boundaries; there are n—1 oscillations, where 7 is the number of layers, and
the peaks in these oscillations correspond to the low frequency normal modes of the
crystal. At band gap frequencies, the amplitude transmission coefficient shows very
pronounced dips which became deeper in magnitude as the number of layers in the
crystal increases. The sample-thickness dependence of the transmission coefficient
in the middle of the gap (at 0.95 MHz) is plotted for the 3D crystals in Fig. 4.19.
This figure shows that the transmitted amplitude A decreases exponentially with
thickness in the gap, A(L) = A exp[—kL], consistent with evanescent decay of the
amplitude, with x being the imaginary part of the wave vector. The value of x is
0.93 mm™ ' in the middle of the gap, quantifying how quickly the transmission
drops as the thickness increases. Thus, wave transport crosses over from propaga-
tion with virtually no losses outside the gap to evanescent transmission inside the
gap. This evanescent character of the transmission at gap frequencies suggests that
ultrasound is transmitted through crystals of finite thickness by tunneling, whose
dynamics can be investigated by measuring the group velocity v, and predicting its
behavior using the MST [6]. Figure 4.20 shows that the group velocity increases
linearly with sample thickness in the absence of dissipation (solid line), an unusual
result that is the classic signature of tunneling in quantum mechanics [13], implying
that the group time (¢, = L/v,) is independent of thickness in sufficiently thick
samples. This behavior is clearly seen in Fig. 4.20 by the theoretical predictions
without absorption for thicknesses greater than 5 layers of beads. The dashed line in
this figure implies a constant value of the tunneling time through the phononic
crystal given by 7, = 0.54 ps, as expected for tunneling when xL > 1. The
experimentally measured group velocities are less than this theoretical prediction
but are still remarkably fast, being greater than the speed of sound in water
(1.5 mm/ps) for all crystal thicknesses, and greater than the velocities of elastic
waves in tungsten carbide (6.66 and 3.23 mm/ps for longitudinal and shear waves,
respectively) for the largest thicknesses. These experimental results for v, are
smaller than the dashed line in Fig. 4.20 because of absorption, which can be
taken into account in the MST by allowing the moduli of the constituent materials
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Fig. 4.18 Amplitude transmission coefficient as a function of frequency for 3-, 6-, 9- and 12-layer
3D phononic crystals of tungsten carbide beads in water along the I'L direction. Symbols and lines
represent experimental data and MST predictions, respectively

to become complex. The predictions of the theory with absorption are shown by the
dashed curve and give a satisfactory description of the experimental results,
indicating how dissipation, which has no counterpart in the quantum tunneling
case, significantly affects the measured tunneling time.

The effect of dissipation on tunneling was interpreted using the two-modes
model (TMM), which allows the role of absorption to be understood in simple
physical terms [6]. Absorption in the band gap of a phononic crystal cuts off the long
multiple scattering paths, making the destructive interference that gives rise to the
band gap incomplete. As a result, a small-amplitude propagating mode exists in
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parallel with the dominant tunneling mode, so that the group velocity can be
calculated from the weighted average of the tunneling time ¢#,,, and the propagation
time fyrop = L/Vprop. Thus, Ve = L/ (Wnftun + WpropL/Vprop) » Where wiyy and wirop
are the weighting factors, which depend on the coupling coefficients and attenuation
factors of each mode [6, 14]. The best fit to the data, shown by the solid curve in
Fig. 4.20, was obtained with a coupling coefficient to the tunneling mode of 0.95,
confirming the dominance of the tunneling mechanism, and with a contribution from
the propagating component that diminished gradually with thickness, consistent
with decreased dissipation in the thicker crystals—a physically reasonable result
[14]. It is also interesting to note that with thickness-independent weight factors, the
predictions of the TMM and the MST with absorption are very similar. These results
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show that the TMM successfully account for the effects of absorption on the
tunneling of ultrasonic waves in phononic crystals, thereby providing a simple
physical picture of the underlying physics.

The demonstration of the tunneling of ultrasound through the band gap of a
phononic crystal raises an interesting question: Can resonant tunneling, analogous
to the resonant tunneling of a particle through a double barrier in quantum mechan-
ics, be observed in phononic crystals? This effect is intriguing since on resonance
the transmission probability of a quantum particle through a double barrier is
predicted to be unity, even though the transmission probability through a single
barrier is exponentially small. This question has been addressed through experi-
ments and theory on the transmission of ultrasound through pairs of phononic
crystals separated by a uniform medium, which formed a cavity between them
[8]. Evidence for resonant tunneling was revealed by large peaks in the transmis-
sion coefficient on resonance, which occurs at frequencies in a band gap when the
cavity thickness approaches a multiple of half the ultrasonic wavelength. However,
the transmission was less than unity on resonance because of the effects of dissipa-
tion in the phononic crystals, an effect that has a simple interpretation in the two
modes model as a consequence of leakage due to the small propagating component
in the band gap. Thus, the subtle effects of absorption on resonant tunneling in
acoustic systems could also be studied. In addition, the use of pulsed experiments
enabled the dynamics of resonant tunneling to be investigated. Very slow (“sub-
sonic”’) sound was observed on resonance, while at neighboring frequencies, very
fast (“supersonic’) speeds were found. In contrast to the quantum case, ultrasonic
experiments on resonant tunneling in double phononic crystals enable the full wave
function to be measured, allowing both phase and amplitude information, in
addition to static and dynamic aspects, to be investigated.

While the most commonly studied type of band gap in phononic crystals arises
from Bragg scattering, band gaps may also be caused by mechanisms, such as
hybridization and weak elastic coupling effects, which do not rely on lattice
periodicity. Hybridization gaps are caused by the coupling between scattering
resonances of the individual inclusions and the propagating modes of the embed-
ding medium [15]. Their origin may be viewed as a level repulsion effect. Band
gaps due to this hybridization mechanism were first observed, and have also been
studied more recently, in random dispersions of plastic spheres in a liquid matrix
[16-20]. Such gaps are of particular importance in the context of acoustic and
elastic metamaterials, where the coupling of strong low frequency resonances with
the surrounding medium may lead to negative values of dynamic mass density and
modulus [21]. In phononic crystals, it is the possibility of designing structures in
which both hybridization and Bragg effects occur in the same frequency range that
is especially interesting [22]. For example, the combination of Bragg and
hybridization effects has been invoked to explain the remarkably wide bandgaps
that have been found both experimentally and theoretically in three dimensional
(3D) crystals of dense solid spheres (e.g., steel, tungsten carbide) in a polymeric
matrix (e.g., epoxy, polyester) [14, 23]. Other examples of band gaps that are
enhanced by the combined effects of resonances and Bragg scattering have been
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Fig. 4.21 Dispersion relation (a) and transmission coefficient (b) for a 6-layer 2D crystal of nylon
rods in water at a nylon volume fraction of 0.40. Symbols and solid curves represent experimental
data and finite element simulations respectively. The lower band gap near 1 MHz is an example of
a pure hybridization gap, characterized by a sharp dip in transmission and a range of frequencies in
the dispersion curve for which the group velocity is negative. The broader second gap centered
near 1.5 MHz has the character of a Bragg gap, with a large positive group velocity, and occurs at
the edge of the first Brillouin zone, indicated by the vertical dashed line

demonstrated in two-dimensional crystals of glass rods in epoxy and three dimen-
sional arrays of bubbles in a PDMS matrix [24, 25].

We illustrate the characteristic features of hybridization gaps by showing results
of experiments and finite element simulations on a two-dimensional hexagonal
phononic crystal of nylon rods in water [26]. Figure 4.21 shows the dispersion
relation and transmission coefficient in the vicinity of the lowest scattering reso-
nance of nylon rods for a crystal with a nylon volume fraction of 40 %. The
resonance occurs near 1 MHz for the 0.46-mm-diameter rods used in this crystal.
Near this frequency, the dispersion relation exhibits a negative slope, corresponding
to a range of frequencies with negative group velocity. Direct measurements of the
negative group velocity were performed from transmission experiments using
narrow-bandwidth pulses in the time domain, where the peak of the transmitted
pulse was observed to exit the crystal before the peak of the input pulse entered the
crystal. The negative time shift arises from pulse reshaping due to anomalous
dispersion and does not violate causality. This property of negative group velocity
is characteristic of resonance-related band gaps, and can be used to distinguish
them from Bragg gaps, for which the group velocity is large and positive, as shown
above. At higher frequencies, a second gap is observed for this crystal near
1.5 MHz; this gap is dominated by Bragg effects, with large positive group
velocities inside the gap.

A third mechanism leading to the formation of band gaps occurs in three-
dimensional single-component phononic crystals with the opal structure: spherical
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particles that are bonded together by sintering to form a solid crystal without a
second embedding medium. Band gaps in such phononic crystals have been
observed at both hypersonic and ultrasonic frequencies [26, 27]. They have also
been seen in disordered structures of randomly positioned sintered spherical
particles [28, 29]. The origin of the band gaps is associated with resonances of
the spheres, but the underlying mechanism is quite different to the formation of
hybridization gaps. Indeed the physics is more analogous to the tight-binding model
of electronic band structures, with the resonant frequencies of the spheres
corresponding to the electronic energy levels of the atoms. The coupling between
the individual resonances of the spherical particles, due to the necks that form
between the particles during sintering, leads to the formation of bands of coupled
resonances with high transmission (pass bands). However, if the mechanical cou-
pling between the spheres is sufficiently weak, these pass bands have limited
bandwidth, and band gaps form in between them. These band gaps can be quite
wide and are omnidirectional.

Up to now, the theory and experiments we have described in this chapter have
been related to absolute band gap properties of phononic crystals. These results on
sound attenuation and tunneling have proved phononic crystals meaningful in the
perspective of building-up artificial materials with frequency dependent properties.
However, the periodic structure of phononic crystals similarly impacts propagation
of elastic waves in the frequency range of the passing bands. More specifically, the
zone folding effects imply the existence of negative group velocity bands. Such
bands offer the opportunity of negative refraction. In the next sections, theoretical
and practical aspects of negative refraction are discussed.

4.4 Negative Refraction in 2D Phononic Crystals

The periodicity of the phononic crystals makes them markedly different from the
homogeneous materials since wave propagation now depends on the direction
inside the crystal. It was shown in the previous section that the periodicity is the
fundamental cause for the existence of the stop bands and band gaps. In this section,
we will consider some other remarkable properties of phononic crystals not found
in regular materials: negative refraction and sound focusing. It will be shown that
both phenomena are essentially band structure effects.

It is well known that reflection and refraction of waves of any nature (acoustic,
elastic or electromagnetic) occurring at the interface between two different media
are governed by Snell’s law. According to Snell’s law, the component of the
wavevector, which is tangential to the interface, must be conserved as the wave
propagates from one medium to another. Let us consider, for example, the simple
case of a plane wave obliquely incident from a liquid with Lamé coefficients 4; and
1y =0 on an isotropic solid characterized by Lamé coefficients A, and u,
(Fig. 4.22). As aresult of the wave interaction with the boundary, part of the energy
of the incident wave is reflected back into the liquid in the form of a reflected
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Fig. 4.22 Reflection and LIQUID
refraction of a plane wave 1?1
incident obliquely on the
liquid/solid interface from the
liquid. Note the conservation
of the wavevector
component k|

SOLID

8}

wave, which propagates with the phase velocity ¢; = 1/A1/p. The rest of the
incident wave is transmitted into the solid and generates two outgoing waves,
longitudinal and transverse, which propagate with phase velocities

c2=+/(Aa+2u,)/p and b, =+/u,/p respectively. Snell’s law requires
that parallel (to the interface) components of the wavevectors of the incident wave,
k1 = w/c1, and of both refracted waves, k, = w/c; and ky, = w/b; be equal (note
that k| lies in the x—z plane and so do k; and k,,). Mathematically, this means that the
following conditions must be satisfied:

ki sin 0y = ky sin 0, = ky, siny, 4.5)

where angles 01, 0, and y, are indicated in Fig. 4.22. By introducing the notion of the
index of refraction n and n’, where n =k, /k; and n' = ky/ky, Snell’s law is
frequently written in the following form:

sin 0; = nsin 0,
sin0; = n'siny, (4.6)

With the help of Snell’s law (4.5), one can easily calculate the refraction angles
0, and y,when the parameters of the two media and the angle of incidence 0, are
known (it is clear from Snell’s law that the angle of reflection must be equal to the
angle of incidence). Physically, Snell’s law implies that refraction and reflection
occur in the same way at any point of the interface between two media (i.e.,
independent of the x coordinate in Fig. 4.22).

The refraction of the wave from one medium to another can be conveniently
visualized with the help of the equifrequency surfaces (or contours in case of 2D
systems). Equifrequency surfaces are formed in k-space by all points whose
wavevectors correspond to plane waves of the same frequency . Physically,
they display the magnitude of the wavevector k of a plane wave propagating in
the given medium as a function of the direction of propagation. For any isotropic
medium the equifrequency surfaces are perfect spheres (circles in 2D), since the
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Fig. 4.23 Equifrequency k.
surface of an isotropic

medium

w=const

magnitude of the wavevector is independent of the direction of propagation, as
illustrated in Fig. 4.23.

Another extremely important property of equifrequency surfaces is that at its
every point the direction of the group velocity U, (or equivalently the direction of the
energy transport) in the medium at a given frequency coincides with the direction of
the normal to the equifrequency surface (pointing towards the increase of w). In
other words, U, is given by the gradient of w as a function of the wavevector k:

Uy =V (k) (4.7)

On the other hand, the direction of the phase velocity Up (or the direction of the
propagation of constant phase) is set by the direction of the wavevector k. As shown
in Fig. 4.23, in an isotropic medium both phase and group velocities point in the
same direction. This is however not the case in an anisotropic medium (e.g., GaAs
or CdS), in which magnitude of the wavevector is direction dependent and thus
equifrequency surfaces will not be perfect spheres anymore.

Having introduced the notion of the equifrequency surfaces/contours, let us use
them to illustrate the refraction of a plane wave in Fig. 4.24. This is accomplished
by drawing the equifrequency contours (since all wavevectors lie in the x—z plane)
for each medium on the scale that would correctly represent the relative magnitudes
of the wavevectors of the incident and refracted waves. By projecting the parallel
component of the incident wavevector la (which must be conserved according to
Snell’s law) on the contours of the solid, one is able to find the direction of
propagation (i.e., refraction angles) of both waves in the solid (Fig. 4.24). As was
explained in the preceding paragraph, group velocities U, and wavevectors k are
parallel to each other (because of the spherical shape of the equifrequency
contours) and also point in the same direction, since w increases as the magnitude
of the wavevector increases, meaning that V ;w(lg) points along the outward normal
to the equifrequency contour. The significance of the last observation will become
apparent when the refraction in 2D phononic crystals will be discussed.
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Fig. 4.24 Refraction of a
plane wave in Fig. 4.1 is
illustrated with the help of the
equifrequency contours (the
same diagram holds for the
transverse wave, which is
omitted for simplicity)
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The periodicity of the phononic crystal makes it an anisotropic medium, in which
the magnitude of the wavevector depends on the direction inside the crystal and
equifrequency contours are, in general, not circular. However, the frequency ranges
still might exist where the equifrequency are almost perfect circles as is the case of a
2D crystal made of solid cylinders assembled in a triangular crystal lattice in a liquid
matrix. For example, for a crystal made of stainless steel rods immersed in water the
MST predicts the existence of circular equifrequency contours in the 2" band for
the frequencies that are far enough from the Brillouin zone edges (ranging from
0.75 MHz to 1.04 MHz, which is the top frequency of the 2" band). The
equifrequency contours for the several frequencies are presented in Fig. 4.25 [5].

Note that in this frequency range the wavevector ke and the group velocity U,
(which defines the direction of the energy transport inside the crystal) are antipar-
allel to each other. This is the consequence of the fact that @ increases with the
decreasing magnitude of the wavevector, meaning that@kﬂ)(/g) points along the
inward normal to the equifrequency contour, as explained in Fig. 4.26. It is also
obvious that, because of the circular shape of the equifrequency contours in the 2"
band, ke, and U, are antiparallel irrespective of the direction inside the crystal.

Let us investigate the consequence of this fact by considering the refraction into
such a phononic crystal of a plane wave incident on the liquid/crystal interface from
the liquid and having frequency lying in the 2" band of the crystal (Fig. 4.27). The
parallel component of the wavevector in both media must be conserved just as it
was in the case displayed in Fig. 4.24. What is different however is that the wave
vector inside the crystal and the direction of the wave propagation inside the crystal



120

Fig. 4.25 Equifrequency
contours predicted by the
MST for the several
frequencies in the 2nd band of
the 2D phononic crystal made
of stainless steel rods in water

Fig. 4.26 Refraction of a
plane wave at the water/
crystal interface. The choice
of the upward direction of the
wavevector l?;r provides a
wave propagating inside the
crystal
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are now opposite to each other. As a result, both incident and refracted waves (rays)
stay on the same side of the normal to the water/crystal interface (compare with
Fig. 4.24 in which incident wave crosses the plane though the normal as it refracts

into the lower medium).




4 2D-3D Phononic Crystals 121

Fig. 4.27 Negative

refraction of a plane wave WATER
incident obliquely on the
water/crystal interface. Note
the conservation of the
wavevector component k||
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Since the refracted wave happens to be on the negative side of the normal, this
unusual refraction can also be described by assigning an effective negative index of
refraction to the crystal. In this case we say that the incident wave is negatively
refracted into the crystal and use the term “negative refraction” to indicate this
phenomenon. Before we proceed further with discussion of sound wave refraction
in phononic crystals, it is worth noting that the negative refraction considered above
is fundamentally different from negative refraction in double negative materials, as
originally envisaged for electromagnetic waves by Veselago [30] in materials with
negative values of both electric permittivity ¢ and magnetic permeability u.
Although both phenomena look similar, it is a band structure effect in case of
phononic crystals whereas in case of doubly negative materials it is brought about
by the negative values of the local parameters of the medium (¢ and u for the
electromagnetic wave case). It is also important to recognize that the negative
direction of refraction is always given by the direction of the group velocity in
phononic crystals.

Let us now consider the question of the experimental observation of the negative
refraction in phononic crystals. First, it should be mentioned, that the same effect
must occur when the direction of the wave in Fig. 4.27 is reversed, i.e., when the
wave is incident on the crystal/water interface from the crystal. One might contem-
plate an experiment in which a plane wave would be incident obliquely on a flat
phononic crystal with parallel sides. According to the previous discussion, it should
be refracted negatively twice before it finally appears on the output side of the
crystal, as shown in Fig. 4.28.

This type of experiment, however, is not able to provide conclusive evidence of
the negative refraction, as the direction of the propagation of the output wave will
be the same whether it refracts negatively inside the phononic crystal or positively
in a slab of a regular isotropic material (Fig. 4.28). In case of an input beam of finite
width, one can look for evidence of either negative or positive refraction inside the
slab by measuring the position of the output beam with respect to the input beam
and comparing it to the predicted value. In practice, this shift in position of the finite
width beam may be difficult to resolve. Another type of experiment, which is able to
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CRYSTAL

WATER

Fig. 4.28 Propagation of the sound wave through a flat crystal with parallel surfaces. Both
negatively and positively refracted waves leave the crystal’s surface in the same direction. Also
indicated are distances d,, and d,, by which positively and negatively refracted beams are displaced
with respect to the input beam.

o WATER
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positive
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k,
Fig. 4.29 Negative refraction experiment with the prism-shaped phononic crystal.
(a) Equifrequency contours in water and in the crystal. In (b), the directions of positive and
negative refraction at the output face of the prism crystal are shown. The thick arrow indicates the
direction of wave propagation inside the crystal
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provide direct verification of whether positive or negative refraction takes place,
employs a prism-shaped phononic crystal (Fig. 4.29).

For the prism-shaped crystal, the input plane wave is incident normally on the
shortest side of the crystal and propagates into the crystal without any change in its
original direction, just as it would do in the case of a prism made out of a regular
material (see Fig. 4.29a). Recall that the ensuing wave inside the crystal will have
its wavevector k opposite to the direction of its propagation. This wave, however,
will be incident obliquely on the output side of the crystal and must undergo
negative refraction upon crossing the crystal/water interface (Fig. 4.29b), whereas
in the case of a prism of a regular material the output wave will be positively
refracted. Therefore, by recording on which side of the normal the outgoing wave
appears as it leaves the crystal, one is able to directly observe negative refraction of
the sound waves. From the predictions of the MST, one would expect the outgoing
wave to emerge on the negative side of the normal. This prediction was tested in the
experimentally by Sukhovich et al. [5]. The 2D phononic crystal was made in a
shape of a right-angle prism which is shown in Fig. 4.30. along with the high
symmetry directions of the triangular crystal lattice.

In the experiment, the input signal was normally incident on the shortest side of
the crystal, and the wavefield was scanned at the output side of the crystal
(Fig. 4.29b). Figure 4.31 presents the snapshot of the wavefield on which the
negatively refracted outgoing wave is clearly observed.

The angle at which the negatively refracted wave emerges with respect to
normal, —21° £ 1°, was found to be in good agreement with the one predicted
by the MST and Snell’s law (—20.4°).

4.5 Flat Lenses and Super Resolution

In 2000, Pendry [31] has proposed to use “Double-negative” metamaterials, which
means composite systems exhibiting both negative permittivity and dielectric
constant, as a building material for potentially perfect lenses that beat the Rayleigh
diffraction limit. This is possible thanks to the contribution of two phenomena. First
intrinsic properties of negative index metamaterials provide self-focusing capabilities
to a simple slab of these materials. The second effect requires the evanescent part of
the spectra of a source to couple with the lens and being resonantly “amplified” in
order to reach the image without losses. From this time, experimental and theoretical
demonstrations of acoustic metamaterials and phononic crystals have been reported.

Early results by Yang et al. [7] in 2004 have shown the applicability of phononic
structures for sound focusing. They have realized phononic crystals made of
0.8 mm-diameter tungsten carbide beads surrounded by water. The face centered
cubic structure of the closed packed beads exhibits a complete band gap in the 0.98
to 1.2 MHz range. From the analysis of the equifrequency surfaces summarized in
Fig. 4.32a, b, the authors have shown that significant negative refraction effects are
expected due to the highly anisotropic properties of the dispersion relations.
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Fig. 4.30 Geometry of the 2D prism-shaped crystal. (a) Unit cell. (b) View from above. High
symmetry directions, indicated as 'M and I'K, correspond to those shown in Fig. 4.1
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Fig. 4.31 Outgoing pulses in the negative refraction experiment (after Sukhovich et al. [5])
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Fig. 4.32 Focusing of sound in a 3D phononic crystal after Yang et al. [7]. (a) Cross section of the
equifrequency surfaces at frequencies near 1.60 MHz in the reduced (a) end extended (b) Brillouin
zones. The cross section plane contains the [001], [110] and [111] directions. (¢) Experimental
field patterns measured a 1.57 MHz without the phononic crystal in place. (d) same as (c¢) with the
phononic crystal in place
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Fig. 4.33 Illustration of the refraction properties of a negative index material slab. (a) In the usual
case of a positive material a source gives only divergent beams. If the slab is made of a negative
index metamaterial then the beams are convergent in the extent of the slab. (b) If the slab is thick
enough (or the index has sufficient magnitude), the incoming rays focus twice in the thickness of
the slab and on the output side. Here the index is supposed to be opposite to the index of the
embedding media. Two images are produced, inside the slab and on the output side (If the slab is
too thin (Fig. 4.33a) then a single virtual image exists)

Experiments have been carried out to study the transmission of sound across a stack
made of the phononic crystal mounted onto a thick substrate. As will be discussed
in Fig. 4.33, negative refraction through a phononic crystal slab is expected to
produce a focus inside the crystal and on the output medium. This later focus was
observed by Yang et al. at the right distance on the substrate surface. They used a
pinducer that produce ultrasonic pulses and a hydrophone mounted on a 3D
translation stage. The recorded data was then treated by Fourier transform in
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order to recover the components at the frequency of interest. The field patterns in
Fig. 4.32c¢, d show the focusing effect in the presence of the phononic crystal.

In 2009, evidences of an acoustic super-lensing effect have been provided by
Sukhovich et al. [11]. Here we describe the principles of acoustic super-resolution
and go into details about these recent results.

4.5.1 Sound Focusing by a Slab of Negative Index Material

Among the numerous consequences of negative refraction, the most promising in
terms of applications is the ability for a slab of negative index material to produce
an image from any point source. Indeed, in the extent of an equivalent homoge-
neous negative index material, the Snell’s law simply applies using the negative
index.

1y Sinip = np sinip 4.8)

Here, n; and n, are the indexes and i; and i, the incident and refracted angles.
The negative value of i; accounts for both refracted and incident beams being on the
same side with respect to the normal plane. Let us consider a sound source that
emits waves in a usual positive medium in front of a slab of another material. As
depicted on Fig. 4.33a, geometric ray tracing predicts that, if both materials are
positive, every beam from the source will cross the two interfaces between the two
materials and diverge as well on the output side of the slab. By contrast, if the slab is
made of a negative index material then, any diverging beam will converge in the
thickness of the slab. In the latter case, provided that the slab is sufficiently thick,
the beam will focus twice (Fig. 4.32b).

This way a simple parallel slab of negative material performs by itself the
focusing of an image as a lens would do. It is worthy to note that the principle of
such a lens does not rely on the effect of shaping the material but rather on the
intrinsic properties of negative index materials. The properties of these lenses are
completely different from their usual counterparts. First, a simple geometrical
analysis shows that the link between the respective positions of the image and
source points is:

taniyp —ny /nycosiy

i=d s=d

taniy \/1 — (n1/np)*sin2i

s, 4.9)

where d is the slab thickness, s the distance from the point source to the input side
and i the distance from the output side to the image. The consequence of this
relation is that rays with different angles of incidence focus at different distances
from the output side. This is a drawback since producing an image from a point
source requires that all the angular components of the incident signal are focused
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to a same point, which is called stigmatism. Here this requirement is fulfilled
only if:

n, = —ny, (4.10)

which is the condition for All Angles Negative Refraction (AANR). This first
condition is a strong yet possible condition for imaging with a negative
metamaterial slab. In that case (4.9) reduces to:

i=d—s. @.11)

4.5.2 Origin of the Rayleigh Resolution Limit: Toward Super
Resolution

This condition being satisfied, one can hope to build a lens whose resolution at a
wavelength 1 is at best A = /2. This limitation, known as Rayleigh resolution
limit, holds even in the case of no-loss materials and with a lens of infinite
aperture. As pointed out by Pendry [31], its origin lies in the loss of the near
field, evanescent, components from the source. If we consider the field emitted by
a point source one must consider components with real wave-vectors (propagating
waves) and pure imaginary wave-vectors due to the finite extension of the source.
The former components are evanescent waves whose decay occurs over the
distance of a few wavelengths. In the following we describe by means of a
Green’s function formalism [32] how the loss of these components leads to the
Rayleigh resolution limit.

Let assume an infinite slab of thickness d made of a homogeneous double
negative material immersed in a positive medium. Despite Green’s functions are
well suited to describe the response of any medium (possibly inhomogeneous) to a
point source stimulus, for the sake of simplicity, both media are treated as homoge-
neous fluids. This assumption will be discussed further on a practical case. How-
ever, this description is still suitable to show how to enhance the resolution thanks
to the integration of evanescent components. The notations and geometry used in
the following parts are depicted on Fig. 4.34, where p;, p,,c; and ¢, are the densities
and the sound waves velocities (phase velocities) of media 1 and 2 respectively.

The Green’s function G(X, X7) describes the field generated at X by a Dirac source
located at x7. Due to the axial symmetry of the problem and the aim to introduce the
concept of wave-vectors we shall write this function as a two-dimensional spatial
Fourier transform in the plane parallel to the fluid/slab interface:

dzlg (e 2! —
Gz, ) = /ﬁe‘ku(«w—* (k) ), x3,x'3), 4.12)
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where £, /, and X, are the components of the wavevector and position vector parallel
to the (xy, x,) plane. This is the function of a composite medium composed of the
flat Iens (medium 1) of thickness d (with faces centered on —d/2 and d/2) immersed
between two semi-infinite media 2. Following the notions developed in Chap. 3
about composition of Green’s functions, this Fourier Transform can be
expressed by:

2p,Aaye2l—5=d)

g(lg//7x3,x’3) = 7 2
(prc3o + pycdon) end — (pycloy — pyc3an) e nd (4.13)

for x}<—d/2 and x3>d/2

Here,a; = —ik3 ;) , is the component of the wave-vector perpendicular to the
interface between medium 1 and medium 2." This wave-vector is the key parameter
since its value will account for the propagating or evanescent nature of the waves
and its sign depends on the positive or negative index of the material. The
component k3 ;) of the wave-vector is fully determined at a given frequency and
k;, by the dispersion relation of a homogeneous fluid:

2
Wy o 2
<6—1> = k// + k3’(i) (4.14)

In addition, the conservation of the parallel component of the wave-vector
implies that k;, is the same in both media. One can see that (4.14) admits real
solutions for k3 (i.e., propagating waves) only if @ < k;,c;. But we have to
consider the opposite case when w>k,,c; and k3 ;) is pure imaginary (i.e., evanes-
cent waves). Finally, in the case of a double negative material, the wave-vector is

! One can note that the zeros of the denominator in (4.13) correspond to all propagating and bound
modes of the system.
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Table 4.2 Normal to the slab component of the wave vector is defined depending on the
evanescent or propagating nature of the wave and of the sign of the medium index

Medium 1 Medium 2
Negative index Positive index
Propagating N Y _ Jor _ g2
0> e, ks ) ==/ =k ko) =/ — k)
E t _ w? _ w?
vanescen k3 (1) = k?/ _ ? k3‘(2) = k?/ _ g

w<k;c;

anti-parallel to direction of propagation which is accounted for by the minus sign
for the real k3 ;) . This choice of a negative sign in the case of propagating waves
ensures causality as pointed out by Veselago [32]. These considerations about the
wave-vectors are summarized in Table 4.2.

As shown above, in order to achieve sound focusing by means of a negative
index slab, the All Angles Negative Refraction condition has to be satisfied. Since
the index is defined byn; = 1/c;, it implies that ¢; = ¢, = ¢. We will further
simplify the model with some loss of generality by assuming that p; = —p, = —p
< 0. The negative sign of the density is due to the fact that medium 1 is a double
negative material which means that both bulk modulus and density are negative.
Therefore, the Fourier transform of the Green’s function from (4.13) reduces to:

e*d(,\'} 7,(; 7261)

gk, x3x'3) = for Xj<—d/2 and x;>d/2 (4.15)

2pco

This function has to be summed over the parallel components range &, of the
source. This range will determine the resolution of the image. Indeed, if we assume
that both propagating and evanescent modes contribute to the formation of the
image (i.e., the integral is carried out for &, from zero to inﬁnityz) then:

T dzlg// (e oy ei(w/c)\f—)ﬁ\
Grx)=|—% i (5=3"11) o (K )= h
(x*x" J(Zn)ze 8( //,X3 X3) dnplf— | where
0 (4.16)

d
ﬁ—(&&2+d—0.

This expression is that of a spherical wave originating at the point x;. The spatial
extent of this image is zero and therefore represents the perfectly reconstructed
image of the point source. Comparing this results to the notations of Fig. 4.33b, we
retrieve the relationship i = d —s. On the opposite, if we consider the usual far field
situation, evanescent waves do not contribute to the image reconstruction and at a
given frequency o, the upper limit for &, is w/c. Then, the Green’s function

*The formulae: |/Z e ﬁ J ;5= dxis used to calculate the Green’s function.
—0o0
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describes an image similar to (4.9) convoluted by a Gaussian profile whose half-
width is:

A=2nc/w=1)2 (4.17)

This latter case accounts for the Rayleigh resolution limit. Beating this resolu-
tion limit requires to achieve reconstruction of the image with at least a part
of the evanescent spectrum from the source. Furthermore, we see that the
actual resolution of an image is defined by the upper bound of the integral in
(4.16). If any mechanism enables the integration of components with wave vectors
up to ky,,, > w/c, then the resolution is:

A =21/ky<2]2, (4.18)

which demonstrates that the system achieves super resolution.

4.5.3 Design of a Phononic Crystal Super Resolution Lens

Sub wavelength resolution imaging has been a topic of considerable interest over
the past decade. As seen above, this effect requires negative refraction and the
ability of a system to transmit the entire spatial Fourier spectrum from a source,
including evanescent components. Here, we discuss the possibility to implement
such an acoustic super-lens and go into details about the recent experimental and
theoretical demonstration by Sukhovich et al. [11] using a structure consisting of a
triangular lattice of steel cylinders in methanol, all surrounded by water
(Fig. 4.35a).

First, negative refraction can arise from one of two mechanisms. Double nega-
tive metamaterials consist of systems including locally resonant structures which
exhibit a negative effective mass and negative bulk modulus [33, 34]. Other suitable
systems are phononic crystals, consisting of a periodic array of inclusions in a
physically dissimilar matrix [5, 6, 9, 11, 35, 36]. Negative refraction in phononic
crystals relies on Bragg scattering that induces bands with a negative group
velocity. It should be noticed that, since both metamaterials and phononic crystals
have complex dispersion curve, the approximation of a homogeneous media is
unlikely to be satisfied over the whole frequency range. However, it is possible to
design these systems such that in a narrow frequency band, they can be considered
as double negative materials with an effective negative index. In order to achieve
AANR, one has to design the phononic crystal such that at a given frequency, the
equifrequency contour is similar to an isotropic media, i.e., is a circle. In addition, at
this frequency, in order to satisfy condition ¢; = ¢, = c, this circle must have the
same diameter as the equifrequency contour of the media that surrounds the
phononic crystals lens. This requirement explains the choice of methanol as
the fluid medium surrounding the steel rods in the phononic crystal so that, at a
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frequency in the second band, the size of the circular equifrequency contours of the
crystal could be tuned to match the equifrequency contours of water outside the
crystal (Fig. 4.36). Thus, one of the important conditions for good focusing could be
achieved with this combination of materials. Indeed, any liquid with a sound
velocity that is small enough relative to water would have sufficed, with methanol
being a convenient choice not only because it is a low-loss fluid with a low velocity
(approximately two thirds the velocity in water) but also because it is readily
available. In this case, in the vicinity of the frequency of 544 kHz (the operation
frequency), the methanol-steel lens behaves as a negative index medium whose
index is opposite to the index of water, thus achieving the AANR condition.

The second requirement to obtain sub wavelength imaging is to keep the
contribution of the source evanescent modes. Following Sukhovich et al. [11],
sub wavelength imaging of acoustic waves has also been shown to be possible
using a square lattice of inclusions on which a surface modulation is introduced
[38], a steel slab with a periodic array of slits [39], and an acoustic hyperlens made
from brass fins [40]. In these demonstrations, the mechanism by which this phe-
nomenon occurs has been attributed to amplification of evanescent modes through
bound surface or slab modes of the system. In these systems, bound acoustic modes
whose frequency falls is the vicinity of the operation frequency exist. In that case,
provided that the lens is located in the close field of the source, some energy
radiated by the evanescent modes will couple in a resonant manner to these
bounded modes. The whole phononic crystal slab is excited and reemits the
evanescent components necessary to the perfect image reconstruction. It is worthy
to note that the amplification mechanism does not violate the conservation of
energy since evanescent waves does not carry energy as pointed out by Pendry
[31]. In this case, couplings with bounded modes play the role of the amplification
mechanism. These modes can be studied by means of a Finite Difference Time
Domain (FDTD) (see Chap. 10) simulation as shown on Fig. 4.37. If we look at the
dispersion graph in the direction parallel to the water/lens interface (i.e., in the I'K
direction of the phononic crystal first Brillouin zone), we see a number of branches
that corresponds to waves whose displacement is confined in the phononic crystal
or at the surface of the slab. More specifically, at the operation frequency of
544 kHz, some nearly horizontal branches extend outside the water dispersion
cone. These modes are likely to couple with wave vectors outside the cone at this
frequency in accordance with the scheme described by Luo et al. [41].

4.5.4 Experimental and Theoretical Demonstration

Experiments have been carried out by Sukhovich [11] on a 2D phononic crystal
made of 1.02-mm-diameter stainless steel rods arranged in a triangular lattice with
lattice parameter of @ = 1.27 mm. The surface of the crystal was covered by a very
thin (0.01 mm) plastic film and the crystal was filled with methanol. A rectangular
lens was constructed from 6 layers of rods, with 60 rods per layer, stacked in the
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I'M direction of the Brillouin zone, i.e., with the base of the triangular cell parallel
to the surface. The experiments were conducted in a water tank. The ultrasound
source was a narrow subwavelength piezoelectric strip, oriented with its long axis
parallel to the steel rods; it was therefore an excellent approximation to a 2D point
source. The spatiotemporal distribution of the acoustic field on the output side of the
lens was detected with a miniature 0.40-mm-diameter hydrophone mounted on a
motorized stage, which allowed the field to be scanned in a rectangular grid pattern.
This setup ensures that the widths of the source and detector are smaller than the
wavelength in water (A = 2.81 mm) at the frequency of operation (530 kHz). The
pressure field, shown on Fig. 4.38, exhibits a focal spot on the axis of the lens at a
distance of approximately 3 mm from the output side. The resolution of this image
is defined as the half-width of the pressure peak corresponding to the image. This
value is determined by locating the maximum amplitude and fitting a vertical cut of
the pressure field through this point by a sinus cardinal function (sinc(27x/4)). The
half width 4/2 is taken to be the distance from the central peak to the first minimum.
The resolution at 530 kHz was found to be 0.374, where A = 2.81 mm. This value is
significantly less than the value of 0.54 that corresponds to the Rayleigh diffraction
limit, demonstrating that the phononic crystal flat lens achieves super-resolution.

These experimental results are supported by FDTD simulations. The FDTD
method is based on a discrete formulation of the equations of propagation of elastic
waves in the time and space domains on a square grid. The method is described in
further details in Chap. 10. Here the whole methanol/steel phononic crystal is
meshed as well as a part of the surrounding water. The limits of the simulation
cell are treated under the Mur absorbing boundary condition that prevents
reflections. The simulated phononic crystal slab has only 31 rods per layer in
order that calculations remain compatible with computational resources. However
tests have shown low influence of the reduced length. The acoustic source is
simulated by a line source (0.55 mm wide) of mesh points emitting a sinusoidal
displacement at frequency v = 530 kHz in accordance with the best experimental
result. Their displacement has components parallel and perpendicular to the surface
of the lens. The contour map on Fig. 4.38b shows the field of the time-averaged
absolute value of the pressure. It can be seen in that an image exists on the right side
of the crystal accompanied by lobes of high pressure that decay rapidly with
distance from the surface of the crystal. The similarity between the experimental
scheme and the FDTD mesh enables direct comparison of both experimental and
simulated pressure fields. The FDTD results confirm the observation of super
resolution with an image resolution of 0.354 in excellent agreement with
experiments. Both experimental and FDTD field patterns of Figs. 4.35b and 4.38
exhibit intense excitation inside the lens which is consistent with the role that bound
modes are expected to play in the resonant transmission of the acoustic spectra.
Theses modes, near the operating frequency, are bulk modes of the finite slab, not
surface modes that decay rapidly inside the slab.

As seen above, the Rayleigh resolution limit originates from the upper limit of
the Fourier spectrum transmitted to the image point which is at best w/c in the far
field regime of an imaging device. Here, since re-emitted evanescent waves can
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Fig.4.35 Scheme of the system studied by Sukhovich et al. [11]. The radius of the steel inclusions
is 7 = 0.51 mm with a lattice parameter of @ = 1.27 mm. (a) FDTD grid used for the numerical
study. The black line in front of the input side represents the source. (b) Averaged pressure field
obtained through FTDT simulation. Note the image on the output side whose resolution (0.357) is
below the Rayleigh limit
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Fig. 4.36 Band structure of the methanol-steel phononic crystal after [37]. The solid lines represent
the dispersion curves. The dispersion relation of the surrounding medium (water) is drawn as dashed
lines. The second band exhibits a negative group velocity and intersects the water cone on a circular
equifrequency at 544 kHz

contribute to the image, the resolution beats this criterion. By this mechanism one
can virtually build an image up to an arbitrary resolution provided all evanescent
modes are amplified and a sufficient time is available to reach the steady state
regime for all evanescent modes. However, despite the absence of losses in the
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Fig. 4.37 Band structure diagram of the whole phononic crystal slab and water system in the
direction parallel to the lens surface (FDTD calculation after [37]). Each curve corresponds to an
acoustic mode propagating either in the phononic crystal slab or at the water/slab interface. The
operation frequency (544 kHz) is indicated as a horizontal dotted line. The straight dashed lines
are the dispersion relation of water. The x-axis range has been extended to the fist Brillouin zone
I'K of the triangular lattice

simulation scheme, the simulated resolution value is only 0.354. This fact indicates
that the transmission of evanescent waves does not occur over the full Fourier
spectra but rather up to a limiting cut-off value k,,. The previous analysis of super
resolution in term of Green’s function assumed the constituent material of the lens
to be a homogeneous negative index material and did not discuss the possible
origins of limitations to the transmitted Fourier spectra of the source. In the
practical case when a phononic crystal, which is an inhomogeneous periodic
material, is used as the lens, only modes with wave vector k parallel to the lens
surface that is compatible with the periodicity of the phononic crystal in that same
direction can couple to the sound source. In other words, all evanescent modes
cannot contribute to the reconstruction of the image. The upper bound of the
integration is determined by the largest wave vector k,, parallel to the lens surface
that is compatible with the periodicity of the phononic crystal in that same direction
and that can be excited by the sound source. In Fig. 4.37, the dispersion curves of
the slab immersed in water are shown in the direction parallel to the lens surface.
The dashed diagonal lines are the dispersion curves of acoustic waves in water and
the dotted horizontal line represents the operating frequency. At this frequency, the
wave vector components of the incident wave with k, < w/c can propagate in the
crystal; they will form an image according to classical geometric acoustics.
Components with k;, > w/c will couple to the bound modes of the slab provided
that these bound modes dispersion curves are in the vicinity of the operating
frequency. In this way, the existence of many modes of the slab with nearly flat
dispersion curves in the vicinity of the operating frequency is beneficial for
achieving super resolution, as mentioned in [37]. One might imagine that
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Fig. 4.38 Comparison of experimental (top) and FDTD simulation (bottom) results after Sukhovich
et al. [11] showing the averaged pressure filed and pressure profiles along the lens axis and the output
side

evanescent waves with transverse wave vector of any magnitude above w/c could
couple with bound modes. However, the modes that propagate through the thick-
ness of the lens must resemble those of the infinite periodic phononic crystal. The
symmetry of the waves inside the lens must therefore comply with the triangular
symmetry of the phononic crystal. More precisely, the modes of the crystal are
periodic in k-space with a period equal to the width of the first 2D triangular
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Brillouin zone. This is the reason why the x-axis of Fig. 4.37 has been extended up
to the K point of the hexagonal lattice reciprocal space. If an incident wave has a
wave vector above the first Brillouin zone boundary, then it will couple to a mode
having a wave vector that can be written as k,, = k, /)t G where G is a reciprocal
lattice vector and k lies in the first Brillouin zone. In our case, since the first
Brillouin zone of a triangular lattice extends from — 47/3a to 4n/3a in the I'K
direction (parallel to the lens surface), the information carried by incident evanes-
cent waves with transverse wave vector components,

k) <km = 47/3a, (4.19)

will contribute to the formation of the image. According to (4.11), with this
definition, one finds that the best possible image resolution is:

A_va (4.20)

Applying this estimate to our phononic crystal with ¢ = 1.27 mm, and a
wavelength in water at 530 kHz of 2.81 mm, the minimum feature size that
would be resolvable with this system is 0.34/. This estimate matches results very
well for the best resolution found for this system (0.344) presented in Sect. 4.2, and
with experiment (0.371).

4.5.5 Effects of Physical and Operational Parameters
on Super Resolution

In this section, we explore the effects of several factors on the image resolution of
the phononic crystal flat lens. These factors include operational parameters such as
the source frequency and the position of the source and geometrical factors such as
the width and thickness of the lens. By exploring modifications to the system, we
aim to shed light on the parameters that have the greatest impact on the imaging
capabilities of the phononic crystal lens and understand their effects as they deviate
from the best operating conditions.

4.5.5.1 Operating Frequency

Up to now, the operating frequency of the source was chosen to be 530 kHz, as in
[6], this value was chosen as a compromise between proximity with bounded modes
required for evanescent waves coupling and the AANR frequency in order to
achieve the best experimental resolution. We now focus on the effects of the
operating frequency in the 510 to 560 kHz range by means of numerical simulations
and experimental measurements. Figure 4.39a shows the image resolution and
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Fig. 4.39 Effects of the operating frequency after [37]. (a) Resolution and distance of the image
as a function of the operating frequency. Results from experiments (triangles) are compared to
FDTD simulation (circles). (b) Schematic representation of the transmission through the phononic
crystal lens based on the equifrequency contours shapes. The equifrequency contour of the
phononic crystal lens is represented as a circle inside the first Brillouin zone of the hexagonal
infinite crystal. The gray areas illustrate the existence of bound modes with frequency very close to
the operating frequency

distance of the focus from the exit surface of the lens as a function of the operating
frequency. Experiments and calculations are in reasonable agreement from 523 to
560 kHz. Experiments exhibit an optimum resolution (0.374) at 530 kHz as
discussed above. As expected, experimental values are higher than the computed
values since practical imperfections in the lens fabrication and measurement noise
lower the resolution of the focus. However, the difference does not exceed 0.051
which is excellent. For increasing frequencies, the image lateral width increases up
to the Rayleigh value (0.54) while the focus forms farther from the lens output side.
These trends are confirmed in both experiments and FDTD results. However, no
clear minimum of the resolution is observed in the simulations.

The observation of an optimum resolution has been interpreted in terms of a
trade off between the AANR condition and the excitation of bound modes of the
phononic crystal [37]. Figure 4.39b depicts the EFC in water and in the phononic
crystal for different frequencies as circles of different diameters. The occurrence of
super-resolution is discussed with respect to the operating frequency of 544 kHz
which is the frequency of AANR expected from simulations.

First, if the source frequency is tuned lower than 544 kHz, super resolution is
achieved with a resolution below 0.39/. Since the operating frequency is lower than
544 kHz, the equifrequency contour of water is a smaller circle than the EFC inside
the crystal. All components of the incident wave vectors corresponding to
propagating modes can be negatively refracted by the crystal, i.e., the AANR
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condition is satisfied. However, the mismatch of the equifrequency contours
diameters leads to a negative effective index of refraction with magnitude greater
than one, causing the different components from the source to focus at different
places. On another hand, operating frequencies well below 544 kHz are close to the
flat bands of bound modes in the phononic crystal slab, allowing for efficient
excitation by the evanescent waves from the source (Fig. 4.37). These modes are
depicted as a gray region on the EFC of the slab in Fig. 4.39b. Thus, the gain from
the amplification of evanescent modes is retained and super-resolution is achieved.

At the frequency of 544 kHz the EFC of water and the phononic crystal have the
same diameter resulting in an effective index of —1. This condition implies a
perfect focusing of all propagating components of the source into a single focal
point. However Fig. 4.37 shows that the flat bands of bound modes of the lens are
now well below the operating frequency, which means that coupling with these
modes and amplification of the evanescent waves during transmission is now
inefficient. The experimental optimum of the lateral resolution at 530 kHz occurs
between the bound mode frequencies (510 kHz) and the perfect matching of the
equifrequency contours (544 kHz).

In the case of frequencies above 544 kHz, the EFC of water has now a greater
diameter than the EFC of the phononic crystal and the AANR condition is not
matched. A part of the propagating components experience total reflection at the
water/lens interface and the resolution worsens up to 0.54 at 555 kHz.

These results confirm the importance of the design of the phononic crystal super-
lens with respect to two conditions. First, one has to meet the AANR condition,
which requires that the phononic crystal be a negative refraction medium with a
circular EFC matching the EFC of the outside medium (water). Second, bound
modes must exist in the phononic crystal whose frequencies are close to the
operating frequency so that amplification of evanescent components may occur.
The optimum frequency is found as the best compromise between those two
parameters.

Finally, the effect of the operating frequency on the image distance can be
understood according to acoustic ray tracing. Here, since the magnitude of the
effective acoustic index of the phononic crystal decreases as the frequency
increases, the image appears farther from the lens exit surface for higher
frequencies [see (4.9)]. This trend, confirmed by experiments as well as simulations
(see Fig. 4.39a) shows the high sensitivity of the image location to changes in
frequency. Here, tuning the frequency from 523 to 555 kHz shifts the image from
2.6 to 5.75 mm. A change over 6 % in the frequency is able to tune the focal spot
distance over 220 %.

4.5.5.2 Distance from the Source to the Lens
Here, we consider the effects of the position of the source with respect to the

phononic crystal surface. Super resolution requires coupling of the evanescent
waves from the source to bound modes in the phononic crystal in order to achieve
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amplification and re-emission. This process is thus only possible if the phononic
crystal lies in the near field of the point source at a distance where evanescent
components are not too much attenuated. In terms of sizes, this means that distance
from source to lens and the period of the phononic crystal (lattice constant) are
comparable in magnitude. A question arises whether or not the detailed heteroge-
neous structure of the phononic crystal can be ignored and replaced by a continuous
model of a negative index material. This question was addressed from a numerical
point of view by varying the distance between the point source and the surface at the
optimum frequency of 530 kHz. The measured effects are the position of the source
with respect to the exit face and the lateral resolution of the focus as shown on
Fig. 4.40. Indeed, if the phononic crystal can be modeled by a homogeneous
negative index material slab, geometrical ray tracing implies that the distance
from lens to focus is described by (4.11). The dashed horizontal lines represent
the Rayleigh diffraction limit (0.51) and the estimated maximum resolution limit
(0.34 /) calculated in Sect. 4.5. It results that as the distance between the source and
the face of the lens is increased, excitation of the bound modes is less and less
effective and the resolution decreases. For this range of image distances, the
resolution remains smaller than the Rayleigh diffraction limit. The fact that this
limit is not reached on the plot is related to the close distances which range from
0.036/ to 1.4/. The lens is always in the near field of the source for the studied
range. One expects that for larger distances the resolution will reach the Rayleigh
diffraction limit, accompanied by loss of super-resolution. It should be noted that
the source cannot be placed farther than one lens thickness from the lens itself in
order to get a real image. Thus, to observe the complete loss of super-resolution
would require to significantly increase the lens thickness as well as the source
distance which is demanding for a computational point of view.
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The Green’s function model described in Sect. 4.5.2 shows that if all evanescent
and propagating modes are contributing the image is perfectly reconstructed as a
point source at a distance d—s from the exit face of the lens. This position is in
accordance with geometric rays tracing in two media with opposite refraction
indices. It could be shown that if the two media had some low acoustic index
mismatch or if the lens media had uniaxial anisotropy in normal incidence axis
direction [32], the relation would still be linear. This linear behavior is indeed
observed thanks to simulation data on Fig. 4.40 where the focus location fits a linear
relation with a slope of —0.82 with respect to source location. However, the
intercept of this curve is not exactly the thickness of the lens (d = 6.52 mm), as
expected from (4.11). We have seen that the operating frequency could change
dramatically the focus location since it defines the effective index of the phononic
crystal. Here the results are presented at the frequency of 530 kHz which is not the
exact value of the AANR condition when an index of n = —1 is achieved.
The value for 530 kHz is rather » = —1.07. Acoustic ray tracing predicts that if »
is the effective index of the phononic crystal relative to water, then the focus
position for a source placed very close to the lens is d/Inl. This would predict an
intercept at 6.09 mm, still far from the observed value. Thus, the frequency effect
over index alone is insufficient to explain completely the discrepancy. This dis-
crepancy is therefore most probably due to the fact that the assumption of a
homogeneous negative medium is poorly valid in the case of a phononic crystal
because of the similar length scales between the lattice parameter, lens thickness,
wavelength and the source distance. At least, it is less valid than in the case of
metamaterial slabs [42] where the resonant inclusions have sizes well below the
wavelength.

4.5.5.3 Geometry of the Phononic Crystal Lens

The geometry of the lens itself has been studied in terms of its effects on resolution
and the location of the image. The respective effects of the thickness and width of
the phononic crystal lens are discussed successively. The width of the lens has been
studied from the experimental and computational point of views. The picture of a
semi infinite slab (in the x; and x,) directions used for the Green’s function model is
quite different in the context of simulations and experiments where the width of the
lens is measured along x; by the number of rod inclusions in each layer parallel to
the surface. The question raised by the limited width of the lens is similar to what is
called aperture in the context of optics. The spatially limited transmission due to the
finite extent of a lens is responsible for a loss of resolution due to the convolution of
any image by an Airy function. Thus, a sufficient width has to be chosen so that this
limitation is low enough in order to demonstrate the super resolution effect.
Sukhovich et al. [5] have used lenses of 15, 31 and 61 rods per layer in crystals
made of 6 layers, all other parameters being constant. The behavior of the lenses
with 31 and 61 rods per layer are similar and suitable to exhibit super resolution.
The position of the image and resolution as a function of the position of the source
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Fig. 4.41 Effects of the number of layers. Lateral resolution and distance of the image as a
function of the number of layers

(Fig. 4.41) were almost identical. By contrast, the results for the narrower 15 rods
per layer are significantly different. This effect was attributed to the small aspect
ratio (2.5) of this lens inducing significant distortions. For lenses wider than 31
rods, the aspect ratio is greater than 5 and does not affect the results.

For what concerns the thickness of the lens, it can be varied by changing the
number of layers of inclusions. Robillard et al. [37] simulated thicknesses of 4, 5, 6,
7 and 8 layers for the case with a width of 31 rods per layer. The distance from the
source to the surface was maintained at 0.1 mm and the corresponding results are
shown in Fig. 4.41. It follows that, within the range of measurement error, the
resolution does not change with width as expected. This fact is also confirmed by
the authors by the existence of similar bound modes in the vicinity of the operating
frequency whatever the lens thickness. The frequencies of the bound modes that are
responsible for super-resolution do not vary significantly as the thickness changes.
Last point, always according to the ray tracing and Green’s models, the distance of
the image is expected to be linearly dependent on the lens thickness. This fact is
observed as well but the fitted value of this slope is not one, as expected in the case
of a homogeneous negative medium, but 0.83. As discussed earlier in this para-
graph, the lens made of an effective homogeneous medium may not be a valid
hypothesis in these conditions. Again, the discrepancy between the slope of 0.83
compared to one indicates the thickness mismatch between effective homogeneous
slabs and phononic crystal slabs [42].
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4.5.5.4 Location of the Source in the Direction Parallel to the Lens

The position of the source in a direction parallel to the slab input face plays a role
that is linked to the amplification mechanism of evanescent components from the
source. Necessary couplings with bound modes of the phononic crystal slab and
near field proximity implies that this mechanism is sensitive the heterogeneous
structure of the phononic crystal. Especially, efficient coupling requires that dis-
placement fields of the bound modes and evanescent waves overlap in space. Since
the lens excitation exhibits high pressure lobes in front of each steel cylinder when
super resolution is achieved, it is assumed that the bound modes involved have
similar displacement patterns. Thus, by shifting the source in a direction parallel to
the slab the efficiency of the couplings is expected to change and result in modifi-
cation of the super resolution effect. This process was simulated by a source facing
the gap midway between two cylinders of the phononic crystal. In this case, the
resolution falls to 0.54/ as can be seen by the wider focus on Fig. 4.42a, b.

Experiments confirm these results are in accordance with experimental results;
moving the source parallel to the surface from the position opposite a cylinder (best
resolution) by only a quarter of its diameter caused the image resolution to degrade
from 0.371 to 0.47 1.

Thus, looking at Fig. 4.42a gives an understanding of the bound modes displace-
ment. The pressure exhibits lobes of maximum amplitude between cylinders and
consequently the displacement amplitude would show maxima in front of each
cylinder and nodes between them. Placing the source at any of the nodes of the
displacement field prevents evanescent waves from coupling efficiently with the
bound modes.

4.5.5.5 Disorder

The properties of Phononic Crystals rely on the coherent summation of the Bragg
scattered components of acoustic waves on the successive planes of the crystal.
Because of this coherent character, any deviation from perfect order inside the
crystal structure is expected to introduce diffusion effects that are detrimental to
imaging properties. Especially, the super-resolution effect that is described in this
section should be sensitive to such defects. This hypothesis has been verified from
both the experimental and numerical point of view [11]. Figure. 4.42c, d show
FDTD results that assume some random deviation in the rods position from the
perfect triangular lattice configuration. This positional disorder in the numerical
model has a standard deviation of 5 %, which corresponds to an upper limit for the
experimental crystal. The experimental measurements were found to be very
sensitive to disorder in the position of the steel rods. These results confirm in that
disorder in the phononic crystal is detrimental to the quality of the image and for
some random realizations can even eliminate the focusing property of the lens.
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Fig. 4.42 Influence of the location of the source in the direction parallel to the lens and of the
disorder after [11]. The contour maps of the normalized average absolute value of pressure
calculated via FDTD at a frequency of 530 kHz for the phononic crystal lens imaging are plotted.
(a) The line source is located at 0.1 mm from the left lens surface and centered with respect to a
surface cylinder at x = 0. (b) Same simulation as (a) but with the source shifted down by a/2 in the
direction parallel to the surface of the lens. (c) and (d) show two lenses with positional disorder of
the steel rods showing imperfect focusing (¢) and loss of focusing (d)

4.6 Band Structure Design and Impact on Refraction

As shown before, 2D and 3D phononic crystals have been extensively studied and
implemented for their frequency dependent (w-space) effects on sound or elastic
wave propagation. Especially, absolute band gaps have led to a variety of guiding,
confinement and filtering designs. The astonishing demonstration of sound
tunneling is also related to the presence of band gaps. On the other hand, negative
bands and the subsequent negative refraction that occurs at the interface of some
phononic crystals and the surrounding media is a property related to the shape of the
EquiFrequency Contour (EFC) of the dispersion curves in the wave-vectors plane
(k-space). For the purpose of achieving super resolution imaging with a phononic
crystal lens, one has to design a phononic crystal with circular EFCs. These two
effects, band gaps and all-angle negative refraction, have received much attention
from the community since the first reports on sonic crystals. However, as expected
from the behavior of elastic waves in genuine crystals, a wider variety of properties
should result from the periodic arrangement of phononic crystals constituents. The
propagation of waves is always fully understandable by means of the dispersion
relations, i.e. the w and k-spaces. Since dispersion curves are determined by
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geometrical (sizes, symmetry) and material (stiffness, density) parameters,
phononic crystals can be designed in order to exhibit advanced spectral (w) and
directional (k) properties based on the analysis of the dispersion relations. In this
section we show how the design, especially the symmetry, of a phononic crystal,
can lead to strongly anisotropic effects such as positive, negative and even zero
angle refraction at a single frequency. Other effects such as collimation, beam
splitting and phase controlling are also predicted. Eventually, we discuss the
opportunity to control the respective phases between different acoustic beams
(y-space) and its possible implementation on acoustic logic gates.

4.6.1 Square Equifrequency Contours in a PVC/Air
Phononic Crystal

In 2009, Bucay et al. [43] have described theoretically and computationally the
properties of a phononic crystal made of polyvinylchloride (PVC) cylinders
arranged as a square lattice embedded in a host air matrix. We will develop this
section of Chap. 4 from the properties of this representative system. This PVC/air
system exhibits an absolute band gap in the 4-10 kHz range followed by a band
exhibiting negative refraction. The band structure for the infinite periodic phononic
crystal is generated by the Plane Wave Expansion (PWE) method and plotted in
Fig. 4.43b. In the 13.5 kHz equifrequency plane, the second negative band defines a
contour of nearly square shape centered on the M point of the first Brillouin zone.
This shape appears clearly in Fig. 4.43c which shows a contour map of the disper-
sion surface taken between frequency values 13.0 and 16.0 kHz extended to several
Brillouin zones. Though the properties of such an arrangement can be reproduced in
other systems of suitable symmetry and material parameters, we describe here the
parameters used in that particular demonstration. The spacing between the cylinders
(lattice parameter) is @ = 27 mm and the radius of the inclusions is » = 12.9 mm.
The PVC/Air system parameters are: ppyc = 1364 kg/m3 , c,pve = 1000 m/s,
CLpvc = 2230 m/S, PAir = 1.3 kg/m3, Ce Air = 0 m/S, and ClAir = 340 m/s (p is
density, ¢, is transverse speed of sound, and c; is longitudinal speed of sound). The
PVC cylinders are considered as infinitely rigid and of infinite height. This assump-
tion of rigidity simplifies the band structure calculation and is justified by a large
contrast in density and speed of sound between the solid inclusions and the matrix
medium. Again, the results gathered from this analysis are applicable to other solid/
air phononic crystals of the same filling fraction because, in reference to other solids,
air has extremely small characteristic acoustic impedance.

Bucay et al. [43] have focused on the consequences on acoustic propagation in the
passing bands with such square shaped EFCs. Here we summarize these effects and
their possible applications in acoustic imaging and information processing. The next
paragraphs use the schematic of Fig. 4.43a on which a PVC/air phononic crystal slab
is surrounded by air. This schematic corresponds to the FDTD simulation space. One
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Fig. 4.43 Schematic and band structure of the PVC/air system after Bucay et al. [183].
(a) Schematic illustration of the FDTD simulation cell. The acoustic sources can assume any
incident angle to the phononic crystal face and be set with any relative phase difference. (b) Band
structure generated by PWE method along the edges of the first Brillouin zone (pictured in (c)). (¢)
EFCs (extended zone scheme of irreducible Brillouin zone) in range of 13.0-16.0 kHz

or several beams impinge on the input side. Each source on the input side of the
simulation space is modeled by a slanted line of grid points consistent with the
desired incidence angle of the source. The nodes along this line are displaced in a
direction orthogonal to the source line as a harmonic function of time. These sources
can assume any incident angle to the phononic crystal face and can be ascribed any
relative phase difference, thus allowing for complete analysis of the phononic crystal
wave vector space (k-space) and phase-space (-space). The output side is reserved
for the detection of exiting acoustic signals.

4.6.2 Positive, Zero, and Negative Angle Refraction,
Self-Collimation

First, looking at the EFC contour at a given frequency of 13.5 kHz, it appears that
the square symmetry of the phononic lattice has a strong impact on the band
structure (Fig. 4.44). Indeed, while at very low frequencies the dispersion relations
are linear (low frequency parts of the acoustic branches), the higher order branches
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Fig. 4.44 Determination of the refraction angles of several incident beams from the EFC of the
PVC/air system

considered at the frequency of 13.5 kHz have direction dependent properties. These
k-dependent properties appear themselves in the almost square shape of the
equifrequency contour. The equivalent media formed by the PVC/air has to be
considered as anisotropic. This particular EFC is plotted in Fig. 4.44 along with the
EFC in air at the same frequency. The EFC of the PVC/air system has been
extended over another Brillouin zone in the K, direction on this plot in order to
exhibit one complete face of the square which is centered on the M point. Since the
surrounding medium is linear and isotropic in the operating frequency range its
EFC is simply circular. Let us now discuss the different cases of the beam refraction
induced by the unusual shape of the EFCs.

In order to clearly describe these cases, we remind the reader how the wave
vector and group velocity of a refracted beam is determined from the angle of an
incident beam.

The conservation of frequency and parallel to surface (k,) component of wave
vector is required. These rules are written in Eqs.4.21 and 4.22 where the subscripts
i and r stand for incident and refracted.

Wi = O, 4.21)
—_— — =
k//i :k//rJrG, 4.22)

The presence of a vector G of the reciprocal lattice will be discussed later, in
the non-periodic media it is a zero vector. In other words, the normal component of
the wave vector k, is determined such that the wave vector k, = k. + kj; in the
second medium matches a dispersion curve at the frequency ;. If such a matching
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Fig. 4.45 Zero refraction and negative refraction occur at the same frequency, in the same
PVC/air system depending only on the incidence angle. The incident beams are oriented upward
at angles of (a) 30° and (b) 40° respectively

point exists, a refracted beam exists, otherwise the incident beam undergoes total
reflection. The couple (k; ,»,) defines a point of the Brillouin zone at which the
group velocity can be determined by (4.7). It must be noted that, contrary to the case
of an isotropic media, the wave vector and group velocity might not be collinear in
the general case. This can be seen in Fig. 4.44 where the wave vectors are depicted
by black arrows and the group velocity vectors by blue arrows.

From these rules and Fig. 4.44 it follows that any beam that impinges on the
phononic crystal with an incidence angles lower that 5° cannot couple to any
propagation mode of the phononic crystal and thus will be completely reflected.
This can be seen as a directional band gap. Between 5° and 55° waves are refracted
and propagate in the phononic crystal and several cases are distinguished. Below
28°, refracted waves have a group velocity vector (blue arrows) with a positive
parallel (K,) component. They undergo classical positive refraction. At the singular
angle of 28°, the contour is flat in the K, direction such that the group velocity will
be perfectly oriented toward the x axis. Such behavior corresponds to a zero angle
of refraction and is quite unusual. An illustration of this phenomenon is shown in
Fig. 4.45a with a FDTD result of the averaged pressure field. An incident beam at
30° is oriented toward the surface of a PVC/air crystal slab. Since the incidence
angle is very close to the predicted zero refraction angle (28°) it is refracted and the
beam follows a path close to the x axis.

In Fig. 4.45b, a beam with higher incidence angle is negatively refracted, in
accordance with the previous discussion. The ability of this system to achieve
positive, negative and zero angle refraction at a single frequency has been success-
fully tested experimentally and theoretically by Bucay et al. [43]. One should note
that the vicinity of the 28° incidence angle coincides with small degrees of
refraction. One could define an incidence range that gives rise to refracted angles
reasonably close to zero. As an example, for incidence angle between 20° and 30°
the angle of refraction is within in the —2° to 2° range. Thus, from this point of view
this system is able to combine a wide angle input wave into a nearly collimated
beam. This ability called self-collimation is pretty unusual and could have signifi-
cant uses in the field of acoustic imaging. The discussed system can also enable the
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propagation in the same volume of the phononic crystal of two non-collinear
incident beams. This spatial overlapping of two waves carrying non-identical
signals offers interferences conditions that might be useful for information
processing as we shall see later.

4.6.3 Beam Splitting

Another striking property of such a system is the presence of two output beams as
seen on Fig. 4.45. The incident beam impinges from the bottom part of the
simulation cell. The upper beam on the input side is a partial reflection. On the
exit side, the beam splits into balanced parts. This phenomenon, confirmed experi-
mentally [43], is striking since Snell’s law of refraction does not account for such
behavior. Optical analogues of such an effect are birefringent crystals which
discriminate light into several beams with respect to its polarization or beam
splitters that share incident energy into two output beams. Again, this analogy
does not account for the radically different origins of this effect in optics and
acoustic phononic crystals. Indeed, while optic beam splitters take advantage of
balanced transmission and reflection coefficients by means of suitable surface
coatings, the phononic crystal beam splitter produces two identical refracted
beams, that both have propagated through the phononic crystal following the
same path. In the latter case, the splitting effect relies only on the properties of
wave coupling between periodic (phononic crystal) and homogeneous (air) media.
Potential applications of this spontaneous beam splitting effects are discussed in the
following sections. Here we describe its origins.

The schemes in Fig. 4.46 show the equifrequency planes in a system composed
of a phononic crystal slab similar to the PVC/Air system immersed in a fluid
medium (air). The plot extends over two Brillouin zones. The operating frequency
is 13.5 kHz, which corresponds to a square EFC of the phononic crystal. Note that
the circular EFC in air is larger than the first Brillouin zone of the phononic crystal.
Let us now apply coupling rules for an incident wave to propagate inside the
phononic crystal. In (4.22) we have introduced an additional vector G that belongs
to the reciprocal lattice. Indeed, in crystalline structures as in any periodic structure
the momentum conservation can be satisfied modulo a certain vector G. This
conservation rule for sonic waves is analogous to the one governing phonon
diffusion in solids [44]. The processes which involve a zero G vector are called
natural processes. They ensure complete conservation of the crystal momentum,
while non-zero G vector processes (Umklapp) ensure momentum conservation due
to the contribution of the crystal total momentum. The latter involve a wave vector
outside of the first Brillouin zone. From this rule follows that for a given incidence
angle, the incident beam can couple to several modes inside the phononic crystal.
The wave vectors of these modes lie in distinct Brillouin zones. Since the extent of
the EFC in air is twice as large as the Brillouin zone, two of k;, are possible for the
propagation into the phononic crystal. On the output side these two different modes
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Fig. 4.46 Determination of the refraction angles of several incident beams from the EFC of the
PVC/air system. The central scheme depicts an extended zone EFC contour of the phononic
crystal. Gray arrows are wavevectors while black arrows are the group velocity vector

couple back to the surrounding media according to the same rules, which account
for the presence of two beams.

The remarkable property of the multiple modes inside the phononic crystal is
that they have similar group velocity vectors (black arrows) but different
wavevectors (gray arrows). It results that they will only split on the output side
but share the exact same path inside the crystal.

Additionally, Fig. 4.46 shows that, on the opposite side of the zero incidence
line, another beam might couple with exactly the same set of wave vectors inside
the crystal. Then, two beams can produce exactly the same effects and are called
complementary. Complementary waves will have incidence angles 0y + A6 and
—0y + A0 with 0, being the zero-refraction angle.

4.6.4 Phase Control

Except for the case of complementary incident waves, any couple of incident beams
will be refracted at different refraction angles and thus accumulate a certain phase
difference while propagating through the crystal. One should remark that, here again,
refracted waves in the phononic crystal have somewhat uncommon properties since
their group velocity is nearly parallel to the normal to the crystal/air interface
(Fig. 4.46) while their k-vector, has a wide range of possible orientations due to the
incidence angle. Group velocity and wave vector being non-collinear simply means
that energy and phase propagates in different directions. In the vicinity of the zero
angle refraction, a wide span of Bloch waves exists with group velocities that
coincide with small degrees of refraction, allowing refraction to occur between
propagating waves within the nearly same volume of crystal. This is shown through
the high slope around 0° in Fig. 4.47a which represents the angle of incidence of the
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input beam as a function of the angle of refraction in the bulk of the phononic crystal
slab.

A fine analysis of the square EFC shows that, while the group velocity of
different refracted beams have nearly the same zero angle of refraction, their
wave vectors quite different. Since group velocity describes the propagation of
the energy while the wave vector £ is related to the propagation of phase, this fact
shows that beams propagating in close directions in the phononic crystal might
accumulate significantly different phase shifts.

To investigate this effect, Swinteck and Bringuier [45-47] have calculated the
phase shift accumulated per unit length of a phononic crystal slab as a function of
the incidence angle. Two impinging waves with wave vectors k1 (angle 6,) and kz
(angle 60,) excite several Bloch modes throughout the k-space of the phononic
crystal. As seen in the beam-splitting effect, because the extent of the first
Brillouin zone is smaller than the circular EFC in the surrounding media, each
incident wave will couple to two Bloch modes_t)hat corﬁpond to complementary
waves. These two Bloch modes are noted k;5 and kjp in Fig. 4.48a and are
necessary to describe the wave physics in this phononic crystal in terms of phase.
Each of these wave vector pairs has a unique refraction angle noted as «; and a5.
The following ﬂ)lculatms will focus on the phase shift accumulated between
Bloch modes k14 and k4 only (noted ¢;424), though similar discussion would
lead to compatible results for the second pair of modes. These two Bloch wave
vectors are expressed as:

— 2n - "
kg =— {kvad + kryf} (4.23)
— 2n - "
ko == {kaui + Koy} (4.24)

where k;, and k;, are the components of the wave vector k1 A and k. and k,, are the
components of the wave vector k4 (in units of 27/a). i iand j ] are unit vectors along
axes x and y respectively.

Each incident beam k is refracted by an angle « and travels in the phononic
crystal along a path that is simply:

7= Li + Ltan(a)j (4.25)

where L is the slab thickness. The phase accumulated at the exit face of the slab with
respect to the input point is:

Lol
o =Kk 7 ="k, + tan(a)ky } (4.26)
a
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It f_ol)lows that the phase difference between Bloch modes with wave vectors k_lff
and k4 can be expressed as:

5 — _, 2nL

—
Oraon = kia 71 — koa - 73 = —{kh + tan(ou ) k1y — koo — tal’l((xz)kzy} 4.27)

Let us formulate a few remarks about this result. First, to evaluate this phase
shift it is useful to plot it as a function of the incidence angle 0, of one input beam
the other beam being a constant reference beam. The angle (28.1°) for which zero
while angle refraction occurs is a preferred choice. Second, as expected, the result
depends linearly on the thickness of the slab. Third, computing this phase shift can
be done by extracting the components, (k;, k) and (kz, k2,), used in (4.27) from
the EFC data in Fig. 4.45. Finally, the calculated phase shift per unit length is
plotted in Fig. 4.47b along with FDTD results that agree very well with the above
analysis. Looking closely at (4.27), one understands that the phase shift has two
origins. First, the travel paths inside the phononic crystal for the both waves are
diffﬂ}t:nt (ﬁ_;«)é 75). The second effect comes from the difference in phase velocities
(|kya ‘ # |kya|). Waves of different phase velocities traveling different paths
certainly will develop a phase shift. From Fig. 4.47b one can deduce the phase
difference between a pair of beams which is of crucial importance since it
determines how exiting beams interfere. It is worth noting that the steel/methanol
system described in Sect. 4.5 exhibits, at the considered operating frequencies,
circular EFCs centered on the I' point. In such a configuration phase and group
velocity are collinear and anti-parallel. Such a system wouldn’t produce substantial
phase shifts between two Bloch modes that are nearly collinear.

Figure 4.48b shows that outgoing beams intersect each other on the output side
in two points. These points are places where the relative phase between two beams
can be found by measure of the interference state. The choice of the two incidence
angles higher and lower than 28.1 (the zero angle of refraction) is important. Indeed
it ensures that one beam is refracted positively and the other one negatively, while
forming the intersection points on the ex1t 51de In the end, the incidence angles of
the two beams determine wave vectors k1 and k2 and the angles of refraction o;; and
o> which give the phase shift. Therefore incidence angle selection is proposed as a
leverage to modulate the relative phase between propagating acoustic beams.

4.6.5 Implementation of Acoustic Logic Gates

More recently, it has been proposed to use these interference effects to implement an
acoustic equivalent of the so-called Boolean logic gates [47] on the basis of phase
control by means of a phononic crystal slab. Here we discuss the example of the
NAND gate which is identified as universal since the implementation of any other
Boolean logic gate is feasible by associating several NAND gates [48]. The NAND
gate is a two inputs function which truth table is described in Fig. 4.49a. The setup of
Bringuier et al. [47] relies on a phononic crystal slab and two permanent sources S1
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Fig. 4.47 (a) Angle of the incident beam as a function of its refraction angle. The graph can be
read as follows: one obtains a 0° refracted beam inside the phononic crystal when the incidence
angle is 28°. (b) Phase shift per unit length of phononic crystal as a function of the incidence angle.
The phase shift is evaluated with respect to a zero refracted beam (Circles: analytical solution.
Triangles: results from FDTD calculation)

and S2 impinging at the same point of the input face. The angles of incidence are
such that these beams are not complementary waves, i.e., their paths do not perfectly
overlap in the phononic crystal slab. The following demonstration is based on FDTD
simulations on the PVC/air system described above. In this scheme it is straightfor-
ward to keep a given phase relation between the two permanent sources S1 and S2.
In this particular case, they they impinge in-phase on the input side of the phononic
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Fig. 4.48 (a) (k-space) Bloch modes excited in the PVC/air system by two waves having different
angles of incidence. (b) (real space) paths of the corresponding waves in the phononic crystal slab.
After Swinteck et al. [46]

crystal. Because their incidence angles are 10° and 38°, the two sources will refract
negatively and positively in accordance with the Fig. 4.48b. The phase shift on the
output side is calculated thanks to (4.27) and is evaluated to be 2r radians. This
results in constructive interference on the output side between the centers of the
exiting beams. At this particular point where the interferences are constructive, a
detector D is positioned. This “detector” simply indicates that the averaged pressure
is recorded over a given cut which makes an angle 24° (i.e., in between 10° and 38°).
The corresponding pressure profile is presented on the left side of Fig. 4.49b. The
position of the constructive interference point is indicated by a vertical dashed line
which, indeed, corresponds to a maximum of the pressure. This state describes the
zero inputs state of the NAND gates. In this regime the continuous high level of
pressure is interpreted as a 1 output from the gate.

The authors model the inputs of the NAND by two additional beams I1 and 12
which are the corresponding complementary waves (19° and 50°) to the sources,
Sland S2, respectively. As compared to the permanent sources, I1 and 12 are set
such that their phases are w radians on the input side. It results from this condition
that whenever I1 is turned on, it perfectly overlaps the path of S1 in the phononic
crystal (because these are complementary waves) and since their phase difference is
m, they interfere destructively. It results that only S2 contributes to the averaged
pressure at the detector point as shown on Fig. 4.49¢c. The same analysis holds if I1
is off and 12 is on. The last case corresponds to having both inputs emitting waves
simultaneously. In this case S1 and I1 as well as S2 and 12 interfere destructively



154 A. Sukhovich et al.

a I,
I PC ) Case L L, D
. . 001
S 2. 011
3. 101
S, 4 110

x 10

Lt

Pressure (GPa)
— L

N

60 380 400 420 440
distance (mm)
.7

x 10

>

L7

—

N T N

360 380 400 420 440
distance (mm)

Pressure (GPa)

L

T~

-

\

Pressure (GPa)

xﬂi

0 380 400 420 440
distance (mm)
.7

x 10

[ )

-

Pressure (GPa)

60 380 400 420 440
distance (mm)

Fig. 4.49 Implementation of the NAND gate with phononic crystals. The system consists of a
phononic crystal with the same square EFC characteristics as in the PVC/Air system and two
permanent sources S; and S, are incident at different angles

and this case exhibits the minimal pressure at the detector point among all other
cases.

The situation when “I1 is emitting” (or “I1 is not emitting”’) means that the first
input of the NAND gate is at state 1 (or state 0). By establishing a threshold value
just above the minimal pressure, the output is defined to be in state 1 if the pressure
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is above the threshold and in state O if the pressure is below the threshold. Finally,
the only configuration that produces a 0 output state is the state with I; and I, both
emitting waves. This complies with the truth table of the NAND gate. This study
demonstrates another possible application of the full dispersion properties (fre-
quency, wave vector and phase) of phononic crystals in the field of information
processing.

4.7 Conclusion

In this chapter, we have focused on 2D and 3D phononic crystals and their unusual
properties. After having introduced the necessary concepts of Bravais lattices and
their corresponding Brillouin zones, we have summarized how phononic crystals
properties can be investigated experimentally especially in the ultrasonic frequency
range. The discussion then focused on spectral aspects of phononic crystals. The
existence of band gaps is the first property of phononic crystals investigated theoreti-
cally and experimentally. Because of the evanescent character of waves whose
frequency falls into the band gaps, tunneling of sound has been demonstrated.
However, band gaps despite the wealth of applications they bring (sound isolation,
wave guiding, resonators, filtering...) are not the only striking phenomena in
phononic crystals. Other phenomena observed in the passing bands have been studied
in details such as negative refraction. Negative refraction occurs when the wave
vector and the group velocity are anti-parallel in a material. The similarities between
negative refraction and the negative index metamaterials have been discussed. This
chapter also provides a wealth of details about experimental conditions of negative
refraction. Later sections have focused on the conditions required to use negative
refraction in combination with close field coupling to a phononic crystal slab in order
to achieve super-resolution, i.e., imaging a source point with a better than half-
wavelength resolution. Finally, we have briefly described recent developments
about the impact of the phononic crystal symmetry on refraction properties. A
model system exhibiting anisotropic propagation properties has been described by
its refraction properties as a function of their incidence angles. This type of system
has been demonstrated in the context of self-collimation, beam-splitting, phase
controlling and a possible implementation of logic gates.

Throughout the chapter it has been shown that, despite the variety of possible
implementations of phononic crystals, their properties can always be described in
the frame of Bragg reflections of the acoustic or elastic waves that interfere
constructively or destructively. The consequences of periodicity manifest them-
selves in the dispersion relations that fully describe the spectral, directional and
phase properties of propagation in phononic structures. From this point of view the
analogy between phononic crystals and natural crystalline material is complete. It
follows that, the complete spectrum of opportunities offered by periodic artificial
structures is extremely large and still not fully explored.
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Chapter 5
Dynamic Mass Density and Acoustic
Metamaterials

Jun Mei, Guancong Ma, Min Yang, Jason Yang, and Ping Sheng

Abstract Elastic and electromagnetic waves are two types of classical waves that,
though very different, nevertheless display many analogous features. In particular,
for the acoustic waves, there can be a correspondence between the two material
parameters of the acoustic wave equation, the mass density and bulk modulus, with
the dielectric constant and magnetic permeability of the Maxwell equations. We
show that the classical mass density, a quantity that is often regarded as positive
definite in value, can display complex finite-frequency characteristics for a com-
posite that comprises local resonators, thereby leading to acoustic metamaterials in
exact analogy with the electromagnetic metamaterials. In particular, we demon-
strate that through the anti-resonance mechanism, a locally resonant sonic material
is capable of totally reflecting low-frequency sound at a frequency where the
effective dynamic mass density can approach positive and negative infinities. The
condition that leads to the anti-resonance thereby offers a physical explanation of
the metamaterial characteristics for both the membrane resonator and the 3D locally
resonant sonic materials. Besides the metamaterials arising from the dynamic mass
density behavior at finite frequencies, we also present a review of other relevant
types of acoustic metamaterials. At the zero-frequency limit, i.e., in the absence of
resonances, the dynamic mass density for the fluid—solid composites is shown to
still differ significantly from the usual volume-averaged expression. We offer both
a physical explanation and a rigorous mathematical derivation of the dynamic mass
density in this case.
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5.1 Introduction

The novel characteristics of metamaterials represent an emergent phenomenon in
which the basic mechanism of resonances, when considered in aggregate, can give
rise to material properties that are outside the realm provided by Nature. In the case
of acoustic metamaterials, the novel characteristics directly arise from the finite-
frequency behavior of the two relevant material parameters—the mass density and
bulk modulus. The focus of this chapter is on the dynamic mass density and its
related metamaterial characteristics. For completeness, a brief review of other types
of acoustic metamaterials is also presented.

It is well known that in the quantum mechanical band theory of solids, the
effective mass of an electron can change sign depending on its energy within an
energy band. However, as this is attributed to the electron’s wave character, the
classical mass density is usually regarded as a positive-definite quantity since the
quantum mechanical effects are absent. In particular, for a two-component com-
posite, the effective mass density is usually given by the volume-averaged value:

Peti = D1+ (1 = f)D2, 3.1

where D (») denotes the mass density of the 1st (2nd) component, and fis the volume
fraction of component 1. We denote the static mass density (5.1) pqg-.

An implicit assumption underlying the validity of the static mass density expres-
sion is that in the presence of wave motion, the two components of the composite
move in unison. However, this assumption is not always true. For a composite
comprising many identical local resonators embedded in a matrix material, if the
local resonators’ masses move out of phase with the matrix displacement (as when
the wave frequency w exceeds the resonance frequency of the resonators), then we
have a case in which the matrix and the resonators’ masses display relative motion.
If, in addition, we assume that the local resonators occupy a significant volume
fraction, then it is clear that within a particular frequency range, the overall
effective mass density can appear to be negative [1-6]. This fact can be simply
illustrated in a one-dimensional (1D) model [7, 8], where n cylindrical cavities of
length d are embedded in a bar of rigid material. Within each cavity, a sphere of
mass m is attached to the cavity wall by two identical springs with elastic constant
K. An external force F acts on the rigid bar, which has a static mass M, as shown in
Fig. 5.1.

For the first resonator, the displacements of the sphere and the right wall
are denoted by u and U, respectively (Fig. 5.1). By assuming that — f; and — f
are the forces on the sphere exerted by the left and right springs, respectively,
with f, along the same direction as F, and f the opposite, then Hook’s law tells us
that —f; +f, = —2K(U — u). From Newton’s second law, we have f; — f, =

(—iw)zmu. From these two relations, we obtain u = ﬁ U. Applying Newton’s
second law to the rigid bar, we have F +n (f, — fi) = (—iw)*MoU. Hence F =
(—iw)* [MoU + nmu] = (—iw)*(DesV) U . Here the effective dynamic mass
density Deg is defined as F/(—w?U):
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Fig. 5.1 A one-dimensional acoustic metamaterial composed of a series of local resonators
embedded in a rigid bar. Here the directions of f; and f, are shown as that on the left and right
walls of the cavity, respectively. Adapted from [7]

DtV = Mo + nm% — Mo+ #”;/w%) (5.2)
where @} = 2K /m and V denotes the total volume of the system. Thus negative
dynamic mass is possible at finite frequencies (when o is in the range of ®3), and
this phenomenon enables the realization of acoustic metamaterials. Equation (5.2)
is also informative in showing that the dynamic mass density is generally defined as
the averaged force density f divided by the averaged acceleration a, i.e.,

D = (f)/(a), (5.3)

where () denotes averaging over interfaces with the external region of the observer.
Obviously, this is precisely how (5.2) is obtained. The above simple example serves
to illustrate the point that the dynamic mass density, in the presence of relative
motion between the components, can differ from the volume-averaged static mass
density. In more realistic models in which the matrix is an elastic medium, it will be
shown below that the dynamic mass density’s resonance-like behavior is directly
associated with the anti-resonance(s) of the system.

In the limit of & — 0 so that resonances can be excluded, the volume-averaged
mass density holds true for most composites. However, the fluid—solid composites
constitute an important exception. A well-known example is the fourth sound of
liquid helium 4 in a porous medium [9], which arises from the relative motion
between the liquid helium 4 and the solid frame—even at the low-frequency limit.
More generally, it is well known that for a fluid—solid composite, there is a viscous
boundary layer thickness /yis = /n/pgw at the fluid—solid interface, where 7
denotes the fluid viscosity and p; the fluid density. It is clear from the definition
of /,;s that the  — 0 limit cannot be interchanged with the &» — 0 limit since in the
former case /,;; — 0 whereas in the latter case we have {,;; — oo. Thus the Biot
slow wave, predicted as a second longitudinal wave in a fluid—solid composite [10]
and eventually experimentally verified [11], may be viewed as a “fourth sound” for
the viscous fluid, valid when the pore size ¢ of the porous medium is larger than £,
[12]. Thus the dynamic mass density of a fluid—solid composite is what governs the
wave propagation when the dimensionless ratio /1/psw/£<<1.
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In what follows, we describe in Sect. 5.2 the initial realization of acoustic
metamaterials based on the concept of local resonators and their special
characteristics. In particular, it is shown that such metamaterials can break the
mass density law, which governs air-borne sound attenuation through a solid wall.
This is followed by the presentation of the membrane-type metamaterials in
Sect. 5.3 that may be regarded as the two-dimensional (2D) version of resonant
sonic materials. The unifying characteristic of the anti-resonance and negative
dynamic mass density is emphasized in both Sects. 5.2 and 5.3. In Sect. 5.4, we
give a brief review of other types of acoustic metamaterials that have since been
realized. Section 5.5 is devoted to the dynamic mass density in the low-frequency
limit (for the fluid—solid composites), prefaced by a short review of the multiple-
scattering theory (MST). We conclude in Sect. 5.6 with a brief summary and some
remarks on the prospects and challenges.

5.2 Locally Resonant Sonic Materials: A Metamaterial Based
on the Dynamic Mass Density Effects

In Fig. 5.2a we show a cross-sectional photo image of the basic unit for the locally
resonant sonic material [1]. It comprises a metallic sphere 5 mm in radius coated by
a layer of silicone rubber. Figure 5.2b is a picture showing a cube assembled from
these basic units with epoxy, in a simple cubic structure with a lattice constant of
1.55 cm. It is clear that the metallic sphere of the basic unit acts as a heavy mass,
with silicone rubber as the weak spring. Hence there must be a low-frequency
resonance. Moreover, the resonance is local in character, to be distinguished from
the structural resonances that are common to any mechanical object. Figure 5.2c, d
show the transmission characteristics and band structure of the crystal shown in
Fig. 5.2b, respectively. It is noted that there is a deep transmission dip at 380 Hz,
followed by a transmission maximum at 610 Hz. This pattern is repeated at
1,340 Hz and 1,580 Hz. Here the solid line is the theory prediction calculated
from the MST, and the solid circles are the measured data. They show good
agreement. In Fig. 5.2d, the calculated band structure is shown. The flat band
edges, at 380 Hz and 1,340 Hz, are characteristic of local (anti-)resonances that
are very weakly coupled to each other.

It is seen that the structure shown in Fig. 5.2b has a complete bandgap between
380 Hz and 610 Hz. In contrast to phononic crystals where the relevant wavelength
corresponding to the primary bandgap frequency must be comparable to the lattice
constant, here the wavelength (in epoxy) at 380 Hz is ~300 times the lattice
constant. That is, the locally resonant sonic materials can open phononic gaps at
frequencies that are much lower than that derived from considerations of their
structural length scales. In fact, since the effect is due to local resonances, and these
resonances depend only on the rubber’s elastic constants and metal sphere’s mass,
the bandgap frequency should be totally decoupled from structural considerations.
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Fig. 5.2 (a) Cross section of a coated sphere that forms the basic structure unit (b) for an 8 x 8
x8 sonic crystal. (c¢) Calculated (solid line) and measured (circles) amplitude transmission
coefficients along the [100] direction are plotted as a function of frequency. The calculation is
for a four-layer slab of simple cubic arrangement of coated spheres, periodic parallel to the slab.
The observed transmission characteristics correspond well with the calculated band structure (d),
from 200 to 2,000 Hz, of a simple cubic structure of coated spheres. Figure adapted from [1]

The fact that the locally resonant sonic materials can have bandgaps may be
simply explained by using analogy with the tight binding approach for the elec-
tronic structure calculations, in which the starting point is the discrete electronic
energy levels in individual atoms. Our local resonances also have a discrete
spectrum. When the atoms interact with each other (through the hopping matrix
element in the tight binding formulation), the discrete energy levels broaden into
energy bands. If the interaction is weak, the bands may not completely overlap and
what remain are exactly the bandgaps. Moreover, the band edges are usually flat
just as what we see in Fig. 5.2d. From this analogy, it is plausible that since
periodicity plays only an implicit role in the tight binding approach, it may not be
a necessary requirement for the creation of bandgaps. Hence it was shown by
Weaire [13] that in tetrahedrally bonded system (such as the amorphous silicon),
the existence of bandgaps indeed does not require long-range periodic order. This is
another aspect that differs from phononic crystals, in which the bandgap is the result
of Bragg scattering.
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Below we present the novel functionality of the locally resonant sonic material
together with its relevant physics. It will be seen that the dynamic mass density
behavior of the system naturally emerges as the dominant cause of its special
characteristics.

5.2.1 Metamaterial Functionality

In Fig. 5.2¢, it is seen that at 380 Hz, the locally resonant sonic material can have a
sharp minimum in transmission. In order to appreciate the significance of this
phenomenon, it is necessary to first review the law of acoustic attenuation by a
solid wall, usually denoted the mass density law.

Consider a sound wave in air with angular frequency o impinging normally on a
solid wall of thickness d, mass density p, and bulk modulus ;. Sound transmission
amplitude is given by

T 4v exp (ikyd) (5.4)
(14 v)* = (1 — v)exp (2ikad)’ '

where k, = w/\/K2/p, is the wavevector in solid and v = /Kyp,/K1p, is the

solid—air impedance ratio, with x; and p; denoting the bulk modulus and mass
density of air, respectively. For solid walls that are less than a meter in thickness,
which is usually the case, we have k,d < 1 and v > 1 for frequencies less than
1 kHz. In that limit, an accurate approximation to (5.4) is given by

2
T 2V (5.5)

wpyd

It is seen that the bulk modulus of the wall does not appear in (5.5). That is, to a
high degree of accuracy, the sound attenuation through a solid wall is independent
of whether the wall is rigid or soft. Only the wall’s mass per unit area (p,d) matters.
That is why (5.5) is called the mass density law. But perhaps the most important
aspect of (5.5) is that T is inversely proportional to the sound frequency. Hence low-
frequency sound is inherently difficult to attenuate. This is the reason why low-
frequency noise is such a pernicious source of urban environmental pollution.

In Fig. 5.3, we plot the measured amplitude transmission coefficient (solid
circles with the connecting solid line) for a 2.1-cm slab of composite material
containing 48 vol% of randomly dispersed coated metal spheres (same as the one
whose cross-sectional picture is shown in Fig. 5.2a) in an epoxy matrix. As a
reference, the measured amplitude transmission coefficient through a 2.1-cm slab
of epoxy is also plotted (open squares connected by thin solid line). The dashed and
dot-dashed lines, respectively, show the calculated transmission amplitudes of a
2.1-cm epoxy slab and a 2.1-cm homogeneous slab of the same density as that of the
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Fig. 5.3 Measured amplitude transmission (solid circles; the solid line is a guide to the eye)
through a 2.1-cm slab of composite material containing 48 vol% of randomly dispersed coated
lead spheres in an epoxy matrix. As a reference, the measured amplitude transmission through a
2.1-cm slab of epoxy is also plotted (open squares connected by a thin solid line). The dashed and
dot-dashed lines, respectively, show the calculated transmission amplitudes of a 2.1-cm epoxy slab
and a 2.1-cm homogeneous slab of the same density as that of the composite material containing
the coated spheres. Adapted from [1]

composite material containing the coated spheres. The arrows indicate the dip
frequency positions predicted by the multiple-scattering calculation for a mono-
layer of hexagonally arranged coated spheres in an epoxy matrix.

In Fig. 5.3, the comparison between the measured results for the composite slab
and the mass density predictions shows clearly that the locally resonant sonic
materials can break the mass density law at particular low-frequency regimes,
thereby exhibiting acoustic metamaterial characteristics.

5.2.2 Theoretical Understanding

In order to gain an understanding of the metamaterial functionality, we have
performed finite-element simulations by using the COMSOL Multiphysics. In the
simulations, the mass density, Young’s modulus, and Poisson’s ratio for the lead
sphere are 11.6 x 10°kg/m?® 4.08 x 10'Pa, and 0.37, respectively. The mass
density, Young’s modulus, and Poisson’s ratio for the silicone rubber are 1.3 x 10°
kg/m?, 1.18 x 10°Pa, and 0.469, respectively. Corresponding parameters for epoxy
are 1.18 x 10°kg/m?®, 4.35 x 10°Pa, and 0.368, respectively. Standard values for
air, i.e., p = 1.23kg/m?, ambient pressure of 1 atm, and speed of sound in air of
¢ = 340 m/s, were used. Two types of simulations were performed.

We first calculate the spectrum of transmission coefficients for a plane wave
normally incident onto one unit cell along the z-direction. Periodic boundary
conditions along the x- and y-directions were used. Radiation boundary conditions
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Fig. 5.4 Calculated displacement configurations around the first (a) and second (b) peak frequencies.
The displacement show is for a cross section through the center of one coated sphere, located at the
front surface. The arrows indicate the direction of the incident wave. Adapted from [1]

were used at the input and output planes of the air domain in the simulations. Two
transmission peaks, with frequencies at 606 Hz and 1,576 Hz, were found. We also
found two transmission dips, at 374 and 1,339 Hz.

We have also calculated the eigenmodes for one unit cell. Many eigenmodes
were found. Out of these, we select the ones that are symmetric with respect to both
the x- and y-directions, since otherwise the modes would not couple to the normally
incident plane wave. The resulting triply degenerate eigenfrequencies are located at
606 and 1,571 Hz, respectively. They are seen to be almost identical with the
frequencies of the transmission peaks.

In Fig. 5.4a, we show the calculated displacement configurations around the first
peak frequency, where the lead sphere is seen to move as a whole along the
direction of wave propagation. Around the second peak, the maximum displace-
ment occurs inside the silicone rubber, as shown in Fig. 5.4b. In Fig. 5.5, we show
the calculated strain tensor components & and &, at the first and second dip
frequencies, respectively. It can be seen that strains occur at the lead—rubber and/or
the rubber—epoxy interfaces, which in fact can also be inferred from the displace-
ment configurations as shown in Fig. 5.4. Below we show that the dip frequencies
correspond to anti-resonances where the dynamic mass density displays a
resonance-like behavior.

Figure 5.6 displays the calculated dynamic mass density D.g for one unit cell of
the locally resonant sonic material. Around 370 and 1,340 Hz, i.e., the transmission
dip frequencies, the dynamic mass density Dege = (V - g),/(a.) clearly displays a
resonance-like behavior. Thus the transmission peaks correspond with the eigen-
frequencies, and the dips in the transmission are associated with anti-resonances at
which we have a dynamic mass density resonance profile. In particular, it is shown
below that at the anti-resonance frequencies, the average normal displacement of
the unit cell surface (in the matrix material) vanishes, hence (a,) = —w?(u.) goes
through a zero and therefore it is easy to see that D.g acquires a resonance-like
behavior, with a diverging magnitude at the anti-resonance frequency. In a sense,
the mass density law seems to recover its validity—but only if its value replaces the
static mass density.
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Fig. 5.5 Calculated strain components &,. (a) and &,. (b) at the first dip frequency, and ¢,. (c) and
&y, (d) at the second dip frequency, within the z = 0 cross section plane within one unit cell. Red
and blue colors denote positive and negative values of strain components, respectively, and green
indicates near-zero strain
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Fig. 5.6 Dynamic effective mass density D¢ for one unit cell of the local resonant sonic material
as shown in Fig. 5.2. Around the anti-resonance frequencies (transmission dip frequencies),
resonant behavior of D¢ is evident
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Fig. 5.7 Averaged normal surface displacement (u,) for one unit cell of the locally resonant sonic
material when a plane wave is incident along the z-direction. Large (u.) amplitude corresponds
with the transmission peak. Around the transmission dip frequency (lower side of the transmission
peak frequency), (u.) passes through zero (indicated by the red arrows), thereby leading to the
divergence of D as shown in Fig. 5.6

5.2.3 Physical Underpinning of the Anti-resonances

Mechanical anti-resonances constitute a very common phenomenon [14]. They are
also of practical importance in mechanical systems. For example, the change in
frequencies of anti-resonances can be an indicator of structural damages [15, 16]; it
is also an element that needs to be taken into account in the design and modeling of
the cantilever for atomic force microscopes [17-19].

By focusing on the surface normal displacement of the mechanical system, it is
possible to appreciate the physical underpinning of this phenomenon. That is, an
anti-resonance always occurs between two resonances. At the anti-resonance fre-
quency, the two neighboring resonances are simultaneously excited but with the
opposite phase, since the resonance response is given by 1/(w? — w?), with o;
denoting the angular frequency of the ith resonance and w; < ® < w;+;. As the two
eigenfunctions are spatially orthogonal to each other, it is possible to demonstrate
that in varying the frequency continuously from w; to w;, |, there must be a point at
which the averaged normal surface displacement is zero. In Fig. 5.7, we show the
averaged normal surface displacement (u.) at a unit cell when the incident wave is
along the z-direction. It can be seen that (u;) passes through zero at around the
transmission dip frequencies, and that is the underlying mechanism of the diver-
gence of Der = (V - 0), /(—w?(u.)) in the relevant frequency regime. It therefore
follows that the dynamic mass density must have a resonant behavior at anti-
resonance, giving rise to total reflection of the acoustic waves. It is also seen that



5 Dynamic Mass Density and Acoustic Metamaterials 169

(u,) exhibits divergent behavior at the eigenmode frequencies where the peak
transmissions occur.

The understanding that the dynamic mass density’s behavior—as the underlying
cause of the anti-resonances—offers the possibility of generalization of this principle
to the regime of ultrasound and even optical phonons. However, such experimental
manifestations at high frequencies are still to be pursued.

5.3 Membrane-Type Acoustic Metamaterials

The metamaterial functionality of the locally resonant sonic materials operates only
in a limited range of frequencies. Such a disadvantage can be overcome if there are
membrane-type locally resonant sonic materials since one may be able to stack
these membranes, each operative at a different frequency regime, so as to broaden
the effective frequency range of the stacked sample.

However, making a membrane-type acoustic metamaterial that can totally reflect
the low-frequency sound may seem to be anti-intuitive at first sight because a total-
reflecting surface is usually a node, implying no displacement. However, a mem-
brane is generally soft and elastically weak, hence difficult to have zero movement.
But what we shall show, both theoretically and experimentally, is that precisely
because of its weak elastic moduli, even a small membrane can have multiple low-
frequency resonances. As there can be an anti-resonance between two resonances, it
follows that the average normal displacement of the membrane vanishes at the anti-
resonance frequency, thereby causing a resonant behavior of the dynamic mass
density together with a diverging magnitude at the anti-resonance frequency. Total
reflection occurs as a result.

It should be noted, however, that even though the average normal displacement
is zero, the membrane displacement is not everywhere zero. But such nonzero
displacement couples only to non-radiating evanescent waves, which can be
ignored as far as the far-field transmission and reflection are concerned.

Below we give a detailed account of this simple system.

5.3.1 Sample Construct

In Fig. 5.8, we show our sample to consist of a circular rubber membrane decorated
with a small button of varying mass (at the center of the membrane) for the purpose
of tuning the eigenfrequencies [20]. These decorated membranes are assembled
into a larger plate. The measurement setup, illustrated in the top panel, comprises
two Briiel and Kjaer type-4206 impedance tubes with a sample sandwiched in
between. The front tube has a loudspeaker at one end to generate a plane wave.
There are two sensors in the front tube to sense the incident and reflected waves.
The third sensor in the back tube, terminated with a 25-cm-thick anechoic sponge
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Fig. 5.8 Typical sample structure of the membrane-type acoustic metamaterial (bottom panels)
and the testing geometry (upper panel)

(enough to minimize reflection), senses the transmitted wave. The signals from the
three sensors are sufficient to resolve the transmitted and reflected wave amplitudes,
in conjunction with their phases.

5.3.2 Vibrational Eigenfunctions and the Anti-resonance
Phenomenon

In Fig. 5.9a, ¢, we show the finite-element COMSOL simulation results on the
vibrational eigenmodes of a button-decorated rubber membrane. Here the circular
button has a radius of 4.5 mm and a mass of 160 mg, and the rubber membrane is
28 mm in diameter and 0.2 mm in thickness. The mass density, Young’s modulus,
and Poisson’s ratio for the rubber are 980 kg/m?, 2 x 10°Pa, and 0.49, respectively.
A radial pre-stress, on the order of 10° Pa, has been applied to the membrane.
The two lowest-frequency eigenmodes are shown. It is seen that for the lowest
frequency eigenmode, at 250 Hz (Fig. 5.9a), the button and the membrane (on
which it is attached) move in unison. However, for the mode at ~1,050 Hz
(Fig. 5.9c), the button’s oscillation amplitude is small whereas the surrounding
rubber’s oscillation amplitude is fairly significant. Figure 5.9b shows the profile at
the anti-resonance frequency. It should be noted that in contrast to the 3D locally
resonant sonic materials (see 5.2), in which the resonance and anti-resonance
frequencies are closely grouped together, for the membrane-type acoustic
metamaterials the resonance and anti-resonance frequencies are well-separated.
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Fig. 5.9 The first eigenmode (a) and the second eigenmode (c). The profile at the dip frequency is
shown in (b)
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Fig. 5.10 The effective dynamic mass of the membrane-type acoustic metamaterial (red
symbols, right axis), together with the transmission coefficient (black solid curve, left axis),
evaluated with an incident wave with pressure modulation amplitude of 1 Pa

In Fig. 5.10, it is shown that each of the transmission peaks corresponds with an

eigenmode of the system. Between the two eigenfrequencies, there is clearly a sharp
dip in transmission. At this dip frequency (~440 Hz), both eigenmodes are excited,
but with opposite phase. Their superposition leads to the mode profile shown in
Fig. 5.9b. A closer examination of this transmission dip configuration shows that
the averaged normal displacement of the mode is accurately zero. The dynamic
mass density, defined as

Detr = —(0.,)/(h{a.)) = <ozz>/(w2h<w>), (5.6)
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displays a resonance-like behavior in which D.y has a divergent magnitude
precisely at the anti-resonance frequency, as shown in Fig. 5.10. Here a,, denotes
the zz component of the stress tensor, z being the direction normal to the membrane
surface, a, is the acceleration along the z-direction, equal to — w*w for time-
harmonic motions, with w being the normal displacement of the membrane and
h being the thickness of the membrane. In accordance with the principle of the mass
density law, if one allows the dynamic mass density to play the role of the static
mass density, then total reflection should occur. However, a more accurate picture
for explaining the total reflection phenomenon is as follows.

5.3.3 Anti-resonance and the Non-radiating Evanescent Mode

Consider the dispersion relation for the acoustic wave in air, kﬁ + kf_ = ? /VZ =

(2n/ }L)z, where EH’ k, denote the wave vector components parallel or perpendicular
to the surface of the membrane, respectively, v = 340 m/s is the speed of sound in
air, and A is the wavelength. At the air-membrane interface, we note that the normal
displacement (which is usually sub-micron in magnitude and hence small compared
to the membrane thickness) pattern of the membrane can be fully described by
using 2D Fourier components of k). If we decompose the normal displacement
w into an area-averaged component and a component of whatever is left over, i.e.,
w = <w> + Jow, then it should be clear that their respective Fourier components’
magnitudes should have a distribution, illustrated schematically in Fig. 5.11.
Here d denotes the lateral size of the membrane. Since d is usually much smaller
than the wavelength /, it follows that for the dw part of the displacement, the
overwhelming majority of the k| components will have magnitudes |kH| >2n/d >
2n//. Hence from the dispersion relation, it follows that the associated k% <0.
That is, the ow part of the displacement can only cause evanescent waves. In
contrast, for the (w) part of the normal displacement, the distribution of the |kH | must
be peaked at zero, owing to its piston-like motion. Thus again from the dispersion
relation, the associated k> ~ (2m/A)?. It follows that only the average component of
the normal displacement can affect far-field transmission. If (w) = 0, then there can
be no far-field transmission. We therefore arrive at the conclusion that total
reflection is the necessary consequence of the membrane status at the anti-
resonance frequency.

However, even at the anti-resonance frequency, the membrane is not stationary.
Figure 5.12 displays the finite-element COMSOL simulation result at the anti-
resonance frequency. It indicates evanescent waves being emitted, with a decay
length on the order of a millimeter. This fact distinguishes a membrane reflector
from its rigid (and heavy) wall counterpart.

In Fig. 5.10, it should be noted that before the first resonance, D.g is negative
with a decreasing trend (toward negative infinity) as the frequency approaches zero.
This would seem to contradict the common intuition that D¢ should reduce to the
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Fig. 5.11 The parallel Fourier components’ distribution for (a) (w) and (b) dw components,
respectively. For (b), the peak of the distribution lies higher than 27/d because the feature sizes for
the ow component must be smaller than d
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Fig. 5.12 The normal velocity field distribution near the membrane at the transmission dip
frequency, where the black dashed line denotes the position of membrane plane. The left axis
(which is also the symmetry axis) is in units of millimeter, while the velocity is in pm/s (calculated
with the same incident wave intensity as that for Fig. 5.10). The wave is incident from the bottom.
The decay characteristic near the two sides of the membrane surfaces indicates a decay length of
3 mm

volume-averaged value in the static limit. The fact that it does not do so in the
present case is due to two factors. First, the divergent magnitude is a reflection of
the boundary condition. Since the boundary of the membrane is fixed, the mem-
brane essentially transfers its load onto the fixed boundary in the long wavelength
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Fig. 5.13 The black open circles are the measured transmission coefficient (/eft axis), and the red
solid circles are the LDV-measured |(w)|(right axis, arbitrary unit). The red line is to guide the eye.
A clear correlation is seen

limit. That means the fixed boundary can also be interpreted as a piece of very
heavy mass. Second, the negative sign of D.g; signifying off-phase response to the
external force, is a reflection of Newton’s third law—the reaction is opposite to the
applied force. Such behavior of Dy, also referred to as the “Drude-type negative
mass density” in analogy to free electrons in metal, has been studied in different
structures [21, 22].

5.3.4 Experimental Verification

Experimentally, we have used laser Doppler vibrometer (LDV) to directly verify
the (w) =0 condition at the transmission minimum frequency. The amplitude
transmission spectrum of the membrane-type metamaterial system was also
measured. Both show very good agreement with the predictions of finite-element
COMSOL simulations.

In Fig. 5.13 the correlation between the transmission coefficient and |[(w)| is
clearly demonstrated. In Fig. 5.14, we give a detailed comparison between the
measured normal displacement profiles and the COMSOL simulation results on
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Fig. 5.14 The calculated (upper panel) and measured (middle and lower panels) normal displace-
ment profiles on the two eigenmodes (left and right columns) and the anti-resonance mode (central
column). The frequencies of the three profiles are (from left to right) around 230 Hz, 450 Hz, and
1,050 Hz. Displacement profiles are measured with ~0.25 Pa incident wave amplitude. Note that
the simulation results (fop panels) are only half of the experimental profiles (bottom panels), since
the simulation results are symmetric and therefore the other half need not be shown

the two eigenmodes, together with the profile at the anti-resonance frequency. Very
good agreement is seen. In particular, if one uses the experimental profile to
calculate the average normal displacement, (w) =20 is obtained at the anti-
resonance point.

In Fig. 5.15, we show a comparison of the theory and experimental transmission
spectra, in which the black solid curve denotes the calculated amplitude transmis-
sion coefficient and the open circles represent measured data. The dashed red line is
the prediction of the mass density law. Excellent agreement is obtained. In particu-
lar, the transmission peaks’ correspondence with the vibrational eigenmodes, as
well as with the transmission dip’s amplitude and frequency, all conform to the
theory predictions.
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Fig. 5.15 Measured transmission coefficient amplitude (black open circles) and the COMSOL
simulation results (black solid curve). The red dashed line is the mass density law prediction

5.3.5 Addition Rule

As stated earlier, one of the purposes of developing the membrane-type
metamaterials is to stack them so as to make the stacked sample more effective at
a particular frequency as well as to broaden the frequency range of the metamaterial
functionality. Here we illustrate the results of such stacking to be indeed in line with
what was expected.

An important point about stacking is that the membrane—membrane separation
should be larger than the evanescent decay length generated by the dw part of the
membrane displacement. Only when this condition is satisfied would the two
membranes be regarded as truly independent, in the sense of having no near-field
coupling.

We first examine quantitatively the effect of stacking two decorated membranes
with the same anti-resonance frequency. In order to contrast with the traditional
mass density law, we note that if the thickness of a solid wall is doubled, then the
mass density law predicts the transmission amplitude to be halved, i.e.,

1 1
Tx ——=(05)—
x (05) a0

pw(d+d) .7)
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Fig. 5.16 Measured transmission spectra for stacking two membranes operating at almost identi-
cal frequencies (a) and three membranes operating at different anti-resonance frequencies (b)

a 6 dB increase in sound intensity attenuation is expected. In order to achieve 18 dB
attenuation, which is the usual desired increment, it follows that the wall thickness
has to be increased by a factor of 8! In contrast, for the membrane-type
metamaterials, the attenuation rule is given by

T o exp [—const.(d + d)] = {exp [—const.d]}’. (5.8)

From the above, it can be seen that in terms of dB, the addition rule for the mass
density law is logarithmic in character, whereas it is linearly additive for the
membrane-type metamaterials, which is much more effective. In Fig. 5.16a,
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Fig. 5.17 Broadband attenuation sample (/eff) and its measured transmission loss (right)

we show the result of stacking two almost identical membrane-type metamaterials.
The green and red curves are the transmission spectra of the two membranes,
measured individually. The violet curve is the measured result by stacking the
two together. At the anti-resonance frequency, almost 49 dB in intensity attenuation
has been achieved. That is, stacking two nearly identical membranes shows an
enhancement of ~20 dB in attenuation over a single membrane at the anti-resonance
frequency.

It should be further noted that the resonant frequency of the first eigenmode is
tunable by varying the weight of the central mass, in a manner that is proportional to
the inverse square root of the central mass. The frequency of the second eigenmode,
since its vibrational amplitude is mostly in the membrane, is insensitive to the
weight. As the anti-resonance is a superposition of these two eigenmodes, it is viable
to tune the anti-resonance frequency by varying the weight of the central mass.

To illustrate that stacking can broaden the frequency range of the membrane-
type metamaterial functionality, we have fabricated a panel comprising three
membranes operative at different anti-resonance frequencies. In Fig. 5.16b, the
individually measured transmission spectra are shown as the red, green, and cyan
curves. The transmission spectrum of the stacked sample is shown as the violet
curve. The additive character of the panel is clearly seen from the remnant trans-
mission dips of the three membranes.

To achieve broadband attenuation, we have fabricated panels with multiple
weights in each unit cell (e.g., four weights in one cell). Multiple weights introduce
degenerate eigenmodes, and as a result, the panel’s transmission spectrum has
many transmission minima. We have further tuned the frequency positions of the
anti-resonance dips so that by stacking several panels, a broadband attenuation
sample can be achieved. The separation between the neighboring panels is 15 mm,
much larger than the evanescent decay length at the transmission dips. This sample
(left panel, Fig. 5.17) has a total weight of 15 kg/m?, and the average transmission
loss is 45 dB over the 50-1,500 Hz frequency range (Fig. 5.17, right panel) [23].
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5.4 Other Types of Acoustic Metamaterials

Subsequent to the initial demonstration of metamaterial characteristics of the
locally resonant sonic materials, there has been a proliferation of other types of
acoustic metamaterials during the past decade. This section is devoted to a brief
survey of some major achievements in this field, with emphasis on the negativity in
bulk modulus.

5.4.1 Negative Effective Bulk Modulus

Elastic constants play an equally important role as the mass density in determining a
material’s response to elastic/acoustic waves. In the context of elasticity, bulk
modulus describes the elastic deformation that leads to a change in volume [24].
Intuitively, such deformation can be understood as a result of hydrostatic pressure
with no preferred direction(s). This geometric characteristic of the bulk modulus,
which differs from that of mass density, carries over to the consideration of
effective bulk modulus (EBM) for acoustic metamaterials.

Multipole expansion is a standard technique that can be used to reveal the geo-
metric character of the response functions. Being omnidirectional, bulk modulus-
type response has the highest degree of rotational symmetry. Translated into the
language of multipole representation, such response must be dominated by the
monopole term [25]. On the other hand, mass density-type response is strongly
directional as evidenced by the vibrational modes we analyzed in previous sections.
It has the dipole symmetry.

Negativity in bulk modulus means that the medium expands under compression
and contracts upon release. Thermodynamics dictates that a system with such a
static response characteristic must be unstable. However, negative bulk modulus is
possible in the context of dynamic response of an elastic/acoustic system, whereby
the material display an out-of-phase response to an AC pressure field. Some
theoretical models, such as water with suspending air bubbles [26], have been
proposed for the realization of negative EBM.

In terms of experimental realization, there has been only one recipe so far that
successfully achieved negative EBM [27]. The structure consists of a fluid channel
that is sideway shunted by a series of periodically placed Helmholtz resonators
(HRs). Instead of utilizing combinations of several materials, this metamaterial
system seeks to produce modulus-type response by shaping the geometry that
confines fluid in which sound propagates [28]. Several derivative works also exist
on structures that display negative EBM, e.g., HRs in air that are operative in the
kHz frequency regime [29, 30], and flute-like structures [31].
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Fig. 5.18 A typical
Helmbholtz resonator

HR is a well-known acoustic resonance structure that can be analyzed with a
spring-and-mass model. An HR is basically a bottle with a large belly and a small
opening orifice, connected by a narrow neck. Since the volume of the neck is much
smaller than that of the belly, it is a good approximation to consider the fluid in the
neck to be incompressible. The fluid in the belly, however, is compressed when
the fluid in the neck section moves inward. Once compressed, the fluid pressure in
the belly naturally increases, thereby providing a restoring force. Since the wave-
length of the sound is generally much larger than the dimension of the entire
resonator, the pressure gradient within the cavity can be neglected. From this
description of the HR, fluid in the neck serves as the mass and the belly plays the
role of a spring. Using this analogy, we obtain the resonance frequency of an HR as
3 = k/m = (dF /dx)/m = S*(dP/dV)/m, with k denoting the spring constant,
which can be expressed as the force (F) derivative with respect to displacement
(x), and that in turn can be expressed as the pressure (P) derivative with respect to
volume (V) times the square of the cross-sectional area S of the neck. By writing
m = pSL, where p denotes fluid density and L the length of the neck, we obtain

wo = v/S/VL, (5.9)

where v = /(v(dP/dv)/p) is the speed of sound in the fluid and V is the volume of
the resonator chamber (the belly) (Fig. 5.18).

The HRs in [27] were arranged orthogonal to the propagation direction of the
sound in the waveguide (Fig. 5.19a). A sound wave can trigger fluid motion in the
neck of an HR, and when the excitation frequency approaches the vicinity of the HR
eigenfrequency, the EBM response is excited, with a typical frequency dependence
of 1/(w} — »?). We therefore expect a sign change in the EBM response, arising
from the fact that the motion of the fluid column in the neck switches from in-phase
to out-of-phase with respect to the external pressure field.

Negative bulk modulus has a similar effect on acoustic wave propagation as the
negative mass density—both cause the acoustic waves to be evanescent in character.
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Fig. 5.19 Experimental layout (a) and measured results (b), (c). Negative transit time in (b)
indicates negative group velocity, as seen in the band structure in (c). Figures adapted from [27]
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Fig.5.20 Transmission spectra. A forbidden band is clearly seen around 32 kHz, owing to the HR
resonance. The asymmetric peak (red arrow) is caused by Fano-like resonance, which is the
consequence of interference between continuum channel and resonant channel [27, 32].
Figure adapted from [27]

Accordingly, bandgap was experimentally observed close to the resonant frequency
of the metamaterial (Fig. 5.20).

5.4.2 Acoustic Double Negativity

The successful demonstrations of acoustic metamaterials with negative effective
parameters naturally lead to the possibility of simultaneous double negativity in the
same frequency regime. Early theoretical prediction [25] suggested that monopolar



182 J. Mei et al.

and dipolar resonances of the local scatterers are key to negative EBM and negative
effective (dynamic) mass density, respectively. Recipes were conceived for their
simultaneous realization [25, 26, 33, 34]. Similar to the electromagnetic case, doubly
negative bulk modulus and (dynamic) mass density can lead to negative dispersion,
i.e., the so-called left-handed acoustic materials. However, it was not until 2010 that
the first success in experimental realization of acoustic double negativity [35] was
demonstrated. In their 1D design, periodically arranged elastic membranes were
deployed to tune the dipolar resonance [21], with side-opening orifices providing
monopolar response [31]. Double-negative transmission band was found in the low-
frequency limit. The same group later utilized the same design to demonstrate a
reversed Doppler shift of sound within the double-negative band [36].

5.4.3 Focusing and Imaging

With the advent of acoustic metamaterials, a new horizon of possibilities for
acoustic wave manipulation has emerged. During the past few years, there has
been a proliferation of theoretical/numerical predictions [37—41] for achieving
acoustic focusing and superlensing by using acoustic metamaterials. Shu Zhang
et al. expanded such concept by building an interconnecting fluid network. Shunted
by cavities of different volumes, each unit in the network resembles a Helmholtz
resonator. It was experimentally shown that such a network is capable of achieving
in-device focusing of ultrasound [42]. Lucian Zigoneanu et al. designed and
fabricated flat lens with gradient index of refraction, bringing kHz airborne sound
into out-of-device focus [43].

Highly dispersive materials can attain almost flat equi-frequency contours within
a certain regime, thereby “canalizes” the propagation of wave [44, 45], achieving
imaging effect. Such concept can be adapted to acoustic waves. By arranging
locally resonant units in a square lattice, a low-frequency bandgap can emerge,
with almost-flat lower band edge. It was numerically shown that the equi-frequency
contour is square-like near the band edge and is capable of canalizing even
evanescent acoustic wave into propagating modes [46, 47]. X. Ao and C. T. Chan
took a step further [47] by incorporating rectangular lattice to introduce anisotropy.
And by laying out the lattice in half-cylindrical geometry, a magnifying effect
analogous to optical hyperlens [48, 49] was numerically demonstrated.

Anisotropy is at the core of the hyperlens idea. From multipole expansion, waves
scattered/emanated from an object can be represented by superposition of modes
with different angular momenta. Geometric details of the scatterers are carried in
modes with high angular momenta that do not propagate (i.e., evanescent in charac-
ter). However, for anisotropic materials in which the dielectric constant along one
direction is negative, it becomes possible to have hyper-resolution. This is easy to
see for a 2D circular geometry in which we have anisotropic dielectric constants &g, €,
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with the condition that &g¢, < 0. Then from the dispersion relation (k7 /¢,) + (k2 /e9)
= (w*/v?), it is easy to see that both ky and k, can take on very large values,
implying high resolution, without violating the dispersion relation. Such a
material is denoted a hyperlens [48, 50], which is able to convert evanescent
waves with high angular momenta into propagating modes. An acoustic
magnifying “hyperlens” was subsequently realized by Jensen Li et al. [51],
based not on the negative dielectric constant but rather on the large effective
density and the relatively weak bulk modulus, realized by a fan-like structure
with alternating fins of brass and air ducts, so that the effective wave speed is
low and thereby the relevant wavelength is small. The lens has clearly
demonstrated resolution that is less than half of the wavelength (with magnifi-
cation) in a spatial region that is out of the device.

In the absence of viscous effect, a longitudinal acoustic wave can propagate
in ducts (i.e., waveguides) of very small cross section, without the constraint of
a cutoff frequency. By exploiting this fact, and with the aid of Fabry—Perot
resonances, it was shown theoretically [52] that an “acoustic endoscope” can
enhance evanescent waves, therefore open the possibility for sub-diffraction imag-
ining. This idea was subsequently realized [53] with an array of waveguides with
deep-subwavelength transverse-scale size.

Besides the approaches discussed above, C. Daraio’s group took a different path
toward acoustic focusing—nonlinearity in granular materials [54]. They constructed
a nonlinear lens by patching granular chains tightly together. Such granular chains
can transform an acoustic pulse into solitary waves, whose phase velocity depends
on the amplitude. By adjusting the pre-applied static force exerted on each indi-
vidual chain, the lens was found able to focus sonic pulse into very high intensity.

5.4.4 Cloaking

Acoustic cloaking has attracted theoretical attention in the past few years [55-67].
In particular, researchers have conceived devices by using “transformation acous-
tics” as a tool. Schemes for the cloaking of acoustic surface waves [68], bending
waves on thin plates [69—71] and even fluid flow [72], have been proposed theoreti-
cally and studied by numerical simulations.

The experimental breakthrough came from Fang’s group [73]. By making
analogy between the acoustic wave equation and the telegrapher’s equation, they
explored the idea of using fluid networks as a platform for realizing acoustic
cloaking. The effective mass density and bulk modulus were designed to follow a
gradient in the radial direction, such that the ultrasonic wave is bent around the
central domain, thereby minimizing the scattering of the object placed inside the
domain so as to render it “invisible” to external observers. Experimental demon-
stration has clearly shown the reduced shadowing effect of the scattering object in



184 J. Mei et al.

the presence of the cloak. Impedance mismatch and the inevitable dissipative loss
accounted for the less-than-perfect cloaking effect. Recently, the method of trans-
formation acoustics showed its power in the design and experimental realization of
an acoustics “carpet cloak™ in air [74].

5.4.5 Acoustic Rectification

Time-reversal symmetry and spatial inversion symmetry are intrinsic to linear
acoustic wave equation. Hence, nonreciprocal transmission of wave requires certain
extra conditions to break these symmetries. By introducing second harmonics
(nonlinear effect) into the wave equation and thereby breaking its time-reversal
symmetry, an acoustic one-way mirror was proposed [75]. This was subsequently
realized in the ultrasonic regime [76]. More recently, C. Daraio’s group used 1D,
strongly nonlinear (force-loaded) artificial granular medium to achieve rectification
of acoustic waves and proposed prototypes of mechanical logic gates [77]. On the
other hand, acoustic “one-way mirror” was also realized using simple 2D phononic
crystals with incomplete bandgap [78]. Li et al. incorporated diffraction structures
on one end of the phononic crystal to induce spatial modes with different k-vectors,
thereby mimicking the condition of oblique incidence to result in transmission for
part of the acoustic energy.

5.4.6 Hybrid Elastic Solids

Negativity in the effective mass density and the EBM is a direct outcome of dipolar
and monopolar resonances, respectively. A natural question is whether it is possible
to have a solid with a unit cell that can display monopole, dipole, and quadrupole
resonances [6]. If so, what kind of behavior would such a solid exhibit? A recent
publication [79] has proposed a unit cell design that can realize all three resonances,
with overlapping resonance frequency regimes. Finite-element calculations found
this unique design to simultaneously support dipolar and monopolar/quadrupolar
resonances. As a result, two doubly negative bands exist. In one band, with
overlapping dipolar and monopolar resonances, only pressure waves can propagate
(with negative dispersion) while the shear waves are evanescent. This in effect
resembles the acoustic property of a fluid. In the other band, “super-anisotropic
behavior” is exhibited—i.e., pressure and shear waves are allowed to propagate
only along mutually perpendicular directions. Hence within the frequency range of
this band, the material appears to be a rigid solid in one direction but appears fluid-
like in the other (Table 5.1).
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Table 5.1 Properties of the hybrid elastic solids [79]
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Direction X I'™M
Wave type P-wave S-wave P-wave S-wave
Wave velocities [Kett + Hegg iflf Kett + C§f [Hett

Pett Pett Pett Peft
Lower band Propagation Evanescent, Evanescent, Propagation

Keff > 07 Peft <0
Hegr < 0,54 >0
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allowed, double
negative in p.g
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Propagation
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negative p;
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negative ps

negative p.q

Propagation
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e >0, >0

and Keff and Kegf

5.5 Dynamic Mass Density at the Low-Frequency Limit

It is well known that for a time-harmonic wave, the elastic wave equation may be
written as

V- u[Vi + (Vi)' + VAV - u) + Do’u = 0, (5.10)
where D is the mass density, 4 and u are the (spatially varying) Lamé constants, u is
the displacement vector, and (Vﬁ)T denotes the transpose of the tensorial quantity
Vu. Static effective elastic moduli and mass density are usually defined in the zero-
frequency limit, where the limitw — 0is usually taken first, so that the mass density
term drops out. Thus, the static effective moduli are obtained by the homogeniza-
tion of V - (uV) and V(AV:) operators. In contrast, to obtain the dynamic mass
density expression, we have to solve the wave equation (5.10) so as to get the low-
frequency wave solution and its relevant dispersion relation w(k). The fact that for
the fluid—solid composites the two limits are not necessarily the same has already
been explained in the introductory Sect. 5.1. Thus the dynamic mass density is
obtained from the slope of w(k), i.e., the wave velocity. However, to separate out
the elastic constant and mass density information from a single wave speed requires
an additional criterion, which turns out to be the different angular momentum
channels, as shown below. But at this point, we must first briefly introduce the
MST, since our approach in obtaining the @ — 0 dynamic mass density is simply to
examine the low-frequency limit of the MST.
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Fig. 5.21 A schematic diagram illustrating the basic idea of the multiple-scattering theory (MST),
in which the scattered outgoing wave from any one particular scatterer constitutes part of the
incident wave to any other scatterer

5.5.1 Multiple-Scattering Theory

MST represents a solution of the elastic wave equation (5.10) for a periodic
composite that accounts fully for all the multiple scattering effects between any
two scatterers, shown schematically in Fig. 5.21, as well as for the inherent vector
character of elastic waves [2, 80, 81]. In what follows, we shall attempt to illustrate
the basic ideas of the MST by using diagrammatic illustrations. A more detailed
mathematical description can be found in Chap. 10.

We shall focus on the case of 2D periodic composites with a fluid matrix,
in which MST has a rather simple form, as shown in Fig. 5.22, where ﬁ;n(ﬁ,-) =

Z aJ n(p,) and u;° (p;) = Z b H ,(p,) are the waves incident on, and scattered by

the scatterer i, respectlvely, with o = w+/D;/B; being the wave vector in the
fluid matrix. Here D; and B; denote the mass density and bulk modulus of the
matrix, respectively, p = (p,¢) is the polar coordinates, and J,(x) and H,(x)
denote the nth Bessel function and Hankel function of the first kind, respectively.

Since the incident wave on scatterer i comprises the external incident wave

A;n(o) (,Bl) plus the scattered waves by all the other scatterers except i (as shown in

Fig. 5.21), we have

_in , . Qm .
u; (p;) = )+ S BLHL (), (5.11)

A

where p; and f)j refer to the position of the same spatial point measured from
scatterers i and j, respectively.

In Fig. 5.22, the expansion coefficients {a,} and {b,} are not independent
but are in fact related by the so-called T matrix. This is shown in Fig. 5.23, where
T = {T,,} is the elastic Mie scattering matrix determined by matching the normal
displacement and normal stress component at the fluid—solid interface.
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Acoustic wave equation
BY(V-ii)+Da'i=0

1

General Solution in 2D 7.(9)=V[ . (@p)e™]
i(p)= Z[an}"(ﬁ)+b,1?, (;‘5)] A,(p)=V[H,(ap)e]
n a=o|DB

incident (incoming) wave on scatterer § " (5,)=>.a.J.(5,)
scattered (out-going) wave from # a°(p,)= 2 bH,(p,)
Fig. 5.22 General solution of the acoustic wave equation for 2D phononic crystals with a fluid

matrix. Here J, denotes the Bessel function of nth order and H,, denotes the nth-order Hankel
function of the first kind

scattered waves =

Countinutiy of
Displacement : u, , ™

Fig. 5.23 T matrix and the boundary conditions. Region 1 denotes the matrix materials and region
2 denotes the solid scatterer
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Fig. 5.24 G matrix and its evaluation method

With the help of addition theorem, it can be proved that
H),(p)) = HY, (p, ) Z Gl 7 (), (5.12)

where the G matrix G,{,,n = G,,n,,(R R ) glenotes the translation coefficients as
shown in Fig. 5.24, with ¢ = arg (R; — —R),R i(j) being the position of scatterer i(j).
This translation means that the wave scattered by the scatterer j may be expressed in
terms of Bessel functions centered at scatterer i. And since the coefficients {a, } and
{b,} at scatterer i are related by the T matrix, one can therefore obtain a single
matrix equation with {a,} being the variables. Of course, in such a derivation, it is
assumed that in a periodic composite every scatterer is the same.

For the purpose of calculating the dispersion relation, we do not need an

externally incident wave ﬁin(o) (p;) in (5.2), thus we have

u"( ZZb . (p;). (5.13)

A

After substituting the expressions for the T matrix and G matrix into this
equation and Fourier-transforming the coefficients of {a,}, as shown in Fig. 5.25,
we arrive at the following secular equation:

det|T,} — G (k)| = 0. (5.14)

Equation (5.14) is equivalent to (85) in Chap. 10. Written in this particular form,
(5.14) is particularly suitable for the low-frequency expansion, as seen below.
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Fig. 5.25 Secular determinant equation of the MST, for the determination of band structures for
periodic composites

5.5.2 Dynamic Mass Density at the o — 0 Limit

Equation (5.14) is the secular equation for determining the band structure of a
periodic composite. Here we want only the branch at the w — 0limit, i.e., by letting
oy — 0 and retaining the leading-order terms of the secular equation. This is
illustrated in Fig. 5.26.

By taking the low-frequency limit and retaining terms to the order of ™2, both
the T~'matrix and the G matrix can be simplified to 3 x 3 matrices [4, 5].
Therefore, the secular equation in the low-frequency limit is given by

D+ D, xX2f ixf f
D]-Dz 1—)(2 1—)(2 _1—)(2
det| B xf ixf -0, (515
1 —x2 By—B; 1—x2 1 —x2
f ixf Dy +D, Xf
-2 -2 D —D, 1—x2

in which f = nr(z) /A is the filling ratio of the solid inclusions, B; = 4; and B, =
A2 + 1, are the bulk moduli of the fluid matrix and solid inclusions, respectively,
and x = Veg/Vy is the variable to be solved in the determinant equation (5.15).
By discarding the trivial root, we obtain the effective sound velocity of the
composite as
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Fig. 5.26 The T~! matrix and G matrix in the low-frequency limit, where ry and A are the radius
of solid inclusions and area of unit cell, respectively. 4;, 42, and y, are the Lamé constants, and

7o =~ 0.5772 is the Euler’s constant. 0 Is the polar angle of wave vector k, which vanishes in the

determinant evaluation of }T‘l - G|. The variable x = V¢/V is the quantity to be evaluated
B
e’ S B,
Best By + (B1 — By)f
Vi = 4| — = . (5.16)
Dest (D> +D1)+(D2—D1)fD
1

(Dy + D) — (D, — DY)f

It is well known that according to the effective medium theory [82], the EBM
Begr of the fluid—solid composite is given by

L_i-f f

= 5.17)
Best B B,

or

B,. (5.18)
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It can also be seen from Eq. (5.15) and Fig. 5.26 that the expression for By,
(5.18), arises from the n = 0 angular scattering channel.

By using (5.16) and the effective medium expression for Beg[i.e., (5.18)], we
arrive at precisely the Berryman effective mass density in 2D [83, 84]:

(Dz +D1) + (Dz —Dl)f
(D2 + D1) — (D2 — Dy)f

Dest = D;. (5.19)

In contrast to the By expression, the effective mass density D.g is completely
determined by the n = 1 angular channel. As pointed out previously, the effective
mass density and the EBM represent separate but parallel wave scattering channels.

Equation (5.19) is valid for both the square and the hexagonal lattices when the
filling fraction of the solid inclusions is not very high. At this leading order of
density expansion, both Bey and D.g are noted to be independent of the lattice
structure. In particular, they are both relatively accurate for random fluid—solid
composites as long as the density is not close to the tight-packing limit, and the
viscous boundary layer thickness is smaller than the fluid channel width. When the
concentration of scatterers becomes larger and larger, it is expected that higher-
order angular momentum channels in 7~! and G matrices should be included. The
effective sound speeds would then be different for the square and the hexagonal
lattices, but isotropy still holds.

It is instructive to carry the effective dynamic mass density evaluation to a
higher concentration level, by retaining more angular momentum channels in the
T~ and G matrices. Through a lengthy derivation, the dynamic mass density is
found to be in the form [84-86]

(D2 +Dy) + (D2 = D1)(f — g)
(D2 +Dy) — (D2 —D1)(f +g)

Dejr = Dy, (5.20)

where [87]
M 2
g =768 (—4> F* ~ 0.3058f* (5.21)
T

for the square lattice, and

g=1 620( ) £ ~ 0.0754f° (5.22)

for the hexagonal lattice. Here the lattice sums

= ZJ4 fuc) e, (5.23)
h#0 Kh )
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and

J6(Kna) sig
Mg = — L %% (5.24)
; (Kha)

are defined in the reciprocal spaces of the square and hexagonal lattices, respec-
tively, withK;, = (K}, 6) denoting the reciprocal lattice vector in polar coordinates
and a being the lattice constant. In contrast, the EBM is still given by (5.18), i.e., the
Wood’s formula.

Comparing (5.20) with (5.19), we notice that the effective mass density is
modified by a correction term, g. When the filling fraction of the inclusions is not
very high, g is very small so that it can be safely neglected. When this happens,
(5.20) reduces to (5.19), i.e., the dipole solution. However, in case of high concen-
tration of inclusions, Berryman’s expression, i.e., (5.19), should be modified to
incorporate the influence of higher-order scattering coefficients.

It is worth noting that the correction term g is proportional to f* for the square
lattice and to f% for the hexagonal lattice. Common sense tells us that the correc-
tion term should be quadratic in f, but here the correction term g is obviously
determined by the symmetry of the square and hexagonal lattices. This point can be
easily understood since the coefficients in front of f* (square lattice) and f°
(hexagonal lattice) are respectively the lattice sums My and Mg defined by (5.23)
and (5.24), and they are clearly determined by the lattice symmetry.

If the matrix is made of solid instead of liquid, we can also take the low-
frequency limit on the MST in a similar way. But a different effective medium
formula for the mass density may be expected since in a solid matrix not only the
longitudinal wave but also the transverse waves can propagate. It is well known
that in 2D phononic crystals, when the wave vector is confined in the 2D plane (i.e.,
the x—y plane) perpendicular to the cylinder axis direction (i.e., the z-direction), the
elastic waves can be decoupled into an out-of-plane transverse z mode and an
in-plane mixed xy mode.

For the transverse z mode, the displacement is perpendicular to the x—y plane and
thus easier to deal with. By taking the low-frequency limit and retaining the
dominant terms, the 7-! — G matrix can also be simplified to a 3 x 3 matrix [5]:

[ + 1y +f x? o i, ey ]

"y — -2 1—2° —2°
2T M X X X

_ 4 1 ixf D x? ixf
T'—G=—_— _ Y L —ify
w2 2 —2° Db, Ti—e T-¢° ’

_f o200 _if it o+ 1y ¥ X

L 1—x? 1—x2 Wo—u T 1—x2]

(5.25)
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in which x = Vg /V is the quantity to be evaluated. By solving (5.25), we obtain
the effective transverse wave velocity of the composite as

(g + pty) + (1 — M)f'u1
e | (o ) = (ko — S
Vegt = Dut (1= 7)D: + 7D . (5.26)

It can be recognized from (5.26) that the effective shear modulus .4, determined
by the n = 1 angular channel [see (5.25)], is given by

(Ko + 1) + (g — m)f
- . 5.27
Het (g + 1) — (o — iy )f H 627

It is interesting to point out that (5.27) has the same form as (5.19), and this
similarity is due to the fact that both p and D arise from the n = 1 angular
channel scattering.

According to (5.26) and the effective shear modulus expression for u.g, i.e.,
(5.27), we arrive at the volume-averaged mass density expression for the transverse
z mode:

Dest = pegr = (1 —f)D1 + /D2, (5.28)

which is distinct from the fluid-matrix case. Here the effective mass density for the
solid-matrix composite is determined by the n = 0 angular channel. Equation (5.28)
for the solid matrix case is noted to be identical to that found by Berryman [83]
through a different approach.

If we let u; — 0, then according to (5.27), we have p.; — 0. That is, when the
solid matrix is gradually reduced to the limit of zero shear modulus, the whole
composite would also act like a zero-shear modulus system, i.e., the composite
behaves like a fluid. However, it is important to note that even in this limit, the
volume-averaged density formula, i.e., (5.28), still holds. Therefore, by first taking
the @ — 0 limit and then the u; — 0 limit, we arrive at the volume-averaged mass
density expression. However, reversing the order of taking the two limits leads to
the expression given by (5.19). Therefore, the order of taking the two limits cannot
be interchanged, as explained in the introductory Sect. 5.1.

5.5.3 Comparison with Experimental Data

Cervera et al. have measured the sound velocity in a 2D phononic crystal composed
of hexagonal array of aluminum cylinders in air [86]. Here the frequency of sound
is 600 Hz, and the wavelength of sound in air, 57 cm, is much larger than either the
cylinder diameter or the lattice constant. The wavelengths of sound in Al, for both
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longitudinal and transverse waves, are even larger. The use of effective medium
theory is thus justified. The viscosity and mass density of air at normal temperature
are 1.827 x 10~5Pas and 1.292 kg/m?, respectively. At the experimental frequency
of ~600 Hz, the viscous boundary layer thickness fyi; = \/7/p ;0 = 6.12 x 1073
cm is much smaller than either the cylinder diameter, the lattice constant, or the
fluid channel width ¢. Thus the condition ¢ > /,; is valid.

In the experiment, the maximum filling ratio of Al cylinders is about 0.36, shown
as open triangles in Fig. 5.27, where it can be seen that there is nearly an order of
magnitude discrepancy between the experimentally measured velocity with that
predicted by using the volume-averaged mass density and the EBM B¢ given by
(5.18). In contrast, when the dynamic effective mass density, (5.19), is used,
excellent agreement is seen.

For higher filling ratio of Al cylinders, we have used COMSOL Multiphysics, a
finite-element solver, to perform a band-structure calculation for the same periodic
system. From the band structure, i.e., the dispersion relation, one can compute the
effective wave speed by using ¢ = w/k in the low-frequency limit. The
corresponding results are plotted in Fig. 5.27 in green circles. They are seen to be
in excellent agreement with (5.20), as shown with red solid curve, where the
correction term g is included.

In Fig. 5.28a, we show the numerically calculated displacement field intensities
for the relevant experiment. It can be seen that the displacement field is nearly zero
inside the cylinders, hence it is almost impossible to have the condition for the
validity of volume-averaged density formula. However, when the impedance mis-
match is relatively moderate, e.g., when the mass density contrast is small, then the
effective dynamic mass density reduces the volume-averaged mass density, which
means that the static mass density is a special case of the dynamic mass density. For
comparison with Fig. 5.28a, we have also plotted the displacement field intensities
for the poly(methyl methacrylate) (PMMA)-water system in Fig. 5.28b, in which
the wavefield homogeneity is very evident. As our derivation of the dynamic mass
density is obtained by taking the long wavelength limit of the scattering wave field
solutions, it is not surprising that such formula inherently accounts for the wavefield
inhomogeneities as they exist in reality. As explained in Sect. 5.1, the relative
motion between the components of a composite is the basic reason leading to the
difference between the static and dynamic mass densities, and such relative motion
is evident when the impedance mismatch is large and £>>/,;,.

In a solid-matrix composite, the presence of a nonzero shear modulus for the
matrix component means that in the long wavelength limit, uniform motion of the
matrix and the inclusions is guaranteed. As a result, the dynamic mass density for
the solid-matrix composites is always the volume-averaged value. When one
further takes the limit of u; — O in that case, only the relative ratio of the
longitudinal wavelength to the transverse (shear) wavelength is altered, which is
the reason that the effective mass density expression still remains the same as the
static mass density.
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Fig. 5.27 The effective sound velocities calculated with the effective bulk modulus given by
Wood’s formula with volume-averaged mass density (solid squares) and with the mass density
given by (5.19) (solid triangle). Experimentally measured effective sound velocity is shown as
open triangles. While the volume-averaged mass density gives results very far removed from the
experiment, the mass density given by (5.19) is shown to yield almost perfect agreement with
measured results when the filling ratio of the Al cylinders is not very high. When the filling ratio is
larger than 0.6, however, the correction term g should be included [see (5.20)], with the prediction
shown by the red solid curve. It can be seen that the prediction of (5.20) agrees very well with the
finite-element simulation results, shown as green dots, even when the filling ratio is close to the
tight-packing limit

05 00 05
x/la

Fig. 5.28 (a) MST-calculated displacement field intensities in a 2D hexagonal lattice of Al
cylinders in air, with the relevant experimental parameter values as stated in the text. Blue
indicates low field intensity, and yellow indicates high field intensity. The wave vector is along
the y-direction, with a being the lattice constant. It is seen that the wave amplitude is nearly zero
inside the Al cylinders. Decreasing the frequency further does not alter this fact. (b) The same for
PMMA cylinders in water. Wave field is seen to be much more homogeneous than that in (a).
Figure adapted from [4]

5.6 Concluding Remarks

Acoustics has been one of the oldest topics of scientific investigation. Its robust
revival during the past two decades has been a most gratifying experience for many
researchers in this area. The purpose of this chapter is to give a vignette on some of
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the more recent developments. In particular, we present an overview on the
different ramifications of the dynamic mass density issue that includes both
the acoustic metamaterials manifestations and the effective mass density of
fluid—solid composite in the zero frequency limit. The connection with the anti-
resonance behavior is emphasized and clarified, especially with respect to the
membrane-type acoustic metamaterials. A brief review of other types of acoustic
metamaterials is also included.

In contrast to electromagnetic metamaterials, the role of dissipation is minimal
for acoustic metamaterials—at least in the low-frequency limit. However, since the
presence of dissipation is inevitable, its consideration, while still in the incipient
stage at present, may become more important in the future. Another issue is the role
of evanescent waves, which can be expected to play an increasingly important part
in transformational acoustics, just as in the case of electromagnetic metamaterials.
However, unlike the electromagnetic case, the elasticity of solid composites has
more parameters and therefore can be expected to display a much richer variety of
behaviors. An example along this direction is the recent work on hybrid elastic
solids [79].

Potential applications of acoustic metamaterials would undoubtedly be a con-
sideration for the future developments in this area. Pursuit of such a worthy goal
may not only open up new topics for basic research, but can also impact those
disciplines that are traditionally related to acoustics—such as architecture, noise
pollution, medical ultrasound, acoustic imaging, etc. Cross-disciplinary pollination
can imply exciting potential possibilities.
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Chapter 6
Damped Phononic Crystals and Acoustic
Metamaterials

Mahmoud I. Hussein and Michael J. Frazier

Abstract The objective of this chapter is to introduce the topic of damping in the
context of both its modeling and its effects in phononic crystals and acoustic
metamaterials. First, we provide a brief discussion on the modeling of damping in
structural dynamic systems in general with a focus on viscous and viscoelastic types
of damping (Sect. 6.2) and follow with a non-exhaustive literature review of prior
work that examined periodic phononic materials with damping (Sect. 6.3). In
Sect. 6.4, we consider damped 1D diatomic phononic crystals and acoustic
metamaterials as example problems (keeping our attention on 1D systems for
ease of exposition as in previous chapters). We introduce the generalized form of
Bloch’s theorem, which is needed to account for both temporal and spatial attenua-
tion of the elastic waves resulting from the presence of damping. We also describe
the transformation of the governing equations of motion to a state-space represen-
tation to facilitate the treatment of the damping term that arises in the emerging
eigenvalue problem. Finally, the effects of dissipation (based on the two types of
damping models considered) on the frequency and damping ratio band structures
are demonstrated by solving the equations developed for a particular choice of
material parameters.

6.1 Introduction

Damping is an innate property of materials and structures. Its consideration in the
study of wave propagation is important because of its association with energy
dissipation. We can concisely classify the sources of damping in phononic crystals
and acoustic metamaterials into three categories, depending on the type and
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configuration of the unit cell. These are (1) bulk material-level dissipation stem-
ming from deformation processes (e.g., dissipation due to friction between internal
crystal planes that slip past each other during deformation); (2) dissipation arising
from the presence of interfaces or joints between different components (e.g., lattice
structures consisting of interconnected beam elements [1]); and (3) dissipation
associated with the presence of a fluid within the periodic structure or in contact
with it. In general, the mechanical deformations that take place at the bulk material
level, or similarly at interfaces or joints, involve microscopic processes that are not
thermodynamically reversible [2]. These processes account for the dissipation of
the oscillation energy in a manner that fundamentally alters the macroscopic
dynamical characteristics including the shape of the frequency band structure.
Similar yet qualitatively different effects occur due to viscous dissipation in the
presence of a fluid. While the representation of the inertial and elastic properties of
a vibrating structure is adequately accounted for by the usual “mass” and “stiffness”
matrices, finding an appropriate damping model to describe observed experimental
behavior can be a daunting task. This is primarily due to the difficulty in identifying
which state variables the damping forces depend on and in formulating the best
functional representation once a set of state variables is determined [3, 4].

6.2 Modeling of Material Damping

Due to the diversity and complexity of dissipative mechanisms, the development of
a universal damping model stands as a major challenge. A rather simple model
proposed by Rayleigh [5] is the viscous damping model in which the instantaneous
generalized velocities, u, are the only relevant state variables in the calculation
of the damping force vector f4 [4]. Using C to denote the damping matrix, this
relationship is given by

f4(r) = Cu(s). (6.1)

While this description may be suitable when accounting for dissipation associated
with the presence of a standard viscous medium (e.g., a Newtonian fluid), a
physically realistic model of material damping will generally depend on a wider
assortment of state variables. Such a model would represent nonviscous damping,
of which viscoelastic damping is the most common type.

In treating viscoelasticity, it is suitable to use Boltzmann’s hereditary theory
whereby the damping force depends upon the past history of motion via a convolu-
tion integral over a kernel function G(r):

t
(1) = cj G(r — 1) ia(r)dr. ©62)

0
The kernel function G(f) may take several forms while recognizing that in the limit
where G(t — 7) = 6(¢ — 1), the familiar viscous damping model of (6.1) is recovered
[4]. Fundamentally, any form is valid if it guarantees a positive rate of energy
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Fig. 6.1 Maxwell model c k

dissipation. Thus there are numerous possibilities. For example, in Fig. 6.1, the
Maxwell model for viscoelastic damping is illustrated; it consists of a linear spring
and a viscous dashpot in a series configuration. The spring accounts for the fraction of
mechanical energy that is stored during loading, while the viscous dashpot accounts
for the remainder that is lost (not stored) from the system. The dashpot also adds a time
dependence to the model as the rate of deformation becomes a factor. In this
arrangement, the spring and dashpot experience the same axial force, F' = ku = cu.
In addition, the total displacement has contributions from both elements, that is,
u = us + uq, where the subscripts “s” and “d” denote the spring and dashpot,
respectively. Differentiating u with respect to time gives u = ug + 1q, which, by
recalling the aforementioned equality of force within each element, can be
written in the following form:

u:§+f. 6.3)

Assuming an initial displacement #(0) = F(0)/k we can integrate (6.3) with
respect to time to obtain the displacement function, u(¢). Corresponding to an
elongation u(t) = H(t), where H(t) is the unit step-function, a relaxation response
function may be expressed as i(¢) = G(¢), Based on the Maxwell model of Fig. 6.1,
the kernel function is [6]

G(f) = ke “H(1). (6.4)

If the spring constant k — oo in the Maxwell model, then elasticity, the mechanism
of storing energy, is lost, and only the dissipative viscous mechanism remains. This
is immediately apparent in (6.3), where F/k — 0 thus leading to the omission of
the force—displacement portion of the Maxwell element. Returning to (6.2), we will
use a more general form of the kernel function, G(r) = p e *'H(r), where the
constants f;, are called relaxation parameters and may be determined from
experiment.

6.3 Elastic Wave Propagation in Damped Periodic Media

There are several studies in the literature that consider the treatment of damping in
the context of periodic phononic materials. Many of these focus on simulating finite
periodic structures (e.g., [7-11]), which is different from carrying out a unit cell
analysis. The latter approach has the advantage that it allows us to elucidate the
broad effects of damping on the band structure characteristics. It is, therefore, more
comprehensive because it provides information that can be relevant to a range of
finite-structure simulation scenarios.
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In unit cell analysis, the dynamics of a periodic material [(e.g., atomic-scale
crystalline materials, phononic (or photonic) crystals, periodic acoustic (or electro-
magnetic) metamaterials] is fully characterized by the application of Bloch’s
theorem [12] on a single representative unit cell. As discussed in earlier chapters,
this theorem states that the wave field in a periodic medium is also periodic, except
that its periodicity is determined by the frequency versus wavevector dispersion
relation. The form of the displacement response in a non-dissipative phononic
material following Bloch’s theorem is given by

u(x, k; 1) = ii(x, k)e X (6.5)

where u = {ux,uy,uz} is the displacement field, u is the displacement Bloch
function, x = {x,y,z} is the position vector, k = {x,, Kk, x.} is the wavevector,
i = v/—1, and o and 7 denote real-valued temporal frequency and time, respectively.

Among the earlier studies that adopted a unit cell approach is the paper by
Mead [13], which presented 1D discrete mass—spring—dashpot models and solved
for the dispersion under structural damping (i.e., damping exhibiting velocity-
independent forces). Similarly, Mukherjee and Lee [14], Castanier and Pierre
[10], Zhang et al. [15], and Merheb et al. [16] provided dispersion relations using
a complex elastic modulus (or a convolution integral expression in the case of
[16]), and Langley [17] presented a corresponding analysis using a complex
inertial term to account for the damping. In these studies, damping has therefore
been incorporated in either the stiffness or mass matrix in the governing
equations. Representing damping directly in the form of viscous or viscoelastic
forces (as discussed in Sect. 6.2) represents another avenue, but requires the
incorporation of an additional state variable—velocity—in the governing
equations of motion. Naturally, this leads to an eigenvalue problem with a non-
traditional format. Several studies considered this problem for different types of
configurations (i.e., concerning the geometry, boundary conditions, and constitutive
material behavior), for example, [18].

A critical limitation to using (6.5) is that it assumes that a spatially propagating
wave does not attenuate in time [19, 20]. The allowance of a temporal loss factor
was adopted by Mukherjee and Lee [14, 21] in their investigations of damped
periodic composites (although limited to structural damping). In recent
publications [22-24], the possibility of temporal attenuation has been incor-
porated in the Bloch formulation for viscous damping, and it was shown that
such treatment is consistent with results emanating from a free vibration analysis
of corresponding finite periodic structures (whose theory of damping is well
established [4]). It was observed that the band gaps in the damped unit cell
dispersion match with the damped natural frequency gaps in the finite periodic
structures only when the temporal component of Bloch’s theorem is generalized
to include a complex root A, that is,

u(x, k;7) = i(x, k) el Ve, (6.6)
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Here it should be noted that for the undamped case, A = —iw and (6.5) is recovered.
While this form was successfully applied in [22-24], the models considered were
limited to simple Kelvin—Voigt viscous damping models. In the next section, we
present formulations for analyzing damped one-dimensional diatomic phononic
crystals and acoustic metamaterials on the basis of the generalized Bloch’s theorem
and for both viscous and viscoelastic damping as described in Sect. 6.2.

6.4 Damped One-Dimensional Diatomic Phononic Crystals
and Acoustic Metamaterials

By considering lumped masses, springs, and damping elements, in this section we
construct a simple 1D model of a damped diatomic phononic crystal (represented
by a “mass-and-mass” configuration as shown in Fig. 6.2a) and similarly a simple
ID model of a damped diatomic acoustic metamaterial (represented by a “mass-in-
mass” configuration as shown in Fig. 6.2b).

Considering unit cell periodicity, the set of homogeneous differential equations
describing the motion of each mass in the phononic crystal model is obtained as
follows [23]:

I’}’Z]MII —+ (Cl + Cz)l;{]i — Czl;{é — Cll;{é71 =+ (kl + kz)ull — kzulz — kHtéil = 07 (67)
maity + (c1 + c2)ily — catt) — eyt + (ki + ko)idy — kot — eyl =0, (6.8)
where 1, is the displacement of mass o in an arbitrary jth unit cell. In general, a unit cell
and its neighbors may be identified by j + n, where n = 0, —1, 1 denote the present,

previous, and subsequent unit cells, respectively. Similarly, for the acoustic meta-
material model, the equations of motion corresponding to the two masses are [24]

i+ e (2 = =) (i - ) o (2 )

vl - ) —o 6.9)

iy + e (1, = ;) + (i — ) = 0. (6.10)

6.4.1 Generalized Bloch’s theorem and State-Space
Transformation

Generalized Bloch’s theorem
Writing the generalized Bloch’s theorem of (6.6) in discrete format for the models
shown in Fig. 6.2 involves the product of the spatial function A (x,x) = e!(<+7%a)
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Fig. 6.2 Lumped parameter
unit cell model of (a)
phononic crystal (mass-and-
mass) and (b) acoustic
metamaterial (mass-in-mass)

and a temporal function, which takes the form of U, (¢) = U,e™. Here, U, represents
the complex wave amplitude, the variable a denotes the lattice constant, and k. = k, for
brevity. Thus, the displacement function of mass o in the (j + n)th unit cell is given by

W (x 1 1) = A(x, K) Uy (1) = U,elmat, (6.11)

If we apply this form of the Bloch wave solution to (6.7) and (6.8) for the
phononic crystal, we obtain the following complex eigenvalue problem:

/lzmll}l —l—},(cl —|—C2)01 —)uCzUz — ic’lﬁze_ma + (k] +k2)01 —kzﬁz —k ﬁze_i’“’ =0,
(6.12a)

),%7’!2024—)»(6‘1 —‘rCz)Uz — iCzUl — /lclljlei’“‘ + (kl —‘rkz)Uz _kZUI —klljleiw =0,
(6.12b)

which in matrix form is represented as

Pmy+ (e )tk ke —A(cie M 4 cp) — (e, +k2)} {UI} - {0}

—(c18™ +¢) — (e +ka) 22my+ Mer+c)+ki+k U, ol
(6.12¢)

Equation (6.12c) can be segregated in the following manner:
[2°M + JC(x) + K(x)]U = 0. (6.13)

Thus, we identify the mass matrix M, damping matrix C(x), and stiffness matrix
K(x) as

M= {m‘ 0 } (6.14)
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_ c1+ —(cre7 + ¢)

C(k) = [—(cleiw +e) 1+ ; (6.15)
_ ki + ky —(kie™ + k)

K(K) - |:_(klei}<a + kz) k] 4 kz . (616)

Applying (6.11) to (6.9) and (6.10) for the acoustic metamaterial yields the
following complex eigenvalue problem:

P2 U1 422c1 (1 —coska) Uy + Acy (U — Us) +2ki (1 —coska) Uy +ky (U — Uy) =0,
(6.17a)

22myUs + Jcy(Uy — Uy) + ky(Us — Uy) = 0, (6.17b)
which in matrix form can be represented as

U
U»

22my+22¢, (1—coska)~+Acy+2ki (1 —coska)+ky —(Aea+kz)
— (k2 +/162) )usz +Acr+ky

0

6.17¢)

Again, by segregating the coefficients, the mass matrix will be as given in (6.14)
and the damping and stiffness matrices will be identified and written as follows:

Clx) = [2c1(1 _C_szm)ﬂz :ﬂ (6.18)

2ki(1 —coska) +ky, —k
K = [P0 meqrathe k],

Finally, if we define the set of material parameters r,,, 1., and r; as follows:

(6.19)

I = ma/my, re =c2/cr, re = ko /ki, (6.20)

then we may write the system matrices for each of the two models in a more
convenient form. Thus the system matrices for the phononic crystal become

M = m, [ 1/(;"" ﬂ — mM,, (6.21)

1+ 1/,.0 _(1 + e—iKa/’,C)

Ck)=c2 {_(1 ey L4 1/n ] = ,C,(x), (6.22)
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L+ 1/r; —(1+e™/ry)

K(K) =k |: _(1 + eika/rk) 1+ 1/”/( :| = kZKr(K)v (6.23)

and for the acoustic metamaterial,

C(K)_62{2(1—cos_rcla)/rc+1 —11] — 0C(), 6.24)
2(1 —coska)/rp+1 —1
K(x) =k, Y | = K (), (6.25)

and M is the same as in (6.21). It should be noted that in general the matrices C, (k)
and K, () are unitary matrices.

State-space transformation

For general damping, viscous or nonviscous, the equations of motion cannot be
uncoupled by using an alternate set of coordinates (as done, for example, in [22],
which treated proportional Rayleigh damping using Bloch modal analysis). To
determine the complex eigenvalues, 4,, s = 1,2, we develop a Bloch state-space
formulation for each of the damping types. The formulation is based on a transfor-
mation of variables of the form:

(6.26)

|
Il
(Nl

6.4.1.1 Viscous Damping

For general viscous damping, the Block state-space formulation is as follows [23]:

0 mM, | g —myM, 0 -
[szr CzCr(K)}Y% 0 sz,A(K)}Y—"- 6.27)

Now we write the solution as Y = Ye'. It is at this point that we introduce, for
convenience, two additional material parameters, @ = /ky/m, and = cy/m;.
Thus, (6.27) becomes

([1\2 ﬁgf@c)}”[_gqr @213(K)D?=0~ (6.28)

Equation (6.28), which is a first-order representation of the original second-order
eigenvalue problem, has two complex conjugate pairs of eigenvalues, y, and
eigenvectors, Y. Given their orthogonality with respect to the system matrices,
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the eigenvectors decouple the equations into four modal equations with complex
roots .., s* = 1,...,4 appearing in complex conjugate pairs and thus effectively
representing two single-degree of freedom systems. Thus we can write

7, = =&y Fiog, = —Eos Hiogn /1 — &, s=1,2. (6.29)

If we focus our attention on only the first eigenvalue in each complex conjugate
pair, then we extract the wavenumber-dependent damped frequency as:

wds(K) = Im[yv(K)]v s=1,2, (6.30)
and the corresponding wavenumber-dependent damping ratio:

_ Refy(x)]

éY(K) = m, s = 1,2 (631)

Note that w,(x) = Abs[y(x)] and is referred to as the resonant frequency. For the
special case of proportional viscous damping, the resonant frequency is equal to the
undamped frequency.

6.4.1.2 Viscoelastic Damping

In this section, we replace the viscous damping elements in Fig. 6.2 with Maxwell

elements and apply the Bloch state-space approach to the viscoelastic case by

introducing a set of internal variables. We develop the state-space matrices using

an approach proposed by Wagner and Adhikari [25] for finite structural dynamics

systems; here we extend it to the analysis of the unit cell problem. The approach is

specific to the case in which the constants p, ; in (6.4) are equal (i.e., u = u; = ).
According to [25], we define an internal variable V() as follows:

V(1) :J pe =0 (1)dr. (6.32)
0

The Leibniz integral rule gives the following formula for differentiation of a
definite integral whose limits are functions of the differential variable:

a " b1 g . d . B
5 L@) fx,0)dr = Lm o W0t f[b(0),1] - 5 b(t) = fla(0), ] 5-a(r).  (6.33)

Applying this rule to (6.32), we obtain
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!

Vi) = JO — 2 MIU(r)dr + pU(r) = [ﬁ(;) - V(r)} , (6.34)

which we may rewrite as

V(t) + uV(t) = pU(r). (6.35)

According to (6.2) and (6.4), the system of equations for a viscoelastically
damped chain is

MU + C(x) J; e =90 (1)dr + K(x)U = 0. (6.36)
Utilizing (6.21)—(6.25) and the definitions @ and f3, we get:
M, U + BC,(x) J; pe = Udr + @K, (1)U = 0. (6.37)
With (6.32), this becomes
M, U + BC,(1)V + &K, (1)U = 0. (6.38)

Next, we solve for V(¢) in (6.35) and substitute the result into (6.38):
= - 1 = _
M, U + SC, (k) {U — ;V} + (DZK,A(K)U =0. (6.39)

At this point, incorporating (6.39) into a state-space matrix equation format will
result in non-square matrices. To produce square and block-symmetric state-space
matrices, we formulate another equation. Premultiplying (6.35) by C,(x) and
dividing by u? yields

1wV %c,.(;c)\? =0. (6.40)

1 -
——C,(x)U+
U+

u

In the first-order state-space form, (6.39) and (6.40) become

0 M, 0

P M, 0 0
—_— . 02

My fCle) =G g | 0 OKix) s 0 |z=0, 64
0 _gcl ) % C,(0) 0 0 ;Cr(x)
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_ . T L
where Z = {[‘J U \7} . We assume the solution Z = Ze’" and subsequently
develop the €igenvalue problem:

0 M, 0 M, 0 0
M, [))Cr(’c) —EC,A(K) Y+ 0 @2K,<(K) 5 0 Z=0
0 -Lc(0) Lo 0 0 Le(o
(6.42)

Upon obtaining the eigenvalues y,., now mathematically a set of six values,
s*=1,...,6, we can extract the two sets of roots appearing as complex
conjugate pairs (the two remaining roots are spurious) that physically
represent the modes of damped wave propagation, exactly as defined in
(6.30) and (6.31).

As implied in the above formulation, and supported by the definition of the
Maxwell element [Fig. 6.1 and (6.3)], in the limit 4 — oo, the viscous Bloch state-
space formulation of (6.28) is recovered. That is, high values of p represent
more viscous behavior (less dependence on the past history), while low values of
1 represent more viscoelastic behavior (more dependence on the past history).

6.4.2 Damped Bragg Scattering and Local Resonance

For both the phononic crystal and the acoustic metamaterial models in Fig. 6.2, we
generate dispersion curves using, for demonstration, a specific set of material
parameters: r,, =9, r. = 0.5, rp, = 1, and @ = 149.07 rad/s. The parameter f is
varied to show the dependence on the damping intensity. In Figs. 6.3-6.6, plots
corresponding to the phononic crystal (mass-and-mass model) appear on the left
while those pertaining to the acoustic metamaterial (mass-in-mass model) appear
on the right. While these results are dependent on values chosen for the parameters
Ims Te, and 1y, they provide a basic insight into the effects of damping on the
elastodynamic behavior of phononic crystals and acoustic metamaterials.

6.4.2.1 Viscous Damping

Here we show the frequency (Fig. 6.3) and damping ratio (Fig. 6.4) band structures
for the case of viscous damping, obtained by solving (6.28). We observe in Fig. 6.3
that as the damping intensity /@ is increased, the optical branch for both the
phononic crystal and the acoustic metamaterial drops while the acoustic branch
experiences little change—this in turn leads to a reduction in the size of the band
gap. For the phononic crystal, the descent of the optical branch takes place at
slightly faster rates at low wavenumbers compared to high wavenumbers, whereas
for the acoustic metamaterial, significantly higher drop rates take place at high
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Fig. 6.3 Frequency band structure for viscous damping case: phononic crystal (/eft) and acoustic
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Fig. 6.4 Damping ratio band structure for viscous damping case: phononic crystal (left) and
acoustic metamaterial (right)

wavenumbers compared to low wavenumbers. The damping ratio band diagram in
Fig. 6.4 follows a corresponding trend with an indication that the effect of damping
is slightly more significant at low wavenumbers for the phononic crystal and
noticeably more significant at high wavenumbers for the acoustic metamaterial.
We also observe that at low wavenumbers, the damping ratio values for the
phononic crystal exceed those of the acoustic metamaterial for a given damping
intensity /@ and vice versa at high wavenumbers. With regard to the damping
ratios of the acoustic branch modes, these are higher for the phononic crystal
compared to the acoustic metamaterial.



6 Damped Phononic Crystals and Acoustic Metamaterials 213

___________ s /,,’
____________________ ,// / // e
L = 1,7 ’ -
________________ AV e ®
6y  TTTTTEsse— i ‘1,0 e e — p/o=0
_______________ 1S e
______________ it — 5=0.06
e F--IIIIIIICIooIooooo- e o
g p------IZZIIIIIIIIzzICy L _ B/®=0.12
s 4 E-Z222%>
3 Egz=" — P/@=0.18
— Bl@=0.24
2
— B/®=0.30
. . . ! . . . .

O 1 1 1 1
00 05 10 15 20 25 30 00 05 10 15 20 25 3.0
K-d K-d

Fig. 6.5 Frequency band structure for viscoelastic damping case: phononic crystal (leff) and
acoustic metamaterial (right)
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6.4.2.2 Viscoelastic damping

As noted in Sect. 6.4.1.2, viscoelastic behavior is better represented by “low” i and,
in contrast, viscous behavior is better represented by “high” p. What qualifies as a
low/high value of u depends on the other parameters in the damping matrix C(x). If
u is such that iC(K) ~ 0 compared to C(x) (i.e., C(k) —l—iC(;c) ~ C(k)), then
dominantly viscous behavior can be expected. For our models, we find that 4 = 108
reflects viscous behavior well. To represent the viscoelastic behavior, we set
u = 10% and show the solution of (6.42) in Figs. 6.5 and 6.6.

Unlike the viscous damping case, we notice that in this model of viscoelastic
damping, the optical dispersion branches for both the phononic crystal and the
acoustic metamaterial rise with the damping intensity. Subsequently, this increases
the size of the band gap—a desirable feature for many applications such as
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vibration isolation and frequency sensing. The sensitivity of the changes in the
optical branches again seems to be highest in the acoustic metamaterial at high
wavenumbers. The damping ratio band structures shown in Fig. 6.6 indicate less
sensitivity overall to damping intensity compared to the viscous damping case. This
is because a portion of the energy associated with the viscoelastic forces is stored in
the spring element (as discussed in Sect. 6.2) and not dissipated.

Recall that both the phononic crystal and the acoustic metamaterial models
considered are based on the same ratios of mass, stiffness, and damping (see
Fig. 6.2 and 6.20). Yet the effects of damping are different. This is a manifestation
of the fundamental difference in the wave propagation mechanism of Bragg
scattering (that takes place in phononic crystals) and that of local resonance (that
takes place in acoustic metamaterials).
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Chapter 7
Nonlinear Periodic Phononic Structures
and Granular Crystals

G. Theocharis, N. Boechler, and C. Daraio

Abstract This chapter describes the dynamic behavior of nonlinear periodic
phononic structures, along with how such structures can be utilized to affect the
propagation of mechanical waves. Granular crystals are one type of nonlinear
periodic phononic structure and are the focus of this chapter. The chapter begins
with a brief history of nonlinear lattices and an introduction to granular crystals.
This is followed by a summary of past and recent work on one-dimensional (1D)
and two-dimensional (2D) granular crystals, which is categorized according to the
crystals’ periodicity and dynamical regime. The chapter is concluded with a
commentary by the authors, which discusses several possible future directions
relating to granular crystals and other nonlinear periodic phononic structures.
Throughout this chapter, a richness of nonlinear dynamic effects that occur in
granular crystals is revealed, including a plethora of phenomena with no linear
analog such as solitary waves, discrete breathers, tunable frequency band gaps,
bifurcations, and chaos. Furthermore, in addition to the description of fundamental
nonlinear phenomena, the authors describe how such phenomena can enable novel
engineering devices and be applied to other nonlinear periodic systems.

7.1 Introduction

7.1.1 Nonlinearity in Periodic Phononic Structures

The effect of structural periodicity on wave propagation has been studied in a wide
array of fields. This includes vibrations in spring-mass systems, electrons in
crystalline lattices, light waves in photonic periodic structures, cold atoms in optical
lattices, and plasmons in networks of Josephson junctions or metal surfaces [1-4].
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The preceding chapters of this book have considered, in particular, the effect of
structural discreteness and periodicity on the propagation of phonons, sound, and
other mechanical waves. Phononic crystals and acoustic metamaterials are
examples of materials designed for this purpose. By studying the linear response
of these systems, many common properties are revealed, such as the existence of
band gaps. However, as the amplitude of the wave excitation is increased, the
response of the material can become nonlinear and the wave propagation becomes
more complex. As a result, the study of nonlinearity in periodic structures has
revealed unique phenomena with no analogs in linear theory. Such phenomena
include nonlinear resonances, bifurcations, chaos, self-trapping, and intrinsic local-
ization. Nonlinear devices thus have potential for novel applications such as
frequency conversion, energy harvesting, and switching, among others.

Although the role of nonlinearity has been extensively studied in non-phononic
periodic structures and metamaterials, such as photonic periodic structures, optical
metamaterials, and atomic Bose-Einstein Condensates in optical lattices [5], there
are thus-far few examples of nonlinear phononic crystals or nonlinear acoustic
metamaterials. Potential sources of nonlinearity in phononic/acoustic materials can
be categorized into (1) intrinsic and (2) extrinsic. The former derives from
nonlinearities in the material constitutive response (i.e., interatomic forces, nonlin-
ear elasticity, plasticity, or ferroelasticity) [6]. The latter derives from the geometry
or topology of the fundamental building blocks (i.e., contact forces between
particles [7], deformation of micro-nano mechanical oscillators [8], or the nonline-
arity related to geometrical instabilities [9]).

Homogenous materials with nonlinear elastic [6] or nonlinear acoustic responses
[10] have long been studied. Nonlinear bulk and surface waves, resulting from the
interplay between the intrinsic nonlinearity and geometrical dispersion, have also
been studied and observed in solids [11-13]. However, until recently, this research
has not been combined with the new capabilities of linear phononic crystals and
acoustic metamaterials, as described in the previous chapters of this book. The far
most studied nonlinear periodic phononic structures within the sonic regime
(020 kHz) are granular crystals. Granular crystals are arrays of elastic particles
in contact [14] whose nonlinearity results from the geometry of adjacent particles.
In addition to granular crystals, some of the few studied examples of nonlinear
periodic phononic structures are as follows. In the ultrasonic regime (greater than
1 MHz), nonlinear energy localization has been observed in micromechanical
oscillator arrays [15]. Moreover, recent work by Liang B et al. suggested theoreti-
cally [16] and later demonstrated experimentally [17] the ability to use nonlinear
acoustic materials, e.g., a contrast agent micro-bubble suspension, coupled to a
linear superlattice to obtain acoustic rectification. Finally, at much higher
frequencies (greater than 1 GHz), several studies have explored mechanical wave
propagation in periodic nonlinear structures, focusing on high-amplitude stress
wave and thermal phonon propagation. Several studies by Maris and collaborators
investigated the propagation of high-amplitude picosecond pulses in crystalline
solids, which are a type of naturally occurring nonlinear periodic structure [18, 19].
With respect to the propagation of high-frequency thermal phonons, many studies
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have focused on the use of nonlinear lattices for thermal rectification. The earliest
of these studies were conducted by Terraneo et al. in 2002 [20] and then by Li et al.
in 2004 [21]. Later, an experimental study by Chang et al., 2006, also demonstrated
thermal rectification using mass-loaded carbon and boron-nitride nanotubes, and
attributed the rectification to nonlinear processes [22]. Based on these studies,
several following works have extended this concept further to suggest that nonlin-
ear lattices could be used as thermal transistors [23], logic gates [24], and memory
[25]. Several computational studies have also investigated and suggested multiple
device concepts for thermal rectification building blocks, including carbon nano-
cones [26] and graphene ribbons [27].

One of the most common ways to model the behavior of granular crystals, and
many other types of nonlinear periodic structures, is to describe them as nonlinear
lattices. The study of nonlinear lattices can thus offer many potential lessons and
insights into the behavior of nonlinear periodic phononic structures. As such, the
section directly following gives a brief history of the major types of nonlinear
lattices. The review of nonlinear lattices is then followed by an introduction to
granular crystals, which is one of the most widely studied types of nonlinear
periodic phononic structures and is the subject matter that comprises the focus of
this chapter.

7.1.2 Nonlinear Lattices

Since the first computational experiments in nonlinear mass-spring lattices by
Fermi, Pasta, and Ulam in 1955 [28], there has been a wealth of interest in the
dynamics of nonlinear lattices. Using one of the first modern computers, Fermi,
Pasta, and Ulam (FPU) studied a system where the restoring (spring) force between
two adjacent masses was nonlinearly related to the relative displacement between
masses, and investigated how long would it take for long-wavelength oscillations to
transfer their energy (thermalize) into an equilibrium distribution between all the
modes of the system. Instead of the predicted thermalization, they found that over
the course of the simulation, most of the energy had returned to the mode with
which they had initialized the system in coherent form [29].

This discovery initiated whole fields of research relating to the study of nonlin-
ear waves in discrete lattices [30-32]. This includes many different types of
nonlinear lattices inspired by physical systems (in addition to the FPU lattice),
and the study of physical phenomena occurring in them. As described in the review
by Kevrekidis, P. G. [32], three of the most commonly studied types of nonlinear
lattices are the discrete nonlinear Schrodinger (DNLS), the Klein-Gordon (KG),
and the FPU lattices. The 1D forms of these lattice equations are as follows:

The DNLS can be written as

Jup = —€(uipy 4+ ui—1) — |“i|2”iv
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the KG as

i = e(uip1 — 2w +ui 1) — V' (u;),
and the FPU as

iy = V' (i1 — w;) = V'(u; —u;—y),

where u; is the dynamical variable of interest at site i, ¢ is a coupling parameter
(constant), j = V=1 , and V is a nonlinear potential function [32]. The DNLS
equation has been used to describe nonlinear waveguide arrays and Bose-Einstein
condensates, among others [32]. Additionally, under small-amplitude assumptions,
it is interesting to note that the DNLS can be derived from either the KG or the FPU
lattices [33]. The KG system has been used to model systems of coupled pendula,
electrical systems, and metamaterials with split ring resonators, among others [32].
In contrast to the KG system, the FPU has no onsite potential term, and instead
involves a nonlinear potential based on nearest neighbor interactions (nonlinear
springs). The FPU system has been used to describe the behavior of crystalline
solids and structures, including granular crystals.

Studies of these lattices have helped to predict and understand the existence of
localized nonlinear coherent structures and other nonlinear phenomena in many natu-
rally occurring and artificial nonlinear (not necessarily discrete) systems. Two
examples of nonlinear coherent structures, which are particularly applicable to the
study of granular crystals are solitary waves and discrete breathers. Solitary waves were
first observed by Russel in a shallow water-filled canal in 1844 [34]. Since then they
were shown to be a solution of the Korteweg-de Vries (KdV), a nonlinear partial
differential equation, and have been discovered in myriad systems and discrete nonlin-
ear lattices of all the above types [35, 36]. Discrete breathers are a type of intrinsic (not
tied to any structural disorder) localized mode, and have been the subject of many
theoretical and experimental investigations [33, 36, 37]. Discrete breathers have been
demonstrated in charge-transfer solids, superconducting Josephson junctions, photonic
crystals, biopolymers, micromechanical cantilever arrays, and more [33]. In addition to
nonlinear localized structures, the presence of nonlinearity in dynamical lattices makes
available an array of useful phenomena including quasiperiodic and chaotic states, sub-
and superharmonic generation, bifurcations, the breaking of time-reversal symmetry,
and frequency conversion [38—43].

7.1.3 Introduction to Granular Crystals

Granular crystals, which can be defined as ordered aggregates of elastic particles in
contact with each other, are a type of nonlinear periodic phononic structure
(Fig. 7.1). Their nonlinearity emerges from two characteristics: (1) the geometry
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Fig. 7.1 Granular crystals in one, two, and three dimensions composed by metallic particles
confined by supporting walls or confined in a matrix [The three-dimensional image has been
adapted from (Daraio, C.; Nesterenko, V.F.; Jin, S.; “Strongly Nonlinear Waves in 3D Phononic
Crystals” APS — Shock Compression of Condensed Matter, 197-200, American Institute of
Physics, Conference Proceedings, Portland (OR), 2003)]

of the particles is such that the force at the contact between neighboring elements is
nonlinearly related to the displacement of the particle centers, as can be described
by Hertzian contact [7] and (2) in an uncompressed state, granular crystals cannot
support tensile loads, effectively creating an asymmetric potential between neigh-
boring elements. An unusual feature of granular crystals that results from these
nonlinearities is the negligible linear range of the interaction forces between
neighboring particles in the vicinity of a zero compression force. This results in
nonexistent linear sound speed in the uncompressed material. This phenomena has
led to the term ““sonic vacuum,” which describes a medium where the traditional
wave equation does not support a characteristic speed of sound [14].

The study of granular crystals emerged in 1983 with work by Nesterenko that
showed analytically, numerically [44], and later experimentally [45], the concept of
“sonic vacuum” and the formation and propagation of highly nonlinear solitary
waves in one-dimensional granular crystals. Granular crystals have since been
shown to support many other unique dynamic phenomena. This wide array of
phenomena supported by granular crystals is enabled by a tunable nonlinear
response that encompasses linear, weakly nonlinear, and highly nonlinear
behaviors, and can be controlled by essentially linearizing the system through the
application of a variable static load [14, 46—48].

In their linear and weakly nonlinear dynamic regime, granular crystals have
shown the ability to support tunable acoustic band gaps [49, 50] and discrete
breathers [51, 52]. In the strongly nonlinear regime, they have been shown to
support compact solitary waves [44—46, 48], nonlinear normal modes [53] anoma-
lous reflections [54], and energy-trapping phenomena when interacting with defects
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and interfaces [55]. Because of this array-rich dynamics, which has been confirmed
by theory, numerical simulations, and simple experiments, granular crystals have
become one of the most studied examples of nonlinear lattices. Granular crystals
have also been proposed and designed for use in numerous engineering applications
including tunable vibration filters [50, 56], optimal shock protectors [57], nonde-
structive evaluation devices [58], acoustic lenses [59], and acoustic rectifiers [60].

As previously described, the nonlinearity of the interaction law results from the
Hertzian contact between particles with elliptical contact area [7, 61, 62]. The
Hertzian contact relates the contact force F;;,; between two particles (i and i+1)
to the relative displacement 4; ;,; of their particle centers, as shown in the following
equation:

Riit1
Fiiv1 = Ajjipr[Aia ]

Values inside the bracket [s], only take positive values, which denotes the
tensionless characteristic of the system (i.e., there is no force between the
particles when they are separated). For A, ;;; = O the particles are just touching,
A; i1 > 0 the particles are in compression, and A; ;1 < O the particles are
separated. This tensionless characteristic is one part of the nonlinearity of the
Hertzian contact.

For two spheres (or a sphere and a cylinder), the coefficient A, ;,; in the Hertz

relationship is defined as:
| RiR;
AEE; | —— 3
Ri +Rit 7.1)

, N1 = 3,
3Ei(1—v2) +3E(1 —v2,)) T

Aiir1 =

where E;, v;, and R; are the elastic modulus, the Poisson’s ratio, and the radius of
the i-th particle, respectively. The 7,1 = 3/2 comes from the geometry of the
contact between two linearly elastic particles with elliptical contact area, as can
be seen in [61]. In addition to assuming that the contact area is elliptical and that
both particles remain linearly elastic, the derivation of Hertzian contact assumes
that [61]: (1) the contact area is small compared to the dimensions of the particle,
(2) the contact surface is frictionless with only normal forces between them, and
(3) the motion between the particles is slow enough that the material responds
quasi-statically. Variation of the contact geometry will result in a variation of the
interaction law stiffness and/or nonlinearity, and ultimately in a variation of the
acoustic properties of the crystals. Several recent works have studied this varia-
tion theoretically, numerically, and experimentally, by exploring the dynamic
response of chains of particles composed of grains with different geometries
[63-65] (see Sect. 7.3.5).

The remainder of this chapter describes past and recent work in one-dimensional
(1D) and two-dimensional (2D) granular crystals, categorized according to periodicity
and dynamical regime.
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7.2  One-Dimensional Granular Crystals

The dynamic properties of one-dimensional (1D) granular crystals have been
extensively studied, using analytical, numerical, and experimental methods. The
following sections describe some of the most interesting physical phenomena
supported by these nonlinear systems.

If the stiffness of the contact between two adjacent particles is very low
compared to the bulk stiffness of the particles composing the crystal and the contact
area small compared to the particle size, 1D granular crystals can be modeled as a
system of nonlinear springs and point masses (FPU-like nonlinear lattices). Another
perspective from which to approach this same idea is that the characteristic
(resonant) frequencies of the particles themselves must be very high compared to
the modal frequencies of the granular crystal involving the rigid body-like motion
of the particles in the system. Neglecting any dissipation, a statically compressed
1D array of elastic granules can be described by the following system of coupled
nonlinear differential equations:

. ni—1i Nij
miii; = Ai—1,i[00,—1,; + i1 — ui]{ " — Aiip1 [0 +ui —uia ]y (7.2)

For spherical particles we recall that n;,;, = % and A, ;,; is defined as in (7.1).

Here, the static overlap d¢,; .1 = ( AF b )2/3, and Fj is the homogeneous static
compression force. m;is the mass of the ith particle and u; is the dynamic dis-
placement of the ith particle from its equilibrium position in the initially statically
compressed chain. The bracket [s] . of (7.2) takes the value s if s >0 and the value
0 if s <0, which signifies that adjacent beads are not in contact. Within this
framework, the dynamic of the system can be tuned to encompass linear, weakly
nonlinear, and strongly nonlinear regimes of dynamic behavior, as will be

demonstrated for the mono-atomic case in the following section.

7.3 One-Dimensional Monoatomic Granular Crystals

This section focuses on the nonlinear dynamic behavior of a statically compressed
1D monoatomic granular crystal (all particles are the same). A granular crystal
composed of identical elastic spherical granules is considered, as shown in Fig. 7.2.
For this crystal, R; = R, m; = m = $7R*pg, and A; ;,; of (7.2) is reduced to A; ;41 =

A= 3%-1‘/2‘_15) , where m is the mass of the sphere, E and p, are the Young’s modulus

and density of particle material, R is the particle radius, and v is the Poisson’s ratio.
Moreover, it is assumed that the chain is subjected to constant static force Fj
applied to both ends, resulting in an initial displacement J, between neighboring

. 2/3 . . . .
particle centers, d¢ ;11 = (@) 3 do. The particle equations of motion, shown in

A
(7.2) thus reduce to:
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Uiy u; Uisa
]I 4]t -
i-1 i i+1
2R-5;

Fig. 7.2 One-dimensional monoatomic crystal compressed by a static force Fy. The crosses
represent the initial positions of the particle centers in a statically compressed chain while the
black circles denote the current positions [14]

mii; = A[0o + ui_y — w])* — Aldo + u; — us1]??, (7.3)

where u; is the displacement of the ith bead from its equilibrium position in the
initially compressed chain, as shown in Fig. 7.2, and i € {2,--- /N — 1}.

7.3.1 Near-Linear Regime

To approximate the fully nonlinear equations of motion shown in (7.3), a power
series expansion of the forces can be taken. For dynamical displacements with
amplitude much less than the static overlap, i.e. % < 1, one can keep only the
harmonic term of the expansion. In this case, the granular crystal can be considered

as a linear lattice with spring constant K, = 3A5 1/2 , where the equations of motion
are reduced to:

miﬁi = Kz(u,-_l — ui) — K2 (M,‘ — Ujy1 ) (74)

The spectral band of the ensuing linear chain (see Chap. 2 for more details) has
an upper cutoff frequency of w, = 1/4K,/m. As a consequence of the nonlinear
relation Fy 5 2’ for the case of the spherical granules, the cutoff frequency (as
well as the sound velocity of the 1D monoatomic granular crystal) scales as F/ (1)/ 6,
These results have been confirmed experimentally [47, 66].

7.3.2 Weakly Nonlinear Regime

If the dynamic displacements have small amplitudes M <1relative to those due
to static load, a power series expansion of the forces (up to quartic displacement
terms) can be calculated to yield the K, — K3 — K4 model:

4

mii; =y Kel(uior — ) ™" = (i — i)"Y, (7.5)
k=2

where K, = 3Aél/z, Kz = 7%14561/2’ Ky =— 43*3145(;3/2-


http://dx.doi.org/10.1007/978-3-642-31232-8_2

7 Nonlinear Periodic Phononic Structures and Granular Crystals 225

This model is an example of the celebrated FPU model. Many theoretical studies
have focused on the dynamical properties of this type of nonlinear lattice, revealing
the existence of coherent nonlinear structures such as nonlinear periodic waves,
solitary waves [67], and discrete breathers [68].

Seeking traveling waves with a characteristic spatial size L that is much larger
than the inter-particle distance o = 2R — &g, one can apply the so-called long-
wavelength or continuum approximation.

Using the replacement:

1 1 1
up = u(x), Uir) =~ u =+ au, + Eazuxx + 6a3uxxx + ﬁa4”4xa (7.6)

equation (7.5) is transformed into the nonlinear Boussinesq equation and into the
Korteweg-de Vries equation (see for example [69]). In (7.6), u, = Ou/0x, and the
number of subscripts x denotes the order of the derivative of u. Nesterenko applied
this method (taking into account only up to the K3 term) to a strongly compressed
granular chain, and derived the following KdV equation [14]:

G z
¢+ COéxx + yéxxx —+ Tﬁéx =0, ¢ =—u,
€o
2 145(1]/26132 o coR? - C%R
0 m 6’ do

(7.7)

In (7.7), £ = —u,, &, = 0 /Ot, and ¢ is the linear sound speed. The solutions of
(7.7) are well known, and include nonlinear periodic waves and solitary waves.

On the other hand, to investigate how quasi-monochromatic plane waves or
narrow-band packets evolve by nonlinear effects, one can derive another well-
known nonlinear wave equation—the Nonlinear Schrodinger (NLS) equation. This
equation predicts many nonlinear phenomena, including second harmonic genera-
tion, modulation instability, and the existence of bright and dark solitons [35]. The
derivation of the NLS from (7.5) is possible using the method of multiple scales
combined with a quasi-discreteness approximation (see [70] for an application of
this method to a generic FPU lattice in the form of (7.5) and [71] for a recent
application of this method to a monoatomic strongly compressed granular crystal).

Another generic feature of nonlinear lattices is the existence of nonlinear localized
modes called discrete breathers (DBs). DBs have been studied extensively in
monoatomic FPU chains [68]. One of the mechanisms for the generation of such
nonlinear localized modes is the modulational instability (MI) of a plane wave at the
band edge. A detailed analysis of this instability (bifurcation) shows that the MI of
the upper cutoff mode manifests itself when the coefficients of the FPU lattice are
such that 3K,K, — 4K§>0 (see Sect. 4.3 of [33] and references therein). In the
monoatomic granular crystal setting, one can show that this inequality does not hold.
This is an indication that small-amplitude DBs bifurcating from the upper band mode
do not exist in monoatomic granular crystals. However, the existence of dark discrete
breathers or large-amplitude DBs remains an interesting open question.
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Another interesting weakly nonlinear effect, self-demodulation, was studied
by Tournat and collaborators in compressed 1D granular crystals [72]. In this
work, they explored how, in a nonlinear medium, two primary frequencies can
mix to form a propagating wave with frequency that is the difference of the two
primaries.

7.3.3 Highly Nonlinear Regime: Long-Wavelength Approach

A very interesting, non-classical wave behavior appears if the granular material is
weakly compressed and the particle displacements are larger than the initial relative
displacement J, resulting from the static compression. This regime is termed the
highly nonlinear regime. Most of the studies in 1D monoatomic granular crystals
have been devoted to this dynamical regime. This section summarizes the basic
steps of the long-wavelength method that Nesterenko applied [14]. A review of
alternate analytical approaches and experimental observations will also be
presented in the following sections.

Including d, in displacement u; which is calculated from the particle positions in
the uncompressed system (see Fig. 7.3 and [14] for more details), (7.3) becomes:

mul = A[ui_l — M,']i/z — A[L{,‘ — M,'_H]i/z (78)

In the long-wavelength approximation, the displacements u; ;, u;,; can be
expanded in a power series according to a small parameter ¢ = a/L up to the fourth
order [see (7.6)]. By substituting (7.6) into (7.8), and conducting some additional
calculation, a new wave equation is obtained [14]:

Uy = —cz{(—ux)yz +% [((_ux)m)m - % ((—ux)l/2>uzx} } —u;>0,

2F
2
_ . 7.
= =) 79)

Despite the complex nature of the presented strongly nonlinear wave equation,
the stationary solutions of (7.9), such as nonlinear periodic and solitary waves, can
be found in the form u(x — Vi) [14]. The waveform of a periodic wave with speed
V =V, is given by the following expression:

512\ °
&= (ﬁ) cos” (gx) (7.10)

The dependence of the speed of the periodic wave, Vp, on the minimal and
maximum strains is presented in [14].
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Fig. 7.3 Weakly compressed chain of particles. The crosses represent the initial positions of the
particles in the statically compressed chain, the black circles correspond to the current positions of
spheres, and the open circles the initial positions of the spheres in the uncompressed [14]

The solitary shape (for the case when the initial prestrain &y approaches 0) is one
hump of the periodic solution of (7.10), with a finite wave length equal to about five
particle diameters. This solitary wave is a supersonic one, similarly to the KdV
soliton, but differs from the KdV soliton in other fundamental properties. A unique
feature of this solitary wave is the independence of its width on amplitude.
Accordingly, this property is quite different from the property of weakly nonlinear
KdV solitary wave. Here, the speed of the solitary wave V, has a nonlinear
dependence on maximum strain &, (and particle velocityv,y,):

2 1/4 15 1/5 4/5 1/5 E / ]/5
‘7 S — X _— . ;.11
S_\/—Cfm - ( ) C Um (1 2) Um ( )

This result shows that the speed of the strongly nonlinear solitary wave V does
not depend on particle size in the granular material. At the same time it does depend
on the elastic properties of the particles (E and v) and their density. The presented
theoretical results allow us to design strongly nonlinear granular materials with
exceptionally low velocity of signal propagation. Simple estimation based on (7.11)
shows that it is possible to create materials with nonlinear impulse speed in the
interval 10-100 m/s.

7.3.4 Review of Alternate Strongly Nonlinear Wave Theoretical
Approaches

The solitary wave solution (or a soliton with compact support, known also as
compacton [73]) presented in the previous section describes well the solitary
wave that an impulsive excitation generates in a weakly compressed or uncom-
pressed granular crystal. This was verified in simulations and experiments by
different authors (see references below). The rigorous proof of the existence of
solitary waves in a monoatomic granular crystal composed of spherical particles
was done by MacKay [74], who applied the existence theorem for solitary waves on
lattices by Friesecke and Wattis [75]. Ji and Hong extended the proof given by
MacKay to the general case of an arbitrary power-law type contact force [76].
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An analytical solution of the form tanh(f,) for stationary waves in discrete
chains, where f; is represented by a series, was also presented by Sen and Manciu
[77]. Their result is very close to a soliton obtained by the long-wavelength
approximation. Chatterjee studied the asymptotic description of the tail of the
soliton in an uncompressed chain and he revealed that it has a double exponential
decay [78]. He also presented a new asymptotic solution for the full solitary wave,
which is closer to the results of numerical simulations than the approximate solution
given by Nesterenko. A quite different analytic approach for the study of pulse
propagation in granular crystals was developed by Lindenberg and collaborators
[79, 80]. This method uses the binary collision approximation to reduce the problem
of propagation to collisions involving only two granules at a time.

English and Pego [81] studied the shape of the solitary wave that propagates
in a 1D granular chain without precompression (dg = 0). Their method is based
on a reformulation of the equations of motion using the difference coordinates
ri = uj—1 — u; such that:

mit = Al [ = 20 + ) (7.12)

Seeking for traveling wave solutions, r; = r(x) =r(i — ct), one obtains the
following advanced delay equation:

P (x) = iz [r3/2(x —1) =232 (x) + 2 (x + 1)} . (7.13)

mc

By rewriting this equation in an equivalent integral form and studying its
asymptotic behavior, they proved that the solitary wave decays super-
exponentially. Moreover, they applied an iterative method for the computation of
the numerically exact shape of the solitary waves.

Later, Ahnert and Pikovksy [82] applied a different type of quasi-continuum
approximation by expanding, up to fourth order, the difference coordinate r; instead
of the displacement u;. Substituting these expansions in (7.12), they obtained a
strongly nonlinear partial differential equation (see (7.6) in [82]) that supports a
solitary wave with compact form. The analytic solution has the same form as
Nesterenko’s solution, but with slightly different amplitude and width constants.
Moreover, they presented an accurate numerical method for the numerical solution
of the advanced delay equation (7.13) and they compared the numerically obtained
solutions with those of approximated PDEs.

Recently, Starosvetsky and Vakakis [83], working directly on the nonlinear
lattice equations with no precompression, developed semi-analytical approaches
for computing different families of nonlinear traveling waves. These waves involve
both separation and compression between adjacent particles and therefore they
cannot be resolved using quasi-continuum approximations. In addition, they
showed that these wave families converge to the solitary wave in a certain
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asymptotic limit. They also solved the reduced advanced delay equation numeri-
cally, and applied the method of Pade approximations.

7.3.5 Review of Experiments with Strongly Nonlinear Solitary
Waves

The quantitative agreement of analytical and numerical predictions with
experiments, regarding solitary waves in strongly nonlinear granular crystals,
was first found by Lazaridi and Nesterenko [45]. They observed for the first time
the rapid decomposition of the initial impulse excitation into multiple solitary
waves in a distance comparable to the solitary wave width, (Fig. 7.4). Since then
there have been several experimental studies and observations of solitary waves
and other strongly nonlinear phenomena in multiple settings. Optical observations
of strongly nonlinear waves in arrays of photoelastic disks excited by a local
explosive loading were reported by Zhu, Shukla, and Sadd [84]. Coste, Falcon,
and Fauve [46], and Coste and Gilles [47] conducted a very detailed quantitative
study of the speed and shape of solitary waves at different amplitudes. They
reported a negligible decay of the solitary wave in chains composed of 50
particles, and they concluded that the solitary waves shape observed in
experiments were in very good agreement with the predictions obtained from
theoretical solutions such as (7.10).

The relatively low speed of the solitary waves detected by Coste et al. [46] is
very unusual for solid materials. In an uncompressed granular system, according to
(7.11), the minimum propagation speed of a solitary wave can be close to zero if the
amplitude of the disturbance is approaching zero (“sonic vacuum”) [13]. Using
polymeric and composite particles [85, 86], for example, one can design granular
crystals with a solitary wave speed corresponding to a signal in the interval of
10-100 m/s, an order of magnitude less than that previously observed in exper-
iments by Coste et al. [45]. In addition to the experimental observation of solitary
waves, many works relating to highly nonlinear phenomena in granular crystals
have followed. Nesterenko et al. showed experimentally the presence of anomalous
reflections when highly nonlinear waves interact with interfaces [54], effectively
demonstrating for the first time the concept of an acoustic diode. Daraio et al. [48],
described in detail the ability to tune the dynamic response of granular crystals by
controlling the static precompression and the dynamic excitation applied to the
system. Job et al. [87], investigated the behavior of solitary waves interacting with a
boundary, showing for the first time the sensitivity of solitary waves to the mechan-
ical properties of an adjacent medium. Thorough experimental, numerical, and
theoretical descriptions of the formation, propagation [88], and collision of solitary
wave trains were published a few years later [89].

Recently, several experimental works described wave propagation in granular
crystals composed of particles with elliptical and cylindrical geometries [63, 64].
Chains composed of ellipsoidal or cylindrical particles were shown to support the
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Fig. 7.4 Evolution of a soliton train excited experimentally by a striker impact (M = 10 m,
us = 0.5 m/s), after a propagation distance of N particles: (a) N = 5, (b) N = 10, (¢) N = 20, (d)
N = 30, (e) N = 40, (f) N = 60. The vertical scale corresponds to a force of 80 N, the horizontal
scale to a total time of 50 ps (a—e) and 100 ps (f) [14]. Figure reproduced from [Nesterenko, V.F.,
Dynamics of Heterogeneous Materials. 2001, Chapter 1, pp. 70, NY: Springer-Verlag] with
permission from the publisher

formation and propagation of highly nonlinear solitary waves similar to the solitary
waves observed in chains of spherical particles. These systems were also found to be
highly dependent not only on the particles’ geometry but also on the orientation
angles between particles in the chain. This dependence on orientation angle between
beads provides an additional free parameter to design acoustic materials with unprec-
edented transmission properties.

Experimental studies have also described the dynamic response of chains com-
posed of spherical steel particles coated with a soft polymeric material. These
studies showed that this type of system also supports the formation and propagation
of highly nonlinear solitary waves [85]. However, one interesting property of these
systems is that the contact interaction between thin-coated spheres does not follow
the classical Hertzian interaction between two solid spheres [90]. The dynamic
response of chains composed of coated spheres is governed by a quadratic power
law dependence between the contact force, F, and the displacement, J, instead of
the Hertzian, non-integer power of 3/2. This new nonlinear contact interaction
dramatically changes the dynamics of solitary wave propagation compared to its
counterpart in chains of solid spheres. Here, the spatial width of the wave becomes
shorter (3.14 particles size instead of 5), the wave speed (V) is relatively slower,
and its dependence on force amplitude (F\,) is also different (V, ~ F| ml/ “ instead of
Ve~ F\/0).

Studies of chains of hollow spherical particles also presented interesting nonlinear
acoustic phenomena. Highly nonlinear solitary waves were observed to propagate
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through the system, but the wave properties were different from the highly nonlinear
solitary waves in the chains of solid spheres. The spatial width of the solitary wave in
chain of hollow spheres was approximately 8 particles (larger than 5 particles, which
is the characteristic length of a solitary wave forming in a chain of uniform, solid
spheres). The wave speed was found to be proportional to the force amplitude to the
power 1/11 [65]. It was shown that such behavior resulted from the unique contact
interaction between thin hollow spheres, which for the range of wave amplitude
studied, could be approximated by a power-law type relation (F = k6"). In this case,
the exponent n was found to be smaller than the value 3/2 as in the classical Hertzian
interaction between solid spheres. The contact stiffness k and the exponent n were
also found to be dependent on the thickness of the hollow sphere’s shell. This
dependence of the dynamic behavior of granular crystals on the coating and/or
shell thickness of spherical particles provides yet another free parameter to employ
in tuning the dynamics of nonlinear acoustic crystals.

7.4 One-Dimensional Diatomic Granular Crystals

By increasing the degree of periodicity, from a homogenous monoatomic granular
crystal to a diatomic granular crystal composed of alternating particles, additional
interesting phenomena can be accessed. This section describes some of those
phenomena characteristic of 1D diatomic granular crystals, including tunable band
gaps, discrete breathers (DBs), and highly nonlinear solitary waves with widths up to
ten particles.

An example of a 1D diatomic granular crystal is illustrated in the bottom of
Fig. 7.1. The equation of motion for the general 1D granular crystal, shown in (7.2),
can be reduced to the 1D diatomic crystal model, as follows:

m;li; = A[50 +ui_ — ui]i_/z — A[50 + u; — I/t,ur]]i_/z, (7.14)

where the subscript 7 is the index of the ith particle, the particle masses are m;_|
= mand my; = M. By convention, M is taken to be the larger of the two masses and
m to be the smaller of the two masses. Because all contacts (aside from any
boundaries) are the same, there is a single Hertzian contact coefficient A and static
overlap d, that are used to represent the system, which have been defined in the
previous sections. Within this framework, as before, the dynamic response of the
system can be tuned to encompass linear, weakly nonlinear, and strongly nonlinear
regimes of dynamic behavior. Also as before, the K, —K;—K, model can be applied
in the weakly nonlinear regime, and the K linearized model in the linear regime.

7.4.1 Near-Linear Regime: Localized Surface Modes

For dynamical displacements with amplitude much less than the static overlap
(Juiz1 — ui| < 50), the nonlinear K3 and K4 terms can be neglected, and the linear
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dispersion relation of the system can be easily computed. This results in an
effectively linear diatomic system of springs and point masses, as was presented
in Chap. 2, but with a tunable stiffness K.

Several previous studies explored the existence of band gaps in highly com-
pressed granular crystals. Initially, studies focused on 1D, two-particle unit cell,
arrays of glued [91], welded [92], and elastically compressed spherical particles
[49, 51, 56]. These studies demonstrated tunable vibration spectra with two bands
of propagation (called the acoustic and optical bands) separated by a band gap in the
diatomic case. Boechler et al. [50] later extended this work by investigating the
response of one-dimensional diatomic granular crystals with three-particle unit
cells, and showing their tunability based on variations of the particles geometry
and on the applied static load. In contrast to diatomic granular crystals with two-
particle unit cells, the three-particle unit cell granular crystal was shown to contain
up to three distinct pass bands and two finite band gaps.

In addition to acoustic and optical band modes, the diatomic semi-infinite harmonic
granular crystal also supports a gap mode, provided the crystal has a light particle at
the surface and free boundary conditions. This mode is localized at the surface (i.e., at
the first particle), and its displacements have the following form [93]:

i) = B(fl)"(%)lej‘“" (7.15)

, i+l
o2 = B(—1)""" (%) e/,
with particle number i > 0, frequency ws = /K2(1/m + 1/M) is in the gap of the
linear spectrum, and B is an arbitrary constant. This particular mode with frequency
in the band gap, that is localized around the surface, proves to have a nonlinear
counterpart and to be very closely related to the DB in the strongly discrete regime,
as will be described in the following section.

7.4.2 Weakly Nonlinear Regime: Discrete Breathers

By increasing the relative amplitude of the dynamic to static displacements (|u;
—ui|<dp) , and thus entering the weakly nonlinear regime, a type of intrinsic
localized mode called a discrete breather (DB) can be supported by the system.
DBs have been widely studied in the realm of nonlinear lattices, as previously
described [33]. They are nonlinear modes that have frequency within the gap of the
linear spectrum and are localized in space. As such, discrete breathers have
practical importance as a mechanism to localize vibrational energy in frequency
and space without the introduction of any extrinsic disorder.

DBs were rigorously proven to exist in diatomic FPU-type lattices, with
alternating heavy and light masses, by Mackay in 1997 [94]. Furthermore, several
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studies also investigated the specific case of DBs located in the gap between the
acoustic and optical bands of anharmonic diatomic lattices [95-97].

A recent study by Theocharis et al. systematically studied the existence and
stability of DBs in diatomic granular crystals [52]. Studies in other diatomic
anharmonic lattices have shown the existence of up to two types of DBs. The
study by Theocharis et al. demonstrated that both types of DBs can arise in granular
chains. They examined both of these two families of discrete gap breathers, and
studied their existence, stability, and structure throughout the gap of the linear
spectrum. The first family was an unstable DB that is centered on a heavy particle
and characterized by a symmetric spatial energy profile, and the second family is a
potentially stable DB that is centered on a light particle, and is characterized by an
asymmetric spatial energy profile.

Although the FPU and granular crystal lattices are analogous in many respects,
there exists an important difference because of the additional nonlinearity caused
by the tensionless characteristic of the granular crystal lattice. Accordingly,
Theocharis et al., contrasted discrete breathers in anharmonic FPU-type diatomic
chains with those in diatomic granular crystals, and found that for the case when the
DB was very narrow (highly discrete), the asymmetric nature of the latter interac-
tion potential led to a form of hybrid bulk-surface localized solutions (see Fig. 7.5).
Figure 7.5 shows the two families of DB solutions at times t = T and ¢ = T/2
(where T is the periodic of the DB), and the profile of a linear surface mode. This
similarity between the shapes of the two modes suggests that the temporary creation
of a new interior surface, allowed by tensionless characteristic of the system, has
contributed to a modified type of intrinsic localized mode.

The existence of DBs in diatomic granular crystals was experimentally proven in
a recent study by Boechler et al. [51]. In this study, the authors utilized the
modulational instability (MI) of the lower optical mode to generate DBs in an 80
particle diatomic granular crystal. In the weakly nonlinear regime, granular crystals
can be showed to be subject to MI when K3 /K>K, < 3/4. To excite the MI, they
drove the granular crystal from one boundary at the lower optical mode frequency,
at high amplitude. Upon reaching a critical amplitude for the MI to occur, the
anharmonic lattice vibration decayed into a localized DB.

Figure 7.6 shows, as per Boechler et al. [51], an experimental observation of a
DB, generated in an 80 particle diatomic granular crystal. This example shows
how the interplay of nonlinearity and discreteness/periodicity leads to the locali-
zation of vibrational energy within a narrow spatial regime (around the 14th
particle from the boundary), at a specific frequency within the gap of the linear
spectrum ( f, = 8.31 kHz). In panels (a) and (b), far from the center of the DB, a
periodic response at the driving frequency ( f; = 8.9 kHz) can be seen. Alterna-
tively, in panels (c) and (d), near the center of the DB, a quasiperiodic response
appears, which is characterized by the driving frequency and frequency of the
generated DB. This spatial localization is further clarified in the spatial profile of
the energy distribution shown in panel (e).
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Fig.7.5 Top panels: Spatial profile of a DB in the heavy mass-centered symmetric family at times
(a) t = 0 and (b) t = T/2. Bottom panels: As with the top panels, but for the light mass centered
asymmetric family of DB solutions. The dashed curves correspond to the spatial profile of the
surface mode obtained using (7.15). In each panel, a visualization of particle positions is included,
along with the corresponding spatial gap openings, for the corresponding time and DB solution.
Copyright (2010) by The American Physical Society [52]
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Fig. 7.6 Experimental observation of a DB, in an 80 particle granular crystal, at f, = 8.31 kHz.
(a), (c) Force at particle 2 and 14, respectively. (b), (d) Power spectral density (PSD) for the
highlighted time regions in (a), (c¢) of the same color. Square (circular) markers denote the DB
(driving) frequency and PSD amplitude. (e) The ratio of the PSD amplitude at the discrete breather
frequency divided by the PSD amplitude of the driving frequency as a function of sensor location.
The vertical dashed line in (b) and (d) denotes the lower cutoff frequency of the optical band, and
the vertical dashed lines in (a) and (c) denote the time region for the PSD calculation. Image
reproduced from [98]
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7.4.3 Highly Nonlinear Regime: Strongly Nonlinear Solitary
Waves

In this section, the effects of increased periodicity on the propagation of solitary
waves in 1D diatomic granular crystals with no static load is described. Solitary
waves in such systems were first studied and described by Nesterenko in 2001 [14].
He found that by assuming the mass of one particle type to be much larger than the
mass of the other (m;/m, >> 1) and by applying the long wavelength approxima-
tion, the resulting wave equation supports a solitary wave solution with a charac-
teristic spatial width of ~10 particles. This demonstrates how an increase in
periodicity (or redistribution of the monoatomic particle masses to two neighboring
particles) can result in wider solitary wave.

Later, Porter et al. [99] applied the long-wavelength approximation to diatomic
granular crystals with arbitrary mass ratios by postulating a “consistency condition”
between the displacements of the two particles in the unit cell. They showed that
the diatomic chain supports a finite-width soliton-like solution, and they obtained
an analytical expression for the width of the solution as a function on the mass ratio.
This expression generalizes the previously known limiting cases, namely,
m;/m, = 1 (monoatomic) and m;/m, >> 1 (diatomic with ~10 particle length
solitary wave width). In the same study, Porter et al. compared these analytical
predictions with simulations and experiments and found good agreement.

Recently, Vakakis et al. [100] presented an extensive numerical and theoretical
study of solitary waves in diatomic chains. They showed that in a diatomic granular
crystal, scattering at the interfaces of the dissimilar light and heavy beads will
typically cause a slow disintegration of the traveling wave and the formation of
small amplitude oscillating tails. However, they also found that for specific discrete
values of the mass ratio between heavy and light particles, the system supports
solitary waves which travel without distortion. These discrete values of the mass
ratio correspond to the case where the light beads always stay in contact with
adjacent heavy beads. For this case, the entire energy of the main pulse is conserved
and transferred without loss to the next heavy bead. These solutions can be
considered analogous to the propagation of solitary waves in monoatomic granular
crystals, in that their velocity profiles decay to zero. Finally, they also observed
that the diatomic family of solitary waves propagates faster than the corresponding
solitary waves in monoatomic systems.

7.5 One-Dimensional Monoatomic Granular Crystals
with Defects

By placing one or more defects into an otherwise perfectly periodic mono-atomic
granular crystal, disorder can be introduced into the system. The presence of
disorder, and its interplay with the nonlinearity of the system, causes interesting
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and useful phenomena throughout the granular crystal’s range of dynamic regimes.
In contrast to the case of increasing periodicity, introducing disorder adds new ways
to break the spatial-symmetry of the granular crystal. In combination with the
ability of nonlinear systems to break the time-reversal symmetry of the dynamic
response, the introduction of spatially asymmetric disorder can be particularly
useful. In the following section several recent studies are described relating
to defects in monoatomic granular crystals, including: tunability of defect modes
in the linear regime [101], localized nonlinear defect modes and spontaneous
symmetry breaking in the weakly nonlinear regime [102], the interplay of solitary
waves with defects in the highly nonlinear regime [103], and tunable bifurcation-
based acoustic rectification in a driven granular crystal [60].

7.5.1 Near-Linear Regime: Tunable Defect Modes

A strongly compressed (with respect to the dynamic displacements) homogenous
granular crystal with light-mass defects will contain exponentially localized modes
with frequencies above the acoustic band of the granular crystal, localized around
the defect sites. The frequency of these localized defect modes is tunable with
changes in static load, similar to the tunability of the linear dispersion relation of a
periodic granular crystal.

The existence and tunability of defect modes localized around one and two light-
mass defects in a strongly compressed 1D otherwise homogenous granular crystal
was investigated first numerically and analytically by Theocharis et al. [101], and
then experimentally by Man et al. [101]. In the work by Man et al., they placed one
and two light-mass defects near the edge of a 20 stainless-steel particle granular
crystal, applied white-noise excitation from the edge of the crystal, and measured
the frequency of the defect modes localized in the vicinity of the defects as a
function of defect size and relative defect position. The observed defect mode
frequencies were compared with eigen-analysis of the linearized 20 particle granu-
lar crystal (as described in Theocharis et al. [101]), and analytical expressions based
on few-site considerations [100]. They showed that, for a sufficiently small single
light mass defect in an otherwise homogenous granular crystal, the frequency of the
defect mode can be approximated as [101]:

f 3bead

1 ZKRrM + KRRm —|—Ker =+ \/—8KRTKRRmM =+ [ZKRrM + (KRR +KRr)m]2
T 2n 2mM '

(7.16)

This expression is obtained by solving the eigenvalue problem of the three-
particle system in the vicinity of the defect (large particle—defect particle—large
particle). Here M is the mass of the homogenous particles, m is the mass of
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the defect particle, f3peaq is the frequency of the localized defect mode, Krr = 3/2
Arr?Fy'/? is the linearized stiffness between two large particles, and Kg, = 3 /2
Ar?*F'/3 is the linear stiffness of the contact between a defect-particle and a large
particle. Agr, and Aggr are the Hertz contact coefficients between the respective
particles. From this expression, it is clear how the defect modes are tunable with
static load, geometry, and material properties.

In both studies [101, 102], it was found that when two defects were placed
sufficiently far from each other (outside the localization length of each individual
defect mode), the granular crystal presented two isolated linear defect modes with
frequencies of a single-defect mode. The further the distance between the defects,
the closer the modes are to isolated ones with near-identical frequencies. However,
when the defects are brought sufficiently close together (within the localization
length of a single-defect mode) each defect was found to affect the other. This
caused the formation of a symmetric and anti-symmetric pair of defect modes, with
two new separate frequencies, involving both defects.

7.5.2 Weakly Nonlinear Regime: Nonlinear Localized Modes
and Symmetry Breaking

If the amplitudes of the dynamic displacements are increased, relative to the static
overlap, and thus the nonlinearity of the dynamic response is also increased, the
nonlinear localized defect modes depart from their linear counterparts and new
phenomena are introduced. In addition to exploring the near-linear behavior of one-
dimensional, strongly compressed granular crystals with one or two light-mass
defects, Theocharis et al. investigated the behavior of defects in the weakly
nonlinear regime [102]. As previously described, by analyzing the problem’s linear
limit, they identified the system eigen frequencies and the linear defect modes.
Using continuation techniques, they found localized nonlinear defect mode
solutions that bifurcate from their linear counterparts and studied their linear
stability in detail by computing the Floquet multipliers of the nonlinear periodic
solutions.

For the case of a single light-mass defect, it was found that the inherent
nonlinearity of the system leads to long-lived localized breathing oscillations,
which form robust nonlinear localized modes. Their frequency depends not only
on the static load, the geometry, and the material properties of the granular crystal
and defect particle, but also on the amplitude of the oscillations. Because of the type
of the nonlinearity in the system, the defect mode’s frequency decreases with
increasing dynamic amplitude (and nonlinearity). These are examples of two
ways where nonlinearity can be used to tune the frequency of a localized mode:
by changing the static load, and thus the stiffness of the contacts, or by changing the
relative amplitude of the dynamic displacements to the static overlap.
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For the case of two defects, nonlinearity can create further interesting phenome-
nology when the defects are sufficiently close. A particularly intriguing example is
the case of next-nearest neighbor defects, where the two defects are separated by
one large particle. This resembles the situation of a “double well” potential, which
has been studied systematically in various settings, including nonlinear optics [104]
and atomic physics [105, 106]. In these settings, it has been predicted analytically
(via a two-mode reduction), manifested numerically, and observed experimentally
that beyond a certain nonlinearity threshold, a pitchfork bifurcation arises that
causes the spontaneous symmetry breaking of the relevant configurations, and
results in asymmetric nonlinear modes. The investigations of this phenomena in
granular crystals, by Theocharis et al., indicate that this phenomenology is more
generic. Figure 7.7 shows the bifurcation of the antisymmetric linear defect mode
as a function of the defect mode frequency and relative force between the defect
sites, for a next-nearest neighbor configuration. As the antisymmetric defect mode
(Fig. 7.7, inset Al) becomes progressively more nonlinear (and decreases in
frequency), at a critical point, the mode becomes unstable via a pitchfork-like
bifurcation. This bifurcation signals the emergence of two asymmetric modes
(Fig. 7.7, insets A2 and A3), which are mirror images of each other and predomi-
nantly centered on one of the two defect sites.

The case of the bifurcation of the antisymmetric two-defect mode is a good
example of how, through the addition of nonlinearity, sharp transitions can be
created between two acutely different states, the spatial symmetry of the dynamic
response broken, and new mechanisms accessed to control the distribution and
frequency of vibrational energy.

7.5.3 Highly Nonlinear Regime: Transient Localized Modes

By increasing the nonlinearity of the dynamic response further, the interaction of
traveling waves with defects in a nonlinear system can be explored. The interaction
of highly nonlinear solitary waves with a mass defect placed in a 1D, unloaded
granular crystal has been investigated analytically and computationally first by Sen
[107-109] and then by Hascoet, in 2000 [110]. This work was later followed by a
more in depth numerical and experimental study by Job, in 2009 [103]. Two
different physical pictures emerge whether one considers a light or a heavy impurity
mass. The scatter of the solitary wave with a light impurity yields transient
oscillations of the defect which leads to the emission of lower amplitude solitary
waves in both directions [110]. In contrast, a heavy-mass defect is shifted by the
solitary wave, a solitary wave is reflected back, and the transmitted wave loses its
soliton characteristics and is fragmented into smaller waves of decreasing amplitude
[110]. In the work by Job, it was shown that the interaction with a light-mass defect
will also lead to the transient excitation of a localized mode [103]. They described
how the slow-timescale local compression caused by the solitary wave around the
defect site can act analogously to the linearizing static compression described in
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Fig. 7.7 Pitchfork bifurcation illustrated by force differential between two next-nearest neighbor
defects, as a function of the mode frequency. This shows the transition from a single antisymmetric
mode to two (mirror-symmetric between them) asymmetric modes after the onset of the symmetry
breaking bifurcation. Insets: spatial profiles and locations of Floquet multipliers 4 in the complex
plane of solutions for different frequencies

the previous sections, and create an oscillating localized defect mode [103].
Starosvetsky et al. also analyzed analytically and numerically the interaction of
the solitary wave with light mass defects. They used reduced models that take into
account only the interaction of the defect mass with its neighboring particles [111].

7.5.4 Driven-Damped Granular Crystals: Quasiperiodicity,
Chaos, and Acoustic Rectification

In the previous sections, the existence of linear and nonlinear localized modes
surrounding defects in an otherwise homogenous granular crystal was discussed.
The transient interaction of traveling solitary waves with defects was also explored.
Neither of these cases involved a high-amplitude continuous driving force nor
damping. Studying cases with damping and continuous driving is useful for both
real-world applications and devices, and involves interesting new phenomena.

In 2011, Boechler et al. [60] studied experimentally and computationally the
case of a 1D statically compressed granular crystal that contains a light-mass defect
close to one end, and is subject to a harmonic driving force (see left panel of
Fig. 7.8). As described in the previous section, a light mass defect will create a
localized mode with frequency above the acoustic band of the homogenous part of
the granular crystal. Boechler et al. selected the frequency of the driving force to be
close to the defect mode frequency. Because the driving force has frequency above
the acoustic band of the homogenous granular crystal, the signal cannot propagate
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Fig. 7.8 (Left) Schematic diagram of a 1D granular crystal designed for acoustic rectification and
switching. (Right) Bifurcation diagram. Right panel reproduced from [60] with permission from
the publisher

through the crystal at that frequency. However, at sufficiently high amplitudes, and
only from the boundary that is close to the defect, a jump phenomenon occurs from
periodic to quasiperiodic and then chaotic states, where the energy of the driver is
redistributed to different frequencies that can transmit through the system. This
example illustrates how the combination of nonlinearity, periodicity, driving, and
asymmetric disorder can create new material and device capabilities. In this case,
this combination allowed energy to propagate predominantly in one direction.

To understand the nature of the bifurcations, and the jump to the quasiperiodic
and chaotic states that allowed the asymmetric acoustic energy transmission,
Boechler et al. conducted parametric continuation using the Newton-Raphson
(NR) method in phase space [33] and numerical integration of the fully nonlinear
equations of motion that describe the granular crystal. Dissipation was taken into
account by using linear damping (see more about dissipative effects in the next
section). Applying NR, they followed the periodic family of solutions of the driven
system as a function of driving amplitude and studied its linear stability. Right
panel of Fig. 7.8 shows the maximum dynamic force amplitude (four particles from
the actuator) for each solution as a function of the driving amplitude. The stable
(unstable) periodic solutions are denoted with solid blue (dashed black) lines.
At turning points 1,2, stable and unstable periodic solutions collide and mutually
annihilate (saddle-center bifurcation [40]). At points 3,4, the periodic solution
changes stability and a new two-frequency stable quasiperiodic state emerges
(Naimark-Sacker bifurcation [38]). Following this bifurcation picture, they observed
in their experimental setup and numerical simulations that with increasing amplitude,
a progression of the system response that followed the low-amplitude stable periodic
solution up to point 1, where the system jumps past the unstable periodic solution to
the high-amplitude stable quasiperiodic state. Further increase of the driver’s ampli-
tude led to a continued cascade of double period bifurcations and resulted in the
merging of distinct frequency peaks, the formation of continuous bands, and chaotic
dynamics. As the quasiperiodic and chaotic states redistribute energy from the driver
to frequencies within the transmitting band, it is the existence of these states which
enables the previously described acoustic rectification.
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7.6 Dissipative Granular Crystals

Most of the studies to date involving granular crystals ignore dissipative effects.
However, it is clear from the experiments that in many settings dissipation is strong
and should be included. The sources of dissipation in granular crystals are many,
including friction, plasticity, viscoelasticity, and viscous drag, among others. In the
past few years there have been a number of analytical and numerical studies that
have introduced dissipative terms into the equations of motion.

In [112], the authors studied the effects of two dissipative mechanisms on pulse
propagation in nonlinear chains. The first was an intrinsic mechanism—an incomplete
restitution mechanism that resulted in partial trapping of the impulse energy in the
internal modes of the grain. The second mechanism was extrinsic—a velocity-
dependent friction f = —7u;. In both cases, they showed that the decay of the energy
was well approximated by an exponential function. The attenuation of traveling pulses
in 1D unloaded granular crystals due to on-site linear damping f = —yi; was also
analyzed in [113]. They found an overall exponential decay of the energy, which
depends on the exponent of the interaction potential, and causes the pulse to slow
down as it propagates. They also showed that the shape and the width of the pulse
remained unchanged.

Job and his collaborators studied the interaction of a solitary wave with
boundaries in a 1D granular crystal, considering two dissipative mechanisms:
internal viscoelasticity and solid friction of the beads due to their weight on the
track aligning the granular crystal [114]. Viscoelastic dissipation was taken into
account by considering a dissipative force at the contact of the two beads in the
form f = nAd,([ui—1 — u,-]i/z)[l 14], where 7 includes unknown coefficients due to
internal friction of the material. Solid friction was included by considering a force
f = umg. These dissipative terms were also shown to produce broader solitary waves.

In [115] viscous dissipation, depending on the relative velocity between neigh-
boring particles, was included in the model as f = p(1;—y —2 1t; + t1;41), where p is
the viscosity coefficient. The authors investigated its influence on the shape of a
steady shock wave. Using this type of viscous dissipation, in [116], they solved the
following system of nondimensional equations:

iy = [p (i1 —1t;) — (= wis1)"]0 (i — i 1) = [p (i1 — 1) + (i1 — ;)"0 (i1 —ui),

where 0 is the Heaviside function. They found that the inclusion of this relative
velocity-dependent viscous damping may yield interesting effects such as the
creation of secondary pulses. A different approach was presented in [117], where
the authors provided a quantitative characterization of dissipative effects for soli-
tary wave propagation in 1D granular crystals. They incorporated a phenomeno-
logical nonlinear dissipation that depends on the particle’s relative velocities. By
using optimization schemes and experiments, they calculated a common dissipation
exponent with a material-dependent prefactor.
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Most of the above studies concern the attenuation of propagating pulses
generated by an impulsive excitation. Recent experiments in 1D compressed
granular crystals, subjected to continuous harmonic driving at one end, also
revealed a strong attenuation of the signal [60]. To account for the dissipation in
these experimental settings, a linear on-site damping term f = —yu; with a damping
coefficient y was selected to match the experimental results.

7.7 Two-Dimensional Granular Crystals

Given the richness of the nonlinear dynamic phenomena found in one-
dimensional systems, higher dimensional nonlinear systems are expected to
present a plethora of new dynamic effects. For example, two- and three-
dimensional nonlinear systems are expected to present additional families of
wave modes not realizable in the 1D case; new types of solitary waves
propagating in the axial and lateral directions (particularly interesting for wave
energy redirection and wave guiding); complex nonlinear resonance interactions
occurring between spatially extended modes and localized waves; and enhanced
possibilities for acoustic wave energy localization and trapping across spatial or
temporal scales.

The dynamic properties of 2D granular crystals have only been partially
characterized. In particular, experimental efforts are few, although such systems
are expected to present a variety of novel dynamic phenomena. Several authors
have previously proposed models to characterize the dynamic response of two-
dimensional, ordered granular media. For example, [118] described a model for a
square lattice of elastically interacting particles, which included relative particle
rotation. Tournat et al. [119] proposed a theoretical model to describe out-of-plane
elastic waves in a monolayer granular membrane consisting of a hexagonal lattice
of particles. Their model was the first one to include shear and bending rigidity at
the contact between particles, and to calculate dispersion relations that accounted
for these effects.

The simplest example of a highly nonlinear 2D granular crystal consists of a
uniform, uncompressed square packing of elastic particles in contact with each
other. When this system is excited on one side by a uniform, planar waveform, its
response is expected to be quasi-one-dimensional [14] and the response of the
system can be characterized by a “curtain solution” derived similarly to (7.10). The
first experimental characterization of the dynamic behavior of a square packing of
particles was provided in [84], using photoelastic elliptical disks, excited by an
explosive charge. The same study characterized the stress wave propagation in
arrays of elliptical disks of various geometrical packings, and concluded that it is
the contact normals and the vector-connecting particles’ centers of mass that
primarily influence wave propagation characteristics such as load transfer path
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and load attenuation. Discrete element numerical models (DEM) were also used to
analyze the dynamics of similar systems [120].

The formation and propagation of solitary waves in 2D square granular crystals
was reported and studied quantitatively for the first time by Leonard et al. [121]
using triaxial accelerometers embedded within selected particles in the crystals. A
larger number of studies also explored the dynamic behavior of hexagonal packing
under different (near-linear to highly nonlinear) loading conditions [84, 120,
122-128].0ne of the major difficulties in the experimental realization of acoustic
materials based on two-dimensional nonlinear granular lattices is the sensitivity of
such systems to the presence of variation in the particles’ geometry. In the ideal
configuration, all particles have an equal number of contacts and equal equilibrium
forces. The presence of small defects in experiments, however, can lead to the loss
of contact between particles or to the local compression in the surrounding
particles. Such loss of contacts or local compression ultimately results in a
disordered energy transfer between the particles. A few past works studied the
effects of imperfections in two-dimensional granular crystals and their role in the
stress wave propagation [122—125, 129]. While Hertzian behavior predicts a 1/6
power-law between maximum force and wave speed [47], it was found that the
presence of defects tends to increase the wave propagation speed to a 1/4 power
law relationship, effectively inducing deviations from the theoretical Hertzian
behavior. This deviation from Hertzian behavior was observed only for granular
crystals with low precompression. Increasing the precompression applied on
hexagonal arrays was seen to cause a transition to a fully Hertzian behavior
[122—-125]. More recently, Leonard et al. experimentally characterized the
dynamic response of regular 2D square granular crystals, and showed that varia-
tion in the packing geometry/composition (Fig. 7.9, left) can dramatically vary the
directionality of wave propagation [130].

Two-dimensional arrays of particles have also been shown to form tunable
acoustic lenses (Fig. 7.9, right) that support the formation of concentrated acoustic
pulses at the focal point (“sound bullets”, [59]). The ability to redirect nonlinear
acoustic pulses in two-dimensional systems has also been studied by looking at
pulse splitting and recombination in y-shaped granular networks [131-133]. These
works showed theoretically, numerically, and experimentally the ability to bend
and split incident pulses, and redirect mechanical energy as a function of the branch
geometry.

Additional work on the dynamic behavior of ordered two-dimensional granular
crystals is needed to fully understand the dynamic response of such systems, and to
characterize how nonlinear wave formation and propagation depends on the under-
lying particle arrangement. Variations of the excitation type (impulsive or harmonic
forcing) are expected to lead to the discovery of interesting new acoustic/dynamic
phenomena including wave guiding, trapping, filtering, and localized breathing
modes.
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Fig. 7.9 (Left) Dynamic response of two-dimensional granular crystals formed by square-
centered packings of different material cylinders and spheres (see inset). Variation of the materials
configuration leads to dramatic changes of the wave propagation front, as shown from experiments
and numerical simulations [130]. (Right) Design concept of a tunable, nonlinear acoustic lens
obtained with a two-dimensional array of particle chains. The formation of the focal spot (i.e., the
“sound bullet”) is evident on the host medium on the right [59]. Images reproduced from [130]
and [59]

7.8 Future Directions and Conclusions

The preceding chapters of this book have demonstrated how structural periodicity can
be utilized to create new materials with unprecedented physical properties. In such
materials the individual building blocks are assembled in carefully designed structures,
where by working together, they cause the bulk material to present properties greater
than those of the individual components. This general concept of obtaining “materials
by design” is not new, and has been a long-term quest for chemists and material
scientists alike. For instance, chemists have long been trying to engineer crystals and
molecules by arranging atoms in specific lattices and geometries, to obtain a specific
bulk property. However, by extending this concept past molecules and crystal grains, to
specially designed structural building blocks—from the nano to macroscales—a whole
new field of possibilities is enabled.

One of the main benefits of such designed materials is that they enable new
technological capabilities. New materials with multifunctional properties can be
designed, which have both structural and dynamic functionalities. Perhaps more
importantly, by creating materials with previously unseen properties, new devices
and applications are enabled. Furthermore, as such materials are “designed” by
construction, and they can be easily tailored for use in specifically targeted
applications.

The range of possible bulk responses from such designed materials depends in
part on the complexity of the interaction between the fundamental building blocks.
As described in the previous chapters, the design of these periodic structures has
historically been based on linear interactions. The presence of nonlinearity in these
systems gives added advantages through complexity. This chapter predominately
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focused on nonlinear dynamic phenomena in granular crystal systems, where the
nonlinearity was caused by the geometric inter-particle interactions between elastic
particles. As was described, nonlinear dynamics enables the existence of new useful
dynamic phenomena and coherent structures. This includes solitary waves, discrete
breathers, bifurcations, quasiperiodicity, and chaos, among others. Nonlinearity
also enables a dramatic tunability of the material responses, by providing an
unprecedented sensitivity to variations of materials and external parameters. How-
ever, because of the inherent complexity of nonlinear systems, which enables such
useful phenomena, analyzing and predicting the behavior of such systems is also
more difficult. In the future, the development of new predictive theoretical and
computational tools will be necessary to further guide the development, design, and
testing of nonlinear periodic phononic structures.

Some particular future areas of interest, with respect to the study of nonlinear
periodic phononic structures, include, but are not limited to the following. As nonline-
arity has been applied to spring-mass-like systems, in granular crystals, nonlinearity
could also further be applied to the study of nonlinear metamaterials, nonlinear
resonant structures, or phononic crystals with nonlinearly elastic components. The
study of hybrid linear-nonlinear systems, could lead to the observation of new dynamic
phenomena such as the amplitude-dependent filtering of acoustic signals [134].

New material systems where nonlinear material responses interplay with active
building blocks or other multi-physical effects is another area that could lead to the
discovery of unprecedented material responses. The ability to couple multi-physical
effects in periodic structures can also lead to the creation of tunable multifunctional
and energy-harvesting devices, such as opto-mechanical sensors [135], or phoXonic
systems [136]. For example, the generation of nonlinear modes in nonlinear acoustic
crystals could be used as a mechanism for frequency conversion, or the presence of
nonlinear localized modes could be exploited for energy localization and harvesting.

Because of the similarity of acoustic and elastic wave propagation to phonon
propagation, the effects studied here could also be extended to smaller scales
involving heat propagation. For instance, as described in this chapter for acoustics,
nonlinear periodic structures have been utilized to create tunable rectifiers based on
the onset of bifurcation instabilities. This type of device could provide new ways to
control the flow of acoustic energy, enable acoustic logic devices, and be used in
novel energy-harvesting systems [60]. However, these same ideas could be scaled
down to create new ways to control heat propagation, and enable materials with
direction-dependent thermal conductivities or thermal logic devices.

Furthermore, the newly explored phenomena, which occur in granular crystals
and other nonlinear periodic phononic structures, should be further explored for
their potential in engineering applications. The ability to engineer the dispersion
relation through nonlinearities could be implemented in tunable vibration filtering
devices and in noise and vibration-insulating systems. Compact solitary waves with
robust properties and large amplitudes could find use in biomedical devices
with improved resolution and signal-to-noise ratio [59], or in the nondestructive
evaluation of materials [58].
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The study of nonlinearity in engineered materials like phononic crystals and
metamaterials is still at an early stage of development. By understanding the

fun

damental properties of nonlinear acoustic crystals, nonlinear phononic systems,

and nonlinear resonant structures, new physical phenomena can be discovered and
lead to a new ability to design and implement materials and devices.
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Chapter 8
Tunable Phononic Crystals and Metamaterials

0. Bou Matar, J.O. Vasseur, and Pierre A. Deymier

Abstract The objective of this chapter is to show how it would be possible to
introduce a certain degree of tunability of the properties of phononic crystals. The
main concepts underlying the conception of tunable phononic crystals are first
introduced with simple models: the one-dimensional harmonic crystal with varying
parameter and two coupled one-dimensional harmonic crystals. An overview of the
literature on tunable phononic crystals is given. Three of the tuning methods proposed
in the literature are described in some details. We also illustrate the new or enhanced
functionalities open by the tuning of the phononic crystal properties. These
applications include reconfigurable waveguides and tunable superlenses.
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8.1 Introduction to Tunability. One-Dimensional Tunable
Harmonic Crystal

8.1.1 One-Dimensional Diatomic Harmonic Crystal With Varying
Parameters

As an introduction to the concept of tunability of the phononic crystal properties,
we first consider the 1-D diatomic harmonic crystal introduced in paragraph 2.2.2,
but treat it as a system with variable properties. It has been demonstrated that the
dispersion equation of diatomic harmonic crystal, constituted of an infinite chain of
masses with alternatively a mass m; and a mass m, connected by harmonic springs
with spring constant f§, can be expressed as

2 3
W — % ¥ % — (wlwz)zsinzka (8.1

where w1, w,, and w3 are characteristic frequencies given by: w; = \/fn:/f ,(y) = \/fn:/j,
and w3 = 4 /2f (# + i) if one choose m; >m,. Two kinds of parameters appear in

the dispersion equation (8.1): geometrical parameters, i.e., the separation distance
between the masses at rest @, and property parameters, i.e., the spring constant f§ and
masses m; and m,. This opens the possibility to tune the 1-D harmonic crystal band
structure by changing its geometry, or by varying part or all of the properties of its
constituents (spring and/or masses). First, we consider a 1-D harmonic crystal in
which the lattice parameter is tunable from a to @', with @’ = 1.5a. The original,
corresponding to the lattice parameter a, and modified band structures are displayed
in Fig. 8.1a by solid and dashed lines, respectively. In this case, the phase velocity
of the acoustic branch at low frequency and the slope of the negative optical branch
are drastically modified. Nevertheless, the width of the gap appearing between
and w, does not change.

Consider now a 1-D harmonic crystal with a value of the mass »; doubled, and
with all the other parameters kept constant. The corresponding band structures are
displayed in Fig. 8.1b. In this case, the phase velocity of the acoustic branch at low
frequency and the slope of the negative optical branch can once again be tuned, but
also the gap width. In the example presented in Fig. 8.1b, the gap width is increased
by 20 %.

The tuning of the physical properties of the constituents of the phononic crystal
can be made by the application of an external stimulus, such as the temperature,
an electrical or magnetic field, etc. Some time, these external stimuli interact with
the acoustical vibrations as coupled modes. A simple, but instructive, 1-D model
of such coupling, a system of two coupled 1-D harmonic crystals, is now
presented.
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0 n/2a’ /2a 0 n/2a

Fig. 8.1 Schematic representation of the modifications of the band structure of a 1-D diatomic
harmonic crystal in the irreducible Brillouin zone induced by changing (a) the geometrical
parameter a, and (b) the property parameter m;. The solid lines represent the original band
structure, and the dashed lines the modified band structure

M B m1 m m+1

Fig. 8.2 Schematic illustration of the system of two coupled 1-D harmonic crystals. The atoms of
one of the 1-D harmonic crystal have a mass m, and the atoms of the other one have a mass M. The
force constant of the springs of each 1-D harmonic crystal is . The force constant of the coupling
springs is f3;. The periodicity of the crystal is a

8.1.2 Two Coupled One-Dimensional Mono-Atomic Harmonic
Crystals

The system of two coupled one-dimensional harmonic crystals is illustrated in
Fig. 8.2.

In absence of external forces, the equations describing the motion of atom “n” of
the first 1-D harmonic crystal, and “m” of the second 1-D harmonic crystal are
given by

mli/in = ﬁ(un+l - 2”;1 + Mn—l) + ﬁ[(”m - un)7
Mii,, = ﬁ(um—H — 2y, + um—l) - ﬁ[(um - un)7 (8.2)

Here, f5; is the coupling spring constant. We seek solutions in the form of
propagating waves with different amplitudes for atoms of each 1-D harmonic
crystal as their masses are different:
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iowt ikna
= Ae™

_ Belwt 1kma (83)

where & is a wavenumber and o is an angular frequency. Inserting solutions of the
form given by (8.3) into (8.2) leads, after some algebraic manipulations and using
the relation 2isinf = e’ — e, to the following set of linear equations in A and B:

ka\? :
<m1w2 4 [)’<2isin2a> - ﬁ1>A + ,Blelk(m’”)”B -0,
ka\?
Bektnmag 4 <Mw + ﬁ<2lsm —) - ﬁ,) (8.4)

This is an Eigen value problem in w? which admits non-trivial solutions when
the determinant of the matrix composed of the linear coefficient in (8.4) is equal
to zero:

ka\* .
mw* + ﬁ(2i sin —;) - B B, eiklm—ma
=0 (8.5)

4 ka\>
ﬁ[elk(nfm)a MCO2 4 ﬁ(zl Sll’l;) _ BI

Setting o = w?, (8.5) takes the form of the following quadratic equation:

2 2 4
o+ ([3 (Zisin%a> — ﬁ,) (mll + %)oc + m/j—M <2isink7a> =0 (8.6)

which admits two solutions:

ka f 1 1
2Bsin? — + 2Ly — 4 —
o= (34 5) G )

Cka PN\E/1 0 1N\® 16f* . ka
o/ (2psint=+2L) (—+—=) ——Lsint~ =
\/( Psin 2—1—2) m1+M mlMsm 5 0

These two solutions are periodic in wave number & with a period of Z. These
solutions are represented graphically in the band structure (solid lines) of Fig. 8.3a
over the interval k € [O ] for a ratio /il = 0.1. For comparison, the band structure in
the case of uncoupled modes, i.e., f; = 0, is also displayed in Fig. 8.3 as dashed
lines. It appears that the effect of coupling arises mainly in the region where the
dispersion curves of the two uncoupled modes intersect, i.e., at low frequencies in
the considered case. This is a universal property of modes coupling. For weak
coupling, as displayed in Fig. 8.3, the upper limits for angular frequency of the two

(8.7)
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Fig. 8.3 (a) Band structure a b

of the system of two coupled ® Y
1-D mono-atomic harmonic
crystals. (b) Zoom of the band
structure around the low-
frequency range. The dashed
lines represent the uncoupled
case (f; =0)

)

0 n/a

modes, at the edge of the Brillouin zone, are very close to those obtained in the case

of uncoupled modes, i.e.,wy = 2\/m£1and Q= 2\/%. But, at k = 0 a gap appears in

the interval of frequency [0, Q,], where Q, = 1 / B, (”171 + ﬁ), for the mode with the

highest phase velocity, corresponding to the chain of atoms with masses M. This
behavior is very similar to those observed in magnetoacoustic waves, where a
magnetoacoustic gap appears in the spin waves branch near a phase transition [1].
If we enlarge on the band structures of the coupled modes at low frequencies, as
shown in Fig. 8.3b, the influence of the coupling on the mode with the lowest phase
velocity is enlightened: its low-frequency phase velocity, corresponding to the slop
of band structure curve near k = 0, can be dramatically reduced. Then, if we
consider the chain of masses M as an external stimulus acting on a 1-D mono-
atomic harmonic crystal, with masses m;, it clearly appears that the external
stimulus can be used to tune the acoustic properties of the harmonic crystal.

8.2 Literature Review

Phononic crystal may have applications in numerous technological fields. Never-
theless, for enhanced functionality it appears necessary to introduce a certain
degree of frequency tunability of phononic crystal properties. As shown in the
1-D harmonic crystal example, tunability could be achieved by changing the
geometry of the phononic crystal or by varying the elastic characteristics of
the constitutive materials through application of external stimuli.

In 2-D, contrary to the harmonic crystal, the geometry of a phononic crystal can
be changed not only by modifying the filling fraction, but also by the rotation of
square inclusions [2]. In 2-D periodic arrays of rotating square solid rods, variations
up to 60 % of the relative band width of the first gap have been predicted for filling
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fractions less than 0.5, and even more for higher filling fractions [3]. The large
tuning capability of the properties of these rotating rods phononic crystals opens the
opportunity to develop devices with enhanced or new functionality. An example of
refraction control in such 2-D phononic crystal will be presented at the end of this
chapter [4]. Isotropic materials are usually chosen as constituents of phononic
crystals where a change in geometry is utilized to tune the band structure. The
isotropy of the materials imposes the choice of inclusions that do not have an axial
symmetry to modify the geometry of the phononic crystal when the rods are rotated.
But, when anisotropic inclusions are considered, even cylindrical inclusions can be
used to obtain similar results [5].

Other authors [6] exploit the change of the structure, i.e., the lattice and the form
of the inclusions, of a phononic crystal made of holes in an elastomeric matrix, due
to an external stress to alter the band structure. Periodic elastomeric structures can
reversely undergo large strain deformations and dramatic transformations in their
periodic pattern with only a small applied stress. A 2-D periodically patterned
SU-8, the material of choice for microelectromechanical system fabrication,
has been used as the matrix of a phononic crystal where the internal stress arises
due to swelling of a solvent. This system shows a significant change in the phononic
band structure, specifically in the opening of a new band gap in the GHz range [7].
Micrometric 3-D elastomeric network/air structures have been realized by
interference lithography [8].

Now, if the used elastomer is a dielectric elastomer, an electric field can be used
to deform the structure. For example, one can modify the size of dielectric elasto-
mer cylindrical inclusions by applying an electric field [9]. A square lattice
arrangement of dielectric elastomer tube in air has been shown to open the possi-
bility to change the refraction from positive to negative with the increase in the
applied electric field [10]. The application to the conception of a tunable narrow
pass band filter based on a 1-D phononic crystal with a dielectric elastomer layer
has also been presented [11].

However, the main part of these approaches requires physical contact with the
phononic crystal. Another proposed solution requires using active materials as
constituents of the composite material. In this case, the geometry of the phononic
crystal is fixed and only the constituent properties, i.e., density and elastic
constants, are varied. Then one can expect that the elastic contrast, and subse-
quently the crystal properties, e.g., the bang gaps frequencies and widths, the
negative refraction behaviors, could be controlled by an external stimulus.

Following this way, some authors [12] have studied how the piezoelectric
effect can influence the elastic properties of the system and therefore can change
the dispersion curves and in particular the gaps. For an arrangement of piezoelec-
tric cylinders embedded in a polymer matrix, they show that the effect is signifi-
cant for large filling fractions but negligibly small for small ones [13]. Moreover,
a strong influence of the polarization direction on the width and starting frequency
of the first band gap of a phononic crystal consisting of rectangular piezoelectric
ceramics placed periodically in an epoxy matrix has been reported [14]. As
regions of polarizations, alternatively oriented toward the top (up) or bottom
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(down), in plates or films, can be obtained in ceramics at the millimeter scales or
with domain engineering of ferroelectric films at the micrometer scale. This high
polarization direction sensitivity can open new opportunity for the design of
integrated tunable phononic devices. Following this way, the concept of a switch-
able phononic crystal filter using polarization-patterned piezoelectric solids has
been proposed [15].

Several studies have reported changes in the band structures of magnetoelec-
troelastic phononic crystals when the coupling between magnetic, electric, and
elastic phenomena is taken into account [16]. Nevertheless, noticeable changes
can be obtained only by modifying the geometry in the considered piezoelectric/
piezomagnetic layered composites. In fact, crystals presenting true piezo-
magnetism, i.e., a linear dependence of stress, or strain, on a magnetic field, are
quite rare, and piezomagnetic behavior is often observed in magnetostrictive media
around an equilibrium state imposed by an external static magnetic field. The band
structure of a two-dimensional phononic crystal constituted of a square array of
Terfenol-D square rods embedded in an epoxy resin matrix can be controlled by
application of an external magnetic field [17, 18]. Indeed, the elastic properties of
magnetoacoustic material are very sensitive to its magnetic state and on the applied
magnetic field. For instance, in giant magnetostrictive material, such as Terfenol-D,
this dependence can lead to more than 50 % variation of some of the elastic
constants, even at ultrasonic frequencies [19], without any contact by a magnetic
field. Magnetoacoustic phononic crystal properties will be presented in some detail
in Sect. 8.3.3 and their application to the design of a reconfigurable waveguide in
Sect. 8.4.1. The use of an external magnetic field to tune the properties of colloidal
phononic crystals with paramagnetic particles integrated in the crystal has also been
proposed [20].

Other authors have considered the effect of temperature on the elastic moduli
of the constituents of the phononic crystal, as for example in the case of holes
containing air in a Quartz background [21]. The tuning of negative refraction of a
sonic crystal constituted of steel rods in air background, induced by the variations
of the air density and sound speed with temperature changes in the range —40°
to 100 °C, has also been studied [22]. Generally, the elastic moduli changes as
a function of temperature are quite small, with the exception of those close to a
phase transition. Using a phase transition around 35 °C in Bay;Sro3TiO;, a
tunable ferroelectric phononic crystal, with an epoxy matrix, has been designed
and realized by a dice and fill technique [23]. More details on ferroelectric
phononic crystal will be given in Sect. 8.3.2. A fluid/solid phase transition with
temperature can also be used as shown in [24], where an anodic aluminum oxide
containing periodically arranged cylindrical nanopores infiltrated by PVDF poly-
mer has been studied. Here, the solid/fluid transition of the PVDF, when the
temperature changes from 25 °C to 180 °C, is shown to induce an on/off switch of
some of the passing band in the band structure of the realized hypersound
phononic crystal.

Some authors have proposed the use of electrorheological materials in conjunc-
tion with the application of an external electric field [25]. As in electrorheological
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material this is the shear modulus that can be controlled by an electric field, only
the mode with transverse polarization can be tuned. In the same spirit, one can
imagine to use magnetorheological material with the application of a magnetic
field [26].

The last envisaged method is to incorporate non-linear media as constituents of a
phononic crystal. Indeed, in non-linear materials the application of an external
static stress induces a variation of the effective elastic constants [27, 28]. As for
most of methods implying variations of the geometry, the use of non-linear
materials requires physical contact with the phononic crystal. More details on this
topic have been presented in Chap. 7.

8.3 Two-Dimensional Tunable Phononic Crystals

8.3.1 Tunable Phononic Crystals Created by Rotating Square
Rods

The first method of tuning 2-D phononic crystal that we will consider in more
details is the physical rotation of square inclusions periodically positioned in air,
first proposed by Goffaux and Vigneron [2]. Here, we only consider the low solid
filling fraction, i.e., the case of isolated solid rods in air, as shown in Fig. 8.4.
Indeed, this configuration corresponds to the only one with potential application for
tunable phononic crystals. For filling fractions higher than 0.5, and above a critical
value of the rotation angle, 0. = cos™!(1/f), the rods can no more be rotated due to
contacts between neighboring rods.

Because, in this system of square solid rods in air, the high-density contrast
between solid and air authorizes the use of the condition of elastic rigidity to the
solid rods, all the calculations presented in this part have been made with the PWE
method applied to fluid inclusions in fluid. The structure factor for the square lattice
of square rods with rotation angle 0 can be written as [29]

1(6) — fsin (G g) sin (Gy g) , (8.8)
with

G, = G,cosb + G, sin0, 8.9)
G, = —G, sin0 + G, cos0, ’
where d is the edge length of the square rods, and G, and G, are the components of
the reciprocal vectors.
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Fig. 8.4 Transverse cross-section of two-dimensional phononic crystals constituted of square
section hard rods in air arranged in a square lattice. The figure represents an array having the same
orientation as the empty lattice (left part), and the same array rotated by an angle 6§ = 45° (right part)

The elastic parameters chosen for all the calculations are p,, = lkgm™3,
Prod = 1,500 kg.m73, Cair = 340m.s™!, and ¢;oq = 2,000m.s~'. We investigate the
acoustic band structures as a function of the rotation angle and filling fraction. To
ensure a good convergence, 625 plane waves have been used in all the acoustic
band structure calculations.

Two examples of band structures, obtained for a square-lattice two-dimensional
phononic crystal consisting of square solid rods in air with a filling fraction f = 0.5
and edge length d = 0.5 mm, are displayed in Fig. 8.5 for a rotating angle (a) 0 = 0
and (b) 0 = 45°. As seen in Fig. 8.5a, no absolute acoustic band gap exists for§ = 0
in the first eight bands. In fact, as shown in Fig. 8.6, no absolute band gap appears
between the first two bands for any filling fraction for this orientation. Rotating the
square rods from an angle § = 0to 45°, a large absolute phononic band gap appears
between the first and second bands.

Figure 8.6 shows the numerical results of the normalized width of the lowest
band gap, between the first and second bands, as a function of the rotation angle 6 of
the rods for five different filling fractions f = 0.30, 0.35, 0.40, 0.45, and 0.50. The
normalized width of the band gap is taken as the gap width Aw divided by the mid
gap frequency w,. It can be seen that for a given filling fraction the normalized gap
width increases with the rotation angle, and, for a given angle, it increases with the
filling fraction. Moreover, for a given filling fraction, the absolute acoustic band
gap appears only above a certain angle. This gap-opening angle gradually decreases
as the filling fraction increases.

The widening of the gap can be explained by the change of the geometry [2].
Indeed, at 0° the space left between the rods is sufficiently large to allow for
propagation of the waves in the structure with little wave interferences. In this
case, no gap appears in the band structure. On the other hand, when the rods are
rotated this space is reduced, and the destructive wave interferences are increased.
This finally leads to first the appearance of a gap and then to its widening.

In the present method, a physical contact with the phononic crystal is needed in
order to tune its properties. This limitation can be overcome, as shown in the



262 O. Bou Matar et al.

4]
o

Frequency (MHz)
Frequency (MHz)

Fig. 8.5 Acoustic band structure for a square-lattice two-dimensional phononic crystal consisting
of square solid rods rotated with an angle (a) 8 = 0° and (b) 6 = 45°, in air. The filling fraction
f= 0.5 and edge length d = 0.5 mm
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Fig. 8.6 Evolution of the normalized lowest absolute band gap width as a function of the rotation

angle 0 for five different filling fractions f = 0.30, 0.35, 0.40, 0.45, 0.50, respectively

Literature review section 8.2, by the introduction of an active material as one, or
even both, of the constituents of the phononic crystal.

8.3.2 Tunable Ferroelectric Phononic Crystals

Ferroelectric ceramics are one kind of such active material. Perovskite ferroelectrics,
such as Bag 7Srg3TiO3, undergo phase transformation around Curie temperature 7,
accompanied by huge variations of the material properties, as the acoustic velocities.
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Fig. 8.7 Temperature dependence of the longitudinal (solid line) and transverse (dashed line)
sound velocities in Bag7Sr3TiO3

ForBay 7St 3 TiO3, the Curie temperature is around 35 °C [23, 30], a suitable value for
real device operations. Figure 8.7 displays the variation of the longitudinal ¢; and
transverse ¢, acoustic velocities as a function of temperature. These curves
corresponding to fit from the experimental data presented in [23] show increases of
about 20 % and 30 % for c; and ¢, respectively, in a temperature range going from 35 to
45 °C and overlapping the Curie temperature of the material.

The two-dimensional phononic crystal constituted of Bay 751y 3TiO3 square rods
in an epoxy matrix, proposed and realized by a dice-and-fill technique by Jim et al.
[23], is considered. The filling fraction is f = 0.57 and the period is @ = 267 pum.
Epoxy has been chosen as the matrix constituent due to its large contrast in acoustic
properties (both density and acoustic velocities) with Bag7Sro3TiOs . This is
generally convenient for the emergence of a large absolute band gap. Moreover,
epoxy shows an infinitesimal velocity change in the considered temperature range
(less than 0.03 %).

The band structure of the XY modes of propagation of this ferroelectric/epoxy
phononic crystal has been calculated by the PWE method with 625 plane waves
(see Chap. 10), considering isotropic inclusions in an isotropic matrix. In this
configuration the out-of-plane Z modes are decoupled from the in plane XY
modes. Results are displayed in Fig. 8.8 for two different temperatures: (a) 35 °C
and (b) 45 °C. Two remarks should be made. First, the width of the first absolute
band gap, appearing between the first and second bands, increases from 3 MHz to
4.4 MHz when the temperature is increased by 10 °C around the Curie temperature
of the inclusions. This corresponds to a relative increase of about 30 %. Second, the
lowest band edge at 5 MHz almost does not depend on the temperature.
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Fig. 8.8 Band structure of the XY modes of propagation of a square-lattice 2D phononic crystal
consisting of Bag7Srp3TiOs square rods embedded in an epoxy matrix at a temperature of
(a) 35 °C and (b) 45 °C. The filling ratio f = 0.57 and period a = 267 um
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Fig. 8.9 Evolution of (a) the absolute elastic band gaps, and (b) the normalized absolute elastic
band gaps width as a function of the temperature

The evolution of the first absolute elastic band gap of the square lattice of
Bay 75103 TiO3 square rods embedded in an epoxy matrix as a function of tempera-
ture is summarized in Fig. 8.9a. This figure confirms the fact that only the upper
band edge follows the temperature variation of the acoustic properties of
the inclusions.

Plotting, now, the evolution of the normalized band gap width as a function of
the temperature (see Fig. 8.9b), it becomes clear that this evolution follows the
variation of the acoustic velocities of the Bay;Srg3TiO3; inclusions. These
variations of about 30 % are of the same order of magnitude as the ones obtained
by a mechanical means (rotation of square rods), but now with a solid state tuning
scheme. It has to be noted that, in the case of the considered ferroelectric material,
the acoustical velocity variations are induced by a structural phase transition, a
tetragonal-to-cubic transition.
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8.3.3 Tunable Magnetoacoustic Phononic Crystals

The possibility of controling and tuning of the band structures of phononic
crystals offered by the introduction of an active magnetoacoustic material and
the application of an external magnetic field are now presented. Three means to
obtain large elastic property variations in magnetoacoustic materials can be
envisaged: giant magnetostriction, spin reorientation transition [1], and ferro-
magnetic resonance effects. Here, only the first two will be described. The
magnetoacoustic coupling is taken into account through the consideration of an
equivalent piezomagnetic material model with elastic Cjy;, piezomagnetic gj;
and magnetic permeability p; tensors varying as a function of the amplitude
and orientation of the applied magnetic field [17, 18]. Considering a uniformly
oriented magnetization, the equivalent piezomagnetic material formulation
leading to equations similar to the ones classically used for piezoelectric
materials is

O%u; O
Po 62 = B o
g0y (8.10)
o _,
6)(,‘ S
with
Ouy 0y,
7 = Cia(H) 5+ auy(H) aixl , 8.11)
Ouy Op
i = qi(H) —— — py(H) ===, 12
by = aua(H) G — ) 8.12)

where p, is the mass density, #; and b; are the ith component of the particle
displacement and magnetic induction, x; denotes the Eulerian coordinates, o;; are the
stress tensor components, and ¢, is the magnetic potential. This formulation
enables the direct use of PWE and FE methods developed for the calculation of
phononic crystal characteristics in piezoelectric media [31].

According to the Bloch-Floquet theorem, the displacement vector and the
magnetic potential can be expanded in infinite Fourier series

M,'(r, l) _ Z u2+Gej((ot7k.)'7G.l')’

G
e (8.13)
oalrs) = 3 prael )
G

where r = (x,y,z) is the vector position, w is the circular frequency, G are the
reciprocal lattice vectors, and k is the wave vector. Moreover, due to the periodicity
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the material constants p(r), Cyii(r), qiij(r), and ;(r) are also expanded as Fourier
series

ar) = Z age 16T (8.14)
G

Inserting these expansions, (8.13)—(8.14) in (8.10)—(8.12), using orthogonality
property of Fourier series components and collecting terms yields the following
generalized eigenvalue equation [31]

o’RU=T;A;T',U, (8.15)

where U is a vector gathering the Fourier amplitudes of the generalized displace-
ment u = (U, Uy, U3,0p) 5 R, ANH are 4N x 4N matrix involving only material
constants, and I'; are diagonal matrices involving the wave vector and vectors of
the reciprocal lattice. The detailed expressions of all these matrices are given in
[31]. By solving (8.15) for w as a function of the wave vector £ in the first Brillouin
zone of the considered lattice, the band structures can be calculated.

Results of contactless tunability of the absolute band gaps are presented for a
two-dimensional phononic crystal constituted of Terfenol-D square rod embedded
in an epoxy matrix.

The evolution of the effective elastic coefficients, piezomagnetic constants, and
magnetic permeability for a Terfenol-D rod as a function of the amplitude of an
external magnetic field applied along the rod axis is displayed in Fig. 8.10a. The
Terfenol-D parameters used in all the calculations correspond to the ones of
commercially available data [18]. As the external magnetic field is applied in the
Z direction, parallel to the rod axis, only two elastic coefficients C44 and Css and two
piezomagnetic constants ¢»4 and ¢;s5 display strong variations as a function of the
magnetic field. The order of magnitude of the predicted transverse elastic coeffi-
cient variations is in good agreement with the one measured in Terfenol-D [19]. The
variations of the diagonal terms of the effective magnetic permeability tensor are
also displayed in Fig. 8.10a. The slowness polar diagrams calculated for elastic
waves propagating in the XY plane, perpendicular to the rod axis, using the effective
piezomagnetic material properties are shown in Fig. 8.10b for three increasing
values of the amplitude of the external magnetic field: 1 kOe (dashed line),
10 kOe (dotted line), and 20 kOe (solid line). In this configuration, only the out
of plane transverse wave, propagating with the velocity and with displacement
directed along the applied static magnetic field, is coupled to this magnetic field.

We study now the influence of the introduction of a magnetoelastic medium on
the properties of phononic crystals. The calculations have been made for a square
lattice of Terfenol-D square rods of section d = 1 mm embedded in an epoxy
matrix. The matrix is constituted of epoxy resin, considered as isotropic and with
the following parameters: p, = 1, 142 kg/m3, Cq11 = 7.54GPa, and C44 = 1.48 GPa.
441 plane waves have been used in the PWE calculation of the band structure.
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Fig. 8.10 (a) Evolution of the effective elastic moduli, piezomagnetic constants, and magnetic
permeabilities of a Terfenol-D rod as a function of the static external magnetic field applied along
the rod axis (Z2). The effective elastic and piezomagnetic constants are expressed in Voigt notation.
(b) Slowness polar diagram for propagation in a Terfenol-D rod with a static external magnetic field,
applied along the rod axis (2), of 1 kOe (dashed line), 10 kOe (dotted line), and 20 kOe (solid line)

Comparison with FEM results has confirmed the rather good convergence of the
Fourier series.

We study the evolution of the band structure, as a function of the amplitude and
the orientation of the external magnetic field, induced by the variations of the
effective parameters of the Terfenol-D rods. The band structures displayed in
Fig. 8.11 give a typical example of the magnetic field influence when applied along
the rod axis. With a filling factor f = (d/a)® = 0.35 and an applied field Hey; = 3 kOe,
the phononic crystal possesses an absolute band gap in the 0—1 MHz frequency range,
as shown in Fig. 8.11b. When the external field is increased to 10 kOe, a second
absolute band gap, ranging from approximately 0.76 to 0.8 MHz, appears
(Fig. 8.11a).

Moreover, the frequency range of the first absolute band gap is slightly
increased. More precisely, the application of a magnetic field with an amplitude
higher than 6 kOe increases the bandwidth of the band gap, and opens a second one
in the 0-1 MHz frequency range, as shown in Fig. 8.12a. So elastic waves are
evanescent waves in this phononic crystal at 0.8 MHz when the field becomes
higher than 6 kOe. When the filling factor is increased to 0.5, as shown in
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Fig. 8.11 Band structure of a square lattice of Terfenol-D square rods with a filling factor
f = (dla)* = 0.35, embedded in an epoxy matrix for two applied static magnetic fields along the
rod axis Z: (a) Hexy = 10kOe and (b) Hexy = 3kOe
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Fig. 8.12 Evolution of the absolute elastic band gaps of a square lattice of Terfenol D square rods
embedded in an epoxy matrix as a function of the amplitude of the applied static magnetic field
along the rod axis Z, for a filling factor (a) f = 0.35 and (b) f = 0.5

Fig. 8.12b, the process is inverted: the second absolute band gap disappears when
the amplitude of the external magnetic field is increased. In both cases, the
phononic crystal behaves as a switch controlled without any contact by an external
applied magnetic field. Nevertheless, in this case, where the magnetic field is
applied along the rod axis, the band gap width variation remains lower than
25 %. Moreover, a careful look at the band structures of Fig. 8.11 has shown that
only modes polarized along Z are coupled to the external field [18].

Considering now a magnetic field applied in a direction perpendicular to the
Terfenol-D rod, the evolution of the parameters of the effective piezomagnetic
material as a function of the amplitude of the external magnetic field are presented
in Fig. 8.13a. Contrary to the previous case, all the Christoffel tensor components
are now field dependent. As shown in Fig. 8.13b, displaying the slowness polar
diagrams for an external field of 4 kOe (dashed line), 10 kOe (dotted line), and
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Fig. 8.13 (a) Evolution of the effective elastic moduli, piezomagnetic constants, and magnetic
permeabilities of a Terfenol-D rod as a function of the static external magnetic field applied along
the X axis. The effective elastic and piezomagnetic constants are expressed in Voigt notation.
(b) Slowness polar diagram for propagation in a Terfenol-D rod with a static external magnetic
field, applied along the X axis, of 4 kOe (dashed line), 10 kOe (dotted line), and 20 kOe (solid line)

20 kOe (solid line), this leads to the fact that all the modes are now affected by the
magnetic field, even if the influence on the quasi-longitudinal mode is still low.
Moreover, the induced velocity variations of the transverse waves, both in plane
and out of plane, become very large for propagation in the X direction, due to the
presence of a magnetic spin reorientation transition (SRT). It is well known that the
magnetoelastic coupling can become significant near a SRT if the magnetic mode
of frequency wy that interacts with the sound is a soft mode leading to a coupling
coefficient ¢ = 1 at the transition. At the SRT, the equilibrium orientation of the
magnetization suddenly changes. For the considered Terfenol-D sample, the SRT
corresponds to Hexy = 2.56kOe. Close to the SRT, e.g., for Hey = 4kOe, for a
propagation along the external magnetic field direction, the phase velocity of the
transverse waves tends to zero.

On the other hand, when the propagation is perpendicular to the external field
direction, only the in plane transverse wave velocity shows a slight variation as a
function of the magnetic field amplitude. The difference between these two cases
arises from the existence of a dynamic dipole field created by the magnetoelastic
wave propagation. So the long-range dipole interaction can considerably weaken
the magnetoelastic coupling at the SRT for waves propagating in an arbitrary
direction.
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When the magnetic field is applied perpendicularly to the Terfenol-D rod axis, the
absolute band gap evolution displayed in Fig. 8.14 shows more important variations
than in the previously considered case where the magnetic field was along the rod
axis. This can be directly linked to the SRT described in the preceding part.
The calculations have been made for decreasing external magnetic field amplitude
down to 4 kOe, not too close to the SRT. Indeed, below and close to the SRT, the
used assumption of uniformly oriented magnetization becomes doubtful.

8.4 Applications of Tunable Phononic Crystals

We have seen how a sufficient, e.g., at least 10 %, level of tunability can be
introduced in the properties of 2-D phononic crystals. This tuning capability
opens the opportunity to design and create phononic crystal devices with new or
enhanced functionalities.

As mentioned in Chap. 1, some authors have demonstrated that the removal of
inclusions along some pathway in the phononic crystal produces acoustic
waveguides [32, 33]. Acoustic waves that would not propagate otherwise in a
phononic crystal can be guided with minimal loss along such waveguides. Low-
loss transmission can be achieved in linear waveguides as well as guides with sharp
bends. That opens possibilities for the design of devices allowing the filtering or the
demultiplexing of acoustic waves at the scale of the wavelength [34]. More
specifically it has been shown numerically and experimentally that such structures
manufactured at the micrometer scale behave as high Q micromechanical
resonators with high resonance frequencies and can be integrated in devices for
wireless communications and sensing applications [35]. Moreover some dispersion
curves in the band structure of a phononic crystal may present a negative curvature
i.e., the Poynting vector and the wave vector, associated to energy flux and phase
velocity are opposite in sign. This property may lead to the negative refraction
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of acoustic waves for frequencies falling in the frequency domain of the band
with negative curvature. Negative refraction allows for the focusing of acoustic
waves with a resolution lower than the diffraction limit [36] as well as for the
autocollimation of an acoustic beam [37].

Two examples of how tuning capability could improve the potentiality of such
waveguiding and negative refraction flat lens devices are now presented.

All the calculations presented in this section have been performed using the
Finite Element (FE) method to simulate the propagation of acoustic waves in the
designed phononic crystal devices.

8.4.1 Tunable and Reconfigurable Waveguides

The first application considered is the use of a 2-D magnetoacoustic tunable
phononic crystal to design a completely reconfigurable waveguiding device. The
building block of this system is a 7 by 10 array of 0.5 mm radius Terfenol-D
cylindrical rods embedded in an epoxy matrix, as shown in Fig. 8.15. A filling
factor of 0.6 is chosen in order to obtain a large band gap around 1 MHz when an
external static magnetic field of 20 kOe is applied along the rod axis, see Fig. 8.16a.
The 2-D phononic crystal is sandwiched between two homogeneous parts com-
posed of epoxy. To simulate infinite media, Perfectly Matched Layers (PMLs) are
implemented on the left and right sides of the calculation domain. Moreover,
periodic boundary conditions are used on the upper and lower sides.

As shown in Sect. 8.3.3, the band structure of the realized magnetoacoustic
phononic crystal can be tuned by changing the amplitude (or the direction) of the
applied external magnetic field. In the present configuration, when the amplitude of
the magnetic field applied along the rod axis, i.e., the Z axis, is reduced to 1 kOe,
then a transmission band appears in the gap near 1 MHz, as displayed in Fig. 8.16b.
In fact, the two modes, which constitute this transmission band, correspond to out
of plane transversely polarized modes.

We first consider a straight waveguide created by applying locally a static
magnetic field of 1 kOe (in place of 20 kOe) on one row of cylinders along the
propagation direction (X axis), as shown in Fig. 8.15. From an experimental point of
view, the external magnetic field can be applied locally on each cylinder using a
magnetic writing head. The length of the obtained waveguide is 10 periods and its
width is one period. A plane wave, containing components in the three directions,
with a frequency of 970 kHz is launched from the left side of the 2-D phononic
crystal. The obtained three components of the particle displacement u, u;, and u3
are displayed in Fig. 8.16c. This figure clearly demonstrates that only the out of
plane transversely polarized mode is transmitted through the waveguide.

Classically, waveguides are created in phononic crystal by removing one row
of inclusions. In order to understand the difference between the two kinds of
waveguide, the band structures for the waveguide modes along the I'X direction
are calculated with the FE method by defining a supercell of five periods in the
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Terfenol-D rods with H, = 20 kOe

Terfenol-D rods with H, = 1 kOe

Fig. 8.15 Structure of a linear waveguide created, in a square-lattice 2D phononic crystal, by
applying an external magnetic field of 1 kOe on one row of cylindrical Terfenol-D inclusions along
the X direction. The phononic crystal is constituted of cylindrical Terfenol-D rods of 0.5 mm
radius embedded in an epoxy matrix with a filling factor f = 0.6. The applied static magnetic field
is 20 kOe along the Z axis
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Fig. 8.16 Band structure of a square-lattice 2D phononic crystal constituted of cylindrical
Terfenol-D rods of 0.5 mm radius embedded in an epoxy matrix with a filling factor f = 0.6.
The applied static magnetic field is (a) 20 kOe and (b) 1 kOe along the Z axis. (¢) Three
components of the particle displacement of a plane wave with a frequency of 970 kHz impinging
on a square-lattice 2D phononic crystal containing a linear waveguide. Only the out of plane
transversely polarized mode is transmitted through the waveguide

Y direction, and reported in Fig. 8.17. In the case of a waveguide created by
applying locally a static magnetic field of 1 kOe, only two flat modes appear in
the band gap of the phononic crystal, leading to the emergence of a narrow passing
band. As it will be shown latter on, such flat modes can be used for multiplexing or
demultiplexing applications [34]. For a waveguide realized by removing one row of
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Fig. 8.17 (a) Band structure of a square-lattice 2D phononic crystal, containing a linear wave-
guide obtained by applying an external magnetic field of 1 kOe on one row of cylindrical Terfenol-
D inclusions along the X direction, performed by considering a supercell of 5 periods along the
Y direction. The phononic crystal is constituted of cylindrical Terfenol-D rods of 0.5 mm radius
embedded in an epoxy matrix with a filling factor f = 0.6. The applied static magnetic field is
20 kOe along the Z axis. (b) Band structure of a square-lattice 2D phononic crystal containing a
linear waveguide obtained by removing one row of cylindrical Terfenol-D inclusions along the
X direction. The calculation is performed by considering a supercell of 5 periods along the
Y direction

rods, see Fig. 8.17b, the number of modes appearing inside the band gap is
considerably higher than in the previous case. Generally, to decrease this number
of modes, the width of the waveguide needs to be reduced.

The signal transmitted along the waveguide is recorded at its end and integrated
along its width. The transmission is then calculated by normalizing this signal with
respect to the case where a homogeneous epoxy medium is considered. The
calculated transmission is displayed as a function of frequency in Fig. 8.18a. We
can observe full transmission of out of plane elastic waves for certain frequencies
within the phononic crystal stop band. Zooming on this passing band, as shown in
Fig. 8.18b, we can see oscillations of the transmission coefficient as a function
of frequency typical of phononic waveguide, induced by the roughness, with a
periodicity a, of the guide wall.

Now, if we apply the localized 1 kOe static magnetic field on a succession
of Terfenol-D rods forming a complex path, we can for example design a bent
waveguide, as shown in Fig. 8.19a. Calculating, as in the case of a straight
waveguide, the particle displacement induced by an impinging plane wave at a
frequency of 970 kHz, we can see that the wave follows the guide even in the sharp
corner (90°).
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Fig. 8.18 (a) Transmission through the waveguide of Fig. 8.17a for an out of plane transversely
polarized incident waves. (b) Zoom of the transmission in dB around the passing band introduced
by the linear guide for out of plane transversely polarized modes
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Fig. 8.19 (a) Structure of a square-lattice 2D phononic crystal, containing a bended waveguide
obtained by applying an external magnetic field of 1 kOe (blue rods) along the Z direction on
cylindrical Terfenol-D inclusions. The phononic crystal is constituted of cylindrical Terfenol-D
rods of 0.5 mm radius embedded in an epoxy matrix with a filling factor f = 0.6. The applied static

magnetic field is 20 kOe (red rods) along the Z axis. (b) Out of plane component u3 of the particle
displacement of a plane wave with a frequency of 970 kHz impinging on the waveguide
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With the same structure of Terfenol-D rods embedded in an epoxy matrix, we
can design a Y-shaped waveguide, as shown in Fig. 8.20a. The left part of the
waveguide contains cylinders of Terfenol-D with two different applied magnetic
fields along the Z direction: 1 kOe (blue rods) and 2 kOe (green rods). In the right
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Fig. 8.20 (a) Schematic of the Y-shaped waveguide. The left part of the waveguide contains
cylinders of Terfenol-D with two different applied magnetic fields along the Z direction: 1 kOe
(blue rods) and 2 kOe (green rods). The phononic crystal is constituted of cylindrical Terfenol-D
rods of 0.5 mm radius embedded in an epoxy matrix with a filling factor f = 0.6. The applied static
magnetic field is 20 kOe along the Z axis (red rods). Each branch of the Y contains one type of
cylinder. Representation of the out of plane component of the displacement field for the Y-shaped
waveguide at two frequencies of (b) 1,023 kHz, and (c) 960 kHz

part, each branch of the Y contains one type of cylinder. Applying a 2 kOe
magnetic field moves the passing band of the 2D-phononic crystal to higher
frequencies. As the passing band created in the band gap is sufficiently narrow
we can find frequencies moving from the passing band to the band gap, or
inversely, when the amplitude of the applied magnetic field is changed. The
plot of the out of plane component of the displacement field for the Y-shaped
waveguide is represented in Fig. 8.20 for two different frequencies: 1,023 kHz (b)
and 960 kHz (c). These spectra show that the superposed waves supported by the
mixed waveguide are separated and directed toward the two branches of the Y
junction. This system can be used as a demultiplexer or a multiplexer if used in the
reversed direction.

In conclusion, we have seen that an array of Terfenol-D arranged in a square
lattice and embedded in an epoxy matrix can be used as a reconfigurable device for
guiding, multiplexing, or demultiplexing acoustic waves.



276 O. Bou Matar et al.

a -..-.' b\ \ /
_." K4 = ==
o~ F3
5 TN A Rl
E\ 0.2 a :;\ 0.2 .ff
g L R P . ol
= Ii‘-. ;‘ \'\.:'
2 P 2 _ TAANR :
= 01 v ", = 01 i
0 ! 0 %y
I X M T I X M E
Sty M
4000t ¢ F V04 B V(45,0
— "‘! -f'/; t“ ".
'E “.v ”f'-., I\:&}&t(4ﬁx}/
el .’ '.' I " .“.
b PO M
— Loe / \ Yau
= / \
3 ] \
2 0 I ¥ .I _____ X
o \ I
Z | \ of
=z * “ N\ 2/ G
5 20001 %,
3 A 2
m c.’. " "'-
-4000 A

-4000  -2000 ] 2000 4000

Bloch wave vector k, (m')

Fig. 8.21 Acoustic band structure for a square-lattice two-dimensional phononic crystal consisted
of square solid rods rotated with an angle (a) 0 = 0° and (b) 6 = 45°, in air. The filling fraction
f = 0.5 and edge length d = 0.5 mm. (c) EFSs & space of air (solid) and the phononic crystal with
both 0 = 0° (dashed) and 0 = 45° (dotted) at 120 kHz. V, is the group velocity in the phononic
crystal

8.4.2 Tunable Negative Refraction Lenses

Due to emerging applications of negative refraction, such as the realization of flat
lenses and lenses with resolution beyond the diffraction limit, i.e., superlenses, it
becomes highly desirable to obtain some degrees of tunability in wave refraction.

We consider a square-lattice 2-D phononic crystal constituted of square solid
rods that can be rotated in air, as in Sect. 8.3.1. The filling fraction is f = 0.5 and the
square rods edge length is d = 0.5 mm. In such phononic crystal, the negative
refraction is realized without employing a negative index or a backward wave
effect, i.e., the phase and group velocities are not opposites, but is due to a negative
phononic “effective mass” effect [4, 38]. For the frequency 120 kHz, the equi-
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Fig. 8.22 Pressure field
generated at 120 kHz by a

point source placed at a . 9=0°
distance of @ from the left of
the phononic crystal slab. The
phononic crystal is .
constituted of square solid
"

rods in air with a filling
fraction f = 0.5 and edge
length = 0.5 mm. The angle
of rotation of the rods is

(a) 0 =0° and (b) 0 = 45°

frequency surfaces (EFS) obtained by the PWE method, for the two different angles
0 = 0° and 45°, are displayed in Fig. 8.21c. As explained in Chap. 4, the anisotropy
of EFS determines the refraction of acoustic waves at the interface between the air
and the phononic crystal. As shown in Fig. 8.21c, in the case of a phononic crystal
with surface normal oriented along the I' — M direction, when the rotation angle is
0 = 0°, the shape of the EFS is convex in the vicinity of the point I" with an outward-
pointing group velocity, V,(0°), leading to positive refraction. When 0 = 45°, the
shape of the EFS becomes square-like and centered at the point M. As shown in
Fig. 8.21c the group velocity, V,(45°) is inward-pointing to the point M. Therefore,
the refraction is negative for this angle of rotation. So, by rotating the rods from
0 = 0° to 45°, the refraction can be changed from positive to negative.

The acoustic band structures, calculated by the PWE method, are displayed in
Fig. 8.21a for 0 = 0° and Fig. 8.21b for § = 45°. As shown, for the larger angle of
rotation the first acoustic band is compressed, corresponding to an increase of the
anisotropy, and is generally well suited to the apparition of an all-angle negative
refraction (AANR) region [38]. Here, the required conditions for AANR effect
are obtained when the solid rods are rotated with an angle of 45°, in a frequency
range highlighted in Fig. 8.21b. From Fig. 8.21a, we can notice that the AANR
region is absent when the angle 0 = 0°, although the negative refraction region is
larger. A tunable acoustic superlens can be designed through such a tunable
AANR effect.

In this perspective, we consider a 6-layer square-lattice 2-D phononic slab as
shown in Fig. 8.22. The surface perpendicular to the phononic crystal slab is
oriented along the I' — M direction. The pressure fields generated at 120 kHz by
a point source placed at a distance equals to the lattice parameter from the left of the
phononic crystal slab calculated by an FE method for the two angles of rotation of
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the rods, 0 = 0° and 6 = 45°, are displayed in Fig. 8.22. It appears that when the
rods are rotated by an angle of 45°, a perfect image of the source is obtained, due to
the AANR effect. Now, when the angle 0 = 0° the image completely disappears.
Therefore, by rotating the solid rods composing the phononic crystal slab, the
superlens can be switched on/off.

All the described behaviors of refraction control of an acoustic wave in a square
rod phononic crystal have been verified experimentally by Feng et al. [4]. More-
over, similar results have been predicted by Yang et al. [10] for a tunable phononic
crystal made of dielectric elastomer cylindrical actuators.

8.5 Summary

We have shown that tunability of phononic crystal properties could be achieved by
changing their geometry or by varying the elastic characteristics of their constitu-
tive materials through application of external stimuli. Variation of the relative band
gap width of more than 50 % could be attained by the physical rotation of square
inclusions periodically positioned in air or by using an active material, such as a
ferroelectric or a magnetoacoustic material, as one of the constituent of the
phononic crystal. The introduction of an active material constituent opens the
possibility of easy controllability of the properties of a phononic crystal without
any physical contact. More specifically one can achieve additional functionalities
such as the switching of transmission in a defined frequency range, the control of
refraction properties, and the reconfiguration of waveguide and multiplexer.
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Chapter 9
Nanoscale Phononic Crystals and Structures

N. Swinteck, Pierre A. Deymier, K. Muralidharan, and R. Erdmann

Abstract The objective of this chapter is to explore advances in the development
of phononic crystals and phononic structures at the nanoscale. The downscaling of
phononic structures to nanometric dimensions requires an atomic treatment of the
constitutive materials. At the nanoscale, the propagation of phonons may not be
completely ballistic (wave-like) and nonlinear phenomena such as phonon—phonon
scattering occur. We apply second-order perturbation theory to a one-dimensional
anharmonic crystal to shed light on phonon self-interaction and three-phonon
scattering processes. We emphasize the competition between dispersion effects
induced by the structure, anharmonicity of the atomic bonds, and boundary scatter-
ing. These phenomena are illustrated by several examples of atomistic models of
nanoscale phononic structures simulated using the method of molecular dynamics
(MD). Special attention is also paid to size effects.

9.1 Introduction

Nanofabrication techniques can be used to structure matter in a way that affects the
propagation of phononic excitations such as high frequency (short wavelength)
thermal phonons. Modulating the thermal properties of materials by creating a
nanoscale composite structure is an approach that has been extensively studied in
the case of superlattices [1-3]. These stacks of nanoscale layers have been shown
experimentally and theoretically [4, 5] to impact thermal transport due to scattering
effects of phonons.
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While superlattices are actually one-dimensional phononic structures, only a few
studies have investigated 2D and 3D nanophononic structures. Most studies on
2D and 3D phononic crystals (PCs) have focused on macroscopic elastic systems.
However this large body of knowledge suggests a possibility of designing disper-
sive properties by downscaling PCs to nanodimensions to affect the propagation
characteristics of phonons with frequencies exceeding the THz range [6]. Recently,
Gillet et al. [7] have reported simulations of atomic-level phononic structures made
of three-dimensional lattices of Ge quantum dots in a Si matrix. They have shown
a decrease of the thermal conductivity by several orders of magnitude due to the
periodic structure of the system. Davis and Hussein [8] have considered three-
dimensional nanoscale phononic crystals formed from silicon and cubic voids of
vacuum. The voids are arranged on a simple cubic lattice with a lattice constant an
order of magnitude larger than that of the bulk crystalline silicon primitive cell.
This study showed that dispersion at the phononic crystal unit cell level plays a
noticeable role in determining the thermal conductivity and that boundary scatter-
ing can also be a dominant factor. Control of high-frequency thermal phonons via
structural periodicity requires preserving elastic Bragg scattering and is a signifi-
cant challenge because of the possible loss of phonon coherence due to inherent
inelastic scattering resulting from the anharmonicity of interatomic bonds. Band-
structure effects will be highest at low temperatures where there is less anharmonic
scattering [5] but one has to operate at often undesirably low temperatures [9]. For
applications at ambient temperature and phononic crystal dimensions that can be
fabricated with relative ease, the transition between Bragg- and inelastic-dominated
scattering depends on the characteristic length of the phononic crystal and the
Debye temperature of the constitutive material. This latter quantity relates directly
to the phonon coherence length. Two-dimensional materials such as graphene or
boron nitride (BN) sheets are therefore particularly suited for such applications due
to their high phonon coherence length. Atomistic computational methods have been
employed to shed light on the transport behavior of thermal phonons in models of
graphene antidot super-lattice structures composed of periodic arrays of holes [10].
The phonon lifetime and thermal conductivity as a function of the crystal filling
fraction and temperature were calculated in this study. These calculations indicated
coherent phononic effects even at room temperature.

The first section of this chapter focuses on the relationship between wave
interactions and dispersion in one-dimensional anharmonic crystals. This is done
using second-order pertubation theory as well as numerial simulations of molecular
dynamics (MD) models of nanoscale phononic systems. Details on the perturbation
theory approach are given for pedagogical reasons. Subsequent sections show that
coherent phononic effects due to period arrays of scatterers and/or asymmetric
scatterers are achievable in nanostructured two-dimensional high-Debye tempera-
ture materials such as graphene and BN sheets. Attention is also paid to the
competition between phonon—phonon scattering and boundary scattering.
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9.2 Anharmonic One-Dimensional Atomic Structures

9.2.1 Perturbation Theory of the Mono-Atomic
Anharmonic Crystal

In a harmonic crystal, the vibrational modes do not interact. Anharmonic
lattice dynamics methods have been applied to introduce phonon interactions in
three-dimensional crystals as perturbations to the harmonic solution [11-13].
Anharmonic forces lead to mode-dependent frequency shifts and introduce finite
phonon life-time (i.e., line-width). In this section, we consider the anharmonic one-
dimensional monoatomic crystal as a simple model to shed light on the effect of
nonlinear interatomic forces on the vibrational modes that this medium can support.
Amplitude-dependent self-interaction of a wave in a monoatomic and diatomic
chain of masses and springs with nonlinear cubic forces has been studied [14].
It was shown that the dispersion curves undergo frequency shifts dependent on the
amplitude of the wave. The interaction between two different waves in a nonlinear
monoatomic chain results in the formation of different dispersion branches that are
amplitude and frequency dependent [15]. Here, we employ second-order perturba-
tion theory based on multiple time scale analysis [16, 17] and provide a detailed
derivation of the anharmonic modes.

A schematic illustration of the 1D monoatomic crystal is shown in Fig. 9.1a. The
potential energy function detailing the interaction between neighboring masses in
the 1D crystal is shown in Fig. 9.1b. The parameter (¢) characterizes the strength of
nonlinearity in the springs connecting the masses. As ¢ increases in magnitude a
region of instability emerges in the potential energy function.

The equation of motion for the quadratically nonlinear monoatomic chain is
represented by (9.1):

d?u, (1)
dr

= ﬂ(”nJrl - 2”}1 + unfl) + 8|:(un+1 - un)z - (”n - un71)21|7 (91)

where m is mass, u,(t) is the displacement from equilibrium of the nth mass, f3 is
linear stiffness, and ¢ is a small parameter characterizing quadratic nonlinearity.
The time variable (¢) is replaced by a collection of variables T = (1o, 71, 72)
whereby: 10 =1, 1) = ¢t, T, = &°t. Under this condition, (9.1) becomes

d?u, (10,11, 7 €
% = wnz(uwrl — 2u, + Mn—l) +Z [(Mn+1 - 14;1)2 - (un - un—l)z 5

9.2)

where w,, = %



284 N. Swinteck et al.

a f = linear stiffness
£= quadratic non-linearity parameter
n-1 n n+1

b

0.20

0.15 1

0.10
= 0.05
=

0.00 |

-0.05 A

-0.10 : : y ¥

-1.0 -0.5 0.0 0.5 1.0

Ax (m)

Fig. 9.1 (a) Schematic representation of 1D crystal with linear stiffness 8 and quadratic nonline-
arity parameter ¢. (b) The potential energy function describing the 1D crystal

The dependent variable in (9.2), u,(7), is expressed as an asymptotic expansion
at multiple time scales:

1 (t) = u®(t) + eu'V (v) + e2u'? (t) + higher order terms 9.3)

With this (9.2) is decomposed into equations for each order of expansion of
&, namely, the following set of equations:

0(e")

n
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9.2.1.1 Self-Interaction

We first address the self-interaction of a vibrational mode, that is, the effect of the
lattice deformation on itself. To solve the ¢%-equation, a general solution of the
following form is proposed:

u%(ro, 11,72) = Ao(t1, 12) €T + Ag(1y, T2) e HMe 0 (9.4)
where
Ao(t1,12) = a1y, 1p) e P 172)
Ao(t1,12) = Ty, 7p) 7172

Ap(t;,72) is a complex quantity that permits slow time evolution of amplitude
and phase and o(ty,72) and ¢(t1,1,) are real-valued functions. Inserting (9.4)
into the ¢%-order equation yields the well-known dispersion relationship for the
harmonic system (9.5):

wo* = w, (2 — et —e ) = b [2 — 2cos(ka)) 9.5)

m

Equation (9.4) is now utilized in the &'-order equation to resolve the general
solution for uw. The ¢'-order equation is written as follows:

82u§,l)
8‘502

1 . . . oy . . _ .
+ Z [(612/«1 _ zelka + e ika _ e 12ka) (AOAOernae 2m070 __ A()A()e 12knael2worgﬂ

0Ag 4 Ay .. .
+ w,? <2u,<11) - uim - u£,121) = 2iwy L’?O glfnag—iwnto _ a—oe*‘k’“’e‘wm
T1 T1

It is assumed that the solution to the homogeneous equation of the &'-order
equation takes similar form to the general solution of the ¢°-order equation. Under
this assumption, terms on the RHS of the ¢'-order equation with functional form
el0% or e 710%™ contribute to secular behavior. These terms are eliminated by setting
them equal to zero. Accordingly, Ay and A, are considered to be independent
functions of ;. This modifies the form of the general solution to the ¢’-equation:
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un0(>3 (707 T2) — Ay (,52) eiknaefiworg + AO(TZ) efiknaeiwgr(), (9.6)

where

Ao(12) = a(1)e ¥
Ap(12) = a(1s) &™)
The homogeneous solution to the &¢'-order equation takes the following form:
ui}},(‘co, 12) = Bo(12)e"™ e ™ 4 By (t,)e Kneienm 9.7
The particular solution to the ¢'-order equation is of the form:
ufil),(ro, 1) = Co(t2)e e 20 4 Cy(1)e g2 (9.8)
Inserting (9.8) into the &'-order equation and relating like terms reveals
relationships for the exponential pre-factors Co(t2) and Cy(t2). Equation (9.8)

becomes

2i(sin(2ka) —2sin (ka)

(1) _ ) An2ei2knag—i2ooto _ g 2o ~i2knagi2ooto
(%0 %2) = G cos) — 42 —2cos (k) L0 € L

The general solution to the ¢'-order equation is a sum of the homogeneous (un H)
and particular solutions (un P)

u}('l% (‘COa ‘52) = B()eiknaeiiw“‘[0 + B_O e*iknaeiwo‘rg

2i(sin (2ka) — 2sin (ka))
2~ 2c0s (2ka)) — 42 — 205 (k)
X [AvoeianaefiZUJoro _ AOA_Oefianaeingro]

_|_

The values for By and By are found from initial conditions. With the general
solutions to the e’ quuation and the &'-equation, the ¢*-order equation is developed.
Inserting ut G ) and un ¢ 1nto the ¢*-order equation, utilizing the expressions foer(rz)
and Ao(rz) and noting that u£ ) and us, ) are independent functions of 7|, the ¢%-order
equation is written as
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The homogeneous solution to the ¢*-order equation is similar in form to the
general solution of the £’-equation and the homogeneous solution of the &'-equation.
Accordingly, terms on the RHS of the ¢*-order equation with functional form e®0®
ore~10% contribute to secular behavior and must be eliminated. Setting exponential
pre-factors equal to zero yields the following relationships for o(t;) and (73):

o(t2) = o 9.9

@ 4(sin(2ka) — 2 sin(ka))*
wofm (2 — 2cos(2ka)) — 4(2 — 2 cos(ka))

@(12) = T2 + Yo, (9.10)

where o and ¢ are constants determined from initial plane wave conditions. The
general solution to the so-equation [(9.6)] is considered again with (9.9) and (9.10)
utilized in expressions for Ay and Ag. Here, the constant ¢, can be set equal to zero
without loss of generality.

) , o 4(sin(2ka)—2 sin(ka))*
%) (10,12) = o€ kna={ @0 =50 fm * [T Zcos(2ka)) 42 —2cos(ka)) ) 0

‘(k ( b 02 4(sin(2ka)—2 sin(ka))? ) )
+OC()871 na=\ @o=E0Bm ~ (2—2cos(2ka))—4(2—2 cos(ka)) )

This result shows that the Oth order term in the asymptotic expansion of u, shows
the harmonic dispersion curve to be shifted by a quantity that has quadratic
dependence on the strength of the nonlinearity parameter .

9.2.1.2 Three-Wave Interactions

Here we consider the interaction between three waves with different wave vectors
and frequencies. The analysis begins with the equation of motion [(9.1)] from the
single-wave dispersion analysis. The displacement of the nth mass is represented by
a superposition of wave modes each with a unique, time and wave vector-dependent
amplitude factor [(9.11)]:
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un(t) = Ak, 1)e"™ (9.11)

k

Here we use a discrete summation over the wave numbers instead of an integral
over a continuum of wave vectors. This is done to help the reader to conceptualize
the interactions between specific phonons and to facilitate the comparison with the
MD models presented subsequently. Indeed, MD simulations are limited to finite
size systems for which the phonon modes do not form a continuum but a discrete set
of possible wave vectors. Inserting (9.11) into the equation of motion for the 1D
monoatomic crystal yields a modified equation of motion [(9.12)].

:_4BZA kl 1kna < >

Z ZA k/ k// k’+k”)naf(k/’ku) 7

k' k"

(9.12)

where f (K, k") = —8isin(£2)sin (£2)sin (("J*zk”)“). Equation (9.12) is multiplied by
e F'na and a summation over all n masses is imposed. This procedure selects the

mode k*as reference wave vector. With wﬁ = %ﬁ , (9.12) becomes

d*A(k* k* ~
% + oopsin? ({)A(k*, =23 ST AR DAK OF (K K)o i
t m k/ k//
(9.13)

O+ j+ imposes the wave vector conservation rule k* = k' + k" + mG where m
is an integer and G is a reciprocal lattice vector of the periodic structure. We do not
label G in the delta function for the sake of simplicity of the notation. For m = 0,
one has the so-called normal three phonon scattering process. The case of m # 0
corresponds to umklapp processes where k' + k” is located outside the first
Brillouin zone. In (9.13), the variable 7 is introduced, where T = w,t. Single time
variables (t) are replaced by a collection of variables © = (1, 71, 7o) Whereby:
To =1, T = &1, T, = &1. Additionally, A", 1) is replaced by an asymptotic
expansion whereby:

A(k* 1) = Ag(k*, 1) + €A (K, ) + e* Ay (K", 1)
A(K* 70,71, 72) = Ag(k*, 70,71, T2) + €A1 (K", 70, T1, T2) + €7 A2 (K", 70,71, T2)
With these considerations, (9.13) is separated into expressions at order ¢°, &',

and &%
0(&"):

PA(k*, o (K
Oa(TT)‘L sm2< 2“>A0(k*,f) =0
0

O(eh):
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2A * 2A * *
0°A (k ,r)+28 ok ’T)—i—sinz(k a)Al(k*,r)

813 (9’618‘[0 2
a)2 SN FK K)o ke [Ao (K 1) Ao (K", 7)]
/ k/l
O(ez):
0*Ay(k*, 1) %A, (k" T) P*Ao(k* 1) PAo(k*,T) . ,(ka .
613 +2 011079 +2 012,070 + 81% +sin <T)A2(k '7)

wz SO FK K Spw w (Ao (K, )AL (K, T) + AL (K, 1) A (K, )]

k/ k//
To solve the £’-equation, a general solution of the following form is proposed:
Ag(K*, 0,71, 72) = ag(k*, 71, 72)e 0™ 4 g (k*, 71, 12)e 0 (9.14)

Inserting . 14) into the &"-equation offers the expected relationship between wy
and k*:}? = sin ( ) Inserting (9.14) into the ¢'-equation offers an expression to
solve for A, (k",7). After rearranging and utilizing the following definitions

Ao(k’, 0,71, ‘Ez) _ ao(k/, 1, _Ez)eim’oro + ﬁo(k/, 1, T2>e—im’oro

" " i ot - " —iw" ot
Ao(k", 70,71, 12) = ao(k", 71, 12)e™ O 4 ap(k", 71, 12)e ™ 0%

1 .
the ¢ -equation becomes

ALK, T) Oaj o ...
) 24 (K —92i 0 iogrg _ 270 L—iogto
812 + ('00 1( ) ) lw() 8 7 . © 8‘51 €
+ . Z Zf k/ 5k’+k”k [aoage1(w 0+o"0)t0 + dl // 1((00 "9)70
ma)

k' k"

7dle” 7adle
+a0a 1((1)0 (&) ())‘L’o +a a 1({1)0+(D0)TU]

where terms like ag,ap,d” ... etc.are compact representations for ao(k*,11,72),
ao(K',t1,72),a0(k",71,72) .. .etc. A homogeneous solution to the &'-equation is
proposed:

A (K, 70,72) = a1 (K*,12)e 0™ + @y (K, 12)e 0™ = a0 +a* e ™ (9.15)

The forcing terms on the right hand side (RHS) of the ¢'-equation with functional
form el“0% or e 0% contribute to secular behavior. These terms must be eliminated
such that the final representation of A(k", 7) is well behaved (e.g.contains no terms
that temporally grow without bound). These terms are set to zero by making ap and dg



290 N. Swinteck et al.

functions of k" and 7, only. With this stipulation, an appropriate form of the
particular solution to the &'-equation is:

A p(k*,7) aﬂ Z Zf K K)ok g

k' k"

~ [blel o'o+a"0)10 + b_le—i((/)’o+(u"0)ro + clei(u)’o—w"o)r@ + C—_le—i(m’o—w”o)zo
(9.16)

The exponential pre-factors by, by, ¢, ¢ have dependency on k', k", 12, w}, ),
(. Substituting (9.16) into the ¢'-equation and relating like terms reveals the
exponential pre-factors: by, by, cy, ¢

by — ao(kl ‘Eg)ao(k” ‘L'g) I; . ao(k/,fz)éo(k//,fz)
1 w(*)z (COIO + ' )2 0)(*)2 (U)/O +w//0)2

i ao(K',t2)ao(k",t2)  ao(k',t2)ao(k”,t2)
a=—3 / n \27 a=— / )2
oy — (0o — ') o — (0o — ')

In the long wavelength limit, angular frequency has nearly linear dependence on
wave vector. In considering the stipulated wave vector relationship inside the double
summation in (9.16), (k' + k" = k*), it is conceivable that wo (k") + wo (k") = wo(k*)
or wo(k') — wo(k") = wo(k*) . In this instance, the denominator terms in the
expressions for by, by, c1,& will go to zero. To avoid this complication, following
the procedure stipulated by Khoo et al. [17], a small imaginary part ¢ is introduced in
the denominator. At the final result of the calculation a limit will be taken asp — 0. The
general solution to the &'-equation is a sum of the homogeneous and particular
solutions:

_ 1
A (k T(),T2) a*em)OTO +a*e le‘Eo +— ) E E ] (k,akll)ék’+k/’,k*
mCU” Kk
anag . ayag ayag
X |: 0*0 el((u'0+(/) 0)70 42070 0“0 —1(w 0+w"0)t0 42070 0% el(w’o—(/)”o)ro

g1 gl g2

1 n
+a0a0 l(u)/()(l),/0>70:|, (917)
8

where ¢ = o — (0 + o) +ip; g3 = 0F — (0 — p)* +iyp

The &*-equation is reduced to the followmg expressions because Ay(k ,7) and
A (k" 1) are independent of 7;:
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%Ay (k*, 0,71, T2)

*2 *
+ c0() Az(k ;705 T1, TZ)

o7}
., O0ag(k*,12) aao(k rz) e
= it —— =/ lworo 2iw iy o
"o oty e 01,
ma? Z Zf (K, K" )Opr w0 1 [A0 (K, 70, T2) AL (K, 0, T2)
k/ k//

+A; (k'7 10, 2)Ao (K", 70, 72)]

As before, the solution to the homogeneous equation of the ¢*-equation is of
the form:

Ay (K70, 12) = az (K, 12)e 0% + @y (k*, 15)e 5%

Terms on the RHS of the &*-equation with functional form e'®0® or e i
contribute to secular behavior. Using equations (9.14) and (9.17) to develop the
RHS of the ¢*-equation gives (9.18):

0?Ay(k*, 19,11, T
2K, 70, 2)+w0Az(k 70,71, 72)

2
g
*
_ —2l(06 8a0(k ”52) m) 070 +2iw 8(10(/( ’Ez) e—iw;‘)‘r(.
6r 8‘[2
/ i(w'o40"g)t0 (u;’ofw”)ro
.2 K K)ok g (doa” @ +doa’ e 0
Wy,

I k//
+ a/Oallle—i(w o—w(’;>ro + C—lloa//lefi(wfowLw//o)ro)

— 2 : § :f k/ 5]{[ i (Cl Oa el(w "0+'0)70 _|_aNOﬁ/lei(w”o—w'o)‘co
Wy

K k"

+ d'paye om0 4 ghale

ma)2 Z Zf (K' k") O ar e % Z Zf ki, k2) Ok, 4iey

1l 1(w”o+w’g)rg)

/ k// | kz
(1) (2) 1 =(1) =
Adopdy "4y ei((uél)+méz)+w’0)rg+aO ay - 4y e—i(w(()l)-&-wéz)—(/)’U)zo
" "
81 81

ahalVa? . w_ o aal a? m_,@
0 0” 0 ei(wU —+0'0)T0 + 0% “o e—i((u(J —w,” —'0)T0
8 82
— (1) (2) ~(1) =(2)
aOaOH ay ei((k)(()l)+(/)(()2)—(1)/0)‘t() +Cl0 ady " dy e—i(wél)eréz)
81 g"

aalVa? . w_ o aal at? m_, @
0% “o ei(‘“u —wg 7w’0)10_’_ 0“0 “o e —i(wy '~y 4+0'0)t0

1 1
8 8

+'o)To



292 N. Swinteck et al.

1 .
+ ma? Z Zf(kl,k2)5k1+kz,k'

ky ko

(1 () (1) =(2)

" 1 =(1) =
ap dy "y ei(w((]l)er((]2> +a" )70 + apdy 4 efi(w(()lhrw(()z)fw”o)ro
/ /
81 81
n (1) ~(2) n=(1) (2)
aydy "4y ei((ug])*w82)+w”0>‘to +aoao ay efi(mél)7(111()2)7(0”0)10
/ /
) L)
_n (1) (2) _in =(1) ~(2)
aOaO/ ay ei(wg”ergz)fw”g)ro + aOaO/ ay efi(w((]l)ﬂo((]z)ﬂu”o)m
81 &1
i (1) =(2) —n=(1) (2)
apdy "y ei((/)(()l)*(/)((f)*w”o)f[) +a0a0 ay efi(w(()l)fw(()z)+w”g)rg

g 8
(9.18)
There is notable similarity between the terms on the RHS of the ¢'-equation that
was solved to yield (9.17) and the third and fourth terms on the RHS of (9.18).
These terms are treated with the same procedure as that used for the &'-equation.
Accordingly, they will not contribute to secular terms.
The objective is to identify terms in the &*-equation with el®0™ or e i
dependency. This will be done by systematically evaluating all wave vector pairs
{ki1, k2 } that satisfy the wave vector constraints stipulated by (9.18). Specifically,

Okt 4 1 ke Ok b — K+ ey + kg = &
Ok 1 ke Ok thp b — Ky ke = K

If a certain pair of wave vectors satisfies the above-mentioned wave vector
constraints, then an analysis will be carried through to see if these wave vectors
give rise to terms with e/“0™ or e o™ dependence. As before, terms with /o™ or
e 5% dependence will be removed.

In (9.18), inside the summation over K, k”, there are two summations over k1, k.
For the first summation over &y, k, , two conditions must be met: (1) k' + k" = k*
and (2) ky + k, = k.

The only possible combinations for k1, k, that give wave vector relationships that
are compatible with d 4 s are shown as Condition A and Condition B:

Condition A : ki = —k',ky = Kand — k' + k" = k"
ConditionB : ky = k*,ky = —k/,and k&* — k' = k"

Now that wave vector constraints are satisfied, an analysis is carried out to see if
any terms with €'“0% or e 0™ dependence arise in the first summation over ki, k5.
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The following frequency relationships are present in the first summation over &y, k»
in (9.18):
M. 0y + o + vl

(D). o)) + oY — o),
(iii). a)(()l) - w(()z) +
M _ 0

@iv). wy’ — wy’ — wly
Applying Condition A to these frequency relationships show two relationships
that offer terms with e/0™ or e 0™ dependence:

*

Condition A : ky = —k — ) = o} andk, = k* — o) = )}

Applying Condition A to frequency relationships leads to:

@). w(()l) + a)[()z) + o — 0y + of + vy = of + 2w

) (2)

. 1

(11).a)(() + oy — oy — o)+ o) — oy = o)

1 2

(iii). wé)7w8)+wgﬂw67w3+w6:7w8+2w6
. 1 2
(1v).w(())—w(())—w6—>w6—w8—w6:—w3

As a result, with Condition A, the following terms in the first summation over
k1, ky contribute to secular terms:

/(1) =(2) R R

dodo_do_ -i(o +of) ~'0) — 90%0% ~i(s+oi-ol)n — %990 ~i(w;)w
" 1" "
81 81 81
= (1) (2) , 11 % 11 %
apdy 4y i(wgl)wLwé“)fu)’o)m — aydyay i(w'o+of—w'o)to — apdyay i(wg)to
" 1" "
81 81 81
;1) () P o s r =(1) (2)
apay "dy *i(wél)*w((f)*w/n)‘[() _ apapdy efi(w’ofw(*]fw’g)ro — apay "4y ei(w(*])rg
" " "
8 8 82
—r (1) (2) 1k —r (1) =(2)
Apdy Ay ei(wél)—wéz)—(u’o)ro — apdpdy ei((u’o—w(*)—w'o)ro — apdy Ay e—i(w(*))ro
" " "
8§ 8§ 8

Applying Condition B to these frequency relationships show two different
relationships that offer terms with e/s™ or e o™ dependence:

Condition B : k; = k* — a)(()l) =i ky = K — o? — )

Applying Condition B to frequency relationships leads to:
D). 0y’ + oy’ + 0y — of + oy + 0y = of + 2

. 1 2
(11).a)8)+w(<))—w6—>wf§+w’0—w’0:w3
sy (1) 2) / / I
(iii). wy ' — wy’ + wy — w5 — wy + Wy = g

; (1) 2) / " / I ok /
(iv). 0y’ — wy’ — wy — W — wy — Wy = Wy — 2wy
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As a result, with Condition B, the following terms in the first summation over
k1, ky contribute to secular terms:

r =(1) =(2) e Jp——

apdy “dy 7i(w(()”+w(<)2>fw’o)ro _ andod 7i(w6+w’ofw’g)‘co _ andopd 71(0)5)1'0
1 7 7
8" 81 81
—r (1) (2) 1k ) S
oo "y~ (o +ol ~woy _ %0%%0 i(wpt+a’s—alo)re _ D0%0%0 i)
7" n 1
8" 81 81

(1) ~(2)

/ = Ik =1 !k =
dpdy "4y ei(wg‘ng%rw'o)m — %% % i(wj-o'o+olo) — %% Gi(wy)n

7 " "
4] L) 8
— =(1) (2) o 1
G Ay i)~ +ag)r _ Q09090 —i(wj-o'oto’o)n _ %0 ,—i(w))t
" 7 "
82 82 82

For the second summation over ki, k; , two conditions must be met:

(1) k/ +k/l = k*

Q) ki +hk =k

The only possible combinations for k1, k, that give wave vector relationships that
are compatible with d; 4 4+ are shown as Condition C and Condition D:

Condition C: ky = —k",ky = kx,and — k" + kx = k'
Condition D : ky = k*, ky = —k", andk* — k" =k

Now that wave vector constraints are satisfied, an analysis is carried out to see
if any terms with ¢/“0™ or e~0* dependency arise in the second summation over
ki, ky. The following frequency relationships are present in the second summation
over ky, ky in (9.18):

). wol + wéa + g

(vi). w(()l) + w(()z) — g
v_ cu(<)2> + w;)

(viii). o)) — o) — o

Applying Condition C to these frequency relationships show two relationships
that offer terms with e'“0™ or e 0™ dependence:

(vii). o)

Condition C: ky = —k" — o)) =} and ky =k* — 0} = o}

Applying Condition C to frequency relationships leads to
). a)f)l) + a)(()z) + oy — o + of + o) = of + 2wg
(vi). cof)1> + w(()z) — oy — wf + of — ) = ]
)—w(<)2>+w6’—>w6’—w(’§+wg: —f + 2w

(1) (2) " " X o *
(viil). oy’ — oy’ — wy — Wy — Wy — Wy = —wyg

(vii). o)
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As aresult, with Condition C, the following terms in the second summation over
k1, ky contribute to secular terms:

n=(1) ~(2) 1 =1 =% =i =

%
Apdy 4y e—i((u(()l)+(u(()2)—w”o)rg — dpdpdy e—i((u//(]-‘—(l)s—u)”g)fo — apdydy e—i((ua)ro

/ / /
81 81 81
i (1) (2) i 1 % 1
apdy 4y ei(wf)l)+wf)2)—w”0)ro _ apanay ei(w”g+w;§—w”g)ro — apapdy ei(wg)rg
/ / /
81 81 &
n=(1) (2) "ok I
dpay ag —i(wél)—wéz)—w”o)ro _ Aoy e—i(w”o—uzg—w”o)ro _ apdpag ei(a)g)ro
/ / /
) 1) )

_n (1) =(2) Ty 11 =
apdy "4y ei(wél)fwéz)fw”g)ro _ ayana, ei(w”ofw(*rw"o)‘ro _ dyayay efi(wg)rg

g» g» g

Applying Condition D to these frequency relationships show two different
relationships that offer terms with e/s™ or e 716%™ dependence:

Condition D : k; = k* — wél) = wgand k, = —k" — w(()z) = wp

Applying Condition D to frequency relationships leads to
). a)él) + a)(()2> + oy — of + oj + o = of + 2wg

. 1 2 ) w! = w
(VI). C7< ) :)( ) :}// :;* 4 /! *
.. 1 2
(vii). (1)0( ) (1)0< ) + w’o’ — Wy — (1)'0/ + wO” = wyg

(viii). wél) - w(()2> — oy — of —wy — oy =i —2w;
As aresult, with Condition D, the following terms in the second summation over
k1, ky contribute to secular terms:

n=(1) ~(2) 1 =k =11 1 =% =11
dpdy 4y e—i((})(()l)+(1)(()2)—(1)”())'[0 — dpdpay e—i((z)[*)+(z)”0—(1)"0)ro _ apdpay e—i((u(*])ro
/ / /
81 g1 81
_n (1) (2) 1k I 1 % 1
a0a0/ ay ei(wél)-o—wéz)—w”o)ro — aOaIOaO ei(w(*)-&-w”o—w”g)ru — aoa,OaO ei(wg)rg
8 81 81
n (1) -(2) "ok =1 "k =i
aoao/ A i(of —of) +o')0 _ aoaloao ei(@5=0"0+0"0)n _ aoaloao ei(@)70
82 ) 82
—n (1) (2) T 11 =%

1 !
dodo o ~i(o) o +0" )0 — 90%0% -i(wj-o"o+e")n — %90 ,—i(w;)

; =

82 g g
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In assuming that terms [ag(k), a@o(k'), ao(—k"), ao(—k'), ..., etc.]in (9.18) behave
as follows:

ao(k/, 7-'2) = ay (k’, O)eiﬁ(k/)fz
ao(K,12) = ao(K', 0)e #*)e
oK' 52) = K, O)H

ao(—k',12) = d@o(—K,0)e~F e

etc.
Additionally,

Cl()(k/, 0) = Cl()(—k/, 0)
ao(k/, O) = ao(—k/, 0)
B(K') = B(—K')
Equation (9.18) can be rewritten in the form of (9.19):

O?As (K, 70,71, 72)
ot}

. 4w Oag(k*,t y ; ,
:{—2zw0(’§)h2)+ao(k,0) ik < > SO FK KNS i

k' k"

*2 *
+ Wi Ay (K", 10, T1,T2)

1 1
X {Zf(—k/, k)01 grao(k', 0)ao(k', 0) [87 +87]
1 2

1 1 ‘o
+2f~(_k//’ k*)éfk”+k*,k/a0 (k”, O)d()(k”, 0) |:g/ + g/:| :| }el())ofn
1 2

day (k* - 1)°
+ {21(/03 ao( 71’-2) _’_&O(k*,o)e*lﬁ(k )Tz( )

2
01y me?

XN F KK a0 [2F (<K K)o e wrao (K, 0)ao (K, 0)
k/ k//

X {i +L} + 2f (=K k*)0 g4 wao (K, 0)ao (K", 0) FJFLH }eiwéfo
81 &2 ' g &>

i95% or 710%™ dependence (9.19)

+ other terms which will not givee

The terms in front of e/s™ and e ~0™ are set to zero. This is shown by equations
(9.20) and (9.21):
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* ip(k*)t 1 ?
ao(k*,0)elf ) <mw%> Z Z

k' k"

T K)o e [Zf(—k/> k)04 grao (K, 0)ao (K, 0)

11 . 11
X |:E +E:| —|—2f(—k”, k )5_1(//_,_1(*’/(/(10(](”, 0) (k” 0) |:g l + g—/2:|:|

= 2w Bk )ap(k*,0)eP* )%
(9.20)

2
ao(k*,0)e P (mi)%> Z Z

k! k!l
FOK K" op i g [2f (=K', K)o grao (K, 0)ao (K, 0)
1 1 . _ 1 1
X |:g”1 +g”2:| -+ Q,f(—k”, k )5_1(//4_/(*’/(/610(/(”, O)a()(k”, 0) |:g/1 + g/2:| ]
= =205 B (k" )ao k", 0)e™
9.21)
From (9.20) and (9.21), the same expression for f* results [(9.22)]:
Bk = (mw2> Z kZ
FK KO p g [2 (=K k) S _posae oo (K, 0)aig (K, 0)
1 1 . _ 1 1
X L’/\ +g,,j + 2f (—k" k)0 g4 wrao (K", 0)ao (K", 0) {, + ,H

g1 82
(9.22)

Recall that ¢ appears in the terms containing g7, g5, &}, g5 The limit of (9.22) is
taken as o — 0. The following definition is utilized [17]:

. 1 1 .
i i) (‘) | F i)

where pp denotes principle part. The real and imaginary parts of (9.22) are shown as
(9.23) and (9.24), respectively.
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. —64 (1 \° L (Ka\ ., (K'a\ . ,[(ka
Re(f") = A = - <mwﬁ> Zk, Zk,, sin <2> sin (2> sin ( 2 )

070 2 % 2 2 « 2
" = (@ + of) pp oy — (@ — of) pp

(9.23)
Im(f) = T R 1 ZZ S i Ka\ . ,(kK'a\ . ,(k'a
m =T = — sin? [ — ) sin? [ — ] sin
T oy \mo? K Lk 2 2 2
a/ a/ a,/é//
x {5(w8+w6+wg)[2)go 2)60} — (o) + oy — o)
agd, apdy and, ayag
[wu— "y + 0 (wp — oy + o) o ol
0 0 0 0
. aydy agag

In the above expressions for the real and imaginary parts of f*
(16(7(,) = (10(/(’, O)ao(k/, O)
aga" = ao(k”,0)aog(k",0)

From here, the general solution to the £’-equation [(9.14)] is considered with the
new found results for ag(k*, t2) and ao(k*, 72) :

ao(k*,12) = ag(k*,0)e!P*)w
ao(k*,12) = ao(k*,0)e #k )=
Equation (9.14) is written as follows:
Ao(k*, 10, 72) = ag(k*, 12)el0™ 4 Go(k*, 75)e 0%

Utilizing the new found results for ag(k*,t,) and ao(k*,t,), one arrives at the
following expression:

Ao(k*,t0,72) = ao(k”, O)ei(“’STOJf/‘(k*)“) + ao(k, O)C_i(‘ugf”ﬁ(k*)fz)
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Writing the above expression strictly in terms of 7o, where 7, = &21( gives the
following representation for Ag(k*, 7o)

Ao(k*, o) = ao (K", O)Gi(waf“ﬂzﬂ(l{*)m) + do(k*,O)e’i(‘*’ﬂf““zﬁ(’{*)f“)

p* is expressed in terms of its real and imaginary parts to yield the final
representation for Ag(k*, 79):

(k") = Ap + il
A()(k*7 TO) = ap (k*, O)ei(u)670+32(Ak* +1'Fk*)ro) + a (k*, O)efi(w(’j‘foJrsz(Ak* +il"k*)‘rg)

A()(k*7 TO) — ao(k*, O)ei((wsJ’EzA“)To)efgzrk*fo

+a (k*, O)e*i((wsJﬂizAk* )ro)eazl"k* 70 (925)

Three-wave interaction leads therefore to an additional frequency shift propor-
tional to the square of the strength of the nonlinearity. Moreover, three-wave
interaction leads to a damping of each wave, that is, a finite lifetime. This result
is the classical mechanics equivalent of that reported within the framework of
quantum mechanics [11-13, 17].

9.2.2 Molecular Dynamics Simulation and Spectral Energy
Density Approach

In this section we shed additional light on the three phonon scattering processes in
one-dimensional anharmonic crystals using the numerical method of MD. MD is a
simulation technique for computing the thermodynamic as well as kinetic
properties of a classical many-body system [18]. Classical MD methods consist
of solving numerically Newton’s equations of motion of a collection of N
interacting particles or atoms. The most critical component of an MD simulation
is the interatomic potential from which interatomic forces may be derived. The
equation of motion of each individual atom is solved numerically in time to obtain
the trajectories of the system, namely, the time evolution of the positions and
momenta of every particle. In some systems the computational task of solving the
equations of motion scales at best linearly with the number of particles, N, and more
generally as N?. Periodic boundary conditions (PBC) are often used to reduce the
computational problem size. PBC consist of repeating periodically in all directions
of space a “small” simulation cell. One allows interaction between the N atoms
within the simulation cell and also between atoms inside the simulation cell and
atoms in the periodically repeated “image” cells. Interactions are cut-off to less than
half the minimum characteristic length of the simulation cell to avoid spurious
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effects such as interaction of an atom with its own image. This method effectively
reduces the effects that may be associated with surfaces associated with a finite size
system. However, while trying to mimic the behavior of an infinite system, the
simulated system still possesses the characteristics of a finite system. For instance,
the finiteness of an MD system with PBC leads to a discretization of the phonon
modes and a suppression of the modes with wavelength longer than the simulation
cell length. This is easily seen by considering a 1D monoatomic system composed
of N atoms interacting via a nearest neighbor harmonic (or anharmonic) potential.
In this case, imposing PBC leads to atom N interacting with atom 1 thus forming a
ring. Modes with wavelengths exceeding the length L = Na, where a is the
interatomic spacing, are not compatible with the constraint of the ring geometry
and cannot be supported by that structure. The finite number of modes will also
impact the number of three phonon interactions that may take place in a finite
simulation cell. The discrete phonon modes may not allow the requirement of
frequency conservation. These points will be illustrated with numerical simulations
of the 1D anharmonic monoatomic crystal.

For the present discussion, the equation of motion [(9.1)] for a toy system is
integrated by MD techniques with PBC using the velocity Verlet algorithm under
the microcanonical ensemble (constant energy)[18]. This scheme ensures that
energy is conserved within 0.5%. Harmonic MD simulations of the 1D monoatomic
crystal utilize f = 1.0 N/m and & = 0.0 N/m? whereas anharmonic simulations
utilize f = 1.0 N/m and ¢ = [0.9—3.7] N/m?. The 1D crystal consists of a chain of
1.0 kg masses spaced periodically 1.0 meter apart. These parameters can be easily
scaled down to represent an atomic system. To initiate a simulation, every mass in
the MD simulation cell is randomly displaced from its equilibrium position. The
maximum value in which a mass can be displaced is constrained such that
instabilities do not emerge in the potential energy function. MD simulations are
run for 2°! time steps with a timestep of 0.01 s. For post-processing spectral energy
density (SED) calculations, velocity data is collected for each mass in the simula-
tion cell over the entire simulation time.

The SED method is a technique for predicting phonon dispersion relations and
lifetimes from the atomic velocities of the particles in a crystal generated by
classical MD [19]. The SED method offers a comprehensive description of phonon
properties because individual phonon modes can be isolated for analysis and is
computationally affordable for the systems that will be examined in this section.
Formally, the expression for SED is written as follows:

2

Myy.z

7o
(k) = : > im” J ZN:V« Mese 1) s el T0 -0 gy
’ dntoN < - b’
0

where 7 represents the length of time over which velocity data is collected from a

given MD simulation, N is the total number of unit cells represented in the MD
Mxyz
b

simulation, and va(
cell n,, ;) in the a-direction. For a specified wave vector (1;), the spectrum relating

;t) represents the velocity of atom b (of mass », in unit
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SED to frequency is found by adding the square of the absolute value of the Fourier
N

T e
transform of the discrete temporal signalf(¢) = >_ v, (n‘bV ; t) x e®70) for every

[0, b] pair. A SED value represents the averagezl'%inetic energy per unit cell as a
function of wave vector and frequency. A peak in the spectrum relating SED to
frequency signifies a vibrational eigenmode for wave vector (Ig). The shape of the
frequency spread for eigenmode (k) is represented with the Lorentzian function:

- 1
o) = o—oy

}2

where [ is the peak magnitude, w.is the frequency at the center of the peak, and y is
the half-width at half-maximum. The lifetime for phonon mode (/E') is defined as
7 = 1/2y[19]. Nondegenerate wave vector modes are dependent on the size of the
MD simulation cell and are written as follows: k; = 27n; /aN;, where a is the lattice
constant, NV; is the total number of unit cells in the i-direction, and #; is an integer
ranging from —N+1 to N;. The robust nature of the SED method is used to quantify
specific phonon modes in several configurations of the 1D anharmonic crystal in the
following subsections.

9.2.3 One-Dimensional Anharmonic Monoatomic Crystal

To begin with, the band structure generated by the SED method is shown for the 1D
harmonic monoatomic crystal (Fig. 9.2). Figure 9.2 shows contours of constant
SED over the wave vector-frequency plane.

There are 101 discrete, nondegenerate wave vectors resolved between the center
of the irreducible Brillouin Zone and the zone edge at & = n/a. In the band
structure, there is a nearly linear region that accounts for the propagative
characteristics of long wavelength excitations in the 1D harmonic crystal. At larger
wave vector values, a departure from the linear behavior is apparent and the phase
velocity of propagative phonon modes is markedly different from the group veloc-
ity. This is similar to the expected dispersion behavior of the infinite monoatomic
harmonic crystal. At the edge of the irreducible Brillouin zone, a SED-frequency
plot is reported. A peak in the spectrum shows this vibrational mode contributing
significantly to the average kinetic energy per unit cell. A Lorentzian function is fit
to this peak and shows a finite value for half-width at half-maximum (y) because the
fast Fourier transform scheme used in the SED calculation involves a signal
sampled over a finite time window. This value for half-width at half-maximum is
subsequently used as a lower bound for the error on lifetime estimated with the SED
method. This error amounts to one interval in the discrete frequency scale. The band
structure of the harmonic system is highlighted in the long wavelength regime;
Fig. 9.3 zooms in on a region of the dispersion curve near k = 7/10a.
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configurations

In Fig. 9.3 on the right hand side, four SED-frequency plots are shown (plots a—d).

Each plot represents a different MD simulation of the 1D harmonic monoatomic
crystal. Each MD simulation begins with a random starting configuration for atomic
displacements in the 1D crystal. It is observable from these four plots that for a given
wave vector, the SED takes on different values. This is due to the fact that for a
harmonic crystal, energy contained within a particular mode cannot be passed to
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Fig. 9.4 (Left) Band Structure (constant SED contours) for 1D anharmonic monoatomic crystal
near k = n/10a. (Right) SED-frequency plots for four MD simulations differing in their initial
random configurations

other modes of vibration. This highlights the sensitivity of the vibrational modes of
the harmonic crystal on the initial configuration. Consequently, to obtain a nonbiased
band structure, multiple MD simulations must be run such that an average can be
taken of the different SED values for each discrete, nondegenerate wave vector mode.
An average of plots (a—d) is shown on the left hand side of Fig. 9.3 with the color of
the contours signifying SED intensity. A Lorentzian function is fit to each of the
peaks in the left hand figure and shows the same value for half-width at half-
maximum as that calculated in Fig. 9.2. For comparison, the band structure of the
1D anharmonic monoatomic crystal near k = 7/10ais shown in Fig. 9.4. Here the
parameter characterizing the degree of anharmonicity in the 1D crystal is ¢ = 3.0
(see Fig. 9.1b).

Similar to Fig. 9.3, the four plots on the right hand side of Fig. 9.4 represent
SED-frequency plots generated from four different MD simulations. The SED
intensity for a given mode varies from simulation to simulation, which indicates
that energy does not easily exchange between modes of vibration in the 1D
anharmonic crystal. In contrast, though, there are some peaks in the SED-frequency
spectra that show slightly larger values for half-width at half-maximum. However,
it is critical that averages be taken for SED data extracted from several MD
simulations such that an accurate quantification of phonon lifetime can be realized.
The contour map on the left hand side of Fig. 9.4 represents an average over plots
(a—d). Lorentzian functions are fit to the peaks in this figure. The half-width at half-
maximum for all peaks is found to be comparable to the harmonic case. With a
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Fig. 9.5 (Left) Band Structure for 1D anharmonic monoatomic crystal. (Right) SED-frequency
plot showing wave vector mode k = 7/a. ¢ = 3.0 and initial random displacement does not exceed
10 % of a

random initial displacement of the masses of at most 10 % of the lattice spacing “a,”
the total energy of the anharmonic system is only 1.3 % higher than that of the
harmonic system. Under this condition, the system can be considered to be weakly
anharmonic and second order perturbation theory is applicable. In other words, the
system studied here belongs to the category of weak coupling and is not expected to
behave like the Fermi-Pasta-Ulam model where strong nonlinearity leads to persis-
tent recurring vibrational modes[20]. Considering the final expression for Ag(k*, 7o)
in Sect. 9.2.1 (9.25), which represents the Oth order term in the asymptotic expan-
sion of A(k*,7) describing three-wave interactions, I'y+ (9.24) corresponds to a
decay constant for mode £*. Half-width at half-maximum calculations of peaks in
SED-frequency spectra embody I'+. In the long wavelength regime, I'y- is small
because of squared sinusoidal terms inside the double summation over k&’ and k”.
Accordingly, one should not expect large values for half-width at half-maximum in
the long wavelength limit. The complete band structure for the 1D anharmonic
monoatomic crystal is shown in Fig. 9.5. The band structure is generated from SED
averages taken from four MD simulations.

In Fig. 9.5, it seems that each nondegenerate wave vector is associated with
multiple eigenfrequencies due to the fact that multiple peaks appear in the SED. At
the edge of the irreducible Brillouin zone, an intense central peak is seen along with
multiple, less intense symmetrical satellite peaks. These satellite peaks emerge
when the anharmonicity of the system is adequately sampled (i.e., large amplitudes
of vibration). Equation (9.17) of Sect. 9.2.1 is utilized to explain the appearance of
these satellite peaks. This equation represents the 1st order term in the asymptotic
expansion of A(k*, 7) describing three-wave interactions. Inside the double summa-
tion over (k’, k") in (9.17), conservation of wave vectors is imposed: Opx 4 — k'
+k" = k*. If the mode of interest is k* = m/a, then conservation of wave vector can
be satisfied by adding nondegenerate wave vector pairs that yield £*. With N = 400,

nondegenerate wave vectors are limited to the following: k; = 555 - Za—“ If only wave
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Fig. 9.6 (Top, left) SED-frequency plots for wave vector modes & and k corresponding to Case I.
(Bottom, left) SED-frequency plots for wave vector modes k and k corresponding to Case II. (Right)
SED-frequency plot corresponding to k* = n/a. For Cases I and II, wave vectors k and k satisfy
wave vector conservation for mode k*. The frequencies of modes & and k add (or subtract) to yield
near-resonance peaks near o*(k*). Notice the frequency scale difference between short and long
wavelength modes

vectors contained between the center of the irreducible Brillouin zone and the zone
edge are considered, then n; ranges from 0 to 200. As a first example, to satisfy wave
vector conservation, consider two wave vectors: (1) the first nondegenerate
wave vector before the zone edge at (k= mn/a) and (2) the first nondegenerate
wave vector after the center of the irreducible Brillouin zone at (k = 0). This pair of

wave vectors is shown as Case I and satisfies wave vector conservation: (Case I)
K =199 2n g — 1L 21 px _ 200 21
400 " a 400 a 400 "4

As a second example, consider (1) the second nondegenerate wave vector before
the zone edge at (k = 7/a) and (2) the second nondegenerate wave vector after the
center of the irreducible Brillouin zone at (k = 0). This pair of wave vectors is
defined as Case II and satisfies wave vector conservation: (Case II) X' = % . %” , k"
= ﬁ . %” k= % . 20—“ We note that both cases do not conserve frequency. In both
cases, since the dispersion relationship for the 1D anharmonic monoatomic crystal is
not strictly linear, the frequency of mode &’ plus (or minus) the frequency of mode k”
will not exactly equal the frequency of mode k™. Instead, the addition (or subtraction)
of the frequencies associated with modes k" and k" will be slightly greater than (or
less than) the frequency of mode k*. This forces the denominator of the pre-
exponential factors in (9.17) to become small, thereby contributing to a large
value of A; (k*, 79, 72). The presence of nonzero A; (k*, 79, 72) indicates that discrete,
near-resonance modes are initiated for short wavelength phonons (k') interacting
with long wavelength phonons (£”). On the left hand side of Fig. 9.6, we show
nondegenerate wave vector modes k' and k" corresponding to Case I (top) and
Case II (bottom). On the right hand side, Fig. 9.6 shows the modes at k* = 7/a.
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In this image the satellite peaks coincide with discrete, near-resonance modes.
The central peak frequencies of modes &’ and k" add (or subtract) to yield satellite
peaks to the central peak for k* = n/a. The primary satellite peaks at 1.999 and
1.969 rad/s come from Case I. The secondary satellite peaks at 2.015 and 1.951 rad/
s come from Case II. Tertiary, quaternary, and other higher order satellite peaks
exist and are revealed if the scale on the right hand SED plot were adjusted. The
magnitude of the satellite peaks depends upon the “distance” from the central peak
at k = n/a in accordance with their near resonant character. This distance depends
upon the size of the MD simulation. For an MD simulation with N = 100 atoms,
there are 51 discrete, nondegenerate wave vector modes available between the
center of the irreducible Brillouin zone and the zone edge. For N = 1,000 atoms,
there are 501 available modes. The resolution in wave vector-space is finer for
larger MD systems as is the resolution in frequency-space. Higher frequency
resolution results in smaller spacing between satellite peaks. This is shown in
Fig. 9.7. As the number of atoms (N) increases, the satellite peaks congregate
around the central peak and increase in relative amplitude. In the limit of an infinite
system all satellite peaks merge into the central peak.

For a phonon mode to decay, wave vector and frequency conservation rules must
be satisfied. For short wavelength phonon modes, these constraints are pathologi-
cally difficult to satisfy because the monoatomic dispersion curve is not linear. The
central frequency peaks in Fig. 9.7 represent the resonance mode of wave vector
k = n/a. The satellite peaks in Fig. 9.7 represent frequency-nonconserving near-
resonance modes spawned from nonlinear wave interactions between short wave-
length phonons and long wavelength phonons. The lifetime of phonon mode k = n
/a comes from fitting a Lorentzian function to the central peak. As Fig. 9.7 shows,
the half-width at half-maximum for phonon mode k = n/a is rather insensitive to
the number of atoms in the MD simulation cell. It is found that the half-width at
half-maximum for k = n/a is the same order of magnitude as the error estimate
found from the harmonic case in Fig. 9.2. As a result, lifetime of high-frequency
phonon modes in the anharmonic monoatomic crystal is inherently long because
wave vector and frequency conservation constraints cannot be satisfied.

In comparing the anharmonic band structure with the harmonic band structure at
(k = m/a), there is an obvious shift in frequency of the central peak. The perturba-
tion analysis of the single-wave dispersion has shown that the anharmonic disper-
sion curve is frequency-shifted (with respect to the harmonic dispersion curve) by a
quantity that has quadratic dependence on the strength of the nonlinearity parameter
e. Fig. 9.8 shows a plot mapping the frequency shift relative to the harmonic system
for several values of ¢ for a MD simulation cell consisting of N = 200 atoms. In
Fig. 9.8, three different curves are rendered. Each curve represents a different
magnitude for the initial random displacement imposed upon the masses in the
1D crystal in terms of percentage lattice spacing. The magnitude of the initial
displacement controls the amplitude of the phonon modes. For triangles, the
maximum value a mass can be displaced is 10 % of the lattice spacing. For squares
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Fig. 9.7 SED-frequency plots for 1D anharmonic monoatomic crystal atk = n/a for MD systems
of varying sizes. The parameter characterizing the degree of anharmonicity in the 1D crystal is
e=3.0

and circles, displacement values are 5 % and 2 %, respectively. Quadratic depen-
dence is observed for values of ¢ ranging from 0.0 to 3.7. Beyond ¢ = 3.7, the
potential energy function becomes completely unstable.

Analysis of the weakly anharmonic 1D monoatomic crystal has shown that the
lifetime of phonon modes is not significantly affected by nonlinear interaction
forces because it is pathologically difficult to satisfy the conditions for frequency
and wave vector conservation. On the contrary, there exist conditions between short
wavelength phonons and long wavelength phonons whereby near-resonance peaks
emerge in plots of SED-frequency spectra. Satellite peaks materialize when the
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anharmonicity of the system is adequately sampled. Lastly, nonlinear interaction
forces lead to amplitude-dependent frequency shifts.

9.2.4 Anharmonic One-Dimensional Superlattices

In this section, the insight gained from analysis of the 1D harmonic and anharmonic
crystals is extended to a series of superlattice configurations. A characteristic
feature offered by periodic media is folded phononic band structures. Band-folding
allows the conditions for wave vector and frequency conservation to be easily
satisfied thereby greatly impacting three phonon processes because a greater
number of phonon mode decay channels are available. Three direct consequences
of band folding are (1) modulated eigenfrequencies for vibrational modes,
(2) decreased phonon mode group velocities, and (3) altered phonon mode
lifetimes. The superlattice configurations considered in this section do not possess
the ability to boundary-scatter phonons because the potential describing the inter-
action between particles of differing mass is identical to the potential between
particles of the same mass. Accordingly, the discussion of phonon mode lifetime is
limited to coherent, band-folding effects. The main objective in this section is to
illustrate the role superlattice periodicity plays in modulating eigenfrequencies and
phonon mode lifetimes at a constant filling fraction. For all superlattices consi-
dered, the total number of atoms simulated with MD is N = 800. Every plot
presented represents an average over a minimum of five unique MD simulations
with randomly generated initial conditions. For superlattice unit cells, the mass of
the black atom amounts to 50 % of that of the white atom.

To begin with, consider the 1D anharmonic diatomic crystal (superlattice 1:1) as
pictured in Fig. 9.9. In comparison to the 1D anharmonic monoatomic crystal, a
single fold in the phononic band structure occurs at wave vector mode k = 7n/2a.
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Fig. 9.9 (Top) unit cell for diatomic crystal. (Center) band structure for 1D anharmonic diatomic
crystal. (Left) SED-frequency plot at k = n/20a with peaks for harmonic (dashed line) and
anharmonic (solid line) cases. (Right) SED-frequency plot at k = m/a with peaks for harmonic
(dashed line) and anharmonic (solid line) cases

Similar to the monoatomic case, there is a region in the band structure where
frequency varies linearly with wave vector. In Fig. 9.9 (right), a SED-frequency
plot is highlighted at k = n/a. This mode, minus a reciprocal space vector, is
identical to the mode at the center of the irreducible Brillouin zone. Two peaks are
visible in this plot: the dashed line represents a peak for the 1D harmonic diatomic
crystal whereas the solid line represents the anharmonic case. There is a noticeable
frequency shift as well as a marked difference in peak breadth. Peak broadening is
directly associated with satisfaction of conservation of wave vector and frequency
conditions; the addition of a second band in the band structure allows these
conditions to be met more easily. In the left hand plot of Fig. 9.9, two peaks are
apparent. The dashed line corresponds to the diatomic harmonic system and the
solid line represents the anharmonic case. There appears to be no significant
difference in peak position or width. This result was seen in the anharmonic
monoatomic case for long wavelength, low-frequency wave vector modes.

Larger superlattice configurations are now considered to probe the impact
superlattice periodicity has on frequency shift and phonon lifetime. In Fig. 9.10,
the band structure for a superlattice configuration consisting of a unit cell comprised
of two heavy atoms and two light atoms (superlattice 2:2) is displayed. Four distinct
bands span the irreducible Brillouin zone. The highest frequency band shows near
zero group velocity for all nondegenerate wave vector modes. A SED-frequency
plot is highlighted at k = n/2a. This plot shows information for the harmonic
(dashed line) and anharmonic (solid line) cases. Similar to Fig. 9.9, there is a
noticeable shift in frequency and the anharmonic peak is significantly broader
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Fig. 9.10 (Top) four atom unit cell. (Leff) anharmonic band structure corresponding to the four
atom unit cell. (Right) SED-frequency plot at k = 7/2a. Dashed line represents the harmonic case
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than the harmonic peak. In comparison to the diatomic case, the increased number
of bands in the irreducible Brillouin zone allows the conditions for conservation of
wave vector and frequency to be met with greater ease. That is, many more three
phonon processes satisfy those conditions. Accordingly, the anharmonic peak here
shows greater width than the anharmonic peak in the right hand plot of Fig. 9.9.

In Fig. 9.11, the band structure for a superlattice configuration comprised of
eight atoms (superlattice 4:4) is displayed. Eight distinct bands span the irreducible
Brillouin zone. Of these bands, several show wave vector modes with near zero
group velocity. The SED-frequency plot on the right hand side of Fig. 9.11 shows a
very wide peak for the anharmonic case. From Figs. 9.9-9.11 it is apparent that
anharmonic SED-frequency peaks broaden as the number of bands spanning the
irreducible Brillouin zone increases. Accordingly, phonon mode lifetime is signifi-
cantly reduced by the number of bands available. If the bands spanning the
irreducible Brillouin zone are flat bands, then this effect becomes even more
pronounced because for a flat band, the conditions for conservation of wave vector
can always be satisfied.

With this notion in mind, a final configuration is introduced (Fig. 9.12) with
superlattice periodicity 16a (superlattice 8:8). Similar to Figs. 9.9, 9.10, 9.11,
Fig. 9.12 shows a frequency shift and peak broadening for the highest frequency
anharmonic mode at k = 7/8a.
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Fig. 9.11 (Top) eight atom unit cell. (Left) anharmonic band structure corresponding to the eight
atom unit cell. (Right) SED-frequency plot at k = 7/4a. Dashed line represents the harmonic case
whereas the solid line represents the anharmonic case
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Fig. 9.12 (Top) 16 atom unit cell. (Left) anharmonic band structure corresponding to the 16 atom
unit cell. (Right) SED-frequency plot at k = n/8a. Dashed line represents the harmonic case
whereas the solid line represents the anharmonic case



312 N. Swinteck et al.

Fig. 9.13 (a) (Left to right)
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To compare all four superlattice configurations, Fig. 9.13 shows (a) SED-
frequency plots and (b) Lorentzian function fits to SED-frequency data
corresponding to the mode with highest frequency.

Qualitatively (in Fig. 9.13a) and quantitatively (in Fig. 9.13b), it is observable
that as the length of the period decreases a general narrowing occurs for anharmonic
SED-frequency peaks. Accordingly, phonon mode lifetime increases when the
period of the superlattice is decreased. This observation is consistent with the
work presented by Garg et al. [21]. In this study it was shown that the thermal
conductivity of a small period Si—Ge superlattice could be higher than that of the
constituent materials. In that model, the authors calculated the thermal conductivity
using the Boltzmann transport equation within the single mode relaxation time
(SMRT) approximation [22]. They modeled the superlattice with harmonic and
anharmonic force constants derived from density-functional theory (DFT). In that
work the interfaces were treated as perfect(no boundary scattering). It was found
that mass mismatch between Si and Ge atoms essentially controls phonon disper-
sion in the superlattices. The model also considered only three-phonon anharmonic
scattering processes. Under these conditions, an increase in lifetime of the trans-
verse acoustic (TA) modes (the majority contributors to thermal conductivity) was
responsible for the observed increase in thermal conductivity of the short-period
superlattice. This increase in lifetime was explained by the effect of a reduction in
periodicity on the band structure of the superlattice that leads to bands that do not
allow three phonon scattering events involving TA modes that satisfy the wave
vector and frequency conservation rules. Additional lengthening of the phonon
lifetime (and increase in thermal conductivity) was further demonstrated by chang-
ing the mass mismatch between the constituent materials.

Other authors have addressed the issue of boundary scattering in superlattices;
however, these investigations have included interfacial scattering phenomena in
addition to coherent band-folding effects. Experimentally and theoretically
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[23-25], it has been demonstrated that phonon—boundary collisions play a leading
role in decreasing the lifetime of thermal phonons in semiconductor superlattice
configurations.

9.3 Phonon Propagation in Two-Dimensional Systems

Having examined the phononic properties of one-dimensional systems, we now
turn our attention to two-dimensional systems. In particular, using MD we examine
thermal-phonon transport in nanostructured graphene and boron nitride (BN). Both
systems are technologically important materials and are characterized by large
Debye temperatures; consequently they display distinct harmonic (at low
temperatures) and anharmonic regimes, thereby lending themselves well to the
study of phonon propagation as a function of temperature and the underlying
nanostructure. Specifically, we focus on graphene sheets nanostructured with peri-
odic antidots and boron nitride nanoribbons with aperiodic, spatially asymmetric
nanoscale-triangular defects [26]. These contrasting 2D systems, which can also be
experimentally synthesized, provide avenues to compare and distinguish the com-
petition between coherent and incoherent phonon scattering and boundary
scattering.

The Brenner-Tersoff style potentials [27] are invoked to represent interatomic
interactions in graphene and BN as they capture the many-body, covalent nature of
the atomic-bonds well, and represent the phonon band structure of the two systems
accurately. The Brenner-Tersoff potential includes the anharmonicity of inter-
atomic bonds. The potential parameters for graphene and BN are given in Ref
[28] and [29], respectively.

In order to characterize phonon transport in nanostructured graphene and BN, we
use relative measures of material parameters such as thermal diffusivity and
thermal conductivity as indirect probes to characterize thermal-phonon propagation
and lifetimes; it should be noted that it is not our intention to quantify thermal
conductivity as well as diffusivity. While in principle the SED method can be
invoked for such studies, the mode-by-mode analysis becomes an extremely cum-
bersome task involving the identification and characterization of the many phonon
modes that appear due to the folding of bands within the mini-Brillouin zone
corresponding to the periodicity of the phononic crystal.

Strategies to evaluate thermal conductivity and diffusivity include nonequilib-
rium MD (NEMD) and equilibrium MD (EMD) methods. In the NEMD framework,
the thermal conductivity is obtained directly by solving Fourier’s law under steady-
state conditions, where a temperature gradient is maintained across the modeled
material by fixing the temperature of the two ends of the material at different
temperatures. Thermal diffusivity is evaluated under transient conditions, by solv-
ing for the second-order heat equation. The EMD method is based on the Green-
Kubo formulations[29], where NVE (i.e., the microcanonical ensemble) conditions
are imposed on the simulated system; based on the equilibrium fluctuations in the
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heat current (S), the thermal conductivity (k) is estimated from the time-dependent
heat current autocorrelation function (HCAF) as given by (9.26) and (9.27), where
V and T are the volume and temperature of the system respectively [30]. The
thermal diffusivity (D) can then be calculated [see (9.28)], where Cp and p are
the specific heat and mass density respectively.

1 1
S(I) = Zi Ev, + 5 Zi.j (Fij . V,’)F,‘j + 6 Zij,k (F,:,'k : V,‘)(}’,:,' + }’,'k) (9.26)

1 o0
K

Here, v; and E; represent the velocity and energy of an atom [ respectively, while
F;; and F; represent two body and three-body forces on atom i, due to neighboring
atoms j and k.

EMD and NEMD methods have been routinely used to model thermal transport
in materials, but care has to be taken in their implementation; in particular, NEMD
methods impose extraordinarily large temperature gradients across the material that
may not be realized experimentally; further, as discussed by Jiang et al. [31] and as
also observed by the authors of this chapter [K. Muralidharan, unpublished work
(2011)], the thermostated ends induce spurious vibrational modes characteristic of
the size and location of the respective thermostats, which modify the injected heat
flux, leading to the possible erroneous estimation of the thermal conductivity. EMD
methods, on the other hand, can yield an accurate estimate of the thermal conduc-
tivity provided the HCAF is calculated over long time-periods (typically few
nanoseconds).

9.3.1 Graphene-Based Phononic Crystals

Here, we report on the thermal-phonon characteristics of antidote graphene
comprised of periodic arrangements of holes in a graphene matrix. This system
serves as a metaphor for nano-phononic crystal (nano-PC). The lifetime of acoustic
and optical phonons is found to be highly sensitive to the filling fraction of the holes
in the phononic structure as well as temperature. Results are interpreted in terms of
competition between elastic scattering, inelastic phonon—phonon scattering, and
boundary scattering.
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Fig. 9.14 (a) Three examples of unit cells for the nano-PC at different filling fraction. (b) an
extended zone representation of the nano-PC with parameter (L), characteristic length, highlighted

9.3.1.1 Simulation Procedure

The nano-PC system of interest is comprised of a graphene matrix with periodically
spaced holes. The holes are arranged in a triangular lattice with fixed lattice spacing
a = 7.5 nm. The radius of the holes varies in size to yield a series of nano-PC unit
cells with different filling fractions. Filling fraction (ff) is defined as the atomic
fraction of number of atoms removed divided by total number of atoms available. In
this study, filling fraction values range from 0.055 % to 20 %. Over this range, EMD
calculations using the Green-Kubo method [29] are carried out to extract informa-
tion on the lifetime of acoustic and optical phonons as a function of temperature
(100, 300, 500 K). In Fig. 9.14a, several examples of unit cells for the nano-PC are
pictured. A unit cell with ff = 0.0 % represents perfect graphene and contains 1,800
carbon atoms. Two-dimensional PBC are applied with no restrictions in the third
dimension. PBC for finite-sized MD simulation cells may constrain some of long-
wavelength phonon modes. For every filling fraction, a characteristic length or
minimum feature length (L) is identified and is defined as the shortest distance
between edges of the holes in the periodic array of the nano-PC. Charact-
eristic length is related to filling fraction through the following relationship: =
a(1 = pVi): = (3)V3.

MD simulation cells are initially equilibrated at the temperature of interest by
integrating the equations of motion for one million time steps under isothermal
conditions using a Berendsen thermostat [32]. Next, the MD system is simulated
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under constant energy conditions for three million time steps, and the HCAF is
calculated over the last two million time steps. In this work, only the last two terms
in (9.26) are utilized to calculate the HCAF because these relate strictly to conduc-
tion (the convective term (first term) is neglected). Figure 9.15 shows the HCAF at
300 K for (1) perfect graphene and (2) a nano-PC with 8 % filling fraction holes.

The HCAFs exhibit two-stage decay and are, following [30], fit to the sum of two
exponential functions of the following form:

§KQ%;K92::AGG—Ohn_%Aoe—uﬁn 9.29)

The longer relaxation time is assigned to acoustic modes (t,) and the shorter time
to optical modes (7,). In Fig. 9.15 the average lifetimes for acoustic and optical
phonons are also displayed. The decay of the HCAF is extremely rapid in compari-
son to perfect graphene. The nature of this decay is the subject of the remainder of
this section.

The lifetime of a particular phonon mode is well described by Matthiessen’s
Rule:

1 1 1 1 1
—=—t—t—+— (9.30)
T Tph Te Td TB

Here t represents the total phonon lifetime and tpn, e, T4, and tp signify
characteristic decay times associated with different types of phonon collision
processes, specifically, phonon—phonon, phonon-electron, phonon—defect, and
phonon—boundary, respectively. Given the classical nature of the MD simulations,
phonon—electron contributions are not included in addition to phonon—defect terms,
since the MD simulation-cells are constructed to be defect free. Thus, MD simula-
tion results are interpreted in terms of phonon—phonon and phonon—boundary
scattering.
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Fig. 9.16 (a) average lifetime of acoustic phonons versus filling fraction (100 K, 300 K, 500 K).
(b) same as (a) but for optical phonons. The insets are magnifications of the regions of high filling
fractions (ff)

9.3.1.2 Phonon—Phonon and Phonon-Boundary Scattering

Figure 9.16 shows plots of average phonon lifetime versus filling fraction of holes
for acoustic phonons (a) and optical phonons (b).

For perfect graphene (ff = 0.0 %), the average lifetime of acoustic and optical
phonons decreases with increasing temperature. For acoustic phonons, average
lifetime decreases from 78.12 ps (100 K) to 9.57 ps (300 K) to 4.69 ps (500 K).
For optical phonons, the average lifetime decreases from 11.96 ps (100 K) to
1.74 ps (300 K) to 1.10 ps (500 K). This observation highlights the phonon—phonon
collision mechanism embodied in normal and Umklapp phonon processes. The
calculated lifetime of optical phonons in perfect graphene at room temperature is
consistent with an experimental measurement of 1.2 ps using time-resolved inco-
herent anti-Stokes Raman scattering [33]. Further, the predicted trend in the
estimated acoustic phonon lifetimes matches experimental observations; specifi-
cally, using the experimentally measured phonon coherence length in suspended
graphene (approximately 800 nm at 300 K [34—37] and 330—400 nm at 400 K [38])
in conjunction with the longitudinal acoustic velocity in graphene (approximately
20,000 m/s [39]), we obtain lifetimes that range between 15 ps (at 400 K) and 40 ps
(at 300 K), which compare reasonably well with our predictions.

If a single atom is removed from the MD simulation cell, a nano-PC structure
effectively results with filling fraction equal to 0.05 %. Figure 9.16a, b show for all
temperatures that the removal of a single atom yields a dramatic decrease in
average phonon lifetime. At 100 K the average lifetime of acoustic phonons
decreases by 68 %. For 300 K and 500 K, the observed decreases in average
lifetime are 63 % and 49 % respectively. This abrupt decrease in phonon lifetime
can be attributed to two possible mechanisms: (1) The removal of a single atom
offers a superlattice configuration whereby the phononic band structure associated
with perfect graphene is folded multiple times thus allowing many more
phonon—phonon scattering processes that meet the conditions for conservation of
wave vector and frequency, a prerequisite for phonon mode decay; (2) The removal
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of a single atom creates a boundary/surface that propagating phonons can collide
with. Isolating one mechanism from the other is inherently difficult because the two
are both present at the same time. However, one may rewrite equation (9.30) in
terms of average phonon lifetimes to highlight the dependencies of the different
contributions to the total average lifetime:

1 1 1

T Ton(T, L) + 15(L)

(9.31)

Here, we have highlighted the dependency of phonon—phonon scattering on
temperature (7) as well as the band structure resulting from the periodicity of the
structure (L or ff). Boundary scattering depends essentially on the minimum feature
length (L) of the structure. As filling fraction increases, for all temperatures, the
average lifetime of acoustic phonon modes decreases. For optical phonons, this
behavior is less pronounced. For acoustic phonons in the 0.3-3 % filling fraction
region, strong temperature dependence suggests that phonon—phonon collisions are
the dominant scattering mechanism. The Callaway-Holland model [40, 41]
identifies the propensity of a phonon mode (of wave vector k and polarization 1)
to undergo normal and Umklapp scattering processes as a function of temperature
and frequency:

1/ton(k, 2,T) = y(k, 2)Te """ (9.32)

Here y(k, 1) contains the frequency of the specific phonon mode and 7 is a
parameter used to match empirical data. For the purpose of this discussion, (9.32) is
adapted by considering average phonon lifetimes by defining 7, (T)v to represent
an average over all polarization branches. We also define a frequency independent
average, 7. Equation (9.32) becomes:

1

= 3Te T (9.33)
Tph (T) ’

Figure 9.17a shows a plot of average lifetime (acoustic and optical) versus
temperature for perfect graphene. Equation (9.33) is fit to the data points with
a; = 1/7; B; = n. This illustrates the temperature dependence of t(T) ~ 1, (7T) in
the absence of a periodic array of holes. Figure 9.17b shows a plot of average
acoustic lifetime versus temperature for three different filling fractions in the
0.3-3 % range. Similar to Fig. 9.17a, (9.33) is fit to the data points and it is well
correlated. This can be interpreted as resulting from the dual dependency of
phonon—phonon scattering on temperature and periodicity (through band folding),
that is, 7(T, L) ~ tpn(7, L) in the case of the antidot nano-PC structures. This result
also implies that t,,<tg. Therefore, in the 0.3 % - 3 % filling fraction region,
phonon—phonon processes appear to be the dominant mechanism behind the lower-
ing of phonon mode lifetimes.
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Fig. 9.17 (a) Lifetime versus temperature for acoustic and optical phonons in graphene.(b)
Average acoustic phonon lifetime for three different nano-PC filling fractions versus temperature.
Symbols are calculated values and solid lines represent fits using (9.33)

Beyond ff = 3.0 %, the temperature dependency of acoustic phonon lifetime is
diminished. The inset in Fig. 9.16a shows, for all temperatures, that average
acoustic phonon lifetime follows the same, weak linear trend as filling fraction
increases. Temperature dependency of acoustic modes can be diminished if the
holes in the graphene matrix have increased in size to a point whereby the
characteristic length is such that acoustical phonons have higher probability of
getting scattering by the boundary of a hole than with another phonon. This is the
case when tg<t,, and 7 ~ 15(L). A plot of average acoustical phonon lifetime
versus characteristic length (Fig. 9.18) shows for large filling fractions (small L
values) the lifetime of acoustical phonons is linearly dependent on L.

The characteristic decay time associated with boundary scattering takes the
functional form [40, 41]: Tg = L/v, where v represents an average speed of sound
in graphene. In the small L region of Fig. 9.18 a line is fit where v = 7000 m/s (a
reasonable value for average speed of sound for acoustic phonons in graphene). In
this region, boundary scattering is the dominant scattering mechanism. Beyond
L =5 nm, this linear dependence is lost and scattering is attributed to a mix of
phonon-boundary and phonon—phonon collisions. As L increases to larger values,
the significance of boundary scattering is lost and normal and Umklapp phonon
processes dominate.

9.3.2 Phonon Transport in Boron Nitride Nano-Ribbons

Two-dimensional BN structures are isomorphic to their carbon counterparts and
capable of demonstrating equally remarkable structure—property relations. Of par-
ticular interest are the phonon propagation characteristics in single-layer BN sheets
and Boron Nitride nanoribbons (BNNR) containing triangular defects, which have
been recently fabricated by Jin et al. [42]. As pointed out by Yang et al. [43], such
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structures open up new avenues for manipulating the thermal properties of defected
BNNR, and in particular, the geometric asymmetry of the triangular vacancies/
defects can be exploited to preferentially scatter phonons in BNNR, which can, in
turn, lead to spatially dependent thermal properties. A related consequence is the
possibility of realizing thermal rectifiers as discussed by Go et al. [44], where it was
shown that the thermal conductivity of a material has to be an inseparable function
of both space and temperature to exhibit thermal rectification. To examine the
interplay between defect-orientation and phonon propagation in BNNR, we employ
(1) EMD simulations to correlate the relations between phonon transport and the
temporal evolution of spatial HCAF profiles across the simulated system, and (2) a
variant of NEMD simulations, where one end of the BNNR is suddenly quenched
and held at a fixed temperature; the time taken for the temperature of the rest of the
material to equal that of the thermostated end is taken as a measure of the thermal
diffusivity and more importantly a measure of transient thermal-phonon
characteristics. Note that, in both methods employed, we explicitly avoid
estimating heat fluxes, and thereby circumvent problems associated with NEMD
as discussed previously.

9.3.2.1 Simulation Procedure

The MD simulations of pristine and defected BNNR employ the Brenner-Tersoff
potential as developed by Albe and Moller [29] due to its success in modeling the
different hybridization states of BN, an important requirement while modeling
defected BNNR. To ensure consistency with experimental observations [42], the
arm-chair orientation of BNNR (a-BNNR) was simulated; the length of the
simulated a-BNNR was 17.5 nm, while periodic boundary conditions were applied
along its 7.1 nm width. Fixed boundary conditions were imposed on the edge atoms
(i-e., the thinnest strip consisting of boron and nitrogen atoms at each end). For the
defected system, the defect was represented by an equilateral triangle with
nitrogen-termination to ensure consistency with experimental observations. The
defect orientation is shown in Fig. 9.19, and its dimensions were chosen to be
approximately half the BNNR width (corresponding to a filling fraction of 5 %).
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Fig. 9.19 Illustration of the
pristine and defected BNNR

In order to carry out EMD simulations, both pristine as well as defected BNNR
were initially equilibrated at 300 K and 900 K respectively, after which NVE
simulations were conducted for 7 ns with a time step of 1 fs. The systems were
spatially divided into 15 bins along their length to enable the calculations of spatial
variations in HCAF, which were obtained over the last 5 ns of each NVE run.
Particular attention was paid to the HCAF component along the length of the
BNNR, which was primarily used in our data analysis. To ensure better statistics,
five different equilibrated starting configurations were used for each case. In the
NEMD simulations, the thinnest possible strip of atoms (consisting of equal number
of boron and nitrogen), adjacent to the boundary atoms at the opposite ends of the
BNNR, were identified to be the thermostated regions which were governed by a
Nose-Hoover thermostat [32]. The boundary atoms were not included to avoid edge
effects as noted by Jiang et al. [31]. For the 300 K and 900 K systems, the
thermostat temperature equaled 150 K and 450 K respectively, and the time for
the rest of the unconstrained system to attain the temperature of the thermostated
region was calculated when the thermostat was placed at the (1) left and the (2) right
edge respectively.

9.3.2.2 Phonon Transport and Rectification

The 300 K spatial variation in HCAF as a function of time for pristine BNNR is
given in Fig. 9.20. Interestingly, each spatial-bin is characterized by similar,
temporally periodic peaks and valleys, which are systematically displaced with
respect to neighboring bins. Since the HCAF is a measure of the material’s ability to
dissipate thermal fluctuations, and therefore directly related to thermal-phonon
energy transport, Fig. 9.20 can be interpreted in terms of phonon propagation.
Specifically, the appearance of the first and the second valley in the HCAF for
each bin represents phonon-reflection from the nearest and farthest fixed-edge
respectively. Clearly, the time-delay between the two valleys is related to the spatial
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Fig. 9.20 (Left)- Time evolution of the spatially resolved HCAF for pristine BNNR at 300 K.
Black overlays are an aid to the eye. (Right)-Representation of the spatial decomposition of the
simulated system into 15 bins

location of the bin. Note that a single reflection from a fixed edge leads to a phase-
change as represented by the valley. At approximately 1.5 ps, we see the emergence
of a peak for all spatial bins. This corresponds to a ‘round-trip’ made by the
respective phonons, which undergo two reflections (i.e., two phase changes) from
either edge; the peak is larger in magnitude than the valley, representing the
simultaneous arrival of the two phonons. A similar peak appears at approximately
3 ps, though the magnitude of this peak is reduced as compared to the first peak,
implying the role of anharmonicity-induced scattering of phonons that eventually
leads to a finite lifetime of phonons as evidenced by the gradual diminishing of the
peaks and valleys in the HCAF.

While the spatially decomposed HCAF of pristine BNNR is symmetric (i.e.,
HCAF of nth bin and (15-r)th bin are similar), this is not observed for the 300 K
defected BNNR, as shown in Fig. 9.21.

An inspection of Fig. 9.21 reveals that additional phonon reflection is enabled by
the AB-face (see Fig. 9.19) of the triangular defect that is parallel to the BNNR
edge, leading to dissimilar HCAF profiles in the two regions that are separated by
the triangular vacancy in the defected BNNR.

In particular, consider the first two HCAF valleys/peaks in the bins between the
triangle-face AB and the near edge (i.e., bins 1-6). The bins in proximity to the
BNNR edge (bins 1-3) are characterized by valleys followed by peaks in HCAF,
while the HCAFs in bins closer to the triangle-face AB (bins 4—6) are first described
by peaks and subsequently by valleys. This is explained by the fact that the triangle-
face AB is not a fixed boundary, and does not lead to a phase change during
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Fig. 9.21 (Left)- Time evolution of the spatially resolved HCAF for defected BNNR at 300 K.
(Right)-Representation of the spatial decomposition of the simulated system into 15 bins

reflection. At approximately 0.7 ps, we see the uniform appearance of valleys for all
the bins (9.1-9.6), which is correlated to the simultaneous ‘round-trip’ arrival of
two phonons. Note that the same phenomenon is also observed in the pristine
BNNR system at 1.5 ps due to the longer path (almost twice) traversed by the
respective phonons. For the region in the defected BNNR between triangle vertex-C
and the farther edge, the spatial HCAF profile diverges from that of the other
region; all the bins corresponding to this region (9.9-9.15) are characterized by
an initial valley (reflection from the farther fixed end), but subsequent features are
not well pronounced, a direct consequence of phonon scattering from the sloped
edges of the triangle defect, which can be distinguished from the reflection that
occurs at the normal AB face. Thus, phonon propagation characteristics in the two
regions separated by the geometrically asymmetric triangular defect are indeed
different.

Figure 9.22a, b illustrate the HCAF of pristine and defected BNNR at 900 K. A
comparison with Figs. 9.20 and 9.21 indicates the role of temperature on the HCAF
profile. Clearly, the anharmonic effects become more distinct at the higher temper-
ature, as seen by the absence of higher order HCAF echoes in the respective
systems. Thus, by comparing and contrasting the HCAF characteristics of pristine
and defected BNNR, one can conclude that geometric asymmetry of the defect
leads to distinct spatial- and temperature-dependent thermal-phonon propagation
characteristics for the defected BNNR system, indicating the possibility of observ-
ing thermal rectification in such systems.

In order to study the transient response of the two systems, the quenching
procedure as described earlier was adopted. Figure 9.23a, b illustrates the rate of
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Fig. 9.22 Time evolution of the spatially resolved HCAF for (a) pristine and (b) defected BNNR
at 900 K

temperature change for the pristine BNNR and defected BNNR (both initially at
300 K and quenched to 150 K), when in ‘forward’ bias (i.e., the thermostated
BNNR edge faces the triangle-face AB) and ‘reverse’ bias (i.e., the thermostated
BNNR edge faces the triangle vertex-C). While the pristine BNNR responds
identically under both forward and reverse bias, the temperature-time curve do
not overlap for the defected BNNR, implying that the thermal diffusivity is
position-dependent. Numerical solution of the transient heat equation shows that
the reverse-bias apparent thermal diffusivity is higher by a factor of 1.13. A similar
result was also observed when the 900 K systems were quenched to 450 K, with the
ratio of the reverse-bias to forward-bias thermal diffusivity for defected BNNR
equaling 1.07. These results when viewed in conjunction with the HCAF
observations clearly indicate that the asymmetric triangular defect plays an impor-
tant part in the ability of the defected BNNR to respond to external thermal stimuli.
Specifically, based on the orientation, specific triangular-faces can impede phonon-
energy propagation, thereby allowing defected BNNR systems to exhibit spatially
asymmetric thermal transport properties.

Importantly, these results are consistent with past theoretical and experimental
investigations, where boundary scattering from arrays of spatially asymmetric
triangular holes led to acoustic rectification in the MHz and GHz regimes [45,
46]. An important distinction between these studies and the current work is the
explicit inclusion of anharmonic interactions that arise in atomic systems;
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Fig. 9.23 Temperature-time plot of (a) pristine and (b) defected BNNR, when quenched from 300
to 150 K under forward (F) and reverse (R) bias

nevertheless, in each case it is clear that scattering at the triangular-hole boundary
dominates phonon propagation leading to rectification. Other related atomistic
investigations include the characterization of interface asperity on the in-plane
thermal conductivity of superlattices [47]; here the interface asperity was
represented by a series of triangles, and even the in-plane thermal-phonon
transport was dictated by the surface roughness (i.e., the size and orientation of
interface-triangles) further affirming the effect of boundary scattering on phonon
propagation.
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Chapter 10
Phononic Band Structures and Transmission
Coefficients: Methods and Approaches

J.0. Vasseur, Pierre A. Deymier, A. Sukhovich, B. Merheb,
A.-C. Hladky-Hennion, and M.I. Hussein

Abstract The purpose of this chapter is first to recall some fundamental notions
from the theory of crystalline solids (such as direct lattice, unit cell, reciprocal
lattice, vectors of the reciprocal lattice, Brillouin zone, etc.) applied to phononic
crystals and second to present the most common theoretical tools that have been
developed by several authors to study elastic wave propagation in phononic crystals
and acoustic metamaterials. These theoretical tools are the plane wave expansion
method, the finite-difference time domain method, the multiple scattering theory,
and the finite element method. Furthermore, a model reduction method based on
Bloch modal analysis is presented. This method applies on top of any of the
numerical methods mentioned above. Its purpose is to significantly reduce the
size of the final matrix model and hence enable the computation of the band
structure at a very fast rate without any noticeable loss in accuracy. The intention
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in this chapter is to give to the reader the basic elements necessary for the
development of his/her own calculation codes. The chapter does not contain all
the details of the numerical methods, and the reader is advised to refer to the large
bibliography already devoted to this topic.

10.1 Periodic Structures and Their Properties

Solids possessing crystalline structure are periodic arrays of atoms. The starting
point in the description of the symmetry of any periodic arrangement is the concept
of a Bravais lattice. A Bravais lattice is defined as an infinite array of discrete points
with such an arrangement and orientation that it appears exactly the same from
whichever of its points the array is viewed [1]. Mathematically, a Bravais lattice in
three dimensions is defined as a collection of points with position vectors R of the
form

—

R = nd, + ma, + kd; (10.1)

where ay, as, as are any three vectors not all in the same plane and n, m, k are any
three integer numbers. Vectors aj,as,as; are called primitive vectors of a given
Bravais lattice. When any of the primitive vectors are zero, (10.1) also defines a
two-dimensional (2D) Bravais lattice, one example of which is shown in Fig. 10.1.

It is also worth mentioning that for any given Bravais lattice, the set of primitive
vectors is not unique, and there are very many different choices, as shown in
Fig. 10.1.

In three dimensions, there exist a total of 14 different Bravais lattices. The
symmetry of any physical crystal is described by one of the Bravais lattices plus
a basis. The basis consists of identical units (usually made by group of atoms),
which are attached to every point of the underlying Bravais lattice. A crystal,
whose basis consists of a single atom or ion, is said to have a monatomic Bravais
lattice.

Another important concept widely used in the study of crystals is that of a
primitive cell. The primitive cell is a volume of space that contains precisely one
lattice point and can be translated through all the vectors of a Bravais lattice to fill
all the space without overlapping itself or leaving voids. Just as in the case of
primitive vectors, there is no unique way of choosing a primitive cell. The most
common choice, however, is the Wigner—Seitz cell, which has the full symmetry of
the underlying Bravais lattice. The Wigner—Seitz cell about a lattice point also has a
property of being closer to that point than to any other lattice point. It can be
constructed by drawing lines connecting a given point to nearby lying points,
bisecting each line with a plane and taking the smallest polyhedron bounded by
these planes.

The Bravais lattice, which is defined in real space, is sometimes referred to as
a direct lattice. At the same time, there exist the concepts of a reciprocal space
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Fig. 10.1 A 2D triangular ° °
Bravais lattice. Several
possible choices of the
L — — [ ] [ ]
primitive vectors a; and a;
are indicated
[ ]
[ ]

and a reciprocal lattice, which play an extremely important role in virtually any
study of wave propagation, diffraction, and other wave phenomena in crystals.
For any Bravais lattice, given by a set of vectors R [see (10.1)], and a plane wave
exp(ilz - '), the reciprocal lattice is defined as a set of all wave vectors G that yield
plane waves with the periodicity of a given Bravais lattice [1]. Mathematically, a
wave vector G belongs to the reciprocal lattice of a Bravais lattice with vectors R,
if the equation

— -,

exp(iG - (F+ R)) = exp(iG - 7) (10.2)

is true for any 7 and R of the given Bravais lattice. It follows from (10.2) that a
reciprocal lattice can also be viewed as a set of points, whose positions are given by
a set of wave vectors G satisfying the condition:

exp(G-R) =1 (10.3)
for all R in the Bravais lattice. The reciprocal lattice itself is a Bravais lattice. The
primitive vectors by, by,b; of the reciprocal lattice are constructed from the
primitive vectors ap,as,as of the direct lattice and given in three dimensions by
the following expressions:

- 52 X 53

1 =2 ————~
a) - (dy x a3)

— 53 X 51

by =21 —F5———~ (10.4)
ap - (Cl3 X al)

— 51 X 52

b3 =27n

6_1'3 . (51 X 6_1'2)

As an example, Fig. 10.2 shows a simple-cubic Bravais lattice with a lattice
constant a as well as its reciprocal lattice, which is also a simple-cubic one with a
lattice constant 27/a (as follows from relations (10.4)).

Since the reciprocal lattice is a Bravais lattice, one can also find its Wigner—Seitz
cell. The Wigner—Seitz cell of a reciprocal lattice is conventionally called a first
Brillouin zone (BZ). Planes in k-space, which bisect the lines joining a particular
point of a reciprocal lattice with all other points, are known as Bragg planes.
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Fig. 10.2 Simple-cubic direct lattice and its reciprocal lattice. The primitive vectors of both
lattices are also indicated
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Fig. 10.3 (a) The first three Brillouin zones of the reciprocal lattice of the 2D square Bravais
lattice. The dots indicate reciprocal lattice points, the solid lines indicate Bragg planes, and the
digits indicate the order of the corresponding Brillouin zone. (b) The first Brillouin zone with the
two high-symmetry directions commonly referred to as I'X and I'M. The triangle '’XM is named
the irreducible Brillouin zone

Therefore, the first BZ can also be defined as the set of all points in k-space that can
be reached from the origin without crossing any Bragg plane. The BZs of higher
orders also exist, with the nth BZ defined as the set of points that can be reached
from the origin by crossing (n-1) Bragg planes [1]. The first BZ is of great
importance in the theory of solids with periodic structures, since the periodicity
of the structure allows the description of the properties of the solids within the first
BZ. Figure 10.3 shows the first three BZs of the 2D square Bravais lattice. The first
BZ has a shape of a square with two high-symmetry directions, which are com-
monly referred to as I'X and I'M.
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It is well known from quantum mechanics that the energy of an electron in an
atom assumes discrete values. However, when the atomic orbitals overlap as the
atoms come close together in a solid, the energy levels of the electrons broaden and
form continuous regions, also known as energy bands. At the same time, because of
the periodicity of the crystal structure, the electronic wave functions undergo strong
Bragg reflections at the boundaries of the BZs. The destructive interference of the
Bragg-scattered wave functions gives rise to the existence of the energy regions, in
which no electronic energy levels exist. Since these regions are not accessible by
the electrons, they are also known as forbidden bands. If the forbidden band occurs
along the particular direction inside the crystal, it is conventionally called a stop
band. If it happens to span a// the directions inside the crystal, the term “complete
band gap,” or simply band gap, is used instead. The electronic properties of
crystalline solids are conveniently described with the help of the band structure
plots, which represent energy levels of the electrons of the solid as a function of the
direction inside the solid.

The concepts of the direct and reciprocal lattices, BZs and energy bands
discussed in this section, are of general nature and can be applied to any periodic
system without being limited to atomic crystals. These concepts appear throughout
the different chapters of this book.

10.2 Plane Wave Expansion methods

10.2.1 Plane Wave Expansion Method for Bulk Phononic
Crystals

We first present with many details the plane wave expansion (PWE) method used
for the calculation of the band structures of bulk phononic crystals, i.e., assumed of
infinite extent along the three spatial directions. For the sake of simplicity, we limit
ourselves to 2D phononic crystals, but the method can be easily extended to 3D
structures. Two-dimensional phononic crystals are modeled as periodic arrays of
infinite cylinders of different shape (circular, square, etc.) made up of a material A
embedded in an infinite matrix B. Elastic materials A and B may be isotropic or of
specific crystallographic symmetry. The elastic cylinders are assumed parallel to
the z axis of the Cartesian coordinates system (O, x,y,z). The intersections of the
cylinders axis with the (xOy) transverse plane form a 2D periodic array and the
nearest neighbor distance between cylinders is a. The 2D primitive unit cell may
contain one cylinder, or more. The filling factor, f;, of each inclusion is defined as
the ratio between the cross-sectional area of a cylinder and the surface of the
primitive unit cell (see Fig. 10.4).

In absence of an external force, the equation of propagation of the elastic waves
in any composite material is given as
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Fig. 10.4 Transverse cross
section of the (square) array
of inclusions . The cylinders
are parallel to the z direction.
The dotted lines represent the
primitive unit cell of the 2D
array

G 0 Ou, (7 1)
7)== Zja—xj< o Ciinn(7) —) (10.5)

where u;(F1)(i =1,2,3)) is a component of the elastic displacement field.
The elements Cijyn(i,j,m,n =1,2,3) of the elastic stiffness tensor and the mass
density p are periodic functions of the position vector, 7= (7 ,z) = (x,y,2).

In (10.5), xy, X2, X3, uy, up and us are equivalent to x, y, z, u,, u,, and u,

respectively.
For the sake of clarity, we consider constituent materials of cubic symmetry (but

the method could be applied for lower crystallographic symmetry) characterized by
the following stiffness tensor:

Chn Cpp Cpp O

Cnp Cn Cpp O

Cp Cp Cn O
0 0 0 Cyq O
0 0 0 0 Cyuq O
0 0 0 0 0 Cyu

oS o O

(10.6)

all
I
c o o o

where the Voigt notation has been used. In this case, (10.5) becomes

) h{en ) bicati i)
o5 =3 (Car(%e+5)) + 5 (Cnp+Clle+99)) +2 (Cu (G +%)).

P2 = (Can(4 2)) + 2 (g (280 ) 4.2 (0o B € (22
(10.7)

/] 8“\
Pa, g(Cudl‘—FCu( +
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For bulk phononic crystals, the elastic constants and the mass density do not
depend on z. Then taking advantage of the 2D periodicity in the (xOy) plane, they
can be expanded in Fourier series in the form:

Ci(7))) Zc,, &7 (10.8)
G/!//

p())) ZpG//’/ )elC" 17 (10.9)
G////

where G, is a 2D reciprocal lattice vector. One writes, with the help of the Bloch
theorem, the elastic displacement field as

/
G//

where K = (E//,Kz) = (K., K,,K.) is a wave vector, G/, a 2D reciprocal
lattice vector, and ®  an angular frequency. Substituting (10.8), (10.9), and
(10.10) into (10.5) and posing 6// = (_}”// + 67/ leads to a set of three coupled
equations

) _
© ZB(II)G//,G’//uXE (G///)

Gy

I 11 ) 12 ) 13
:Z{“«w(G'//)A< >Gy/,é«//+uyk~(G'//>A< )6//,@’//+MZK<G///>A( )é//.é///}
Gy

2 22 S|
') B )é/,@//uyg(G'//)

Gy
(21 ~ 22 ~) 23
_Z{M‘K( ) )é//,é’//+uyﬁ (G///>A< )é//,él//+uzf (G///>A( )6//,6'//}
2 (33) )
Z G// G’//uK(G,//)
Gy

= 31 3 32 3 33
- Z {u’“’f (Gl//)A( >é//76’// by (Gl//>A( )GH//E’// itz (G,//>A( )é//,é//,}
Gl

(10.11)
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where

B“])G// Gy~ B(22)G// Gy~ B(B)G// G, =P (G// 6//)
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(10.12)

and G,, G, (resp. G/ G’) are the components of the G /,(resp. G /) vectors.
Equatlon (10. 12) can be rewritten as a standard generalized elgenvalue equation

in the form
~1
2 Bm)g//’c*,// (22)0 0 Uxe <Ci //)
@ 0 B¢, ¢ 0 “yle< ///)
(33) -
0 0 GGy Mz,;< ///)

) Urg ( //)
— @y, | @), . @), |
=4 , GGy A ; GGy A(33 GGy ”yk< ///) (10.13)

/

). ABD L ABY) L
GGy GGy GGy u-. (G,
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Equation (10.13) is equivalent to wzl}ﬁ}g = ;\L‘t}g, where A and B are square
matrices whose size depends on the number of 2D G /, vectors taken into account in
the Fourier series. The numerical resolution of this eigenvalue equation is
performed along the principal directions of propagation of the 2D irreducible BZ
of the array of inclusions.

If one assumes that the elastic waves propagate only in the transverse plane

(xOy), i.e., K.=0, then the elements of the sub-matrices A(B)G*//‘G*,//, A<23)(§// G
(31 . . (32) . . : : ' ’
A G, and A GG vanish and (10.13) can be rewritten as
an. Uy, (G )
, GGy - 0 0 N /"
i !
® 0 B™s &, (33)0 Uye (G //)
0 0 GGy, Uz, (G //)
an. . (12) U, (6’ )
(21>G//,G’// (22>G//>G’// 0 K 4/ /
=460, 4760, 0 Uyg (G///) (10.14)
(33)_ . -
0 0 GGy Uz, (G///)

The matrices involved in (10.14) are super-diagonal, and one can separate this
equation into two independent uncoupled eigenvalues equations as follows:

a . . (G
W? B el 0 g (G //)
0 B(22)

GGy Uye (G,/ / )

an. 12 . . <<“/ )
_ A GGy A GGy e /7 (10.15)

ACD L L AR . G )

GGy GGy Uy \© //

2 (33) . . S\ (33) . . £l
') B 6, (G'))) =>a 6 (1)) (10.16)

Gy Gy

Equation (10.15) leads to XY vibration modes polarized in the transverse plane
(xOy) and (10.16) corresponds to Z modes with a displacement field along the z
direction. Decoupling of the propagation modes in bulk phononic crystals leads to
the diagonalization of matrices of reduced size and then to save computation time.

In order to evaluate the Fourier transform of the elastic constants and the density
defined by (10.8) and (10.9), we need to specify the symmetry of the array of
inclusions, the shape, and the cross-sectional area of the cylinder inclusion. For
example, one considers a square array of cylinders of circular cross section of radius
R with a lattice parameter a. Then one inclusion of filling factorf = =« (R)2 is located

a
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at the center of the 2D primitive unit cell (Wigner—Seitz cell) and the Fourier
coefficients in (10.8) and (10.9) are given as

C(G//)ZAL “ C(F//)e’ié//'F//dzr“// (10.17)

(Nitcen )

where { = p,C;; and A, is the area of the 2D primitive unit cell. These Fourier
coefficients can be calculated as follows:

1 B
G =7 “ C(Fy e TR

(Witeen)

1 —1 r r
Au{ JJ Lue iGy/- //er//+ JJ (ge™ iG1 7y 2 7
(Auc) (Buc.)

u.c.

1 —1 r 1 —1 7
:A_u JCAG iG// ) 27 7 - i JJ (e iG) //er//
(Aue.) (Auc.)
1 1
+A_u JJ CBe 1G//1//d2’// +_ JJ CBe IG//I//dzr//
(Auc.) (Bu.c.)
1 Gy 25 1 ~iG)7) 25
=% ae I~ A (e Ty
(AU.C.) (AU.C.>
1 _i@//,p//dzq _ 1 —lG//)//d2
+ (s AL e T/ —A—U(CA —{p) T/
primitive (Auc.)
(unitcell)
. )1 —iG) ) g2
+ 5 - e T b (10.18)
! primitive
(unitcell)

1 H ) e~ 67 427 /)= 55//75 where ¢ is the Dirac distribution and

umlcell

(10.18) can be rewritten as

C(é//) =l - CB)-F<6//> + 53-5@//75 (10.19)

where F(G //) is the structure factor defined as

- 1
F(G)))=— ” *‘G//’//dz i (10.20)

(Au,c>
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In (10.20), integration is performed over the cross section of the cylindrical
inclusion denoted by (A,..). Using the polar coordinates r,/, 0, one shows that

- 1

F( //):_

21 R
A 1
—iG;-r; cosl .
azj J e ’//d’//d():—azJ 2mrydrydo(Gyyry)
0 0

0

2n [GUR
=Gz J (Gyr11)90(Gyyr1)a(Gyryy)
/7 Jo

2n J1(G)/R)
=—G,RJ|(G/R) =2f ————=
azc//z // 1( // ) f G,/R

(10.21)
where Jg and J; are Bessel functions of the first kind of orders 0 and 1,f = nR?/a?
and 0 <f < m/4. The maximum value of f corresponds to the close-packed
structure where one cylinder touches another one. Similar calculations lead, for

rods of square cross section of width d, to F (@ / /) =f (“Fé?d%)z )> (Sn(lgzjz/)z) )
where f = d*/a® and 0 <f <1 ’
Note that for G// =0 F(G// =0)=f and

UGy =0)= (L —Lp)f + L =1L+ (1=l (10.22)

and {(G /= 0) corresponds to the average value of (.
The components of the 2D reciprocal lattice vectors G/ ; are G, = —nx and
Gy, =< ny where n, and n, are integers. In the course of the numerical resolutlon of

(10 13) we consider — M, <n, <+ M, and — M, < n, < +M, (with M, and M,

positive integers), i.e., (2M, +1)(2M, +1) 2D G /), vectors (G, and G, have
(2M, + 1) and (2M, + 1) different values, respectively) are taken into account. This
gives 3(2M, + 1)(2M,, + 1) real eigenfrequencies o(K) for a given wave vector K
describing the principal directions of propagation in the irreducible BZ. Following
the same process, the PWE method can be applied to other symmetries of the array
(triangular, honeycomb, etc.) and other shapes of the inclusion (square, rotated
square, etc.). The choice of the values of the integers M,, M, is of crucial impor-
tance for insuring the convergency of the Fourier series. The convergency is fast
when considering constituent materials with closed physical properties but is
slower when materials A and B present very different densities and elastic
moduli [2]. The PWE method is also useful for computing band structures of
phononic crystals made of fluid constituents [3]. In this case, the Fourier transform
of the equation of propagation of longitudinal acoustic waves in a heterogeneous
periodic fluid leads to a generalized eigenvalue equation similar to (10.16). But the
PWE method fails to predict accurately the band structures of mixed phononic
crystals made of solid (resp. fluid) inclusions surrounded by a fluid (resp. solid) [4].
Nevertheless, in some particular cases, the PWE method is very well adapted for the
calculations of band structures of mixed systems, provided the inclusions can be
assumed to be infinitely rigid as it happens in arrays of solid inclusions surrounded
with air [5]. On the other hand, the PWE method assumes the phononic crystal to be
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Fig.10.5 (a) 2D phononic crystal plate sandwiched between two slabs of homogeneous materials
and (b) 3D super-cell considered in the course of the super-cell PWE computation

of infinite extent in the three spatial directions and does not allow the calculation of
the reflection and transmission coefficients of elastic waves through phononic
crystals of finite thickness.

10.2.2 PWE Method for Phononic Crystal Plates:
The Super-Cell Method

To calculate the elastic band structures of 2D phononic crystal plates, one modifies
the PWE method presented in Sect. 10.2.1. The phononic crystal plate of thickness,
hy, is assumed to be infinite in the (xOy) plane of the Cartesian coordinates system
(0,x,y,z). The plate is sandwiched between two slabs of thicknesses /; and hj3,
made of elastic homogeneous materials C and D (see Fig. 10.5a). In the course of
the numerical calculations, one considers the parallelepipedic super-cell depicted in
Fig. 10.5b).

The basis of the super-cell in the (xOy) plane includes that of the 2D primitive
unit cell (which may contain one cylinder or more) of the array of inclusions, and its
height along the z direction is ¢ = hy + hp + h3 . This super-cell is repeated
periodically along the x, y, and z directions. This triple periodicity allows one to
develop the elastic constants and the mass density of the constituent materials as
Fourier series as

GO (10.23)
G

where 7= (7/,z) = (x,y,z) and G= (5//,GZ) = (G\,Gy,G.) are 3D position
vectors and reciprocal lattice vectors, respectively. Moreover, the elastic displace-
ment field can be written as

i(7) = KK 37 7 (G)elC (10.24)

G
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The components in the (xOy) plane of the G vectors depend on the geometry of
the array of inclusions while along the z direction, G, = 27” n,, where n, is an integer.
The Fourier coefficients in (10.23) are now given as

g(é):viu “J {(P)e CTdPF (10.25)

(super cell)

with V,, = A,.¢ is the volume of the super-cell.
For a square array of inclusions, the Fourier coefficients become

h -
fia (;) + (=N + () + (), it G=0
(&a = E)F3(G) + (Lo = Lp)F(G) + (Lo — Lp)Fiy(G), if G #0
(10.26)

{(G) =

with

w(ed)) (#(03) (+(03)) 1) e

a a
w3 )\ ed ) ey )
(10.28)
s ~ L —1ér 3>
F},(G) v e T
(0)
(06 (56 (5D oy sty
o e o .(7)3 (10.29)
2 '3 (G:7)

In (10.27), (10.28), and (10.29), the integration is performed over the volume
occupied by each material A, C, or D inside the unit cell. In (10.27), F(G , /) is the
structure factor defined by (10.21) for cylindrical inclusions.
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As for the bulk phononic crystals, the equation of motion is Fourier transformed
by substituting (10.23) and (10.24) in (10.5), and this leads to the following
generalized eigenvalue equation:

BWss 0 0 uye (&)

w? 0 B®) 0 uyk( ’)

0 0  B®:4 u( w)

“K
Uy, _,/)
A(md - A(n)@ S Am)é, S K(

; -
= A(ZUG*’ 5 A<22>@7 5 AC )51 5 ”he( ')
A(31)G1 - A(32>6. 5 A(33)G, 5 lee< -»/>

+c44(6 G)[(G +1<)(Gg+1<) (G-+K.)(G-+K.)]
) (Gi+K) (G +Ky) +Caa (G=G') (G +K) (Gy +K))
) (GoAK)(G-A+K)+Cas (G =G ) (G 4K (G +K:)
V(G +K,) (Gy+K,) +C44( *) (G'y+K,)(G,+K,)

') (Gy+Ky) (G'y+K,)
+Cy4 (é el ) [(Gi+K\)(Gx+K)+(G.+K.) (G- +K.)]

AP 5 =Cy ( +K.) (Gy+K,) +c44( ’) (G'y+K,) (G- +K:)

d)
AGD —C12<G G) G\ +K,
d)

(G:+K:) +C44( ’) (G +K,)(G'.+K.)
(6-

(@

( )
A<32>d@:c (G-G') (G +K,)(G-AK:)+Cua (G~ ) (Gy+K,) (G- +K:)
( (

A® 5=C11 (G=) (G-+K.)(G-+K.)

+Cas

/N

G=G') [(G+K)(C+K)+ (G, +K,) (Gy+K,)]
(10.30)
The numerical resolution of this eigenvalue equation is performed along the

principal directions of propagation of the 2D irreducible BZ of the array of
inclusions while K, is fixed to any value lower than 7. In the course of the numerical
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calculations, Gy, Gy, and G; take respectively (2M, + 1) (2M, + 1), and (2M + 1)
discrete values, and this leads to 3(2M, + 1)(2M,, + 1)(2M. + 1) eigenfrequencies
o for a given wave vector K.

The super-cell method requires an interaction as low as possible between the
vibrational modes of neighboring periodically repeated phononic crystal plates.
Then, in order to allow the top surface of the plate to be free of stress, medium C
should behave, for instance, like vacuum [6]. But as already observed by various
authors [6-8], the choice of the physical parameters characterizing vacuum in the
course of the PWE computations is of critical importance. Indeed, in the framework
of the PWE method, taking abruptly C; =0 and p =0 for vacuum leads to
numerical instabilities and unphysical results [6—8]. Then vacuum must be modeled
as a pseudo-solid material with very low C;; and p. For the sake of simplicity, this
low impedance medium (LIM) is supposed to be elastically isotropic and is
characterized by a longitudinal speed of sound Cj, and a transversal speed of
sound C; or equivalently by two elastic moduli expressed with the Voigt notation
as C;; = pC 2 and Cuy = pCtz. The choice of the values of these parameters is
governed by the boundary condition between any solid material and vacuum.
Indeed, one knows that this interface must be free of stress, and this requires that
C11 =0 and C44 = 0 rigorously in vacuum [6]. Then, using the LIM to model
vacuum in the PWE computations, the nonvanishing values of these parameters
must be as small as possible, and we consider that the ratio between the elastic
moduli of the LIM and those of any other solid material constituting the phononic
crystal must approach zero. We choose C| and C, to be much larger than the speeds
of sound in usual solid materials in order to limit propagation of acoustic waves to
the solid. Large speeds of sound and small elastic moduli impose a choice of a very
low mass density for the LIM. More specifically, we choose p= 10~*kgm~> and
C,=C=10°ms™!, i.e., the acoustic impedances of the LIM are equal to 10kg
m~2s~!. With these values, C;; = Cqa= 10° Nm~2 and the elastic constants of the
LIM are approximately 10* times lower than those of any usual solid material that
are typically on the order of 10'° N m~2. The values we choose for C; and Cyy are a
compromise to achieve satisfactory convergence of the SC-PWE method and still
satisfy boundary conditions. Values of the elastic constants of the LIM lower than
10*Nm~—2 can have, in some cases, effects on the numerical convergence. We
choose Cy; = Cy4 for convenience. In the course of the PWE calculations, these
values of the LIM physical characteristics allow one to model vacuum without
numerical difficulties.

In the super-cell, medium D can be either vacuum or a homogeneous material
depending on whether one wants to model a phononic crystal plate or a structure
made of a phononic crystal plate deposited on a substrate of finite thickness.
Computations of dispersion curves of phononic crystal plates with K; =0 and
with any other nonvanishing value of K, lower than 7, lead to nearly the same
result. Indeed, the eigenvalues computed with K, = O and K, # Odiffer only in their
third decimal. This indicates that the homogeneous slabs C and D made of the LIM
modeling vacuum rigorously provide appropriate decoupling of the plate modes of
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vibration in the zdirection. Then, the value of K, may be fixed to zero. Due to this 3D
nature, the numerical convergency of the super-cell PWE (SC-PWE) method is
relatively slow, and it has been shown that this method is suitable for voids/solid
matrix plates but is not reliable for constituent materials with very different
physical properties [9]. The SC-PWE method does not to require to write and to
satisfy explicitly the boundary conditions at the free surfaces. Nevertheless, other
authors have proposed PWE schemes for phononic crystals plates where these
boundary conditions are satisfied, but these methods also suffer from convergence
difficulties [10].

10.2.3 PWE Method for Complex Band Structures

In classical PWE methods (see Sect. 10.2.1), one calculates a set of real eigenfre-
quencies w([f ) for a specific wave vector K. That means that only propagating modes
with a real wave vector can be deduced from w([? ) PWE methods. Then an extended
PWE method has been proposed that allows the calculation of not only the
propagating modes but also the evanescent modes. The wave vector for evanescent
waves possesses a nonvanishing imaginary part. We have seen previously that the
Fourier transform of the equation of propagation of elastic waves in a phononic
crystal leads to the resolution of a generalized eigenvalue equation in the form o’B

U = AU . The matrix elements of A and B involve terms depending on the
components of the wave vector K. It is always possible to rewrite matrix A as A

= KD%AI +K,A, +A3  whereK, is one of the components of the wave vector, andA; ,
ffz ,and 53 are matrices of the same size as A. The generalized eigenvalue equation

0?BU = ;Hjmay be recast asKin U= w*BU — 53 U— KaA} U and one can write

k(1 O <U4>: U (Uﬁ> (10.31)
0 A1 KzU CL)ZB—A3 —A2 KocU

where 7 is the identity matrix. Equation (10.31) is nothing else than a generalized
eigenvalue equation where the eigenvalues are the component K, of the wave
vector. For a specific value of the circular frequency w, one calculates a set of
complex eigenvalues K. This method is named K () PWE method. The size of the
matrices occurring on the left and right sides of (10.31) is twice that of matrices A
and B. One may illustrate these general ideas by considering the peculiar case of the
Z elastic modes propagating in a bulk 2D phononic crystal made of a square array of
lattice parameter a, of cylindrical inclusions embedded in a solid matrix. If one
assumes K, = 0, then these modes are given by (10.16), where ® depends on the two
variables K, and K,. Consider the propagation of elastic waves along the I'X
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direction of the irreducible BZ for which K, = 0 and 0 < Re(K,) < Z. Equation
(10.16) leads to

K Cus (é// - 5//) u, ()
Gy

./

_ - ! N
= Z {wzp (G// -G //> — (GX.G,X JrGy.G,y)C44 <G// -G //) }MZK (G,//)

Gy

_ 1 .
— K> (Gi+Gl)Cus (G// -G //>uzf (@) (10.32)
Gy

and can be rewritten as

K. 0 <U4>: UN (Uq) (10.33)
Al KxU sz - A3 —A2 KxU

B, 6, = p(G// - Gl//)
Al@ G, = C44<é// - é’//)
1191
where Ars =~ =CulG, —& V(G +G&
26,6, — H4\M// /1) (G +G'y)
A35//s@'// =Cau (G// N Gl//) (GG« +G,GYy)]

OI~T

(10.34)

Numerical resolution of (10.34) leads to 2N (if N x N is the size of matrices A andé)
complex values of K, = Re(K,) — iIm(K,) for any value of w. Eigenvalues belonging
to the irreducible BZ and corresponding to waves with a vanishing amplitude when
x — -+oomay be taken into account, i.e.,0 < Re(K,) <Z andIm(K,) > 0.Figure 10.6
presents the band structures calculated by both »(K) and K () methods. This figure
shows the ability of the K (w) method to calculate the evanescent modes. Of particular
interest is the existence of additional bands (see right panel of Fig. 10.6 for reduced
frequency around 1.1) not predicted by the classical w([f ) PWE method (red dots).
These vibrational modes are characterized by a nonvanishing Im(Ky).

To apply this, K () PWE method requires to consider only one component of the
wave vector K as eigenvalue. That needs to keep fixed the other component or to
write a linear relation between them. For example, along the I'M direction in the
irreducible BZ of the square array, one can write K, = K|, and consider K, as the
eigenvalue. In the same way, one can deal with any direction of propagation and not
only with the high-symmetry directions. Plotting all the values of K, and K,
corresponding to a specific frequency leads to the equi-frequency contour (EFC)
of the phononic crystal. Knowing precisely the shape of these EFCs is of funda-
mental interest when studying focusing or self-collimating of elastic waves by
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Fig. 10.6 Band structures along the I'X direction of the irreducible Brillouin zone for a square
array of holes drilled in a Silicon matrix: Red dots: »(K) method; Black dots: K(w) method

phononic crystals [11]. Moreover, the K (w) PWE method allows to take into
account elastic moduli depending on the frequency and should be applied for
calculating the band structures of phononic crystals made of viscoelastic materials.

10.3 Finite-Difference Time Domain Method

10.3.1 Calculation of Transmission Coefficients

We present here the basic principles of the finite-difference time domain (FDTD)
method applied to the calculation of transmission coefficients of elastic waves
through phononic crystals made of nonviscous or nonviscoelastic constituents.
The method is based on discretizations of the differential equations of motion on
both spatial and time domains. As previously and for the sake of simplicity, we limit
ourselves to 2D phononic crystals.

We consider a 2D phononic crystal containing cylindrical inclusions surrounded
by a host matrix. Constituent materials are supposed to be isotropic solids or fluids.
The inclusions are parallel to the z direction and are arranged periodically in the
transverse (x,y) plane. A phononic crystal of finite thickness along the y direction is
realized by considering a small number of periods in this direction. The “sample” is
bounded by semi-infinite homogeneous media on both sides. The system is infinite
in the vertical direction z, and all its physical properties do not depend on z.
That means that we propose a strictly 2D FDTD scheme. The probing signal
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Fig. 10.7 Two-dimensional cross section of the FDTD model structure. The cylinders are parallel
to the z axis of the Cartesian coordinate system (Oxyz). The lattice parameter is a

corresponding to a longitudinal wave that propagates along the y direction is
launched from the left homogeneous medium (inlet zone) and detected in the
right one (outlet zone) (see Fig. 10.7). We just describe here a 2D FDTD scheme
just as it has been reported in [12].

The elastic wave equation is given by

ov 1 —_
== V.5 (10.35)
ot p(x,y)
with
o
V= 10.36
V=7 ( )

where 7 is time, p(x,y) is the mass density, #(x,y,t) is the displacement field,
V(x,y,t) is the velocity vector, and G(x,y) is the total stress tensor. The nonzero
Cartesian components of the 2D stress tensor ¢ are

Oty Ou,
o =Cl1 —+ Cjp—== 10.37
4 50 +Cr2 By ( )
Ou, Ouy
Oy = Cus (axy+ a}) (10.38)
Ou, Ou,
Oxy Cll a_} + C12 Ix (1039)

with Cq1(x,y), Caa(x,y), Cra(x,y) = Ci1(x,y)—2C44(x,y), the position-dependent
elastic moduli. For a given isotropic medium, C;; and C44 are related to the
longitudinal C; and transverse C, speeds of sound as Cy; = pCl2 and Cyy = pCtz.
A fluid is treated as a solid with zero transverse speed of sound in this 2D FDTD
scheme. From (10.37), (10.38), and (10.39), one notes that we consider only modes
of vibration analog to XY modes as defined by (10.15) in the preceding section. The
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FDTD method involves transforming the governing differential equations given by
(10.35) and (10.36) in the time domain into finite differences and solving them as
one progress in time in small increments. For the implementation of the FDTD
method, we divide the computational domain intoN, x N, sub-domains (grids) with
dimensions Ax, Ay. For the time derivative, we use forward difference, with a time
interval At, and the displacement field is calculated at multiple integers of At,
whereas the velocity is calculated on a time grid shifted by half the step. The
probing signal is launched from the left homogeneous medium and corresponds to a
longitudinal wave that propagates along the y direction for increasing y. This can be
written as F(y, 1) = F(y — Cit), where C; is the longitudinal speed of sound in the
inlet medium. The initial conditions on the displacement field and the speed vector

. u}c — 0 . A Vx = 0
are such as if(r = 0) = u, = F(y) and ¥(r = 4) = vy = —C Fg({{-,t) / .
’ t=+At/2

The stress component g, is calculated at time (n+1) from the components of the
displacement field calculated at time t by discretizing (10.37), then

" ] ] 1 ; urvll_‘_la_urylla
o (i, j) =cn(z+§,,)( i+ 1)~ i n)

S\ (L)) —ut(ij — 1
+C12<l—|—2,j><y )A;( )) (10.40)

where we define Cyy (i +1,j) = v/C11(i + 1,/))C11(i,j) and Cp2(i +4,)) =
VCi(i + 1,))Cra(i,)).

Similarly, the components o, and gy, are obtained in discretized form as

g 1N () — 1) 1
ijl(l,J)=C11<l+§’J)(y A; >+C12(I+E,J>

y (ux(l +1,)) — ux(w)> (10.41)
Ay
. DN\ (i + 1) — (i) W) — (i — 1))
n+1 _ X X Y )
oy (i,)) = Caa (1,] +§> ( Ay + Ar
(10.42)

where we define Cas (i,j + 1) = +/Caa(i,j + 1)Caa (i, )).
Using expansions at point (i,j) and time 7, (10.35) in component form becomes
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n+l n+1 i— n+1 , n+1 -1
e (g) = vi()) + m)( (”)Ax( L) | % () - M G v

(10.43)
At
VD) = VD)
P (l + 50 + 5)

n+l( _ ntl n+l _ n+l
Lj+ 1) — oy (i) oy i+ 1)) — oy (L))
10.44
X ( Ar + Ay (10.44)

where we define p(i + 3,/ +3) = v/p(0,/)p(i + 1L,)p(i,j+ 1)p(i + 1,j + 1).
Finally, the components of the displacement field at time (n+1) are deduced from
the same component but evaluated at time 7 as "' (i,j) = u"(i,j) + At (i, j) and

Wyt (i, j) = (i, ) + Aevi(Q, ).

Using this iterative procedure, the elastic wave equation is solved numerically,
and the components of the time-dependent displacement field are calculated at the
exit of the outlet. The component u,(?) is then averaged on a period of the slab along
the x direction and Fourier transformed with respect to time. The same procedure is
applied when the phononic crystal slab is replaced by a homogeneous medium
identical to the inlet and the outlet media. The ratio between the two Fourier-
transformed signals (with and without the PC slab) leads to the transmission
coefficient. A reliable calculation of the transmission coefficient strongly depends
on the choice of the function F(y,f) corresponding to the probing signal. In particu-
lar, when considering the propagation through a homogeneous structure, i.e.,
without the PC slab, the Fourier-transformed signal must vary smoothly with the
frequency on a specific frequency range [0,wmax]- This condition can be satisfied by
taken into account a sinusoidal function weighted by a Gaussian profile such as

F(y,t) = F(y — Cit) = F(Y) = Acos[kY]. exp[ (k y) ], where ko ~ <= The

choice of this kind of function also allows to mimic the frequency response of a
transducer generating pressure waves with a pass band [0,w,.«] usually used in
ultrasonic measurements.

Periodic boundary conditions are applied along the x direction. That means that
the elastic displacement is imposed to be the same on x = 0 and x = L, where L is
the width of the FDTD mesh along the x direction for any value of y. For example,
one must satisfy for any time step that uy(imaxt+1, j) = uy(1, j), where the integer i
denoting the number of the spatial discretization step along the x direction varies
between 1 and iy, For closing the FDTD mesh along the y direction, it is
necessary to impose absorbing boundary conditions on y,;, and y.x, Where ynin
and y,.x denote the entry of the inlet zone and the exit of the outlet zone. Absorbing
boundary conditions are implemented in order to prevent reflection from the end
elements of the FDTD mesh. First-order Mur’s absorbing conditions [13] are
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usually used and can be implemented in the FDTD code by satisfying the following
formula:

wtl e ne CIAt = AYNT ity . noe
uy+1(lv]max) = uy(lafmax - 1) + (— |:uy+1 (l7jmax - 1) - My(lafmax):|

C/At+ Ay
(10.45)

: 0y CiAr— A abl s s
Wi 1) = W0, 2) + (ﬁ) [uy“(z, 2) — (i, 1)} (10.46)

where the integer j denoting the number of the spatial discretization step along the y
direction varies between 1 and j,.,. Same formula should be satisfied for the x
component of the displacement field.

Finally, for insuring the numerical stability of the FDTD code, it must be
checked that the time step At and the discretization meshes Ax and Ay satisfy the
following stability criterion [14]:

At < 0-5 (10.47)

o @ (&)

where C™* stands for the largest longitudinal speed of sound of the constituent

materials involved in the structure.

10.3.2 Band Structure Calculation

In some cases, the PWE method fails to predict accurately the band structure of
phononic crystals especially for mixed composites where one of the constituent is a
fluid. Tanaka et al. [8] have reported an extension of the FDTD method for the
calculation of dispersion relations of acoustic waves in 2D phononic crystals. In
contrast with the standard FDTD approach presented in Sect. 10.3.1, the band
structure FDTD technique implies a periodic system in the transverse plane xy.

The displacement field, the velocity vector, and the stress tensor must satisfy the
Bloch theorem, i.e.,

U(F) 1) (10.48)
KF ) (10.49)

.ﬁa =
570 = KT X7 1) (10.50)
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where 7(x, ) is the position vector in the xy plane and K (K,, K, ) is the Bloch wave
vector. _

U(F 1), V(7,1), and (7, 1) are spatial periodic functions satisfying U(F + @)
= U(F), V(F+a) = V(7), and Z(F + @) = Z(F), where & is the lattice translation
vector. One inserts (10.48), (10.49), and (10.50) into the equations of propagation
of the elastic waves, i.e., (10.35) and (10.36), and these later become

= L dU
iKE(Fr) with V=" (10.51)

o1
e p(7)

To solve (10.51), one first specifies a 2D wave vector, K (Ky,Ky), along the
principal direction of the irreducible BZ. An assumption on the initial displacement
U (F,t = 0) in the form of a delta stimulus at some random location within the unit
cell is then made. The equations of motion are then solved by discretizing both
space and time. The time evolution of U (77, 1) at several predetermined locations 7;
within the unit cell is recorded. Peaks in the frequency space of the Fourier-
transformed signals are identified as the eigenfrequencies of the normal modes of
the system for a given wave vector, K.

10.3.3 Viscoelastic Media

The FDTD method reported in Sect. 10.3.1 is suitable for the calculation of
transmission coefficient through phononic crystals made of non-lossy purely elastic
material. Nevertheless several experimental studies were devoted to phononic
crystals made of viscoelastic materials such as rubber, epoxy. Taking into account
the effects of viscoelasticity on the propagation of elastic waves in phononic
crystals is of fundamental as well as of practical interest in many areas. In this
section, an alternate FDTD scheme where the viscoelastic properties, i.e., time-
dependent elastic moduli, are rigorously taken into account is presented. As visco-
elastic materials, we consider the general linear viscoelastic fluid (GLVF).

10.3.3.1 Viscoelastic Model

When the GLVF material also is compressible, the components of the total stress
tensor are given by

o(t) = 2JI G(t—1)D(!)dt + Jt {K(z —7) - %G(z‘ - t’)} {? V(t’)]ldt’

—00

(10.52)
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Fig. 10.8 Spring and dashpot illustration of the generalized Maxwell model

where 7 is time, ¥(F, 1) is the velocity vector, D(F, 1) is the rate of deformation tensor
given by

D :% [(W) ¥ (ﬁvﬂ (10.53)

and G(¢) and K(#) are the steady shear and bulk moduli, respectively.

These moduli can be experimentally determined through rheometry, and the data
can be fit in a variety of ways, including the use of mechanical-analog models.
A viscoelastic model, or in effect, the behavior pattern it describes, may be
illustrated schematically by combinations of springs and dashpots, representing
elastic and viscous factors, respectively. Hence, a spring is assumed to reflect the
properties of an elastic deformation and similarly a dashpot to depict the
characteristics of viscous flow. The generalized Maxwell model, also known as
the Maxwell— Weichert model, takes into account the fact that the relaxation does
not occur with a single time constant, but with a distribution of relaxation times.
The Weichert model shows this by having as many spring—dashpot Maxwell
elements as are necessary to accurately represent the distribution (Fig. 10.8). A
multiple element Maxwell model is therefore more apt to represent the numerous
timescales associated with relaxation in real viscoelastic materials.

For an n-element generalized Maxwell solid model, the extensional modulus
E(¢) is calculated to be

E(t)=Ex+Y Ee’ (10.54)
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where {E;,1; = 1,2, ..., n}are the moduli and relaxation times of the elements, and
E., = E(0) is the equilibriym extensional modulus.
Introducing a(f) = ag + > ;e ™"/ where og = ,f;“, o = EL (i=1,2,.,n),and
n n 1:1 sum sum
o =1, Eqm = Y E;, we obtain E(t) = Eqno(?).
i=0 i=1
Consequently, we assume that

E(t) = 2G(1)(1 +v) = 3K(t)(1 — 2v) (10.55)
Gsum = U
i G(t) = Gama(t)
Wlth{ K(1) = Kamo(t) and Ko — %Gsum _ (10.56)

In (10.55) and (10.56), v is the Poisson’s ratio and A and u are the Lamé constant
and shear modulus, respectively.

Now we consider a 2D elastic/viscoelastic material, where the system is infinite
in the vertical direction z, and none of its properties depends on z (translational
invariance). In this case, the Cartesian components of the 2D stress tensor deduced
from (10.52) become

o) =2 JIOO Gt — 1) avgiﬂ) dr + Jtoo (K(l — ) - %G(t - t'))

e(l) () .,
X <—8x +—8y )dt (10.57)

oy (1) =2 JIOO G(t—1) 8\15;1’) dr + er (K(t —1) - %G(r - t/))

ov (')  ov(Y)\ ,,
x <—ax =5 )dt (10.58)
Oy (t) = 0y (t) = J[ G(t—17) (6%_)()1’) + avg—iﬂ)) a7 (10.59)

For the sake of illustration, let us insert (10.56) into (10.57). Using C1; = 2u + 4,
Ci2 = 7, and Caq = p, 0,(f) becomes

Ou,(t Ouy(t
O-xx(t) = o |:Cll ua)E ) + C12 L:;}E ):|
T On(f) D) L An(f) )
+Cllzl:o<iJ_oo o € dr'—&-Clzzl:oc,»J_oo o e w df

(10.60)
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Equation (10.60) involves integrals of the type

t / it
Ixxi (1) = J 8%)(: ) e ar (10.61)

in which calculations can be achieved by the following recursive method.
First we assume that for an incident wave that arrives from an elastic medium,
we have [~ [J. Then the following variable w = t — t', (==dw = —dr') leads to

Loxi (1) = e hidw (10.62)

Jt Ove(t —w)
0 3)(

Now we calculate Lxx;(f + Af).

A Gy (1 + At —w)

Lo (t+ Af) = 7 10.
xxi(t + At) Jo N e ndw (10.63)
At t+At
Ov(t+At—w) _w v (t+At—w) _»
Doxi(t+ Ar) = ——— e ud ——— e d
xx;(t + Ar) Jo pp e wdw + Lt op e udw
(10.64)

By changing s = w — At = > ds = dw

O Ot —s) T Ov(t—s)
Ixx,-(t—i—At):J Mt =s) nAst+J Ml=9) 200 (106s)
—At Ox 0 Ox

Ove(t) _a Ovy(t+ Av)
Ox ¢t Ox

5 e nds (10.66)

Loxi(t + Ar) =

At (! (t —
At +e*r_,-J Mlt=s)
0 8)(

And finally a recursive form for the integral calculation is obtained as
Ovy (1) e_ﬁ_’t n Ovy(t + Ar)

Ox Ox
2

At
dr| + e wlxx(1) (10.67)

Ixxi(t + At) =

where Ixx;(0) =0
Similar equations are obtained for the yy and xy components.

vy(1) A Dvy(t+ )
Dy e T+ ay
2

At
Iyyi(t+ At) = Atr| +e Tilyy (1) (10.68)
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[Ov(t) At Qv (t+ Ar)
vy - T &
Loyt + Ay = | -2 5 Y At| +e uly(r) (10.69)
rov, (1) At Ov,(t+ Ar) 1]
Véx()e L y(a ) N
Iyxi(t + Ar) = 5 Y At| +e nhx(1) (10.70)

We can now develop the FDTD method for the generalized Maxwell model.

10.3.3.2 FDTD Method for the Generalized Maxwell Model

Asin Sect. 10.3.1, (10.35) stands for the basis equation for implementing the FDTD
scheme taking into account the viscoelastic properties of the constituent materials
of the 2D phononic crystal. The components of the velocity vector are given in
discretized form by (10.43) and (10.44).

The stress component o, is calculated by discretizing (10.60), using expansion
at point (i, j) and time (n):

.. o1 o N (Wi 1,)) — (i)
Gf'jl(l,])=Ofo<l+2,J)C11(l+27]>( ( ]A)x i ])>
1 SN () — (- 1)
+060(l+§,j>clz(l—|—§7j)<} A; )

IS IR 1
+Cll(l+§7]>zap<l+§a]>

p=1
At
V(i + 1) = Vi) NG+ L) =i o)) o) L e
' 2Ax " 2Ax e ) ey,
1 - o l =
12 23.] - 4 2a]
Nl s nis s n—1/: = n—1/: At
) Vy(l,J)—Vy(lJ—l)—’_Vy (17.])—1/), (17“/_l)eifﬂ(i+%-j)+ei‘fp?itd')]”
2Ax 2Ax I
(10.71)

where we define Cy (i +1/2,j) = \/Cn(iJr Lj)Cui(i,)) , Cun(i+1/2,))=
Vil + 1,)Crali, ). and ap(i + 1/2,)) = /oy (i + 1, ))ap (o)) p = 0.1.2, .. ..
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Similarly, the components oy, and o, are obtained in discretized form:
n .. . 1 . . 1 . un(l7]) - M"(i,j— 1)
O-)’)J’rl(laj)a0<l+27J>C11<l+2’J)< - Ayy
C _ X X
+060(l+27j) 12<l+27]>( Ay

1\ A
+C11<l+§7]>zap l+§a]>

p=1

ni: = ni: n—1 . . _ At

' vi(i,j) —vy(i,j— 1) L (i) = vyt (i) — 1)e w(+) | o~
2Ay 2Ay el
i+= op| i+
12 R = P 7/

n(;: N n—1/: . n—1/+ + 7Ar

.[vx(l—i-l,J)zAxVy(l’j 1)+vx (1+1,J)2;xvx (1,171) M En I IIM)I" ]
(10.72)

1
"H(l j= 060( Lj+ 2) Cu (l,J + 2)

% <M':(l,j—|—1)—uf(l7])+ (l 1) (171 /1))

Ay Ax
+C ,j + ! i ,j + !
l - o 1 -
44 ] 2 P 4 yJ 2
VZ(Z,]-F 1) — Vﬁ(ld) vj\f—l(l.,j-F 1) — VM” 1( 7]) 7T])(f.Aj"+%) _’_e—ﬁln
' 2Ay 2Ay p

AR o1
+ Cas <l7.1 + 2) Z“p (lvj +2>

=1

ni: N\ _ (i - n—1/: = _ n—1 A
vi(i,j) —vi(i = 1,)) N V(i) — vy (i = 1)) e 70D 4o rpAu[
2Ax 2Ax

=

|10.73)

where Caa(iyj+1/2) = \/Caa(i,j + 1)Caa(i,]) and a,(i,j+1/2) =

ap(i,j+ Day(i,j),p =0,1,2,...n

It has to be mentioned that the above way of discretizing the equations ensures
second-order accurate central difference for the space derivatives. The field
components u, and u, have to be centered in different space points. Calculations
of transmission coefficients through 2D phononic crystals made of viscoelastic
constituents follow the same procedures as in Sect. 10.3.1. These calculations
must be done considering the structure depicted in Fig. 10.7 and applying periodic
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boundary conditions in the x direction and Mur’s absorbing boundary conditions on
the two extremities of the discretization mesh along the y direction.

Such calculations for 2D phononic crystals made of steel cylinders embedded
in rubber modeled as GLVF were reported in [15, 16]. Results have shown the
very good agreement between the numerical predictions and the experimental
measurements.

10.4 Multiple Scattering Theory

The multiple scattering theory (MST) was introduced for 3D phononic crystals by
three different groups at about the same time [17-19], and its 2D version was
developed 3 years later by Prof. Liu’s group in the theoretical work by Mei et al.
[20]. The MST is essentially an extension of the Korringa—Kohn—Rostoker (KKR)
theory (which is a well-known method used by the solid-state community for
electronic band structure calculations) to the case of elastic/acoustic waves. The
MST is ideally suited for phononic crystals (both 2D and 3D) in which scattering
units have simple symmetries, such as spheres or cylinders. It is also a quickly
converging method that takes into account the full vector character of the elastic
field and is able to deal with the phononic crystals of any type (e.g., liquid/solid
crystals, for which the PWE method fails). We present in this sub-section the main
points of the MST in case of the 3D phononic crystals by following the steps along
which it was developed by Liu et al. in [18].

In a homogeneous isotropic medium, the elastic wave equation may be written as

(A4 2WV(V - il) — uV x V X ii + po’ii = 0 (10.74)

where p is the density of the medium, A, u are its Lamé constants, and i is the
displacement field. Because of the spherical symmetry of the scatterers, it is natural
to work with the general solution of (10.74) expressed in the spherical coordinates:

@(7) = e ine(F) + binoHimo (7)) (10.75)

Imo

where j}ma(?),ﬁlma(ﬂ are defined as follows:

flml(f) = éﬁ[jl(ar)ylm(f)}

Fa(7) = ﬁ@ < [F1(Br)Ym(P)]

1

s Y Y] (10.76)

-fln13 (f) =
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and
Hins () = ¥ [ (7)Y ()]
Fpa(7) = ﬁ@ % [P (Br)Yim ()]
F(7) = mﬁ X [P0 (Br) Y ()] (10.77)

wherea = w+/p/(A +2u), f = w+/p/u ji(x)is the spherical Bessel function, /;(x)
is the spherical Hankel function of the first kind, and Y,,(F) is the usual spherical

harmonic with 7 denoting angular coordinates (6, ¢) of 7 in spherical coordinate
system. In (10.75), index ¢ assumes values from 1 to 3, where ¢ = 1 indicates the
longitudinal wave and ¢ = 2,3 indicates two transverse waves of different
polarizations. In the case when the coefficients b, in (10.75) are equal to zero,
i(¥) represents an incident wave, and in the case of aj,, = 0, #(¥) represents a
scattered wave. Therefore, the wave incident on an ith scatterer is expressed as

i ( Z a, Ji (7 (10.78)

Imo

where 7 indicates some point in space as measured from the center of the ith
scatterer. The wave scattered by scatterer i can be expressed as

Zblma Imo (1079)

Imo

The first key point of MST is the idea that the wave (10.78) incident
given scatterer i can be viewed as a sum of the externally incident wave
expressed as

Ona
@ (%)

i
= > a\lT () (10.80)
Imo

and all other scattered waves except the one scattered by the ith scatterer, which can
be expressed as

STEE) = DD Bt (7) (10.81)

JFI Jj#i Imo

so that (10.78) can also be written as

;" (F;) )+ > i (10.82)
J#i
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Here 7; and 7; refer to the position of the same point in space and are measured
from the centers of scatterers i and j, respectively.

Another crucial point of MST is that for a given scatterer, the scattered field is
completely determined from the incident field with the help of the scattering matrix
T. In other words, the expansion coefficients A = {a] }and B = {b] } are related
through T = {tjuprmro } as follows:

Imo

B=TA
or more explicitly
lmg‘ Z Hmel'mt J'al’m’a’ (1083)
I'm’a’

For objects of simple geometry, such as spheres or cylinders, the calculation of
the scattering matrix T is an exactly solvable boundary-value problem, and this is
the origin of MST’s reliability and precision when handling arrangements of
scatterers of spherical symmetry. In short, the coefficients #,57, are found by
applying the boundary conditions that require the continuity of the normal
components of both the displacement and the stress vectors at the scatterer—matrix
interface. The explicit expressions of the T matrix coefficients for an elastic sphere
can be found in [17] (liquid matrix) and in [19] (elastic matrix), and in [20] for an
elastic cylinder in an elastic matrix.

The final MST equation is obtained by substituting (10.78), (10.80), (10.81), and
(10.83) into (10.82) and reads

Z <5ijéll’ 5mm’ 500’ -

jlI'm'a’

Z j i o)
tl//mllo-//llmlo-/ GI”’””U”I’”O‘) al/mlo-/ alma. (10.84)

I"m" 6"

where Glmgpm o+ 18 the so-called vector structure constant, which relates )z m a( ;) in
(10.81) and Ji _(7) through the relation

7 —.’
Hlmo’ Z Glmtri’m J’Jl’m /g’ ( 1)

I'm'a’

(more details can be found in [18]). The normal modes of the system may be
obtained by solving the secular equation that follows from (10.84) in the absence of
an external incident wave (i.e., when all alfn ; are zero):

det 5U5[[/ mm’émf Z t/// ”l’m’o’G;:{"m”a”lmo - O. (10.85)

"m!" 6"

In case of the periodic system, Gyugrme 1S modified to take into account the
symmetry of the structure. The solutions of (10.85) give the band structure of an
elastic periodic system.
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Fig. 10.9 Geometry of the y A
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To facilitate the direct comparison with the real samples, a successful theory
must also be able to calculate the quantities that one measures in a typical experi-
ment, e.g., transmission and reflection coefficients. This is accomplished in the
framework of the layer MST, which allows one to calculate the transmission of an
elastic wave through a finite slab (with an arbitrary number of layers) of periodi-
cally arranged scatterers. The approach starts by calculating the field of the elastic
wave scattered (or transmitted) by a single layer of scatterers. Let us assume that the
layer of scatterers (elastic spheres) lies completely in the x—y plane and that
positions of the scatterers are given by vectors {ﬁn} of a 2D Bravais lattice,
which is generated by two primitive vectors @, a, i.e.,

—

R, = md, + ma, (10.86)

where 1y, ny are integers. The positive direction of the z-axis is chosen to be to the
left of the layer as explained by Fig. 10.9.
A plane elastic wave &' () incident on the layer can be expressed in general as

@N(F) = IR + > i () (10.87)

where s = 4/ — indicates waves incident from the left (positive z) and from the
right (negative z) respectively, while & = 1 and f§ = 2, 3 are identical to index ¢ in
(10.75) and distinguish between the longitudinal and the transverse (with two
polarizations) waves . Each term in (10.87) can be expressed in terms of the
primitive vectors by, b, of the 2D reciprocal lattice as follows:
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i (F) = Z it (7) =Y Ul*exp(iky, - 7) (10.88a)
g

iy (7) = Z i (F) = ZU;;;iexp ik, - ) (10.88b)

e s . .
where wave vectors k,, and kﬁg are given by the expressions

- - L2
kye = <k|| + 8+ 0% - ‘kn +g‘ ) (10.89a)
~ o L2
Ky = (k + &\ B - ]ku +g\ ) (10.89b)

Here g is the 2D reciprocal lattice vector (g = mlﬁl + mzl;z, where m;,m, are
integers), and kH is a reduced wave vector in the first BZ of the reciprocal lattice.
In (10.89a) and (10.89b), (kH + ) simply represents components of wave vectors

ki and kjE that are parallel to the layer of scatterers. These expressions are chosen

to s1mp11fy subsequent calculations.
Much in the same way, the wave i7*° (F) scattered by the layer can be expressed as
follows:

’—:) Z—oscv’—*)_"_Z—»sca

Z Ugc Sexp(ik’ o7+ Z U;; Sexp( zkﬂg 7) (10.90)

Indices o and f§ have the same meaning as in case of incident wave (10.87). The
index s = +/ — , however, reverses its meaning and now indicates the scattered
waves propagating away from the layer on its right (negative z) and on its left
(positive z) correspondingly (see Fig. 10.9).

After lengthy and comphcated calculations, one can show (see Ref. [18]) that
amphtudes U s and U 3¢ of the scattered wave are related to the amphtudes U ;g’i
and U nE of the incident wave with the help of matrices M, (s,s' = +/ — and
K,k = a, ) as follows:

Uyt M Mot MG M 0

g e | o S el 8 oot
Uos%c,f B [M1a+ M7+ Uin,+ . M;ﬁ— a/} Um7 :
UEC,* ME; Mﬁ[;r Um+ MI;; M[;[; U;;n’_
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Fig. 10.10 Schematic illustration of the physical significance of the matrices MEZ,

In the above equations, U** and U™* are column vectors defined as

Ut = (U Ut U U (10.92a)
urE=[uns Ut ounE oy (10.92b)

where the Tr superscript denotes the operation of transposing. The explicit
expressions for the elements of the matrices Mf;;, are given by Liu et al. [18].
Being very complicated mathematical objects, matrices Mff,;, nevertheless have
simple physical meaning (Fig. 10.10). They are transmission and reflection matrices
for incident waves U;““i and U/‘),"’i. For example, by expanding first line in the first
matrix equation in (10.91), one obtains

U;C,Jr —_ M;r;rUeiCnnL 4 M;r/;LUm >+ T M+ Um -4 M U[‘;n -

Figure 10.10 shows a schematic diagram explaining the physical meaning of
matrices contained in the above equation.

Having found transmission and reflection matrices through the single layer, one
needs to find a way to calculate similar matrices for a phononic crystal with an
arbitrary number of layers. Figure 10 10 shows a schematic diagram explaining the
physical meaning of matrices MKK, contained in the above equation. This is
accomplished by calculating matrices QKK, for each of two single layers that are
displaced with respect to the x—y plane by vectors @z /2 and — @3 /2, where @ is a
third primitive vector of the Bravais lattice of the phononic crystal. In other words,
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ajs is a vector by which a single 2D layer of scatterers should be repeated to form the
3D phononic crystal. Matrices Q% have the same physical meaning as M., and are
connected with matrices M, by another translation matrix ., whose elements are
explicitly expressed in [18]. The transmission and reflection matrices for the pair of
two successive layers (denoted by N and N+1) are obtained by combining
corresponding matrices Q% (N) and Q% (N + 1). The essential physics here is
that two sets of matrices are combined by taking into account all multiple reflections
that the incident wave undergoes between two layers as it propagates through the
two-layer system. By repeating this procedure, the transmission and reflection
matrices through the slab consisting of 2" layers can be found. The corresponding
matrices for the crystal with an arbitrary number of layers can be obtained by
combining matrices for the slab with even number of layers and one extra layer.

It also should be noted that in addition to the band structure, which displays
normal modes of the system along high-symmetry directions, the MST also allows
calculation of the modes along any direction inside the crystal. The geometrical set
of all points belonging to a particular mode (which is characterized by a certain
frequency) is referred to as an equi-frequency surface or equi-frequency contour for
3D or 2D structures correspondingly.

10.5 Finite Element Method

The finite element (FE) method is suitable for the calculation of band structures
of phononic crystals, containing several phases or materials. To present the model,
a doubly periodic structure is considered. Square-, rectangular-, triangular-, or
honeycomb-type structures can be considered, but for the sake of simplicity, only
the square array is presented in this section with a 2D mesh. The phononic crystal
contains two or more different phases and consists, for instance, in a periodic array
of holes in a solid matrix or a periodic array of cylindrical rods or tubes in a solid
matrix. The formalism is the same when the periodic structure is all fluid. The
structure is supposed to be infinite and periodic in the x-y plane and is infinite and
uniform in the third direction. Consequently, the problem is strictly bidimensional,
depending only on the x and y coordinates, using plane strain conditions. The whole
domain is split into successive cells (Fig. 10.11). Due to the periodicity of the
structure, the A/ and A2 lines, parallel to the y axis, and the B/ and B2 lines, parallel
to the x axis, limit the unit cell, which is 2d; wide in the x direction and 2d, wide in
the y direction. In Fig. 10.11, corners are marked by letter C.

Then the structure is excited by a plane monochromatic wave, the direction of
incidence of which is marked by an angle 0 with respect to the positive y axis. The
incident wave is characterized by a real wave vector lg, of modulus %, the wave
number.

Because the structure is assumed to extend from — oo to + oo in the x and y
directions and to be periodic, any space function F (pressure, displacement, electri-
cal potential, etc.) has to satisfy the classical Bloch relation:
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Fig. 10.11 Schematic
description of one unit cell of
the doubly periodic structure,
used to define the Al, A2, BI,
and B2 lines, the C1, C2, C3,
and C4 corners, and the phase
relation between the lines

F(x 4 2dy,y + 2dy) = F(x, y)el?hksinfgi2dzkeost — p(y y)elnehn, (10.93)

Using relation (10.93) allows reducing the model to only one unit cell, which can
be meshed using FEs (Fig. 10.11). Writing relation (10.93) between the displace-
ment values for nodes separated by one period provides the boundary conditions
between adjacent cells. Using the FE method, a modal analysis is considered, and
the whole system of equations is classically

(K — @*M))U = F (10.94)

where the unknown is the vector of nodal values of the displacement U [Kyu) and
[M] are, respectively, the structure stiffness and coherent mass matrices.  is the
angular frequency. Fcontains the nodal values of the applied forces.

The application of the periodic boundary conditions implies that the phase
relation (10.93) between nodal values belonging to the A/ and A2 lines, on the
one hand, to the B/ and B2 lines on the other hand, has to be incorporated in the
matrix equation (10.94). The unit cell is divided into nine parts: the four lines A/,
A2, BI, and B2; the four corners CI, C2, C3, and C4, and the inner domain /.
Displacement vector U and force vector F are then split into the corresponding nine
parts. Due to relation (10.93), their components have to verify

Uy = e"Up1;Upy = 2Up1;Ucy = €"Uc1; Ucs = €2Ucy; Ucy = 7720

(10.95)

Then owing to the equilibrium of interconnecting forces between two adjacent
cells, relation (10.93) leads to analogous relations for the force vector. F, 1, which
corresponds to forces applied to inner nodes, is equal to zero. Defining the reduced
vector Uy as a vector containing values of the displacement on the A/ and B/ lines,
on the C1 corner, and in the inner domain /, relations given in (10.95) imply a
simple matrix relation between Uand U r, Which can be written as
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U = [Py|Ug = [Py]| 22" |. (10.96)

In the same way, a matrix relation can be defined between the vector F and the
reduced vector Fpg:

Far
F = [Pr]Fg = [P f:ii (10.97)
0

Thus, the equation to be solved can be reduced to
[PU]*T([KMM] - CUZ[M])[PU]ﬁR = ([Kg] — w2[MR])UR = [Py [PF|Fk.  (10.98)

Finally, the matrices [Kg| and [M] are divided into following four parts, A/, BI,
C1, and I and the resulting equation is

(IKg] — *[Mg])Ug = 0. (10.99)

A detailed expression of [Kg] and [My] are presented in Appendix 2 of [21].

For a given value of the wave number £, the phase shifts of (10.93) and (10.95)
are deduced and incorporated in relations (10.96) and (10.97). The resolution of the
system (10.99) gives the corresponding eigenvalues o that are real because the
reduced matrices [Kg] and [Mg] are hermitians.

The angular frequency o is a periodical function of wave vector k. Thus, the
problem can be reduced to the first BZ. The dispersion curves are built varying kon
the first BZ, for a given propagation direction. The whole diagram is deduced using
symmetries.

A particular interest is the study of phononic crystal plates, made for instance of
arrays of air inclusions drilled in a plate. In that case, a 3D mesh is considered and
the structure is supposed to be of finite size along the thickness of the plate, periodic
and infinite in the two other directions. Only one unit mesh is considered, and a
phase relation is applied on only the four faces of the mesh, defining boundary
conditions between adjacent cells. The FE method is accurate for the study of
phononic crystal plates because it does not introduce hypothesis on the displace-
ment field or on the characteristics of the medium surrounding the plate [9, 22].

Another way to characterize periodic structures is the scattering or the radiation
of plane acoustic waves from immersed passive or active periodic structures at any
incidence. Therefore, the calculation of the transmission and reflection coefficients
is performed, when N unit cells are taken into account (Fig. 10.12). For this study,
the mesh of the N unit cells of the periodic structure is enough, with a small part of
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Fig. 10.12 Schematic
description of N unit cells
(N=06) of the periodic
structure, for the calculation
of the transmission and
reflection coefficients.

A small part of the fluid
domain is meshed before and
after the periodic structure

the surrounding fluid domain, which can be air, and a harmonic analysis is
performed at a given frequency. The general system of equation is

(Sdeaie? i ooy ) (5) = (7) He

where the unknown is the vector of nodal values of the displacement U and of the
pressure field P. [H] and [M,] are, respectively, the compressibility and mass
matrices for the fluid. [L] is the connectivity matrix at the interface and p and ¢
are the density and the sound velocity in the fluid, respectively. & contains the
nodal values of the pressure normal gradient on the fluid boundaries, on the top
and bottom surfaces. In this system, the periodic boundary conditions are
introduced as previously by the phase relations between nodes separated by the
periodic spacing. Then, the effects of the remaining fluid domain are accounted for



10 Phononic Band Structures and Transmission Coefficients: Methods and Approaches 367

by matching the pressure field in the FE mesh with simple PWEs of the incoming
and outgoing waves. Writing the continuity equations introduces matrix relations
between the nodal values of the pressure on the bottom and top surfaces, which are
then incorporated into system (10.100). The resolution of the system gives the
pressure in the fluid domain. Then, the transmission and reflection coefficients are
calculated.

10.6 Model Reduction for Band Structure Calculations

10.6.1 Background

As thoroughly discussed in previous chapters and sections, the study of wave
propagation in phononic crystals, or periodic media in general, utilizes Bloch’s
theorem, which allows for the calculation of dispersion curves (frequency band
structure) and density of states. Due to crystallographic symmetry, the Bloch wave
solution needs to be applied only to a single unit cell in the reciprocal lattice space
covering the first BZ [23]. Further utilization of symmetry reduces the solution
domain, even more, to the irreducible Brillouin zone (IBZ). As mentioned in
previous sections, there are several techniques for band structure calculations for
phononic crystals and acoustic metamaterials (which are also applicable to photonic
crystals and electromagnetic metamaterials). Some of the methods involve
expanding the periodic domain and the wave field using a truncated basis. This
provides a means of classification in terms of the type of basis, e.g., the plane wave
method (Sect. 10.2) involves a Fourier basis expansion and the FE method
(Sect. 10.5) involves a real space basis expansion. The pros and cons of the various
methods are discussed in depth in the literature [24].

Regardless of the type of system and type of method used for band structure
calculations, the computational effort is usually high because it involves solving a
complex eigenvalue problem and doing so numerous times as the value of the
wave vector, k, is varied. The size of the problem, and hence the computational
load, is particularly high for the following cases: (a) when the unit cell configu-
ration requires a large number of degrees of freedom to be adequately described;
(b) when the presence of defects is incorporated in the calculations, thus requiring
the modeling of large super-cells; and (c) when a large number of calculations;
are needed such as in band structure optimization [25, 26]. All these cases suggest
that a fast technique for band structure calculation would be very beneficial.

Some techniques have been developed to expedite band structure calculations;
examples include utilization of the multigrid concept [27], development of fast
iterative solvers for the Bloch eigenvalue problem [28, 29], and extension of
homogenization methods to capture dispersion [30, 31]. In this section, we provide
a model reduction method that is based on modal transformation [32, 33]. This
method, which is referred to as the reduced Bloch mode expansion (RBME) method,
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involves carrying out an expansion employing a natural basis composed of a
selected reduced set of Bloch eigenfunctions'. This reduced basis is selected within
the IBZ at high-symmetry points determined by the crystal structure and group
theory (and possibly at additional related points). At each of these high-symmetry
points, a number of Bloch eigenfunctions are selected up to the frequency range of
interest for the band structure calculations. As mentioned above, it is common to
initially discretize the problem at hand using some choice of basis. In this manner,
RBME constitutes a secondary expansion using a set of Bloch eigenvectors and
hence keeps and builds on any favorable attributes the primary expansion approach
might exhibit. The proposed method is in line with the well-known concept of
modal analysis, which is widely used in various fields in the physical sciences and
engineering?.

In the next section, a description of the RBME process and its application in a
discrete setting (e.g., using FEs) is given for a phononic crystal problem. Some
results from a case study are also presented to demonstrate the application of the
method.

10.6.2 Reduced Bloch Mode Expansion method

The starting point for the RBME method is a discrete generalized eigenvalue
problem emerging from the application of Bloch’s theorem applied to a standard
periodic unit cell model. This yields an equation of the form

(K(k) — *M)U = 0, (10.101)

where M and K(k) are the global mass and stiffness matrices, respectively; U is the
discrete Bloch vector, which is periodic in the unit cell domain; k is the wave
vector; and w is the frequency. Equation (10.101) is then solved at a reduced set of
selected wave vector points (i.e., reduced set of k-points), providing the
eigenvectors from which a reduced Bloch modal matrix, denoted W, is formed.
Several schemes are available for this selection, the simplest of which is the set of
eigenvectors corresponding to the first few branches at the high-symmetry points
I', X, M for a 2D model and I', X, M, R for a 3D model, as illustrated in Fig. 10.13
for square and simple-cubic cells (more details on selection schemes are given in
[32]). The matrix ¥ is then used to expand the eigenvectors fJ, ie.,

! The same mode selection concept, but in the context of a multiscale two-field variational method,
was presented in [31, 34].

2 The concept of modal analysis is rooted in the idea of extracting a reduced set of representative
information on the dynamical nature of a complex system. This practice is believed to have
originated by the Egyptians in around 4700 B.c. in their quest to find effective ways to track the
flooding of the Nile and predict celestial events [35].
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a b

Fig. 10.13 Unit cell in reciprocal lattice space with the irreducible Brillouin zone, high-symmetry
k-points (solid circles) and intermediate k-points (hollow ciircles) shown. (a) 2D square unit cell,
(b) 3D simple-cubic unit cell

1L —— Full model J
== = 2-point RBME model

r X M r 0 0:5 1 15 2 25
DOS

Fig. 10.14 Phononic band structure and density of states (DOS) calculated using full model
(matrix size: 4,050 x 4,050) and reduced Bloch mode expansion model (matrix size: 24 x 24).
The IBZ and eigenvector selection points are shown in the /eft inset. The 2D unit cell is shown in
the right inset; the stiff/dense material phase is in black, and the compliant/light material phase is
in white. The finite element method was used for the primary expansion

Ugnxt) = ¥ (s Vims1)» (10.102)

where V is a vector of modal coordinates for the unit cell Bloch mode shapes.
In (10.102), n and m refer to the number of rows and number of columns for the
matrix equation. To enable significant model reduction, the chosen k-point selec-
tion scheme has to ensure that m<<n. Substituting (10.102) into (10.101), and
premultiplying by the complex transpose of ‘¥,

YK(K)PV — 0’ P*MPV =0, (10.103)



370 J.O. Vasseur et al.

0.2

3-point RBME

of
[:F ]
E
» My =27x27
S Olf \ 2-point RBME 1
3 008 o N, =63%x63
3 0.06
o,
- 29 9
5 004 &'& vy
@]
-
=]
.© 0.02
=
~
0.01} , ; L
0 500 1000 1500

n,

Fig. 10.15 Computational efficiency: ratio of reduced Bloch mode expansion model to full model
calculation times, r, versus number of sampled k-points along the border of the IBZ, n;, (for two 2D
finite element meshes). The number of elements is denoted by 7,

yields a reduced eigenvalue problem of size m x m,
K(k)V — o’MV =0, (10.104)

where M and K(k) are reduced generalized mass and stiffness matrices. The
eigenvalue problem given in (10.104) can then be solved for the entire region of
interest within the IBZ at a significantly lower cost compared to using the full
model given in (10.101).

To demonstrate the RBME approach, we consider a linear elastic, isotropic,
continuum model of a 2D phononic crystal under plain strain conditions. As an
example, a square lattice is considered with a bi-material unit cell. One material
phase is chosen to be stiff and dense and the other compliant and light. In particular,
a ratio of Young’s moduli of E,/E; = 16 and a ratio of densities of p,/p; = 8§ are
chosen. The topology of the material phase distribution in the unit cell is shown in
the inset of Fig. 10.14. The unit cell is discretized into 45 x 45 uniformly sized
four-node bilinear quadrilateral FEs, i.e., 2,025 elements. With the application of
periodic boundary conditions, the number of degrees of freedom is n = 4050.
Figure. 10.14 shows the calculated band structure and density of states using two-
point expansion, that is, the selection is carried out at the I', X, M points in k-space.
In the calculations, eight modes were utilized at each of these selection points. As
such, a total of 24 eigenvectors (m = 24) were used to form the Bloch modal
matrix. The results for the full model are overlaid for comparison indicating
excellent agreement, despite a reduction of model size from 4050 to 24 degrees
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of freedom. For models with a larger number of degrees of freedom, and a calcula-
tion with high k-point sampling, two orders of magnitude or greater reduction in
computational expense will be achieved (as shown in Fig. 10.15).

While the focus in this section has been on phononic crystals, the RBME method

is also applicable to acoustic metamaterials, to discrete lattice dynamics calcula-
tions, and to photonic and electronic band structure calculations. Furthermore, the
method is applicable to any type of lattice symmetry.
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