Chapter 6
Student Diffusion Processes

6.1 H-Diffusions

We shall consider the regular positive recurrent diffusion processes X = {X;, t > 0}
on an open interval (I, r) € R! with the inaccessible end points and predetermined
one-dimensional distributions (for used terminology see, e.g., [1, 2]).

Lett, = inf{t > 0: X; = a},a € (I,r), and s(x), s € (I,r) be the scale
function for the process X, i.e. a strictly increasing continuous function such that for
alll <a<x<b<r

s(b) — s(x)

P, <5} = s(b) — s(a),

where P* denotes the underlying probability measure of the process given X = x.
Let m be the speed measure for the process X, characterized by the properties that
m(I) > 0 for every non-empty subinterval / of (/,r) andforl <a <x <b <r

E'(tu Ap) = / 8s(a),sb) (5(x), s(y)) m(dy)

(a,b)
where

b — _
—( W a)’ if v<u,

(. v) = b—a

Sa.blil: w—ayb—v)

— if u <y,

b—a

and the expectation E* is taken with respect to the measure P*.
It is known (see [1-4]) that if s(x) — +o00,asx 1 r, s(x) = —o0,as x | [, and

Im|:=m((,r)) < oo,
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58 6 Student Diffusion Processes

then the diffusion X is positive recurrent with the inaccessible end points. Moreover, if

L(Xo) = —,
m]

the process X will be strictly stationary and ergodic.
Let 4 (I, r) be a class of strictly positive differentiable functions g(x), x € (I, r),
such that for each x € (/, r) there exists ¢ > 0, (x — &, x + &) C (I, r), satisfying

x+e

/ Ig'(v)|dv < oo,
X—&

for some xg € (I, r),asx 1 r,

X

G(x) :=/g(v)dv — 400,

X0

and,as x | [, G(x) > —o0.
Let i(x), x € (I, r) be a strictly positive measurable function such that

r

/h(x)dx =1. (6.1)
1
Write H(dx) = h(x)dx,
_ 1 g
a(x) = —2 h(x)gz(x)’ xe(,r), (6.2)
and
o2(x) = (h(x)gx)~", xed, r). (6.3)

Theorem 6.1 [5] Foreachg € 9 (I, r) and h, satisfying (6.1), there exists the unique
weak solution for the stochastic differential equation

dXt = a(X,)dt + U(Xt)dBt, t>0
Z(Xo) =H,
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which is a regular positive recurrent diffusion with the scale function

[ g
g(x0)

s(x) = dv, xe(,r),

X0

and the speed measure m = g(xo)H.
Here and below B = {B;, t > 0} is the standard univariate Brownian motion.

The solution is a strictly stationary process with the one dimensional distribution H,
called the H-diffusion (see [6]). The functions g and % are intrinsic characteristics of
the H-diffusions, in terms of which their properties should be formulated.

Example 6.2 Let (I,r) = (0, 1),

h(x) = CxPr=1 (1 — )Pl x e (0, 1),
gx) = L [xa1+/31—1(1 _ x)ot2+/32—1e(x+l)X]_l
Co? ’
x€©1), aja,r xeR, o*>0, >0, B>0.
Here and below C is the norming constant. It is easy to check that g € 4(0, 1) if and

only if ¢y + 81 > 2 and oy + B > 2.
In this case

o2
a() = 5 [(@+ 1 = Dx 71 =) — @+ 2 1)

X x4 (1 — )27 (5, 4+ w1 (1 —x)“Z] XX x e (0, 1),

and
o2(x) = o2x¥ (1 — x)%2eX*, x € (0, 1).

Taking o1 = ap = 1, x = 0, we have the Wright—Fisher gene frequency model with
mutation and selection in the population genetics (see, e.g., [1, 7]).

Example 6.3 Let (I,r) = (0, 00),

h(x) = Cx*! exp {— (Xx_’gl + 1//xﬂ2)} , x>0

1
glx) = ﬁx_(“'y)“ exp {)()c_ﬁ1 + wxﬂz}, x>0
o

where o2 > 0, B1 > 0, B2 > 0 and either
1) A,y eRl,X >0,% >0, or

) x=0,A>0,% >0,L4+y >2,0r
(i) vy =0,2<0,x >0,A+y <?2.
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In all these cases g € 4(0, 00),

0’2

a() = 7 [(y F A= D g g AT - wﬁzx”ﬁf‘] L x>0

and

%7, x> 0.

02(x)=0
Ify=26,=1,x =0,A> 0, we have that

o2 5
a(x) = 7(A+1)x—1/fx , x>0,

oz(x) = o2x?
and

h(x) = Cx* e V¥,

giving us a diffusion version of the Pearl-Verhulst logistic population growth model
(see [1]). This class of diffusions also contains the Cox—Ingersoll-Ross model for
short interest rates in bond markets and its generalizations (see, e.g., [4, 8]).

Example 6.4 Let (I,r) = (—00, 400),

( x —a\? Y X —« 1
hix)=C 1+( 5 ) exp[—%arctan( 3 )], X €ER,

1
x€R' a A xeR!, )»<—§,

exp {sarctan (5%)}

co? (1+ (%)Z)HV

gx) =

1
A+y§§, 6 >0, o2 >0.

In this case g € ¥ (—00, +00),

o2 x—a\? 7! X —« » |
/,L(X)IK 1+( 5 ) |:()u+y)(T)—Ei|, X €R,
2\Y
oz(x)=02(1+(x;a)) , xeR.
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Taking y = 1, we have the Johannesma diffusion model for the stochastic activity
of neurons (see [9-11]) and one of the Follmer—Schweizer models for stock returns
(see [12], also [13]). The stationary distribution is the skew Student’s ¢-distribution
with the skewness coefficient . If > = 0, we arrive to the univariate Student’s
t-distribution.

6.2 Student Diffusions

Definition 6.5 An H-diffusion process X on R! is called a Student diffusion if
H=Twoc%a),w>002>0acR.

From Theorem 6.1 it follows that for each g € ¥ (—o00, 00) there exists a Student
diffusion. For example, taking A = —"zil, y =1, =0, o2 = 0, we find from

Example 6.4 that the unique weak solution for the stochastic differential equation

O —1) (X, — X, —a\’
dx, = — (”2 )( ’8 a)dt—i— 9(1+( ’8 O‘) )dB,, 6 >0,

L(Xo)=Ti(v,8*v 1 )

is a Student diffusion.

Example 6.6 [8] The function g(x) = 02 > 0, x € R', belongs to ¢ (—o0, 00).
Thus for any strictly positive pdf 2(x), x € R', the unique weak solution for the
stochastic differential equation

1
dX, = (c?h(X,)) 2dB;, t>0
Z(Xo) = H,

is an H-diffusion.
If v > 1, as the unique weak solution for the stochastic differential equation

X, —«a 2062 X, —a\>
dX, = —6=—dr + R 5 dB,, t >0,
b _

L(Xo) =Ti(v, v 1, a),

the Student diffusion is a member of the family of Kolmogorov—Pearson diffusions
(see [14, 15)).

Now let us consider a Student diffusion X = {X;,t > 0}, corresponding to
the function g € ¥ (—o00, 00), and discuss the domain-of-attraction problem for the
maximum values
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Mr = max X;, T >0,

0<t<T

using linear normalization.

We shall see that the problem for H-diffusion reduces to the classical extreme
value theory and the criteria are expressed in the terms of functions g independently
of the marginal distribution H.

Definition 6.7 We say that an H-diffusion X = {X,, r > 0} belongs to the maximum
domain of attraction of the nondegenerate distribution Q (X € M D A;(Q) for short)
if there exist constants ar > 0 and by € R! such that, as T — oo,

Z (ar(Mr — br)) = Q.

Define yr from the equality G(yr) =T.

Theorem 6.8 [6] Let an H-diffusion X corresponds to the function g € 4 (1, r). The
following criteria hold true:

(i) X € MDA;(A) if and only if there exists a function b(x) > 0, x € (xo, 1),
such that, for each x € R!,

G(®y) R
m——-———=e °;
ytr G(y +b(y)x)

(ii)) X € MDA(®)) if and only if r = o0 and, for each x > 0,

Gy
im =x
ytoo G(xy)

, ¥ >0;

(iii) X € MDA;(V)) if and only if r < o0 and, for each x > 0
G(r —
im Gr=y) =x", y>0.
yl0 G(r —xy)

Moreover, in the case (i)

/m@ﬂW<w
X0
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and we can take

b(x) = G(x) / (G~ v,
i L
ar~ = /(G(v))*‘dv ,
br =yr +TXT,

where xT are any constants such that ar xr — 0, as T — oo.
In the case (i)

ar ~y;', br=0
and in the case (iii)
ar ~(r—yr)~', br=r.

Proof Under the assumptions of Theorem from Davis [16] (see also [17, 18]) we
have that for any constants u7 1 oo, as T — oo.

dim |P(My < ur}— F'(ur)| =0,
where
F(x) = e_(G(x))_l, xe(,r).
Let

Py = [0, for x < Xo,
1= (G) Mz, for x> Zo,
where G(x9) = 1.
Because 1 — F(x) ~ 1 — I:“(x), as x 1 r, the statement of Theorem 6.8, using
the principle of equivalent tails, now follows from the classical extreme value theory
(see, e.g., [19, 20]). O

Because, for x € (Xg, r),

) =F(x)= %
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and

b 1gw g2
F=36m o)

we shall have the following analogue of classical von Mises theorem (see, [19-22]).

Theorem 6.9 [21] Let an H-diffusion X correspond to the function g € G(l, r).
The following sufficient conditions are valid:

(i) if
i 8GE _
m 2— =1
xtr go(x)
then X € MDA;(A);
(ii) if r = oo and
xg(x)

im =y >0,
xtoo G(x)

then X € MDA;(®,);

(iii) ifr < oo and

. (r—x)gx)
im-—2"- =

> 0,
xtr G()C)

then X € MDA;(W,).

Now the following Propositions are obvious.

Proposition 6.10 Let a Student diffusion X correspond to the function
g € Y (—o00, 00).
There are two possibilities:
(1) X € MDA;(A) if and only if there exists a function b(x) > 0, x € (xgp, 00),
such that, for each x € R!,

G(®) .
m—————-=2e
ytoo G (y + b(y)x)

and
(2) X € MDA/(®)) if and only if, for each x > 0,

G(y) —y
1m =X
ytoo G(xy)

, ¥y >0.
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In the case (1) we can take
—1

b(x) = G(x) / Gon~Ttav|

and the norming constants

00 -1
ar ~% /(G(v))”dv ,

br =yr + xr.,

where xr are any constants such that ar x7 — 0, as T — o0.
In the case (2) the norming constants are ar ~ )/T_l, br = 0.

Proposition 6.11 Let a Student diffusion X correspond to the function

g € Y(—00, 00).
Then, if

i g (x)G(x)
m-=—>3 =
xtoo  g7(x)

X € MDA;(M),

and, if

xg(x)

im =y >0,
xtoo G(x)

X € MDA;(W,).

Example 6.12 (continued Example6.2) Let oy + 81 > 2. Using Theorem 6.9 (iii),
because

(1-x)gx) B
xlgll o) ap + B1 —2,

X e MDA;(Wy,48,-2)-
Example 6.13 (continued Example 6.3) In the both cases (i) and (ii)

i g(x)Gx)
1m 2— =1
x—>o00 g (x)

implying by Theorem 6.9 (i) that X € M DA;(A).
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In the case (iii), assuming that A 4+ y < 2, we have that

xg(x)
1m =
oo G(x)

2—A—y,
implying by Theorem 6.9 (ii) that X € MDA; (P35 ).
Example 6.14 (continued Example 6.4) Assuming that A + y < %, we have that

xg(x)
im
xtoo G(x)

=1-20+vy),

implying by Theorem 6.9 (ii) that X € M DA;(P1_2(.4))-

Example 6.15 (continued Example 6.6) Taking xo = 0, we find that G(x) = o2x,
x € R!, yr = 02T and

xg(x) _
G(x)

Thus, X € MDA;(®;) and, as T — o0,

0,2
< (?MT) = 9.

6.3 Point Measures of e-Upcrossings for Student Diffusions

Let ¢ > 0 be fixed. The process X = {X;, t > 0} is said to have an e-upcrossing of
the level u at 1o if X(t) < u, fort € (to — &, 19), and X (t9) = u. Let T > 0 and
B € % ((0, 1]). Then

N7 (B) =tt{e —crossings of ur by X on the set T B}

is called the time normalized point measure of e-upcrossings of the level ur by X.
The following statement is slightly weakened but essentially simplified version
of the Borkovec and Kliippelberg result in [8] (for used terminology see, e.g., [23]).

Theorem 6.16 [24] Let an H-diffusion X correspond to the function g € 4(l,r),
pdf h is continuous and there exists a constant K such that, for all x € (I, r),

h(x)G*(x) log(|G ()| + 1) -

K. 6.4
g(x) - ©4)
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Ifur v r,as T — oo, and

lim T7'Gur) = Q2r)~!, ©>0, (6.5)
T—o00
then the point measure Nt converges vaguely to the homogeneous Poisson point
measure on B ((0, 1)) with the intensity t, as T — o0.

Example 6.17 Let (I,r) = (—00,00),x9 =0, h(x),x € R! be an arbitrary strictly
positive continuous pdf, g(x) = o2 > 0.
If there exists a constant K such that, for all x € R!

xZlog (lx| 4+ 1) h(x) < K, (6.6)

then the statement of Theorem 6.16 holds true with 7 = % andur =T.
Because for the skew Student’s ¢-distribution (see Example 6.4 and [13])

v+l

x—a\?) * r—a 1
h(x) =Cys.| 1+ 5 exp | —srarctan 3 , XER,

(6.7)
where
%) . 2 7
C - 1 AN ’
T AT (3) kHO[ +1 +2k)2}
we have that, as |x| — oo,
h(x) ~ Cys.58" x| 70+, (6.8)

In this case the assumption (6.4) is satisfied if and only if v > 1.

Example 6.18 Let X be a skew Student diffusion corresponding to the function

2(x) = exp {carctan (T)L . xeR', axeR', y< 1+ 2

+ - 2
Cosre (14 (52)7) 77

Having in mind (6.8), because, as |x| — oo,

|x|v+172y

8~ e Ty
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and, using I’Hospital’s rule,

x| v+2-2y

G ~ b
) CV,S,%8V+1_2)/ v+2-2y)

we find that the assumption (6.6) is satisfied if and only if 1 <y <1+ 3.

If 1 <y <1+ 3, taking

T Eesd
“T=\2C, 5,02 (v +2 — 2y) ’

then the point measure N1, as T — 00, converge vaguely to the Poisson measure
with the intensity 1.

Example 6.19 (continued Example 6.3) In the case (i), using I’Hospital’s rule, we
have that, as x — o0,

Gx) ~ (B x " Prg(x) (6.9)

and, as x — O,
G(x) ~ —(xp) 'x"Pg(x). (6.10)

Thus, the assumption (6.4) is satisfied if and only if
2-2B1 <y <2426

and (6.5) holds with T = 1 and

(11 T))311+ 1 (11 T)ﬁll_l
= — 10 —_— —
eyt A

-2 1 2
x [ﬁl“’Tﬂ log (E log T) +log (ﬁlwc%)] 6.11)

Here we used formulas for asymptotic solutions of equations like G(ur) = T from
[19], Table 3.4.4.
In the case (ii) we analogously find that, as x — oo, (6.10) holds, and, as x — 0,

G(x) ~ g(x), (6.12)

X

2—(A+y)

implying that the assumption (6.4) is satisfied if and only if
2<y <2B+2.

The equality (6.5) holds with t = 1 and ur, defind by (6.11).
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Finally, in the case (iii), as x — 00, it holds (6.12) and, as x — 0, it holds (6.10),
implying that the assumption (6.4) is satisfied if and only if

2-2B1 <y <?2.

The equality (6.5) holds with T = 1 and

O'2T ﬁ
ur = [(Z—X—V)(T)} .

6.4 Kolmogorov-Pearson Diffusions

Definition 6.20 An H-diffusion X = {X;,t > 0} in the interval (/, r) is called the
Kolmogorov—Pearson diffusion if it is a weak solution for the stochastic differential
equation

dX;, =0A(X;)dt + VOB(X;)dB;, t>0, 6 >0,

L(Xo) = H. (6.13)

where
A(x) =po+ pix, xe(l,r),
and
B(x) =qo+ q1x + q2x2 >0, xe(,r).
This class of diffusions was described by Kolmogorov in 1931 (see [25]). Ergodic
distributions of these diffusions are contained in the family of Pearson distributions,

satisfying the Pearson equation:

W (x) 2A(x)— B'(x)
h(x) B(x)

, xe(,r). (6.14)

Last years this class of diffusions attracted attention of statisticians as a flexible
and statistically tractable stochastic processes (see, e.g., [13, 26-32]).

Let L2 ((I, r); H) be a Hilbert space of equivalency classes of measurable func-
tions f : (I,r) — R! such that

111 1=/f2(x)h(x)dx oo
[
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and C2 ((I, r)) be a class of twice differentiable functions f : (/,r) — R

The generator

0 d? d
L=—-B(x)— +0A(x)—
2 (x)dxz +HOAR) dx

of the Kolmogorov—Pearson diffusion X, satisfying (6.13), is a map

L:L>(,r); HyNC*>(,r) — L*((,r); H).

Let us recall the following classical results (see, e.g., [1, 33-35]).

Obviously, L maps polynomials to polynomials. If, foralln =0, 1, .. .,

r

/x2”h(x)dx < 00,
I

there exists an orthonormal system of polynomials {P,(x),x € (I,r),n =0, 1, ...}

such that
LP,(x)+ A, P,(x) =0, xe(,r),

where %
Anz—ne(pl +7(n+1)), n=0,1,...,

(6.15)

showing that the spectrum of—L is discrete with the eigenvalues, given by (6.15),
and the corresponding eigenfunctions { P, (x), x € (I,r),n =0, 1, ...}, which under

the additional assumption that

lim hA(x)B(x) = lim h(x)B(x) =0
x—1—0 x—>r+0

are given by the generalized Rodrigues formula:

n (n)
P,(x) = cnm, xel,r), n=0,1,...
h(x)
where
2
L (pwsw]”)
Cp, =/ ) dx.

(6.16)

, 6.17)
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If, for some integer N,

/xZNh(x)dx < o0, (6.18)
I

but

.
/ Ix PV (odx = oo,
[

the spectrum of—L consists of the continuous part and the finite number of discrete
eigenvalues

knz—né(pl—i—%(n—i-l)), n=01,....N,

corresponding to the eigenfunctions { P, (x), x € (I,r),n =0, 1, ..., N}, defined by
the formula (6.17).
Let

r

hj =/xfh(x)c1x, j=0,1,2,...,

~

1 hy ... hy
A, = h1 hy ...hy4+1 CAp=1,
hy hn+1 v hoy
and
1 hy... hy
hy hy ... hy
0,(x) = e oo |y Qolx) =1.
hp—1 hy .. hopy
I x ... x"
Then
P,,(x):M xel,r), n=1,2,....

v Ap—14y ’

If & is a pdf of the skew Student’s ¢-distribution, given by (6.7), from Example 6.4
it follows that the corresponding H-diffusion is the Kolmogorov—Pearson diffusion
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A(x):%[—vgl (x;a)—ﬂ, (6.19)

with

and

x—a)’ h h
B(x)=0{1+ 5 , X€ER', a,x€e R, v,6>0. (6.20)

In this case from (6.8) it follows that (6.16) is satisfied if and only if v > 1,
and (6.18) holds true with the largest integer N satisfying 2N < v and denoted
N = L%J . The discrete eigenvalues for the skew Student diffusion, defined by (6.19)
and (6.20), are

né v
b= 3 =m. n=01..... L—J
The corresponding eigenfunctions are equal to

[h(x) (1 N (xga)2)n](n)

h(x)

Py(x) = ¢, Cn=o01,... SJ 6.21)

If 5c = 0, h is the pdf of T} (v, §2y—1 «). Following [30], polynomials (6.21) are
called the Routh—Romanovsky polynomials (see [36, 37]).
If 5 = « = 0, we have that, for j < v,

o0

: 8 J oW (v P\ o

J x/h(x)dx = —<T §+§ r 37 5) if j is even,

O ._ J- _

hy” =177 ﬁr(z)
0, if j is odd,

and, for x =0, #0, j <,

00 )
J .
h;a) = / x h(x)dx = Z (i) h,(co)otjfk.

e k=0

We refer the reader to [30] (see also [9, 15]) where a version of the Student
diffusion was considered with

—Xx+ o
6 9

Alx) =



6.4 Kolmogorov—Pearson Diffusions 73

282 —a)?
B(x) = 1+ (22%) ), aer', v>1, 5>0,
v—1 1)

0 1n(v—n), n:O,l,...,L%J

An =
and the Routh—-Romanovsky polynomials as corresponding eigenfunctions. Most
important that in this paper the continuous part of spectrum is described in terms
of the hypergeometric functions, obtained the spectral representation of transition
probability density of X and applied to the statistical inference of the model.

The skew Student diffusion is known as the Johannesma diffusion model for the
stochastic activity of neurons (see [9—11]) and as one of the Follmer—Schweizer
models for stock returns (see [12, 13]).

Classification of the Kolmogorov—Pearson diffusions to six types is given in
[14, 15]. The characteristics of these types are the following:

(1)
Ax)=—x+a, Bx)=2, (,r)=(—00,0),

1
h(x) = \/T—nei%(xia)z, X,0 € Rl,

An=n%0, n=0,1,...

{Pn (x),x € R.n=0,1,.. } are the Hermite polynomials;

2)

Ax)=—x+a, Bx)=2x, (,r)=(0,00), ao>1,

xtx—l —X

h(x):W, X >O,

A=n0, n=0,1,...,

{P,(x),x >0,n=0,1,...} are the Laguerre polynomials;

3)
Ax)=—x+a, B(x)=2ax>, (,r)=(0,00), a>0, a>0,
h(x) = Cpiyy e (1 —l—xz)_ﬁ_l exp [—garctan (x — a)} , x>0
hn = 6 (1 — aln + 1), nzo,l,...,B+%J,

{Pi(x),x>0,n=0,1,..., L% + ﬁ } are the Routh-Romanovsky
polynomials;
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“4)

Alx) =—x+«a, Bkx)= 2ax2, (l,r)=0,0), a>0, a=>0,

R 2
—\aJ ;2 -
h(X)_F(%+l)x exp{ ax}’ x >0,

1 1
Mm=nf(l—-—an+1), n=0,1,....| =+ —1,
2 2a
{Pn(x), x>0,n=0,1,..., |_% + %J} are the Bessel polynomials;
&)

Ax) = —x4+a, Bkx)=2ax(x+1), (,r)=(0,00), a>a>0,

h(x) = ngl(l —i—x)*aTH*l, x >0,

B(%. 3 +1)
1 1
Ap=n0(l—am+1), n=0,1,...,| =+ —1,
2 2a
{P(x),x>0,n=0,1,..., L% + ﬁJ} are the Fisher—Snedocor polynomials;
(6)

Ax) = —x+a, B(x)=2ax(x-1), (,r)=(0,1), —1<a<0,
l4+a<a<-—a,

1
B (=5 —5)

a’ a

nd(1—-2am+1), n=0,1,...,

_a_ _atl
xTa -0 L 0<x <1,

h(x)

An

{P,(x),x € (0,1),n=0,1,...} are Jacobi polynomials.

In the above formulas B(z1, z2) means the Euler’s beta function.
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