Chapter 5
Student OU-Type Processes

The classical Ornstein—Uhlenbeck process {X;, # > 0}, starting from x € R is a
solution of linear equation.

t
X,:x—i—B,—c/XSds, >0, (5.1)
0

where ¢ > 0 and {B;,t > 0} is a standard d-dimensional Brownian motion. It is
uniquely solved by

t
X, =e x +/e_c(t_s)dBS, t>0,
0

where the last integral is a Wiener stochastic integral. We easily find that
LX) = Geﬂ-tx’zlfc(l_efzct)ld = GO,ild’

ast — 0o, where I is an identity d x d matrix.

If we replace {B;,t > 0} in (5.1) by an arbitrary Lévy process {Z;,t > 0}
with the triplet (a, A, IT) of Lévy characteristics and the characteristic exponent
¢(z) = —log Ee¢'&X1) the solution

t
X, =e “x + / e =94z, >0 (5.2)
0

is called the starting from x € RY Ornstein—Uhlenbeck type process generated by
(a, A,II, ¢).
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The integral in (5.2) is defined analogously to the Wiener integral through con-
verging in probability integral sums (see, e.g., [1]).
If we write

P,(x,B)=P{X, e B}, xeR’ BeBRY), t>0,

it can be proved (see [2]) that

!
/ei(z,y) P,(x,dy) =exp {ie " (x,2) —/(p(efcsz)ds , x,ze Rl >0,
R4

implying that P, (x, -) is an infinitely divisible probability measure with the triplet
(atx, A, T1;) of Lévy characteristics given by the formulas:

t

A; =/e_2”dsA, t>0
0

t
I1:(B) =//1B(€*”y)dsl'l(dy), B e B(Rf), 1>0,

d
R O

and

13
arx = e “x+ [eds

0
+ [ Joe @y (Le-espyizny = Lyyi=n) dsTIdy), >0, x € R%.
R

Because

/ / ¢/“) Py(y, dw) Py (x, dy)
R4 Rd
N
=/€Xp i(y, e “z) —/w(e_”z)dr Py (x,dy)
Rl 0
Ky t
= exp i(x, e Utz —/(p(efc(rﬂ)z)dr —/go(e*crz)dr
0 0
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= / ¢ EM P (x, dw),
R4

Pi(x,B),t >0,x € Rd, B e %(Rd), satisfies the Chapman—Kolmogorov identity

/ P,(x.dy) Py(y, B) = Prss(x. B)
Rd

as the transition probability function of the time homogeneous Markov process X.
It is known (see [2-6]) that, as t — oo, for each x € R4

Pt('xa ) = [LC

if and only if
log |y|TT(dy) < oo, (5.3)

{Iy1>2}

where the limit distribution ji. satisfies

]

/ eV f(dy) =exp { — / e “z)dsy, ze R (5.4)
R4 0

The distribution fi. is self-decomposable with the triplet of Lévy characteristics

(dc, Ac, T1.), where
- 1 1 y
dc = —a+ -~ —TII(dy),

[yl
{ly[>1)

~ 1

c= —

2c

and

[.(B) = %//lg(e_sy) dsTI(dy), B € A(RY).
R4 0

There is one-to-one continuous in the topology of weak convergence correspondence
between the class / Dlog(Rd) of infinitely divisible distributions, satisfying the inte-
grability assumption (5.3), and the class of self-decomposable distributions L(R?).
It is given by the mapping
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o0

IDg(RY 3 u = 2(Z)) & & /e—’dz, = /i € L(RY).

0

(5.5)

The correspondence (5.5) imply that for the triplet (a, A, IT) of Lévy characteristics

for i the following equalities hold true:

G=at / Y nay)
[yl

{Ilyl>1}

~ 1
A=-A
2

and

f[(B)://lB(e_Sy)dsH(dy), B e B(RY).
R! 0

Vice versa, if

e = [ e | 00 Dar, B e Ry,
0

gd—1

then
a=i- / Y niay),
[yl

{lylI>1}
A=2A

and

I(B) = — / K(dé)/lB(ré)dkg(V)-
0

gd—1

(5.6)

The process {Z;,t > 0}, is called the background driving Lévy process (BDLP

for short).

Definition 5.1 The subclass of the Ornstein—Uhlenbeck type processes, obtained by
the correspondence (5.5) with the Student ¢-distribution fi, is called the class of the
Ornstein—Uhlenbeck type Student processes (Student OU-type processes for short).

Definition 5.2 The subclass of the Ornstein—Uhlenbeck type processes, obtained
by the correspondence (5.5) with the noncentral Student ¢-distributions i, satisfying
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self-decomposability condition (iii) of Proposition 4.6, is called the class of the non-
central Ornstein—-Uhlenbeck type Student processes (noncentral Student
OU-type processes for short).

We shall describe the BGDP, generating the Student OU-type processes.
Proposition 5.3 (i) The Student OU-type processes are generated by the BDLP

= {Z;, t > 0} with the triplets of Lévy characteristics (yo, 0, T1g), where

Yo = / xmo(x)dx + «, aeRd,
{lx|<1}

My(B) = /no(x)dx, B e B(RY),

B
d
mo() = == (F109)) lrex
and
vZ%'H(xE ! )7% T 4 L
lo(x) = /u4Kg Qt{xs™ ))Z)g%(th)dt,
JElem! 2

v > 0, X is a symmetric positive definite d x d matrix.

(ii) The Student OU-type process X, generated by the BDLP Z with the triplet of
Lévy characteristics (yy, 0, Ig) and L(Xo) = Tg(v, X, @) is strictly stationary
Markov process.

Proof

(i) Follows directly from the Definition 5.1, the above stated properties of BGDP
and the Proposition 4.5.
(i1) It is well-known property of time homogeneous Markov processes. (]

Proposition 5.4

(1) The noncentral Student OU-type processes are generated by the BDLP 7 =
{Z;,t > 0} with the triples of Lévy characteristics (Y, 0, [1,), where

Vo = / xm,(x)dx + @, «,a € Rd,
{lx|<1}

,(B) =/7'ra(x)dx, B € B(RY),
B
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T () =~ (14 0)) e

and

oo

—1
L) = 2vexp£(az . x)} /((aZfl,a)—i-Zt)
VIZI@m)? ((xz71x))* 9

x Ky ((((aZl,a) N Y Do x))z) gy 2v1),

d
i

PN

(ii) The noncentral Student OU-type process X9, generated by the BDLP Z with
the triplet of Lévy characteristics (4,0, I1,) and L(Xo) = Ty (v, X, «, a) is
strictly stationary Markov process.

Proof
(i) Follows directly from the Definition 5.2, the above stated properties of BDLP

and the Proposition 4.5.
(i) Itis well-known property of time homogeneous Markov processes. O
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