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Preface

Stochastic processes with heavy-tailed marginal distributions, including Student’s
t-distribution, are used commonly for modelling in communication networks,
econometrics, insurance, logarithmic stock returns and stochastic volatility in
finance, electric activity of neurons, turbulence, etc.

The aim of this short book is the survey of recent result on the Student-Lévy
processes as a subclass of Thorin subordinated Gaussian—Lévy processes. Criteria
of self-decomposability of such processes are discussed in detail and related
Ornstein—Uhlenbeck-type processes are constructed.

The univariate Student diffusion processes are considered in the framework of
the H-diffusions, i.e., stationary ergodic diffusions with the predetermined mar-
ginal distribution H. Asymptotic distributions of the normalised extreme values of
these diffusions are given. Special attention is paid to the statistically tractable case
of the Kolmogorov—Pearson diffusions.

Using the independently scattered random measures, defined by means of the
bivariate Student—Lévy processes, strictly stationary Student processes with the
arbitrary correlation function are defined. Further, via the Lamperti’s transform,
the self-similar Student-Lamperti processes are introduced.

As a promising direction for future work in constructing and investigating of
new multivariate Student-Lévy-type processes, the notion of Lévy copulas and the
related analogue of Sklar’s theorem is briefly explained.

Statistical inference problems as well as general studentised statistics and self-
normalised processes are not considered at all. List of references is far from to be
complete.

The author is grateful to the colleagues Algimantas Bikelis, Kestutis Kubilius,
Kazimieras Padvelskis and Pranas Vaitkus for friendly support and Rimanté
Baltutyté for excellent typing.

Vilnius, September 2011 Bronius Grigelionis
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Abstract and Keywords

Abstract This brief monograph contains a deep study of infinite divisibility and
self-decomposability properties of central and non-central Student’s distributions,
represented as variance and mean-variance mixtures of multivariate Gaussian
distributions with the reciprocal gamma mixing distribution, respectively. These
results permit to define and analyse Student-Lévy processes as Thorin subordi-
nated Gaussian-Lévy processes. Analogously, Student—Ornstein—Uhlenbeck-type
processes are described. A wide class of one-dimensional strictly stationary
diffusions with the Student’s ¢t marginal distribution is defined as the unique weak
solution for the stochastic differential equation. Extreme value theory for such
diffusions is developed. A flexible and statistically tractable Kolmogorov—Pearson
diffusions are also described. Using the independently scattered random measures,
generated by the bivariate centered Student-Lévy process, and stochastic
integration theory with respect to them, it is defined as an univariate strictly
stationary process with the centered Student’s ¢ marginals and the arbitrary
correlation structure. As a promising direction for future work in constructing and
analysing of new multivariate Student-Lévy-type processes, the notion of Lévy
copulas and the related analogue of Sklar’s theorem is explained.

Keywords Bessel function - Gaussian Lévy process - H-diffusion - Self-decompos-

ability - Stationary Student process - Student-Lévy process - Student’s ¢-distribution -
Thorin subordinator - Tweedie class
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Chapter 1
Introduction

Considering a sample of independent observations X1, ..., X, from the normal
population with mean « and variance o2 for testing the null hypothesis Hy : o =
against the alternative Hy : @ = a1, Gosset (“Student”) in 1908 [1] suggested the

test statistic B
_ (X, — ap)

Sn

n>?2,

n

where X,, = % > X, s,2Z = ﬁ > (X - X,)2. He derived that the distribution
j=1 j=1
law
L(ty) =Ti(n—1,1,0),

where T (v, o2, «) denotes the univariate Student’s ¢-distribution with v > 0 degrees
of freedom, a scaling parameter o> > 0 and a location parameter « € R', defined
by its probability density function (pdf for short) f, ,2(x — &), where

__redh L]t |
fv’o“x)—m[”;(;)] , XER,

and I'(z) is the Euler’s gamma function (see [2]).

Having in mind that the statistics X, and s,zl are independent, .Z (X,) = N(ap, "n—2)
and .,2”(0’25,%) =T no1, We easily find that

2

o0

1 ,L(i)z
= —_— 2y \o hU d s
Fro2@) / N ()dy

where I'g ,, is the gamma distribution with the pdf

B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes, 1
SpringerBriefs in Statistics, DOI: 10.1007/978-3-642-31146-8_1,
© The Author(s) 2013
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14
'B_xyflefﬁx

, if x>0,
payx)=1TW)

0,x <0,
and )
(%)7 DU —h
h = 2 %, 0,
v(¥) F(%)y e y >

is the pdf of the inverse (reciprocal) gamma distribution / F%’z.

In 1931 [3] Fisher introduced the univariate noncentral ¢-distribution with the pdf
Sv.02.4(x — ) as a mean—variance mixture of normal distributions with the inverse
gamma mixing distribution, i.e.

x—ay )2
5(5) hoay

7o
f, 2 (x)=/7e’
V,04,a ) \/W

14 xa

(%)2 2exp{=7} a2 4 B 1

= 1-*2(2) 27[(‘;2 - K\/;l (a 2[a2(vov2—|—x2)]2), xeR!,
2

where K, (z) is the modified Bessel function of the third kind (see Appendix).

There are unlimited possibilities to introduce classes of multivariate extensions
of Student’s 7-distributions with the univariate Student’s marginals. An excellent
survey of such useful generalizations are given by Kotz and Nadarajah in [4] (see
also [5]). Further we shall mainly restrict ourselves to the cases of variance mixtures
and mean—variance mixtures of multivariate Gaussian distributions with the inverse
gamma mixing distribution #,,.

Let

1
g3 (%) —5<(x—a>2—1,x—a> , x€RY,

1
=——¢
Ni[e2a%: Xp[

be a Gaussian pdf, where @ € R?, ¥ is a symmetric positive definite d x d matrix,
| 2| :=det X, (-, -) signs the scalar product in R4,

Definition 1.1 Wesay that 7; (v, X, «) is amultivariate Student’s ¢-distribution with
v > 0 degrees of freedom, a scaling matrix ¥ and a location vector & € R, if its
pdfis fos(x —@), x € R?, where

o0

fv,Z(x) :/gO,uE(x)hv(u)du

0
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VY5 co
= —(j) = /u_%e_Zliu(xz:ilw”u_%_]e_ﬁdu
FEVIEICT)?
v+d
F(#) x=lx)\ 2
:d—(1+—) , xe R (1.1)
(vr) 2T (5)V/1X] v

Definition 1.2 We say that T;(v, £, &, a) is a noncentral multivariate Student’s ¢-
distribution with v > 0 degrees of freedom, a scaling matrix X, a location vector
a € RY and a noncentrality vector a € Rd\{O}, ifits pdfis fy x..(x —@),x € R4,
where

o]

fogal) = / Sua iz () ()
0
— (%)7 . /u—%e—ﬁ((x—ua)i_],x—ua)u—%—le—ﬁdu
F)VITIeD? )
23 exp{trz ! a)} ( (@', a) )
rVIElens v+ ez
1
X Kt ([(aEl,a)(v n <x2‘,x>)]2), xeR% (12)

Relating Student’s -distributions to the Lévy processes or to the Ornstein—Uhlenbeck
type processes the crucial role are paid the properties of infinite divisibility or self-
decomposability (for used terminology see [6] or Chap. 3 below). Intensive studies
of new criteria for such properties began in 1970s of last century (see, e.g., [7-11]).
In this sense two results are of the key importance.

From the one hand, in 1976 [7] Grosswald proved that the univariate Student’s
t-distribution of any degree of freedom is infinitely divisible, deriving the following
formula:

gv(u) du,
u

2 v>—1,x >0, (1.3)

Ko@) = ¥, (o) |

0
where .
o0 =2 {7 WD+ W) x>0,

Jy(2) and Y, (z) are the Bessel functions of the first kind and the second kind, respec-
tively (see Appendix).
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From the second hand, in 1977 [11] Thorin defined the class of generalized gamma
convolutions (GGC or T7 (R ) for short) as the minimal class of probability distribu-
tionson R4 := [0, 0o) containing all gamma distributions, closed under convolutions
and weak limits. He proved that T € 77 (R ) if and only if the Laplace transform of
7 has the form:

/e_gur(du) =exp { —fof +/(e_6” — l)l/e_V”Ql(dv)du
u
0 0 0

— exp —ﬂ09+/10g(9—:_v) 01, 60 (14
0

where By > 0 and Q is a Radon measure on R such that Q1({0}) = 0,

1 00
/log (i) 01(du) < oo and /u_lQl(du) < 0.
0

1

(see [11-14]).

All distributions in 77 (R4 ) are self-decomposable.

For example, generalized inverse (GIG for short) Gaussian distributions, defined
by the pdf

(42 )
2K(Vx V)

where A € R, (x, ¥) € Oy,

r—1

1
giglx; A, x, ) = exp —E()()F1 +vx)t, x>0,

{.¥):x=0,¢ >0}, if A>0,
O, =1{x,¥): x >0,¢¥ >0}, if A=0,
{OLYy) x>0,y >0}, if A<0,

are in class T7(R4), because it is easy to check that

v )3 Ki(J/X W T20))

—Ou . . _
O/E #iglu b x, ¥)du = (w+29 KX )

and, using Grosswald’s formula (3), to derive that

e¢]

o0 [o,0]
1
/e—9“gig(u;x,x,¢)du = exp /(e—‘”‘ - 1)—/e_V“Q1(dv)du , 0>0,
u
0 0

0
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with Q1(dv) = Aey (dv) for x =0, A > 0, and
2
Q1(dv) = max(0, k)e%(dv) + 1(%,oo)xg|x|(x (2t — y))dt (1.5)

for x > 0 (see, e.g., [15]). Here ¢4 is the Dirac measure and 13 is the indicator
function .
Observe that

LAY
()" o Y

gig(x;k,O,w)zm ¥, A>0, ¥ >0,

and

1 2\* _
giglx; A, x,0) = Es, (;) Xl %% l, A<0, x>0.

Thus, the mixing distribution /4, in (1.1) and (1.2) is from the Thorin class.

Infinite divisible distributions on Ry correspond one-to-one with the Lévy
processes, starting at zero and having nondecreasing trajectories called the subordi-
nators. In particular, Thorin distributions define the class of Thorin subordinators.

At last, exploiting the Bochner’s idea of subordination and using the multivariate
Gaussian Lévy processes as subordinands and GIG subordinators, we shall obtain
the important class of generalized hyperbolic processes, introduced by Barndorff-
Nielsen (see, e.g., [15]), which contain the Student-Lévy processes, generated by the
mixtures (1.1) and (1.2).

These types of stochastic processes as well as stochastic processes with heavy-
tailed marginals like Student’s ¢-distributions are commonly used for modeling in
various fields of applications (see, e.g., [16-22] and references therein).

In Chap. 2 of this brief monograph there are presented asymptotics of Student’s ¢
pdf as a degree of freedom v or arguments |x| tend to infinity. In the one-dimensional
case asymptotic distributions for extremal and record values in i.i.d. sequences of
random variables with common Student’s ¢-distribution are described.

In Chap.3 via Lévy-Itd decomposition the structure of d-dimensional Lévy
processes is explained including the celebrated Lévy-Khinchine formula for charac-
teristic functions of infinitely divisible laws in R?. Criteria of their self-
decomposability are derived. Extending the Thorin class 77(R4) and related Lévy
subordinators the scale of Thorin classes 75.(R+), 0 < » < o0, is defined and
characterized as generalized convolutions of the famous Tweedie distributions.

Subordination of Lévy processes as a tool for construction and investigation of
new Lévy processes with the desirable distributional properties is also discussed.

In Chap.4 there are characterized the Thorin subordinated Gaussian-Lévy
processes, including Student-Lévy processes. Criteria of their self-decomposability
are derived.

In Chap. 5 the Student Ornstein—Uhlenbeck type processes are studied.


http://dx.doi.org/10.1007/978-3-642-31146-8_2
http://dx.doi.org/10.1007/978-3-642-31146-8_3
http://dx.doi.org/10.1007/978-3-642-31146-8_4
http://dx.doi.org/10.1007/978-3-642-31146-8_5
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In Chap. 6 the strictly stationary regular positive recurrent diffusion processes
on an open interval (/,r) € R! with inaccessible end points and predetermined
1D distributions H are considered and named H-diffusions. The class of Student
diffusions as H-diffusions on R! with H equal to the univariate Student distribution
is investigated in detail. Asymptotic distributions of extreme values of H-diffusions,
including the Student ones, are derived. Conditions of vague convergence of time
normalized point measures of e-upcrossings of such diffusions to the Poisson point
measures are discussed.

As the flexible and statistically tractable stochastic processes, the Kolmogorov-
Pearson diffusions are described.

In the final Chap.7 it is presented extended Isserlis theorem, giving formulas for
mixed moments of mixtures of Gaussian distributions and, as a special case, for
Student’s distributions.

Using the independently scattered random measures there are constructed strictly
stationary real stochastic processes X = {X;, € R'} such that

LX) =Ti(v,02,0), v>2

and related self-similar processes, obtained by means of the Lamperti’s transform.
Following [23], as a promising direction for the future work a notion of Lévy
copulas and analog of well-known Sklar’s theorem are explained.
Appendix contains used notions and formulas from the theory of Bessel functions
(see, e.g., [24, 25]).
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Chapter 2
Asymptotics

2.1 Asymptotic Behavior of Student’s Pdf

Proposition 2.1 For each x € R asv — oo,

fu,E,a(x) g ga,E(x)-

Proof Leta = 0. Using the well-known formula that

27 _ 1
Fz)y=,—eZ*(1+0(-)), as z— oo,
z z

we find that, as v — o0,

redd v+d®

omITG)  amf [ en?

and, obviously,
v+d

—1 - 5
(1+ (xX ,X)) N o2z
v

Here and below “~” is the equivalence sign.

The statement (2.1) with a = 0 follows from (1.1), (2.2), (2.3) and (2.4).

Let now a # 0 and

D=

w=——[@E e+ uz )]

v+d

B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes,
SpringerBriefs in Statistics, DOI: 10.1007/978-3-642-31146-8_2,
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2.1)

2.2)

(2.3)

(2.4)
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Because, as v — oo, uniformly in y (see Appendix)

! (142 1+/1+y2

and
> L)
1+yv~1+§yu,

we shall have that

1
—1 -1 2\ v+d
Koy ([mz L) v+ (xT ,x))] )_Kv;d( . y,,)
7 v+d 1, Y -
~ _ 1+ =
1)+deXp| 2 ( +2y”)](2+%y5)

T vid 1 _ _ Yv -
~ : - D =
vtdS eXp[ vrd a)(VHX x>)](2+%y5)
(2.5)

v+d

From (1.2) and (2.5) we elementarily find that

(3 20 (6T ) (LB ) T

So.s,a(x) ~
T eniyre \nbeEtha) o Vvdd
_vid
1 _ _ Yv
— =1 >,
ol o) (125
_vid
Nexp{(XE_l,a>}e,(a271,a)efg v+ (x|
2m)% JIE] 2+ 533
-1
~ eXp{(xdE ’ a>}ef(a2’l,a)ef%
2m)z /1%
v+d
. 1,5\
X exp —E((xE ,x)—d) 1+Zy” . (2.6)


http://dx.doi.org/10.1007/978-3-642-31146-8_1
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- exp[%(aE_l,a)]. (2.7)

Thus, (2.6) and (2.7) imply that, for each x € R¢, as v — oo,

exp{(x=~!, a} [
T ex

1
—(@=""a)+ =7 x) ]:ga, (x). O
Qm)1 5] ( ) ;

Soga(x) = 3

Proposition 2.2 For each fixed xe R and v > 0, as la] — 0,

Sozax) = fus().

Proof Indeed, as |a| — 0,

1
Ko ([(aﬁ‘,a)(u + <x2‘,x>)]2)
2

_vtd
~T (‘”zrd) 2 s+ kx|

(see Appendix) and, having in mind formulas (1.1), (1.2),

v v+d

(3)F23

v+d _vHd
r& v+<x2*1,x>) T = fos(x). O

fo.zax) =

Proposition 2.3 (i) As|x| — oo,

v+d

2

fox ~ ez (6270) 7

where

r(442)

Cyy = #
m2I (VI

(ii) As |x] — o0, a #0,

_vtd+1

foza®) ~ evsa (WE7x)


http://dx.doi.org/10.1007/978-3-642-31146-8_1
http://dx.doi.org/10.1007/978-3-642-31146-8_1
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%
xexpl—[(aEl,a)(xZI,x)] —l—(xZI,a)],

where

v+d+1

_ 3 ((az ' a) 4
r&)en T V5]

Cv, %

Proof (i) Obviously follows from (1.1).
(ii) Because, as |x| — oo,

K ([0 o+ e 0)]')
~ JE [zt (o s )]
cep| [z a (v s m)]' .
from (1.2) we find that, as |x| — oo,

(g)%(mz*l,a))”ﬂ# exp{(xT7!, a)}
[EVES]

r&HED T VIET (v + (51, 1))

fv,}],u(x) ~

X exp | — [(aZ_l, a) (v + (xE_l,x))]él

~Cusa ((xE_l,ﬂ) !

1
X exp | — [<a2*‘,a)<xz*‘,x>]2 + (xz‘,a)].
a
Corollary 2.4 Let d=1.
(i) Ifa >0, x — oo, then
1 va % _r_q
fv,az,a(x) O‘F(%) (g) x 2 . (2.8)

(ii) Ifa > 0, x - —o0, then


http://dx.doi.org/10.1007/978-3-642-31146-8_1
http://dx.doi.org/10.1007/978-3-642-31146-8_1
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Froral) =~ (22)F 4 exp - 220 2.9)
v.on.a ol'(3) \20 P o? |’ ’
(iii) Ifa < 0, x — 00, then
1 (vlal\? _v_, 2|alx
fv’o.zya(x)’\’r@(g) X 2 exp[— o2 . (210)
(iv) Ifa <0, x — —oo, then
1 (vlal\7, vy
fu,az,a(x)~ar(%) (y) lx|727". (2.11)

2.2 Asymptotic Distributions for Extremal and Record Values

Letnow d = 1 and {X,,, n > 1} a sequence of i.i.d. random variables with common

Student’s ¢-distribution function and let M,, = 1max X;.
<jsn

Proposition 2.5 (i) If pdf of £ (X1) is f, ,2, then, asn — oo,
2 ((Kim™" M) = @,

where “=" means weak convergence of probability laws, ®, is the Fréchet
distribution

_ exp{—x‘”}, if x>0
q’““”‘{o, it x<0,
and
Lo

Klzm.

(ii) If pdf of L(X1) is f, 52,40 @ > O, then, as n — oo,

Y ((Kzn)*%Mn) = @

El

v
2

where
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B mggﬁ

vol'(5)

(iii) If pdf of £(X1) is f, 4,02, @ < 0, then, as n — o0,

2
# (2= G+ e i) >
o

where A is the Gumbel distribution
Ax) = e ¢, xeR!,

and

v v
pig2t3

Ky = ——.
3 2v+21’*(%)

Proof (1) From Proposition2.3 (i) with d = 1 and the 1’Hospital’s rule we have,

as x — 0o,

o0

—V

/fv,oz(u)du ~ cvof’ (3) =Kix", (2.12)

X
where

1
r(=5)

Cy,o =

VAT (3) o

The statement (i) is standard for Pareto-like distributions (see, e.g., [1, 2]).
(i) From Corollary 2.4 (i) and the 1’Hospital’s rule we have that, as x — oo,

o0
/ fror.a(@)du ~ Krx~2 (2.13)
X

and the conclusion is analogs to (i).
(iii)) From Corollary 2.4 (iii) and the I’Hospital’s rule we find that, as x — oo,

o0 v

o vlal\? _v_, 2|alx
/fv’UZ’a(u)du ~ 2|a|—r(%) (X) x 2 eXp [— 0'2 . (214)
X

The statement (iii) is standard for gamma-like distributions (see, e.g., [1, 2]).

O
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Now let us recall main results on limit theorems for record values in the sequences
of i.i.d. random variables {X,,, n > 1} with a common continuous distribution func-
tion F' which will be applied to the case of Student’s ¢-distributions.

The record times are L1 = 1, L,4; = min {k k>n, Xi > XLn} forn =
1,2,..., and the record values are R, = X;,, n = 1,2,.... Let W(x) =
—log(l — F(x)) be the integrated hazard function and the associate distribution
function A(x) =1 — e’m,x € R'. Let lyp(x) =ax+Db,a>0,b ¢ R, bea
group of affine homeomorphisms of R! with the composition law

lay by *lay,by = lajaz,a1br+by s

the unit element /; o and the inverse la_’}) =141 4-1p-

The domain of attraction problem for record values using linear normalization
was solved by Resnick (see [3] also [4]). It was proved that the class of all possible
non-degenerated weak limit laws Q such that for suitable constants a,, > 0, b, € R!,
asn — 00,

2 (I, (R)) = 0

coincide with the class of laws ® (—log(—log G(-))), where & is a standard normal
distribution and G is a [-max stable law, i. e. a non-degenerated distribution on R!
such that for any n > 2 there exist constants a,, > 0, b, € R! satisfying

G"(x) = G (g b, (x)), x €R".

As in the classical extreme value theory this class can be factorized into three
linear types, saying that probability distributions F and F; are of the same linear
type it there exist constants @ > 0, b € R! such that

Fi(x) = F> (lap(x)), x e R

In the classical case these types are generated by the Fréchet distribution ®,,, the
Gumbel distribution A and the Weibull distribution

I if x>0,
qjy(x)_[exp{—(—x)y}, if x<0, y>0,

which correspond to generators of three types of the limiting laws for .Z (la,, b, (Rn)) :

0, if x<0,

Dy x) = {CD(long), if x>0, y>0,
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~ | @dog(—x)"), if x <O,
‘I’V(x)—[l, if x>0, y>0,

and the standard normal distribution ®(x), x € R'.

We say that F belongs to the record domain of attraction under linear normaliza-
tion of the non-degenerated distribution Q (F € RDA,;(Q) for short) if there exist
constants a, > 0 and b, € R' such that .f(l_ b, (Rn)) = Q,asn — oo.

Duality theorem of Resnick says that F € RDA](dDy) & A € MDA;(® %),

F e RDA[(\TJV) & Ae MDA;(\I/%) and F € RDA;(®) & A € MDA, (A), where
MDA; (Q) denotes the maximum domain of attraction under linear normalization of
the non-degenerated distribution Q (see, e.g., [3]). As a corollary we find that in the
case of heavy-tailed distributions F' the record values cannot have non-degenerate
limiting distributions if we use linear normalization. Indeed, for the Pareto-like dis-
tributions F, satisfying, as x — 00,

1—Fx)~Kx% §>0,
the associate distributions A satisfy, as x — oo,

1 — A(x) ~ e~ Vologx,

In this case AeMDA;(®y) U MDA[(\I—’V ) UMDA;(A). This fact is an argument to
consider limit theorems ff)r the record values using power normalization.
Let

Da.p(x) = a|x|ﬁsignx, a>0, >0, x¢e R'.

Observe that this class of functions form a group of homeomorphisms of R! with
the composition law

Pay.py * Par.py = pal“zﬁl,ﬁlﬁz’
the unit element p; 1 and the inverse

—1
Pop = Pafﬁfl’ﬁflo

We say that F belongs to the record domain of attraction under power normalization of
the non-degenerate distribution Q (F € RDA ,(Q) for short) if there exist constants
a, > 0, B, > 0 such that, asn — o0, ¥ (p;nl,ﬁn (Rn)) = 0.

A non-degenerate distribution function G on R is called p-max stable if for any
n > 2 there exist constants &, > 0, 8, > 0 such that

G"(x) = G(pg, 5,0, xeR.
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Probability distributions F; and F» are of the same power type if there exist
constants o > 0, 8 > 0 such that Fj(x) = F2(pe,g(x)), x € R'.

The class of non-degenerated limiting distributions for .Z( p;n{ y (Ry)), asn —
00, is equal to the class of law CiD(— log(—log é(~))), where G is a p-max stable law
K, and is factorized to the six power types, generated by the distribution functions
(see [, 6]):

By, () = r=1
Lyt CD(yloglogx) if x>1, y >0,
0, if x <0,
CI>2),(x) d(—ylog|logx]), if O0<x <1,
1, if x>1, y>0,
0, if x<-1,
CI>3y(x) O (—ylog|log|x|]), if —1<x <0,
1, if x>0, y=>0,
O (—yloglog|x|), if x < —1,
By (x) = I if x>—1, y>0,
if x <0,
@5(x) _{CD(logx) if x>0,
and
. _ | @(=loglx]), if x <O,
q’“”‘[l, if x>0.

There are the valid analog of Resnick’s duality theorem and the principle of
equivalent tails, which says that if continuous distribution functions Fj and F; are
such that r(F1) = r(F2) and 1 — Fi(x) ~ 1 — Fp(x), as x 1 r(Fp), then F| €
RDA,(Q) if and only if F, € RDA,(Q) with the same normalizing constants,
where r(F) = sup{x : F(x) < 1} and Q is a non-degenerate limiting distribution
for record values using power normalization.

The following analog of classical R. von Mises theorem [7] holds true.

Theorem 2.6 [8]. Assume that the integrated hazard function W (x) is differentiable
in some neighborhood of r (F). Then:

(i) if r(F) = oo and
fim W' (x)x log x
X— 00 /W(x)

then F € RDA,(®1,);

=y, y>0,
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(ii) if0 < r(F) < oo and

W' (x)x log (’(f’)
hm — , > O,
xtr(F) VW(x) v
then F € RDA ,(®3.,));
(iii) ifr(F) = 0and
5 W' (x)x log |x| 0
m-——— =9, > U,
x10 VW(x) v
then F € RDA ,(®3.,);
(iv) ifr(F) < 0and
W' (o)Ll log (25 )
li y >0,

m =Y,
*tr(F) NAZE)) v

then F € RDA ,(®4.,);
(v) if W is twice differentiable in some neighborhood of r (F') and

, W (x) i
lim W —0, 2.15
ity W) ((W/(x))z + xW’(x)) @15

then for 0 < r(F) < 0o F € RDA,(®s) and for r(F) < 0 F € RDA ,(®).
Proposition 2.7
(i) If pdf of F is f, .2, then F € RDA,(®s).
(ii) Ifpdf of F is f, 42 4 a > O, then F € RDA,(ds).
(iii) If pdf of F is f, 424, a <0, then F € RDA;(D).

Proof

(i) From the principle of equivalent tails and (2.12) it is enough to check (2.15)
with 7 (F) = oo and the integrated hazard function

W(x)=vInx —InKj.
Indeed,

LACC) RS SN
(W'x)>  xW)
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(i) From the principle of equivalent tails and (2.13) it is enough to check (2.15)
with 7 (F) = oo and the integrated hazard function

Wx) = glnx —In K>.

Again we find that

|<

W’ (x) T
(W0 xW/x) ()

I
e

+

NN
< N

(i) From (2.14) and the principle of equivalent tails it is enough to consider the
integrated hazard function

2lal
—2X —1In K3,
(e

Wx) = (% + 1) Inx +

where

ki —C (My
T oar ) \20 )

The corresponding associated distribution

v 2/l
| — A(x) = exp | — (§+1)lnx+7x—lnl(3
2lal
~exXpy— —2)( , as x — OQ.
o

Using again the principle of equivalent tails, Resnick’s duality theorem and cri-
teria from the classical extreme value theory we easily find that A € MDA;(A)
and thus F € RDA;(®D). O
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Chapter 3
Preliminaries of Lévy Processes

3.1 Lévy-Ito Decomposition

Let (22, %, P) be a probability space and (Rd, @(Rd), (-, )) be a d-dimensional
Euclidean space R? with the o-algebra of Borel subsets Z(R%), the scalar product
(x,y) = Z?:l x;y; for row vectors x = (x1,...,%4),y = (V1, ..., Ya), and the
norm |x| = /{x, x).

We are assuming that the reader is familiar with the foundations of probability
theory based on the measure theory.

A mapping X : Ry x Q — R? such that for each B € #(R%) and ¢t > 0
{w: X(t, w) € B} € % is called a d-dimensional stochastic process.

For fixed w € Q a function X (-, w) is called a sample path of X. Later we shall
use the notation X = {X;, t > 0}.

If foreacht > 0ande > 0

lim P{| X, — X,| > £} =0,
h—0

aprocess X = {X;, t > 0} is called stochastically continuous.

Definition 3.1 A d-dimensional stochastic process X = {X;, r > 0} is an additive
process if the following conditions are satisfied:

(1) foranyn > 1and0 <1y < t; <--- < t, increments X; , X, — Xz, ..., Xy, —
X}, , are independent;

2) Xog=0P-ae,;

(3) X is stochastically continuous;

(4) P-a.e. sample paths are right-continuous in ¢ > 0 and have left limits in # > 0.

An additive process in law is a stochastic process satisfying (1)—(3).
Let X = {X;, t > 0} be a d-dimensional additive process.
LetUs = {x € R? : |x| > ¢}, & > 0, B.(RY) = B(R) N U,.

B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes, 21
SpringerBriefs in Statistics, DOI: 10.1007/978-3-642-31146-8_3,
© The Author(s) 2013
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3 Preliminaries of Lévy Processes

For B € %, (R?) define

and

pt,B)= > 1p(X; — X;)

0<s<t

xP = Z (Xs — X, )1p(Xy — X5_), t=>0.

O<s<t

The following properties hold true (see, e.g., [1-3]).

®

(ii)

(iii)

For each B € %.(R%),t > 0, the function
Ep(t, B) :=TI(t, B) < oo.

and is continuous in ¢.

The stochastic process p(t, B), t > 0 is a Poisson additive process with mean
function I1(¢, B), t > 0, i. e. it satisfies the assumptions (1)—(4) and for each
t>0,k=0,1,...

im0 B)

P(p(t. B) = k) = -

Moreover,
/ Ix|? A 1TI(z, dx) < oo.

RI\{0)
For each By, ..., By € B.(RY) such that B; N By = W, j # k, stochastic
processes

m
{XtBl,t20},...,{XtB”‘,t20} and X,—fo’,tzo
=1

are additive mutually independent processes and for each ¢ > 0,¢ > 0
EIX; — X’ < .

Let0 < ¢, | 0,asn — oo, and Ay = {xeRd:8k<|x|§sk_1},k =
2,3,...81={xeR: x| > &}

There exists a subsequence {n;,k =1,2,...} such that, as k — oo, the
sequence
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ng
XP = x, - XM =D X~ EX;Y), 120,
—

converges uniformly on each finite time interval P-a.e. to the continuous
Gaussian additive process X° = {X?, ¢ > 0} such that

. 1
Ee!(&X1) = exp [i(z, a(t)) — §<ZA(I), z)] , z€eRY,

where a(t), t > 0, is a continuous d-dimensional function and A(z) is a con-
tinuous symmetric nonnegative definite d x d matrix valued function.
(iv) Foreachz € R andr > 0

Eexp{i(z, X;)} = exp [i(z, a(t)) — %(ZA(I), Z)

+ / (ei<z’x>—1—i(z,x)1{|x|<1})l'[(t,dx)], (3.1)

RA\{0)

implying the Lévy-Khinchine formula as r = 1.

Definition 3.2 A d-dimensional additive process X = {X;, r > 0} is called a Lévy
process if it is temporally homogeneous, i.e., for each s, t > 0,

L Kigs — Xs) = Z(Xp).

Definition 3.3 A d-dimensional stochastic process X = {X;, t > 0} is called a Lévy
process in law if it is temporally homogeneous and satisfies the assumptions (1)—(3).

An additive process is a Lévy one if and only if the functions a(¢), A(¢) and
Il(t, B), t > 0, are linear in ¢, i.e., a(t) = at, A(t) = At and I1(z, B) = T1(B)t.
The triplet (a, A, IT), where a € RY Aisa symmetric nonnegative definite d x d
matrix and I1(B), B € ,%’(Rg ), is a measure such that

/|x|2 A I (dx) < oo,
kg
is called the triplet of Lévy characteristics; Rg := RY\{0}. This triplet uniquely

defines the finite dimensional distributions ¥ (X PR, CH. tn)’ 0<t <t <
C<ty,n>1.
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The class of Lévy triplets corresponds one-to-one with the class of Lévy processes
in law.

A d-dimensional Lévy process X with the triplet of Lévy characteristics (0, 14, 0),
where [ is the d x d unit matrix, is called the standard d-dimensional Brownian
motion .

Definition 3.4 A probability distribution 42 on R? is called infinitely divisible if,
for any positive integer n, there exists a probability measure 1, on R such that

[T

W = Wy * - -+ % W,. Here “x” means the convolution of probability distributions.
————

n times

We shall write that i € I D(R?).

From the celebrated Lévy-Khinchine formula and (3.1) it follows that the class
of infinitely distributions u corresponds one-to-one with the class of Lévy processes
in law by means of the equality

Eexp {i(z, X1)}

1 .
=expi(z,a)— E(zA, z) +/ (et(z,x) —1—i(z, x)1{|x|§1}) IT(dx)
Ry
= /ei<z’x>u(dx).
R4

For each Lévy process in law X = {X;,t > 0} there exists a modification ¥ =
{Y;, t > 0} with right-continuous sample paths in ¢ > 0, having left limits in r > 0
and satisfying P(X; # ¥;) = 0,7 > 0.

3.2 Self-Decomposable Lévy Processes

Definition 3.5 A probability distribution 1 on R? is called self-decomposable, or
of class L(Rd), if, for any b > 1, there exists a probability measure pp on R4 such
that

fi(z) = b~ '2)pp(2), z € RY, 32)

where L means the characteristic function of the probability distribution 1« on R<.

If  is self-decomposable, then u is infinitely divisible and, for any b > 1, pp in
the decomposition (3.2) is uniquely determined and p,, is infinitely divisible.

Definition 3.6 A Lévy process X = {X;, t > 0} in law is said to be self-decompos-
able if the probability distribution .Z'(X) is self-decomposable.



3.2 Self-Decomposable Lévy Processes 25

The Gaussian Lévy processes in law are, obviously, self-decomposable, because in
this case (3.2) is satisfied with

pp(z) = exp {i(z, 1 —b Na) (z(1 = b~ H)A, z)] )

1

2

A criterion of self-decomposability of non-Gaussian u € I D(R?) with the triplet
(a, A, IT) of Lévy characteristics will be formulated using the canonical polar decom-
position of a Lévy measure I (see Remark 16 in [4], Lemma 1 in [5] and Proposition 2
in [6]).

Write

sd-1 — {x e R : x| = 1}, K =/|x|2/\ 1 (dx) > 0.
Ry

Proposition 3.7 There exists a pair (A, Ilg), where A is a probability measure on
S9! and g is a o-finite measure on (0, 00) such that Tlg(C) is measurable in
£ € S9! for every C € 2 ((0, ),

/r2 A 1Tg(dr) = K (3.3)
0
and o
M(B) = / A(dg)/lB(ré)Hg(dr), B € B(BY). (3.4)
gd—1 0

If a pair (), Hé) satisfies (3.3) and (3.4), then \' = % and T1g = H/S A-a.e.

Proof Existence. Consider the probability space (R4, % (Rg ), Pr1), where

Pu(B)=K~! / Ix|* A 1T1(dx), B € B(RY).
B

Let N(x) = x, R(x) = [x|, B(x) = 7}, x € R4, M(B) = Pn{E € B}, B ¢
B(§1, Hg(C) = Pp{R € C|E = £} (a regular version of the conditional
distribution), and

I (C) =/K(r2 ADTIYAr), C e #((0,00), £esh
C
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The pair (A, 1) satisfies (3.3) and (3.4). Indeed,
o o0
/(r2 A DIg(dr) = K/ng(dr) =K,
0 0

and for every nonnegative measurable function f(x), x € RZ,

o0 OOK
[ ra [ reonaen = [ @ [ na
0 0

§d—1

gd—1

Kf(RE
cufin (4275

=Epn (Kf(N)) =/f(x)H(dx).
Rd

RZ A1

It remains to take f(x) = 1p(x), B € %(Rg).
Uniqueness. Let

nw = [ 2@ [eom (3.5)
gd-1 0
and -
/(r2 A DI (dr) = K. (3.6)
0

Then, for all B € Z(S9~1), from (3.3)—(3.6) we find that

/ 13 (ﬁ) K=1(1x]2 A DTT(dx)
X

d
Ry

= / A(dé)/lg(é)l(_l(rz/\I)Hg(dr)zk(B)
0

and

/1B (|i—|) K\ (%P A DIT(Ax)
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gd—1

proving that A = A’

Finally, for every nonnegative measurable function A(r), r > 0,

/h(IXI)l'I(dx) = / )»(dE)/h(V)Hs(dr) = / )»(dé)/h(r)l'l’g(dr),
0 0

R(‘{ gd—1 gd—1

implying that ITg = IT; A-a.e.

Proposition 3.8 [7]. If

T(B) :/g(x)dx, B € B(RY),
B

then (3.3) and (3.4) hold with

AdE) = c(&)dE,
Mg (dr) = r? ' gre)e™ (),

where
c&)=K"" / 2 A Dri=tg(re)dr,
0

assuming that

K = /(|x|2 A Dg(x)dx > 0.

d
Ry

Proof Write

X1 =rcosoy,
Xy = rsin ¢ cos @2,

Xg—1 = rsing;singy - --sin@s_1 cos g _1,
Xg = rsingsing?2---sin@g_o Sin@g_1,

2@ [1a©K0? A D) = (B,
0

27

(3.7
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wherer > 0,0 < ¢ <m, ...,0< @42 <m0 <g@s-1 < 2m. Itis well-known
that the Jacobian

D('xlsx27"'sxd) d—1

= =r sin? ™2 01 sin? 3
D(r, 1,902, -+, Pa—1)

@2---Singg 7.

2 d-3

Denoting & = § and d¢ = sind— @1 8In? "7 @y - - - singg_odeides - - - dpg_2dpg—1,
for any Borel measurable and integrable with respect to the Lebesgue measure on
R4 function f(x), we find that

/ fx)dx = / d / foerdlar = / c(§)dg / Feertle\@)dr
R4 0 0

gd—1 gd—1
(3.8)
and apply formula (3.8) to the functions fp(x) = g(x)1p(x), x € R, B e %(R(‘)’).
The identity (3.3) is trivially satisfied. U

The following criterion of self-decomposability of a probability distribution
w € ID(R%) with the triplet of Lévy characteristics (a, A, IT) is well-known (see
Theorem 15.10 of [2] and [8]).

Theorem 3.9 A probability distribution i € I D(R?) or a Lévy process in law with
the triplet (a, A, IT) of Lévy characteristics is self-decomposable if and only if in (3.4)

[g(dr) = @dr,

where a nonnegative function kg (r) is measurable in & € S9=1 and decreasing in
r > 0for h-a.e. &.

Corollary 3.10 If (3.7) is satisfied, then ;1 € ID(R?) or a corresponding Lévy
process in law with the triplet (a, A, T1) of Lévy characteristics is self-decomposable
if and only if the function ke (r) = rég(r&) is decreasing inr > 0 for a.e. € € §4~1
with respect to the Lebesgue surface measure on S~ 1.

3.3 Lévy Subordinators

Definition 3.11 An univariate Lévy process with nonnegative increments is called
a Lévy subordinator.

The class of Lévy subordinators correspond one-to-one with the class I D(R)
of infinitely divisible distributions on R. It is well-known (see, e.g., [2, 3, 9, 10])
that for T € I D(R;) the Laplace exponent
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¥(0) := —log /e_e"r(du) = Bob +/ (l - e_”,o(du)), 0 >0,
0 0

is defined uniquely by the characteristics (8p, p), where By > 0 and p is a o-finite
measure on (0, 00), satisfying

e¢]

/(u A Dp(du) < oo.

0

Extending the Thorin class and following Bondesson [11], we introduce the scale
of Thorin classes T,.(R+),0 < s < 00, asincreasing subclasses of I D(R.) such that
Too(Ry) = ID(R4), where T (R ) is the minimal class of probability distributions
on R, closed under convolutions and weak limits, containing all classes 7,,(R+),
x> 0.

Definition 3.12 An infinitely divisible distribution T on R with the characteristics
(Bo, p) is of the Thorin class T,.(R4), » > 0, if p(dt) = [(¢)dt and k,.(¢t) :=
12— (), t = 0, is completely monotone, i.e., k,, is infinitely differentiable and
(—D)"kP (1) = 0foralln > Oand ¢ > 0.

Lévy subordinators corresponding to the distributions from 7,,(R4),0 < » < o0,
are called the Thorin’s subordinators.

According to Bernstein’s theorem (see, e.g., [12]) there exists a unique positive
measure Q,, on R4 such that

e¢]

ko (t) = / e V0, (dv), t>0,
0
and
05({0h) = lim ke (r).
Write

t

o0
a5.(1) = t_%/v”_le_vdv + t_”H/v%_ze_vdv, t>0,
0 t

and observe that, as t — 00,

as(t) ~ TGt
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and
el =)7L if 0<se <1,
1
as(t) ~ log;, if =1, (3.9)
CGe— D=, if 2> 1,
ast — 0.

Proposition 3.13 Aninfinitely divisible distribution T on R4 with the characteristics
(Bo, p) is of the Thorin class T,.(R4), » > O, if and only if the Laplace exponent

Bob +T(c—1) ofo(v—%+1 — O+ Quldv), if k£,
0

VY (0) = 0
Bob + [log (1 + &) Q1(dv), if =1,
0

(3.10)
where the measure Q ,,, called the Thorin measure, satisfies
o0
/ 00) Q) < 0, (3.11)
0

implying that Q,,({0}) = 0 for s > 1.
Proof We have that

/(m DI(r)dt =/(m 1);”*2/e*”Q%(dv)dt =/a%(v)Q%(dv)
0 0 0 0

and

oo o0

V5(0) = Bob) + / (1—e )72 / e 0, (dv)dr

0

0
= Bob +/ /t"*2 (1- eigt) e Vdr | Q,.(dv).
0 0

However, for0 < »r < 1,

e¢]

i ., (—1p)¢
/t%—z (1 _ 6—9[) E_tht — _/e—vtt%—z Z k' dt
0 =

0
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o

] k
kaf VI (k45— 1)
k=1

_ Tk+»x—1) [ 0\F
ot LS
’ ,; k! ( )

v

0 —+1
:v_%—l-l]"(%—l)(l—(l"‘;) )»

for s = 1, as a Froullani integral,

0
(1—e )t e dr = log (l + —)
v

and, for »r > 1,

o
/t% 2 1 _ e—@t) e—vtdt — (1 _ e—@t) e—vtdt%—l
0

AN
| —
2 0\8

— /t 1 —vt __ (0 + v)e—(e-‘rv)t] dt

.—

'1 N

0
1 (V—J{+1 (9 + V)—%-'rl)
w —

:FW—U(WMJ—w+w””Q. -

Remark 3.14 Having in mind (3.9), inequality (3.11) is satisfied if and only if the
measure Q. is a Radon measure such that for »r # 1

o]

1
/uO/\(l—%)Q%(du) < 0o and /u_%Q%(du) < 00,
0

1

and for »x =1

1 00
/log( ) Qi(du) < 0o and /uilQl(du) < 00.
0

1

Recall now that the families of Tweedie or power-variance distributions

{Twp(a, 1), > 0,1 >0}, peR"\O, 1),
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are defined as exponential dispersion models (see [13—15]), satisfying the following
properties: for each @ > 0, A > 0 and given p

/xTwp(a, A (dx) = «,
Rl
/(x — @)’ Twp(a, 2)(dx) = 2~ 'a?

R!

and Two(ax, A) := N(«, )L_l), @ € R, A > 0.1t is known that for p > 1
Twpy(a, ) € ID(Ry4). Moreover, for p > 1,a > 0,A > 0Tw,(a, A) € T% (Ry),
=

because their characteristics are

1 1-p
(O, c,,,;\t_2+ﬁ exp [— “ M] dt) ,
p—1

1
APl
_pP_
r (—p’il) (p—1D)»T

where

Cp,)L =

’

and Twi (o, A) € I D(R4) with characteristics (0, aAey—1(dt)). The Thorin measure
O 1 of Twy(a, A), p > 1, obviously, equals

1
p—1

Cprk ot (dD).
p—1

Theorem 3.15 [16].

(i) Thorin classes T,,(R+), 0 < 3 < 00, are increasing, closed under convolu-
tions and weak limits;
(ii) Too(Ry) =ID(Ry);
(iii) Thorin classes T;.(R4), 0 < 3 < oo, are generalized convolutions of Tweedie
distributions Ts+1 (o, L), @ > 0, L > 0.

Proof Because for 0 < ] <
koo () = 17772k, (1), t >0,

t77,t > 0,y > 0, are completely monotone functions and the complete monotonic-
ity is preserved under multiplication, from Definition 3.11 it follows that 75, (R4) C

TJ«Q (R+)
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Closedness of T,.(R) under convolutions and weak limits follows from the well-
known properties that the complete monotonicity is preserved under formation of
linear combinations and pointwise limits (see, e.g., [12]).

(i) Observe that the characteristics and the Laplace exponent of 7w =1 (@, A) are

equal
)‘%%H_% t—2+%e—%)na7%tdt
T + %)
and
A PR 10\
WHT%,Q’)L(Q)Z m o » — |\ xa +X (312)

Because for each 6 > 0

x—1

. L Axa < 0 1 1=
lim lﬁ'l-;—iu’a’)h(e): Iim — |1 — | —a*

panded] E3 H—>00 I — 1

= ah (1 —e—§), (3.13)

it follows that foralla > 0, A > 0 the scaled Poisson distributions 7w (o, A) €
Too(Ry).
Hawing in mind properties (i), we conclude from (3.13) that T (Ry) =
ID(Ry).
(iii) The case » = oo is contained in (ii).
Let 0 < »r < oo. The statement (iii) follows easily from the Proposition 3.13, the
formula (3.12) and the statement (i). [l

Remark 3.16 Because

Ga™D* 5 -

Twy(a, A)(dt) = I

"10.00)dt, therefore  Ti(Ry) = GGC.

Because

20 22 (uta
Tws (@, 2)(C) =e_2k‘/aeo(C)+/Te 2O L daidu, € e B(Ry),
u
C

where I, (z) is the modified Bessel function of the first kind (see Appendix), i.e.

00 (§)2k+y
Lo=S_—2 s
r(@ ék!l”(y Ty V7
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is the compound Poisson-exponential distribution, therefore 7>(Ry) is the class
of generalized convolutions of compound Poisson-exponential distributions, which
coincides with the generalized mixed exponential convolutions, studied by Goldie
[17], Steutel [18, 19] and Bondesson [11].

Example 3.17 (noncentral gamma distribution) Following Fisher [20] (see also [21,
22]) we say that I'g ,, ;, is a noncentral gamma distribution with the shape parameter
B > 0, the scale parameter y > 0 and the noncentrality parameter A > 0 if its pdf
fB.y,». is the Poisson mixture of the gamma densities:

o A BYHixyti-l

foya) =e*> e P
J

— ! T +))

= efk—ﬂxﬁ (i_x)yz_l I,y (M) , x>0.

Fisher in [20] derived that the probability law
n
P
L2 X7 ) =Tuu,.
j=1

n
where X1, ..., X, are independent, £ (X ;) = N(«j, 1) and A = % > ajz..
i=1

i=
Let Bessg x, B > 0, A > 0, be a probability distribution on R, defined by the
formula:

Bessg.(dx) = e *eq(dx) + pe P71y (z,/ﬂ,\x) dx.

Because
i —ox _ SIS (g (BAX)
0/ a0 = B S e
_ (BN i(ﬁ_’\)j
e (9+ﬁ) E;,-z 6+ P

B\
:(m) ef+p (314)
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and
o0 o0 o0 &
—0x _ A O+p)x _(BAX)
B d A —————dx
/ essg ;. (dx) =e” * Be™ %/e RIS
0 =00
) k+1
xz( B ) L "3
= \0+p (k+ 1)!
we find that

Lgya=Tg, *Bessg;,
implying equalities:

Cyinn *Tgmnn = Uy, i+22s
Ly * Ty =gy

and
Lp oy * Bessg,, = gy ai+ia-

From (3.14) it follows that

© 00

/e_e"fﬂ,y,k(x)dx = exp / (e_g” —1) (Z + A) e Pudy
u

0 0

proving that the noncentral gamma distributions are infinitely divisible on R4 with
characteristics (0, Ig , » (u)du), where

lgya(u) = (% +A) e P u>o.

This function is completely monotone, implying that I'g ,, 5 € To(Ry).
Because the function

k() = ulgy () = (y + e P, u>0 (3.15)

is not completely monotone, I'g ,,  €T1(R). From (3.15) it follows that kg, ; is
nondecreasing if and only if A < By. Only in this case the noncentral gamma
distribution I'g ,, » is self-decomposable.

Inverse noncentral gamma distribution

ITgy 5 (dx) == x "2 fp 5 (x " Hdx
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permits to define noncentral Student’s z-distribution Ty (v, ¥, @, A) with v > 0
degrees of freedom, a scaling matrix X, a location vector @ € R?, and a noncentrality
parameter A > 0 by means of the pdf f, x ; (x — @), x € R?, where

o]

1
Sozalx) = /go,uz(x)u_zf%’%’x (;) du
0

o]

U ) LR
= [ goun(x)e” — —u~ 2 eT2udu
0/ O,ux jZ=:0 ]' T (% +])

xﬁf(#ﬂ)( v ),
=T (3+1) v+ xElhx))

Analogously we define doubly noncentral Student’s z-distributions T, (v, X, «,
a, A) with v > 0 degrees of freedom, a scaling matrix X, a location vector o € Rd, a
noncentrality vector @ € R?, and parameter A > 0 by means of pdf £, ¥ 4.1 (x — ),
x € R?, where

o0

B 1
Sfo.3.a,0(x) =/gua,uz(x)u 2f§,g,x (;) du

0

Y o
z/gua uZ(X)e_)‘Zf2—u—§—]—1€_ﬂdu
: e T
0 AR +J)
3 vid
el o) (o )
@)% T v+ (x=-1, x)
>

S (ax™ !, a) )é
2 (5 +J) (v + (x2-1, x)

j=0

X K#H ([(aZ_l, a) (v + (ax 7, x))]%) .




3.3 Lévy Subordinators 37

Most likely, distributions IT'g 5, Ty(v, £, a, A) and Ty (v, , &, a, 1) are not infi-
nitely divisible and do not correspond to any Lévy processes.

Example 3.18 (generalized gamma distribution). Recall that Bondesson introduced
and studied in [11] a remarkable subclass of GGC of pdf on (0, c0), called the
hyperbolically completely monotone pdf (HCM for short). It is said that f is HCM,
if foreveryu > 0, f(uv) f (%) is the completely monotone function inw = v+v~!
For instance, GIG densities are HCM, because

v\ 20—
Mexp<_l (! +w)w]

giguv; A, x, I/f)gtg( PA X 1//) (K (N))z 3
AV X

and the function e, x > 0, a > 0, is, obviously, completely monotone.

The generalized gamma density functions gg, , 5 are defined by the formula (see,
e.g., [11]):
6]

T )ﬁyx‘sy 1exp{ ﬁx‘s}, x>0, (SeR(l), B>0, y>0.

gﬁ,y,&(x)

Itis proved in [11] that for 0 < [§] < 1 gg ;s are HCM, because

5
R (Irl(i)) OV exp {—pu’ (v +v7)}

and

d -5) 3sm(871) |7]°
o Y /1+t2

The statement now follows from the known properties of completely monotone
functions (see, e.g., [12]).

For § > 1, pdf gg,,.s are not infinitely divisible (see [11]) and, for § < —1, itis
unknown whether or not gg , s are infinitely divisible.

Following Definitions 1.1, 1.2 and using densities gg ,.5,0 < 0,8 > 0,y > 0, it
is natural to define the generalized Student’s ¢-distributions with pdf as mixtures

o0

/go,uz(x —a)gp,ysw)du, x € R4
0



38 3 Preliminaries of Lévy Processes

and the generalized noncentral Student’s ¢-distributions with pdf as mixtures

o0
/ Suaus (X — )gpy s()du, x € R?.
0
In the case —1 < § < O their pdf are infinitely divisible, but, excepting § = —1,

their Lévy measure had no tractable expressions.

3.4 Subordinated Lévy Processes

Subordination of Markov processes as a transformation through random time change
was introduced by Bochner in 1949 (see [23, 24]). In the context of Lévy processes
subordination give us possibility to construct and investigate statistical models with
desirable feature of the marginal distributions.

Let X = {X;,t > 0} be a Lévy process in R4, Xo = 0, with the triplet of Lévy
characteristics (a, A, IT) and the characteristic exponent

¢(2) := —log E¢'&X0)
1 .
= —i(a,2) + 3 (z4.2) —/ (el<“> —1- i(z,x)l{MS]}) M(dx), zeR9,
R§
called the subordinand process.
Let T = {T;,t > 0} be a Lévy subordinator, Ty = 0, with the Laplace exponent

o0

¥ (0) = —logEe Tl = By +/ (1—e %) p(x), 6=0,
0

and characteristics (g, p), inc}ependfant of X.
The subordinated process X = {X;, t > 0} is defined as a superposition

X, =Xz, t=>0.

The following theorem is obtained by Zolotarev [25], Bochner [24], Ikeda and
Watanabe [28], and Rogozin [26]. It was treated by Feller [27] and Sato [2].
These ideas were extended to the multivariate subordination of Lévy processes by
Barndorff-Nielsen et al. in 2001 (see [5]).
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Let

W' (B) =P{X, € B}, Be AR, >0,
t(C)=P{T, € C}, CeBRy), t>0

and
' (B) =P{X, € B}, Be AR, t>0.
Theorem 3.19 (i) The subordinated process X ={X,,t>0}isa Lévy process

with characteristic ‘exponent 7)) = ¥ (¢@), z € R and triplet of Lévy
characteristics (a, A, IT), where

fl=ﬁoa+/ /xuf(dx) p(ds),
(0,00) x|<1

A= BA (3.16)
and

f1(B) = fol1(B) + / W (B)p(ds). B e B(RY).

(0.00)
(ii) For r > 0, B € A(R?Y)
' (B) =/uS(B)r’(ds)- (3.17)
R+

We refer the reader for proof to [2].
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Chapter 4
Student-Lévy Processes

Important classes of Lévy processes as statistical models arise as the
subordinated multivariate Gaussian Lévy process with a mean vector a € R and a
non-degenerated covariance matrix A.

For instance, taking

n'(B) = /gm,zA(x)dX, t>0, BeRBR
B

and
tl(dx) = gig(x; A, x, ¥)dx,

we shall obtain the famous class of generalized hyperbolic processes.

Having in mind Theorem 3.15, properties of Thorin subordinated multivariate
Gaussian Lévy processes are of fundamental importance investigating many statis-
tical models, including stochastic processes related to Student’s ¢-distribution.

Theorem 4.1 [1]. Let X = {X;, t > 0} be a Gaussian Lévy process in R with mean
vectora € R and a non-degenerated covariance matrix A. Let TG9 = {T,(%), t >
0} be an independent of X Thorin’s subordinator with Laplace exponent ,.(0),
defined by the formulas (3.10) and (3.11), and characteristics (B¢, ps.), where

o]

05:(d) = 1772 / e " 0,.(dv)dt. 4.1)

0

Then:

(i) the triplet of Lévy characteristics of the subordinated process

X9 — {Xt(%) = XT(”)’t > 0}
t

B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes, 41
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equals (A, Ay, I1,,), where

ase = PBra + / xl(x)dx,
{lx|=<1}

A= BA, 4.2)
,.(B) = /l%(x)dx, B e B(RY),
B

Zexp{(aAf1

Lio(x) = -
VIAIQm) 2 ((xA~ L, >)2+“

/(h(v kit %Kd 5 (h(v, X)) Q5c(dv)

and 1

h(v,x) = [((@A™ ", a) + 2v)(xA~L, x)]2;

(ii) X©9 is self-decomposable if and only if, for a.e. £ € S4~1 with respect to the
surface Lebesgue measure on S~ the function k;’{) (r) == riL.ré), r > 0,
is decreasing;

(iii) ifd =1o0rd >2anda = 0, then XV is self-decomposable;

(iv) ifd =2,a # 0and

/(1 +v)201(dv) < 00 (4.3)
ord>3,a#0,and

/(1 +v)01(dv) < o0, “4.4)

0

then X is not self-decomposable;
() ife>1,3c# %, and

/ (14 v)0,5.(dv) < 00, (4.5)
orx>1, »x= %,and

/ (1 +1)?0,(dv) < oo, (4.6)

0

then X is not self-decomposable.
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Proof

(i) We shall use the following formulas:

o0

/f‘" le™ W*rdt—z( ) (2f) 4.7)
0

a>0, y>0, §>0 (see Appendix),

and

o]

§
/gm,m(x)t“"‘le‘y"?dt
0

exp{ (aA™ }/Oot a—d1
M(Zn)z

0
X exp [— (y + %(aA*l, a)) r— (5 + %(xAl,x)) tl] dt
_ 2exp{(aA!,x)) (2y 1 (aA a>)3+i
- JHAen)! 26 + (xA—1, x)

X K,y g (1Qy + (@A™ a) @8+ (A~ x)12),
y>0, §=0, la]>0,|x|>0. (4.8)

From formulas (3.16), (4.1), (4.8) and Theorem 3.19 we find that the statement
(i) holds with the function

e ]

5e(x) :/gta tA(x)txiz/ein%(dv)dt
0

1 oo o0
_ explaa~t x)) / /t—g—2+x
JAen:

X exp i—%(xA—l, x) — %[(aA_l, a) + 2v]] dr 0,.(dv)

oo X0
_ 2exp{lad, }// _g_2+x< 2 )‘éH%
" N

M(Zn)z , (aA=1, a) +2v

0
X exp [ h(v, x) ] duQ,.(dv)
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. 2exp{(aA™!, x)}
VIAIQm)E (A, x) 5

< [t IR G0 0) Q)

(i1) This statement follows directly from Proposition 3.8, Theorem 3.9 and (i).
(iii) Since

) 4 2exp{r<aA—1 £))
ke (r) = 7 [ (h(v, é))de(rh(v £))Q1(dv)
JTAI@r) S (A1, 8)%
and (see Appendix)

K,(2) = — (KVI(Z) + gKy(z)) ,

we have that

—1 c0
;km() 2expirtad”. &) g/(h(v e
’ JIAIem (gl ent )

X [Kq(rh(v, £)(aA™! &) - Ka_y (rh(v,§)) h(v, §)]1Q1(dv).

If a = 0, then, for all £ € ¢,

SEY

d 2r
406 = .
2

& d
dr At (€A 6)

x /(h(v,g))fr Kq_ ) (rh(v,§)) Q1(dv) <0,
0

proving that, for al £ € $9-1 the function kél)(r), r > 0, is decreasing.
If d = 1, then, since

Ki(z) =K_1(2),
2 2
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(iv)

for & = £1, we have that

%kg”(r)_ zjx_l){rsf‘Alé }/\/rh(v O (rh(v,£))

2

x [[(<aA‘,a> +2)ga~6)]" - <aA‘,s>} 01(dv) <0

proving again that the function k(l)(r), r > 0, is decreasing.
Ifd >3anda # 0, since, forall y # 0,asv | 0

[e¢]

VK, () = /WVKV_l(w)dw A T(ly 21, (4.9)

v

we find that

d k(l)( - 2exp {riaA~1, &)}
dr VIAIQm) S (EA-LE)

X (aAil,?;‘)/ / w? K%_l(w)dWQl(dV)

0 rh(ve)
o

—r/hZ(V,g) / wi T Ky ,wdwQ (@) | . (4.10)
0 rh(v,&) ’

Under the assumption (4.4), for £ € S~! N {&: (aA~', &) > 0} and suffi-
ciently small », we have that

d
d—rkél)(r) >0,

showing that kél)(r), r > 0, is nondecreasing in r for a subset on S?~! of
positive surface Lebesgue measure.
If d =2 and a # 0, from Grosswald’s formula we find that

Ko() =v1<1(v)/f;$‘ldu,
0

where vK1(v) 1 1,asv | 0.
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But (see [2])

g1(t) = 2[x 2t (JEW/D) + Y2/,

gl(t)'\'t_%, as t—>o0, and gi(t) > 1, as t— 0,

implying that

o0
241
Ko(v)f/gl(u)du—{— max g1 (u) log (V “; ) 4.11)
u 0<u<l v
1

Now from (4.9) and (4.10) derive that

2exp{r(aA’1,$)}
VIART(EATL &)

d
dr

k" (r) =

x (aA_l,é)/ / wKo(w)dwQ1(dv)

0 rh(v,&)
- / PR (v, €)Ko (rh(v, £)) Q1(dV) | - 4.12)
0

Because log(v? + 1) < v?, from (4.6), (4.11), and (4.12) we again obtain that,
for& € 91N {E S(aA”LE) > 0} and sufficiently small r,

d
d—rkél)(r) >0,

proving that XV is not self-decomposable.
(v) Since

2exp{riaA™! &)} r272
JTATQn)S ((gA-1, ) >

k() = rlg(re) =

X / / W%+1_%K%7%(W)dWQ%(dV),

0 rh(v,&)

ikéx)(r) _ 2 exp {r(aAfl,é)rz’jz}
dr JIAIQm) (A1 &) 2T
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i 43 —1 25¢—2
X / / u? K%f%(u)Q%(dv) (@A™, &) + P
0 rh(v,&)
—/rhz(v,é) / u%_”Kgi}ﬁ](u)duQ%(dv) . (4.13)
0 rh(v,&)

Let 5 > 1, 5 # 4. Using (4.9),

00
u%_%K%f;{fl (Ll)dl/l = (}’l’l(V, E))%%
rh(v,&)

x Ky, (rh(v,€) 1 T (’% — %D 251 as r 0. (4.14)

In this case from (4.13) and (4.14) under the assumption (4.5), forall £ € gd=1
and sufficiently small r, we get that

d
Ekéz)(r) >0,

implying that X* is not self-decomposable. Finally, if 5z > 1, »r = %, from
(4.13) we have that

d —1 d-2
ik(z)(r) _ 2 exp {r(aA ,E)}r

dr ¢ VIAIQm) % (A7, §)
e ~ J—2
X / / uKo(u)duQ%(dv) ((aA ,é)—i—T)
0 rh(v,&)
— /rhz(v, EYKo (rh(v, &)) Q%(dv) . 4.15)
0

Now from (4.6), (4.11) and (4.15) we obtain that for all £ € S~ and suffi-
ciently small r

d d
5k$(2)(r) > 0,

d
proving that X(z) is not self-decomposable. (]
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Remark 4.2 The statement (iii) of Theorem 4.1 is contained in [3] and [4]. Some
related results are obtained in [5, 6].

Definition 4.3 A d-dimensional Lévy process X = {X;, t > 0} is called the Student-
Lévy process if
LX) =T;(v, Z,a).

Definition 4.4 A d-dimensional Lévy process X @ — {Xt(a),t > 0} is called the
noncentral Student-Lévy process with the noncentrality vector a € Rg if

LX) =Ty, T, a, a).

Proposition 4.5

(i) The Student-Lévy process X = {X;,t > 0} has the following structure:
X[ZG]}—Fat, IZO,
where G = {G;,t > 0} is a Gaussian Lévy process with the triplet (0, X, 0)
of Lévy characteristics and T = {T;,t > 0} is an independent of G Lévy
subordinator such that
v
Z(Ty) = GIG (—5, v.0). (4.16)

(ii) The triplet of Lévy characteristics of X equals (yo, 0, I1g), where

V= / xlp(x)dx + a,
{lx|<1}

To(B) = /lo(x)dx, B e B(RY),
B
and

v24+1(x2 lx -4 7 d 1 3
lo(x) = sion) uiK, 2th )) g3 Quidr.
T s
0

(iii) X is self-decomposable.
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Proof (i) Itisenough to observe that from (4.16) it follows the equality
ZGr, +a)=T(v, Z, ).
(i) From formulas (1.4) and (4.16) we have that GIG (=%, v,0) € Ti(R4) with

zero drift and the Thorin measure vg» (2vt)dz. Now from Theorem 4.1 we find
that X has the triplet of Lévy characteristics (yp, 0, I1p), where

Vo= / xlo(x)dx,
{Ix|<1})

To(B) :/lo(x)dx, B e B(RY)

B
and
2(< E—l >) %
X , X
lo(x) = ————"1
VIZ|(2r)?2
® d 1
x / (2t<x2*1,x>)4 Ky ((2t<x2‘,x>)2) vgy (2ur)ds
0
v _d
v2it (k2 ) E Ty Y
= - /t4I(g (2t(x2 ,x)) g3 (2ui)de.
VIX|(2m)2 0 :
(iii)) The statement following directly from Theorem 4.1 (iii). [l

Proposition 4.6 (i) The noncentral Student-Lévy process X@ = {X“ .t > 0}
with the noncentrality vector a € Rg has the following structure:

X =G +at, 120,

where G@ = G;a),t > 0} is a Gaussian Lévy process with the triplet
(a, X, 0) of Lévy characteristics and T = {T;,t > 0} is an independent of
G Lévy subordinator such that

L(T)) = GIG (—g v, 0).

(ii) The triplet of Lévy characteristics of X'® equals (y,, 0, T1,), where
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Yo = / *la(0)dx,

{lx|=1}

,(B) :/la(x)dx, B € B(RY)
B
and

o0

2vexp{a2
ly(x) = g/ aE +2t)
\/|2|(27T)2( X))

x Ky ((<a2—1, a) + 2z) <x>:—1,x>)7 g3 (vt

SIS

(iii) XD is self-decomposable if and only if the function rél'@ (r&), r > 0, is
decreasing for a.e. £ € SV with respect to the surface Lebesgue measure on
§d=1

(iv) Ifd =1, XD is self-decomposable.

Proof (i) Itis enough to observe that from (4.16) it follows the equality
LG +a) =Ty, T, a.a).

(i) From formulas (1.4) and (4.16) we have that GI G ( , 0) € T1(R4) with
zero drift and the Thorin’s measure vgy (2ur)dr. Now the statement follows
directly from the Theorem 4.1 (i).

(iii)) The statement follows directly from Theorem 4.1 (ii).

(iv) The statement is the corollary of Theorem 4.1 (iii). ([l
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Chapter 5
Student OU-Type Processes

The classical Ornstein—Uhlenbeck process {X;, # > 0}, starting from x € R is a
solution of linear equation.

t
X,:x—i—B,—c/XSds, >0, (5.1)
0

where ¢ > 0 and {B;,t > 0} is a standard d-dimensional Brownian motion. It is
uniquely solved by

t
X, =e x +/e_c(t_s)dBS, t>0,
0

where the last integral is a Wiener stochastic integral. We easily find that
LX) = Geﬂ-tx’zlfc(l_efzct)ld = GO,ild’

ast — 0o, where I is an identity d x d matrix.

If we replace {B;,t > 0} in (5.1) by an arbitrary Lévy process {Z;,t > 0}
with the triplet (a, A, IT) of Lévy characteristics and the characteristic exponent
¢(z) = —log Ee¢'&X1) the solution

t
X, =e “x + / e =94z, >0 (5.2)
0

is called the starting from x € RY Ornstein—Uhlenbeck type process generated by
(a, A,II, ¢).
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The integral in (5.2) is defined analogously to the Wiener integral through con-
verging in probability integral sums (see, e.g., [1]).
If we write

P,(x,B)=P{X, e B}, xeR’ BeBRY), t>0,

it can be proved (see [2]) that

!
/ei(z,y) P,(x,dy) =exp {ie " (x,2) —/(p(efcsz)ds , x,ze Rl >0,
R4

implying that P, (x, -) is an infinitely divisible probability measure with the triplet
(atx, A, T1;) of Lévy characteristics given by the formulas:

t

A; =/e_2”dsA, t>0
0

t
I1:(B) =//1B(€*”y)dsl'l(dy), B e B(Rf), 1>0,

d
R O

and

13
arx = e “x+ [eds

0
+ [ Joe @y (Le-espyizny = Lyyi=n) dsTIdy), >0, x € R%.
R

Because

/ / ¢/“) Py(y, dw) Py (x, dy)
R4 Rd
N
=/€Xp i(y, e “z) —/w(e_”z)dr Py (x,dy)
Rl 0
Ky t
= exp i(x, e Utz —/(p(efc(rﬂ)z)dr —/go(e*crz)dr
0 0
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= / ¢ EM P (x, dw),
R4

Pi(x,B),t >0,x € Rd, B e %(Rd), satisfies the Chapman—Kolmogorov identity

/ P,(x.dy) Py(y, B) = Prss(x. B)
Rd

as the transition probability function of the time homogeneous Markov process X.
It is known (see [2-6]) that, as t — oo, for each x € R4

Pt('xa ) = [LC

if and only if
log |y|TT(dy) < oo, (5.3)

{Iy1>2}

where the limit distribution ji. satisfies

]

/ eV f(dy) =exp { — / e “z)dsy, ze R (5.4)
R4 0

The distribution fi. is self-decomposable with the triplet of Lévy characteristics

(dc, Ac, T1.), where
- 1 1 y
dc = —a+ -~ —TII(dy),

[yl
{ly[>1)

~ 1

c= —

2c

and

[.(B) = %//lg(e_sy) dsTI(dy), B € A(RY).
R4 0

There is one-to-one continuous in the topology of weak convergence correspondence
between the class / Dlog(Rd) of infinitely divisible distributions, satisfying the inte-
grability assumption (5.3), and the class of self-decomposable distributions L(R?).
It is given by the mapping
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o0

IDg(RY 3 u = 2(Z)) & & /e—’dz, = /i € L(RY).

0

(5.5)

The correspondence (5.5) imply that for the triplet (a, A, IT) of Lévy characteristics

for i the following equalities hold true:

G=at / Y nay)
[yl

{Ilyl>1}

~ 1
A=-A
2

and

f[(B)://lB(e_Sy)dsH(dy), B e B(RY).
R! 0

Vice versa, if

e = [ e | 00 Dar, B e Ry,
0

gd—1

then
a=i- / Y niay),
[yl

{lylI>1}
A=2A

and

I(B) = — / K(dé)/lB(ré)dkg(V)-
0

gd—1

(5.6)

The process {Z;,t > 0}, is called the background driving Lévy process (BDLP

for short).

Definition 5.1 The subclass of the Ornstein—Uhlenbeck type processes, obtained by
the correspondence (5.5) with the Student ¢-distribution fi, is called the class of the
Ornstein—Uhlenbeck type Student processes (Student OU-type processes for short).

Definition 5.2 The subclass of the Ornstein—Uhlenbeck type processes, obtained
by the correspondence (5.5) with the noncentral Student ¢-distributions i, satisfying
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self-decomposability condition (iii) of Proposition 4.6, is called the class of the non-
central Ornstein—-Uhlenbeck type Student processes (noncentral Student
OU-type processes for short).

We shall describe the BGDP, generating the Student OU-type processes.
Proposition 5.3 (i) The Student OU-type processes are generated by the BDLP

= {Z;, t > 0} with the triplets of Lévy characteristics (yo, 0, T1g), where

Yo = / xmo(x)dx + «, aeRd,
{lx|<1}

My(B) = /no(x)dx, B e B(RY),

B
d
mo() = == (F109)) lrex
and
vZ%'H(xE ! )7% T 4 L
lo(x) = /u4Kg Qt{xs™ ))Z)g%(th)dt,
JElem! 2

v > 0, X is a symmetric positive definite d x d matrix.

(ii) The Student OU-type process X, generated by the BDLP Z with the triplet of
Lévy characteristics (yy, 0, Ig) and L(Xo) = Tg(v, X, @) is strictly stationary
Markov process.

Proof

(i) Follows directly from the Definition 5.1, the above stated properties of BGDP
and the Proposition 4.5.
(i1) It is well-known property of time homogeneous Markov processes. (]

Proposition 5.4

(1) The noncentral Student OU-type processes are generated by the BDLP 7 =
{Z;,t > 0} with the triples of Lévy characteristics (Y, 0, [1,), where

Vo = / xm,(x)dx + @, «,a € Rd,
{lx|<1}

,(B) =/7'ra(x)dx, B € B(RY),
B
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T () =~ (14 0)) e

and

oo

—1
L) = 2vexp£(az . x)} /((aZfl,a)—i-Zt)
VIZI@m)? ((xz71x))* 9

x Ky ((((aZl,a) N Y Do x))z) gy 2v1),

d
i

PN

(ii) The noncentral Student OU-type process X9, generated by the BDLP Z with
the triplet of Lévy characteristics (4,0, I1,) and L(Xo) = Ty (v, X, «, a) is
strictly stationary Markov process.

Proof
(i) Follows directly from the Definition 5.2, the above stated properties of BDLP

and the Proposition 4.5.
(i) Itis well-known property of time homogeneous Markov processes. O
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Chapter 6
Student Diffusion Processes

6.1 H-Diffusions

We shall consider the regular positive recurrent diffusion processes X = {X;, t > 0}
on an open interval (I, r) € R! with the inaccessible end points and predetermined
one-dimensional distributions (for used terminology see, e.g., [1, 2]).

Lett, = inf{t > 0: X; = a},a € (I,r), and s(x), s € (I,r) be the scale
function for the process X, i.e. a strictly increasing continuous function such that for
alll <a<x<b<r

s(b) — s(x)

P, <5} = s(b) — s(a),

where P* denotes the underlying probability measure of the process given X = x.
Let m be the speed measure for the process X, characterized by the properties that
m(I) > 0 for every non-empty subinterval / of (/,r) andforl <a <x <b <r

E'(tu Ap) = / 8s(a),sb) (5(x), s(y)) m(dy)

(a,b)
where

b — _
—( W a)’ if v<u,

(. v) = b—a

Sa.blil: w—ayb—v)

— if u <y,

b—a

and the expectation E* is taken with respect to the measure P*.
It is known (see [1-4]) that if s(x) — +o00,asx 1 r, s(x) = —o0,as x | [, and

Im|:=m((,r)) < oo,
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then the diffusion X is positive recurrent with the inaccessible end points. Moreover, if

L(Xo) = —,
m]

the process X will be strictly stationary and ergodic.
Let 4 (I, r) be a class of strictly positive differentiable functions g(x), x € (I, r),
such that for each x € (/, r) there exists ¢ > 0, (x — &, x + &) C (I, r), satisfying

x+e

/ Ig'(v)|dv < oo,
X—&

for some xg € (I, r),asx 1 r,

X

G(x) :=/g(v)dv — 400,

X0

and,as x | [, G(x) > —o0.
Let i(x), x € (I, r) be a strictly positive measurable function such that

r

/h(x)dx =1. (6.1)
1
Write H(dx) = h(x)dx,
_ 1 g
a(x) = —2 h(x)gz(x)’ xe(,r), (6.2)
and
o2(x) = (h(x)gx)~", xed, r). (6.3)

Theorem 6.1 [5] Foreachg € 9 (I, r) and h, satisfying (6.1), there exists the unique
weak solution for the stochastic differential equation

dXt = a(X,)dt + U(Xt)dBt, t>0
Z(Xo) =H,
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which is a regular positive recurrent diffusion with the scale function

[ g
g(x0)

s(x) = dv, xe(,r),

X0

and the speed measure m = g(xo)H.
Here and below B = {B;, t > 0} is the standard univariate Brownian motion.

The solution is a strictly stationary process with the one dimensional distribution H,
called the H-diffusion (see [6]). The functions g and % are intrinsic characteristics of
the H-diffusions, in terms of which their properties should be formulated.

Example 6.2 Let (I,r) = (0, 1),

h(x) = CxPr=1 (1 — )Pl x e (0, 1),
gx) = L [xa1+/31—1(1 _ x)ot2+/32—1e(x+l)X]_l
Co? ’
x€©1), aja,r xeR, o*>0, >0, B>0.
Here and below C is the norming constant. It is easy to check that g € 4(0, 1) if and

only if ¢y + 81 > 2 and oy + B > 2.
In this case

o2
a() = 5 [(@+ 1 = Dx 71 =) — @+ 2 1)

X x4 (1 — )27 (5, 4+ w1 (1 —x)“Z] XX x e (0, 1),

and
o2(x) = o2x¥ (1 — x)%2eX*, x € (0, 1).

Taking o1 = ap = 1, x = 0, we have the Wright—Fisher gene frequency model with
mutation and selection in the population genetics (see, e.g., [1, 7]).

Example 6.3 Let (I,r) = (0, 00),

h(x) = Cx*! exp {— (Xx_’gl + 1//xﬂ2)} , x>0

1
glx) = ﬁx_(“'y)“ exp {)()c_ﬁ1 + wxﬂz}, x>0
o

where o2 > 0, B1 > 0, B2 > 0 and either
1) A,y eRl,X >0,% >0, or

) x=0,A>0,% >0,L4+y >2,0r
(i) vy =0,2<0,x >0,A+y <?2.
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In all these cases g € 4(0, 00),

0’2

a() = 7 [(y F A= D g g AT - wﬁzx”ﬁf‘] L x>0

and

%7, x> 0.

02(x)=0
Ify=26,=1,x =0,A> 0, we have that

o2 5
a(x) = 7(A+1)x—1/fx , x>0,

oz(x) = o2x?
and

h(x) = Cx* e V¥,

giving us a diffusion version of the Pearl-Verhulst logistic population growth model
(see [1]). This class of diffusions also contains the Cox—Ingersoll-Ross model for
short interest rates in bond markets and its generalizations (see, e.g., [4, 8]).

Example 6.4 Let (I,r) = (—00, 400),

( x —a\? Y X —« 1
hix)=C 1+( 5 ) exp[—%arctan( 3 )], X €ER,

1
x€R' a A xeR!, )»<—§,

exp {sarctan (5%)}

co? (1+ (%)Z)HV

gx) =

1
A+y§§, 6 >0, o2 >0.

In this case g € ¥ (—00, +00),

o2 x—a\? 7! X —« » |
/,L(X)IK 1+( 5 ) |:()u+y)(T)—Ei|, X €R,
2\Y
oz(x)=02(1+(x;a)) , xeR.
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Taking y = 1, we have the Johannesma diffusion model for the stochastic activity
of neurons (see [9-11]) and one of the Follmer—Schweizer models for stock returns
(see [12], also [13]). The stationary distribution is the skew Student’s ¢-distribution
with the skewness coefficient . If > = 0, we arrive to the univariate Student’s
t-distribution.

6.2 Student Diffusions

Definition 6.5 An H-diffusion process X on R! is called a Student diffusion if
H=Twoc%a),w>002>0acR.

From Theorem 6.1 it follows that for each g € ¥ (—o00, 00) there exists a Student
diffusion. For example, taking A = —"zil, y =1, =0, o2 = 0, we find from

Example 6.4 that the unique weak solution for the stochastic differential equation

O —1) (X, — X, —a\’
dx, = — (”2 )( ’8 a)dt—i— 9(1+( ’8 O‘) )dB,, 6 >0,

L(Xo)=Ti(v,8*v 1 )

is a Student diffusion.

Example 6.6 [8] The function g(x) = 02 > 0, x € R', belongs to ¢ (—o0, 00).
Thus for any strictly positive pdf 2(x), x € R', the unique weak solution for the
stochastic differential equation

1
dX, = (c?h(X,)) 2dB;, t>0
Z(Xo) = H,

is an H-diffusion.
If v > 1, as the unique weak solution for the stochastic differential equation

X, —«a 2062 X, —a\>
dX, = —6=—dr + R 5 dB,, t >0,
b _

L(Xo) =Ti(v, v 1, a),

the Student diffusion is a member of the family of Kolmogorov—Pearson diffusions
(see [14, 15)).

Now let us consider a Student diffusion X = {X;,t > 0}, corresponding to
the function g € ¥ (—o00, 00), and discuss the domain-of-attraction problem for the
maximum values
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Mr = max X;, T >0,

0<t<T

using linear normalization.

We shall see that the problem for H-diffusion reduces to the classical extreme
value theory and the criteria are expressed in the terms of functions g independently
of the marginal distribution H.

Definition 6.7 We say that an H-diffusion X = {X,, r > 0} belongs to the maximum
domain of attraction of the nondegenerate distribution Q (X € M D A;(Q) for short)
if there exist constants ar > 0 and by € R! such that, as T — oo,

Z (ar(Mr — br)) = Q.

Define yr from the equality G(yr) =T.

Theorem 6.8 [6] Let an H-diffusion X corresponds to the function g € 4 (1, r). The
following criteria hold true:

(i) X € MDA;(A) if and only if there exists a function b(x) > 0, x € (xo, 1),
such that, for each x € R!,

G(®y) R
m——-———=e °;
ytr G(y +b(y)x)

(ii)) X € MDA(®)) if and only if r = o0 and, for each x > 0,

Gy
im =x
ytoo G(xy)

, ¥ >0;

(iii) X € MDA;(V)) if and only if r < o0 and, for each x > 0
G(r —
im Gr=y) =x", y>0.
yl0 G(r —xy)

Moreover, in the case (i)

/m@ﬂW<w
X0
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and we can take

b(x) = G(x) / (G~ v,
i L
ar~ = /(G(v))*‘dv ,
br =yr +TXT,

where xT are any constants such that ar xr — 0, as T — oo.
In the case (i)

ar ~y;', br=0
and in the case (iii)
ar ~(r—yr)~', br=r.

Proof Under the assumptions of Theorem from Davis [16] (see also [17, 18]) we
have that for any constants u7 1 oo, as T — oo.

dim |P(My < ur}— F'(ur)| =0,
where
F(x) = e_(G(x))_l, xe(,r).
Let

Py = [0, for x < Xo,
1= (G) Mz, for x> Zo,
where G(x9) = 1.
Because 1 — F(x) ~ 1 — I:“(x), as x 1 r, the statement of Theorem 6.8, using
the principle of equivalent tails, now follows from the classical extreme value theory
(see, e.g., [19, 20]). O

Because, for x € (Xg, r),

) =F(x)= %
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and

b 1gw g2
F=36m o)

we shall have the following analogue of classical von Mises theorem (see, [19-22]).

Theorem 6.9 [21] Let an H-diffusion X correspond to the function g € G(l, r).
The following sufficient conditions are valid:

(i) if
i 8GE _
m 2— =1
xtr go(x)
then X € MDA;(A);
(ii) if r = oo and
xg(x)

im =y >0,
xtoo G(x)

then X € MDA;(®,);

(iii) ifr < oo and

. (r—x)gx)
im-—2"- =

> 0,
xtr G()C)

then X € MDA;(W,).

Now the following Propositions are obvious.

Proposition 6.10 Let a Student diffusion X correspond to the function
g € Y (—o00, 00).
There are two possibilities:
(1) X € MDA;(A) if and only if there exists a function b(x) > 0, x € (xgp, 00),
such that, for each x € R!,

G(®) .
m—————-=2e
ytoo G (y + b(y)x)

and
(2) X € MDA/(®)) if and only if, for each x > 0,

G(y) —y
1m =X
ytoo G(xy)

, ¥y >0.
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In the case (1) we can take
—1

b(x) = G(x) / Gon~Ttav|

and the norming constants

00 -1
ar ~% /(G(v))”dv ,

br =yr + xr.,

where xr are any constants such that ar x7 — 0, as T — o0.
In the case (2) the norming constants are ar ~ )/T_l, br = 0.

Proposition 6.11 Let a Student diffusion X correspond to the function

g € Y(—00, 00).
Then, if

i g (x)G(x)
m-=—>3 =
xtoo  g7(x)

X € MDA;(M),

and, if

xg(x)

im =y >0,
xtoo G(x)

X € MDA;(W,).

Example 6.12 (continued Example6.2) Let oy + 81 > 2. Using Theorem 6.9 (iii),
because

(1-x)gx) B
xlgll o) ap + B1 —2,

X e MDA;(Wy,48,-2)-
Example 6.13 (continued Example 6.3) In the both cases (i) and (ii)

i g(x)Gx)
1m 2— =1
x—>o00 g (x)

implying by Theorem 6.9 (i) that X € M DA;(A).



66 6 Student Diffusion Processes
In the case (iii), assuming that A 4+ y < 2, we have that

xg(x)
1m =
oo G(x)

2—A—y,
implying by Theorem 6.9 (ii) that X € MDA; (P35 ).
Example 6.14 (continued Example 6.4) Assuming that A + y < %, we have that

xg(x)
im
xtoo G(x)

=1-20+vy),

implying by Theorem 6.9 (ii) that X € M DA;(P1_2(.4))-

Example 6.15 (continued Example 6.6) Taking xo = 0, we find that G(x) = o2x,
x € R!, yr = 02T and

xg(x) _
G(x)

Thus, X € MDA;(®;) and, as T — o0,

0,2
< (?MT) = 9.

6.3 Point Measures of e-Upcrossings for Student Diffusions

Let ¢ > 0 be fixed. The process X = {X;, t > 0} is said to have an e-upcrossing of
the level u at 1o if X(t) < u, fort € (to — &, 19), and X (t9) = u. Let T > 0 and
B € % ((0, 1]). Then

N7 (B) =tt{e —crossings of ur by X on the set T B}

is called the time normalized point measure of e-upcrossings of the level ur by X.
The following statement is slightly weakened but essentially simplified version
of the Borkovec and Kliippelberg result in [8] (for used terminology see, e.g., [23]).

Theorem 6.16 [24] Let an H-diffusion X correspond to the function g € 4(l,r),
pdf h is continuous and there exists a constant K such that, for all x € (I, r),

h(x)G*(x) log(|G ()| + 1) -

K. 6.4
g(x) - ©4)
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Ifur v r,as T — oo, and

lim T7'Gur) = Q2r)~!, ©>0, (6.5)
T—o00
then the point measure Nt converges vaguely to the homogeneous Poisson point
measure on B ((0, 1)) with the intensity t, as T — o0.

Example 6.17 Let (I,r) = (—00,00),x9 =0, h(x),x € R! be an arbitrary strictly
positive continuous pdf, g(x) = o2 > 0.
If there exists a constant K such that, for all x € R!

xZlog (lx| 4+ 1) h(x) < K, (6.6)

then the statement of Theorem 6.16 holds true with 7 = % andur =T.
Because for the skew Student’s ¢-distribution (see Example 6.4 and [13])

v+l

x—a\?) * r—a 1
h(x) =Cys.| 1+ 5 exp | —srarctan 3 , XER,

(6.7)
where
%) . 2 7
C - 1 AN ’
T AT (3) kHO[ +1 +2k)2}
we have that, as |x| — oo,
h(x) ~ Cys.58" x| 70+, (6.8)

In this case the assumption (6.4) is satisfied if and only if v > 1.

Example 6.18 Let X be a skew Student diffusion corresponding to the function

2(x) = exp {carctan (T)L . xeR', axeR', y< 1+ 2

+ - 2
Cosre (14 (52)7) 77

Having in mind (6.8), because, as |x| — oo,

|x|v+172y

8~ e Ty
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and, using I’Hospital’s rule,

x| v+2-2y

G ~ b
) CV,S,%8V+1_2)/ v+2-2y)

we find that the assumption (6.6) is satisfied if and only if 1 <y <1+ 3.

If 1 <y <1+ 3, taking

T Eesd
“T=\2C, 5,02 (v +2 — 2y) ’

then the point measure N1, as T — 00, converge vaguely to the Poisson measure
with the intensity 1.

Example 6.19 (continued Example 6.3) In the case (i), using I’Hospital’s rule, we
have that, as x — o0,

Gx) ~ (B x " Prg(x) (6.9)

and, as x — O,
G(x) ~ —(xp) 'x"Pg(x). (6.10)

Thus, the assumption (6.4) is satisfied if and only if
2-2B1 <y <2426

and (6.5) holds with T = 1 and

(11 T))311+ 1 (11 T)ﬁll_l
= — 10 —_— —
eyt A

-2 1 2
x [ﬁl“’Tﬂ log (E log T) +log (ﬁlwc%)] 6.11)

Here we used formulas for asymptotic solutions of equations like G(ur) = T from
[19], Table 3.4.4.
In the case (ii) we analogously find that, as x — oo, (6.10) holds, and, as x — 0,

G(x) ~ g(x), (6.12)

X

2—(A+y)

implying that the assumption (6.4) is satisfied if and only if
2<y <2B+2.

The equality (6.5) holds with t = 1 and ur, defind by (6.11).
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Finally, in the case (iii), as x — 00, it holds (6.12) and, as x — 0, it holds (6.10),
implying that the assumption (6.4) is satisfied if and only if

2-2B1 <y <?2.

The equality (6.5) holds with T = 1 and

O'2T ﬁ
ur = [(Z—X—V)(T)} .

6.4 Kolmogorov-Pearson Diffusions

Definition 6.20 An H-diffusion X = {X;,t > 0} in the interval (/, r) is called the
Kolmogorov—Pearson diffusion if it is a weak solution for the stochastic differential
equation

dX;, =0A(X;)dt + VOB(X;)dB;, t>0, 6 >0,

L(Xo) = H. (6.13)

where
A(x) =po+ pix, xe(l,r),
and
B(x) =qo+ q1x + q2x2 >0, xe(,r).
This class of diffusions was described by Kolmogorov in 1931 (see [25]). Ergodic
distributions of these diffusions are contained in the family of Pearson distributions,

satisfying the Pearson equation:

W (x) 2A(x)— B'(x)
h(x) B(x)

, xe(,r). (6.14)

Last years this class of diffusions attracted attention of statisticians as a flexible
and statistically tractable stochastic processes (see, e.g., [13, 26-32]).

Let L2 ((I, r); H) be a Hilbert space of equivalency classes of measurable func-
tions f : (I,r) — R! such that

111 1=/f2(x)h(x)dx oo
[
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and C2 ((I, r)) be a class of twice differentiable functions f : (/,r) — R

The generator

0 d? d
L=—-B(x)— +0A(x)—
2 (x)dxz +HOAR) dx

of the Kolmogorov—Pearson diffusion X, satisfying (6.13), is a map

L:L>(,r); HyNC*>(,r) — L*((,r); H).

Let us recall the following classical results (see, e.g., [1, 33-35]).

Obviously, L maps polynomials to polynomials. If, foralln =0, 1, .. .,

r

/x2”h(x)dx < 00,
I

there exists an orthonormal system of polynomials {P,(x),x € (I,r),n =0, 1, ...}

such that
LP,(x)+ A, P,(x) =0, xe(,r),

where %
Anz—ne(pl +7(n+1)), n=0,1,...,

(6.15)

showing that the spectrum of—L is discrete with the eigenvalues, given by (6.15),
and the corresponding eigenfunctions { P, (x), x € (I,r),n =0, 1, ...}, which under

the additional assumption that

lim hA(x)B(x) = lim h(x)B(x) =0
x—1—0 x—>r+0

are given by the generalized Rodrigues formula:

n (n)
P,(x) = cnm, xel,r), n=0,1,...
h(x)
where
2
L (pwsw]”)
Cp, =/ ) dx.

(6.16)

, 6.17)
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If, for some integer N,

/xZNh(x)dx < o0, (6.18)
I

but

.
/ Ix PV (odx = oo,
[

the spectrum of—L consists of the continuous part and the finite number of discrete
eigenvalues

knz—né(pl—i—%(n—i-l)), n=01,....N,

corresponding to the eigenfunctions { P, (x), x € (I,r),n =0, 1, ..., N}, defined by
the formula (6.17).
Let

r

hj =/xfh(x)c1x, j=0,1,2,...,

~

1 hy ... hy
A, = h1 hy ...hy4+1 CAp=1,
hy hn+1 v hoy
and
1 hy... hy
hy hy ... hy
0,(x) = e oo |y Qolx) =1.
hp—1 hy .. hopy
I x ... x"
Then
P,,(x):M xel,r), n=1,2,....

v Ap—14y ’

If & is a pdf of the skew Student’s ¢-distribution, given by (6.7), from Example 6.4
it follows that the corresponding H-diffusion is the Kolmogorov—Pearson diffusion
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A(x):%[—vgl (x;a)—ﬂ, (6.19)

with

and

x—a)’ h h
B(x)=0{1+ 5 , X€ER', a,x€e R, v,6>0. (6.20)

In this case from (6.8) it follows that (6.16) is satisfied if and only if v > 1,
and (6.18) holds true with the largest integer N satisfying 2N < v and denoted
N = L%J . The discrete eigenvalues for the skew Student diffusion, defined by (6.19)
and (6.20), are

né v
b= 3 =m. n=01..... L—J
The corresponding eigenfunctions are equal to

[h(x) (1 N (xga)2)n](n)

h(x)

Py(x) = ¢, Cn=o01,... SJ 6.21)

If 5c = 0, h is the pdf of T} (v, §2y—1 «). Following [30], polynomials (6.21) are
called the Routh—Romanovsky polynomials (see [36, 37]).
If 5 = « = 0, we have that, for j < v,

o0

: 8 J oW (v P\ o

J x/h(x)dx = —<T §+§ r 37 5) if j is even,

O ._ J- _

hy” =177 ﬁr(z)
0, if j is odd,

and, for x =0, #0, j <,

00 )
J .
h;a) = / x h(x)dx = Z (i) h,(co)otjfk.

e k=0

We refer the reader to [30] (see also [9, 15]) where a version of the Student
diffusion was considered with

—Xx+ o
6 9

Alx) =
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282 —a)?
B(x) = 1+ (22%) ), aer', v>1, 5>0,
v—1 1)

0 1n(v—n), n:O,l,...,L%J

An =
and the Routh—-Romanovsky polynomials as corresponding eigenfunctions. Most
important that in this paper the continuous part of spectrum is described in terms
of the hypergeometric functions, obtained the spectral representation of transition
probability density of X and applied to the statistical inference of the model.

The skew Student diffusion is known as the Johannesma diffusion model for the
stochastic activity of neurons (see [9—11]) and as one of the Follmer—Schweizer
models for stock returns (see [12, 13]).

Classification of the Kolmogorov—Pearson diffusions to six types is given in
[14, 15]. The characteristics of these types are the following:

(1)
Ax)=—x+a, Bx)=2, (,r)=(—00,0),

1
h(x) = \/T—nei%(xia)z, X,0 € Rl,

An=n%0, n=0,1,...

{Pn (x),x € R.n=0,1,.. } are the Hermite polynomials;

2)

Ax)=—x+a, Bx)=2x, (,r)=(0,00), ao>1,

xtx—l —X

h(x):W, X >O,

A=n0, n=0,1,...,

{P,(x),x >0,n=0,1,...} are the Laguerre polynomials;

3)
Ax)=—x+a, B(x)=2ax>, (,r)=(0,00), a>0, a>0,
h(x) = Cpiyy e (1 —l—xz)_ﬁ_l exp [—garctan (x — a)} , x>0
hn = 6 (1 — aln + 1), nzo,l,...,B+%J,

{Pi(x),x>0,n=0,1,..., L% + ﬁ } are the Routh-Romanovsky
polynomials;
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“4)

Alx) =—x+«a, Bkx)= 2ax2, (l,r)=0,0), a>0, a=>0,

R 2
—\aJ ;2 -
h(X)_F(%+l)x exp{ ax}’ x >0,

1 1
Mm=nf(l—-—an+1), n=0,1,....| =+ —1,
2 2a
{Pn(x), x>0,n=0,1,..., |_% + %J} are the Bessel polynomials;
&)

Ax) = —x4+a, Bkx)=2ax(x+1), (,r)=(0,00), a>a>0,

h(x) = ngl(l —i—x)*aTH*l, x >0,

B(%. 3 +1)
1 1
Ap=n0(l—am+1), n=0,1,...,| =+ —1,
2 2a
{P(x),x>0,n=0,1,..., L% + ﬁJ} are the Fisher—Snedocor polynomials;
(6)

Ax) = —x+a, B(x)=2ax(x-1), (,r)=(0,1), —1<a<0,
l4+a<a<-—a,

1
B (=5 —5)

a’ a

nd(1—-2am+1), n=0,1,...,

_a_ _atl
xTa -0 L 0<x <1,

h(x)

An

{P,(x),x € (0,1),n=0,1,...} are Jacobi polynomials.

In the above formulas B(z1, z2) means the Euler’s beta function.
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Chapter 7
Miscellanea

7.1 Mixed Moments of Student’s #-Distributions

Let M, be the Euclidean space of symmetric d x d matrices with the scalar product
(A1, Ay) :==1tr(A1Ay), Ay, Ay € My, M; C M, be the cone of nonnegative definite
matrices and QZ(MJ) be a class of probability measures on Mj. Here tr A denotes
the trace of a matrix A.

The probability distribution of a d-dimensional random vector X is said to be the
mixture of centered Gaussian distributions with the mixing distribution U € & (M;)
(U -mixture for short) if, for all z € R4,

Ee!(©X) — / 2 A (dA). (7.1)

+
My

The distributional properties of such mixtures are well studied (see, e.g., [1, 2]
and references therein).
Letc; = (¢jy,...,cj,) € Rd,j =1,2,...,2n.Weshall derive formulas evaluat-

ing E (H?"zl (cj, X )) for U-mixtures of Gaussian distributions, including Student’s
t-distribution.

Let Iy, be the class of pairings o onthe set I, = {1, 2, ..., 2n},i.e. the partitions
of I, into n disjoint pairs, implying that

2n)!

Cardl'Izn = W

For each o € Ily,, we define uniquely the subsets I\, and integers o (),
J € Iy\o, by the equality

o={(.0()).Jj€ bno}-
B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes, 77

SpringerBriefs in Statistics, DOI: 10.1007/978-3-642-31146-8_7,
© The Author(s) 2013



78 7 Miscellanea

If U = ¢y is a Dirac measure with fixed ¥ € M7, i.e. the Gaussian case, Isserlis
theorem (in mathematical physics known as Wick theorem) says (see, e.g., [3-5])
that

2n
El [, x)[= D [] (€T co) :=malc, %) (72)
j=1 o€l jehn\o
Write
Py () := / e A9y dA), ©eM]. (7.3)
My

Theorem 7.1 [6] The following statements hold:

(i) The probability distribution of a d-dimensional random vector X is the U-
mixture of centered Gaussian distributions if and only if

: 1
Eeil=X) = gy (EZTZ) , (7.4)

where 7! is the transposed vector z.
(ii) If the probability distribution of X is the U-mixture of centered Gaussian dis-
tributions and, for j = 1,2, ..., 2n,

/(ch,cj)”U(dA) < 00, (7.5)
M
then
2n
E|[Jtc.x)|= > /mgn(c,A)U(dA), (7.6)
j=1 GEHan;_
where

m$,(c, A) =[] (cjA. cog)-

j612n\(7

Proof (1) The statement follows from (7.1) and (7.3), because, obviously,
tr ((ZTZ)A) = (zA,z).

(ii) Observe that card I\, = n and, for all o € I1, and A € Mj,
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[T Kejd o))" = D0 lejA, coi)]

J€hn\o J€hn\o

<n " > A o)

jEIZn\U

2n—1
< Z [(cjA, ci)" + (ca(A, co(i))"]
jEIZn\rr
2n

2n—1
== Z(ch, i) (7.7)
j=1

Using (7.5) and (7.7), we find that

2n
E| [t 20| = /m2n<c, AU (dA)
Jj=1 MF
= Z / m$, (c, AYU(dA).
(TEHz,,M;
O
Taking (see also [7])
U=2(Y),
where X € Mj is fixed and
v
L) =GIG (—5, v,O)
we have that )
2(L)* (tr(T@)) 7
du(®) = (3) - Ky (,/2&(2@)) , (7.8)
r(z)
LX) =Ty(v, 2,0) (7.9)
and, for j =1,2,...,2n
(L —
M@jz,q)", it 2n <,
/(c,-A,cj)”U(dA)z (3)5—"
2

+ .
My oo, if 2n > .
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Thus, for 2n < v,

2n v
/H(Cj,x)Td v, %,0) (dx) = —2—my,(c, X), (7.10)

R4 j=1 %) !

SIS

—~
—

2n 2n
Tl 0 5.00@0 = [ T[Tz + tej. ] v, 2. 00

R4 Jj=1 Rd j=1

and because of anti-symmetry, for 2k + 1 < v,

2k+1
[ tcix)Tuw. £, 0)(dx) = 0.
rd J=1
Remark 7.2 Let v > d be an integer, Y7, ..., Y, be ii.d. d-dimensional centered

Gaussian vectors with a covariance matrix X, |X| > 0,and U = . (v X, 1), where

the matrix )
W, => 1Y,
j=1
If v > d, the matrix W, is invertible with probability 1, because it is well known
that the Wishart distribution
LWy) == Wu(Z,v)

has a density

v—d—1 .
|A] 2 exp[—ztr(E_lA)]
, if |A] >0,
Wi (2, v, A) = v odd-1 ., i if |A] >
a5 ()
j=1 2
0, otherwise.

Because (see, e.g., [2, 8, 9])
/ 1Ay @A) = / ¢ VT (v, 2, 0)(dx)
M R4

— E[e 2G®Y] ;e RY, (7.11)
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taking z = tc, t € R', ¢ € R?, we find that

/ e—é(CA,C)U(dA) — E [e—f(CE,C)Y} .
M
Thus, for all ¢ € RY,
& (v<cW—1, c>) — Z((c%, 0)Y),

contradicting to the formula

.i”((ch_l,c)) =$((CE_1,C) 21 )

Xu—d+1

in [9].

Unfortunately, the last formula was used in [6], Example 3.
From (7.11) we easily find that

] ei<Zsa) v
/e“”)Td(v, 2, a)(dx) = >3- (1) (e, z2)*
T

T (3)

xK% ( v(zE,z)), z€ R,

<

R4

(see [10, 11).

7.2 Long-Range Dependent Stationary Student Processes

It is well known (see, e.g., [12]) that a real square integrable and continuous in
quadratic mean stochastic process X = {X PR S Rl} is second order stationary if
and only if it has the following spectral decomposition:

o0 o
Xt=a+/cos(n)v(dx)+ / sin(An)w(dr), ¢ e R,
—00 —0o0

where ¢« = EXy, v(dX) and w(dA) are mean O and square integrable real random
measures such that, for each A, A, A, € @(Rl),

E [v(A1)v(A2)] = Ev? (A1 N A)), (7.12)
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E[w(A])w(A2)] = Ew?(A| N Ay), (7.13)
E[v(A])w(A2)] = 0, (7.14)
F(A) := Ev’(A) = Ew?(A). (7.15)

The correlation function r satisfies

r(t) = /cos(kt)F(dA),
where .
F(A) = f(A) , Ae BRY.
F(RY)

Following [13], we shall construct a class of strictly stationary stochastic processes
X = {X;,t € R'} such that

ZLXn=T (v, oz,a), v > 2,

called the Student’s stationary processes.

Recall the notion and some properties of the independently scattered random
measures (i.s.r.m.) (see [13—15]).

Let T € A(RY),.7 be ao-ring of subsets of T (i.e. countable unions of sets in .%”
belong to . and, if A, B € ./, A C B, then B\A € .%¥). The o algebra generated
by . is denoted o (.%).

A collection of random variables v = {v(A), A € .} defined on a probability
space (2, %, P) is said to be an i.s.r.m. if, for every sequence {A,, n > 1} of disjoint
sets in ., the random variables v(A,),n = 1,2, ..., are independent and

V(U A,,) = ZV(A,,) a.s.,
n=1 n=1

whenever |J52 | A, € 7.
Letv(A), A € ., be infinitely divisible,

log Ee™™"™) = izmo(A) = 321 (A) +/ (e’w - izt(u)) (A, du),

f
Ry

where my is a signed measure, I1(A, du) for fixed A is a measure on %(R(l)) such
that
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/ (1 A uz) M(A, du) < oo:
R;
u, if Ju| <1,
T(u) = { 2w > 1
ul
Assume now that mg = m; = 0 and

IT(A, du) = M(A)I(du),

where M (A) is some measure on 7" and I1(du) is some Lévy measure on R(l).
Integration of functions on 7 with respect to v is defined first for real simple
functions f = Z'}zl xjla;, Aje s, j=1,...,nby

/f(x)v(dx) = > xjp(ANA)),
A

j=1

where A is any subset of 7', for which A e o()and ANA; € &, j=1,...,n.

In general, a function f: (T, o (%)) — (Rl, %(Rl)) is said to be v-integrable
if there exists a sequence {f,,n =1,2,...} of simple functions as above such
that f, — f M-a.e. and, for every A € o(%), the sequence {fA fn()v(dx),
n =1,2,...} converges in probability, as n — oo. If f is v-integrable, we write

[ reov@n =p tin [ s,
A A

The integrand f 4 J(x)v(dx) does not depend on the approximating sequence.
A function f on T is v-integrable if and only if

/ Zo (f (x)) M(dx) < oo

T

and

/ \Z (£ (x))| M(dx) < oo,
T

where
2o0) = [ (18 @) e,

1
RO
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and
Z(y) =/(f(uy)—yf(u))1'l(du)-

1
RO

For such functions f

logEexp | i£ / Feovdn | = / s (Ef (x)) M(d),
A

A

where
2(€) =/(e"5“ —1 —iét(u)) 1 (du).

1
R(J

Let now Y; = (Y tl, Y tz), t > 0, be a bivariate Student-Lévy process such that
L) = Tv,0%h,0), b= ((1) (1’) ,

and F be an arbitrary probability distribution on R'.
Let T = R!,.% be the o-ring of subsets A = U?’;l (aj, bj], where the intervals

(aj, bj], j =1,2, ..., are disjoint. Define i.m.r.m. v and w by the equalities:

oo
1 1
A =3 (YF(bn - YF(aj))
j=1

and
o0

w(A) = Z(F(b) V). A=

(aj,bj] e ..

Tt

~
I
-

Because, fori = 1,2, j =1,2,...,v > 2,

E( b, = Vi) =0

o2y

E ) = Vi) = (F(b) F(aj))

and
o2y

o0

[ [ 2
D EWrgy) = Vi)' <
=1

the definition of v and w is correct.
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From (7.10) it follows that v and w satisfies (7.12)—(7.15) with

2
Fay=2YF@), Acs.
v—2
Thus, the process
o0 o0
X, =a+ / cos(ut)v(du) + / sin (ut)w(du), 1€ R',

—00 —00

is well defined, strictly stationary,
LX) =Ti(v,0% )

and the correlation function r satisfies

r(t) = /cos(ut)F(du), t e R

—00

Strict stationarity of X follows from the formula (see [13]):

n n
P2 njXi io 3 n;

Ee /=! =e¢ J
o0 1 n
X exp / logfzw7 5 'kZ:l 1Nk COS (u(tj —tk)) F(du) ¢,
—00 Jk=

nj,tjGRl, j=1,...,l’l,

where

oo

~ 1

hy s 0) = /efgupgig (%; —5 v, O) du
0

Il
-
| N
[(S1ES
—~
D>
| 9,
<
~
N
o
—
i
Q)
[3°]
S
<
N—"
<
V
o

As it was checked in [16], if

F(du) = f5,(w)du, 0<B<1, yeR',
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where |
fpy@) =2 [fpot+y)+ fpow—p)], uekr,
with
1-B
a=p)
fpom) = Ki—p (lul) lu] 27,
a0 (g)
then cos V1
N =—""_ teR
(1+12)2
and
o0
/|r(r)|dr=oo,
—0Q

implying long-range dependence of X (see also [17-20]).
Remark 7.3 Defining Student-Lamperti process X* as (see [21])

Xr =t"Xpoqs, t>0, X3=0, H>DO0.

we have that X* is H-self-similar, i.e., for each ¢ > 0, processes {X;t t > 0} and

{CH X t> 0} have the same finite dimensional distributions, and (see [13])

i XXy e X il
Ee 7= =e /=
o0 1 n
A~ t
X exp / loghyo|= Z njnktflt,fl cos(u log i) F(du)yt,
) 2 = tx

tj >0, r;.,'eRl, j=1,...,n.

In particular,
inX* oty 2H N 1
Ee't = €' hy, o | ¢ ) t>0, neR,

and

o
Ee/M(X17X5) = oo =" exp [ / [l"gﬁv,a(%nz (SZH + 2

t
—2sHH cos(u log —) )1|F(du)], s,t >0, ne R'.
S
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7.3 Lévy Copulas

Considering the probability distributions F on R? with the 1-dimensional Student’s ¢
marginals F; ; = 1,...,d, and having in mind their relationship with stochas-
tic processes, we restricted ourselves to the cases when F is a mixture of the
d-dimensional Gaussian distributions .

Denoting

Clur,osug)i=F (7@, B ), uj €[00, j=1,....d,

it is obvious that this function is the probability distribution function on the d-cube
[0,1]‘1 with uniform one-dimensional marginals, called the d-copula (see, e.g., [22]).
Trivially,

F(x1,...,xq9) =C(F1(x1), ..., Fg(xq)), ((x1,...,xq) € R4, (7.16)

Formula (7.16) with the arbitrary d-copula defines uniquely the probability distri-
butions on R? with the given Student’s 1-dimensional marginals. These statements
are very special cases of well known Sklar’s theorem (see [23, 24]).

Thus, taking concrete d-copulas we shall obtain a wide class of multivariate gen-
eralizations of Student’s 7-distributions.

For instance, the Archimedean copulas have the from

Cnveocug) =y (v +-+ v @) wy €011 j=1...d

where i is a d-monotone function on [0, c0), i.e., for each x > 0 and k =
0,1,...,d -2,
k d*
(=1 dx—kl/f(x) >0,

(—1)4724@=2)(x), x > 0, is nonincreasing and convex function.
In particular, if

V@) =04x)"7, 6e(0,00), x>0,

we have the Clayton’s copula

1
4

d
Clut,...,ug) =D u;"—d+1] , wujel0,1], j=1,...d.
j=1

If¢(x) =exp {—xé }, 6 > 1, x > 0, we obtain the Gumbel copula
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=

Ma.

Cuy,...,uq) =expq— loguj , uj€[0,1], j=1,...,d.

J=1

Unfortunately, it is difficult to describe if the copulation preserves such important for
us properties of marginal distributions as infinite divisibility or self-decomposability.

A promising direction for future work is a notion of Lévy copulas and, analo-
gously to the classical copulas, construction of new Lévy measures on R? using
marginal ones (see [25-28]). Following [28], we briefly describe an analogue of
Sklar’s theorem in this context.

Let R := (—00,00]. Fora,b € R wewrittea < b, ifax < by, k =1,....d
and, in this case, denote

(a,b] := (a1, b1] x ... x (aq, bq] .

Let F : S — R forsome subset S C RY.Fora, b € S witha < b and (a,b] C S,
the F-volume of (a, b] is defined by

Vr ((a, b)) := > (DN F (),

LtE{al ,b1}><--~><{ad,bd}

where N (u) := d{k : uy = ar}.
A function F : § — R is called d-increasing if Vr ((a, b]) > Oforalla,b € S
witha < b and (a, b] C S.

Definition 7.4 Let F : RY — R bea d-increasing function such that F(uy, ...,
ug) = 0if u; = 0 for at least one i € {1, ...,d}. For any non-empty index set
I C{1,...,d} the I-marginal of F is the functlon F; : Rl — R, defined by

F' (w)i)ier) == ali)rréo Z F(ui,...,ug) H sgnu;,

(Uiiere €{—a,00}l!‘! ielt
where 1€ = {1,...,d}\I, |I| := card/, and

o — 1, if x>0,
SEnx = -1, if x <O.

Definition 7.5 A function F : R? — R is called a Lévy copula if

F(uy,...,ug) #oofor (uy,...,ug) # (00,...,00),
F(uy,...,uq) =0ifu; =0 for atleastone i € {1,...,d},
F is d-increasing,

Flil () =uforanyi e {l,...,d},u e R

b .
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Write

(x,00), if x =<0,
(—o0,x], if x>0.

F(x) = |

Definition 7.6 Let X = (X!, ..., X?) be an R?-valued Lévy process with the Lévy
measure I1. The tail integral of X is the function V : (Rl\{O})d — R! defined by

d

V(. ..ooxg) = [ [senG T (2 () x -+ x I (xq))
i=1

and, for any non-empty I C {1, ..., d} the /-marginal tail integral V1 of X is the
tail integral of the process X! = (XYies.

We denote one-dimensional margins by V; := Vi,

Observe, that marginal tail integrals {V/:C{1, ..., d} non-empty} are uniquely
determined by IT. Conversely, IT is uniquely determined by the set of its marginal
tail integral.

Relationship between Lévy copulas and Lévy processes are described by the
following analogue of Sklar’s theorem.

Theorem 7.7 [28]

1. Let X = (X Lo X d) be an R?-valued Lévy process. Then there exists a Lévy
copula F such that the tail integrals of X satisfy

V((x)ier) = FY ((Vitxi))ier) » (7.17)

for any non-empty I C {1,...,d} and any (x;);es € (Rl\{O})m. The Lévy cop-
ula F is unique on RanVy x --- x RanV,.

2. Let F be a d-dimensional Lévy copula and V;, i = 1, ...,d, be tail integrals of
real-valued Lévy processes. Then there exists an R -valued Lévy process X whose
components have tail integrals V1, ..., Vg and whose marginal tail integrals
satisfy (7.17) for any non-empty I C {1, ...,d} and any (x;)iec] € (Rl\{O})“l.
The Lévy measure T1 of X is uniquely determined by F and V;, i =1, ...,d.

In the above formulation RanV means the range of V. The reader is referred for
proofs to [28].

An analogue of the Archimedean copulas is as follows (see [28]).

Let ¢ : [—1, 1] — [—o00, o] be a strictly increasing continuous function with
(1) = 00, p(0) = 0, and ¢(—1) = —o0, having derivatives of orders up to d on
(—1,0) and (0, 1), and, forany k = 1, ..., d, satisfying
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dfou)
duk

dro(u)

G 20 we© ) and (-1

<0, ue(-10).

Let
Gu) =22 (p(u) — p(—u)), uel-1,1].

Then

d
Fui, ... uq) = qo(H@‘(u»)

i=1

defines a Lévy copula.
In particular, if

1 1
@(x) ==n(=log|x])"7 lixsoy — (I —n) (=loglx)"7 Ix<oy

with ¥ > 0 and n € (0, 1), then
~ d—2 _1
¢x) =277 (—log|x|)" 7 sgnx, x € —1,1],

and

1

d v
Flup,....ug) =2 (Z |ui|—”) My g0y — (1= My g <0,

i=1

resembling the ordinary Clayton copulas.
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Appendix A
Bessel Functions

Bessel functions of the first kind J4,(z), of the second kindY,(z) and of the third
kind HSD(z) and H? (z) are solutions of the differential equation:
, 2w dw

2 2
—_— T 4 —_ :0_
de2+de+(z v w

The function J,(z) can be represented as the following series:
= (")

J\'(Z) = Z

| <,
m:()m!F(m+v+l)’ [arge| <7

Jy(z) cos(vmr) — J_,(2)
sin(vm)

Y, (Z) =

)

where the right-hand side of the last equation is replaced by its limiting value if v is
an integer or zero,

HI(E) = 1(&) + 4(0) = roms (1) = ™)
H‘(’2> (Z) = J"(Z) - iYV(Z) = sin(lvn') [Jv(Z)eivn - va(Z)]

Modified Bessel functions of the first kind

) ( ) e—i"%Jv(e’gZ)’ _n<argZ§ %7
(z) = . i
v e—31v5Jv (6—317Z), % <argz < T,

B. Grigelionis, Student’s t-Distribution and Related Stochastic Processes, 93
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94 Appendix A: Bessel Functions
and of the third kind
Vo w1 (i
K,(z) = ime :H) (e Zz)
1 y o
=3 ine””fH‘(,z) (e7z)

and satisfies the formulas:

! =l (m+v+1) ’

K.(2) :g%

where the right hand side of the last equation is replaced by its limiting value if v is
an integer or zero.

When v=n+ %, n=0,1,..., the Bessel functions are elementary:
2 1 d\"sinz
Joa(z) == ——— | —,
+2( ) z ( z dz) z
2 1/1d\"cosz
J = /2 =) =2
-n-4(2) - (z dz) z

Yn+%(z) = (71)n+1‘]—n—l(z)7

2

2 7 d\'e*
Kuuse) = 1" 127 ()
2 .1f d\"sinhz
I (7)) =4/=""2 — .
i) \/;Z 2<zdz) z

The following integral representations and useful formulas hold true:

1 v T ' 2
Ki(z) = K(2) :5@ / Ve dr
0
:l/f_v_]exp —lZ(H—t_l) dr. z>0
2 2 ’ ’
0

2v
Kv+1 (Z) = ?KV(Z) + Kv—l (Z)7

Ky11(2) + K-1(2) = 2K, (2),



Appendix A: Bessel Functions

'K, (z) = / 'K, (1)ds,
4

>——dt  (Grosswald’s formula),
-+t

Ko 1(2) = 2K 2) / &(1)
0

where

o) = 271V + (VD)) 1> 0,

KV(Z) ~ \lzﬁzeiza as z — oo,

1
Ko(z) ~ ln;, as z — 0,

K@) 1TV, asz L0, (v #£0),

= g WIT? . -
K\' ~ o ) ’
(VZ) 2y (] + Z2)% (1 + /1 + Zz) as v — o0

uniformly with respect to real z.
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Index

o-ring 2, 86 domain of attraction, 64
scale function, 59
speed measure, 59

B Distribution
Brownian motion, 26 Bessel Bessp;, 36
Frchet @, 14
Gaussian, 2
U-mixtures, 81
C generalized inverse GIG, 4
Class " mean-variance mixture, 2
ID(R?), 60 variance mixture, 2
ﬁgl(R&)éf’?lm Gumbel A, 15
og > Pareto-like, 17
L(RY), 26 Student’s t T(v, X, a), 2
T.(R,), 30 doubly noncentral Ty(v, Z, o, a, 1), 3, 38
IL,- 56 generalized, 39
(1, r), 26 noncentral Ty(v, X, o, A), 36
y(M;r), 31 noncentral T (v, 2, o, a), 38
GGC, 4 skew, 63
HCM, 39 Tweedie Tw,(x, 4), 33
Cone (M )F, 81 Weibull ¥, 16
Copula Wishart W (Z, v), 84
Archimedean, 92 associated, 16
Clayton, 92 compound Poisson-exponential, 36
Gumbel, 93 gamma [y, 1
Lévy, 93 generalized GI'g,, 5, 40
d-copula inverse (reciprocal) Iy, 2
noncentral ', ;
infinitely divisible, 26
D self-decomposable, 26
Diffusion Domain of attraction
H-diffusion, 61 MDA(Q), 17
Kolmogorov-Pearson, 72 RDA(Q), 17
Student, 63 RDA,Q). 17
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E

Exponent
Laplace, 30
characteristic, 40

F
Formula
Grosswald, 3
Lévy-Khinchine, 26
generalized Rodrigues, 73
Function
Bessel
modified of the first kind
modified of the third kind
of the first kind
of the second kind
completely monotone, 31
d-increasing, 93
d-monotone, 92
hyperbolically completely
monotone, 39
integrated hazard, 16

I
Identity of Chapman-Kolmogorov, 55

L

Law
[-max stable, 16
p-max stable, 17

M

Measure
e-upcrossings, 68
Lévy, 27

polar decomposition, 27
Thorin, 32
independently scattered, 86

Model

Cox-Ingersoll-Ross, 62
Follmer-Schweizer, 63
Johannesma, 63
Pearl-Verhulst, 62
Wright-Fisher, 61

N

Normalization
linear, 16
power, 17

(0}

Orthogonal polynomials
Bessel, 77
Fisher-Snedocor, 77
Hermite, 76
Jacobi, 77
Laguerre, 76
Routh-Romanovsky, 76

P
Pearson equation, 72
Principle of equivalent tails, 18

S
Space
(Rd7 <'7 >)’ 23
L2 (I, r);H), 72
My, 81
R4, 25
Stochastic process
Lévy, 25
background driving, 56
in law, 25
subordinated, 40
Ornstein-Uhlenbeck, 53
Ornstein-Uhlenbeck type, 53
Poisson, 24
Student stationary, 89
Student-Lévy, 50
noncentral, 50
Student-Lamperti, 90
Student-OU type, 56
noncentral, 56
additive, 23
Gaussian, 25
Gaussian Thorin subordinated, 5
in law, 23
generalized hyperbolic, 43
self-decomposable, 26
stochastically continuous, 23

Index



Index

Subordinator, 30
Lévy
Thorin, 31

T

Tail integral, 95
I-marginal, 95

Theorem
Bernstein, 31
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Isserlis, 82
Sklar, 92
Triplet of Lévy characteristics, 40

\'%

Values
extremal, 14
record, 16



	Student’s t-Distribution and Related Stochastic Processes
	Preface
	Contents
	Abstract and Keywords
	1 Introduction
	2 Asymptotics
	3 Preliminaries of Lévy Processes
	4 Student-Lévy Processes
	5 Student OU-Type Processes
	6 Student Diffusion Processes
	7 Miscellanea
	Appendix A Bessel Functions
	Index



