Chapter 10
The Exterior Product and Exterior Algebras

10.1 Pliicker Coordinates of a Subspace

The fundamental idea of analytic geometry, which goes back to Fermat and
Descartes, consists in the fact that every point of the two-dimensional plane or
three-dimensional space is defined by its coordinates (two or three, respectively).
Of course, there must also be present a particular choice of coordinate system. In
this course, we have seen that this very principle is applicable to many spaces of
more general types: vector spaces of arbitrary dimension, as well as Euclidean,
affine, and projective spaces. In this chapter, we shall show that it can be applied
to the study of vector subspaces M of fixed dimension m in a given vector space
L of dimension n > m. Since there is a bijection between the m-dimensional sub-
spaces M C L and (m — 1)-dimensional projective subspaces P(M) C P(L), we shall
therefore also obtain a description of the projective subspaces of fixed dimension
of a projective space with the aid of “coordinates” (certain collections of num-
bers).

The case of points of a projective space (subspaces of dimension 0) was already
analyzed in the previous chapter: they are given by homogeneous coordinates. The
same holds in the case of hyperplanes of a projective space P(L): they correspond
to the points of the dual space P(L*). The simplest case in which the problem is
not reduced to these two cases given above is the set of projective lines in three-
dimensional projective space. Here a solution was proposed by Pliicker. And there-
fore, in the most general case, the “coordinates” corresponding to the subspace
are called Pliicker coordinates. Following the course of history, we shall begin in
Sects. 10.1 and 10.2 by describing these using some coordinate system, and then
investigate the construction we have introduced in an invariant way, in order to de-
termine which of its elements depend on the choice of coordinate system and which
do not.

Therefore, we now assume that some basis has been chosen in the vector space L.
Since dimL = n, every vector a € L has in this basis n coordinates. Let us consider

a subspace M C L of dimension m < n. Let us choose an arbitrary basis a1, ..., a,
of the subspace M. Then M = (a;, ..., a,), and the vectors aj, ..., a, are linearly
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independent. The vector a; has, in the chosen basis of the space L, coordinates
a1, ...,ain (i =1, ..., m), which we can arrange in the form of a matrix M of type
(m, n), writing them in row form:

air  aiz -+ A
any ay -+ ayp
M= . . ) . . (10.1)
aml AaAm2 *°° Amn
The condition that the vectors ay, ..., a, are linearly independent means that the

rank of the matrix M is equal to m, that is, one of its minors of order m is nonzero.
Since the number of rows of the matrix M is equal to m, a minor of order m is

uniquely defined by the indices of its columns. Let us denote by M;, ;. the minor
consisting of columns with indices iy, . . ., i;,, which assume the various values from
1ton.

We know that not all of the minors M;, ;. can be equal to zero at the same
time. Let us examine how they depend on the choice of basis ay, ..., a, in M. If
by, ..., b, is some other basis of this subspace, then

bi=bjia;+---+bjpa,, i=1,...,m.
Since the vectors by, ..., b, are linearly independent, the determinant |(b;;)]| is

nonzero. Let us set ¢ = [(b;;)]. If Ml.’l i is a minor of the matrix M’, constructed

..... i
analogously to M using the vectors by, ..., by, then by formula (3.35) and Theo-
rem 2.54 on the determinant of a product of matrices, we have the relationship
i (10.2)
The numbers M;, . ;. that we have determined are not independent. Namely, if
the unordered collection of numbers ji, ..., j, coincides with iy, ..., i, (that is,
comprises the same numbers, perhaps arranged in a different order), then as we saw
in Sect. 2.6, we have the relationship

M . i, =EMi i, (10.3)
where the sign + or — appears depending on whether the number of transpositions
necessary to effect the passage from the collection (i1, ..., in) to (j1,..., jm) 18
even or odd. In other words, the function M;, ;. of m arguments iy, ..., i, as-
suming the values 1, ..., n is antisymmetric.

In particular, we may take as the collection (ji,..., j,) the arrangement of
the numbers iy, ..., i, such that i; <iy < --- < i, and the corresponding minor
Mj, ... j, will coincide with either M;, ;. or —M;, ;. .In view of this, in the

original notation, we shall assume that i| < iy < --- < i),, and we shall set

Piyoosim =M (10.4)

i1yenrim



10.1 Pliicker Coordinates of a Subspace 351

for all collections i| < iy < -+ < i, of the numbers 1, ..., n. Thus we assign to the
subspace M as many of the numbers p;,,... i, as there are combinations of n things
taken m at a time, that is, v = C'. From formula (10.3) and the condition that the
rank of the matrix M is equal to m, it follows that these numbers p;, ;. cannot
all become zero simultaneously. On the other hand, formula (10.2) shows that in
replacing the basis ay, ..., a, of the subspace M by some other basis by, ..., b,
of this subspace, all these numbers are simultaneously multiplied by some number
¢ # 0. Thus the numbers p;,, . ;, fori; <i» <--- <i, can be taken as the homoge-
neous coordinates of a point of the projective space P'~! = P(N), where dimN = v
and dimP(N) =v — 1.

Definition 10.1 The totality of numbers p;, . ;, in (10.4) for all collections i <
ip < -+ < iy taking the values 1,...,n is called the Pliicker coordinates of the
m-dimensional subspace M C L.

As we have seen, Pliicker coordinates are defined only up to a common nonzero
factor; the collection of them must be understood as a point in the projective space
P

The simplest special case m = 1 returns us to the definition of projective space,
whose points correspond to one-dimensional subspaces (a) of some vector space L.
The numbers p;, ... i, in this case become the homogeneous coordinates of a point.
It is therefore not surprising that all of these depend on the choice of a coordinate
system (that is, a basis) of the space L. Following tradition, in the sequel we shall
allow for a certain imprecision and call “Pliicker coordinates™ of the subspace M
both a point of the projective space P'~! and the collection of numbers Di,
specified in this definition.

----- Im

Theorem 10.2 The Pliicker coordinates of a subspace M C L uniquely determine
the subspace.

Proof Let us choose an arbitrary basis ay, ..., a, of the subspace M. It uniquely
determines (and not up to a common factor) the minors M;, . ;. , without regard
to the order of the indices i1, ..., i,. The minors are uniquely determined by the
Pliicker coordinates (10.4), according to formula (10.3).
A vector x € L belongs to the subspace M = {(aji, ..., a,) if and only if the rank

of the matrix

a  aiz - A

=1 : : S

aml Aam2 - Amn

'xl 'x2 e xn
consisting of the coordinates of the vectors ay, ..., a,,, x in some (arbitrary) basis

of the space L, is equal to m, that is, if all the minors of order m + 1 of the matrix M
are equal to zero. Let us consider the minor that comprises the columns with indices
forming the subset X = {ky, ..., ky+1} of the set N,, = {1, ..., n}, where we may
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assume that k1 < k» < --- < kp,+1. Expanding it along the last row, we obtain the
equality

ZxaAa =0, (10.5)

aeX

where A, is the cofactor of the element x,, in the minor under consideration. But by
definition, the minor corresponding to Ay, is obtained from the matrix M by deleting
the last row and the column with index «. Therefore, it coincides with one of the
minors of the matrix M, and the indices of its columns are obtained by deleting the
element o from the set X. For writing the sets thus obtained, one frequently uses the
convenient notation

{klv""k:)(a"'akm+]}y

where the notation ~ signifies the omission of the element so indicated. Thus rela-
tionship (10.5) can be written in the form

m+1 '
YD My =0, (10.6)
j=1

Since the minors M;, . ;. of the matrix M are expressed in Pliicker coordinates
by formula (10.4), relationships (10.6), obtained from all possible subsets X =
{ki,..., kmy1} of the set N,,, also give expressions in terms of Pliicker coordinates
of the condition x € M, which completes the proof of the theorem. g

By Theorem 10.2, Pliicker coordinates uniquely define the subspace M, but as a
rule, they cannot assume arbitrary values. It is true that for m = 1, the homogeneous
coordinates of a point of projective space can be chosen with arbitrary numbers
(of course, with the exception of the one collection consisting of all zeros). Another
equally simple case is m = n — 1, in which subspaces are hyperplanes corresponding
to points of P(L*). Hyperplanes are defined by their coordinates in this projective
space, which also can be chosen as arbitrary collections of numbers (again with
the exclusion of the collection consisting of all zeros). It is not difficult to verify
that these homogeneous coordinates can differ from Pliicker coordinates only by
their signs, that is, by the factor 1. However, as we shall now see, for an arbitrary
number m < n, the Pliicker coordinates are connected to one another by certain
specific relationships.

Example 10.3 Let us consider the next case in order of complexity: n =4, m = 2.
If we pass to projective spaces corresponding to L and M, then this will give us a
description of the totality of projective lines in three-dimensional projective space
(the case considered by Pliicker).

Since n =4, m = 2, we have v = Cﬁ = 6, and consequently, each plane M C L
has six Pliicker coordinates:
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D125 P13, P4, P23, P24, P34- (10.7)

It is easy to see that for an arbitrary basis of the space L, we may always choose
a basis a, b in the subspace M in such a way that the matrix M given by formula

(10.1) will have the form
(1 0 o B
M= <O 1 vy 8) '

From this follow easily the values of the Pliicker coordinates (10.7):

pi2 =1, PI3=V, D14 =90, P23 = —a, D2 =—P,
P34 =ad — By,

which yields the relationship p3s — p13p24 + p1ap23 = 0. In order to make this
homogeneous, we will use the fact that pj» = 1, and write it in the form

DP12P34 — P13P24 + p1ap23 =0. (10.8)

The relationship (10.8) is already homogeneous, and therefore, it is preserved under
multiplication of all the Pliicker coordinates (10.7) by an arbitrary nonzero factor c.
Thus relationship (10.8) remains valid for an arbitrary choice of Pliicker coordinates,
and this means that it defines a point in some projective algebraic variety in 5-
dimensional projective space.! In the following section, we shall study an analogous
question in the general case, for arbitrary dimension m < n.

10.2 The Pliicker Relations and the Grassmannian

We shall now describe the relationships satisfied by Pliicker coordinates of an m-
dimensional subspace M of an n-dimensional space L for arbitrary n and m. Here
we shall use the following notation and conventions. Although in the definition
of Pliicker coordinates p;, . it was assumed that i; <ip <--- <i,, NOW we
shall consider numbers p;, . ;. also with other collections of indices. Namely, if
(J1,---, Jm) is an arbitrary collection of m indices taking the values 1, ..., n, then
we set

~olm

Pjiserjm = (10.9)

if some two of the numbers ji, ..., j, are equal, while if all the numbers ji, ..., j,
are distinct and (i1, ..., i,;) is their arrangement in ascending order, then we set

Pitreerim = EPirscims (10.10)

I'This variety is called a quadric.
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where the sign + or — depends on whether the permutation that takes (ji, ..., jm)
to (i1, ...,1m) is even or odd (that is, whether the number of transpositions is even
or odd), according to Theorem 2.25.

In other words, in view of equality (10.3), let us set

pjl ------ Jm :M/I ----- Jm> (1011)

where (i, ..., jm) is an arbitrary collection of indices assuming the values 1, ..., n.

Theorem 10.4 For every m-dimensional subspace M of an n-dimensional space L
and for any two sets (ji, ..., jm—1) and (ki, ..., ky41) of indices taking the values
1,...,n, the following relationships hold:

m+1
Z(_l)rpjl ..... Jm—1kr * Pkl ]gr km+| =0. (1012)

..........

r=1

These are called the Pliicker relations.

The notation ki, ..., k;, ..., km+1 means that we omit k. in the sequence
ki, ... ke, k.

Let us note that the indices among the numbers py, ... «, €ntering relationship
(10.12) are not necessarily in ascending order, so they are not Pliicker coordinates.
But with the aid of relationships (10.9) and (10.10), we can easily express them in
terms of Pliicker coordinates. Therefore, relationship (10.12) may also be viewed as
a relationship among Pliicker coordinates.

Proof of Theorem 10.4 Returning to the definition of Pliicker coordinates in terms of
the minors of the matrix (10.1) and using relationship (10.11), we see that equality
(10.12) can be rewritten in the form

m+1
Z(_l)erl ..... jm—l»kr 'Mkl ]gr k :0 (1013)

r=1

Let us show that relationship (10.13) holds for the minors of an arbitrary matrix of
type (m,n). To this end, let us expand the determinant M, . ;. _ k. along the last
column. Let us denote the cofactor of the element ay, of the last column of this
determinant by A;, I = 1,..., m. Thus the cofactor A; corresponds to the minor
located in the rows and columns with indices (1, ..., i, ...,m)and (ji,..., jm—1)
respectively. Then

m
Mji. .. jmrr = Zalk,-Al~
=1



10.2 The Pliicker Relations and the Grassmannian 355

On substituting this expression into the left-hand side of relationship (10.13), we
arrive at the equality

m—+1

m+1 m

— — r o

- Z( 1) ( alk"Al>Mkla-uskrw“skarl.
r=1 =1

Changing the order of summation, we obtain

m+1

m /m+1
=1

r=1

But the sum in parentheses is equal to the result of the expansion along the first row
of the determinant of the square matrix of order m + 1 consisting of the columns
of the matrix (10.1) numbered ki, ..., k;;,+1 and rows numbered [/, 1, ..., m. This
determinant is equal to

Alk, Alk, e alkm+1

A1k, Ak, Akt

Qxy  @ky @y | =0,

Amk;  Amky " Amkya
Indeed, for arbitrary [ =1, ..., m, two of its rows (numbered 1 and / 4 1) coincide,
and this means that the determinant is equal to zero. O

Example 10.5 Let us return once more to the case n = 4, m = 2 considered in
the previous section. Relationships (10.12) are here determined by subsets (k) and
(I, m,n) of the set {1, 2, 3, 4}. If, for example, k =1 and l =2, m =3, n =4, then
we obtain relationship (10.8) introduced earlier. It is easily verified that if all the
numbers k, I, m, n are distinct, then we obtain the same relationship (10.8), while
if among them there are two that are equal, then relationship (10.12) is an identity
(for the proof of this, we can use the antisymmetry of p;; with respect to i and
J). Therefore, in the general case, too (for arbitrary m and n), relationships (10.12)
among the Pliicker coordinates are called the Pliicker relations.

We have seen that to each subspace M of given dimension m of the space L of
dimension n, there correspond its Pliicker coordinates

Dityosims 11 <Ip <o+ <lp, (10.14)
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satisfying the relationships (10.12). Thus an m-dimensional subspace M C L is de-
termined by its Pliicker coordinates (10.14), completely analogously to how points
of a projective space are determined by their homogeneous coordinates (this is in
fact a special case of Pliicker coordinates for m = 1). However, for m > 1, the co-
ordinates of the subspace M cannot be assigned arbitrarily: it is necessary that they
satisfy relationships (10.12). Below, we shall prove that these relationships are also
sufficient for the collection of numbers (10.14) to be Pliicker coordinates of some
m-dimensional subspace M C L. For this, we shall find the following geometric in-
terpretation of Pliicker coordinates useful.

Relationships (10.12) are homogeneous (of degree 2) with respect to the num-
bers pi,....i,, - After substitution on the basis of formulas (10.9) and (10.10), each of
these relationships remains homogeneous, and thus they define a certain projective
algebraic variety in the projective space P'~!, called a Grassmann variety or simply
Grassmannian and denoted by G (m, n).

We shall now investigate the Grassmannian G (m, n) in greater detail.

As we have seen, G(m,n) is contained in the projective space P'~! where
v =CJ} (see p. 351), and the homogeneous coordinates are written as the numbers
(10.14) with all possible increasing collections of indices taking the values 1, ..., n.
The space PV~ ! is the union of affine subsets Ui, ,....in» €ach of which is defined by
the condition p;, ;. 7 0 for some choice of indices iy, ..., i,,. From this we obtain

.....

We shall investigate separately one of these subsets G(m,n) N Uj, .. ;,, for exam-
ple, for simplicity, the subset with indices (i,...,i) = (1,...,m). The general
case is considered completely analogously and differs only in the numeration of the
coordinates in the space P'~!. We may assume that for points of our affine subset
,,,,, m, the number p1 ., is equal to 1.
Relationships (10.12) give the possibility to choose Pliicker coordinates (10.14)
of the subspace M (or equivalently, the minors M;,, . ;. of the matrix (10.1)) in the
form of polynomials in coordinates p;, ;. , such that among the indices i} < ip <
-+ < ip, not more than one exceeds m. Any such collection of indices obviously
has the form (1, ...,7,...,m,l), where r < m and [ > m. Let us denote the Pliicker
coordinate corresponding to this collection by p,,, thatis, we set p,; = py._ 7. .m.-

Let us consider an arbitrary ordered collection j; < jo < --- < j; of numbers
between 1 and n. If the indices ji; are less than or equal tom forall k=1,...,m,
then the collection (ji, jo, ..., jn) coincides with the collection (1, 2, ...,m), and
since the Pliicker coordinate p, ., is equal to 1, there is nothing to prove. Thus we
have only to consider the remaining case.

Let jr > m be one of the numbers j; < jp < --- < j,. Let us use relationship
(10.12), corresponding to the collection (ji, ..., fk, ...y jm) of m — 1 numbers and
the collection (1,...,m, ji) of m + 1 numbers. In this case, relationship (10.12)

yeeey
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assumes the form
m
1V . . . . _1ym+l1 . _
DN P e P12 R GO e =0
r=1

since p1,...m = 1. In view of the antisymmetry of the expression pj, .. ;.. it follows

that pj, ., =P P A is equal to the sum (with alternating signs) of the
products p . Dy~ If among the numbers ji, ..., ji, there were s numbers
exceeding m, then among the numbers ji, ..., juk, ..., Jm, there would be already

s — 1 of them.

Repeating this process as many times as necessary, we will obtain as a result an
expression of the chosen Pliicker coordinate pj, .. ;, in terms of the coordinates
Py, r <m,l > m. We have thereby obtained the following important result.

Theorem 10.6 For each point in the set G(m,n) N Uy, . all the Pliicker coordi-
nates (10.14) are polynomials in the coordinates p,; = p1,._ 5. .mi, ¥ <m,l >m.

Since the numbers r and [ satisfy 1 <r <m and m <[ < n, it follows that all
possible collections of coordinates p,; form an affine subspace V of dimension
m(n — m). By Theorem 10.6, all the remaining Pliicker coordinates p;, ;. are
polynomials in p,;, and therefore the coordinates p,; uniquely define a point of the
set G(m,n) N Uy, . Thus is obtained a natural bijection (given by these polyno-
mials) between points of the set G(m,n) N Uj,.. ,, and points of the affine space V
of dimension m(n — m). Of course, the same is true as well for points of any other
set G(m,n) NUj,, . .. In algebraic geometry, this fact is expressed by saying that
the Grassmannian G (m, n) is covered by the affine space of dimension m(n — m).

Theorem 10.7 Every point of the Grassmannian G (m, n) corresponds to some m-
dimensional subspace M C L as described in the previous section.

Proof Since the Grassmannian G (m, n) is the union of sets G(m,n) N U;,, .. i, it
suffices to prove the theorem for each set separately. We shall carry out the proof
for the set G(m, n) NUy,.._n, since the rest differ from it only in the numeration of
coordinates.

Let us choose an m-dimensional subspace M C L and basis ay, ..., a, in it so
that in the associated matrix M given by formula (10.1), the elements residing in its
first m columns take the form of the identity matrix E of order m. Then the matrix
M has the form

.....

1 0 --- 0 Alm+1 aiy
0 1 0 aypy1 - awm

M=\|. . . . ) : - (10.15)
0 0 - 1 Qumit - amn

By Theorem 10.6, the Pliicker coordinates (10.14) are polynomials in p,; =

...........
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Pl....i.mi=Mi i mi Here, in the rth row of the minor My __ ; ., of the
matrix (10.15), all elements are equal to zero, except for the element in the last (/th)
column, which is equal to a,;. Expanding the minor M; _; _,,; along the rth row,
we see that it is equal to (—1)"+a,;. In other words, p,; = (—1)a,;.

By our construction, all elements a,; of the matrix (10.15) can assume arbitrary
values by the choice of a suitable subspace M C L and basis aj, ..., a,, in it. Thus
the Pliicker coordinates p,,; also assume arbitrary values. It remains to observe that
by Theorem 10.6, all remaining Pliicker coordinates are polynomials in p,;, and
consequently, for the constructed subspace M, they determine the given point of the
set G(m,n) MU, m- O

10.3 The Exterior Product

Now we shall attempt to understand the sense in which the subspace M C L is related
to its Pliicker coordinates, after separating out those parts of the construction that
depend on the choice of bases ey, ..., e, inL and ay, ..., a, in M from those that
do not depend on the choice of basis.

Our definition of Pliicker coordinates was connected with the minors of the ma-
trix M given by formula (10.1), and since minors (like all determinants) are multilin-
ear and antisymmetric functions of the rows (and columns), let us begin by recalling
the appropriate definitions from Sect. 2.6 (especially because now we shall need
them in a somewhat changed form). Namely, while in Chap. 2, we considered only
functions of rows, now we shall consider functions of vectors belonging to an arbi-
trary vector space L. We shall assume that the space L is finite-dimensional. Then
by Theorem 3.64, it is isomorphic to the space of rows of length n = dimL, and so
we might have used the definitions from Sect. 2.6. But such an isomorphism itself
depends on the choice of basis in the space L, and our goal is precisely to study the
dependence of our construction on the choice of basis.

Definition 10.8 A function F(xy,...,x,) in m vectors of the space L taking nu-
meric values is said to be multilinear if for every index i in the range 1 to m and
arbitrary fixed vectors ay, ..., d;, ..., a;,

F(als . "1ai—11xi1ai+11 . "1am)
is a linear function of the vector x;.

For m = 1, we arrive at the notion of linear function introduced in Sect. 3.7, and
for m = 2, this is the notion of bilinear form, introduced in Sect. 6.1.

The definition of antisymmetric function given in Sect. 2.6 was valid for every
set, and in particular, we may apply it to the set of all vectors of the space L. Ac-
cording to this definition, for every pair of distinct indices r and s in the range 1 to
m, the relationship

Fxi,....x0, ..., Xg, ..., X)) =—F(x1, ..., %5, . ... Xpy .oy Xm) (10.16)
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must be satisfied for every collection of vectors x1,...,x, € L. As proved in
Sect. 2.6, it suffices to prove property (10.16) for s = » + 1, that is, a transposi-
tion of two neighboring vectors from the collection x1, ..., x,, is performed. Then

property (10.16) will also be satisfied for arbitrary indices » and s. In view of this,
we shall often formulate the condition of antisymmetry only for “neighboring” in-
dices and use the fact that it then holds for two arbitrary indices » and s.

If these numbers are elements of a field of characteristic different from 2, then it
follows that F(xy,...,x,) =0 if any two vectors x1, ..., X, coincide.

Let us denote by I7" (L) the collection of all multilinear functions of m vectors of
the space L, and by £2” (L) the collection of all antisymmetric functions in 7" (L).
The sets I7™ (L) and £2™ (L) become vector spaces if for all F, G € IT™ (L) we define
their sum H = F 4+ G € IT™ (L) by the formula

H(x17'~'7xm):F(x17"'7xn1)+G(xla"'9xn‘l)

and define for every function F € IT™ (L) the product by the scalar « as the function
H =o«F € IT™(L) according to the formula

Hxq,....xp)=aF(x1,...,xX5).

It directly follows from these definitions that 77" (L) is thereby converted to a vector
space, and 2 (L) C IT™(L) is a subspace of 1" (L).

Let dimL =n, and let ey, ..., e, be some basis of the space L. It follows from
the definition that the multilinear function F(xq,..., x,,) is defined for all collec-
tions of vectors (x1, ..., Xx,,) if it is defined for those collections whose vectors x;
belong to our basis. Indeed, repeating the arguments from Sect. 2.7 verbatim that we
used in the proof of Theorem 2.29, we obtain for F(xy, ..., Xx,;,) the same formu-
las (2.40) and (2.43). Thus for the chosen basis ey, ..., e,, the multilinear function
F(x1,...,xy) is determined by its values F(e;,, ..., e;,), where iy, ..., i, are all
possible collections of numbers from the set N, = {1, ..., n}.

The previous line of reasoning shows that the space I7" (L) is isomorphic to
the space of functions on the set N' =N,, x --- x N, (m-fold product). It follows
that the dimension of the space IT™ (L) is finite and coincides with the number of
elements of the set NJ'. It is easy to verify that this number is equal to n™, and so
dim [7" (L) =n".

As we observed in Example 3.36 (p. 94), in a space of functions f on a finite
set N, there exists a basis consisting of §-functions assuming the value 1 on one
element of N/ and the value O on all the other elements (p. 94). In our case, we shall
introduce a special notation for such a basis. Let I = (i1, ..., i,) be an arbitrary
element of the set N. Then we denote by f; the function taking the value 1 at the
element I and the value O on all remaining elements of the set Nj*.

‘We now move on to an examination of the subspace of antisymmetric multilinear
functions £2 (L), assuming as previously that there has been chosen in L some basis
eq,...,e,. To verify that a multilinear function F is antisymmetric, it is necessary
and sufficient that property (10.16) be satisfied for the vectors e; of the basis. In
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other words, this reduces to the relationships
Fei,....ei,,....e,....e; )=—F(e,....e,....e,....e;)

for all collections of vectors e;,,...,e;, in the chosen basis ej,...,e, of the
space L. Therefore, for every function F € £2™(L) and every collection (ji,...,
Jm) € N' we have the equality

F(ejl,...,ejm)=:I:F(eil,...,e,-m), (10.17)

where the numbers i1, ..., i, are the same as ji, ..., j;, but arranged in ascending
order i < iy < --- < iy, while the sign + or — in (10.17) depends on whether the
number of transpositions necessary for passing from the collection (i1, ..., i,) to
the collection (ji, ..., jx) is even or odd (we note that if any two of the numbers
J1s ..., jm are equal, then both sides of equality (10.17) become equal to zero).
Reasoning just as in the case of the space 7" (L), we conclude that the space

£2' (L) is isomorphic to the space of functions on the set N C N, which consists
of all increasing sets I = (i1, ..., iy), that is, those for which i} <iy < --- < ip,.
From this it follows in particular that £2™ (L) = (0) if m > n. It is easy to see that
the number of such increasing sets I is equal to C}', and therefore,

dim 2™ (L) =Cl. (10.18)

We shall denote by Fy the §-function of the space £2™ (L) taking the value 1 on the

set I € N " and the value O on all the remaining sets in N ",
The vectors ai,...,a, €L determine on the space .s?’"(L) a linear function ¢
given by the relationship

o(F)=F(ay,...,an) (10.19)

for an arbitrary element F € £2™(L). Thus ¢ is a linear function on £2" (L), that is,
an element of the dual space 2™ (L)*.

Definition 10.9 The dual space A™ (L) = 2™ (L)* is called the space of m-vectors
or the mth exterior power of the space L, and its elements are called m-vectors.
A vector ¢ € A™ (L) constructed with the help of relationship (10.19) involving the
vectors ay, ..., a,, is called the exterior product (or wedge product) of ay, ..., ay
and is denoted by

@=aiNaxy/\---Nay.

Now let us explore the connection between the exterior product and Pliicker co-
ordinates of the subspace M C L. To this end, it is necessary to choose some basis
eq,...,e,inL and some basis a1, ..., a,;, in M. The Pliicker coordinates of the sub-
space M take the form (10.4), where M;, ;. is the minor of the matrix (10.1) that
resides in columns iy, ..., I, and is an antisymmetric function of its columns. Let
us introduce for the Pliicker coordinates and associated minors the notation

. . _)m
PI = Dii,oorim> Mp=M; where I = (i1,...,in) € N}

Tseens im>
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To the basis of the space £2™ (L) consisting of §-functions Fy, there corresponds
the dual basis, of the dual space A™ (L), whose vectors we shall denote by ¢ ;. Using
the notation that we introduced in Sect. 3.7, we may say that the dual basis is defined
by the condition

(Fl.p) =1 forallIe N"  (Fj.¢;)=0 foralll #J.  (10.20)

In particular, the vector ¢ = aj Aas A --- Aay, of the space A™ (L) can be expressed
as a linear combination of vectors in this basis:

o= o (10.21)

—
IeNm?

with certain coefficients Ay. Using formulas (10.19) and (10.20), we obtain the fol-
lowing equality:

Ar=@(Fp)=Fi(ay,...,ay).

For determining the values Fy(ay, ..., a;), we may make use of Theorem 2.29;
see formulas (2.40) and (2.43). Since Fy(ej,,...,ej,) = 0 when the indices of
ej,...,ej, form the collection J # I, then from formula (2.43), it follows that
the values Fy(ay,...,a;) depend only on the elements appearing in the minor
My. The minor My is a linear and antisymmetric function of its rows. In view of
the fact that by definition, Fy(e;,, ..., e;,) = 1, we obtain from Theorem 2.15 that
Fi(ay,...,a,) = My = pjy. In other words, we have the equality

@=aiNaN---Nay = Z Mio; = Z PIQ]- (10.22)
- —
IeN™ IeNm®
Thus any collection of m vectors ai,...,a, uniquely determines the vector

ap A --- A ay in the space A™(L), where the Pliicker coordinates of the subspace
(ay,...,a,) are the coordinates of this vector a; A - - - A a,, with respect to the basis

T BS N)Z’, of the space A™(L). Like all coordinates, they depend on this basis,
which itself is constructed as the dual basis to some basis of the space £2™ (L).

Definition 10.10 A vector x € A™(L) is said to be decomposable if it can be repre-
sented as an exterior product

X=ajANa)A---ANay (10.23)

with some ay,...,a, €L.

Let the m-vector x have coordinates x;, . ;, in some basis ¢, I € N)Z", of the
space A™(L). As in the case of an arbitrary vector space, the coordinates x;,, . ;
can assume arbitrary values in the associated field. In order for an m-vector x to
be decomposable, that is, that it satisfy the relationship (10.23) with some vectors
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ai,...,a, €L, itis necessary and sufficient that its coordinates x;,, ;, coincide
with the Pliicker coordinates p;,, .. ;, of the subspace M = (ay,...,a,) in L. But
as we established in the previous section, the collection of Pliicker coordinates of
a subspace M C L cannot be an arbitrary collection of v numbers, but only one
that satisfies the Pliicker relations (10.12). Consequently, the Pliicker relations give
necessary and sufficient conditions for an m-vector x to be decomposable.

Thus for the specification of m-dimensional subspaces M C L, we need only
the decomposable m-vectors (the indecomposable m-vectors correspond to no m-
dimensional subspace). However, generally speaking, the decomposable vectors do
not form a vector space (the sum of two decomposable vectors might be an inde-
composable vector), and also, as is easily verified, the set of decomposable vectors
is not contained in any subspace of the space A™(L) other than A™(L) itself. In
many problems, it is more natural to deal with vector spaces, and this is the reason
for introducing the notion of a space A™ (L) that contains all m-vectors, including
those that are indecomposable.

Let us note that the basis vectors ¢ themselves are decomposable: they are de-
termined by the conditions (10.20), which, as is easily verified, taking into account
equality (Fj,@;) = Fy(e;,,...,e;,), means that for a vector x = ¢, we have the
representation (10.23) fora| =e;,, ..., a,, =e;,, thatis,

or=e , Ne, N---Ne . T=(>1,...,in).

If ey, ..., e, is a basis of the space L, then the vectors e;; A --- Ae;, for all
possible increasing collections of indices (i, ..., i;;) form a basis of the subspace
A™(L), dual to the basis Fy of the space 2" (L) that we considered above. Thus
every m-vector is a linear combination of decomposable vectors.

The exterior product aj A - - - Aay, is a function of m vectors a; € L with values in
the space A™(L). Let us now establish some of its properties. The first two of these
are an analogue of multilinearity, and the third is an analogue of antisymmetry, but
taking into account that the exterior product is not a number, but a vector of the
space A™(L).

Property 10.11 For every i € {1,...,m} and all vectors a;, b, ¢ € L the following
relationship is satisfied:

aiN--ANai g ANbD+e)rai N ANay,
=ajA---ANai_1ANbAai g AN ANay,
+ai AN ANGi_IANCANQiLI N AN ay. (10.24)
Indeed, by definition, the exterior product
ai N ANai i ANbB+e)Nai I A ANay

is a linear function on the space £2™ (L) associating with each function F' € 2" (L),
the number F(ay,...,a;i—1,b+c,aij+1,...,a,). Since the function F is multilin-
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ear, it follows that

F(a17~"7ai717b+c5ai+1’-"aam)

=F(ala"'9ai7]’b7ai+l7"'7am)+F(a1’""aiflvcaai+l7"'7am)7

which proves equality (10.24).
The following two properties are just as easily verified.

Property 10.12 For every number « and all vectors a; € L, the following relation-
ship holds:

alAm/\a,-_lA(aa,-)/\a,-+1A~--/\am

:a(al/\u-/\ai_l/\a,~/\a,~+1A---/\am). (10.25)

Property 10.13 For all pairs of indices r, s € {1, ..., m} and all vectors a; € L, the
following relationship holds:

AN NAg_ | NAgNAg I N\ NAr_ | Ny NApi g N NQy
=—AI N NAg_ 1 NAp NAg ] N\ -+

ANBr g NAg ANQrp] N NGy, (10.26)

that is, if any two vectors from among a1, ..., a,, change places, the exterior prod-
uct changes sign.

If (as we assume) the numbers are elements of a field of characteristic different
from 2 (for example, R or C), then Property 10.13 yields the following corollary.

Corollary 10.14 If any two of the vectors ay, ..., a, are equal, then a; N --- A
a, =0.

Generalizing the definition given above, we may express Properties 10.11, 10.12,

and 10.13 by saying that the exterior product a; A - - - A @, is a multilinear antisym-
metric function of the vectors a1, ..., a, €L taking values in the space A™(L).

Property 10.15 Vectors ay, ..., a,, are linearly dependent if and only if
aN---ANa, =0. (10.27)

Proof Let us assume that the vectors a1, ..., a, are linearly dependent. Then one

of them is a linear combination of the rest. Let it be the vector a,, (the other cases

are reduced to this one by a change in numeration). Then

ap=a1a1+---+ap-_1an-1,
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and on the basis of Properties 10.11 and 10.12, we obtain that

AL A ANAy_ A apy,

=a(@N---Nap_1 N Na)+---Foapm_1@ AN ANap—_1 Nay_1).

In view of Corollary 10.14, each term on the right-hand side of this equality is equal
to zero, and consequently, we have a; A --- A a,, =0.

Let us assume now that the vectors ay, ..., a, are linearly independent. We
must prove that a; A --- A a,, # 0. Equality (10.27) would mean that the function
ap A --- A ay (as an element of the space A (L)) assigns to an arbitrary function
F € 2™(L), the value F(ay,...,a;) = 0. However, in contradiction to this, it is
possible to produce a function F € 2™ (L) for which F(ay,...,a,;) # 0. Indeed,
let us represent the space L as a direct sum

L={ay,...,a,) ®L,

where L’ C L is some subspace of dimension n — m, and for every vector z € L, let
us consider the corresponding decomposition z = x + y, where x € (ay, ..., a,)
and y € L'. Finally, for vectors

zi=aja+-+dimay +y;, yeli=1,...,m,

let us define a function F' by the condition F(z1,...,2zm) = [(o;;)]. As we saw
in Sect. 2.6, the determinant is a multilinear antisymmetric function of its rows.
Moreover, F(ai,...,a,)=|E|= 1, which proves our assertion. O

Let L and M be arbitrary vector spaces, and let 4 : L — M be a linear transforma-
tion. It defines the transformation

P(A): 2P (M) — 27(L), (10.28)

which assigns to each antisymmetric function F(y;,...,y p) in the space 27 (M),
an antisymmetric function G(x1, ..., x,) in the space £27(L) by the formula

G(xy,...,xp) = F(A(xl), . ..,A(xp)), xi,...,xpel. (10.29)

A simple verification shows that this transformation is linear. Let us note that we
have already met with such a transformation in the case m = 1, namely the dual
transformation A* : M* — L* (see Sect. 3.7). In the general case, passing to the dual
spaces AP (L) = 27(L)* and AP (M) = 27 (M)*, we define the linear transformation

AP(A) : AP (L) — AP(M), (10.30)

dual to the transformation (10.28).
Let us note the most important properties of the transformation (10.30).
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Lemma 10.16 Let A : L — M and B : M — N be linear transformations of arbi-
trary vector spaces L, M, N. Then

AP(BA) = AP (B) AP (A).

Proof In view of the definition (10.30) and the properties of dual transformations
(formula (3.61)) established in Sect. 3.7, it suffices to ascertain that

QP (BA) = 2P (A)RP(B). (10.31)

But equality (10.31) follows directly from the definition. Indeed, the transforma-
tion £27(4) maps the function F(yy,...,y,) in the space §£27(M) to the func-
tion G(xy,...,x,) in £27(L) by formula (10.29). In just the same way, the trans-
formation 27 (8) maps the function H(zy,...,zp) in £27(N) to the function
F(yq, ..., yp) in £27 (M) by the analogous formula

Fpoes3,) =H(BGD, ... B(Y)), ¥ive ¥y M. (10.32)
Finally, the transformation 8+ : L — N takes the function H(z1, ..., zp) in the
space £27(N) to the function G(x1, ..., x,) in the space £2” (L) by the formula

G(xi,....,xp)=H(BAX)),...,BAKXp)), xi,...,x,€L. (10.33)

Substituting into (10.33) the vector y; = A(x;) and comparing the relationship thus

obtained with (10.32), we obtain the required equality (10.31). U
Lemma 10.17 For all vectors x1, ..., xp € L, we have the equality
AP (AL A AXp) =AXD) A A ARX)). (10.34)

Proof Both sides of equality (10.34) are elements of the space AP (M) = 27 (M)*,
that is, they are linear functions on £27(M). It suffices to verify that their applica-

tion to any function F(yy,...,y,) in the space §£2”(M) gives one and the same
result. But as follows from the definition, in both cases, this result is equal to
F(Ax),..., AXx)p)). O

Finally, we shall prove a property of the exterior product that is sometimes called
universality.

Property 10.18 Any mapping that carries a vector [ay, ..., a;] of some space M
satisfying Properties 10.11, 10.12, 10.13 (p. 362) to m vectors ay, ..., a, of the
space L can be obtained from the exterior product @j A - - - A a,, by applying some
uniquely defined linear transformation 4 : A™ (L) — M.

In other words, there exists a linear transformation 4 : A”™ (L) — M such that for
every collection a1, ..., a,, of vectors of the space L, we have the equality

lai,...,an]l=A@ N---ANay), (10.35)
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which can be represented by the following diagram:
Lm

o M (10.36)

!

A™(L)

In this diagram, [a1, ..., a,] =A@ A--- Aay).
Let us note that although L =L x --- x L (m-fold product) is clearly a vector
space, we by no means assert that the mapping

ai,....ap+—lay,...,ay,l

discussed in Property 10.18 is a linear transformation L™ — M. In general, such is
not the case. For example, the exterior product a; A --- A @y, : L™ — A™(L) itself
is not a linear transformation in the case that dimL > m 4 1 and m > 1. Indeed, the
image of the exterior product is the set of decomposable vectors described by their
Pliicker relations, which is not a vector subspace of A (L).

Proof of Property 10.18 We can construct a linear transformation ¥ : M* — 2™ (L)
such that it maps every linear function f € M* to the function ¥ (f) € £2™(L) de-
fined by the relationship

v(f)=f(lai,...,an). (10.37)

By Properties 10.11-10.13, which, by assumption, are satisfied by [a1, ..., a,],
the mapping ¥ (f) thus constructed is a multilinear and antisymmetric function of
ai,...,a,. Therefore, ¥ : M* — 2™ (L) is a linear transformation. Let us define +4
as the dual mapping

A=T*: A™(L) = 2" L)* — M=M**.

By definition of the dual transformation (formula (3.58)), for every linear func-
tion F on the space £2™ (L), its image 4 (F) is a linear function on the space M*
such that A(F)(f) = F(W(f)) for all f € M*. Applying formula (10.37) to the
right-hand side of the last equality, we obtain the equality

AF))=FW () =F(f(la1,....an)). (10.38)

Setting in (10.38) the function F(¥) =¥ (ay,...,a,), thatis, F =aj A--- A ap,
we arrive at the relationship

A(m/\-~~/\am)(f)=f([a1,...,am]), (10.39)
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whose left-hand side is an element of the space M**, which is isomorphic to M.

Let us recall that the identification (isomorphism) of the spaces M** and M can
be obtained by mapping each vector ¥ ( f) € M** to the vector x € M for which the
equality f(x) = ¥ (f) is satisfied for every linear function f € M*. Then formula
(10.39) gives the relationship

f(fA(al /\"'/\am)):f([ala-u»am]),

which is valid for every function f € M*. Consequently, from this we obtain the
required relationship

A@I A Aay) =ay, ..., anl. (10.40)

Equality (10.40) defines a linear transformation - for all decomposable vec-
tors x € A™(L). But above, we saw that every m-vector is a linear combina-
tion of decomposable vectors. The transformation #4 is linear, and therefore, it is
uniquely defined for all m-vectors. Thus we obtain the required linear transforma-
tion A4 : A™(L) > M. O

10.4 Exterior Algebras*

In many branches of mathematics, an important role is played by the expression
aypN---Nay,

understood not so much as a function of m vectors ay, ..., a, of the space L with
values in A™ (L), but more as the result of repeated (m-fold) application of the op-
eration consisting in mapping two vectors x € A”(L) and y € A9(L) to the vector
X Ay € APT4(L). For example, the expression @ A b A ¢ can then be calculated
“by parts.” That is, it can be represented in the form a A b A ¢ = (a A b) A ¢ and
computed by first calculating a A b, and then (a A b) A c.

To accomplish this, we have first to define the function mapping two vectors x €
AP(L)and y € A9(L) to the vector x Ay € APT4(L). As a first step, such a function
x Ay will be defined for the case that the vector y € A9(L) is decomposable, that
is, representable in the form

y=aiANayN---Nag, a;c€l. (10.41)

Let us consider the mapping that assigns to p vectors by, ..., b, of the space L
the vector

[b1,....bpl=biA---AbyNay A--- Nay,
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and let us apply to it Property 10.18 (universality) from the previous section. We
L?

thereby obtain the diagram
Y.,bp]

AP APH(L) (10.42)

e

AP(L)
In this diagram,
ADIA---Abp)=[by,...,bp].

Definition 10.19 Let y be a decomposable vector, that is, it can be written in the
form (10.41). Then for every vector x € A” (L), its image 4 (x) for the transforma-
tion A : AP (L) — APT9(L) constructed above is denoted by x Ay =x A(a@; A--- A
a,) and is called the exterior product of vectors x and y.

Thus as a first step, we defined x A y in the case that the vector y is de-
composable. In order to define x A y for an arbitrary vector y € A9(L), it suf-
fices simply to repeat the same argument. Indeed, let us consider the mapping
lai,...,a,]: A?(L) - APT9(L) defined by the formula

lar,....,al=xN(a1 N--- Nay).

We again obtain, on the basis of Property 10.18, the same diagram:

Ad APTI(L) (10.43)
et
A1(L)
where the transformation oA : A9(L) — APT4(L) is defined by the formula
Alai AN Nag)=lay, ..., a4]

Definition 10.20 For any vectors x € AP(L) and y € A?(L), the exterior product
x Ay is the vector A(y) € AP14(L) in diagram (10.43) constructed above.



10.4 Exterior Algebras* 369

Let us note some properties of the exterior product that follow from this defini-
tion.

Property 10.21 For any vectors x1,x2 € AP(L) and y € A9(L), we have the rela-
tionship
X1 +X2)DAY=X1AY+X2A)Y.

Similarly, for any vectors x € A”(L) and y € A9(L) and any scalar o, we have the
relationship

(ax)ANy=axAYy).
Both equalities follow immediately from the definitions and the linearity of the
transformation 4 in diagram (10.43).
Property 10.22 For any vectors x € AP(L) and y,, y, € A9(L), we have the rela-
tionship
XA +Y)=XxAYy +Xx Ay,

Similarly, for any vectors x € A”(L) and y € A9(L) and any scalar o, we have the
relationship

xA(ay)=a(x AYy).

Both equalities follow immediately from the definitions and the linearity of the
transformations + in diagrams (10.42) and (10.43).

Property 10.23 For decomposable vectors x =aj A---Aapand y=5by A---Aby,
we have the relationship

XAy=aiA---Na, ANby A---Aby.
This follows at once from the definition.

Let us note that we have actually defined the exterior product in such a way
that Properties 10.21-10.23 are satisfied. Indeed, Property 10.23 defines the exterior
product of decomposable vectors. And since every vector is a linear combination of
decomposable vectors, it follows that Properties 10.21 and 10.22 define it in the gen-
eral case. The property of universality of the exterior product has been necessary for
verifying that the result x A y does not depend on the choice of linear combinations
of decomposable vectors that we use to represent the vectors x and y.

Finally, let us make note of the following equally simple property.

Property 10.24 For any vectors x € AP (L) and y € A9(L), we have the relationship

xAy=(—DPynx. (10.44)
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Both vectors on the right- and left-hand sides of equality (10.44) belong to the space
APT4(L), that is, by definition, they are linear functions on £2779(L). Since every
vector is a linear combination of decomposable vectors, it suffices that we verify
equality (10.44) for decomposable vectors.

Letx=ai A---ANap, y=by A--- Aby, and let F be any vector of the space
PT4(L), that is, F is an antisymmetric function of the vectors x1,..., x4, in L.
Then equality (10.44) means that

F(ay,....ap,bi,....b) = (—D)PIF(by,....by,ai,...,a,). (10.45)

But equality (10.45) is an obvious consequence of the antisymmetry of the func-
tion F. Indeed, in order to place the vector b in the first position on the left-hand
side of (10.45), we must change the position of by with each vector ay,...,a,
in turn. One such transposition reverses the sign, and altogether, the transpositions
multiply F by (—1)”. Similarly, in order to place the vector b, in the second posi-
tion on the left-hand side of (10.45), we also must execute p transpositions, and the
value of F is again multiplied by (—1)”. And in order to place all vectors by, ..., b,
at the beginning, it is necessary to multiply F by (—1)? a total of ¢ times, and this
ends up as (10.45).

Our next step consists in uniting all the sets A”(L) into a single set A(L) and
defining the exterior product for its elements. Here we encounter a special case of a
very important algebraic notion, that of an algebra.>

Definition 10.25 An algebra (over some field K, which we shall consider to consist
of numbers) is a vector space A on which, besides the operations of addition of
vectors and multiplication of a vector by a scalar, is also defined the operation A x
A — A, called the product, assigning to every pair of elements a, b € A the element
ab € A and satisfying the following conditions:

(1) the distributive property: for all a, b, ¢ € A, we have the relationship
(a +b)c =ac + bc, c(a+ b) =ca+ ch; (10.46)
(2) for all @, b € A and every scalar « € K, we have the relationship
(xa)b =a(ab) = a(ab); (10.47)

(3) there exists an element e € A, called the identity, such that for every a € A, we
have ea = a and ae = a.

Let us note that there can be only one identity element in an algebra. Indeed,
if there existed another identity element e’, then by definition, we would have the
equalities ee’ = ¢’ and ee’ = e, from which it follows that e = ¢'.

2This is not a very felicitous term, since it coincides with the name of a branch of mathematics, the
one we are currently studying. But the term has taken root, and we are stuck with it.
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As in any vector space, in an algebra we have, for every a € A, the equality
0 - a = 0 (here the 0 on the left denotes the scalar zero in the field K, while the 0 on
the right denotes the null element of the vector space A that is an algebra).

If an algebra A is finite-dimensional as a vector space and ej, . .., e, is a basis of
A, then the elements ey, ..., e, are said to form a basis of the algebra A, where the
number 7 is called its dimension and is denoted by dim A = n. For an algebra A of
finite dimension n, the product of two of its basis elements can be represented in the
form

n
eiej=Y aler. i j=1...n, (10.48)
k=1

where af‘/ € K are certain scalars.

The totality of all scalars oz{‘. foralli, j,k=1,...,nis called the multiplication
table of the algebra A, and it uniquely determines the product for all the elements
of the algebra. Indeed, if x = Xje; +---+ Aye, and y = 1€y + -+ - + uye,, then
repeatedly applying the rules (10.46) and (10.47) and taking into account (10.48),
we obtain

n
xy= > hipjofier, (10.49)
i,j k=1

that is, the product x y is uniquely determined by the coordinates of the vectors x, y
and the multiplication table of the algebra A. And conversely, it is obvious that for
any given multiplication table, formula (10.49) defines in an n-dimensional vector
space an operation of multiplication satisfying all the requirements entering into the
definition of an algebra, except, perhaps, property 3, which requires further consid-
eration; that is, it converts this vector space into an algebra of the same dimension .

Definition 10.26 An algebra A is said to be associative if for every collection of
three elements a, b, and ¢, we have the relationship

(ab)c = a(bc). (10.50)

The associative property makes it possible to calculate the product of any num-
ber of elements aj, ..., a, of an algebra A without indicating the arrangement of
parentheses among them; see the discussion on p. xv. Clearly, it suffices to verify
the associative property of a finite-dimensional algebra for elements of some basis.

We have already encountered some examples of algebras.

Example 10.27 The algebra of all square matrices of order n. It has the finite di-
mension 72, and as we saw in Sect. 2.9, it is associative.

Example 10.28 The algebra of all polynomials in n > 0 variables with numeric
coefficients. This algebra is also associative, but its dimension is infinite.
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Now we shall define for a vector space L of finite dimension n its exterior algebra
A(L). This algebra has many different applications (some of them will be discussed
in the following section); its introduction is one more reason why in Sect. 10.3, we
did not limit our consideration to decomposable vectors only, which were sufficient
for describing vector subspaces.

Let us define the exterior algebra A(L) as a direct sum of spaces A”(L), p > 0,
which consist of more than just the one null vector, where A%(L) is by definition
equal to K. Since as a result of the antisymmetry of the exterior product we have
AP (L) = (0) for all p > n, we obtain the following definition of an exterior algebra:

A =A"LVeA'L @ A"L). (10.51)

Thus every element u of the constructed vector space A(L) can be represented in
the formu = ug+u; +--- + u,, where u; € Ai(L).

Our present goal is the definition of the exterior product in A(L), which we de-
note by u A v for arbitrary vectors u, v € A(L). We shall define the exterior product
u A v of vectors

u=uo+u;+---+u,,  vV=v9+vi+---+v,, w0 A(),

as the element

n
UnNv= Z u ANvj,
i,j=0
where we use the fact that the exterior product u; A v; is already defined as an
element of the space A’/ (L). Thus

uNnv=wo+w;+---+w,, wherew;= Z ui/\vj,wkeAk(L).
i+j=k

A simple verification shows that for the exterior product thus defined, all the con-
ditions for the definition of an algebra are satisfied. This follows at once from the
properties of the exterior product x A y of vectors x € A*(L) and y € A/ (L) proved
earlier. By definition, A%L) =K, and the number 1 (the identity in the field K) is
the identity in the exterior algebra A(L).

Definition 10.29 A finite-dimensional algebra A is called a graded algebra if there
is given a decomposition of the vector space A into a direct sum of subspaces A; C A,

A=ADA D - DA, (10.52)
and the following conditions are satisfied: for all vectors x € A; and y € A;, the

productxyisinA;;;ifi +j <k,and xy =0if i + j > k. Here the decomposition
(10.52) is called a grading.
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In this case, dimA = dim Ag + - - - + dim Ag, and taking the union of the bases of
the subspaces A;, we obtain a basis of the space A. The decomposition (10.51) and
the definition of the exterior product show that the exterior algebra A(L) is graded if
the space L has finite dimension . Since A” (L) = (0) for all p > n, it follows that

n n
dimAL) =) dimAP(L) =) CJ=2"
p=0 p=0

In an arbitrary graded algebra A with grading (10.52), the elements of the subspace
A; are called homogeneous elements of degree i, and for every u € A;, we write
i = degu. One often encounters graded algebras of infinite dimension, and in this
case, the grading (10.52) contains, in general, not a finite, but an infinite number
of terms. For example, in the algebra of polynomials (Example 10.28), a grading is
defined by the decomposition of a polynomial into homogeneous components.
Property (10.44) of the exterior product that we have proved shows that in an ex-
terior algebra A (L), we have for all homogeneous elements u and v the relationship

u/\vz(—l)dv/\u, where d = degu degv. (10.53)

Let us prove that for every finite-dimensional vector space L, the exterior algebra
A(L) is associative. As we noted above, it suffices to prove the associative property
for some basis of the algebra. Such a basis can constructed out of homogeneous
elements, and we may even choose them to be decomposable. Thus we may suppose
that the elements a, b, ¢ € A(L) are equal to

a=aiN---Nap, b=b A Nb, C=Ci A ACp,
and in this case, using the properties proved above, we obtain
anbAr)=aiN---NapAbyAN---ANbgAerAN---Ner=(anb) Ac.

An associative graded algebra that satisfies relationship (10.53) for all pairs of
homogeneous elements is called a superalgebra. Thus an exterior algebra A(L) of
an arbitrary finite-dimensional vector space L is a superalgebra, and it is the most
important example of this concept.

Let us now return to the exterior algebra A(L) of the finite-dimensional vector
space L. Let us choose in it a convenient basis and determine its multiplication table.

Let us fix in the space L an arbitrary basis ey, ..., e,. Since the elements
o1 =e;, N --- Ne;, for all possible collections I = (i, ...,iy) in Rl)n’” form a
basis of the space A™(L), m > 0, it follows from decomposition (10.51) that a
basis in A(L) is obtained as the union of the bases of the subspaces A™ (L) for
all m =1,...,n and the basis of the subspace AL =K, consisting of a_s)in-

gle nonnull scalar, for example 1. This means that all such elements ¢y, I € N,
m=1,...,n, together with 1 form a basis of the exterior algebra A(L). Since the
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exterior product with 1 is trivial, it follows that in order to compose a multiplica-
tion table in the constructed basis, we must find the exterior product ¢ A ¢ for all

—
possible collections of indices I € N/ and J € N)Z forall1 < p,q <n.
In view of Property 10.23 on page 369, the exterior product ¢ A ¢ is equal to

PIAQy=e€i N~ Nej, Neji N Nej,. (10.54)

Here there are two possibilities. If the collections I and J contain at least one
index in common, then by Corollary 10.14 (p. 363), the product (10.54) is equal to
Zero.

If, on the other hand, I N J = &, then we shall denote by K the collection in
NP+ comprising the indices belonging to the set I U J, that is, in other words, K
is obtained by arranging the collection (i1,...,ip, ji,..., jq) in ascending order.
Then, as is easily verified, the exterior product (10.54) differs from the element
ok, K € N),’;Jrq, belonging to the basis of the exterior algebra A(L) constructed
above in that the indices of the collection I U J are not necessarily arranged in
ascending order. In order to obtain from (10.54) the element ¢k, K € _N>f,7 +q, it is
necessary to interchange the indices (i1, ..., ip, j1,..., jqy) in such a way that the
resulting collection is increasing. Then by Theorems 2.23 and 2.25 from Sect. 2.6
and Property 10.13, according to which the exterior product changes sign under the
transposition of any two vectors, we obtain that

%
i noy=el, ok, KeNJT,

where the number ¢(I, J) is equal to +1 or —1 depending on whether the number
of transpositions necessary for passing from (i1, ..., ip, j1, ..., jq) to the collection

= .
K € N2% is even or odd.
As aresult, we see that in the constructed basis of the exterior algebra A(L), the
multiplication table assumes the following form:

0, ifINJ+o,

. (10.55)
e, Nog, ifINJ=0o.

§01/\¢J={

10.5 Appendix*

The exterior product x A y of vectors x € AP(L) and y € A9(L) defined in the
previous section makes it possible in many cases to give simple proofs of assertions
that we encountered earlier.

Example 10.30 Let us consider the case p = n, using the notation and results of the
previous section. As we have seen, dim A” (L) = C? . and therefore, the space A" (L)
is one-dimensional, and each of its nonzero vectors constitutes a basis. If e is such
a vector, then an arbitrary vector of the space A" (L) can be written in the form ce
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with a suitable scalar «. Thus for any n vectors x1, ..., x, of the space L, we obtain
the relationship

XIA-AXp=a(x],...,X,)e, (10.56)

where «(x1, ..., x,) is some function of n vectors taking numeric values from the
field K. By Properties 10.11, 10.12, and 10.13, this function is multilinear and anti-
symmetric.

Let us choose in the space L some basis e, ..., e, and set

X; =xj1e1+ -+ xinen, l:l,,l’l

The choice of a basis defines an isomorphism of the space L and the space K" of
rows of length n, in which the vector x; corresponds to the row (x;1, ..., X;,). Thus
« becomes a multilinear and antisymmetric function of n rows taking numeric val-
ues. By Theorem 2.15, the function «(x1, ..., x,) coincides up to a scalar multiple
k(e) with the determinant of the square matrix of order n consisting of the coordi-
nates x;; of the vectors x1, ..., X,:

X110 Xln
a(xy,...,xp) =k(e)-| : S (10.57)

Xnl  *° Xnn

The arbitrariness of the choice of coefficient k(e) in formula (10.57) corresponds to
the arbitrariness of the choice of basis e in the one-dimensional space A” (L) (let us
recall that the basis ey, ..., e, of the space L is fixed).

In particular, let us choose as basis of the space A" (L) the vector

e=e N ---Ney. (10.58)

Vectors e, ..., e, are linearly independent. Therefore, by Property 10.15 (p. 363),
the vector e is nonnull. We therefore obviously obtain that k(e) = 1. Indeed, since
the coefficient k(e) in formula (10.57) is one and the same for all collections of vec-
tors x1,...,X,, we can calculate it by setting x; =e;,i = 1,...,n. Comparing in
this case formulas (10.56) and (10.58), we see that «(eq, ..., e,) = 1. Substituting
this value into relationship (10.57) for x; =e;,i =1, ..., n, and noting that the de-
terminant on the right-hand side of (10.57) is the determinant of the identity matrix,
that is, equal to 1, we conclude that k(e) = 1.

Using definitions given earlier, we may associate the linear transformation
A" (A) 1 A"(L) — A™(L) with the linear transformation 4 : L — L. The transfor-
mation 4 can be defined by indicating to which vectors x1, ..., x,, it takes the basis
el,..., e, of the space L, that is, by specifying vectors x; = A(e;),i =1,...,n. By
Lemma 10.17 (p. 365), we have the equality

AM(A)(eg A Aey) =Ale]) A A Aley)

=X A AXp=alx],...,x,)e. (10.59)
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On the other hand, as we know, all linear transformations of a one-dimensional
space have the form x — ax, where « is some scalar equal to the determinant of
the given transformation and independent of the choice of basis e in A”(L). Thus
we obtain that (A" (+4A))(x) = ax, where the scalar « is equal to the determinant
[(A"(A))| and clearly depends only on the transformation #4 itself, that is, it is
determined by the collection of vectors x; = A(e;), i = 1,...,n. It is not difficult
to see that this scalar o coincides with the function a(x1,..., x,) defined above.
Indeed, let us choose in the space A" (L) a basis e = e A -- - A e,. Then the required
equality follows directly from formula (10.59).

Further, substituting into (10.59) expression (10.57) for a(xy, ..., x,), taking
into account that k(e) = 1 and that the determinant on the right-hand side of (10.57)
coincides with the determinant of the transformation +, we obtain the following
result:

Ae1) A A Aen) = |Aller A Aep). (10.60)

This relationship gives the most invariant definition of the determinant of a linear
transformation among all those that we have encountered.

We obtained relationship (10.60) for an arbitrary basis e, . .., e, of the space L,
that is, for any n linearly independent vectors of the space. But it is also true for any
n linearly dependent vectors ay, ..., a, of this space. Indeed, in this case, the vec-
tors A(ay), ..., A(a,) are clearly also linearly dependent, and by Property 10.15,
both exterior products a; A--- Aa, and A(ai;) A--- A A(ay) are equal to zero. Thus
for any n vectors ay, ..., a, of the space L and any linear transformation + : L — L,
we have the relationship

A@) A A Aay) = |Al@i A Aay). (10.61)

In particular, if 8 : L — L is some other linear transformation, then formula
(10.60) for the transformation 8B+ : L — L gives the analogous equality

(BA) A ABA(en)) =|BAl(er A+ Aey).
On the other hand, from the same formula we obtain that

(B(A)) A=A B(Alen))) = Bl(Ale1) A~ A Aley))
= |BllAl(er A--- Aep).

Hence it follows that |BA| = |B] - |4|. This is almost a “tautological” proof of
Theorem 2.54 on the determinant of the product of square matrices.

The arguments that we have presented acquire a more concrete character if L is
an oriented Euclidean space. Then as the basis ey, ..., e, in L we may choose an
orthonormal and positively oriented basis. In this case, the basis (10.58) in A" (L)
is uniquely defined, that is, it does not depend on the choice of basis ey, ..., e,.
Indeed, if e’l, ..., €, is another such basis in L, then as we know, there exists a linear
transformation 4 : L — L such that e; = A(e;), i =1,...,n, and furthermore, the
transformation #4 is orthogonal and proper. But then || = 1, and formula (10.60)
shows that el A--- Ne, =e; A--- Aey.
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Example 10.31 Let us show how from the given considerations, we obtain a proof
of the Cauchy—Binet formula, which was stated but not proved in Sect. 2.9.

Let us recall that in that section, we considered the product of two matrices B
and A, the first of type (m, n), and the second of type (n, m), so that BA is a square
matrix of order m. We are required to obtain an expression for the determinant |BA|
in terms of the associated minors of the matrices B and A. Minors of the matrices B
and A are said to be associated if they are of the same order, namely the minimum
of n and m, and are located in the columns (of matrix B) and rows (of matrix A)
of identical indices. The Cauchy—Binet formula asserts that the determinant |BA]| is
equal to O if n < m, and that | BA| is equal to the sum of the pairwise products over
all the associated minors of order m if n > m.

Since every matrix is the matrix of some linear transformation of vector spaces of
suitable dimensions, we may formulate this problem as a question of the determinant
of the product of linear transformations 4 : M — L and 8 : L - M, where dimL =n
and dimM = m. Here it is assumed that we have chosen a basis ey, ..., e, in the
space M and a basis f,..., f, inthe space L such that the transformations 4 and
B have matrices A and B respectively in these bases. Then B4 will be a linear
transformation of the space M into itself with determinant |BA| = |BA].

Let us first prove that | BA| =0 if n < m. Since the image of the transformation,
BA(M), is a subset of B(L) and dim B (L) < dimL, it follows that in the case under
consideration, we have the inequality

dim(84M)) <dimB(L) <dimL=n <m = dimM,

from which it follows that the image of the transformation 84 : M — M is not
equal to the entire space M, that is, the transformation B+ is singular. This means
that |BA| =0, thatis, |BA| =0.

Now let us consider the case n > m. Using Lemmas 10.16 and 10.17 from
Sect. 10.3 with p = m, we obtain for the vectors of the basis ey, ..., e, of the
space M the relationship

A" (BAY eI N Nepy) = A" (B)A" (A)(er A Aep)
= A™(B)(AED) A A Aen).  (10.62)

The vectors A(ey), ..., A(e,) are contained in the space L of dimension 7, and
their coordinates in the basis f,..., f,, being written in column form, form the
matrix A of the transformation 4 : M — L. Let us now write the coordinates of
the vectors A(eq), ..., A(e,) in row form. We thereby obtain the transpose matrix
A* of type (m, n). Applying formula (10.22) to the vectors #A(ey), ..., A(e,), we
obtain the equality

A1) A A Alen) = Z Mro; (10.63)
ICI_\T)Z’

with the functions ¢; defined by formula (10.20). In the expression (10.63), ac-
cording to our definition, My is the minor of the matrix A* occupying columns



378 10 The Exterior Product and Exterior Algebras

i1,..., 1. Itis obvious that such a minor M  of the matrix A* coincides with the mi-
nor of the matrix A occupying rows with the same indices iy, ..., i,;,. Thus we may
assume that in the sum on the right-hand side of (10.63), M are the minors of order
m of the matrix A corresponding to all possible ordered collections I = (iy, ..., iy)
of indices of its rows.

Relationships (10.62) and (10.63) together give the equality

Am(:BA)(el/\m/\em):Am(:B)( > M,q;,). (10.64)
IcNn

Let us denote by My and Ny the associated minors of the matrices A and B.
This means that the minor My occupies the rows of the matrix A with indices I =
(i1,...,im), and the minor Ny occupies the columns of the matrix B with the same
indices. Let us consider the restriction of the linear transformation 8 : L — M to the
subspace ( f fgseees f i) By the definition of the functions ¢, we obtain that

A" (B) @) =B(fi) A ANB(f;,)=Nie1 A Nep).
From this, taking into account formula (10.64), follows the relationship
AT (BAY eI A Aey) = A’"<£>< > Mnm)
ICNp
= Y MA™(B)(ep)
ICNn
= < Z MINI)(el AN Ney).
—
ICNp
On the other hand, by Lemma 10.17 and formula (10.60), we have
A (BAY(eg N Aepy) =BAe) A ABAle,) = |BAl(e] A+ Aey).
The last two equalities give us the relationship
|BA|= Y M|NI.
ICI_\T)Z'

which, taking into account the equality |B«| = |BA|, coincides with the Cauchy—
Binet formula for the case n > m.

Example 10.32 Let us derive the formula for the determinant of a square matrix A
that generalizes the well-known formula for the expansion of the determinant along
the jth column:

|[Al=a1jA1j +axjAzj+ -+ anjAyj, (10.65)
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where A;; is the cofactor of the element a;;, that is, the number (—l)i +iM; j» and
M;; is the minor obtained by deleting this element from the matrix A along with
the entire row and column at whose intersection it is located. The generalization
consists in the fact that now we shall write down an analogous expansion of the
determinant not along a single column, but along several, thereby generalizing in a
suitable way the notion of the cofactor.

Let us consider a certain collection I € N)Z, where m is a natural number in
the range 1 to n — 1. Let us denote by I the collection obtained from (1,...,n)
by discarding all indices entering into I. Clearly, I ﬁﬁ_m Let us denote by
|I] the sum of all indices entering into the collection I, that is, we shall set |[I| =
i1+ +inm.

Let A be an arbitrary square matrix of order n, and let I = (i1, ...,i,) and J =
%
(j1, ..., jm) be two collections of indices in N'. For the minor Mj; occupying
the rows with indices iy, ..., i;; and columns with indices ji, ..., ju, let us call the
number
Ary = (DT (10.66)

the cofactor. It is easy to see that the given definition is indeed a generalization of
that given in Chap. 2 of the cofactor of a single element a;; for which m = 1 and the
collections I = (i), J = (j) each consist of a single index.

Theorem 10.33 (Laplace’s theorem) The determinant of a matrix A is equal to the
sum of the products of all minors occupying any m given columns (or rows) by their
cofactors:

|Al= ) MijArg= Y MijAry,
— —
JeNm IeNn?

where the number m can be arbitrarily chosen in the range 1 ton — 1.

Remark 10.34 For m =1 and m =n — 1, Laplace’s theorem gives formula (10.65)
for the expansion of the determinant along a column and the analogous formula for
expansion along a row. However, only in the general case is it possible to focus our
attention on the symmetry between the minors of order m and those of order n — m.

Proof of Theorem 10.33 Let us first of all note that since for the transpose matrix,
its rows are converted into columns while the determinant is unchanged, it suffices
to provide a proof for only one of the given equalities. For definiteness, let us prove
the first—the formula for the expansion of the determinant |A| along m columns.
Let us consider a vector space L of dimension n and an arbitrary basis e, ..., e,
of L. Let 4 : L — L be a linear transformation having in this basis the matrix A. Let
us apply to the vectors of this basis a permutation such that the first m positions are
occupied by the vectors e;, ..., e;,, the remaining n — m positions by the vectors

€i,.1----€i,. In the basis thus obtained, the determinant of the transformation 4
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will again be equal to |A[, since the determinant of the matrix of a transformation
A does not depend on the choice of basis. Using formula (10.60), we obtain

Al ) N N Ae,) NAle, )N A Ale,)
=|Al(e; N---Nej, Nej, A---Nep) =|Al(@r Aop).  (10.67)

Let us calculate the left-hand side of relationship (10.67), applying formula
(10.22) to the two different groups of vectors.
First, let us set a; = A(e;,), ..., a, = #A(e;, ). Then from (10.22), we obtain

Alei) A AMe,)= Y Moy, (10.68)
Jeﬁfgf
where I = (i1, ..., i), and J runs through all collections from the set _N>Z’

Now let replace the number m by n — m in (10.22) and apply the formula thus
obtained to the vectors a; = A(e;,,, ), ..., @n—m = +(e;,). As a result, we obtain
the equality

A€, ) A AAE)= Y Mppep, (10.69)
J/EN)Z*"’I
where T = (im+1,---In), and J’ runs through all collections in the set _N>Z”".

Substituting the expressions (10.68) and (10.69) into the left-hand side of (10.67),
we obtain the equality

Yo D MuMipe;nep =A@ Aep. (10.70)
JGN)’" J’eﬁ)”’m

Let us calculate the exterior product ¢ A @7 for p =m and g =n — m, mak-
ing use of the multiplication table (10.55) that was obtained at the end of the
previous section. In this case, it is obvious that the collection K obtained by the

union_ of I and T is equal to (1,...,n), and we have only to calculate the number
e(I, I) = =1, which depends on whether the number of transpositions to get from
1y s imsimtls -+, in) to K= (1,...,n) is even or odd. It is not difficult to see

(using, for example, the same reasoning as in Sect. 2.6) that e(I, ) is equal to the
number of pairs (i,7), where i € I and 7 € 1, for which the indices i and 7 are in
reverse order (form an inversion), that is, i > 7. By definition, all indices less than i,
appear in I, and consequently, they form an inversion with i{. This gives us i — 1
pairs. Further, all numbers less than i, and belonging to I form an inversion with
index iy, that is, all numbers less than iy with the exception of i1, which belongs to
I and not 1. This gives i — 2 pairs.

Continuing in this way to the end, we obtain that the number of pairs (i, 7) form-
ing an inversion is equal to (i1 — 1) + (i, — 2) + - -- + (i,, — m), that is, equal to
[I| —w,where u=14---4+m= %m(m + 1). Consequently, we finally obtain the
formula ¢; A @7 = (=D =1g ., where K =(1,...,n).
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The exterior product ¢y A ¢ is equal to zero for all J and J', with the excep-
tion only of the case that J' = J, that is, the collections J and J' are disjoint and
complement each other. By what we have said above, ¢ A g7 = (—=DVI=1gg.
Thus from (10.70) we obtain the equality

Y MigMpp (DY e = |Al(-D ek (10.71)

=
JeNn

Multiplying both sides of equality (10.71) by the number (—1)+#  taking into
account the obvious identity (=DM =1, we finally obtain

> MygMpp(=DHIH =4y,

—
JeNm
which, taking into account definition (10.66), gives us the required equality. 0

Example 10.35 We began this section with Example 10.30, in which we investigated
in detail the space AP (L) for p = n. Let us now consider the case p=n — 1. As a
result of the general relationship dim A” (L) = CY, we obtain that dim AN L) =n.

Having chosen an arbitrary basis ey, ..., e, in the space L, we assign to every
vector z € A"~ !(L) the linear function f(x) on L defined by the condition

z/\xzf(x)(el/\"'/\en), xEL.

For this, it is necessary to recall that z A x belongs to the one-dimensional space
A"(L), and the vector e A --- A e, constitutes there a basis. The linearity of the
function f (x) follows from the properties of the exterior product proved above. Let
us verify that the linear transformation

FoAT L) > Lt

thus constructed is an isomorphism. Since dim A" 1(L) = dim L* = n, to show this,
it suffices to verify that the kernel of the transformation ¥ is equal to (0). As we
know, it is possible to select as the basis of the space A”~!(L) the vectors

ej, Nej N---Nej,_, ike{l,...,n},

uniquely up to a permutation of the collection (i1, ..., i,—1); these are all the num-
bers (1, ..., n) except for one. This means that as the basis A”~!(L) one can choose
the vectors

Ui=e AN---Ne_1 e Ney1---Ne,, i=1,...,n. (10.72)
Itis clear thatu; ne; =0if i # j,andu; Ne; =Fe; A---Ne, foralli=1,...,n.

Let us assume that z € A"~ (L) is a nonnull vector such that its associated linear
function f(x) is equal to zero for every x € L. Let us set z = zjuy + - -+ + z,u,.
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Then from our assumption, it follows that z A x = 0 for all x € L, and in particular,
for the vectors ey, .. ., e,. It is easy to see that from this follow the equalities z; = 0,
.., Zn =0 and hence z = 0.

The constructed isomorphism F : A"~ (L) — L* is a refinement of the following
fact that we encountered earlier: the Pliicker coordinates of a hyperplane can be
arbitrary numbers; in this dimension, the Pliicker relations do not yet appear.

Let us now assume that the space L is an oriented Euclidean space. On the one
hand, this determines a fixed basis (10.58) in A"(L) if ey, ..., e, is an arbitrary
positively oriented orthonormal basis of L, so that the isomorphism # : A"~ !(L) —
L* constructed above is uniquely determined. On the other hand, for a Euclidean
space, there is defined the standard isomorphism L* =5 L, which does not require the
selection of any basis at all in L (see p. 214). Combining these two isomorphisms,
we obtain the isomorphism

g: A" L) S,

which assigns to the element z € A" (L) the vector x € L such that
Ay =(x,y)e1N---Nep) (10.73)

for every vector y € L and for the positively oriented orthonormal basis ey, ..., e,
where (x, y) denotes the inner product in the space L.

Let us consider this isomorphism in greater detail. We saw earlier that the vectors
u; determined by formula (10.72) form a basis of the space A"~ (L). To describe the
constructed isomorphism, it suffices to determine which vector b € L corresponds
to the vector a1 A --- Aa,_1, a; € L. We may suppose that the vectors ay, ..., a,_1
are linearly independent, since otherwise, the vector a; A - - - A a,—1 would equal 0,
and therefore to it would correspond the vector b = 0. Taking into account formula
(10.73), this correspondence implies the equality

b, y)erN---Ney)=aiA---Nap_1 N, (10.74)
satisfied by all y € L. Since the vector on the right-hand side of (10.74) is the
null vector if y belongs to the subspace L = (ay, ..., a,_1), we may assume that
beli.

Now we must recall that we have an orientation and consider L and L to be ori-
ented (it is easy to ascertain that the orientation of the space L does not determine
a natural orientation of the subspace L, and so we must choose and fix the orienta-
tion of L; separately). Then we may choose the basis e, ..., e, in such a way that
it is orthonormal and positively oriented and also such that the first n — 1 vectors
el,...,e,_1 belong to the subspace Li, and also define in it an orthonormal and
positively oriented basis (it is always possible to attain this, possibly after replacing
the vector e, with its opposite).

Since the vector b is contained in the one-dimensional subspace Lf‘ = (ep), it
follows that b = Be,,. Using the previous arguments, we obtain that

aiN---Nap—1=v(ai,...,a—1)e,,
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where v(ay, ..., a,—_1) is the oriented volume of the parallelepiped spanned by the
vectors a1, ..., a,_1 (see the definition on p. 221). This observation determines the
number B.

Indeed, substituting the vector y = e, into (10.74) and taking into account the
fact that the basis ej, ..., e, was chosen to be orthonormal and positively oriented
(from which follows, in particular, the equality v(e; A --- A e,) = 1), we obtain the
relationship

/3U=U(a1,...,an_1,e,,) :U(al, ...,an_l)-

Thus the isomorphism § constructed above assigns to the vector aj A --- Aa@,—1
the vector b =v(ay, ..., a,_1)e,, where e, is the unit vector on the line Lf‘, chosen
with the sign making the basis ey, ..., e, of the space L orthonormal and positively
oriented. As is easily verified, this is equivalent to the requirement that the basis
ai,...,a,_1, e, be positively oriented.

The final result is contained in the following theorem.

Theorem 10.36 For every oriented Euclidean space L, the isomorphism
g: A" 'L S L

assigns to the vector ay A --- A ay—1 the vector b € L, which is orthogonal to
the vectors ay,...,a,—1 and whose length is equal to the unoriented volume
Viaiy,...,a,_1), or more precisely,

b=V(ay,...,a,_1e, (10.75)

where e € L is a vector of unit length orthogonal to the vectors ay, ...,a,_1 and
chosen in such a way that the basis ay, ..., a,—1, e is positively oriented.

The vector b determined by the relationship (10.75) is called the vector product
of the vectors a1, ..., a,_1 and is denoted by [ay, ..., a,—1]. In the case n = 3, this
definition gives us the vector product of two vectors [a1, a;] familiar from analytic
geometry.
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