Domain Decomposition Preconditioning
for High Order Hybrid Discontinuous Galerkin
Methods on Tetrahedral Meshes

Joachim Schoberl and Christoph Lehrenfeld

Abstract. Hybrid discontinuous Galerkin methods are popular discretization meth-
ods in applications from fluid dynamics and many others. Often large scale linear
systems arising from elliptic operators have to be solved. We show that standard
p-version domain decomposition techniques can be applied, but we have to de-
velop new technical tools to prove poly-logarithmic condition number estimates, in
particular on tetrahedral meshes.

1 Introduction

In this paper we are concerned with discontinuous Galerkin (DG) finite element
methods for elliptic problems [4,/12,/24]. The motivation might be to have dominant
convection, or one wants to build exactly divergence free finite element spaces for
incompressible flows [[11}, 131], or other. We think of operator splitting methods,
where one has to solve a large scale symmetric matrix equation in each time-step.
In recent years hybridization methods appeared, which allow to reduce the
discrete system to the element interfaces [10]. This paper is concerned with the
construction and analysis of domain decomposition methods for the Hybrid Dis-
continuous Galerkin (HDG) method. We consider one element as sub-domain, and
the coarse grid problem consists of mean values on element interfaces. We prove
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robustness with respect to the mesh-size, and a poly-logarithmic growth of the con-
dition number with the polynomial order p.

There is now an established literature on high order finite element methods, from
the more theoretical point of view as well as from an applied one , , , ].

We consider two strategies for domain decomposition algorithms [45], non-
overlapping Schwarz type methods 113, 20, 217 and balancing domain decompo-
sition with constraints (BDDC) [@ @]. There is a big literature, in particular high
order methods and three dimensional problems are treated in [@, , ,, , , ,
, , @, @, @, @, @, , ]. There is a classical paper on multi-level analy-
sis for h-version DG methods by Gopalakrishnan and Kanschat (18], and a recent
one studying higher order methods by Antonietti and Houston 3] showing a poly-
nomial growth of the condition number in p. We will see that the conditioning is
significantly improved by hybridization, namely to a poly-logarithmic growth. We
are not aware of particular analysis for preconditioners for high order HDG meth-
ods, even not in 2D.

The main result of the present paper is Theorem[3] proving that optimal extension
from faces to elements with Dirichlet constraints is nearly as good as extension
without constraints. With this result condition number estimates follow with the
usual techniques.

The main difficulty is to build optimal extension operators from an edge to a tetra-
hedron. This problem was solved for hexahedral elements by multiplying with fast
decaying functions by Pavarino and Widlund 138]. Polynomial extension operators
for simplicial elements are usually based on smoothing operators 15,34]. Heuer and
Leydecker have analyzed such operators also for boundary elements, i.e, for three
dimensional edge to face extension.

We cannot use the existing simplicial extension operators to prove quasi-
optimality of HDG methods since they do not decay fast enough in the jump-norm.
We give a new construction of discrete edge-to-tetrahedron extension operators
which are motivated by the multiplication with low-energy functions of Pavarino
and Widlund, but are contained in the polynomial space on tetrahedra.

We declare some notation. With a < b we mean the existence of a generic con-
stant ¢ such that a < c¢b, where c is independent of parameters 4 and p. Otherwise,
we denote the dependence as ¢(p). The space of univariate polynomials of order p is
PP, and PP(T) is the space of multivariate polynomials of total order p on a simplex
T. To simplify notation we redefine logp := 1 for p € {0,1}.

In Sect.2lwe give the hybrid DG formulation, in Sect.[3]we prove the main result,
Theorem[3] and show how to apply it to analyze domain decomposition algorithms
for HDG. Technical lemmas are shifted to Sect. @[3l and [@l In Sect. @] we collect
properties of orthogonal polynomials, and prove one dimensional trace estimates
and construct one-dimensional extension operators with respect to different norms.
The short Sect. [3] gives the proofs for extension from vertices, the technical proofs
for the extension from edges are in Sect.
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2 HDG Discretization

Let Q C R? be a polyhedral domain. Let 7 = {T} be a conforming triangulation
of Q consisting of shape regular tetrahedral elements. With 7 = {F'} we denote the
set of all faces, and F7 are the faces of the element 7. As usual Ay = diamT7T is the
local mesh-size.

We consider the Dirichlet problem of the Poisson equation problem, namely

—Au= fin Q, u=0o0ndQ,

with the source f € L,(£2). We define the p* order hybrid discontinuous Galerkin
finite element space

Vv :=PP(T) x PP(F):= [] P/(T) x [] PP(F)

TeT FeF

its subspace Vyo = {(#,A) € Vy : L =00ndQR}, and the hybrid discontinuous
Galerkin (HDG) method as: find (un,Ax) € Vi o:

Alun, Ansv, 1) = (va)Lz(Q) V(v,u) € Vvo.

The HDG bilinear-form is

A(uJL;v,/J) = 2 AT(M,A;VJ,L)
TeT

with the element contributions

(u,Asv,10) /Vqu+/8 /gZ(A*M)JFOC(M*A,V*lJ)j,aT

aT

with a fixed oo > 4 = |Fr|. We choose the stabilization similar to the stabilized
Bassi-Rebay method [EI I ] as

u=Av—wjor= 2 (rr(u—2A)re(v—1)),r)-

FeFr
The discrete lifting operator 7z : PP(F) — [PP(T)]? is defined by

(P (1) V)is(r) = (W m)yey Vv € [PP(T)P

The norm
u—Alljr = [lrF(u—2)[Lyr)

is realized by

7}1@6' 7176
R N
oe[pPr(T)P 16|y (7 oePP(T) oL, 1)

D
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The last equality holds since the normal vector # is constant on F'.
We define the norm

162 = Y, {1Vl )+ =212 o7}
TeT

W%th ||u —-A ||5 or = 2Fe Fr ||u —A ||3 F We note that more general e}liptic equatior}s,
with mixed boundary conditions, variable coefficients as well as variable polynomial
orders can be treated the same way.

Theorem 1. The bilinear-form A(_,.) is continuous and coercive on (Vy o, || - || 1 HDG)-

Proof. Continuity and coercivity are proven element-wise, i.e.,
2 2 ) 2 2
IVatll Ly + Nl = A0l 07 = A (u, Az, A) 2 Vull Ly + [l = A5 57

is shown for all u € PP(T),A € PP(Fr), and for all T € T. For F € Fr we use
Young’s inequality ab < 21),612 + 72/ b? with 4 < y < o to obtain

u on(u—A~A

O (u2) < |Valyry sup I
7 n ce[PPP ||O-||L2(T)
1 2 Y 2

< 2},||V”||L2(T)+ 2||'4*7L||j,F~

Summing over the 4 faces of T we obtain

9
Ar(udsu i) = Va2 +2 Y /aZ(u—;L)w(u—A,u—M,-,r
FEJ:TF

4

> |IVullg, i) — y||Vu||i2<r) Y2 llu =2l +ollu—A3 57
F

e ||V”||%2(T)+||”—)“||?,8T7

continuity is verified similar. O

Theorem [T allows to reduce the analysis of preconditioners for A(.,.) to the form
generated by the norm ||(u, 1)1 #pg. Theorem[Ilis also the basis for a-priori error
estimates, for example the A-version estimate

(s = unyu = 2w) 1 1ipG =0 [|ul| s )

for 1 <5< p,see ].

Theorem 2. For F € Fr let P* denote the L, (F)-orthogonal projector onto P*(F),
with P~ = 0. For A € PP(F) there holds

p
12137 =hr" 3, p(p—k+ 1) [|(P* =P AIZ, -
k=0
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Proof. By an affine-linear transformation to the reference tetrahedron and reference

face

={(x,3,2):y>0,2>0,|x| +y+z< 1},
={(xy, 0):y>0,[x|+y<1}

one obtains the scaling in the mesh-size. By means of Jacobi and Legendre polyno-

mials (see Sect.[d), the Dubiner basis polynomials [IE, ]

X i
oty =R )BT

form an L, (F)-orthogonal basis for P”(F). Expand

Ax,y) = 2 Aij@ii(x,y)

i+j<p

otexd= ¥ ou(," .0 )0-2"oy)

i+j<p

with 0;; € PP~17/. By the change of variables

g Fx[0,1]—=T:(&n,2)— (x,3,2) =

with detg’ = (1 — z)> we express

1

oy //H o((1-2)E.(1 - 0.2 dzd (&)

0

Due to orthogonality there holds

1
lolyry = ol [ (1-
0

21+2]+262 (Z) dz

i+j<p

and
(2,0 = X, 917, 2i6i7(0).
i+j<p
There holds 5
T
sup ) — o ||12‘2(T)
GEPP(T) ||G||L2(T)
where 6™ € PP(T) solves
(05,0, r) = (AT (r) V1 e P/(T).

2y) fori+j<p

(1=2)&,(1-2)n,2)
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The components o;; € PP ~i=J of the L,(T)-orthogonal decomposition

oy =Y, (p,]( Z71iz)(1_z)i+jo-;;-(z)

i+j<p
solve 1
/(1 — 2?1265 (2) T(2)dz = A;jT(0)  VTeEPrTT,
0
and there holds
! 2
/ %2267 (P2dz = sup (Aij0i(0)) .
/ % oyepr-i-i Jo (1—2)2 2262 (2)dz

From Lemma[Ilbelow we get
1
04 (OF = plp—i=j+1) [(1-2*2 263 (2) dz
0

is sharp, and thus

1
/ (1—2)* 265 (2) dz = p(p—i— j+ 1A}

0
Thus there holds
(A,0)7 & o
sup LF) Z P(P*I*J+1)7Li3'||‘»0ij||%2(F)
GePP(T || 0'|| i+j<p
p
=Y pp—k+1) Y A2loyl?

k=0 i+j=k

P
= > p(p—k+DI(P =P HAIZ, 1)
k=0

We observe that

p
TR PR P PR

“)

2
Often I [ju — A ||%2 () With a sufficiently large parameter o is chosen as
penalty term. Usually o is chosen on the safe side. We will see in the numerical
examples that the condition number does increase with ¢. In this paper we prove
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quasi-optimal condition numbers for the presented stabilization, it does not carry
over to the weighted L,-stabilization.

The benefit is two-fold, on one side the method is guaranteed to be stable, for any
o > |Fr|, on the other side the condition number is proven to have only
poly-logarithmic growth.

3 Domain Decomposition Preconditioning

The analysis of non-overlapping DD preconditioners is based on stable decompo-
sitions of finite element functions. For that, quasi-optimal extension procedures are
essential. The main result of our work is to construct an extension operator, and
bound its norm.

For F € F and afixed T € T such that F C T we define the trace semi-norm

21 = int {1Vl )+ = Al

and the trace norm

141E0= ot {IVal =20t 3 Ol

FleFr
FI£F

The semi-norm || A||r mimics the H'/2(F) semi-norm, i.e. the trace semi-norm cor-
responding to arbitrary H'-optimal extension onto the element T, while the norm

|A||Fo mimics the H%z—norm, i.e., the trace norm corresponding to H'-optimal

extension under Dirichlet constraints on d7 \ F. Note that for continuous finite ele-

ment spaces ||A ||H1/2 is defined only for A = 0 on JF. For hybrid DG, both norms
00

|A||F and || A || are defined for the same space PP (F).
Theorem 3. Let Ar € PP(F) with [ A = 0. Then here holds

12170 = (log p)” |27
with y = 3.

Proof. 1t is enough to consider the reference element 7. Let u be the minimizer
corresponding to |4 || r. Thanks to a Poincare-type inequality and Theorem 2] there
holds

2
By = IVl + ([ )

F

< VulR iy ([u-2) 4 (!’02

F
= ||V”||i2(T) +[lu— Al -
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We modify the function u by subtracting vertex and edge contributions:

Up = U — Z Evru(V),
VCF

uz =y — Y EgrwolE.
ECF

In Theorem[6and Theorem[Z]below we prove that the function 3 is in PP, vanishes
on JF, and satisfies

1913 )+ ]2 < togp [l -
There holds [IE Lemma 4.7]

2 2 2
||u3||H1/2 = (logp) ||M3||H1/2(F)'
0

oo (F)

Now take
~ . pMS
u .= éBF*)T M3|F

as the Mufioz-Sola extension [34]. Finally we get
Va2, )+ li— AR < (log p) |12 2.
and together with ii = 0 on dT \ F' we have proven the result. a

We note that in [@ @ @] and others estimates with (log p)2 have been obtained
for continuous finite elements. It might be that our result can also be improved to
(log p)?. One approach would be to directly estimate the [, dist()lc‘ or) u(x)? dx term

of the H&éz(F )-norm. If one succeeds with that estimate, then that improved y can
be used immediately in the following condition number estimates.

3.1 Schwarz Type Domain Decomposition

To analyze Scharz-type domain decomposition methods one has to prove stable de-
compositions into sub-spaces [32].
For A € PP(F) we define the Schur-complement norm

AI3=inf |, 2)|3 upo-
A= inf _1662) o
Theorem 4. Let A € PP(F). Define the coarse grid component as

Ay EPO(]-') such that /lyz/l,
F F
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and for F € F define the local components Ap as

ﬂ, . A’|F7A'H|F OI’IFV7
= 0  forF'#F.

Then there holds

12alI5+ 3 1215 < (log p)7 A5
FeF

Thus, the additive Schwarz preconditioner Cpsy applied to the facet Schur-
complement Sx of A leads to a condition number estimate

(CASMSA) (logp)”.

Proof. From the definitions of the norms there follows

> elplE 2 uls= Y lulrlze Ve PP(F).
FeF FeF

Since [ Ar =0 we have

S A5 = Y 1ArlrlIEo < (logp)” Y, Ar|F|lF

FeF FeF FeF

= (logp)” 2 ||7L|F||F (logp)7||l||s,
FeF

and

12al15 =112 = ¥, Arls < IAIS+IT Y Al

FeF FeF

< A5+ Y |M’F|F||FO (logp)"[|2]3.
FeF

Due to finite overlap of the sub-spaces, the largest eigenvalue of CXSIMS is bounded
by a constant, and thus the condition number is bounded by (log p)”. O

3.2 BDDC Preconditioners

To define a BDDC preconditioner one sub-divides degrees of freedom into primal
and dual, see [@ ]. The dual ones are treated discontinuous, and thus can be
eliminated on the element-level. In our case we choose the mean value on the face
as primal, all others are dual degrees of freedom. Thus, the remaining global system
involves only one degree of freedom per face.

Theorem 5. The BDDC preconditioner with mean values on faces leads to a condi-
tion number

(CBDIDCSA) (log p)
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Proof. Let A be double-valued on faces with consistent mean-values, this means

A= (Ar)reT € [] PP (Fr),
TeT

//IT:/QLT/ for F=TNT .
F F

Define the average A € PP(F) as

such that

i Yrrcr AMrir
Srrcrl

We have to prove continuity of the averaging operator, i.e.

A5 <clp) 3 122157,
TeT

where ”)‘TH.%,T i= inf,epr(r) {||VM||1%2(T) + lu— l”iaT}‘
We use [ A = [ Ar to apply Theorem[3] for estimating

A8 = 3 1Aarlir = 3 {IArlr + 1Rar - Arlr }
TeT TeT
< 3 {Iarlr+ 3 1Rar - Arllko }
TeT FeFr
= (togp)’ ¥ {Iarl3r+ ¥ I2or—2rl}}
TeT FeFr
= (ogp)’ ¥, {Iarlir+ 3 Iarl?}
TeT FeFr
= (logp)" ¥, Al
TeT

The condition number K(CEDIDCA) is given by the continuity bound
c(p) = (logp)". O

4 Traces and Polynomial Extensions on the Interval

In this section we collect some properties of Jacobi polynomials which can be found
in [@, Chapter 4], or ], then we prove trace and extension estimates on the interval.
Letw = (1 —x)*(1 4 x)P be the weight function, for us o, B € N is sufficient. The
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pleh)

n'"-order Jacobi polynomial is defined by Rodrigues’ formula as

PP = oy o (P =20).

There holds the orthogonality relation

1
/WP<a’B)P(OC,ﬁ)dx: S 2a+ﬁ+l (n+ Ot)! (nJrﬁ)!

: 2n+o+B+1 nl(n+o+p)’

and boundary values are

P,Sa’ﬁ)(l) _ (n+a> .

n

The Legendre polynomials are P, := P,EO’O) , and the integrated Legendre polynomials

are defined as

Mm:/&qwn
el

We often use
s 2
||Pn||L2([—1~,1D Ton+1

and we need
(27’1 + I)Ln—H =Pi1— Pt

Parameters can be shifted by

@n+a+B)P" P = (n+ a+ B)P"P) — (n+ B)PI4P),
and by telescoping one obtains for the particular choice ot = 1
(m+B+1DESP =Y n+ B+ 1P, 5)
n=0

Differentiating Jacobi polynomials gives

d 1
B = et B 1RSI, ©6)
Lemma 1 (Trace inequality 1D). For v € P" there holds

1

vO < S(oBun) [ 3 (1-3)Pr(s dy, ™
0



38 J. Schoberl and C. Lehrenfeld

and for every n there exists an l,sa’ﬁ) € P" such that l,(la’ﬁ)(O) =1and
1

[y =Pl o2 ay < st p),
0

with
(n+a+1)!(n+a+p+1)!

S(n,a,B) = al(o+1)n! (n+B)!

For a fixed o there holds
S(n, 0, B) = (n+1)* " (n+ 1+ B)**L.

Proof. Estimate (7) is sharp for the solution of the constrained minimization

problem
1
min [ %(1 =3Py dy.
v(0)=1
0
By choosing the representation

= PP (1-2y),
k=0

the minimization problem can be rephrased as

min ¢' Dc
ceRn+1
bTe=1

with b € R"*! and D € RO*+D*("+1) djagonal with components

!
by = Pk(a’ﬁ)(l) (bt a)!

alk!
[ 1—z\o 142\ 8 I
—Z < R
Dk,k:/y ﬁP“ﬁ)(PZy)zdy:/( ,) (57) RP @2 e
—1
1 (k4 o) (k+B)!

2k+o+B+1 kl'(k+o+p)!

Using the method of Lagrange multipliers we obtain
D b c\ (0
b" 0 AJ) o\ )
n

" k k
S=b" D h= Z()Dkk 22k+a+ﬁ+1)(??3)2]§!(:f;f),

With the Schur complement

the solution is given by A = _Sl and c = éD‘lb. The value of the minimum is §~'.
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By means of the Paule/Schorn implementation 135] of Gosper’s algorithm,
V. Pillwein computed

(n+o+)!(n+a+p+1)! _

5= (et 1)int(nt B!

More on computer algebra techniques in finite element methods is found in [@].
We continue with a hand-proof for the asymptotic behavior:

S ~c(a) i(k+1)“(k+ﬁ+1)‘”‘

k=0
— C(Oﬂ) i(k—Fl)aoil (a+1>(k+ )]ﬁa-‘rl J
k=0 j=0 J
N c(a)(:; (a;— 1>(n+ [)itoctl goti=
=c(a)(n+ 1) (n+B+1)*. 0

Lemma 2. For v € P" there holds

1
(4(0) = v(1))? < logn [ y(1 —y()2dy. ®)
0

WO < logn [ y(1=3)((0)+ v(y)?)dy: ©)
0
Proof. To verify (8) we follow the lines of Lemmal[ll Now we expand
n
0,0
=Y arV(1-2y),
k=0
from (@) there follows
n
2 (k+ 1P (1 —2y),

and now

be = PP (1) = PO (1) = 14 (= 1),

1
D = (et 12 [ 31 =P (1= 297y = (k12

k
) (2k+1)(k+1)’
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and thus
n
S:,Zf)Dkk = Z k+1 g ~ logn.

k=0
k even

Estimate @) follows from () as follows: for #(y) := (1 —y)v(y) we apply @) to
obtain

v(0)> =7(0)> =< logn/y (1—y)7(y)*dy
~ logn / y(1=3)[() + (1= V() Pdy
0

< logn /y(l =) (V0 +V () dy. 0
0

Next we prove that the minimal energy extension in certain norms is also quasi-
optimal in related norms:
Lemma 3. We define for n, 3 € Ny

l = argmln /ylf d

vepP!y

Then there holds

1
1
O/yu—y)ﬁz,?(y)zdyj R (10)
1
_ )b !
0/<1 WROPA = (g (i
1
[P @y o)y < 1. (12)

0

Proof. The optimizer l,[f was calculated in the proof of Lemma[llwith o = 1, namely

Byy=Y PP (1-2y),
=0
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1 k+1
ithb, =k+1and Dy, = . We get
w1 k + 1 an Kk 2k+ﬁ+2k+ﬁ—|—l e ge
oo b _(@ktBH2)(k+B+1)
T DS S ’

and S ~ (n+1)%(n+ B + 1)%. Inequality (I0) was proven in Lemmal[ll To verify

(1) we utilize ) to re-expand 1 in terms of Jacobi-polynomials PP,

1 2]+B-‘rl 0[3)
,E)Ckz kiprr o)

_iiZHﬁH POP(1 - 2y)
s k+B+1

MHH
-
M=

\
]

(=}

T
~

(2k+B+2)(2j+B+ 1P (1-2y)

(nt+j+B+2)(n—j+1)2j+B+ PP (1-2y).  (13)

I
“ny —
1=

<.
Il
=}

Thus there holds
1

Ja-yPioray=

0

n L nt i 2 it 122 2
=3 [ty 08)(1 —2y)2ay " T/ HPH DA S,j“) @i+p+1)
]=00
NZ (n+j+B+1)2(n—j+1)22j+B+1)?
zj+/3+1 (n+1)4n+B+1)*

1
= i DB 1)

From (13)) and (@) we get

WPy =3 IR

S (B (= D Ej B+ DAY,

and thus with similar arguments as above

[ra=ppHatyorar=1. 0

We construct a family of minimal extensions {e/ : 0 <i < p} similar to Lemmal[3]
such that the differences between two consecutive functions is small. We obtain this
by weighted averaging of the previously defined lf .
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Lemma 4. For i such that p/2 < i < p we define the weighted average

1 P

P
e. =

and for i < p/2 we set

we(1=)""5 )

withwy=(p—k+1)

e (y)i=(1=y)PP el ().

There holds e € PP™', it satisfies the boundary condition e! (0) = 1 and the esti-

mates
1 1
1—y)* el (y)*dy = , 14
0/y< WO A X (14)
1 1
L=y)*lef (y)*dy = oy (15)
0/( PUOAy S
1
d 4 2
[0 (g, (@) dv <1 (16)
0
We define differences of consecutive functions as
df (v) := e (v) = (1 =y)ef., (v),
they satisfy d? € PP~', d” = 0 fori < p/2, and
1 0
1_ 2i—1 17 2 =< l 1
1 4 ) 0
1 - 1—y)id? ~< : . 1
/y( y)(dy(( y)'d; (y))) dy =< Pp—it 1) (18)

0

p
Proof. We apply the triangle inequality, use (I0), and ¥, wy ~ (p — i+ 1)? to prove

k=i
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P 1 1

: 2Wkkg‘i(WH1)(17—k+1)(p—k+1+2k—1) = plp—i+1)

The estimates (I3) and (I6) follow similarly.
The differences d? vanish for i < p/2, and (I7) is trivially fulfilled for i < p/2.
Thus we assume i > p/2. We realize that

d’(y) =6§’(y)—(1 —y)el ()

1 P .
ik k—iy2k—1
Zwk Lo (v) — > wi(1=y) 5 ()
Ek iWk =i 2£=1‘+1Wk k=i+1 r
Wi i
=50 (P52 0) = (1 =3)el ).

=i

Since
wi N 1
Ef:iw% 47}7—-i+-17

we get

1
/(1 —y)*1dl (y)*dy
0

1

1
2 172i—1 2 2 1 2
ﬂH / YN ) dy+/(1— . f’+l()d)7)
0

0
1

~(p—i+1)p

The additional factor 1’722 follows trivially since p/2 < i < p. Estimate (I8) follows
similarly. a

5 Extension from a Vertex

In this section we define and analyze minimal extensions from a vertex of the refer-
ence tetrahedron 7.

Lemma 5. We define

éy = argmin / yv(y

vepP— Hv

and
ey(y) = (1-y)év(y).



44 J. Schoberl and C. Lehrenfeld

Then ey € PP with ey (0) = 1 and ey (1) = 0, and there holds

1 1 1

/ yiev(y)2dy < p~°, / yey (y)2dy < p~*, / yey (v)2dy < p~2.
0 0 0

Proof. With Lemma/[Il there follows
1 1
/yzev(y)zdy < /yze”v (y)?dy<p°.
0 0
With, see , Theorem 3.96],

1 1
/V(y)2 =< pz/y(l —y)v(y)*dy,
0

0

we get

1
/yev(y)zdy = /y(l —y)%ev(y)*dy = pz/yz(l —y)ey(y)dy<p,
0 0 0

and with

Theorem 6 (Extension from a vertex). Let V be a vertex of the reference tetra-
hedron T, and Ay the corresponding barycentric coordinate. Define the vertex-to-
element extension &y_,v : R — PP(T) as

é()V*)TV = ev(l — lv) V.
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Then u := &y _,rv(V) vanishes on the face opposite to V and satisfies

2 2 2
Va2, oy + 3l < B,
FeFr

Proof. We recall the inverse estimate |v(V)| < p?||[v|| HI(r There holds

1
[Ver (1= )y r) = [ (1= 2 Pelp(1 = a2y <p72,
0

and for a face F containing V we have

1

levIi3r = pPllevI e = p? [ (1= Av)ev(1 =) dhy = p~2
0

and thus the powers of p cancel out. a

6 Extension from an Edge

In this section we analyze trace operator on edges, and define edge-to-element ex-
tension operators. We consider the edge E = {(x,0,0) : |x| < 1} of the reference
tetrahedron T defined by (2). We split the construction into two pieces, one is face-
to-element extension, the other one is edge-to-face extension.

Lemma 6. Define the face-to-element extension &g and the element-to-face re-
striction operator Zr_r between the reference tetrahedron T and the reference face

F from @), B) as

(Er—ru) (x,,2) = u(x,y+2), (19)
1

(Zr—rw)(x,y) :/wxsy7 (1 —s)z)ds. (20)
0

These operators are mappings between PP (T) and PP(F), preserve the function on
the edge y = 7 = 0, and are continuous with respect to the norms

1P rwllLy )y 2 IWlpry, 1 Zrrwlla ey y 2 W)

1 —rullyr) 2 Mulloryys  NEForullp ) 2 Hlullg),

with the norms

iy = [ Pdy), Tl = g, + IVl e,
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Proof. The proof follows from change of variables via
8: [07 1] XF—=T: (vaay) — (xvsyv(l 7S)y)

with |detg’| =y, and thus

1
JuEneraEno = [ [yuws(-spPacyds. o
0 F

T

Next we study trace and extension operators between the face F and the edge E.
Continuity is proven with respect to the weighted norm || - [| 515, and a proper
norm on the edge || - || .

Expand u € PP(F) as

14 x .

uley) = 2L 1) (=0 0) s () ~ o), @
i=2

where u; € PP, Utilize L; = ,,' | (P — Pi_5), define u; = 0 for i > p, and shift

indices

P

! ) =S PO i
u(w)—;zpll’z(-)(l—y) i(v) Z;zzelp"z”(l ) ui(y)

+xuy (y) — uo(y)
:in(’)(l—y)"( “ Ji+2(1*y)2)
=2

2i—1 2i+3

1 1
—,( — ) — sx(1 —y)2u3 +xu1(y) — uo(y)
<o X (wi(v) (=) uin(y)

=Y PR 1—y)i( 7 — o :
%’(1_y)( y)(zi—l 2i+3 )

Thus, u can be re-expanded as
ux) =2 A( 7 )1y )
bl = l lfy l Y

where the v; € PP~ are given as

oy w() (1= uiga(y)
=0 1T gies (23
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Lemma 7. Let u € PP(F), and u;,v; € PP~ be the expansion coefficients in (21) and
(22). Then there holds

2 ~ 2+1 2
ol ZH/y i) dy

and

Proof. Use the Duffy transform

g [=1L1]x[0,1] = F: (&,y) = (x,y) = (§(1—y),y)

with detg’ = (1 —y) to transform the norm

11

leell7, . /yMXy (x,y) //ydetgu £,y)*d&dy

0 -1

_//y (1—y %P )(1—y v,(y))zdédy

0 —1

/1 / (1 =3Pl dy.
-1

To transform the gradient-norm we calculate

|| Mw

and note that
(&) VP~ (1-y) 413 VveR

Then we get

1—y

11— 11
IVull iy, = [ [ 3VeouPaxay= [ [ydetsI() Vil déay
0 —I+4y

0 -1
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11

:j/:y(l—y)_l gg(&y)

- 0 —1

For the first term we use representation (21)):

i=2

1 1
://y“*y)f1 (fPH(é)(lfy)fu,-(y>)2d§dy
0 —1

i=1

i=0

11 p
[ [3a-0 (5, Ee@a-suw) e
0 -1

For ) )
u(x) =Y wiLi(x) +ux —ug = Y, viP;(x) € P’(E)
i=2 i=0
we define the norm

2 P2

Wz=3 ey v
i+1

Sirrp-i+1)? 5

We note that
p

2
Vv 2
=l

azavs [ [30-92 €

11
[ [30-37 (S @0 - u6) +u0) dgay
0 —1

= Z/Pi(é)zdé /y(lfy)(jy((lfy)ivi(y))) dy.

2
d&dy.

(24)

Numerical tests indicate that the first sum in 24) is bounded by log p || u||%2( £y and

we decided to keep it in the definition of the norm || - || instead of loosing another

log-factor.

Lemma 8 (Trace theorem on edges). Let u € PP (F). Then there holds

2 2
Jule 2 < 1ogp [l .
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Proof. Follows immediately from the definition of || - |

||z, trace inequalities, Lemmal[ll
and Lemmal2] and the representation Lemma

p 2 P 2

2 u; (0) v; (0)

=3 +3
helle = 2o i e T 2 i

S ! 2 ; 2 ; 2i—1 2
1
+§)11+i logp O/y(l —y)[(;y((l —y)iVi(y)))2+ (a —y)ivi(y))z} dy

< logp ||”||12-11(F) y

O
Lemma 9 (Extension from edges). For u(x)

=y7

oy uiLi(x) +uix—ug € PP(E) and
the functions el’-’ from Lemmadwe define the extension operator as

(sru)(x,) zuL( T ) 0) e 0) - woeh )

Then here holds
| Ee—rullpiryy = llulle.

Proof. We convert the extended function into the Legendre basis as

EE—FU = gpi(l iy)(l —y)vily),

where v; € PP~ are

n(y) = el 0) 2l =yl )
W= 0 2i+3
We rewrite
vi(y) =

1

i(0)ef () + % (@) + (1 -

Ui Ui P P (11— 2 p Ui2
(g = 3 )OI+ () = (1 =yela(3) 5

VL ()- (25)
Note that there holds u/(x)

x) =X ovi(0)P(x).

From LemmaH and Lemmal[7] there follows

2
||5E—>W||L2 )y

~2 . /y P (e (wiC0) + (df () + (1 -
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2. v;(0)? 1 u? i
= i + i+2 < u 2
_i:z(‘) i+1 pX(p—i+1)? Z(‘)(i+l)3p3(p—i+l)3 = ullz
and
3 y)2-] 2
IVsrilye, = 3 C [0y oy

H0)+ (1)l 00) 5 12)))

2 | 2 A
ji .’/y(l—y)z"ef’(y)zdwi)iil/y(l—y)(;y((l—y)’Ef’(y)))zdy
" /y =) (5 (=)@l 0) + (1= y)df,,()) d.

Now we apply Lemmalto estimate

2 < < Viz(Y) 2
1VulZ, r). Z f,H) SNl

Next we estimate the contributions from the jump - norms. For this, we prove a
face-to-edge trace lemma in weighted L,-norms:

Lemma 10. Ler D = {(y,z) : y > 0,2 > 0,y +2z < 1}. For v € P"(D) there holds

1
/y”‘(l —3)Pv(3,07dy < (n+1)(n+ o+ B+ 1)/y°‘(1 —y—=2Pv(y,2)7d(,2).
0

Proof. We expand

R R GRS ((EUAE

= -z
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and with the change of variables (y,z) = (n(1 —z),z)
/y“(l —y=2Pv(3,2)*d(y,2)
D

1 1
- //n"‘(l —mP (1 —2)*PHy(n(1-2),2)%dndz
00

1

1
p 4

= Z/no‘ (1-n O‘P(aﬁ)(zn—l) n/(l—z)a+ﬁ+1+2’v,-(z)2dz.
=09 0

The estimate follows with Lemmal[ll i.e.
1
vi(0? < (n—j+1)(n—j+a+B+1 +2j)/(l — )@ PRy ()2
0

for0 < j <n. O
Lemma 11. For u € PP(E) there holds
1€ rulljr = (ulle-
Proof. By characterization () we have to prove the estimate
(66r,0)iyiry % el [0 lry  Vu€ PP(E). Yo € PP(T).

We recall

EE—FU = ivi(Y)Pi(l iy)(l -y

i=0
with (23)
Ujt2
viy) = vi(0)ef () + 5. (d () + (1 =y)af, ).
We expand o as

i x
o= P,-(
= My

with ; € PP~(D). By the change of variables (x,y,z) = (§(1 —y—z),y,z) we have

I—y—z
lolyry = [ [ otunardrd()

D —1+y+z
1

:// (1-y—2)0(E(1—y—2),5,2)*déd(y,2)

—1

= SIPIG [ (1=y =2 (2P d(r.2)

i D

)(1 —y=2)'6i(y.2)

b
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We expand the inner product, use Lemmaand Lemma[IQ to estimate

(5E—>FM O')Lz( F)

_/ / ZP ) ) _Y)iVi(Y))(ﬁbpi(lxy)(l—y)iGi(y,()))dxdy

0 —1+y

= imlE [ / PP (), 0)dy

1 1

P ; 1/2 ; 12
< S IPP( [y iray) ([ -y a.02d)
i=0 0

0
2

j§)||p||2(p —i+1) p3p itii+1)3)l/2
((p —it 1)p/(1 *y*Z)2i+16i(y7Z)2d(y,Z))
D
(S0, )

(i ||Pi||2/(1 —y—Z)zi*‘Gi(y7Z)2d(y7Z))2
i=0 D

=~ |lulle ol ). O

1/2

Finally we define the edge to element extension &7 : PP(E) — PP(T) as
EE—T = EFTEEF.
Theorem 7. Forv € PP(T) define
u:=3dEg_1V|E.

Then u|g = v|g and there holds

2 2 2
W2y + Y, Nl <1ogp VB )
F:ECF

If in addition v vanishes at the end-points of the edge E, then u vanishes on faces
not containing E, and there holds

el 71 7y + el 57 < Tog pIVII71 o)

Proof. Follows from the construction of &r_.7 and &z_r, and Lemmas

and[I11 O
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7 Numerical Results

In this section we give some computational results for different versions of stabi-
lization terms. The first one is the facet-wise Bassi-Rebay stabilization as we have
analyzed. The second one is an element-wise Bassi-Rebay stabilization where

u—A)o,ds
lu=Alljori= sup Jor(A)onds
oe[PP(T))? 0|,

Here it is enough to choose the stabilization factor o > 1. The norm is equivalent
to the analyzed one (the proof is at some point tricky, and not given here). The
developed theory carrys over. The third one is weighted L,-stabilization with

P’
lu=21 5= a” Ju= 21,
Here, the choice of a sufficiently large o is not trivial.

We have chosen Q = (0,1)3, and used Netgen to generated an unstructured
mesh consisting of 184 tetrahedral elements. The condition numbers using a
BDDC preconditioner are given in Table [Il Choosing o < 3 for the method with
L,-stabilization does not lead to a coercive discrete problem.

It is clearly seen that the condition number depends on the stabilization term,
and it is an advantage of having a method for which small stabilization factors are
guaranteed to be stable. As we have proven, the condition numbers show a poly-
logarithmic growth for the BR-facet method. It is left the reader to interpret the
numbers for L,-stabilization, from our analysis there follows only x < p(logp)”
due to norm equivalence ().

Table 1 Condition numbers of the BDDC preconditioned system depending on p and the
stabilization method.

pol deg BR -facet BR -element Lj-stab Lp-stab Lj-stab L,-stab
oa=>5 o=1.5 o=5 a=10 =20 a=40

2 2491 10.62 1291 2374 4550 88.96
4 41.41 18.64 23.62 41.19 75.63 144.65
8 59.44 33.16 4227  67.20 11647 214.49
16 80.70 54.78 6597 9473 15247 268.62
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