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Foreword

The present contributed volume resulted from the “Oth Workshop on Stochastic
Analysis and Related Topics,” part of a series of biannual workshops initiated by
H. Korezlioglu and A.S. Ustiinel in 1986 and then continued with the help of
B. @ksendal until 2003. This event, held on the 14th and 15th of June, 2010, was an
ideal occasion to celebrate the 60th birthday of A.S. Ustiinel and his contributions
to mathematics.

We would like to thank the Institut Telecom and Gérard Memmi, head of the
“Computer Science and Networking” department, who fully sponsored this event.

Paris, France L. Decreusefond
J. Najim






Preface

After brilliant studies in the most renowned turkish institutions, Ali Suleyman
Ustiinel was longing to become a physicist when Hayri Korezlioglu convinced him
to switch to mathematics. This was the beginning of a long and deep collaboration
and friendship.

A.S. Ustiinel finally defended his Ph.D. in probability in Paris in 1981 with
Laurent Schwarz as an examiner. He first began to work at Centre National d’Etudes
en Télécommunications (now Orange Labs) and then at Ecole Nationale Supérieure
des Télécommunications (now Télécom Paristech). His first works were related
to nuclear-valued processes. The strong topological properties of nuclear spaces
induce that many properties only have to be verified “cylindrically” to hold in full
generality: For instance, a process (X(¢), ¢ > 0) with values in the set of tempered
distributions is continuous if and only if for any ¢ rapidly decreasing, the real-
valued process (<X (t), ¢ >, t > 0) is continuous. The work of A.S. Ustiinel
culminated in the “three operators lemma” which states that when three Hilbert—
Schmidt operators are applied in a row to a cylindrical semi-martingale, it becomes
a true semi-martingale.

In the mid-1980s, he was one of the pioneering researchers to investigate
thoroughly the newly born Malliavin Calculus, a field where he quickly became (and
still is!) a world renowned expert. From 1986, H. Korezlioglu and A.S. Ustiinel orga-
nized the “Stochastic analysis and related topics” worskhop whose first occurrences
took place in Silivri (Turkey) every 2 years. The “Silivri band” (mainly M. Chaleyat-
Maurel, A. Grorud, A. Millet, D. Nualart, E. Pardoux, M. Pontier, M. Sanz) played
a major role in the development of Malliavin calculus and its applications. At the
same time, A.S. Ustiinel and Moshe Zakai started a collaboration which was to
last for the next 20 years. Their main subject of investigation has been the absolute
continuity of shift transformations in the Wiener space. It is well known that the law
of Brownian motion with an adapted, square integrable drift is absolutely continuous
with respect to the law of the Brownian motion. They devoted their whole energy
to extend the family of admissible drifts, that is to say drifts such that the absolute
continuity property still holds. The main question is to get rid of the adaptability.
They showed that this can be replaced by, for instance, either monotony or some
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viii Preface

regularity on the Malliavin derivative of the drift. Most of their results are contained
in the beautiful book they coauthored.

The reciprocal problem can be informally stated as: Given a measure equivalent
to the Wiener measure, does there exist a shift transformation which realizes this
measure? It turned out that the optimal transportation theory which was regaining
interest after the work of Brenier in the end of the previous millenium yielded
an answer to this problem. Using his previously defined notion of H -convexity,
A.S. Ustiinel, in collaboration with Denis Feyel, solved the so-called Monge—
Kantorovitch problem in the Wiener space for the Cameron—Martin cost. Once
again, Malliavin calculus provided the convenient concepts to generalize almost
word for word, the results known in finite dimension. Surprisingly, the proofs of
some results such as Talagrand or Poincaré inequalities appeared to be even simpler
in infinite dimension due to the availability of the It6 calculus. In several papers, they
showed different properties of the solution of the Monge—Kantorovitch problem,
which yielded in turn several functional inequalities.

Combining all his earlier results, A.S. Ustiinel found a criterion which ensures
the invertibility of a shift transformation on the Wiener space: If the kinetic energy
of the drift u is equal to the entropy of the measure induced by the corresponding
shift transformation, then the map w + @ + u(w) is invertible. Such a result can
be interpreted as a construction of a strong solution of the stochastic differential
equation dX(t) = —u(X, t) dt + dB(t) for very general u.

This quick glance at A.S. Ustiinel’s work does not give justice to his other numer-
ous contributions to control, filtering, functional inequalities, fractional Brownian
motion, etc. but it shows a strong line of thought and a constant will to focus on
deep problems. To borrow one of his favorite metaphor: Instead of looking to the
hole which corresponds to the key, he rather prefers to seek for the key which fits
into the hole.

Besides his own research activities, A.S. Ustiinel has been the professor of
several generations of students at Telecom ParisTech and the Ph.D. advisor of many
students. We have all been impressed by not only his passion to mathematics, his
wide knowledge, but also his generosity, his kindness and the relevance of his
advice.

On a more artistic side, Siileyman and his wife, Jacqueline, became world-
renowned specialists of the Turkish painter Fikret Moualla, many paintings of
whom can be seen at their gallery in Paris. But that is another story. We take this
opportunity to deeply thank Jacqueline, whose help was crucial to organize this
workshop, or more precisely, to convince Siileyman to participate in this workshop
organized on the occasion of his 60th birthday.

Happy birthday Siileyman!

Paris, France L. Decreusefond
J. Najim
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Chapter 1
A Look-Down Model with Selection

Boubacar Bah, Etienne Pardoux, and Ahmadou Bamba Sow

Abstract The goal of this paper is to study a new version of the look-down
construction with selection. We show (see Theorem 1.2) convergence in probability,
locally uniformly in 7, as the population size N tends to infinity, towards the Wright—
Fisher diffusion with selection.

1.1 Introduction and Preliminaries

In this paper we consider the simplest look-down (also called by some authors the
“modified look-down”) model with selection. We consider the case of two alleles
b and B, where B has a selective advantage over b. This selective advantage is
modeled by a death rate « for the type b individuals, while the type B individuals
are not subject to that specific death mechanism. The look-down construction is due
to Donnelly and Kurtz, see [3, 5] in the neutral case. Those authors extended their
construction to the selective case in [4].

Our selective look-down construction is slightly different from theirs. We will
consider the proportion of b individuals. Hence type b individuals are coded by 1
and B by 0. We assume that individuals are placed at time O on levels 1, 2, .. ., each
one being, independently from the others, 1 with probability x, O with probability
1 —x, forsome 0 < x < 1. Forany ¢t > 0,i > 1, let n,(i) denote the type of
the individual sitting on site i at time ¢. Clearly n, (i) € {0, 1}. The evolution of the
population is governed by the two following mechanisms:

B. Bah - A.B. Sow
LERSTAD, UFR S.A.T, Université Gaston Berger, BP 234, Saint-Louis, Senegal
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2 B. Bah et al.

1. Births. Forany 1 <i < j, arrows are placed from i to j according to a rate
one Poisson process, independently of the other pairs i’ < j'. Suppose there
is an arrow from i to j at time 7. Then a descendent (of the same type) of the
individual sitting on level i at time ¢~ occupies the level j at time ¢, while for
any k > j, the individual occupying the level k at time ¢~ is shifted to level
k 4+ 1 at time ¢. In other words, n,(k) = n,—(k) for k < j, n:(j) = n—-(),
ni(k) = n;=(k —1) fork > j.

2. Deaths. Any type 1 individual dies at rate o, his vacant level being occupied
by his right neighbor, who himself is replaced by his right neighbor, etc. In
other words, independently of the above arrows, crosses are placed on each level
according to a rate o Poisson process, independently of the other levels. Suppose
there is a cross at level i at time ¢. If n,— (i) = 0, nothing happens. If n,- (i) = 1,
then n, (k) = n,— (k) fork < i and n,(k) = n,—(k + 1) fork > i.

We refer the reader to Fig. 1.1 for a pictorial presentation of our model. This
model has been formulated by Anton Wakolbinger in an oral presentation [7].
In contradiction with the models studied in [3-5], the evolution of the N first
individuals 7, (1), ..., n,(N) depends upon the next ones, and XY = N~'(n,(1) +
-+++1,(N)) is not a Markov process. We will show however that for each ¢ > 0 the
{n:(k), k > 1} are well defined (which is not obvious in our setup) and constitute
an exchangeable sequence of {0, 1}-valued random variables. We can then apply
de Finetti’s theorem and prove that XY — X, in probability, locally uniformly in
t > 0, where X, is a [0, 1]-valued Markov process, solution of the Wright—Fisher
SDE with selection (1.1).

In fact {X ,N , t > 0} is approximately Markovian, in a sense which will be clear
below. It is possible, also no certain, that the techniques of proof from [3, 5] and [4]
might be adaptable in the present situation. We rather prefer to use a quite different
approach. In particular, there is no mention of a generator in this paper. Rather, we
use extensively de Finetti’s theorem, tightness, and a duality argument between the
Wright—Fisher diffusion with selection and a birth and death process which can be
related to an ancestral recombination graph (in short ARG, see [6] for this notion).
We do not claim any superiority of our method of proof over that of [3—-5]. We just
think that new approaches may be interesting in that they bring new insights into the
problem.

Our paper is organized as follows. Section 1.2 presents the duality relation
between a birth—death process and Wright-Fisher’s diffusion with selection. We
both construct our process and establish a crucial exchangeability property satisfied
by our look-down model with selection in Sect. 1.3. We prove the convergence result
in Sect. 1.4.

In this paper, we use N to denote the set of positive integers {1,2,...}.
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Fig. 1.1 The vertical time axis is shown on the left, time flows from fop to bottom. Solid lines

represent type b individuals, while dotted lines represent type B individuals

th Selection and Duality
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1.2 Wright-Fisher Diffus

Let (2, .7, (Z;):>0, P) be a stochastic basis on which a d-dimensional Brownian
motion (B;);>¢ is defined. We assume that

<t}vA,where A

<s

= 0{B;,0

g
t

is the class of P-null sets of .%.

Definition 1.1. A Wright—Fisher diffusion with selection is a [0, 1]-valued Markov

process Y = {Y;,¢ > 0} with continuous paths, solution of the following stochastic

differential equation:
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dY, = —aY,(1 - Y))dt + Y, (1— Y,)dB,, >0,
Yo=y, O0<y<l,

(1.1)

where B is a realization of the standard Brownian motion, o € R.

In all what follows, « > 0. Y, will denote the proportion of non-advantageous
alleles.

In this section we study the duality between a jump Markov process and Wright—
Fisher diffusion with selection.

Let {R;,t > 0} be an N-valued jump Markov process which, when in state k,
jumps to

1. k — 1 at rate (];)
2. k+1atrateak, o >0

In other words, the infinitesimal generator of {R;,# > 0} is given by

k(k —1)

0f(k) = =51tk = 1) = f(0) + k[ f(k + 1) = f(K)]

forany f : N — R.
Proposition 1.1. Let (Y;);>0 given by (1.1). Then for anyn > 1 and t > 0 we have

el |Yo=y] =e[y®|Ry=n], 0<y=<L

Proof. We fix n > 1 and we consider the function u : R4 x [0, 1] — R given by
u(t,y) =e(y®|Ry=n), 120, 0<y=<L

Let f : N — R. The process (M,f),zo given by

M/ = 1Ry - SR~ {(?)[ﬂ& )= SR+ aRF(R, + 1) — f(Rs)]} s

t
0
(1.2)
is a local martingale. Applying (1.2) with the particular choice f(n) = y" for each
y € [0, 1], there exists a local martingale (M,(l)),zo such that Mél) = 0 and

"
yRlo=yR 4 y1-y) / (ERARS — Dy - aRsny—l) ds+ M, t>0.
0

(1.3)
Applying (1.2) with f(n) = y>"* and comparing with Ito formula for the square
of y®, we deduce that

t RY
<M >=(y-— 1)2/ y2Rs=2 |:< 2) + aRsyzj| ds.
0
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Moreover, M; is in fact a square integrable martingale. Indeed, by a natural cou-
pling, one may stochastically upper bound the birth and death process {R;;t > 0}
by pure birth process {Z;;¢ > 0} issued from R, which jumps from k to k + 1, at
the birth times of {R;;¢ > 0}. This is a Yule process. From this it is easy to show
that each term in (1.2) is integrable.

Taking the conditional expectation e(:| Ry = n), we deduce from (1.3)

u(t, y) = u(0, y)—i—y(l—y)/ ( Ry(R; — 1)y®—2 —aRSyRs—HRO:n) ds

d
— u(0. y>+y(1—y)/ ( y)—a%(s,y)) ds

282

Hence u solves the following linear parabolic PDE:

1
du(t,y) = Zy(L= )3 ult,y) —ay(l=»)dyult,y) 120, 0<y<l,
u©,y)=y", u(,0)=0, u@1)=1.
(1.4)

It is easy to check that u is of class C'2(R x (0, 1)). Itd’s formula applied to the
function (s, y) —> u(t — s, y) yields

t
wO0.1) =utt. V) + [ S =) T a8,
2
+/ [——(z Y —aXo( = X)) 2% —r v+ Lv,0 = v =, Y,)} dr
ox 2 0x2
Using (1.4), we deduce that
M(Oa }Il‘) = M(t, YO) + Nl‘?

where (N;);>¢ is a zero-mean martingale. It remains to take the expectation in the
last identity to get the desired result.

Remark 1.1. Strong uniqueness of (1.1) is well known. Weak uniqueness follows
from that result as well as from the duality argument in Proposition 1.1.

1.3 Look-Down with Selection, Exchangeability

1.3.1 Construction of Our Process

We consider the look-down model with selection defined in the introduction. We
first need to give a construction of our {n;(i), i > 1, ¢t > 0}. For each N, consider
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-
N
w
N
(&)}
[}
~
©

9 10 11 12 13 14 15 16 17

Y

el :
vy :

Fig. 1.2 nV(i)for1 <i <17and N = 14

the process {n"V (i), i > 1, ¢t > 0}, obtained by applying only the arrows between
1 <i < j < N and the crosses on levels 1 to N. In other words, we disregard all
the arrows pointing to levels above N, as well as all the crosses on levels above N.
We then have a finite number of arrows and crosses on any finite time interval, and
{nN(i), i > 1, t > 0} is constructed in an obvious way, by implementing the effect
of the arrows and crosses, in the order in which they are met. We show in Fig. 1.2
the same realization of the look-down with selection as in Fig. 1.1, but where the
arrows and crosses above N = 14 have been erased.

In the rest of this section, we refer to " as the just defined process. It follows
from the Borel-Cantelli Lemma and the next proposition that for N large enough
(depending upon w){(n?NT*(1),....n?* T*(N)), t > 0} does not depend upon
k > 1, hence n" converges to a limit n as N — oo.
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Proposition 1.2. For each N > 32q,
S N—1
P(31 <i < N,k = 1,t > 0such that 7™ (i) # n?" T5(i)) < 24a (ﬁ) )

Proof. Foreachi > 1,1 > 0, let S,' 2N denote the level on which the individual who
was sitting on level i at time # = 0 sits at time 7, where the evolution corresponds
to the “2N-model,” i.e., all arrows pointing to levels above 2N and all crosses on
levels above 2N have been erased. Each time there is a birth on a level smaller
than or equal to 5,"’—2N, g,’"ZN has a jump of size +1. Each time there is a death on
a level smaller than or equal to E,f’—ZN , ,f 2N has a jump of size —1. In other words,
5,' 2N follows the position of the individual who was sitting on level i at time ¢ = 0
until his possible death, then follows the position of his left neighbor, etc. We insist
upon the rule that when this individual is killed, he is replaced by his immediate left

neighbor. We have
{31 <i < N,k > 1, > Osuch that 12V (i) # 2V % (i)}

c {ai > 1,0 <t < such that £V > 2N, £ = N}
= {Ell <i <2N +1,0<t <t suchthat? > 2N, £ = N}.

In other words, for the crosses and arrows on levels higher than 2N to interfere with
the behavior of the population at levels 1 to NV, we need that at least one individual
visit the level N, after having visited the level 2N + 1, and the identity follows from
the following monotonicity property: i < j = S,’ 2N < Stj N as. forall 1 > 0.
Consequently

P(31 <i <N,k > 1,¢ > 0 such that n?" (i) # n?V T4 (i)

Wl ‘ ‘ (1.5)
<Yp (ao <t <t suchthat £V > 2N, £V = N).

i=1
We first show that for each N > 32a«,

8 N
P (ar > 0 such that £2V 12N — N) < (Wa) . (1.6)

We can couple the process E,ZN 12N With a birth and death process pl, with birth

rate N(N + 1)/2 and death rate «(2N + 1), with the properties

pY =2N 41, p¥ < V12N 0 <1 <1y,
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where
v =inf{t > 0, p¥ = N}.

Clearly
Pt > 0 such that Y T = N) < P(zy < o0),

hence (1.6) follows from

Lemma 1.1. For each N > 32«,
A
Pty < o0) < (F) .

Proof. Let{X,, n > 1}and {Y,, n > 1} be two mutually independent sequences of
ii.d. r.v’s, the X,,’s being exponential with parameter N(N + 1)/2, the Y,,’s being
exponential with parameter «(2N + 1). We have

o0
Ploy <00) < ) P(Xi 4+ Xy > Vi+ o4 Yupy). (L)

n=1
Now foreach 0 < cy < N(N + 1)/2,
P(X; 44+ X, > Y+ + Yopn) =P(expley(X) + -+ X, = ¥y — - = Yn)] > 1)
< (eev*1)" (ee_CNYI)"+N

_( N(N +1)/2 )( a@N + 1) )"+N
AN+ 1)/2—cy a(2N + 1) + ey :

We choose cy = N(N + 1)/4, and deduce

POX 4t Xy > Vit Yoow) < (102 8a) ¥
1 n 1 n+N) = N N .

Summing from n = 1 to oo yields the result, since
oo n
16
Z(—“) <1 ifN > 320
n=1 N

We can now conclude the proof of Proposition 1.2. We note that for N > 32¢,
any 1 <i <2N,

. . 8a\V
P (30 <t <t suchthat &2V > 2N, &N = N) < (Wa) ,
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Indeed, wait until 6; ,y = inf{t > 0, sf’ZN = 2N + 1}, which is a stopping time at

which the Markov process {n*" (j), j > 1}:»0 starts afresh, and then use the same
argument as that of Lemma 1.1. Consequently

P(31 <i <2N + 1,k > 1,1 > 0 such that N (i) # ntzN+k(i))
2N+1 - ‘

> P(30 =1 <t suchthat g > 2N, 67V = W)
i=1

8o\ V
—c

IA

IA

N
<3(8a) .
= 2NN

From now on, we equip the probability space (§2,.%,P) with the filtration
defined by .7, = o{ns(i), i > 1, 0 < s < t}. Any stopping time will be defined
with respect to that filtration.

1.3.2 Exchangeability

Our goal in this section is to show that for all # > 0, the sequence {n,(i), i > 1}
is exchangeable. It in fact suffices to show that for all # > 0, any n > 1, nE"] =
(n:(1),...,n:(n)) is an exchangeable sequence of {0, 1}-valued r.v.’s.

Foranyt > 0,n > 1, 77?'] is a {0, 1}"-valued random vector. Let S, denote the
group of permutations of {1,2,...,n}.

Forz € S, and ¢ = (ai)1<i<n € {0, 1}, we define the vectors

n,—l(a[n]) = (an_l(l)s cee van_l(n)) = (a;-[)lfiﬁns
(") = (e (), ... 0 (7w (n)).

We should point out that Jr(n,E"]) is a permutation of (1;(1),...,n;(n)) and it is
clear from the definitions that

(") = a"y = (" = 771 (@")}  forany 7 € S,. (1.8)

We want to prove

Proposition 1.3. Suppose that {no(i),i > 1} are exchangeable random variables.
Then for allt > 0, {n,(i),i > 1} is an exchangeable sequence of {0, 1}-valued
random variables.

We first establish two lemmas.
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Lemma 1.2. For any stopping time S, any N-valued Fg-measurable random
variable n, if the random vector n[Sn] = (ns(1),...,ns(m)) is exchangeable, and
T is the first time after S of an arrow pointing to a level < n or a death at a level
< n, then conditionally upon the fact that T is the time of an arrow, the random

vector n[;H] = mr(1),...,nr(m), nr(n + 1)) is exchangeable.

Proof. For the sake of simplifying the notations, we condition upon n = n and

T = t. We start with some notation

Ai’j := {The arrow at time 7 is drawn from level i to level j}, 1 <i < j <n.

We define ~
]P)t,n[‘] = ]P)(|T =t,n= n)

Thanks to (1.8), we deduce that, for 7 € S, 1

B, (x(" ) = gty = Z B, (nyﬂl - n—l(a[n+1])’Ai~j)

1<i<j<n

= Y Pu(n=af....on+ 1D =al, 47),

I<i<j=<n

On the event 4,7, we have

ne—(k) if 1<k<j,
ni(k) = ni— (i) if k=,
n-(k—1) if j <k <n-+1.

This implies that
.!A +l T T
A O = @) € e =

For 1 < j < n, define the mapping p; : {0, 1}"*! — {0, 1}" by

pj(bl,...,b,,.H) = (bl,...,bj_l,bj+1,...,bn+1).

The right-hand side of (1.9) is equal to

> V=B (2 = py (@), 47 ).

I<i<j<n

(1.9)
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It is easy to see that the events (7" = p; (x~ (a"*1))) and A}/ are independent.
Thus
Pr)l(ﬂ(n[)l+l]) = a n-‘rl Z l{a —a }]Prn ( t_ - P/ (71 l(a n-‘rl ))) ]P)t (A;])
1<i<j=<n
2 [n] —1, 1
== 17— P (0 = p; n+11y)) |
n(n—1) lfgsn {af =aT} (771 pi(m ™ (a )))

Ifa; = ax, p; (a"*1y and pj (7" (a"*1)) contain the same number of 0's and
1’s. Since r)E"—] is exchangeable, this implies that

L= =P (1 = p; 7 @) = 1y =g =P (1 = p; @ F1)) .y € 0,13,

On the other hand, we have #{1 < i < j <n:a] =a7}=#1<i < j <n:
aj =a;}. Letk = inf(x(i), 7(j)) and £ = sup(xw(i), 7(j)). If a; = a;, then we
have aj = aj = a; = a;. Finally, we obtain

]Ptn(?l’(n[n+l]) Aty = = n(n—l) Z Liup=ap)P ( 1= e l(a[n+l]))

I<k<t<n

B "(” ) Z Lgi=apyP (77 == pj(a[”“]))

1<i<j<n

— @t’n(ny"rl] — a[n+l]).

We have proved that for any 7 € S,4; and t > 0, B, (z(pl"™") = alit1) =
B, (" = a1, The result follows.

Lemma 1.3. For any stopping time S, any N-valued Fgs-measurable random
variable n, if the random vector ng'] = (ns(1),...,ns(m)) is exchangeable, and
T is the first time after S of an arrow pointing to a level < m or a death at a level
< n, then conditionally upon the fact that T is the time of a death, the random
vector 77[;_1] = r(1),...,nr(n— 1)) is exchangeable.

Proof. For the sake of simplifying the notations, we condition upon n = n and
T =t.Letw € S,— be arbitrary. We consider the events

B! := {the level of the dying individual at time ¢ is i }.

Let ﬁI;t,,, [.] = P(.|T =t¢,n = n). Using (1.8) we deduce that
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('™ = aY) = Z By (i = 2 @), B)

IA
IA

P(n(1)=af.....n(n — 1) = al_,. B]).

IA

Define
,.n T o o o n
& :(a]""5ai—lvlaaia"'5an_l), C; =(ay,...,ai—1,L,a;,...,a,—1).

Using the property of the look-down with selection, the last term in the previous
relation is equal to

Z P (’7?1*] =" B, ) Z Crn (1{n£ﬂ=cf'"}13ti)

1<i<n 1<i<n

= > p(a =) B (B 10 =)

1<i<n

:1"‘2 Z]}D(n?ﬂ_c )

Jj=1 ] 1<i<n

Thanks to the exchangeability of (17, (1), ..., n—(n)), we have

~ - n—lly — 1,, E :
[n—1] 1[ 1] - P (77[ ] )
Py, (0 E =
t ( (771,‘ ) ) 14+ j 14 1<i<n t

since )/ ' aj = Z[]"_ll Va; and ¢™" is a permutation of ¢7. The result follows.

We can now proceed with the
Proof of Proposition 1.3. For each N > 1, let { , t > 0} denote the N-valued
process which describes the position at time ¢ of the individual sitting on level N at
time 0, with the convention that, if that individual dies, we replace him by his left
neighbor. When V¥ = k, V"V is shifted to k + 1 at rate k(k — 1)/2 and shifted to
k — 1 at rate a(n, (1) + -+ + n,(k)). Lemma 1.1 shows that inf,>o V,Y — oo, as
N — oo.

It follows from Lemmas 1.2 and 1.3 that for each t+ > 0, N > 1,
(1), ..., (V,})) is an exchangeable random vector.

Consequently, forany t > 0,n > 1,7 € S,, a! € {0, 1},

P = oty — P = @) < (VY < n),

which goes to zero, as N — oo. The result follows.
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Remark 1.2. The collection of random process
{n:(@),t > 0};> is not exchangeable.
Indeed, 7;(1) can jump from 1 to 0, but never from 0 to 1, while the other 1; (i) do

not have that property.

For N > 1 and ¢ > 0, denote by X,V the proportion of type b individuals at time
among the first N individuals, i.e.,

1 N
X =D m). (1.10)

i=1
We are interested in the limit of (X¥);> as N tends to infinity. For this, let us recall
the following useful result due to de Finetti (see, e.g., [1]).

Theorem 1.1. An exchangeable (countably infinite) sequence {X,,n > 1} of ran-
dom variables is a mixture of i.i.d. sequences in the sense that conditionally upon ¢
(the tail o-field of the sequence {X,,n > 1}) the X,,’s are i.i.d.

As a consequence, we have the following asymptotic property for fixed ¢ of the
sequence (XV)y>; defined by (1.10).

Corollary 1.1. Foreacht > 0,

X, = lim X" existas. (1.11)

N—o00

Proof. Lett > 0 and n > 1. Let us introduce the filtration %, = o(n;(n + 1),
n:(n 4+ 2),...). We have (here “converges” means “converges as N — 00”)

N N g
P (N“ > i) converges) =e []P’ (N 2 mi (i) converges| 1) f)} '

i=1 i=1 n=0

From Proposition 1.3 and Theorem 1.1, conditionally upon (2, %y, 0:(i),i >

1 are i.i.d. bounded random variables. Thanks to the law of large numbers,
N

N7 Z 1, (i) converge a.s. as N — oo. This implies

i=1
N 00
P (N—l Z n: (i) converges| ﬂ ﬁ‘,,) =1,
i=1 n=0

which establishes the desired result.
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1.4 Convergence to the Wright—Fisher Diffusion
with Selection

1.4.1 Preliminary Results

Before stating the main theorem of this section, let us establish some auxiliary
results which we shall need in its proof.

Proposition 1.4. Let {£1,&,, ..., } be a countable exchangeable sequence of {0, 1}-
valued random variables and ¢4 denote its tail o-field. Let 7 be some additional
o-algebra. If conditionally upon G v F, the & ’s are exchangeable, then their
conditional law given G N ¢ is their conditional law given 9.

Proof. Letn > 1and f : {0,1}" — R be an arbitrary mapping. It follows from the
assumption that

N
e(f¢1.....8)|I9 Vv ) =¢e (N_l Zf(&k—l)nﬁ,-~-,§kn)|5¢\/=9f)

k=1

= e[f(é-l’ o ’Sn)|g]’

where the second equality follows from the fact that the quantity inside the previous
conditionally expectation converges a.s. to e[ f(&1,...,&,)|¥] as N — oo, as a
consequence of exchangeability and de Finetti’s theorem.

Let us look backward from time s to time 0. For each 0 < r < s, we denote by
ZN the highest level occupied by the ancestors at time r of the N first individuals
at time 5. We show in Fig. 1.3 how to find Z!®* on the same realization as shown in
Fig. 1.1.

We have, with the notations ¢’ = 3w/2, 8 = ea/,y = Be, p = 8V [I12 +
168(1—e )],

Lemma 14. ForanyO0 <r—h<r,h <y ', N >p,
(2, > N) < BNhe " + (yi)"°,

withe = (1 —e™1)/16.

Proof. We have
(ZN" > Ny = ANy ),

where

N 3N
AP =4(zM > Nyn ({ inf ZV" < 7} u { sup ZM" > —})

r—h<s<r r—h<s<r 2
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0+ 12 3 45 6 7 8 9 10 11 12 13 14 15 16 17
' L .. H \ .
rl s : E :
P : Lo :
i E E: ML "y N,
B SR : o 5
P : I
s| obon : P ; 5
Voo : Pl : :

Fig. 1.3 We have represented the genealogies of the individuals sitting on levels 9 and 16 at
time s. The reader can easily check that the ancestors at time r of the individuals sitting on
levels 1,2,...,16 at time s are respectively 1,2,3,1,4,5,6,7,8,7,9,10,11,12,12, 13. Here
Z165 = 13. Note that all individuals sitting at time r between levels 1 and 13 have descendants
(also there has been one death); this is not always the case

N 3N
AY I =(zM > Nynl it zZN > 7} m{ sup ZNT < —

r—h<s<r r—h<s<r 2

On the event Aiv'r’h , there must have been at least N/2 death events on a time interval
of length &, while on the event Aév ”’h, there must have been more death events than
birth events on the left of the curve Z SN T between time r — h and time r, which,
given the restrictions on the inf and the sup of that curve, implies that there are more
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crosses, between times r — h and r, on levels between 1 and 3N/2, than arrows,
between times » — & and r, pointing to levels between 1 and [N/2].

Consider the first event. Let {¥,, n > 1} denote the waiting times between
successive death events, when looking backward from time r, and we take into
account those events which affect the trajectory {Z¥", r —h < s < r}. Then

Ai\’,r,h C {Yl + -+ Y[N/Z] < ]’l}
Clearly
P(Yi+ -4+ Y < h) <P(Xi + -+ Xvyg < h),

where the X}’s are i.i.d., exponential with parameter &’ N. Hence the law of X +
-« 4+ Xy is I'([N/2]. &’ N), and, exploiting Stirling’s formula and the obvious
inequality N < e[N/2] as soon as N > 8, we deduce that

N/2 h
]P)(AN,rh) < ([(]O\l//‘}\z/])[ /1])' / e—o/Nrr[N/Z]—ldr
L @M
= TN/
< (y)/2,

Then, forh < 1/y
P(AY"") < (yi)™°.

We now estimate the probability of the second event. Let B }le denote the number
of birth events between time r — h and time r on levels 1,2,...,[N/2]. B} is
Poisson with parameter b(N)h, where b(N) = 27'[N/2]([N/2] — 1). Let D}
denote the number of crosses between time » —/h and time r onlevels 1,2, ..., N +
[N/2]. DY is independent of B}¥ and is Poisson with parameter bounded above by
o' Nh. We have

P(AY"") < P(BY < DY)

=Y P(D} > kP(B) =k)
k=0

< e[eD/IlV; Dh 0] Z b(N)h/e) bk

< BNhexp (~=b(N)h(1 —e™") + BN )
< BNhe=Nh

for N > 12 +168(1 —e™")7!, if we choose ¢ = (1 —e™")/16.
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If 7 € Sy.a € {0, 1}", we shall write as above 7(a) = (dx(1), - - ., ax())- Recall
that a partition P of {1,...,n} induces an equivalence relation, whose equivalence
classes are the blocks of the partition. Hence we shall write i ~p j wheneveri and
j are in the same block of P. Finally we write | P| for the number of blocks of the
partition P.

Recall the definition of XV stated in (1.10). We have

Proposition 1.5. Assume that the random sequence {no(1), no(2), . . .} is exchange-
able. Forall N > 1,k > 1,0 <ry <rp_y <---<r <ry=s,a € {01}V,
P1s D2, ..., Pk such that0 < Npy, Np,, ..., Npr < N are integers, w € Sy,

IP( M =a, ﬂ{X = pil. ﬂ{zN’l 1<N})

i=l1 i=l1

k
=P (nLN] = n(a). (X, = pi}. ﬂ{zN’l =N )

i=1 i=1

Proof. We prove this in the case k = 2, the case k > 2 is similar.

For all a' € {0, 1}V, we denote by Z,1 the set of partitions P of {1,2,..., N}
which are such thati ~p j = al-l = a}. Foranyi = 1,2, let '711'\1-]71 = a', where
a' € {0,1}V. Let P! € 2, be the genealogy at time r; of the individuals sitting
on positions {1,..., N} at time r;_;. | P?| is the number of ancestors at time r; of
the individuals {1, ..., N} at time r;,_;. Each block of the partition P! is a subset of
{1,..., N} consisting of those individuals who have the same ancestor at time r;.
We assume that the blocks of P’ are arranged in increasing order of their smallest
element.

For 1 < j < |P7|, let us define

pi 1, ifthe j-th block of P! consists of type b individuals,
C: =
/ 0, otherwise.
Let
=y, JAD) =< <lpps JEWL )
wherei = 1,2and 1 < ¢} < <--- < {i . denote the levels of the | P’ | ancestors

|P7]
at time r;. Note that on the set {ZN’I < N} |P| < elP’
Fori = 1,2, we define

jﬁ,; = {(61,...,€\Pi|); 1< <"'<€\Pi| SN}’

N
D@ PLT p) = {0 € (0. 3N 0 ) by = Npi V1 < j < |P|.by = ¢
k=1
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xVjeJI') by =1}

Note that the set .#/5: depends only upon | P! |. Consider the event

A f,.i := {the succession of births and deaths between r;_; and r; produces P’ and I'}.
Fori =1,2anda' € {0,1}", we have

oM =d. xY=p.z)<Ny= | U U (Al g = b},

Ple?  I'€pi bEAy i (a' P11, pi)
from which we deduce that

M =a.x) =p. XN =pp.zN0 <N Z}" < N}

U U U U U U

Ple 2, I'e€ty al€dty ry(a, P11V, p1) P2E€P | I2€H )y a*€5d), v (al, P21, p2)

X{Alla 12977[N]_a}
and from the independence of A7, 11 ,A f and n[N]

PNl =a, XY = p1. XY = pp, ZN"0 < N, Z}" < N)

2 > X 2 2 2

Ple, IIE(%”PI ulegfrl JO(u,Pl,Il,pl) PZE(@[J] Ize%”[,z azegirz_,l (a',P2,12,py)
x P(ATHP(AT)P(nN) = a?).

Similarly, for any 7 € Sy and 1 < i < 2,if w(P') is defined by k ~pi j &
(k) ~ppiy ()

PN = 7(a). X = p1. XY = pp. ZN0 < N.Z)¥" < N)

2 X 2 2 2

PIE(@,,(U) IIE(%”Pl alegirl_,o(n(u),Pl,Il,pl) PZE(@al IZEK%”PZ azegirz_,l (a',P2,12,py)

x P(A]OP(AL) PN = a?)

2. ) 2 2. X 2

Ple?, I'€#)p a' €ty ro(n(a).m(P). 1" p)) P2€P | I2€5#)) a> €ty 1 (al ,P2.1%, p))

x P(ATTPAL P = a?)
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For a' € {0,1}", we now describe a one-to-one correspondence p, between
Ay (@, P1TY, pi) and o, (m(at), n(P)), I, p;). Letbedt,, ,,(a', P11, p)).
We define b = p, (b) as follows:

yo_ 41 it eaah.
N VTR

where k = | P'| and

b =™ forall 1< j <|P'].
j
It is plain that ZN—1 =" =1 b Clearly there exists 7’ € Sy such that b’

'(b). Moreover, forany 7 € Sy and i = 1,2, P(47, ) = ]P’(A”(P ))
Consequently

3 >y 3 PAT" Y BALHPGM = a?)

a'€gty s(m(a) (P IV, p1) P2EP | I2€Hp > €y ry (a' . P2,12,p2)

= X > o ) P PPN = o)

a'€gty) s(a, P11V, p1) P2EDP | IPE€ A p2 a> € olry r (' (a)), 1! (P?),1%,p2)

= > >y > P(ATHPAL)PO = 7' (a%))

al€oty) s(a,P11V,p1) P2EDP 1 12€ ) a’E€ sty 1y (a',P212,p2)

= 3 >y > P(ATHPAL PN = a?),

aleﬂ,l_l(a.l’l.ll,pl) P2€32’”1 Izeﬂpz azed,-z_,-l (a',P212 py)

where the last identity follows from the fact nLN] is exchangeable. The result follows.

1.4.2  Tightness of (XN )50

Before we establish tightness, we collect some results which will be required for its
proof.

Lemma 1.5. Forany0 <r <h, N > 1, ¢ : [0,1]> — R Borel measurable, any
1<i <N,

(X, XN XN )i mer (i) = 0,014, (N) = 1)

—e(pX N, XN XN ) 4 (i) = Lingr (N) = 0)

<e(loXY, XN XN )IAZM T > NyuzM, > N)).
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Proof. Define
zZ = @(thzhv XtN’ XtA—II—r)’
A= {771,‘+r(i) =0,74,(N) = l},
B = {n+,i) = 1,n4-(N) =0},
C ={zN*t > Nyu{z¥ > N}

t—h

We have shown in Proposition 1.5 that whenever ¢ is an indicator function,
e[Z(1a —1p)] = e[Z(14 — 1p)1c].

The same result clearly follows for a general ¢ as in our statement by linearity of
the expectation. But
le[Z(14 — 1p)1c]| = e[| Z]; C].

The result follows.
It follows readily from Lemma 1.4 that with 8 and ¢ as in that lemma.

Lemma 1.6. For N > p, h,r <y,
PUZ Y > NYULZY, > N < B (Nre™ 4 Nhe™N0) 4 (o) + (pr)Ve,

We first deduce from the above estimates with 7 = 0, taking into account the
obvious inequality | X, — XN| <1,

Corollary 1.2. Foranyt>0,0<r <y L, N>p, 1<i <N,

e (X%, = X)) = 0.mir (V) = 1)
—¢€ ((Xﬁ—r - XtN)v '7:+r(i) =1, nt+l'(N) = 0) ‘
< BNr eV 4 ().

We now deduce
Corollary 1.3. If g’ = /B, ¢’ =c/2, N = p, h,r <y~

e (06 = X, P, = X)) = 0,1 (V) = 1)
—e (X = X200, = X neg, () = 1ng (V) = 0) |
<p (meﬂ.wzr + NR eV 4 (yh)N/? + (yr)zv/ze) Je [(XIN _ thih)4].

Proof. Combining the two above lemmas and again |Xt1Y|_r — XN < 1 with
Schwarz’s inequality in the form
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e(Z:C) < e(Z%) xP(C)

yields the result.
We are going to invoke a tightness criterium which involves an estimate of

e[(XN —xN)2(x)X, — XN)?]. More precisely, we have

Proposition 1.6. Forany T > 0, there exists a constant K > 0 which depends only
upon o and T such that forall N > p,0 <h <t <T,

e[ = X2, (X%, X)) = kit

Proof. We note that it suffices to prove the result for / sufficiently small. Hence we
may and do assume from now on that 4 < (2y)~!. We have

dxgvz% S gapii+ Y glapi |

1<i<j<N I<i<N

where P/, 1 <i < j, P',i > 1 are mutually independent Poisson processes, the
P"J’s being standard, and the P*’s having intensity «,

& = Ly, i=1.0.)=0} — Ln.()=0.1,()=1}»
0, = =1 ()=t (V+1)=0}-

Let 5
v =) =xY,)"

It now follows from Corollary 1.3
2 . .
le (XrA«[Hz - XIN)Z = N |: Z /r VrN (Xr[! - XIN) &-dpr;

t+h ) )
+ X [ (X,N——Xﬁ)e;-dP:}

1<i<N !

1 t+h ) N +h ' .
tp| X[ werarss [ Tvrenrar,
1<i<j<N"! P

I<i<N

t+h )
€ [VrN (Xt}ih - XIN)2:| = Ne |: Z /r le (Xr{V - XrN) &dr
l<i<j<N

ta ) /Hrh N(XN—XN)Q[d:|
Vr r t r r

1<i<N !
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t+h

1 t+h ) .
+ me |: Z / VrN(‘i:;)zdr +a Z y,N(Q,’.)Zdri|
I<i<j<NY!

1<i<N 7!

h
< ﬂ' |:N3/2/ ﬁe—c-/NZrdr + N3/zh3/ze—c/1v2h
0

h
+N/(WVWWr+N@mW”4
0

x yJe[(V)2] + Cohe(yM).

with C, = 3o + 1/2. But from Hoélder’s inequality with p = 4, g = 4/3,

h o i 1/4 h - 3/4
NB/Z/ \/Fe—cN rdr < N3/2 / r2 / e—4cN r/Sdr
0 0 0

N3/2 3
/4 3/4

for some C > 0, while
N3/2h3/ze—c’1v2h < R34

3/4

with C’ = sup,_, x¥/*e~* < co. Next

h
N
N N/Zed — h 1+N/2e
/0 () = N5, )

< Zey3/4h3/4,
since yh < 1. Finally
N(yh)N/Zeh < Cl’l3/4,

where
C=sup sup y*Nyh)N?> V4 < 0.
N=1 h<(2y)~!

We have shown that

e [n (XN = X)) = €W e [0)2] + Cuher). (1.12)

It remains to estimate e()/tN ). The computations are quite similar to the previous
ones, but simpler. We use Corollary 1.2, but with the interval [z, ¢ + &] replaced by
the interval [t — h, ¢].
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2 t . .
(F-xy =2 | X[t x)g-ar

l<i<j<N/I7h

t
T e oar

l<i<N /T7h
1 ! i\ . t i 2 .
| 2 E-YdP + Y | (6]-)dP)]
l<i<j<N/i7h I<i<N VIh
N N \2 2 ! N N i
(N —xV) ] =gl X | (xN-xY)g-dr
l<i<j<N707h

t
ta Y / (X,N—X,ﬁh)ejdr:|
t

l<i<n 717h

vy X[ @rarse X0 [ @

l<i<j<N l<i<nNYI7h
h 2
< ,3N2/ re Nrdr + Cyh
0
c
< Cc”h.

=

h+ Cyh

Moreover,
e[(M)?] <elyl < C"h.

The result follows if we combine this last estimate with (1.12), keeping in mind that
h < T, and K may depend upon 7.

It now follows from Proposition 1.6 and Theorem 13.5 in [2] that the collection

of random processes { XV, t > 0} y> is tight in D([0, 00)). Since we already know
thatforallk > 1,all0 < fy,fp,...,t; < 00,

(Xflv,Xf];',...,X,Q’)e Xy, Xbpy ..., Xy) as.,as N — oo,

we have that X = X weakly in D([0, 00)). Moreover, since sup, | X} — XN | =
1/N, it follows from Theorem 13.4 in [2] that X possesses an a.s. continuous
modification, and the weak convergence holds for the topology of locally uniform
convergence in [0, +00).

We have in fact a slightly stronger result.
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Corollary 1.4. The process X possesses an a.s. continuous modification, and for
allT > 0,
sup |X,N — X;| = 0in probability, as N — oo.

0<t<T

Proof. To each § > 0, we associaten > land0 =ty <t; <--- <t, = T, such
that sup, ; -, (t; —t;—1) < §. We have, with the notation y A z = inf(y, z),

N N N N N N
sup | X' — X[ <sup sup [X7 —XT |ALXT — X[ +sup|X,© — X, |
0<t<T i i—1=<t<t i

+sup sup |X;— X, |

i ti—1<t<t

< wi (XY, 8) +sup | XY — X, | + wr(X.95),
i

where
wr(x,d) = sup |x (1) — x(s)I,
0<s,0<T,|s—t]<§
wr(x,8) = sup lx (1) = x ()| A [x(1) — x(2)].

0<ti<t<tr<T,tr—1 <8

From the proof of Theorem 13.5 in [2], we know that Proposition 1.6 implies that
Pwi (XN, 8) > &) < e7*Cr (28)V*.

Since X is continuous a.s., for each ¢ > 0,
Pwr(X,8) >¢) >0, asé— 0.

Moreover,
sup|X,1iV —X,;| >0 a.s,as N — oo.
i

The result follows.

1.4.3 The Main Result

In this section, we prove our main result. Before let us establish

Lemma 1.7. Vs >0,k > 1,0<r, <rp_1 <---<r<rp=s, VN >1, Va e
{0, 13V, Vo € Sy. VA, € 0(X,).0<j <k,
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k
Pl M = al, ﬂ Ay | =P Y = m(@). () 4,
j=1 j=1
Proof. Ym > N, po, p1,..., pr €[0,1] such thatmp; € Nfor0 < j <k,

k
Pl (M = 7(a)}. ﬂ{Xr, = pih(WZr= < m}

i=1

k k
= Y Plar=(@.b), (X[ = pi (2N < m}

begf (a,po) j=1 i=1

= ) Plll=0@h), ﬂ{X’”—p]}ﬂ{zN" =my ).

begf (a,po) i=1

25

where 7 (a, po) = {b € {0,1}" N : Zl (ai + Zm Nb, = mpo}, ' € Sp.

Thanks to Proposition 1.5, we deduce that

k
P (M = m(a)}. ﬂ{Xr, =pib (2=t < my

j=0 i=l1

k
=P | (M =a}, ()X = pj}, ﬂ{zm" v<my|.

=0

which implies that for all f; € Cp([0,1]),1 < j <k,

k
H S XM M = ay; ({zmr < my

i=1

k
=e H X M = @)y ([Zrr < m)

ji=1 i=1

from which we deduce

k k
[TAHxm:aM =at | —e| []H&D: 0N = x(a)
=1 Jj=1
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k
<2 [TIfilloo | POUSL {Z207 = > m})
j=1

k
< 2kBhm e TT 11 £ loo-

=1

where i = infi<;<x{r; — r;j—1}, and the last line follows from Lemma 1.4. Letting
m — oo, we deduce that

k k
e| [TAH &M =a} | =e| [] (X)) M = m(@)}

Jj=1 J=1

The lemma has been established.
We are now in position to prove our main result.

Theorem 1.2. The [0, 1]-valued process {X;,t > 0} defined by (1.11) admits a
continuous version which is a weak solution of the Wright—Fisher equation (1.1).

Proof. We already know from Corollary 1.4 that {X,,t > 0} defined by (1.11)
possesses a continuous modification. The proof of Theorem 1.2 is structured as
follows. In step 1 we show that {X,,# > 0} is a Markov process. In step 2 we
show that X; is a weak solution of the Wright-Fisher equation (1.1) .

STEP 1:  We want to show that {X;,7 > 0} defined by (3.3) is a Markov process.
For0 < s < t,let Hy; denote the history between s and ¢ which affects the vector
{ns(i),i > 1} defined as follows. For all N > 1, the history HSIX is described
by the time ordered sequence of all birth and death events affecting the levels
between 1 and N, from time s to time ¢. H, is the union over N € N of the
HS{\;’S. X; is a function of {n,(i),i > 1} and H,,. But H,, is independent of
o(X,, 0 <r <s)vo(n(i),i > 1). Consequently, for any 0 < x < 1, there
exists a measurable function G, : {0, 1} — [0, 1] such that

P(X; < x[o(X,, 0 =7 =5)) = e(Ge(ns(0).i = D]o(X,, 0 <7 <))

We know that conditionally upon X; = x, the ny = {ns(i),i > 1} are i.i.d.
Bernoulli with parameter x. So all we need to show is that conditionally upon
o(X,, 0 <r < s}, the {ns(i),i > 1} are i.i.d Bernoulli with parameter Xj.
In view of Proposition 1.4, it suffices to prove that conditionally upon o (X,, 0 <
r < s}, the ns(i) are exchangeable. This will follow from the fact that the same
is true conditionally upon o (X,,,..., X, , X}, forallk > 1,0 < rx <1y <
L <rog=s.
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Hence it suffices to show that for all N > 1, nLN] = (ny(1),...,n5(N)) is
conditionally exchangeable, given o(X,,,..., X, X;}. This is established in
Lemma 1.7. The Markov property of the process {X,,# > 0} follows.

STEP2: We now finally show that the time-homogeneous Markov process
{X;,t > 0} has the right transition probability. Since X, takes values in the
compact set [0, 1], the conditional law of X;, given that X, = x is determined by
its moments. Hence all we have to show is that forallt > 0,x € [0,1],n > 1,

e[X"| Xy = x] = e[Y|Yp = x]. (1.13)

where {Y;, t > 0} solves (1.1).

We known that conditionally upon X;, the {n,(i),7 > 1} are i.i.d. Bernoulli with
parameter X;. Consequently, for alln > 1,

X =P, (1) =---=n(n) =1]X,).
This implies that
ex[X/'] = ex[P(n: (1) = --- = mi(n) = 1] X))]
=P:(n(1) =---=n(n) =1)

=P.(the 1... ﬁ(t) individuals at time O are b)

= en [xRt]s

where FES = Z,N_’i,, forall 0 < s <. Anditis easy to see that FE, and R; defined in
Sect. 1.2 have the same law. Equation (1.13) then follows from Proposition 1.1. The
result is proved.

Remark 1.3. For any N > 1, the process {XtN,t > 0} is not a Markov process.
Indeed, the past values {X SN ,0 < s < t} give us some clue as to what the values of
n:(N + 1), n:(N + 2),... may be, and this influences the law of the future values
(XN,.r >0}
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Chapter 2
Control of Inventories with Markov Demand

Alain Bensoussan

Abstract We consider inventory control problems in discrete time. The horizon
is infinite, and we consider discounted payoffs as well nondiscounted payoffs
(ergodic control). We may have backlog or not. We may have set-up costs or not.
In the traditional framework, the demand is modeled as a sequence of i.i.d. random
variables. The ordering strategy is given by a base stock policy or an s, S policy,
whether or not there is a set-up cost. We consider here the situation when the demand
is modeled by a Markov chain. We show how the base stock policy and the s, S
policy can be extended.

2.1 Introduction

We consider inventory control problems, with nonindependent demands. In real
problems, the successive demands are linked for a lot of reasons, and the assumption
of independence is too limited. The simplest way to model the linkage is to assume
that the demands form a Markov process as such or are derived from a Markov
process. Our objective is to show how the methods used in the case of independent
demands can be adapted to this situation. In a recent book by Beyer et al. [1]
a comprehensive presentation of these problems is given. We refer also to the
references of this book for the related literature [2, 3]. In this work, the authors
consider that the demand comes from an underlying state of demand, which is
modeled as a Markov chain with a finite number of states. The fact that the number
of states is finite simplifies mathematical arguments. We will here discuss the
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situation in which the demand itself is a Markov process. We will consider backlog
and non-backlog situations (but develop the no backlog case only) and set-up and
non-set-up situations. The model is on an infinite horizon, and we study discounted
as well as non-discounted (ergodic control) situations.

2.2 No Backlog and No Set-Up Cost

2.2.1 The Model

Let £2,o/, P be a probability space, on which is defined a Markov chain z,.
This Markov chain represents the demand. Its state space is R and its transition
probability is f(£|z). We shall assume that

f(¢|z) is uniformly continuous in both variables and bounded 2.1)

+o00
/ {f(l)dE < coz + 1 (2.2)
0

We can assume that z; = z, a fixed constant or more generally a random varible
with given probability distribution. We define the filtration

yn :U(le"' 7ZVI)

A control policy, denoted by V/, is a sequence of random variables v, such that v,
is .Z" measurable. When z; = z, then v, is deterministic. Also, we assume as usual
that v, > 0. We next define the inventory as the sequence

Y1 = n Ve —zm+)T, yi=x (2.3)

The process y, is adapted to the filtration .#". The joint process y,,z, is also a
Markov chain. We can write, for a test function ¢(x,z) (bounded continuous on
Rt x R*)

Elp(y2.22)Iy1 = x.z1 = z,vi =v] = Elp((x +v—2) 1. )|z = 1]

This defines a Markov chain to which is associated the operator

+o00

x—+v
P'o(x.2) = / 0(0.0) fZ)dE + /0 o Hv— L0 fEds  (2.4)

x+v
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We notice the property

@Y, (x, z) is uniformly continuous in v, x, z if
¢v(x,z) = ¢(x,z,v) is uniformly continuous and bounded in x, z, v

We next define the function
I(x,z,v) =cv+hx + pE[(x +v—22)"|z1 = 2]
which will model the one period cost. The cost function is then
o0
Je:(V)=EY " 1(yn.20.vn)
n=1

We are interested in the value function

u(x,z) = Hl}f Jr(V)

Set [,(x,z) = I(x,z,v). Note the inequalities
v+ hx <l,(x,z) <cv+ hx + p(coz+ c1)
and

cv<®",(x,z2) <cv+h(x+v)+ p(céz + coc1 + ¢1)

Consider then the function

wo(x,2) = D a" N (@) o (x, 2)

n=1

which corresponds to the payoff, when the control is identically 0.

Lemma 2.1. We assume that
ocy < 1

then the series wy(x,z) < oo and more precisely

hx PCoz pci
bl E +
o, 2) l—« l—coe (1—0a)(1—cor)

Proof. Tt is an immediate consequence of formulas (2.11) and (2.10).

We can now write the Bellman equation

u(x,z) = igg[l(x,z, V) + a®@'u(x, z)]

31

(2.5)

(2.6)

2.7

(2.8)

2.9)

(2.10)

@2.11)

2.12)

(2.13)

(2.14)
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We state the following:

Theorem 2.1. We assume (2.1), (2.2), (2.6), (2.12). Then there exists one and only
one solution of equation (2.14), such that 0 < u < wy. It is continuous and
coincides with the value function (2.8). There exists an optimal feedback V(x, z)
and an optimal control policy V.

Proof. We use a standard monotonicity argument to prove that on the interval
(0,wy), the set of solutions of (2.14) is not empty. It has a minimum and a
maximum solution. The minimum solution is L.s.c. and the maximum solution is
u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback V(x,z)and an optimal control policy V. To prove uniqueness,
we have to prove that the minimum and maximum solution coincide. We begin by
proving a bound on ¥(x, z). It will be first convenient to mention a slightly better
estimate for wy. Indeed, we can write

pPCol pci

—co (1 —a)(l—coa) @.15)

wo(x.2) <h Y (@@’)"'x(x.2) + .

n=1

and (2.13) was simply derived from (2.15) by using ®°x(x,z) < x. Next, from
(2.14), considering u, the minimum solution, we can state that

u(x,z) > h Z(a@o)"_lx(x.z)

n=1
which follows from /(x, z, v) > hx and
@'¢(x,z) = ®°(x,z), Vv > 0, V¢ increasing in x (2.16)

Therefore, we can write

o0
I(x.z.v) + @®@'u(x.2) = v+ h Y (a®)" ' x(x.2)

n=1

Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get

pcoz pPci
c(l—co) (1 —a)(1—cor)

V(x,2) < (2.17)

We consider the optimal trajectory ,,z, obtained from the optimal feedback
namely

1= + _Zn+l)+v Vn = V(Pns 20)
with y; = x,z; = z. It can be shown that the maximum solution will coincide with
the minimum solution, if we can check that V' satisfies the property
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a"Eu(Pp41,2041) — 0, asn — oo

It is sufficient to replace u by wy and by estimate (2.13), it is sufficient to show
that
od"EVyy1, o"Ezy41 — 0, asn — o0 (2.18)

However, by standard Markov arguments, o«" Ez,+1 < (aco)"z. From the
Assumption (2.12), the second part of (2.18) follows immediately. We next use

PCoZn pci
c(1—=coa) c(1—0a)(l—cor)

Therefore,
peyz pey
c(l—=cox) (1 —a)(l—cor)

E.),}ﬂ+l =< E.);n +
and we deduce the estimate

pzco  l—¢p npc
c(l—acy) 1—cp (1l —a)(l—cor)

E)A}n+1 <x+

Using again the Assumption (2.12), we deduce the first part of (2.18). This
completes the proof. O

2.2.2 Base-Stock Policy

We want now to check that the optimal feedback ¥(x, z) can be obtained by a base
stock policy, with a base stock depending on the value of z. We have

Theorem 2.2. We make the assumptions of Theorem 2.1 and p > c. We assume
also

f(x]z2) = ap(M) >0, Vx,z< M (2.19)
Then the function u(x, z) is convex and C 'in the argument x. Moreover the optimal

feedback is given by

Si)—x ifx <S()

0 ifx>S(@ (2:20)

v(x,z) =

The function S(z) is uniformly continuous and the derivative in x, u'(x,z) is
uniformly continuous.

Proof. We consider the increasing process

Upt1(x,2) = igg[l(x,z, V) + a®u,(x,7)], up(x) =0
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which we write also as

Up+1(x,2) = (h—c)x‘i‘yi]g{c’l‘i‘PE[(ﬂ—Zz)_|Zl =z+aEu,(n—22) ", 22)|z1 = 2]}

and we are going to show recursively that the sequence u,(x, z) is convex and C'
in x. Define

Gy(x,2) = cx + pE[(x —22) |21 = 2] + ¢E[un ((x — 22) T, 22)|z1 = 2]

then the function G, (x,z) attains its minimum in S,(z), which can be uniquely
defined by taking the smallest minimum. We prove by induction that u,(x,z),
G, (x,z) are convex and C'in x. Moreover

G(x,2) = ¢ — pF(x|2) + ¢E[u,(x — 22, 22) iz, |21 = 2]

We see that G/, (0, z) = ¢ — p and we can check that

1 —ao”"

G| (+00,2) = ¢ + ha
-«

Therefore, there exists a point S,(z) such that G/ (S,(z),z) =0. Note that
S,(z) >0, since G/ (0,z) = ¢ — p < 0. We have

(h—c)x + G,(S,(2),2) if x < S,,(2)

un_H(X,Z): (h—C))C‘f‘Gn(va) if x ZSn(Z)

It follows that the limit u(x, z) is convex in x. Clearly u(x,z) — +o00, as x —
+00. Also

G(x,2) =cx + pE[(x —2) |z = 2l + aE[u((x — 22) ", 22)|z1 = 2]

is convex and — 400 as x — +00. So the minimum is attained in S(z), which can
be defined in a unique way, by taking the smallest minimum.

Since h—c < ul,(x,z) < ——, we can assert that u(x, z) is Lipschitz continuous
o

in x. The same is true for G(x,_z). But
G'(x,2) =c— pF(x|z) + aE[W(x —22.22)Lispy]z1 = 2] > c—pasx — 0
therefore also S(z) > 0. Then, from convexity

(h—c)x + G(S(z),2) if x < 8(z)

u(x,z) = (h—c)x + G(x,2) ifx>S()
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Next, from
¢ = pF(Sh()2) + ¢E[u,(S,(2) — 22, 22) 5,950t =2 =0
we deduce, using the estimate on ), and the property

oz + €1

Su(2)

F(Sy(2)z) <

e (coz + e)(p + alh — )
coz+c))(p +an—c
Su(z) < 2.21
@ = c+oalh—c) 221)
The same estimate holds for S(z). It is easy to check that S, (z) — S(z), and S(2)
is the smallest minimum of G (x, z) in x. Furthermore, from the continuity properties
of G(x, z) in both arguments, we can check that S(z) is a continuous function. The
feedback V(x, z) defined by (2.20) is also continuous in both arguments. Define

X(xv Z) = M/(.X, Z) —h +c

as an element of B (space of measurable bounded functions on R x R™T), then y
is the unique solution in B of the equation

x(x.2) = g(x+9(x,2), ) +E[y(x+9(x. 2)—22. 22) Litix 9ot = 2 X,z € RT
(2.22)
where

gx.2) =c+ah—c)—(p+ah—c))F(x|z)

Since the function g(x + ¥(x,z),z) is continuous in the pair x, z, the solution
x(x,z) is also continuous. Let us check that S(z) is uniformly continuous. Let us
first check that

(G'(x1.2)=G'(x2.2)) (x1—x2) = (p—a(c—h))(F(x1]2)—F (x2]2)) (x1—x2) (2.23)
Assume to fix the ideas that x; > x,. We have

(G'(x1,2) — G'(x2.2))(x1 — x2) = p(F(x1|2) — F(x2]2))(x; — x2)+

aE[(u (x1 — 22,22) — ' (x2 — 22, 22)) (X1 — x2) 1o |21 = 2]+
+(XE [M/(xl — 22, Zz)lxz<zz<x1 (xl - x2)|21 = Z]

The second term is positive, from the convexity of u. Using the left estimate on v’
for the last term, we deduce (2.23). We then obtain

(S() = SEN(G'(S(2). ) = G'(S().2) =

S(2)
(p—alc=h)(Sk) —SE)) [/S( , (f(El2) + f(EIZ’))dE]
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If z,7 < m, then from (2.21) we can find M,, > m such that S(z), S(z') < M,,.
From the Assumption (2.19), we deduce

(8(2) =SNG (S(2).2)—G'(S(2),2)) = 2ao(My)(p—a(c—h))(S(z) — S(2))?
Next we have
G'(x.7)—G'(x.2) = /O (p 4 au'(x =&, 0)(f(¢l) = f&l2)d¢

hence
|G'(x,7) = G(x,2)| < xC Osup | f¢lZ) = f(&l2)]

<{<x

Applying this estimate with x = S(z) and x = S(7) and combining estimates,
we obtain easily that S(z) is uniformly continuous. It follows that the feedback
v(x,z) is uniformly continuous. Then from (2.22), we obtain that y(x,z) is
uniformly continuous. The proof has been completed. O

Remark 2.1. We have y(x,z) =0,Vx < §(z), and
x(x.2) = g(x,2) + aE[(x —22.22)Lispy |21 = 2], Vx > S(2) (2.24)

Also
0=2g(S(2),2) +aE[x(S(2) — 22, 22)1s50)>0 |21 = 7] (2.25)

So S(z) is not the solution of g(S(z),z) = 0. If we consider the function
G*(x,2) = (p+ah—c)E[(x =)z =2 — (p —)x + pE[nlu =1

then the solution of g(S,z) = 0 is denoted by S*(z) and minimizes G*(x, 7). We
have G(x,z) > G*(x,z).

2.2.3 Ergodic Theory

We turn now to the case when o — 1. We write u, (x, z) to satisfy

(h—c)x +¢Sa(x) + pE[(Sa(2) —22) " |21 = 2]+

g (x,2) = aEug((Sa(2) —22) T, 22)|z1 = 7] if x < Su(2)
hx + pE[(x — )" |z1 = 2] + aE[ua((x —22) T 22)[z21 = 2] if x > Sa(2)
(2.26)

We shall make the assumptions
¢ =0 (2.27)
inf  f({lz) = y(a) > 0,Va
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f(&]z) is ergodic (2.28)

[ 1/ €) — FEIDIAE < Slz—7| (2.29)

sup F(x|z) = 8o(x) < 1,Vx

We denote by @ (z) the invariant probability density corresponding to the Markov
chain f(¢|z). We state

Theorem 2.3. We assume (2.1), (2.2) with ¢co = 0, (2.6) with p > ¢ and (2.27)-
(2.29). Then, for a subsequence (still denoted ) converging to 1, we have, for any
compact K of R

sup [Sy(z) — S@@)| < €(@,K), €(o,K)—0, asa 11 (2.30)
z€K
sup  Jua(x,2) — 2 —u(x,2)| — 0,YM, N 2.31)
-«
xX<M
Z<N

with p, — p and

(h—c)x +¢S@E) + pE[(S@) —22) " |z1 = 2]+

u(x.z) +p = Eu((Sz) —22)T.22)lz1 = 1] ifx <8k
hx + pE[(x —22) 7|zt =2+ Elu((x —22) ", 2)|1 = 2] if x > 5(3)32)
Q.

The function u(x, z) satisfies the growth condition

c
sup |u(§,2)| < Co+ Tlx(x) (2.33)
£<x 0

Z

It is C'in x and Lipschitz continuous in z. The following estimates hold:

sup ux(§,2)] < % (2.34)
E <x - O(X)
Z
lu(x,z) —u(x,2)| < [Co(mo) + M]5|z -7 (2.35)
1-—- 50()6)

(I=80(x)) sup [urx(§.2)] = C, (1=80(x)) sup |ux:(§.2)] = C,a.e. (2.36)
§=x f=x

< Z
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Given S(z), the pair u(x,z),p satisfying the above conditions and
Ju(0,2)w (2)dz = 0 is uniquely defined. Also

u(x,z2) +p = 325[1()6, Zv) + Du(x,7)] (2.37)

Proof. We begin with (2.30). We first note that, thanks to ¢y = 0, we have

clp+h)

Sa(Z) = min(h,c) =

o (2.38)

We pursue the estimates obtained in Theorem 2.2. We have first
(S (D) =Sa ()G (Sa(2), ) =Gy, (Sa (), 2)) = 2min(h, )y (o) (S (2) = Su(2))?

We know that u, (x,z) is C!in x. Then, from (2.26), we have (denoting u/,(x, z) =
u), (x,2)

w(x,2) =h—c if x < Su(2)

=h—pF(x|z) + aEu,(x — 22, 22)Lysp|z1 = 2], if x > Sp(2)

from which we can assert that

max(h,
sup. (i (£.9)| < T _g, (p)) (2.39)
E<x ot
Z
Therefore,
max(h, p)

1GL(54(2).2) — GL(Sa(2). 9 = (p + ) / &) — fElolde

1 — sup, F(mylz)
max(h, p)

16 (Sul@). D) = Ga(Sal@). D = (P =0

) [ 176l rlag
Collecting results we obtain the estimate

max(h, p)
1 — 8o(mo)

15202 = Sa @) = e )

[ FER) — fEldE (2.40)

and from the first Assumption (2.29), we finally obtain
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max(h, p)

_ ’ 1—50(1’)’!0) L
|S0(2) — Sa(2)] < —mm(h’c)y(mo)&z 7| (2.41)

Therefore, the sequence S,(z) is uniformly Lipschitz continuous. It is standard
that one can extract a subsequence, which converges in the space of continuous
functions on compact sets, for any compact set K, towards a function S(z).
Therefore, (2.30) is satisfied.

Define yq(x,z) = ul,(x,2) —h + c. We have

Xe(X,2) = gu(x,2) + (2.42)
+aE[fo(x —22,22) szt = 2], X > Sa(2) (2.43)
= 07 X E SO((Z)
with B
go(x,2) =(c+ah—c)—(p+alh—c))F(x|z) (2.44)

As it has been done for u, (x, z), we can state

sup  [xa(£,2)] < %h’(f)) (2.45)
0<é<x e
Z

If we consider ¥ (x,z) = yx,(x,z) = ul,(x, z), then using the fact that y,(0,z) =0,
we see that

Va(x.2) = (p+alh —c)) f(x|z) + (2.46)
+ aE[Yo(x —22.22)isp|z =2, x> Sa(2)
Ye(x,2) =0, x < Su(2)

The function v, (x, z) is not continuous, however it is measurable and bounded. We

have N
h—c)" +
sup Ve (§,2)] = ( 1)_8 (’;)”f” (2.47)
0<&<x ol
z
where || f|| = sup, . f(x|z). We next obtain an estimate on yq(x,z) — Yo (x,2).

Assume first x > S, (z), x > Sy (Z'). Then, from (2.42), we have
Ho (X, 2) — xa(x, Z/) = guo(x,2) — ga(x,z/) +

ta [0 el — L Ol — FEINdE
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From estimate (2.45) and the first Assumption (2.29), we deduce

max(h, 17)) Sz — 7|
1 —6o(x)

X > Se(2), x > Sy ()

a9 — ta(r.2)] < (p L -0t +

Assume now to fix ideas that S, (') > x > S,(z). Then y,(x,7) = 0 and
0= gu(S¢(2),2) + aE [Xa (Se(2) — 22, ZZ)ISO,(Z)>12|ZI = Z]
Therefore,

Xa(X,2) = fa(x,2) = ga(x,2) — ga(Sa(2), 2) + CE[Ya (X — 22, 22)Lisy 21 = 2] —
— aE[xa(Sa(2) — 22, 22) 15, ()5 121 = 2]
= (p +alh—c)(F(x|z) — F(S«(2)|2)) +
+ aE[xo (X — 22, 22) Lissys5,00) |21 = 2] +
+ aE[(Xa (X — 22, 22) = Ya(Se(2) — 22, 22)) s, 00> |21 = 2]

It follows

max(h, p)  (h—c)T™+p
1 —8o(x) 1 —8o(x)

a6, D)= sta (5 2)] < [p -0+ }nfu(x—sa(z))

Finally, we can state the estimate

C(mo)

TO(X)(SIZ — 2 I (248)

|xa(x.2) = Ya(x,2)| <

where C(mg) depends only on constants and on m. Therefore, considering the
gradient of y, in both variables, we have obtained the estimate

C
[Dyo(x,2)] < T 5@ (2.49)

From this estimate, we can assert that, for a subsequence (still denoted «),

sup | xe(x,2) — x(x,z)] > 0,as ¢« - 0,VM, N (2.50)
xX<M
Z<N
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Therefore, also

sup B [xa(x —22,22)Lisz, — E[Y(x — 22, 22) Lisgy|z1 = 2| <

xX<M
z
max(h,
sup | E[xe(x —22,22)Lass, — E[x(x =22, 22) Lispy |21 = z]|+(1—a)M
1 —380(M)
x<M
Z
and

sup |E[xo(x —22,22)las, — E[x(x — 22, 22) Laspn]z1 = 2J| <

X <M
z
max(h, p) ¢
sup | xa(x,2) — x(x.2)] +2T(M)Nl
xX<M 0
Z<N

from which we deduce easily that

sup [aE[xe(x —22,22) sz — E[Y(Xx —22,22)1is|z1 = 2| = 0, VM
xX<M
Z

From (2.42), it follows that
x(x,2) = g(x,2) + E[x(x — 22, 22) L]zt = 2], Yx > S(2)

where B
gx,2)=h—(p+h—c)F(x|z) (2.51)

Also y(x,z) = 0, if x < S(z). Moreover from
0= gua(Sa(2).2) + AE[Ya(Sa(2) — 22, 22) L5, (00> |21 = 2]
and
lwEXa(Sa(2) = 22, 22)1s, (0050121 = 2] = E[X(Sa(2) — 22, 22) 15,500 121 = 2]| =
sup  |aE[xa(x — 22, 22)Lissy — E[x(x — 22, 22) Lisy |21 = 7]

X = my
z
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|E[x(Sa(2) — 22, 22) 15,5121 = 2] — E[x(S(2) — 22, 22)1s(0)>0]21 = 2] <

((h=o* + ISl 3 2max(h, p)
1— 80()’)1()) ISa(Z) S(Z)I * 11— 80(’”0)

|F(Se(2)|z) — F(S(2)]2)]

we obtain easily

0=2g(5@,2) + E[x((S@) —2)". 2)|a =1
and the function y(x, z) is continuous in x. Let us next set

Fa(z) = M&(Os Z)
Guo(2) = E[(Se(z) —22) 7|21 = 7]

then from the first equation (2.26) one can check

(@) = ¢Sa(@) + pGal2) + 0Eua(Sa(x) —22) T, 22) |21 = 7]
=¥, (2) + ¢E[l(22)|z1 = 7]

with
(Se(@—22) T
Uy(z) = ¢Sa(2) + pGulz) + @ [/0 (h—c+ xa(§,22))dé|z1 = z}

and
max(h, p)

0<W¥() =< [max(h’c) T 50m0)

:|mO+PC1

This estimate also holds for the limit

(S@-2)T
V() =cS@) + pG@) + E [/O (h—c+ x 22)dE|lz = z:|

with
G(2) = E[(S(z) —2) |z =2]

Define
0= /lI/(z)w(z)dz

Consider now the equation

F@ +p=E+ EMG) = 2. /r@w@mzo
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From ergodic theory, we can assert that

3_
sup |I"(z)| < sup |¥(2) — plﬁ

where 0 < § < 1 depends only on the Markov chain. Similarly, if we set

Pa
l—«

pa = / VQw@dz  [a@) =) -

we can write y y
I(2) + po = Yo(2) + aE [Ty (22)|z1 = 7]

we can also assert that

- -
sup | Ty (2)| < sup | ¥ (2) — el : _g
=2 [(max(h,c) + %)mo + PCli| f:ﬁ

Moreover

Fy(@) = Tu(@) = Yu(2) — Yu(@) + a/ L[l = f&l)dE
Using properties (2.41), (2.45) and the Assumption (2.29), we can check that
W (2) — W ()| < C(mo)d|z— 7|

and thus also ~ ~
[T (2) — I(2)| < Ci(mo)dlz— 7|

Therefore, the functions Iy (z) are uniformly Lipschitz continuous and bounded.
It follows that for a subsequence we obtain

P

sup |Iy(z) — — F(z)‘ -0, VM (2.52)
0<z<N l -«
Therefore, also
sup |ualx,7) — 2 — u(x,z)‘ —0,Vx,YM, N (2.53)
l—«a
0<x<M

0<z=N
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with N
u(x,z) =(h—c)x + +/ x(&,2)dE+ I'(2) (2.54)
0

We deduce
u(x,z) =(h—c)x +I'z),Vx < S(z) (2.55)

From (2.52), (2.53) it is clear that
I'(z) = u(0,z) (2.56)

However

S@—=)t

Eu((S@—2)1. )zt =2 = Eu(0.22)|zy = J+E [/0 (h—c+ x( 22))dE|z = z}

hence
(@) =—-p+cS@+pG@ + Eu(S@ —2) . 2la =1

and thus the first relation (2.32) is proven. Consider now the situation with x > S(z).
Define the function

i(x,2) = hx + pE[(x —2) |z = 7 + E[u((x —22) T, 22)|z1 = 7]
We obtain

,}/(x’z) = h— pF(x|Z) —+ E[u’(x — 22, 22)1x>zz|zl = Z]
=h—c+ y(x,2, x=>S(@2)

Also

u(S(2),z) = hS(@) + pE[(S(@) —22) |z =2 + I'(2)
=u(Sx),2)+p

From these two relations we get it(x, z) = u(x,z)+p, Vx > S(z). This concludes
the second part of (2.32). Note also that

Ua (¥, 2) —ua(x,2) = Iu(2) — (@) + /Ox(xa(S,Z) — Xa(§,2)d§

Using already proven estimates we obtain

C(mo)x

ol

|te, (3, 2) — e (x,2)] < [Co(mo) +
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The limit u(x, z) satisfies all estimates (2.34), (2.36). To prove (2.37), we first check
that
Uy (x,2) < 1(x,2,v) + aEua((x +v—2)".22)|z1 = 2], VX, z, v

Therefore, it easily follows that
u(x,2) + p <Il(x,z,v) + E[u((x +v—22)". 20)|z1 = 2. Vx,2,v
However (2.37) can be read as
u(x.2) +p = 1(x,2.9(x,2) + Efu((x + ¥(x.2) —22) . 22)|z1 = 2]. V.2

where
S(z) —xifx < S(z)

A

Combining we get equation (2.37). Let us prove uniqueness, for S(z) given. We first
prove that y(x, z) is uniquely defined. To prove this it is sufficient to prove that if

x(x,2) = E[x(x — 22, 22)1y>00]z1 = 2], VX > S(2)
=0, Vx < S(2)

and

(1=30(x)) sup  [x(§,2)] < o0
0<&<x

Z

then y(x,z) =0. This is clear. The function ¥ (z) is thus uniquely defined. It fol-
lows that the pair p, I'(z) =u(0, z) is also uniquely defined, with the condition
[ I'(z)w(z)dz=0. Therefore, u(x,z) is also uniquely defined. The proof of the
theorem has been completed. O

Example 2.1. Consider the situation of independent demands, then f(x|z) = f(x).
In that case w(x) = f(x). Then S(z) = S, and

p=(p+h—c)(S—=D)" —(p—c)S+pD

We see also that ¥ (z) = p, and thus I"(z) = 0. O
Consider next the situation

f(x]z) = AMz)exp—A(2)x

with the assumption 0 < A9 < A(z) < A;. We also assume that A(z) is Lipschitz
continuous. Then all assumptions of Theorem 2.3 are satisfied. O
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We turn to the interpretation of the number p. Consider the feedback v(x, z)
associated with the base stock S(z). Define the controlled process

ﬁn+l = (yAn + ¥y _Zn+l)+v Uy = ‘A)(yAnvZn)

with y; = x, z; = z. We define the policy V= (V1,+++ . Vy, -+ ). We consider the
averaged cost

n
Y ELGF.z.9))
A j=1
Jr.(V) =

n

Similarly, for any policy V' = (vi,---, v, --+) we define the averaged cost

Y El().zj.v))

Jj=1

Je (V) = "

with
Vb1 = O+ —za)T, yi=x =2
We state

Proposition 2.1. We have the property
p= lim J' (V) (2.57)
n—>o0 ’
Furthermore, consider the set of policies
U =V | |u(ynzn)| < Cx}

then we have

p= inf lim J? (V) (2.58)

Ve¥ n—>oo -~

Proof. We first notice that
Pn < max(x, mo)

Therefore, from estimate (2.33), we get

N C| max(x, m
UGy 20)] < Cp 4 —CLmax(x. mo)

1 — So(max(x, myp))
Therefore, |4 belongs to % . From (2.37), we can write

U(Vnszn) + 0 = 1Pns20. V) + E[u(Fnt1.2u+1) | Pns 2]
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Taking the expectation and adding up we obtain

Eu(Pnt1,2n+1) — u(x,2)

p=J!.(V)+ o

and thus the property (2.57) follows immediately. Similarly, for any policy we can

write
Eu(ynt1.2n+1) — u(x,2)

n

Therefore, if V € %, we have p < J! (V). This implies (2.58). The proof has been
completed. O

p=J.(V)+

Remark 2.2. 'We cannot state that the process J,, z, is ergodic. Consequently, we
cannot give an interpretation of the function u(x, z) itself.

2.3 No Backlog and Set-Up Cost

2.3.1 Model

We now study the situation of set-up cost, and we consider the no shortage model.
We have to study the Bellman equation

u(x,z) = ing[Klwo +1(x,z,v) + @ u(x,z)] (2.59)
v
where
D'p(x.2) = Elp((x +v—2)".22)|z1 = 2] (2.60)
and
f(¢|z) is uniformly continuous in both variables and bounded (2.61)
+o00
| erenas <zt a 2.6
0
I(x,z,v) =cv+hx + pE[(x +v—22)" |21 = 7] (2.63)

We look for solutions of (2.59) in the interval [0, wo(x, z)] with

wo(x,z) = lo(x,2) + aE[wo(x — 22, 22)|21 = 7] (2.64)
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In Lemma 2.1, we have proven the estimate

hx PCoz pe
,7) < + 2.65
wo(x,2) = l—« l—coe (1—0a)(1—co) ( )
with the assumption
coa < 1 (2.66)
As usual we consider the payoff function
o0
Je:(V)=EY " '[KLy20+ (Va2 va)] (2.67)
n=1
with V = (v1,--+, vy, ) adapted process with positive values and
Yor1 = n+va—zr)t i =x (2.68)
We define the value function
u(x,z) = irl}f (V) (2.69)

We state

Theorem 2.4. We assume (2.60)—(2.63), (2.66). The value function defined in
(2.69) is the unique Ls.c. solution of the Bellman equation (2.59) in the interval
[0, wo. There exists an optimal feedback v(x, 7).

2.3.2 s(z), S(z) Policy

We now prove the following result.

Theorem 2.5. We make the assumptions of Theorem 2.4 and p >c. Then the
function u(x,z) is K-convex and continuous. It tends to +o0o as x — 4o0.
Considering the numbers s(z), S(z) associated to u(x,z), the optimal feedback is
given by

S(z) —x if x <s(2)

0 if x>0 (2.70)

v(x,z) =
The functions s(z) S(z) are continuous.

Proof. We consider the increasing sequence

1 (x.2) = nf{K L bevthxtpE[(x+tv=2)"lar = d+eEu (Hv—2)T . 2)|a =}
- (2.71)
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with uo(x,z) = 0. Define

Gu(x,2) = ex + pE[(x —22) |z = + eE[un(x =) ", 22)[ = 2] 272)
We can write

Unt1(x,2) = (h —c)x + %Ejfc[Kanx + Gu(n,2)] (2.73)

We are going to show, by induction, that both u,(x, z), G, (x, z) are K—convex
in x, continuous, and — 400 as x — +oo, for n > 1. The properties are clear for
n = 1. We assume they are verified for n, we prove them for n + 1. Since G, (x, z)
is K—convex in x, continuous, and — 400 as x — 400, we can define s,(z),
Sy (2) with

G, (S,(2),2) = iri;f G,(n,z2) (2.74)
5(2) = 0 if G,(0,2) < K + inf, G, (1, 2)
" Gy (s,(2),2) = K +inf, G,(1,2) if G,(0,2) > K + inf, G, (1, 2)
(2.75)

As usual we take the smallest minimum to define S,(z)in a unique way. Since
G, (n,z) is continuous, it is easy to check that S, (z) is continuous. Also s,(z) is
continuous. We can write

Un+1(x,2) = (h —c)x + G (max(x, 5,(2)). 2)

which shows immediately that i, 4+ (x, z) is K-convex and continuous. Furthermore
Up+1(x,7) = +00, as x — +00. We then have
Guy1(x.2) = cx 4+ pE[(x —22) o =2+ a(h — ) E[(x —22) |21 = 2] +
+ aE[G,(max(x — 22, 5, (22)). 22)|z1 = 2]
It is the sum of a convex function and a K-convex function, hence K —convex.
It is continuous and — 400 as x — 4o00. So the recurrence is proven. If we write

(formally)
u(x,2) =h—c+ yu(x,2)

then one has the recurrence

Yn1(x,2) =0 if  x <s5,(2)

= pu(x,2) +aE[x,(x — 22, 22)|z1 = 7]

with B
wx,z) =c+ah—c)—(p+alh—c))F(x|z) (2.76)
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The function y,+1(x, z) is discontinuous in s, (z). However one has the bound

— » h_ .
(p=c) < qnt1(x,2) < ctalh=c) a.e.
1-— l—«a

Therefore, the limit u(x, z) is K-convex and satisfies
M/(X,Z) = h —c+ X(-xa Z)
with

_ h—
(p=c) < x(x,2) < crofh =9 el Udd) a.e.
l—«a l—«a

Hence u(x, z) is continuous in x and — 400 as x — —+o00. Therefore, one
defines uniquely s(z), S(z) where S(z) minimizes in x the function

G(x,2) =cx + pE[(x —2) |z = 2l + aE[u((x — 22) ", 22)|z1 = 2]

From this formula and the Lipschitz continuity of u in x, using the Assumption
(2.61) one can see that G(x, z) is continuous in both arguments. Hence S(z) and
s(z) are continuous. The proof has been completed. O

2.3.3 Ergodic Theory

We now study the behavior of u(x, z) as ¢ — +00. We denote it by u, (x, z) and we
write the relations

uy(x,7) = (h — c)x + Gy (max(x, 54(2)), 2) (2.77)

Go(x,2) = ga(x,2) + ¢E[Go(max((x — 22) ", 5¢(22)). 22) |21 = 7] (2.78)
with

ga(x.2) = cx + pE[(x — )l = d +a(h = )E[(x —22) T a1 =2 (2.79)

We will use an approach different from that of the base stock case, since we cannot
prove uniform Lipschitz properties for the function s,(z). The present method will
use less assumptions. We shall assume ¢y = 0 and

7, isergodic (2.80)

We denote by @ (z) the invariant measure. We also assume

/ /@€l — FEIIdE < 8~ 7). 2.81)
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/CIf(é“IZ)—f@IZ’)Idé“ < 8lz—7|

sup F(x|z) = 8o(x) < 1,Vx (2.82)
Z

sup F(x|z) = 0as x — +oo (2.83)
Z

We begin with
Lemma 2.2. [fs(z) > O, then
p+ath—c)
Siz) < —E
@ = c+oalh—c) l2l2]

Proof. If s(z) > 0 then we have
u(0,2) = K + G(S(z).2)

Set
Pr=@-22)" % =90nn)
then
G(S(2).2) =cS(@) + pE[(S) —22) |21 = 2] + aEu(P2, 22)|z1 = 2]
Also we can write

u(y2,22) = (h—c)y» + Kls,o0 + G(P2 + 92, 22)

=hys+ Kl;,o0 + cVy + pE[(D2 + V2 —23) " |22] + ¢ E[u((P2 + V2 — ). 13)|2]

Therefore, we can write
u(0,2) = K +¢S(2) + pE[(S(2) — 22)" |21 = 2]+
+aE[hy, + K1;og+ Va4 p(P2 4+ V2 —23)" + +au((P2 + 12 —z)". )|z =7

(2.84)
We next have

u(0,z) < G(0,z2)
= E[PZZ —+ au(O, Z2)|Zl = Z]

Furthermore
u(0,22) < K + G($2 + 72, 22)
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Replacing G and combining the two inequalities we get

u(0,2) < pE[n|z1 = 2] + oK +
+ O[E[C();Z + ‘72) + P()?z + Py — ) + O{M(();z + Py — Z3)+,Z3)|Zl = Z]

Comparing with (2.84) we obtain easily the desired inequality. O
We deduce from the lemma that, whenever ¢y = 0

p+(h-of

min(c, h) “l (2.85)

sqa(2) <

We now state

Theorem 2.6. We assume (2.61), (2.62), with ¢o = 0, (2.80)—(2.82). Then there
exists a number p, such that, for a subsequence, still denoted o — 1

sup  Jua(x,2) — 1‘1—““ —u(x,7)| = 0,¥YM (2.86)
x<M
Z

and py — p. The function u(x, z) is Lipschitz continuous, K -convex and satisfies

Clx

A =Co+ ——— 2.87
.9 < Cot =5 2.87)

C C]X
X ) 5 T o Z ) f C o _ a.e. 2.88
|ux (x,2)] 1= 8o(x) lu.(x,2)] o+ 1= 60(x) a.e ( )

The pair u(x, z), p is the solution of

u(x,z) +p= ig£[K1v>o + I(x,z,v) + @"u(x, z)] (2.89)

Proof. We set
Xa(X.2) = u(x,2) —h+c

then we can write
Xa (x,2) = 1x>sa(z){:ua (X, Z) + aE [Xa (X — 22, Zz)lx—z2>0|21 = Z] (2.90)
with

Pa(x.2) = g, (x,2)
=cH+ah—c)—(p+ah—c)F(x|z)
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The function y,(x, z) is not continuous, but satisfies

sup  [xa(§,2)| < %h’(f)) (2.91)
0<é<x e
Z

Let us next define I (z) = uq (0, z). We have

I,(2) = Go(54(2), 2)
¢50(2) + PE[(s4(2) —22) |21 = 2] + ¢Eua((50(2) — 22) V. 22) |21 = 2]

(Sa(D)—22) T

8a(80(2),2) + aE [/0 Xa(§,22)dE|z = z] + oLy (22)]z1 = 7]

Therefore, we can write
Iy(2) = Ye(2) + aE[Iy(22)|z1 = 7] (2.92)
with

(a(@)—22)"
Vo (2) = 8a(5(2).2) + aE [/0 Yo (. 22)dE|z = z]

Thanks to Lemma 2.2, we have estimate (2.85), so s,(z) < mj. Using estimate
(2.91), we see that [, (z)| < C. Let us then define

Poa = /‘I’a(z)w(z)dz

and [, (2) = Iy(z) — 1p_a From ergodic theory, we can assert that
—a

. 3
sup )] < sup W42 = pul = <
Z Z

and we can state the estimate

Cx

Pu
o bl - T SC T o S <
ua(x.2) = 0 I = CF 50

Define iy (x,z) = uy(x,2) — I,O_a We write equation (2.59) as
—o

U (X,2) + po = igg[Klpo +1(x,z,v) + @ iy (x, 2)] (2.93)



54 A. Bensoussan

From Lemma 2.2 we can assert that the optimal feedback satisfies x + vy (x,z) <
max(x, mo). Therefore, we can replace (2.93) by

g (x,2) + pg = inf )[Klwo +I(x,z,v) + @ uy(x, 7)]

x—+v<max(x,mq
= inf Ly(x,z,v)

0<v<max(x,mg)—x

Next

Lo(x,2,v) = La(x,2,v) = /[p(x Fv=0" +aitg(x +v=0) . OIfCl) — fCI)dE
For v < max(x, mo) — x we can write

C max(x, mg)

~ o\t <
O L e N e e

sz

=Cl+ i

Using the Assumption (2.81) we get easily

- - C
|ua(x,z) _ua(-x,Z/)| =< (Cl + Tzox(x)) 8|Z_Z/|

From the estimates obtained we can assert that i, (x, z) has a converging subse-
quence (still denoted &) in the sense

sup | (x,z) —u(x,z)] > 0,as ¢ — 0 (2.94)
xX<M
z< N

Since p, is bounded, we can always assume that p, — p. Denote
L(x,z,v) = K1,o0+ [(x,z,v) + @"u(x, 2)
then
Ly(x,z,v) — L(x,z,v) = a®"(tgy —u)(x,2) — (1 — )@’ u(x, z)

For v < max(x, mg) — x, we have assuming M > my

cM

Q'u(x,2)| <C+ ——-+
up |@u(x. 9| = C + g

xX<M
z
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We also have

sup  |DV(ity —u)(x,2)| < sup |y —u|(x,z) sup F(N, )+
x<M xX<M ¢
z z

+ sup iy —ul(x,2)
x<M
Z< N

Using the Assumption (2.83) and (2.94), letting first « — 1, then N — oo, we
deduce

sup |Lo(x,z,v) — L(x,2,v)] > 0, asa — 1
xX<M
v < max(x, mp) — X
z

Therefore we deduce easily (2.86) and also that the pair u(x,z),p satisfies
(2.89). Estimates (2.87), (2.88) follow immediately from the corresponding ones
on ity (x, 7). The K—convexity of u follows from the K—convexity of i,. The proof
has been completed. O
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Chapter 3

On the Splitting Method for Some
Complex-Valued Quasilinear
Evolution Equations

Zdzistaw Brzezniak and Annie Millet

Abstract Using the approach of the splitting method developed by 1. Gyongy and
N. Krylov for parabolic quasilinear equations, we study the speed of convergence for
general complex-valued stochastic evolution equations. The approximation is given
in general Sobolev spaces and the model considered here contains both the parabolic
quasi-linear equations under some (non-strict) stochastic parabolicity condition as
well as semi-linear Schrédinger equations.

3.1 Introduction

Once the well-posedness of a stochastic differential equation is proved, an important
issue is to provide an efficient way to approximate the unique solution. The aim
of this paper is to propose a fast converging scheme which gives a simulation of
the trajectories of the solution on a discrete time grid and in terms of some spatial
approximation. The first results in this direction were obtained for stochastic differ-
ential equations and it is well known that the limit is sensitive to the approximation.
For example, the Stratonovich integral is the limit of Riemann sums with the mid-
point approximation and the Wong Zakai approximation also leads to Stratonovich
stochastic integrals and not to the Itd ones in this finite-dimensional framework.
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There is a huge literature on this topic for stochastic PDEs, mainly extending
classical deterministic PDE methods to the stochastic framework. Most of the papers
deal with parabolic PDEs and take advantage of the smoothing effect of the second-
order operator; see, e.g., [7,8,10-12,16,19] and the references therein. The methods
used in these papers are explicit, implicit or Crank—Nicolson time approximations
and the space discretization is made in terms of finite differences, finite elements
or wavelets. The corresponding speeds of convergence are the “strong” ones, which
is uniform in time on some bounded interval [0, 7] and with various functional
norms for the space variable. Some papers also study numerical schemes in other
“hyperbolic* situations, such as the KDV or Schrodinger equations as in [2—4]. Let
us also mention the weak speed of convergence, which is of an approximation of
the expected value of a functional of the solution by the similar one for the scheme
obtained by [3,5]. These references extend to the infinite-dimensional setting, a very
crucial problem for finite-dimensional diffusion processes.

Another popular approach in the deterministic setting, based on semi-group
theory, is the splitting method which solves successively several evolution equa-
tions. This technique has been used in a stochastic case in a series of papers by
Gyongy and Krylov. Let us especially mention reference [9] which uses tools
from [14, 18] and [13] and provides a very elegant approach to study quasilinear
evolution equations under (non-strict) stochastic parabolicity conditions. In their
framework, the smoothing effect of the second operator is exactly balanced by the
quadratic variation of the stochastic integrals, which implies that there is no increase
of space regularity with respect to that of the initial condition. Depending on the
number of steps of the splitting, the speed of convergence is at least twice that of
the classical finite differences or finite element methods. A series of papers has been
using the splitting technique in the linear and non-linear cases for the deterministic
Schrodinger equation; see, e.g., [1, 6, 17] and the references therein.

The stochastic Schrodinger equation studies complex-valued processes where
the second-order operator i A does not improve (nor decay) the space regularity
of the solution with respect to that of the initial condition. Well-posedness of this
equation has been proven in a non-linear setting by de Bouard and Debussche [3];
these authors have also studied finite element discretization schemes for the
corresponding solution under conditions stronger than that in [2].

The aim of this paper is to transpose the approach from [9] to general quasilinear
complex-valued equations including both the “classical degenerate” parabolic
setting as well as the quasilinear Schodinger equation. Indeed, the method used
in [9] consists in replacing the usual splitting via semi-group arguments by the
study of pth moments of Z° — Z! where Z° and Z! are solutions of two stochastic
evolution equations with the same driving noise and different families of increasing
processes V and V| for r = 0,1,...,d; driving the drift term. It does not extend
easily to non-linear drift terms because it is based on some linear interpolation
between the two cases V| and V). Instead of getting an upper estimate of the pth
moment of Z° — Z! in terms of the total variation of the measures defined by the
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differences Vj — V|, using integration by parts, they obtain an upper estimate in
terms of the sup norm of the process (V (t) — V| (¢).t € [0, T]).

We extend this model as follows: given second-order linear differential operators
L",r =0,...,d; with complex coefficients, a finite number of sequences of first-
order linear operators .S I 1 > 1 with complex coefficients, a sequence of real-valued
martingales M ! > 1 and a finite number of families of real-valued increasing
processes V', i € {0,1}, r = 0,...,d;, we consider the following system of

4
stochastic evolution equations:

dZi(t) =Y Le(t.)Zi@)dVi (0) + Y Sit.)Zi(0)dM' (1), i=1.....d,
r /

with an initial condition Z; (0) belonging to the Sobolev space H™? for a certain
m > 0. Then under proper assumptions on the various coefficients and processes,
under which a stochastic parabolicity condition (see Assumptions (A1)—(A4(m,p))
in Sect. 3.2), we prove that for p € [2, c0), we have

E( sup 1Z1() = Zo)I},) = C(EIZ1(©) = Zo()[5, + A7), G.D)
t€[0.7]

where A = sup,, sup,¢p 7 max, |V{ (1) —Vy (¢)|. When the operator L, = iA+ L
for certain first-order differential operator L,, we obtain the quasilinear Schrodinger
equation. Note that in this case, the diffusion operators S’ are linear and cannot
contain first-order derivatives.

As in [9], this abstract result yields the speed of convergence of the following
splitting method. Let t, = {iT/n,i = 0,...,n} denote a time grid on [0, 7'] with
constant mesh § = 7'/n and define the increasing processes A4;(n) and B;(n) =
A;45(n), where

k8 for ¢ € [2k8, 2k + 1)8].

A = e+ 196 fort € [(2Kk + 1)6. (2K + 28],

Given a time-independent second-order differential operator L, first-order
time-independent operators S’ and a sequence (W',l>1) of independent one-
dimensional Brownian motions, let Z, Z, and ¢, be solutions to the evolution
equations

dZ(t) = LZ(t)dt + Y _ S| Z(t) o d W,
!

dZ,(t) = LZ,(0)dA,(n) + Y S1Zy(t) 0 dWj .
!

A6,(0) = LG/ OB (1) + 3711950 0 d W
i
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where od W/ denotes the Stratonovich integral. The Stratonovich integral is known
to be the right one to ensure stochastic parabolicity when the differential opera-
tors S; contain first-order partial derivatives (see, e.g., [9]). Then £,(2ké,x) =
Z(k$8, x), while the values of Z,(2k8, x) are those of the process Z, obtained
by the following spitting method: one solves successively the correction and
prediction equations on each time interval [i7/n, (i + 1)T/n)]: dv, = Lv,dt and
then dv, = Y, S'(t,-)V, o dW/. Then, one has A=CT/n, and we deduce that

E( sup, o7 1 2(1) — Z, (t)||,€,) < Cn~?. Asin [9], a k-step splitting would yield

a rate of convergence of Cn=*?.

The paper is organized as follows. Section 3.2 states the model, describes the
evolution equation, proves well-posedness as well as a priori estimates. In Sect. 3.3
we prove (3.1) first in the case of time-independent coefficients of the differential
operators, then in the general case under more regularity conditions. As explained
above, in Sect. 3.4 we deduce the rate of convergence of the splitting method for
evolution equations generalizing the quasilinear Schrodinger equation. The speed
of convergence of the non-linear Schrodinger equation will be addressed in a
forthcoming paper. As usual, unless specified otherwise, we will denote by C a
constant which may change from one line to the next.

3.2 Well-Posedness and First A Priori Estimates

3.2.1 Well-Posedness Results

FixT > 0,F = (%#,t € [0, T]) be a filtration on the probability space (£2,.%#,P)
and consider the following C-valued evolution equation on the process Z (¢, x) =
X(t,x) 4+ iY(t, x) defined for t € [0, T] and x € R?:

d
dZ(t.x) =Y [L Z(t.x) + F.(t.)]dV] + Y _[Si1Z(t.x) + G, (¢, x)]dM,/.
r=0 I>1
(3.2)
Z(0,x) = Zo(x) = Xo(x) + iYo(x), (3.3)
where d; is a positive integer, (V,,t € [0,T]), r = 0,1,...,d, are real-valued

increasing processes, (M,[ .t €0, T]), [ > 1, are independent real-valued (%, €
[0, T'])-martingales, L, (resp. S;) are second (resp. first) order differential operators
defined as follows:

d d
L Z@tx) = Dk([a{’k(t, X) + ibJ* ()| D; Z (¢, x)) +3 al(t.x)D; Z(1,x),
jk=1 j=1

+ [ar(t,x) + ib (1, %) Z(t, x). (3.4)
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d
S1Z(t.x) =Y 0] (t.x)D; Z(t.x) + [o1(t. x) + im (6. X)| Z(t. ). (3.5)

J=1

Let m > 0 be an integer. Given C-valued functions Z(.) = X(.) +iY(.) and ¢(.) =
£(.) + in(.) which belong to L*>(R?), let

.0 = Z.00:= [ Re(zF0)dx = [ [X@EW + V@)

R

Thus, we have (X,§) = fRd X(x)£&(x)dx, so that (Z,¢) = (X,&) + (Y, n). For
any multi-index « = («j, o2, . . ., &¢g) With non-negative integer components «;, set
| = > ;@ and for a regular enough function f :RY — R, let D* f denote

the partial derivative ( ai ) (5= 33,1 ) (f).Fork = 1,...,d, let Dy f denote the

partial derivative af For a C-valued function F = F; + ze defined on R?, let
D*F = D*F, + lD"‘Fz and Dy F = Dy F, + iDy F;. Finally, given a positive
integer m, say that F € H™ if and only if F; and F, belong to the (usual) real
Sobolev space H™ = H™?. Finally, given Z = X +iY and { = £+i7 which belong
to H™, set

(Z.Om= ) / Re(D*Z(x)D*¢(x))dx (3.6)
a:0<|a|<m
= Z / [D*X(x)D*E(x) + D*Y(x)D*n(x)]dx
a:0<|a|<m
1Z|% =(Z,Z)m = Z / Re(D*Z(x)D*Z(x))dx (3.7)

ala|<m

We suppose that the following assumptions are satisfied:

Assumption (A1) Forr = 0,...,d,, (V/,t € [0, T]) are predictable increasing
processes. There exists a positive constant K and an increasing predictable process
(V;,t €10, T]) such that:

Vo=V =0,r=0,....d;, Vr<Kas, (3.8)

Zd Vi + Z d{M"), <dV; as.in the sense of measures. 3.9

I>1

Assumption (A2)

(i) For r=0,1,...,d;, the matrices (a{’k(t,x),j,kzl,...,d) and (b{’k(t),
J.k =1,...d) are (%;)-predictable real-valued symmetric for almost every
w,t €[0,T]and x € R?.
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(ii) Foreveryt € (0,T] and x,y € RY

d

d
3 iy [2Za{'k(t,x) av; =3 ol (Z,x)o,k(t,x)d(M[)f] >0 (3.10)

jhk=1 r=0 I>1

a.s. in the sense of measures.

Assumption (A3(m)) There exists a constant K (m) such that for all j,k =
l,...,d,r=0,...,d;,] > 1, any multi-indices « (resp. ) of length |a| <m + 1
(resp. || < m), and for every (t, x) € (0, T] x R¢ one has a.s.

|D%al*(t.x)| + |b7*(t)| + |D%al (t.x)| + | DPa,(t.x)| + | DPb.(t,x)| < K(m).
@3.11)

|D“0[j(t,x)| + D% (t, x)| + | D7 (t, x)| < K (m).
(3.12)

Assumption (A4(m,p)) Let p € [2,400); forany r = 0,...,d;, [ > 1, the
processes F,(t,x) = Fy1(t,x) +iF»(t,x)and G;(t,x) = G 1 (¢, x) +iGa(t, x)
are predictable, F,(¢,-) € H™ and G,(¢,-) € H™ "', Furthermore, if we denote

r .4
Knt) = [ [LIEGE 4V + S 160G ad )] G
r=0

1>1

then ,
E(I1ZollZ, + K (T)) < +oc. (3.14)

The following defines what is considered to be a (probabilistically strong) weak
solution of the evolution equations (3.2) and (3.3).

Definition 3.1. A C-valued (.%;)-predictable process Z is a solution to the evo-
lution equation (3.2) with initial condition Zj if P(fOT 1Z(s)|?ds < +o0) = 1,

EfOT |Z(s)|>dV, < oo, and forevery ¢t € [0,T] and @ = ¢ + i, where ¢ and
are €' functions with compact support from R? to R, one has a.s.

di g d
(Z(t). @) = (Z(0). @)+ Y /0 |- 2 ([a7* ) + ib/*(9)]D; Z(s.), Di?)
r=0 Jk=

1

d
+y (a{ (5.9D; Z(5,") + [ay(s.") + iby (5. )] Z(5.") + Fo(s.-). @)]dV,(s)

J=1

+ Z/O (Si(Z(s,-)) + Gy (s,-), @) dM!. (3.15)

>1
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Theorem 3.1. Let m > 1 be an integer and suppose that Assumptions (A1), (A2),
(A3(m)) and (A4(m,2)) (i.e., for p = 2) are satisfied.

(i) Then Egs. (3.2) and (3.3) have a unique solution Z, such that

B( sup 12(6.)13) = CE(1Zo], + Kn(T)) < o0, (3.16)
tel0,7]

for a constant C that only depends on the constants which appear in the above
listed conditions. Almost surely, Z € €([0, T], H"') and almost surely the
map [0,T] >t — Z(t,-) € H™ is weakly continuous.

(ii) Suppose furthermore that Assumption (A4(m,p)) holds for p € (2, +00). Then
there exists a constant C, as above such that

E( suwp 12¢.005) = G E(1Z0ll, + K2(T)). BT
1€[0,T]

Proof. Set # = H™, ¥ = H" ' and ¥/ = H"'.Then ¥ C # C V'is
a Gelfand triple for the equivalent norm |( — A)"/?u|,> on the space H,,. Given
Z=X+iYeVandl=&+ine ¥ set

(Z.0)m = (X.8)m + (Yomhm.  and (Z.8) :=(Z.8)o,

where (X, £),, and (Y, n),, denote the duality between the (real) spaces H”+! and
H™™!. For every multi-index o, let

J@) ={(B.y) - a=p+y |Bl.ly[€{0.....|af}}.

To ease notations, we skip the time parameter when writing the coefficients a,,
by, o; and 7;. Then for [ > 1, using the Assumption (A3(m)), we deduce that if
Z = X +iY € H™"!, we have for |a| < m,

d
D[SIZ) =) o] ) D;D°Z+ Y C.yD'z.  @G.18)
=1 By)es (@)

with functions C;(B,y) from R? to C such that Sup;> Sup,ere |Cr (B, Y)(X)| <

+00. A similar computation proves that for every multi-index o with |a| < m,
r = 0, ey dl

d
DYLA(Z)] = L, (D*Z)+ Y > pe(praltppPz)+ Y C(B.yIDP 7,
Jk=1(B.y)eF(a):ly|=1 |Bl<m

(3.19)
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for some bounded functions C,(B,y) from R? into C. Hence for every
r=0,...,d;, one has as. L.:¥ x 2 — ¥’ and similarly, for every [ >1, a.s.
S|V x 2 — H.

Forevery A > Oand Z = X + iY € JZ, let us set

LyZ =L,Z + MAX +iAY) =L, Z + AAZ. (3.20)

Consider the evolution equation for the process Z*(t, x) = X*(t,x) + iY*(t, x),

dy
dZMt.x) =Y [LeaZ )+ F(.0)1dV] + Y [Si1Z4(t.x) + Gi(t. x)]dM].
r=0 1>1
(3.21)
Z*0,x) = Zo(x) = Xo(x) + iYo(x). (3.22)

In order to prove well-posedness of the problems (3.21) and (3.22), firstly we have
to check the following stochastic parabolicity condition:

Condition (C1) There exists a constant K >0 such that for Z e H™*!,
tel0,T]:

2ZLZ Z)wdV + Y _IS2);, d{M"), < K| Z];,dV,;
>0

a.s. in the sense of measures.
Let Z = X +iY € H™"!; using (3.19) and (3.18), we deduce that

d
2y XI:(D“L"Z, DZydV; + Y > |D*SiZPd(M'), = Z d T (1),

la|=m r=0 le|=m 1>1
(3.23)
where to ease notation we drop the time index in the right-hand sides and we set

dTi(t) =Y. Z{-zZ[ (al* D; D*X, Dy D“X) — (bj* D; D*Y, Dy D*X)

la|=m jk=1
+ (a}*D; D*Y, Dy DY) + (b}* D; DX, DkD“Y)]dV,"

+3°[(0f Dy DX, 0f DeD*X)+ (o] D; DY, 0} DD*Y) |d (M),

I>1
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mo-—23 Y {Y ¥

r=0 |a|<m jk=1 (By)eFL(a):ly|=1

[(D7a}*D; DP X, DD X) + (D7a/* D; DY, Dy DY )

+_[(a/ ;DX D"X) + (a D; Y. DY) [}V,
j=1

d
ann =3 Y > [(p7e/ D;DPX.0f DiDX)

[zl jk=1 la|=m (B.y)eS (a):|y|=1

+ (D0} D; DPY,of Dy D*Y)d (M'),,

d
dann =3 ¥ [(o[ijD“X,an“X)—(alijDaX,t/DaY)

I>1 jk=1 |a|=m

+ (6] D; DY, 1,D"X) + (0! D; D"Y, olD“Y)]d(Ml),,

di d
dTs() = Y. {Z [ 3" (¢/*()pFz.DoZ)
r=0

lo|V|B|<m Jk=1
d

+3°(6/ODPZ,D*Z) + (C.()DPZ, D7) [aV;
j=1

" Z[Xd: ([é,(.) +3 é/(.)]]Dﬂz, D“Z)]d(Ml)f},

=1 j=1 =1

where C;/ ’k, c/, C,., C~'lj and C‘l are bounded functions from R? to C due to
Assumption (A4(m,p)) for any p € [2, 00).

For every r the matrix b, is symmetric; hence Zj,k [(b,”ij D*X, Dy DY) —
(bt D;D*Y, Dy D*X)| = 0. Hence, Assumption (A2) used with y; = D; D*X
and with y; = D;D*Y, j = 1,....d, implies T1(t) < 0 fort € [0,T].
Furthermore, Assumption (A3(m)) yields the existence of a constant C > 0 such
that d T5(1) < C||Z(1)|%,dV, forall t € [0, T].

Integration by parts shows that for regular enough functions f, g, h : R? — R,
(B.y) € S (a) with |y| = 1, we have

(fDPg, D*h) = —(fD%g, DPh) — (D” fDP g, DPh). (3.24)
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Therefore, the symmetry of the matrices a, implies that for ¢ € {X(¢),Y(z)} and
r = 0, ey dl,

d d
> (D"a}*D;DP$. D, D"¢) = 1 > (D" (Da]*)D; DP¢. DL DP ).

Jjk=1 jk=1

l\)

A similar argument proves that for fixed j = 1,...,d,r =0,...,d;and ¢ = X(¢)
or¢ =Y(t),
. 1 .
(alDj D%, D¢p) = —E(Dja{, D%}, D).

Therefore, Assumption (A3(0)) implies the existence of K > 0 such that d T5(¢) <
K||Z(t)||2,dV; forall t € [0, T]. Furthermore, d T4(¢) is the sum of terms (¢, D; ¢)
d(M'), where ¢ =D*X(t) or ¢ =DY(t), and ¥ = fg, with f € {crlk} and
g €{o1, 7}. The identity (¢, D;¢p) = —%((;SD]- V¥, @), which is easily deduced
from integration by parts, and Assumptions (A1) and (A3(m)) imply the existence

of K > Osuch that d Ty(t) < K||Z(t)||2,dV; forevery t € [0, T]. The term d T5(¢)
is the sum over / > 1 and multi-indices & with |a| = m of

d
A(l,a) = Z Z (Dyf,jflij DPg. Dy D%p).

Jk=1 (By)eF(a):ly|=1

with o = X(¢t) or ¢ = Y (¢) andf[' = 0[' forevery j = 1,...,d. Then, A(l,a) =
B(l,a) — C(l,a), where B(l,a) = Z/k Bjx(l,a) and

Bix(ley= Y. (D'(f/ £)D;DPp. D D"p).

(B.y)EF (@):lyI=1
d .
Cla)y= Y > (D" £} £/ D; DP g, Dy D%9).
Jk=1(B,y)eL(@):|y|=1

Integrating by parts twice and exchanging the partial derivatives D; and Dy in each
term of the sum in C(/, «), we deduce that

(D £ £/ D; DPg. D D) = —([Di[D” f* f/1D; DP ¢ + DY fF £ D D; DPy]. D)
= (= Du[D" f} £71D; DP¢ + (D; (DY £ f/1Dk DP9, D*¢)
+ (D” f* f Dy DPg. D; D¢).

On the other hand, by symmetry we obviously have

> (D" f £ DiDPp.D; D) = > (D f} / D; DPo. D, D).
jk Jjik



3 On Splitting Method for Some Complex-Valued Quasilinear Evolution Equations 67

Using Assumptions (A1) and (A3(1)) we deduce that there exist bounded functions
¢(a,a,l) defined for multi-indices & which have at most one component different
from those of «, and such that

Al @) = %1;(1,05)4r 3 (q&(a,&,l)D&fP,D“d)).

lat|=m

Furthermore, integration by parts yields

d d
S Bty =-3 Y X (DDA fH1D; DR, DeDFy)

Jk=1 Jk=1(B.y)eS (@):ly|=1

Thus, Assumption (A3(1)) implies the existence of a constant C > 0 such that for
the various choices of ¢ and fF, D st lal=m |B(l,a)|d(M"), < C||Z(t)|%dV:
for every t € [0, T']. Therefore, we deduce that we can find a constant K > 0 such
that d T5(¢) < K||Z(t)||? d Vi. The above inequalities and (3.23) complete the proof

of Condition (C1).
Since L, are linear operators, Condition (C1) implies the following classical

Monotonicity, Coercivity and Hemicontinuity: for every Z,¢{€ H”*! and L,
defined by (3.20),

di

2 UL Z = Lel, Z=Omd V] + ) IS1(Z) = Si©)llnd (M) < KN Z = ¢Ild Vi,
r=0 1>1

dl dl
23 (LeaZ . Z)mdV] + Y NSHDIEd MY + 220212, YV < K| Z|ZdV,
r=0 1>1 r=0
a.s. in the sense of measures, and for Z; € H"t!, i = 1,2,3,r = 0,...,d; and

A>0,themapa € C — (L,,(Z) +aZ,, Z3), is continuous.

The following condition (C2) gathers some useful bounds on the operators L,
and S; forO<r <djand! > 1.

Condition (C2) There exist positive constants K;,i =2,3,4 such that for
ZeH" 1 e[0,1],r=0,...,dyand [ > I:

2LraZ g + 1S1Z15, < Kol ZI as. (3.25)
((S1Z. Z)m| < K3l Z||;, and [(S1 Z, G| < Kall Z|m|Gillms1 as.. (3.26)
The inequality (3.25) is a straightforward consequence of the Cauchy—Schwarz

inequality and of Assumption (A3(m)). Using integration by parts and Assumptions
(A3(m))-(A4(m,p)), we deduce that if G;(¢) = G;1(t) +iG2(t),
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d
1 : .
(812, Z)m| <5 > Y |l(Djo] D*X. D*X) + (Djof D*Y, D*Y)]|
lal=m j=1

+ > |(Ce.p.1yp*z.D*Z)|

lalVIBl=m

d
(812, Gl <> > [|(6f D*X. D; D*Gy1)| + | (0 D*Y. D; D*G)5)|

j=1lal=m

+ Y |(C(a.p.1yD*Z.DPGy))|.

lo|v|Bl<m

for constants C(e, B,1), , Bl such that sup, 4, C(a, B,1) <C <oo. Hence a
simple application of the Cauchy—Schwarz and Young inequalities implies inequal-
ity (3.26).

We then proceed as in the proof of Theorem 3.1 in [13] for fixed A >0 (see
also [9, 18]). To ease notations, we do not write the Galerkin approximation as
the following estimates would be valid with constants which do not depend on the
dimension of the Galerkin approximation, and hence would still be true for the weak
and weak* limit in L2([0, T'] x £2; H,,+1) and L?(£2; L°°(0, T; H,,)). Let us fix a
real number N > 0 and let ty = inf{t > 0 : | Z*(¢)|m > N} AT. The It formula,
the stochastic parabolicity condition (C1) and the Davis inequality imply that for
anyt € [0, 7] and A € (0, 1],

INTN
B sup 1246 AIE) + 28 [ 126 ids <ol

s€[0,¢]

di t
+ 221@/ (E (s ATw) Z2(s A o)) m|d V!
— 0

+ZEf [2/(S:2%(s A ). Gis A ), | + 1Gi (s A ) [2]d (M),
I>1

+6 E(Z {/t (S1Z%(s A ty) + Gi(s A Tw), Z* (s A rN))id(M'>S}%)

=1 V0

The Cauchy—Schwarz inequality, the upper estimate (3.26) in Condition (C2) and
inequalities (3.8) and (3.9) in Assumption (A1) imply the existence of some constant
K > 0 such that for any § > 0,
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INTN
E( sup 1Z%(s A w2 ) + 22E / 1Z*()112.41ds5 < Bl Zoll
s€[0,7] 0

di '
+308( sup 1726 A e)l}) + K5 YR INECI~A
s€|(0,¢ r=0

t t
+IE/ ZK[s—l+1]||G,(s)||;+1d(M1)s+1E/ 1Z* (s A )% d V.
0 0

1>1

For § = %, the Gronwall Lemma implies that for some constant C we have for all
N >0and A € (0, 1],

INTN
B( s 1726 A rl) + 48 |12 O ds = CEZalE, + K(7).
s€(0,z

As N — 0o, we deduce that ty — oo a.s. and by the monotone convergence
theorem,

T
5 sup 1Z°6)I) +2E [ 1Z* O ds = CE(IZlE, + Kn(T)
$€[0,T] 0

Furthermore, Z* belongs a.s. to ([0, T], H™). As in [13], we deduce the existence
of a sequence A, — 0 such that Z*» — Z weakly in L2([0, T'] x £2; H™). Further-
more, Z is a solution to (3.2) and (3.3) such that (3.16) holds and is a.s. weakly
continuous from [0, 7] to H™.

The uniqueness of the solution follows from the growth condition (3.25) in (C2)
and the monotonicity condition which is deduced from the stochastic parabolicity
property (C1).

(ii) Suppose that Assumption (A4(m,p)) holds for p € [2, 00). Set p =2p with
P € [1, 00); the It6 formula, the stochastic parabolicity condition (C1), the growth
conditions (C2), the Burkholder—Davis—Gundy and Schwarz inequalities yield the
existence of some constant C, which also depends on the various constants in
Assumptions (A1)—(A4(m,p)) and conditions (C1)—(C2), such that:

)

dy ¢
B sup 126)15) = G [ENZol + B sup 12| Y [ 1F 6 a vy
s€[0,1] s€[0,1] r=0v0
)

+B( swp 1ZOE| Y [ 12O, + 16161 Jd '),

s€[0,1] I>1

+E( s 126 Y [ 161 ra

s€[0,t I>1

5/2)
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Using the Holder and Young inequalities, (3.14) as well as Assumptions (A1) we
deduce the existence of a constant K > 0 such that for any § > 0

E( sup 1Z)115) < 38E( sup 1Z)I}) + C(p)|EIZoll]
s€[0,¢] s€[0,1]

+KP§™ 11E}/ Z||F(s)||2dVr

KPS IE‘/ Z||Gz(s)||m+1 'y.[”

ﬁ].

Let$ = % and introduce the stopping time 7y = inf{t > 0 : | Z(¢)||lm = N} A T.

Replacing 7 by # A 7y in the above upper estimates, the Gronwall lemma and (3.14)

+ KPl§T IE/ 1Z$)2d Vs + 8~ ‘E/ D NGis)l5,d (M),

0 I>1

prove that there exists a constant C such that E(supse[o.t] ATy ||Z(s)||3np ) <

CE(|Zolln + Km(T)?'?) for every N > 0. As N — oo the monotone convergence
theorem concludes the proof of (3.17). This ends of the proof of Theorem 3.1. O

Remark 3.1. 1f a{’k (t,x) = 0, for example for the Schrédinger equation, Assump-
tion (A2) implies that cr[] =0.

3.2.2 Further A Priori Estimates on the Difference

Theorem 3.1 is used to upper estimate moments of the difference of two processes
solutions to equatlons of type 3.2). Fore = 0,1,r = 0,....d1, 1 = 1, jk =
1,....d, let alF(t.x), bsjf(t) al, (t,x), ae,r(t,x), be,(t, x) ogl(t X),0¢(t,x),
7.1(t, x) be coefﬁ01ents F.,(t,x), G¢;(t, x) be processes and let Z, o be random
variables which satisfy the assumptions (Al) (A3(m)) and (A4(m,p)) for some
m>1, p €[2,00), the same martingales (M, ,¢ € [0, T]) and increasing processes
(V/,tel0,T]). Let L., and S,; be deﬁned as in (3.4) and (3.5), respectively.
Extend these above coefficients, operators, processes and random variables to
¢ €10, 1] as follows: if f; and f; are given, for e €[0, 1], let f. =¢fi + (1 —¢) fo.
Note that by convexity, all the previous assumptions are satisfied for any
e€[0,1]. Given €0, 1], let Z, denote the solution to the evolution equation:
Z:(0,x)=Z.o(x) and

d

dZo(t.X)= [Ley Ze(t. X)+Fer (0. X)]dV/+Y " [Ses Ze(t. )+ Gey (1. x)|d M,
r=0 1>1
(3.27)
Thus, Theorem 3.1 immediately yields the following.
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Corollary 3.1. With the notations above, the solution Z. to (3.27) with the
initial condition Z. exists and is unique with trajectories in C([0,T]; H"™') N
L®°(0,T; H™). Furthermore, the trajectories of Z. belong a.s. to C,,([0,T]; H™)
and there exists a constant C, > 0 such that

sup E( sup [1Zo(t.l}) = Cp sup B([1Zeollf + Kn(T)"2) < 00, (3.28)
£€[0,1] t€f0,7T] £€{0,1}

Following the arguments in [9], this enables us to estimate moments of Z; — Z in
terms of a process . which is a formal derivative of Z, with respect to ¢. Given
operators or processes f, € € {0, 1}, set ' = fi — fo.

Theorem 3.2. Letm > 3, and p € [2, 00). Then for any integer k = 0,...,m —2

B( sup 1Z1() = Zo)I7) < sup B sup J&.()7).  (3.29)
1€[0.T] e€f0.1]  “ref0.T]

where (. is the unique solution to the following linear evolution equation:

dy
d6() =3 (Lot x) + LLZ(t, %) + FJ(, ) d V(1)

r=0

+ 3 (Sesle(t.X) + S/ Ze(t. x) + G(t. x))dM] . (3.30)

1>1

with the initial condition Z(/) = Z| — Zy. Furthermore,

sup E( sup ||§£(z)||f;_2) < 0. 3.31)
e€l0,1]  Nref0.T]

Proof. Using (3.28) we deduce that the processes F, (t,x) = L. Z.(t, x) + F/(t, x)
and S;(t,x) = S/Z.(t,x) + G/(t,x) satisfy the assumption (A4(m-2,p)) with
m —2 > 1. Hence the existence and uniqueness of the process (., solution to (3.30),
as well as (3.31) can be deduced from Theorem 3.1.

We now prove (3.29) for k € {0, ..., m — 2} and assume that the right-hand side
is finite. Given (fe, e € [0,1)), for & > 0 and ¢ € [0, 1] such that ¢ + & < [0, 1],
set 8p fe = (fern — fe)/ h. We at first prove that (3.29) can be deduced from the
following: for every € € [0, 1), as h — O is such that i + ¢ € [0, 1],

E( sup [181Z:(0) = &0)lIf) — 0. (3:32)
t€[0,T]

Indeed, assume that (3.32) holds and for n > 0 let R, = n“A“(nld — A)™"
denote the kapa-fold composition of the resolvent of the Laplace operator A on
the space L?>= H°. Then, by some classical estimates, there exists a constant
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C(k) > 0 such that for any ¢ € L2, || R, k| <C(x)||¢|lo. Hence (3.32) yields that
for every n >0, as h — 0 with ¢ + 1 € [0, 1], we have E(supte[oﬂ 16n Ry Zc(2) —

R, §£(t)||f) — 0. Furthermore, since for every integer N > 1, we have Z| — Z, =

ﬁzlj(\:()l SiNZkyn < SUP,e(o,1] 81/NvZs, we deduce that for every n>0 and
pE2,):

E( sup IRuZo(t) = RiZ1(2) < sup E(

sup || Ru2(0)]7).
1€[0.T] £€[0.1] [0.7]

te

Finally, if ¢ € H" is such that liminf,—co | Ry}|l« = Ni < 00, then ¢ € H* and
l¢llc < Ni. Thus, by applying the Fatou Lemma and using estimate (3.31) we can
conclude the proof of (3.29).

We will now prove the convergence (3.32). It is easy to see that the process
Nen(t,*) == 6pZe(t,) — (2, -) has initial condition 7, ;(0) = 0 and is a solution of
the evolution equation:

d

dns,h (t) = Z [La,r Ne.h (Zv ) + Llr (Za-i-h (Zv ) - Za(ts ))]thr
r=0

+ Z [Sa,lna,h([v ) + S;(Za-l-h(lv ) - Zs(ts ))]thl

>1

Hence, using once more Theorem 3.1, we deduce the existence of a constant C, > 0
independent of ¢ € [0, 1) and & > 0, such that e + & € [0, 1],

r /
B sup 18,200~ &01E) = CE( [ 1Zews0 - za0lBav)"”

1€[0,T]
Using the interpolation inequality |¢|.<C ||¢||(l)/ } ||¢||§/ ?  see for instance
Proposition 2.3 in [15], the Holder inequality and the estimate (3.28) with m = 3
from Corollary 3.1, we deduce that

IE( sup
t€f0.T

1/3
| |I8hZ£(I) - ga(t)“g) = C[E(res;(l)p]"] ”Zs+h(t) - Za(t)“g)] .

Finally, the process @, ;(t,-) = Zoyy(t,-) — Z.(t,-) is solution to the evolution
equation

dy
dDop(t) =Y [Ler®en(t.?) + hL, Zeyn(t.) + hF/(t.)]dV/
r=0

+ D [Ses@enlt.?) + hS[Zeyn(t.-) + hG/(t.-))]d M.

1>1
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with the initial condition @, ;(0) = h(Z, — Zy). Thus, (3.28) and Theorem 3.1
prove the existence of a constant C, which does not dependon ¢ € [0, 1) and 2 > 0
with € + h € [0, 1], and such that

B sup 1 Zera(t) = Ze0)If) = Ch7P.
t€l0,T]

This concludes the proof of (3.32) and hence that of the Theorem 3.2. O

3.3 Speed of Convergence

3.3.1 Convergence for Time-Independent Coefficients

Fore = 0,1, r = 0,...,d;, let (st,,t € [0, T]) be increasing processes which
satisfy Assumptions (A1), (A2), (A3(m+3)) and (A4(m+3,p)) for some integer
m > 1, some p € [2, +00) separately for the increasing processes (V,/,, 1 € [0, T]),
the same increasing process (V;,¢ € [0, T']) and the initial conditions Z o, ¢ = 0, 1.
For ¢ = 0, 1, let Z, denote the solution to the evolution equation

dZo(t.x) = Y [LiZe(t.x) + F,(0)1dV], + Y [SiZ:(t.x) + Gi(x)]dM],
0<r<d, 1>1
(3.33)
with the initial conditions Z((0,-) = Zy and Z;(0, ) = Z; o, respectively. Let

o , .
A= sup sup max |V1t — I/O,tl'
w€S2 t€l0,T] r=0,1,...,d;

Then the H™ norm of the difference Z; — Z, can be estimated in terms of A as
follows when the coefficients of L, and F, are time-independent. Indeed, unlike the
statements in [10], but as it is clear from the proof, the diffusion coefficients o; and
G can depend on time.

Theorem 3.3. Letr L, and F, be time-independent, Fy-measurable, V], ¢ = 0,1,
M, be as above and let Assumptions (A1), (A2), (A3(m+3)) and (A4(m+3,p)) be
satisfied for some m > 0 and some p € [2, +00). Suppose furthermore that

d

p/2 p/2

E(| Y IF |+ sup [ YNG 0] ) <00 334
r=0 SEOTT >

Then there exists a constant C > 0, which only depends on d and the constants
in the above assumptions, such that the solutions Zy and Z; to (3.33) satisfy the
following inequality:
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B( sup 1Z1(0) = Zo0)]5) = € (BAIZ10— Zooll}) + 47).
1€[0,T]

The proof of Theorem 3.3 will require several steps. Some of them do not depend
on the fact that the coefficients are time-independent; we are keeping general
coefficients whenever this is possible. The first step is to use Theorem 3.2 and hence
to define a process Z. for any ¢ € [0, 1]; it does not depend on the fact that the
coefficients are time-independent and extends to the setting of the previous section.
Fore € [0,1],7r =0,...,d,,t € [0,T] and x € R?, let

Vsr,t = 8Vlr,t + (1 - E)Vor,t’ p;,t = dI/;t/dV,
and for jk = 1,....d, set alf (t.x) = plal*(@t,x), blF(t) = ol bV (),
al,(t.x) = pl,al(t,x), ag,(t,x) = pl,a,(t.x), be,(t.x) = p},br(t.x), Ly, =
oh Ly, Fep(t,x) = pl, Fr(t,x). Thenfor e € [0, 1], the solution Z(t, ) to Eq. (3.2)
with the increasing processes V', can be rewritten as (3.27) with the initial data
Z:(0) = ¢Z1o + (1 — &)Zo, and the operators (resp. processes) S.; = S; (resp.
G.; = Gy). Furthermore, we have

d

d
> YoMk (alf ) + i)V =

r=0 jk=1

d
o3 MA@ ax) + iR @0)d V.

0<r=<d; j.k=1

Hence the conditions (A1), (A2), (A3(m+3)) and (A4(m+3,p)) are satisfied. There-
fore, using Theorem 3.2, one deduces that the proof of Theorem 3.3 reduces to check
that

sup E( sup 15.()1) = C(EIZ1o = Zooll + 47). (339
e€f0.1]  “refo.1]

where if one lets A = V|, — Vi, the process {. is the unique solution to (3.30)

which here can be written as follows: for ¢ € [0, T'] one has

dy

dge(t) = ) [Lebelt,x)dV], + (Lr Zo(t. %) + Fo(t.))dA]]

r=0

+ ) Skt x)dM; (1), (3.36)

I>1

and the initial condition is {.(0) = Z; ¢ — Zoo. To ease notations, given a multi-
index o, j, k € {1,...,d} and Z smooth enough, set
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Zy =DZ, Zyj = DO‘DjZ and Zy jr = DO‘DJ- Dy Z,

so that for Z, ¢ € H", (Z,0)m = 3 jy<pu(Zas Ca)o- Let

o = {ZZa“’ﬁ ZoZg ; a®P uniformly bounded and complex-valued, Z € Hm+3}
a B

and for @, ¥ € of set @ ~ ¥ if there exists Z € H™ such that fRd (@—V¥)(x)dx =
Jga T (x)dx, where I' is a function defined by

rx) =Y Z.x)P*Z(x) with P*Z= )" y*Fz, (3.37)

loe|<m |Bl<m
for some complex-valued functions y*# such that |y*#| are estimated from

above by the constants appearing in the assumptions (A1), (A2), (A3(m+3)), and
(A4(m+3,p)). Note that if I" is as above, then for some constant C,,(I") we have

/ POl dx < Ca(DZ I, (3.38)
Rd

Fore >0, j,k=1,...,d,] > 1andt € [0,T],setq! = d(M'),/dV; and let

di

. . . 1 .
alt=alt ) =3 el ) =5y ol @ )ef () g
r=0 1>1
Form > 0and z € H" 1!, set
d
(21, = (Z,) = Y (@*()D; Z. Dk Z),, + Cul Z3,. (3.39)
jk=1

with Cp = 0 and C,, > 0 to be chosen later on, so that the right-hand side of (3.39)
is non-negative. Given Z,¢ € H" !, set[Z, (] = 1([Z +¢1% +[Z — (]%). We at
first prove that [.],, defines a non-negative quadratic form on H™*! for some large
enough constant C,,. Once more, this result does not require that the coefficients be
time-independent.

Lemma 3.1. Suppose that the conditions (A1), (A2) and (A3(m+1)) are satisfied.
Then there exists a large enough constant C,, such that (3.39) defines a non-negative
quadratic form on H™ 1!,

Proof. Assumption (A2) for ¢ € {0, 1} implies that (3.39) holds for m = 0 and
Co = 0. Letm > 1 and « be a multi-index such that 1 < |«| < m. The Leibnitz
formula implies the existence of constants C (e, 8, y) such that for Z € H"*1,
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d d
(j;l @ OD;2),. Zai), = j;l(agvk(z)za, i Zak),

+ Y Cl I,

Bty=a.lpl=1

where If’ﬂ’y(t) = ij:l (Dﬁ&g’k(t)Zy,j , Za,k)o. Furthermore given m > 1,
multi-indices o with || < m and Z € H m+1 using Assumption (A2) we deduce
that lej,ksd (&ﬁ’k t)Zq; Za,k)o > 0. Thus, the proof reduces to check that

1987 (1) ~ 0. (3.40)
Indeed, then the upper estimate (3.38) proves (3.39), which concludes the proof of
the lemma. Integration by parts implies /277 (1) = — ij=1 (Dk (Dﬁdg’k (Z,)),
ZQ)O. Since |B| < m, by Assumption (A3(m+1)) we know that Dy Dﬁdg’k(t) is

bounded and hence 1277 (1) ~ — ka I(Dﬂd;gj’k(t)Zy, k+ Za), If|B] = 2, then
ly| < m— 2 hence by (A3(m)) we deduce that 1277 (1) ~ 0.1f || = 1, then
al* (1) = @ (1), so that

d

12870y = 32 (Dl ()2, . DPZ,),
jk=1

1 < .
~3 > /R ) DPal*(t, x)DP (X, () Xyk () + Yy () Yk (D) (x)dx.
jk=1

Thus, integrating by parts and using (A3(2)) and the inequality |y| + 1 < m, we
deduce that I;" - () ~ i k | (DﬂDﬂag k(t)Z” , Z),k) ~ 0. This concludes
the proof. O

The following lemma gathers some technical results which again hold for time-
dependent coefficients.

Lemma 3.2. Suppose that the assumptions of Theorem 3.3 hold. There exists a
constant C such that for { € H™*! one has dV; a.e.

PO =2 > LG L+ Y allISiln + 20, < ClEls. (341

0<r<d, I>1

Foranyr =0,1,...,d,, Z € Hmt+3 and t € Hm 1 o

0.2 = Y UL LiZ)m + (C LiLe Z)n] + Y 41 (SiE. LS Z)m.

0<r<d, 1>1
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Then there exists a constant C such that for any Z € H" V3 and { € H™T', one
has dV; a.e.

147 Z)| = CIZm43(IE i + [E]m)- (3.42)

Proof. Suppose at first that { € H™12; since the upper estimates (3.41) and (3.42)
only involve the H™*!-norm of ¢, they will follow by approximation. Then we have

20 (G Ll Y a ISl = Y QD).

0<r=d; =1 |oe|<m

where

00 =2 " pl; (Lar LrDa)y + D a! I(SiOallp.

0<r<d, I>1

Integration by parts and assumption (A3(m)) imply that for |«| < m, one has
2(a (ag',,g,-)a)o ~ Z/Rd al, (t,x)(Xa(x)Xa,j (x) + Yo (x)Ye,; (x))dx

_ /Rd al, () (X2 4 Y2) () dx ~ —(al, (1) Lo . L)y ~ 0.
(é-a ) ((as.,r + iba,r)g)a)o ~ 0,
2((Uzjé°j)a’ ((or + if/)i)a)o ~ Z(Uf S, » (01 + ir;)éa)o

~= [ o o), 0 e dx ~ o
R4

I((ox + iti)0)a Hé ~ 0.

Finally, we have (za, >k (Dx (ibi*(1)D; g)a)0 =0.Set LI = Z(j',k=l Dy (al*
D;¢) and S)¢ = Zj’:l (0/ + it/ )D;¢. Then we have

d
QU ~2)  ph(Car (LYDa)y + D ail(S70), 5. (3.43)

r=0 I>1

If m = 0, integration by parts proves that the right-hand side of (3.43) is equal to
—2[¢]3 (with Cy = 0). Letm > 1 and « be a multi-index such that m > |a| > 1; set
I'a)={B.y):a=B+y|B] =1}.Forp,y € H™, let C(B, y) be coefficients
such that
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D(¢y) =¢D*y+ Y CB.y)D'¢D'y+ Y C(B.y)DP¢ D'y
(B.y)el'(a) B+y=a.lpl=2

This yields

d

Sall(sf0, o~ Dol Do {0 baks 0f Gu)y

I>1 I>1  jk=1

+2 3 CBND ot of Las)y|-

(B.y)El (@)
d
~ a3 A(of o] Gk ta), +2C@ B) (DPof o] Lui. Guy)

I>1 k=1

Since for (B, y) € I'(«) we have |y| + 1 < || < m while || + 1 = 2, integrating
by parts and using (A3(m)) we have for fixed /,

241 Y (DPofo] b Gu), = =ai Y (DP(0f 0 ey La)y:
Jk Jk

Furthermore, integration by parts and (A3(m)) yield

20}, (Coc , (Loé')a)o ~=2 Z {(a’“{”f%’j ’ éﬂa'k)o
J.k

— Y CBNDF @G k)

(B.y)ET (@)

Therefore, the definition of &gjf , (3.43) and (3.40) yield

00 (L.0) ~ =2 (@l " tuj La)y =2 Y. CBDP@ )y . Cak),

Jk Jk (By)el (@)

~ 23 (@alt), ),
ik
Hence for ¢ € H™T!,

pO =Y [ 0o ol =2 3 @ P Ga4)

la|<m le|<m

for some operator P* which satisfies (3.37). Hence (3.38) concludes the proof
of (3.41). Polarizing (3.44), we deduce that for Z,¢ € H™*!,
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d
S P UZ Ll A LeZ. D] + Yl (SIZ. 810w + 21Z. )
r=0

I1>1

= Y [(Za: P*O0 + (Ca P*2)0)-

|oe|<m

Let7 € {0,1,....d,}and for Z € H™t3, ¢ € H"!, set Z = L;Z; then if one
sets

dy
4:(. Z) := ZP;,;[(LJ, LiZ)m + (¢ L Ly Z)m ] + thl (818, LiSi1Z),
r=0 1>1

one deduces that

@@ 2)+ Y oL (G L Li — LiL,Z), +2 ) g/ (Si¢.[SiL; — LiS)Z),, + 2[4, Li Z]m
r !

= Y [(D“L;Z, P*t)o + (DC, PUL7 Z)).

lal<m

The operators L,Ly — LyL, and S;Ly — L3S; are of order 3 and 2, respectively.
Hence integration by parts and the Cauchy—Schwarz inequality imply that

lg7(¢, Z)| < ClElmll Zllm+3 + CLElm[Z]m-
Finally, (3.39) and Assumption (A3(m)) imply that for Z € H™*!,
(21, < ClZIpgs + Cul Z13, < CUZI 41

This concludes the proof of (3.42). O

The following lemma is based on some time integration by parts and requires the
coefficients of L, and F; to be time independent.

Lemma 3.3. Let the assumptions of Theorem 3.3 be satisfied and Z. (resp. {;)
denote the processes defined by (3.33) (resp.(3.36)). For r = 0,...,d, and
t€[0,T] let A] = Vlrt — VO’J and set

dy '
Jes =Y / (8e(9). Ly Zs(s) + F;), dAY. (3.45)
r=0 0

Then there exists a constant C such that for any stopping time t < T,
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o s (4 - [woRav)"]

tel0,7]
1 .
=1 (tz%p 1Z:(5) 17, ) + C(AP + E/O 12 ()17, st). (3.46)

Proof. The main problem is to upper estimate J., in terms of A and not in terms
of the total variation of the measures d A}. This requires some integration by parts;
Egs. (3.33) and (3.36) imply

di

Joo =Y (). LiZt) + F,), Ar — Y JL,. (3.47)

r=0 1<k<4

where for ¢ € [0, T'] we set

ZA’[Z (L#Co(8), Ly Ze(s)+ Fr)m + (8e(s), Ly [Li Zo(s) + F])m ]dV!w
/ 3 3 (SIOG0) L ISOZ0) + o)), M)
I>1

/ ZA’ [(S1(5)8e(s). Ly Ze(s) + Fr),,
I>1

+ (2:(9). Le[Si(9) Ze(9) + Gi(9)]),, ]dM],
/ ZA’[Z (LiZo(s) + Fr. L, Ze(s) + ), ]dA;’.
Note that
_ / Z (Li Ze(s) + Fr. L, Zo(s) + F,), d(AT A7),

Using (3.42), integration by parts, Assumption (A3(m)), the Cauchy—Schwarz and
Young inequalities, we deduce that

sy 4 92 = €A [ (120 sl + 186} + 310 1 2] 474
t
+C [ Il 1616 d (1),
0

< /0 (LR + 166 ]2) dVe
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t
+ CAZ/O [(HZg(s)ll 13+ Z | F- ||m+2>dVS + Z ||G1(S)|Ifn+3d(M’)S]

>1
t t
< /0 (6, + 18:()113) dVs + CA%( [0 1Ze) 43 dVs + Kn2(0)),

where the last inequality is deduced from Assumption (A4(m+2,2)). The Cauchy—
Schwarz inequality, integration by parts and Assumption (A3(m+1)) imply that for
fixedr =0,...,dyand/ > 1,

[(S1(9)8e(5), Ly Ze(s) + Fy),, | + (8 (s), L[S () Ze(s) + Gi(s)]),,|
< UG [1Ze(5) 3 + 1 Fr 1 + 1Gi () lm-+2]-

Therefore, the Burkholder—Davis—Gundy inequality and Assumption (A1) imply
that for any stopping time t < 7', we have

E( sup 72,172
t€l0,7]

T
= caPe( [ 1GOB120B s+ X 1R

0<r<d,

s S IGE]dm),)

s€[0,T] I>1

SCAWE[( sup ||z£(s)||f’+3+]ZnFerHV + sup ‘Z||Gl(9)||m+2’p )

s€[0,7] I>1

<([T1eoran)”]

=car[( s ||zg(s>||m+3)+\KZ||Fr||m+1\ + s \Z||G/<s>||m+z!” ]
r 0.1 I>1

1 T p
+ B s 16)15) + CE [ 1o lhav.

s€[0,7]

Using the condition (3.34) and Theorem 3.1 with m + 3, we deduce that

1 T
B sup 17517%) = B sup I50l) + CE [ 16.0)5aV.+ car
s€[0.7] P Niefoq] 0

Therefore,
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sup (16013 )

t€0,7]

B s (4= [ olan)} < epe(

t€0,7]

+ CE/ 165 dVs + CA? + CE( sup [717/2).
0 t€l0,7] '

Integrating by parts we obtain
208 =3 (Li Zo(t) + Fr. Lo Zo(t) + F,), A AT — Z A (3.48)
rr Jj=1

where

t ~
I =2 Y [ AALL 26 + B L2.6) + F), 4V
~ - 0
rr r

I = ZZZ/ AL AL (LiS1(9) Ze(9) + Gi(s)], Ly Ze(s) + Fr), d M,

rr o 1>1

IR=3 /A'A’ HS1) Ze(9) +Gi(5)], Le[S1(9) Ze(9) +Gi(s)]),,,d (M),

rr =1

Integration by part, Assumption (A3(m+2)), the Cauchy—Schwarz and Young
inequalities yield

(LF[LiZo(s) + Fl. Ly Zo(s) + F),,| < C{I1Ze()Ips + 1 Frllgs + IFN12 ]
(LF[S1() Ze(s) + Gi ()], Lr Ze(s) + Fr),,| < CIIZe) 5 + 1G240 + IF,]

Hence, using Theorem 3.1, (3.34), Assumptions (A1) and (A4(m+2)) we deduce

B( sup |/ + J22|"7) < car.
t€l0,7]

Finally, the Burkholder—Davis—Gundy inequality implies that

E( sup |7:7177)
t€l0,7] '

< CAPE}/ HS1) Ze($)+GIO)], Lo Zos)+ Fr), |2d(M’)S}p/4g CAP.

Hence, E(sup,(o. |/2;17/%) < CAP, which concludes the proof. O
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Using Lemmas 3.1-3.3, we now prove Theorem 3.3 for time-independent
coefficients.

Proof of Theorem 3.3 Apply the operator D¢ to both sides of (3.36) and use the 1t6
formula for || D*&,(¢)||2. This yields

dcOI =2 Y Y (&), L&), o8, dVi + (L(0), L Ze(t) + F;), dA]]

la|l<m 1

+ Y ISiOLO7,gidVe + 2(6:0). ()8 (1)), dM/].

le|<m I=1

where (Z,),, denotes the duality between H™™!' and H™"! which extends the
scalar product in H™. Using (3.41) we deduce that

(|87 = =2[8(O],dVAC L) 5, d Vir2d Je +2) (L), Si(1)E1)),,dM].

1>1

where J,, is defined by (3.45). Using (3.26) we deduce that |(Z. (). Si(1)¢:(1)), | <
Cl¢()|?. Thus Lemma 3.3, the Burkholder-Davis-Gundy inequality and
Assumption (A1) yield for any stopping time t < T

! p/2
B( swp 16:0I;) = CEIZuo ~ Zoall, + pE( swp Lo~ [ Geo)Ba,)”

t€l0,7] t€l0,7]

+CPE‘/O I1Z:(s)1E /4+CPE‘/OIIIQ(S)II,3,

1 T
< CEIZuo - Zoolly + 1E( swp I5l) + € (47 4 E [ ol
0

t€[0,7]

+ sl s 1eOl( [ 1eoRav)” ]+ ok [Cioia.

tel0,7]

1
< CE||Z10 — Zoollh, + €A+ 3E( sup 15011} ) +CE( / I 5dV;),
t€l0,7]

where the last upper estimate follows from the Young inequality. Let ty = inf
{t:1C(O) ||l = N} A T; then the Gronwall Lemma implies that

B( sup 16:015) < C(BIZ1o— Zooll] + 47).

t€f0,ty]

Letting N — oo concludes the proof. O
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3.3.2 Case of the Time-Dependent Coefficients

In this section, we prove a convergence result similar to that in Theorem 3.3 when
the coefficients of the operators depend on time. Integration by parts in Lemma 3.3
will give extra terms, which require more assumptions to be dealt with.
Assumption (A5(m)) There exists an integer number d;, a (%)-continuous
martingale N, = (Ntl, e N,dz) and for each y = 0, ..., d, a bounded predicable
process /1, : £2 x (0, T] x R? — R¥ for some N depending on d and d; such that

hy (t.x) == (@ (t.x).bIF (1), al (1, X). @y, (1. %), by (1, X). Fyp (2, %):
1<jk=d 0=<r=d,1=<y=d),

for some symmetric non-negative matrices (a)],jf (t,x),j,k=1,...,d)and (b{,j,l.{ ®),
Jj.k = 1,...,d). Furthermore, we suppose that for every w € £2 and t € [0, T,
the maps h,(¢,:) are of class %"+ such that for some constant K we have
|D*h,(t,-)| < K for any multi-index & with |o| <m + 1 and such that for¢ € [0, T],

dy
Y d(NT) < dVi,

y=1

' b ar
h(t,x) = h(0, x) +/ ho(s, x)d Vs + Z/ hy(s,x)dN/.
0 0
y=1

Fory = 0,...,d,, r = 0,...,d;, let L,, be the time-dependent differential
operator defined by

d d
Ly Z(tx) = Y. Dk([aigf(z,x)+ib;';f(z)]Dj2(z,x)) + Y af, (t.x)D; Z(t.x)
jk=1 j=1

+[ay.r (@t x) +iby, (t.x)]Z(1.x).

Forr =0,...,d;,let

‘ d>
L.Z(t,x) = L, (0)Z(0,x) + / Lo, Z(s.x)d Vi + Y Ly, Z(s. x)dN] .
0
y=1

and F,(¢t,x) = F,(0,x) + fot Fo,r(s,x)dVs + Z?:l Fy (s, x)d N, . We then have
the following abstract convergence result which extends Theorem 3.3.

Theorem 3.4. Suppose that Assumptions (A(1)), (A(2)), (A3(m+3)), (A4(m+3,p))
and (AS(m)) are satisfied and that
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r/2 /2
sup \§:||F(z>||m+1) + s )§:||Gm+z(z)||m+2\ <00, (349)
tel0,7] I>1

Then there exists some constant C > 0 such that

E( sup 121(0) = Zo(o) 1) < C(E(I1Z1(0) = ZoOI}) + 47).  (3.50)

Proof. Since Lemmas 3.1 and 3.2 did not depend on the fact that the coefficients
are time-independent, only Lemma 3.3 has to be extended. For ¢ € [0, T, let

di t
Ja=Y /0 (65). Lo (5)Ze(s) + Fy(5)), dA”-
r=0

Since A = O forr = 0,...,d,, the integration by parts formula (3.47) has to be
replaced by

di

Jer =Y (8ct). Li(DZe(1) + Fo(1)),, A7 — Z JE, telo.T],

r=0 k=1

where the additional terms on the right-hand side are defined for ¢ €[0,T] as
follows:

> =Y AU(E(s). Lo, Ze(s) + Fo,),d Vs,

t d>
- /O SOA S (6(5). Ly Zels) + Fp(5)), dNY.
y=1

r

/ ZArZZ S1()8:(s), LyrZ (S)+Fyr(s)) (M[,NV)S_

r 1>1 y=1

Arguments similar to those used in the proof of Lemma 3.3, using integration by
parts and the regularity assumptions of the coefficients, prove that for k = 5, 6 there
exists a constant C > 0 such that for any stopping time tau < T we have

B( sup VA,177%) < CAPE( sup 150N sup (1202 +€)'")

t€0,7] t€0,7] t€0,7]

1
< —E( sup [|E()]]) + CA?,
24p (te[ol.)r] ’ )
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where the last inequality follows from the Young inequality. Furthermore, the
Burkholder—Davis—Gundy inequality and the upper estimates of the quadratic
variations of the martingales N7 yield for every y = 1,....dr, r = 0,...,d;
and 7 € [0, T],

2 sup 172,17) <c( / 7 (65). Ly Ze(o) + Fro ), [Fav:)""
t€l0,7]

< Cara( s GO sup (1201, +C)'").

t€l0,7] t€l0,7]

Hence, the proof will completed by extending the upper estimate (3.48) as follows:

;
273 =Y (LiZ(t) + Fr (1) . Ly Z:(6) + Fo (1)), AT A} =Y T,
rF j=1

where for j = 4,...,7 we have

t ~
Ih = 22 fo ALAT (Lyo(8) Ze(5) + Fr(s) . L) Ze(s) + Fr(s)),,d Vs,

=33 [ ALAT (Ly () Ze(s) + Fy () Lyr Ze(s) + Fyr(s)),,d (N7, N7)s,

rl )/)/
=2 N [ A (L5026 + Fi ).
rF vV 1>1

Lr(5)[S1(5)Ze(s) + G (9)]),,d (N7, M),

I = 22 Z / ALAL (L7 (5)Ze(s) + Fyp(s) . Lr(8)Ze(s) + Fr(s)), dNJ .

We obtain upper estimates of the terms IE( SUP; e(o,7] |J:,;k|”/2) for k=4,...,7
by arguments similar to that used for k =1,...,3, which implies E(Supte[o,r]
|Jét |f’/2) < CAP. This concludes the proof. O

3.4 Speed of Convergence for the Splitting Method

The aim of this section is to show how the abstract convergence results obtained in
Sect. 3.3 yield the convergence of a splitting method and extends the corresponding
results from [9]. The proof, which is very similar to that in [9], is briefly sketched
for the reader’s convenience.
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Assumption (A) Forr = 0,...,dy, let L, be defined by (3.4) and for [ > 1
let S; be defined by (3.5). Suppose that the Assumptions (A2) and (A3(m+3)) are
satisfied, and that for every w € 2 andr,l, F.(t) = F.(t,-) is a weakly continuous
H"3.valued function and G/(t) = G(t,-) is a weakly continuous H™*-valued
function. Suppose furthermore that the initial condition Zy € L*(2; H"3) is -
measurable, that F, and G, are predictable and that for some constant K one has

d
E( sup Y IE s+ sup S NGE Ny + 1 Zollfs) < K.
t€l0,7] .=, te0.71 73,

Let VO = (V21 € [0,T]) be a predictable, continuous increasing process such
that V{ = 0 and that there exists a constant K such that V) + Y, (MY < K.
Finally suppose that the following stochastic parabolicity condition holds.
Forevery (t,x) € [0, T] x R, every w € 2 and every A € R?,

d
3k [2a6’k(t,x)d1/,0 +Y o/ (z,x)o,k(z,x)d(M),] >0
Jjk=1 1>1

in the sense of measures on [0, T].
Let Z be the process solution to the evolution equation

d
dZ(t.x) =(LoZ(t.x) + Fo(t.x))dV,’ + Y (L, Z(t.x) + F,(t.x))dt

r=1

+ Y (12t x) + Gi(t.x))d M/ (3.51)

1>1

with the initial condition Z(0, ) = Z,. Then Theorem 3.1 proves the existence and
uniqueness of the solution to (3.51), and that

E( sup 1Z(0)l4) =€
t€l0,T]

for some constant C which depends only on d, dy, K, m, p and T.

For every integern > 1let 9, = {t; := iT/n,i = 0,1,...,n} denote a grid
on the interval [0, T'] with constant mesh § = T/n. For n > 1, let Z"™ denote
the approximation of Z defined for t € .7, using the following splitting method:
Z™n0)=0andfori =0,1,...,n—1,let

Z0(tig1) = P PP PV O 2P (), (3.52)
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where forr = 1,...,d; and t € [0,T], P,(r)w denotes the solution ¢, of the
evolution equation

At (t,x) = (Le&o(t.x) + Fo(t,x))dt and £,(0, x) = ¥ (x),

and for s € [0,f] < T, Qs,¥ denotes the solution 1 of the evolution equation
defined on [s, T'] by the “initial” condition n(s, x) = ¥ (x) and for ¢ € [s, T] by

dn(t.x) = (Lon(t.x) + Fo(t.x))d V> + > (St x) + Gy (1. x))d M.

I>1

The following theorem gives the speed of convergence of this approximation.

Theorem 3.5. Let aﬁ’k,br]’k,aﬁ,ar,br,(fl],(n,tl,F,,Gl satisfy the Assumption
A). Suppose that af’k,b,{’k,a,].,a,.,b, and F, are time-independent. Then there
PP P

exists a constant C > 0 such that

E( Z | Z™ () — Z(t)||,f1) < Cn™? foreveryn > 1.
1ET,

Proof. Letd’ = d; + 1 and let us introduce the following time change:

0 fort <0,
k(t) =1t —kéd, fort € [kd'S, (kd' +1)8), k =0,1,....,n—1,
(k + 1)8 fort € [(kd' + 1)8, (k + 1)d’8), k =0,1,...,n— 1.

Let, forevery t € [0, T],

jt/ll([) = M;{[(z)v Fi = Few), Vr(,)o = Vt(,)l = VKO(I)’

Viy=k@t), V) =k(—rforr=12...d.

For ¢ =0, 1, consider the evolution equations with the same initial condition
Z0(0,x) = Z1(0,x) = Zy(x) and

d
dZo(t) =Y (L Ze(t) + F,)dV/, + (S1Ze(t) + G1)d M| . (3.53)
r=0

One easily checks that the Assumptions (A1), (A2), (A3(m+3)), and (A4(m+3,p))
are satisfied with the martingales M; and the increasing processes f/; ,fore =0,1
andr = 0,1,...,d,. Therefore, Theorem 3.1 implies that for ¢ = 0, 1, Eq. (3.53)
has a unique solution. Furthermore, since condition (3.34) holds, Theorem 3.3
proves the existence of a constant C such that
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E( sup ||Zl(t)—Zo(t)||,”n) <C sup max |k(t+r8) k()P = CT n?.
1€[0.d'T] ref0.d/T] 1=r<d

Since by construction, we have Zo(d't) = Z(t) and Z,(d't) = Z"(t) fort € .7,
this concludes the proof. O

Note that the above theorem yields a splitting method for the following linear
Schrodinger equation on R¢:

d
dZ(t,x) = (iAZ(t, X) + Yl (0)D; Z(t.x) + F(x))dt
j=1

+ Y o) + in(x)) Z(t. x) + Gi(x)]d M/,

>1

where a/, F (resp. 07, 7; and G;) belong to H™ 3 (resp. H™ ). Indeed, this model
is obtained with a/* = 0/ = 0and b/* = 1for j,k =1,....d and[ > 1.

Finally, Theorem 3.4 yields the following theorem for the splitting method in the
case of time-dependent coefficients. The proof, similar to that of Theorem 3.5, will
be omitted; see also [9], Theorem 5.2.

Theorem 3.6. Let a,j."k, brj’k, al, [],cr;, 7, F,G; satisfy Assumptions (A) and
(A5(m)). For every integer n > 1 let Z" be defined by (3.52) when the operators
L,, S;, the processes F, and G; depend on time in a predictable way. Then there
exists a constant C > 0 such that for every n > 1, we have

E( Y 1270 - Z@)l}) < en7.

teg,
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Chapter 4
A Modelization of Public-Private
Partnerships with Failure Time
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Abstract A commissioning of public works (Maitrise d’ouvrage publique, namely
MOP in French) is a system where the community has commissioned equipment
(hospital, prison, etc.) for its own needs and to bear the cost, partly by self and partly
by a loan from a bank. On another hand, public—private partnership (PPP) means
that community agrees on a period (15-25 years) with the contractor and is billed
rent. More or less it means “leasing” purchase, covering three parts: depreciation
of equipment, maintenance costs, and financial costs. This new formula is based
on an “ordonnance” of June 17, 2004, amended by the law of 28 July 2008 (see
legifrance.gouv.fr), justified by the emergency of requested equipment construction
or its complexity. Our aim is to study the advantages and disadvantages of the new
PPP formula. Here is a particular case of a risk-neutral consortium. We discuss
the advantages of outsourcing (“externalization”) in terms of model parameters and
prove that externality is interesting only in case of large enough noise when we
exclude the risk of bankruptcy. Indeed, this risk does not seem covered under current
legislation. Finally, we study what could happen in case of failure penalties to be
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4.1 Introduction

In the classic formula of a public project, a commissioning of public works (Maitrise
d’ouvrage publique, namely MOP in French) the community realizes equipments
(hospital, prison, etc.) for its own needs and to bear the cost, partly by self and
partly by a loan from a bank.

In the formula “partnership agreement” (or public—private partnership, namely
PPP) community agrees on a period (15-25 years) with the contractor and is
charged a rent. Somehow, it is a lease purchase, covering three parts: depreciation
of equipment, maintenance costs, and financial costs. This formula is based on
an “ordonnance” of June 17, 2004, amended by the law of 28 July 2008 (see
legifrance.gouv.fr). The justification for this device is mainly based on the urgency
of requested equipment construction or its complexity. Here are studied the advan-
tages and disadvantages of the PPP contract system. We have not included problems
of taxation (as the “ordonnance” and the law do). However, it should be noted
that part of value added tax (VAT) is recoverable in case of MOP, whereas in the
framework of a PPP, not only it is not, but it is also added at the VAT payable on the
loan. This particularity could have an influence, but this problem is not addressed in
this paper. Here in particular, in the case of a risk-neutral consortium, we discuss the
benefits of outsourcing in terms of model parameters. We show that when including
the risk of bankruptcy, the externality can be interesting when a penalty is imposed
on the consortium in case of bankruptcy and in a certain context: for instance when
uncertainty is high enough, or the reference cost is important, or short maturity, or
sufficient penalty. In fact, this corresponds to a risk transfer from public to private.

Section 4.2 sets the problem, following lossa et al. model [1] and introduces the
various parameters of the problem. In Sect. 4.3 we solve an optimization problem
simultaneously for the consortium and the public community. Then we study in
Sect. 4.4 the effects of introducing a bankruptcy time whose risk does not seem
covered under the legislation above-named; this changes the model. If no penalty
is required, the result of the optimization yields to choose a minimal externality
in contrast to the result in case of absence of bankruptcy (Sect.4.3). Finally, in
Sect. 4.5, the consortium is obliged to pay penalties in case of bankruptcy: it is the
only case discussed here where in a particular configuration of the game settings,
outsourcing can be interesting for both parties. Section 4.6 gathers these results.

4.2 The Problem Setting

We follow here the framework of [1] by adding a stochastic view point. To modelize
the randomness of the model, we introduce a filtered probability space (£2,F =
(Z)iep.11, P).
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The operational cost (Cs)sepo,r] of the infrastructure maintenance is a nonnega-
tive F-adapted process. (Cs)sefo,r] is a rate (its unit is euros per unit time) and can
be written as

Cs=0p—e—ba+e, se][0,T], 4.1)

where

e (y is the benchmark cost of the maintenance.

e ¢, is the effort on the maintenance done at date s to reduce the cost, it is a
nonnegative F-adapted process.

* a is the effort on the construction to improve the infrastructure quality, it is a
parameter in RT.

* (&5)sep,7] 1s a centered bounded F-adapted process that modelizes the random
operational risk of the activity. We will assume that ¢ € [-m, M], dt ® dPa.s.

e §is the externality, it is a parameter in R™.

The externality represents the impact of the infrastructure on the maintenance
cost. We assume that improving the infrastructure quality reduces the maintenance
operational cost, thus the externality § is nonnegative. The maintenance cost is
payable by the consortium until the maturity 7" or until a possible default of the
consortium. We will assume the natural condition that the costs are nonnegative a.s.
This condition leads to some constraint detailed in Sect. 4.3.2, using the expression
of the optimal efforts.

The community pays to the consortium a rent #(c) which is a function of the
cost c: this rent permits both to pay the consortium for its work and to cover the
maintenance costs that are in its charge. We assume that the community chooses a
linear expression for the rent:

t(¢c) =a— PBc, with § > —1, and o such thata.s. 1(Cy) > C; Vs € [0, T].

t(c) — c is a decreasing function of the costs Cj, and thus an increasing function
of the efforts e;. The larger S is, the greater is the incitement to the consortium to
make effort on the infrastructure, but at the cost of a greater risk premium o.

Remark 4.1. & being in the interval [-m, M| Vs € [0,T] im > 0, M > 0) the
condition £ (Cy) > C, Vs € [0, T] is satisfied as soon as o > (B + 1)(6y + M).

The consortium aims to maximize its terminal utility, discounted at the rate r > 0,
its optimization problem can be formulated as follows:

T

max (E (/ e " (U@(Cy) — Cy,5) — @ley)) ds) — w(a)) 4.2)
(a,e)€[0,+00[XE 0

with £ = {(es)sejo,r7 F adapted such that Vs € [0, T] e, > Oa.s.}. The functions ¢

and ¥ represent the effort cost, and following [1] we will choose ¢ (a) = % and

¥ (e) = 5. U is a utility function that modelizes the consortium risk aversion.
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Definition 4.1. A function U : (¢,c) — U(t, ¢) is called utility function if
(1) U : [0, T]x]0, +oo[— R is continuous.
(ii)) Vt € [0,T], U(t,-) is strictly increasing and strictly concave.
(iii) The derivatives %U , %U exist and are continuous on [0, 7]x]0, +o0.
This optimization problem (4.2) will be reformulated in Sect.4.4 in the case of a
possible default of the consortium at a random time 7.
On the other hand, the community aims to maximize the social welfare defined as

the social value of the project minus the rent paid at the consortium. The community
optimization problem can be formulated as follows:

r T
e Wy ([ B0+ [ g ([ ericpa-a) )
(4.3)

with By >0, b :R™ —R™ C! and increasing (e.g., b(x) = bx, b > 0), b represents
the community utility.

o = {(a,B),a > 0,8 > —1suchthat(Cy) > Cy; Vs € [0, T]} in order that
the consortium is refund of the maintenance costs; Cy is the initial cost payable by
the consortium, By is the initial social value of the project.

4.3 Solution of the Problem Without Default

4.3.1 Maximization of the Consortium Ultility

Proposition 4.1. The parameters of the rent (a, B) being fixed, there exists a unique
solution (a, é;) at the optimization problem (4.1), given by

e =B+ DU (@— B+ 10 —e —ba+ &)
@ = SE([) e e,ds).

Furthermore,
a+— e(a)

is decreasing: the more effort the consortium makes for the construction, the less
effort it has to do for the maintenance.

Proof. We have to optimize the function

r —-rs 1 2 1 2
(a,e) »=E (/0 e (U(a —(B+1)(0y—es —ba+ &) — Ees)) ds)—za ,



4 A Modelization of Public—Private Partnerships with Failure Time 95

which is concave in a and in ey and thus which is maximum when its gradient is
zero. This leads to the couple (a, e;) solution of system in Proposition 4.1. We claim
that for all a, there exists a unique nonnegative solution e;(a). Indeed, since U is
strictly concave and increasing, we have

U' (¢ — (B + 1)(6) — e; — a + &) > 0,
and g : x = (B+ 1)U’ (@ — (B + 1)(6p — x — da + ¢;)) is decreasing. Thus e,(a)

is the abscissa of the intersection of the bisector and the function g graph, and it is
solution of the implicit equation

F(x,a)=x—(B+ DU (@« —(B+ 1) —x —Sa + &) = 0.
The relation between e and a is reflected by the derivative

de  0,F  (B+1)*U"(a—(B+ 1)(0)—x —8a + &))
da % F  1—(B+ 12U (@~ B+ D —x—8a+e))

Since U” < 0, % < 0, a +— es(a) is decreasing. We do the same for the function
h:aw— §E| fOT e "ey(a)ds] and we conclude by the existence of an unique optimal
a solution of equation a = h(a). O

Notation. We introduce the following notation, useful for the rest of the paper:

t
At = / e_rsds.
0

Example 4.1 (linear utility). U(x) = n + yx. In this case, the consortium is risk
neutral. The rent rule being fixed, the optimal efforts for the consortium are given by

es=y(B+1) Vsel0,T]
@ =86()) eds) = 8y(B + 1) Ar.

Example 4.2 (quadratic utility). U(x) = x — %xz with y > 0 such that #(Cy) < %
Vs €[0,T].

In this case, the risk aversion of the consortium ﬁ is an increasing function
of his wealth. The rent rule being fixed, the optimal efforts for the consortium are
given by

4 = §BFDU—ye—B+Do) T Ar
I+y(B+1)2(14+82Ar)

e = —l+<f(;1+>1)2 (I=yl@=(B+ Db+ (B+1)da— (B + 1)) Vsel0,T]
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The noise (&;) being centered, E(e,) does not depend on s. Furthermore, ¢ taking
values in [-m, M] Vs € [0,T] m > 0, M > 0), the condition ¢(C;) < % Vs €

[0, T'] is satisfied as soon as & — (B8 + 1)(6p — m) + %((1 +8H)(1 = y(a —
(B + Do)t + 8B+ M) < 1.

Remark 4.2. Comparison between these two examples: in the case of a quadratic
utility function, E(e5) < (B + 1) and is a decreasing function of the risk aversion,
whereas for a linear utility with slop y > 1, E(e;) = e; > (8 + 1). Thus the more
risk averse the consortium is, the less effort it will do both for the construction and
for the maintenance of the infrastructure.

Finding an explicit solution of the community optimization problem being
tedious in a general setting, we will from now on focus on the framework of linear
utility functions both for the community and the consortium

Ux)=yx,y>0;bx)=bx,b>0.

This leads to the following constraints on the externality.

4.3.2 Constraints on the Externality

It seems natural to assume the cost being nonnegative a.s. This leads to some
constraint on the parameters that we will explicit, using the expression of the optimal
efforts in the framework of a linear utility. Moreover, in practice, the community
cannot outsource more than a given level §,,4,. We fix §,,,x such that C; > 0 almost
surely:

Ci >0 6y >e;+8a—e.
Using the expressions of a and e (see Example 4.1):
Cy20<= bp—m =y +1)(1+84r). 4.4)

This is a constraint linking § and . Note that this induces 6y > m since § > —1.

4.3.3 Maximization of the Community Social Welfare

Our aim is to find explicit solutions in order to quantify the advantages of
outsourcing, with the linear utilities U(x) = yx, y > Oet b(x) = b.x,b > 0.
The rent rule being fixed, the consortium optimal efforts are given by

es=y(B+1) Vsel0,T]
@ =8y(B+ 1)Ar.
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Proposition 4.2. We recall the social welfare (4.3):

SW(a, B) = (E |:Bo + /T e "bes)ds — (/T e t(Cy)ds — Co):|)
0 0

with Cy = 6y — é; — 8a + &5 and t (Cy) = a — BCy. We assume that

—om— 1
0<sr<g, =2yl 4.5)
YAT

Then the community optimal policy is given by
yb+ 60— y(1 + 82Ar)
2y(1 + 82Ar)

vb + 0y +y(1 +8*A7)
2y(1 + 8§2A7)

™)
Il

(4.6)

Q)
|

(M —by —y(1 4 8*Ar)). (4.7)
Remark here that Assumption (4.5) implies that the benchmark cost 6 is bounded
from below, otherwise negative costs can occur.

Proof. Since é; = y(B + 1) is constant:

SW(e, B) — By — Co
At

= E[be; —a + BC,] = bey, —a + B(By — es(1 + §%A7))
= (b — B(1 + 8 Ar))e, —a + by

= (b =B +8Ar)y(B+1) —a + Bbo.

SW is a polynomial function of degree 2 in §:

SW(w, B) — By — Co
At

=—B2y(1 + 82A7) + B(yb + 6y — y(1 + 82 A7) —a + by

The dominating coefficient is negative, thus there exists a unique maximum

achieved for
vb+ 0y —y(1 + 82Ar)

B = 4.8
b= s e @9
that can be also written as
b+ 6
y(+8245) = L2220 4.9)
26+ 1

as soon as the constraint (4.4) is satisfied, that is as soon as

1
O —m — S (by + 6 +y(1 + §2Ar)) = 0,
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2 —

which is indeed satisfied since the externality § is bounded from above by &, ,. =

%. The choice of o must satisfy the constraint /(Cy) > Cy, that is

a>B+1)(0 +e—&—8a) ds®dPa.s.

The constraint must be satisfied in the linear case where &; = y(8 + 1), @ =
8y(B + 1)(Ar), and &, < M. We choose « saturating this constraint, & is given in

terms of B and using relation (4.9)

G=@+ 100 +M—y@+ 1)1+ 6 47))

=B+1) (00+M—(E+1)Vll+ 90)

28 +1
S
&=L (B0 +2M — by) + M —byl.
28+ 1

Since @ > (1 + E)CS and since the cost is nonnegative via (4.4), we necessarily
have & > 0. O

Remark that (4.9) implies that :3 is a decreasing function of the externality 4,
which satisfies

The upper bound corresponds to § =0 (no outsourcing), the lower bound corre-
sponds to § maximum (4.5). Thus the study of the impact of the externality § on
the social welfare can be done through the study of the function 8 — SW(«(8), B)
where we replace § by its function of 8 using (4.9).

Proposition 4.3. We assume (4.5). If by — by"j% < M —that is if the noise
level is high enough—the social welfare is optimal for the maximal externality

s = ,/w. Otherwise, if the noise level is lower, the social welfare is
optimal for § = 8,4y or for § = 0 (depending on whether SW(Bimax) < SW(Bmin)

or not).
In conclusion, if we exclude the default risk, the externality is attractive only if
the noise level is high enough.

Proof. We want to optimize the following function:

. SW(O{,,B)—B()—C() _ 2)/b+90_
Ar ST 2B +1

B o + by,
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that is, replacing « by its optimal value function of 8

B [B22(by — M) — B(3M + 0y — 4by) — M + 2by].

1
28 +1
We recall the constraint on 8

)/b+m Slgfﬁmax:yb_'_eo_y

Pmin = 6y —2m — by 2y

More precisely, we study on the interval [B,,i,, Bmax] the function

f(B) = [B22(by — M) — B(3M + 6y — 4by) — M +2by].  (4.10)

28 + 1

Differentiating with respect to 8, we get

28+ 1 6o+ M
B =B
4(by — M) 4(by — M)
The discriminant of this polynomial function of degree 2is A = 1+ Z‘;%% = %.
“1+ 6ot+by
If A > 0, the positive root is B, = # Remark that
y2
< = M <by-— .
ﬁr IBmax y by + 90

This can only happen if by — #:90 > 0, that is by solving the second degree

inequation (hy)? + byt — y> > 0if by > %( 1+ %,2 - 1.
0

 First case: by < M (i.e., high level of noise)
f (and thus SW) is a strictly decreasing function of 8 (and thus strictly
increasing in §). The social welfare is optimal for § = §,,,, (maximal externality)

for a high level of noise.
e Second case: by — by"j% < M < by (i.e., medium level of noise)
Since B, > Bmax, f (and thus SW) is again a strictly decreasing function of

(and thus strictly increasing in ). The social welfare is optimal for § = 8-

e Third case: by — m > M (i.e., low level of noise and by large enough). The

optimal externality depends on whether or not 8, is greater than B,,;,:
— If By > Bmin, then SW is a strictly decreasing function of § on [Bmin, Br]

and strictly increasing on [B;, Bnax]- Thus, the social welfare is optimal for
8 = 8ax or for § = 0 (whether SW(Bax) < SW(Bimin) Or not).
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— If B, < Bmin, then SW is a strictly increasing function of 8 (and a strictly
decreasing function of §). Thus, the social welfare is optimal when there is no
outsourcing (§ = 0).

To summarize this third case, the derivative f’(8) being successively negative
then positive, the optimum is achevied at one of the interval bound and is equal
to SW(,Bmux) Vv SW(,Bmm) ]

In conclusion, when we exclude the default risk of the consortium, outsourcing
becomes attractive only if the noise level is high enough. This corresponds to a risk
transfer from the community to the consortium. We conclude this section with a
toy numerical example in order to quantify numerically this benchmark noise level
under which outsourcing is not attractive.

4.3.4 Numerical Example

In this example we take 6y = 100 euros per unit time. The noise represents the
randomness of the cost around this value, that is ®y = 6y + € is a random variable
with values in [0y — M, 6y + M (here we take m = M). In the case of a linear
utility U(x) = yx, we let y = 25 euros per unit time and b = 1.

6o=100;y =25:b=1. .11

Proposition 4.4. For 6, = 100 ; y = 25; b = 1, outsourcing is attractive if
and only if noise level M is greater than % (i.e., around 16.7% of the benchmark
cost 6).

Proof. First, the level by — #jg[) given in Proposition 4.3 is equal to 20 in this
example, thus if M > 20 the maximal externality is optimal. Remark that in this
case

,Bmux = 25 YM N f(,Bmax) =50— 3M7

where f (which has the same behavior as S W) was defined in (4.10):

1

Bl [822(by — M) — B(3M + 6y — 4by) — M + 2by].

f(B) =

Now we study the case where M < 20. Proposition 4.3 says that the optimum
depends on the position of f(B,,;,) with respect to this value 50 — 3M. We have

25+ M

Pnin = 25 31"
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We set M = 5u, then we obtain

2500 — 20 x 504 + 95142

f(ﬂmin) = 5(15—2,11,) s
to be compared to f(Bnax) = 5(10 — 3p). Then, f(,Bmil) < f(Bmax) if and only
if M < %0 ~ 16.7, leading B optimal equal to B4, and § = 0. O

4.4 Introduction of a Default Time, Without Penalty

We extend here the previous model in a more dynamic point of view and by
introducing a default time. We still consider linear utilities (U(x) = yx and
b(x) = bx) and we consider the operational cost as a semimartingale

dCy = (6g —es — 8a)ds + od Ws.
The community chooses then the following expression for the rent:
dt(Cs) = ads — BdC;.

We define the default time 7 as the first time as the consortium cannot refund its debt
anymore. In a first step, we assume that no penalty is imposed to the consortium in
case of default (the case of penalty will be studied in Sect. 4.5).

4.4.1 Utility Maximization for the Consortium

The consortium must refund the debt at arate D (d Dy = De™"*ds) that is deducted
from its profit. Its aim is to optimize (with U(x) = yx being its utility function)

AT 1 1
(eaa7 T) — E (/ e_rs ()/[dt(c‘) — ng — dDY] — 563)) — Eaz
0

- E AT —rs D 1) (6 § 1 2d 1 N
= (/o e |:)/(Ol— )—y(B+ 10 —e5 — a)—zes] S)_Ea

since E (fOMT e"5d WS) =0.

Proposition 4.5. We assume that the initial effort does not depend on the default
time (which is unknown at date 0). Then the optimal policy of a risk neutral
consortium is given by
{ es = y(B + D1pari(s)
a=3y(B+ DAr.
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Proof. Since the default time 7 is unknown at the initial date, we do the optimization
only in (e, a) with the fact that the effort e is done on the interval [0, 7], thus

es = y(B + Dl ar)(s)
a=38y(B+ DE("" ersds)

But rather than taking an initial effort @ depending on t, it is more relevant to take
the optimal initial effort as in the case with no default (thus we may overevaluate it):

T
a=35y(B+1E (/0 e—”ds) = 8y(B+1)Ar. O

4.4.2 Definition of the Default Time and of the Community
Optimization Problem

We introduce the initial fund financing the project: DAr = fOT e " Dds. The
consortium must refund its debt, dt ® dP a.s.:

DAr +t(C;)—C,— D, >0,

that is
Y, = DAr + / e a—D—-B+ DO —yB+ 1A+ 82AT))ds
0

t
- / e (B + 1Nod W, = 0.
0

Thus the default occurs when this constraint is not satisfied anymore.

Definition 4.2. The default time 7 is defined as
T =inf{t : Y, <0}.

If r = 0 (then 4; = t):

t
T = inf{z : / e (B + 1)odW; > DAt
0

+@=D—(B+ 1) —yB+ D1+ 8Ar)A}
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Ifr > 0:
=1 f N _rdey Ar _Br e )
T = inf{t /0 e o > e "
where
4= rDAr + (@ =D — (B + 1) (0 — y(B + 1)(1 + §%47))
" r(B+ 1o ’
g _2-D- (B+ D6 —y(B+ D(1 4 8°47))
" r(B+ o ’

We remark here that this default time 7 is increasing in «: the greater the community
rent is, the longer the consortium avoids the default (and this V7). Considering that
it is optimal for the community to postpone the default as longer as possible, we will
choose the maximum « satisfying the constraints detailed in the following.

We adapt the definition of SW because in case of default, the community should
take over from the consortium to refund the debt

T T T
SW(a,B)— By—Cy=E (/ e hegds — / e dt(Cy) — / e_”Dds)
0 0 T

AT
_E ( /0 e Iby(B+ 1) —a + B — y(B + (1 + 8 A7)]ds

T
—D/ e_”ds)

=[D+by(B+1)—a+ B0y —y(B+ (1 + 8 A7) E[Arr] — DA7.
Introducing
H:=D+by(B+1)+ Bl —y(B+ (1 +85 A7),

SW(a,B)— Bo— Co+ DAr = (H —a)E[A a7],

which is the product of a decreasing and an increasing function in «. If @ > H, then
a — SW(a,B) — By — Cy + DAy is decreasing, thus an optimal & must be less
than H and we get

SW(a,B)— Bo— Co + DAy = (H —a)E[AA7] > 0.
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Therefore, the optimum exists in the interval [0, H] and we will study the following
function of the parameters «, f8, §:

E[AT/\T] = E[ATIT<T] =+ ATP(‘C > T)

4.4.3 Solution in the Caser =0

Ifr =0,
t=inf{t : W; > A — Bt},
where
DAy
A= B+ Do’
p_ D+ B+ 1D(O—y(B+1D(1+8T)) —a
N B+ Do '
We define
K:=D+ B+ 16 —yB+ 1)1 +8A4r)). (4.12)

4.4.3.1 The Law of the Default Time, Case r = 0

Using 3.2.3. page 148 [2], the law of t is given by
Proposition 4.6. If r = 0, the default time is defined by

DA - K
t:inf%t:W,> r « }

B+ Do + B+ l)crt

where K is defined in (4.12). Then the density of T on RT is

.- DAy ool L (DAT—(a—K)t)2
(B + o213 AT B+ o '

Ifr =0,P{r < oo} = exp(A(K —a) — |A(K —a)|) (cf. [3] page 197). Thus, E[z]
is finite if and only if @ < K. In order to postpone the default, we take @ > K.

Corollary 4.1. If r = 0, we choose « = K, and the default time is defined as
t=inf{t: W, > (;3D+$1T)o}’ the density of t on R is

N DAy o _l( DAy )2
B+ hovare | 2\ |
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4.4.3.2 Constraints on the Parameters, Case r = (0

A reasonable constraint is to take a nonnegative instantaneous operational cost (in
expectation):
E[Csds] = (6o — y(B + 1)(1 4 §2T))ds > 0.

that is
b0 > y(B+ 1)(1 +8T).

We have previously justified choosing « > K to move the default back, such that
E[zr] = +o0.

Proposition 4.7. The expected instantaneous cost being nonnegative, and o« > K
(such that E[t] = 400) induce the following constraints:

0o —by(B+1) <y(B+ (1 +8T) < 6. (4.13)

Furthermore 0 < K < H and this proves the existence of an optimal o in the
interval [K, H].

Proof. The expected instantaneous cost being nonnegative is equivalent to
E[Cyds] = (6p — y(B + 1)(1 + §°T))ds > 0,
thus we get the right-hand side inequality
b0 > y(B + D1 + §7).

This implies

K=D+ B+ 16 —yPB+1)(1+8T)>=D=0.
The left-hand size inequality follows from

H—K=(B+1by—6+yB+1)(1+8T)=>0.

O

We now choose @« = K, which maximizes the first factor SW — By — Cy + DA7.
We remark that in this case, in expectation, the instantaneous rent is positive:

E[t(Cy) — Cylds =a — (B + 1) — y(B + 1)1 +8°T)) = D > 0.

4.4.3.3 Study of the Social Welfare, Function of 8, §, Case r = 0

If r = 0, the law of t is explicit, furthermore (Corollary 4.1) we choose « = K =
D + (B + 1)(6y — y(B + 1)(1 + §2T)) and thus the factor of the expectation is

H—K= B+ 1)by—=6y+y(B+1)(1+8T).
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Corollary 4.2. Ifr = 0, we choose o = K < H, and the function

SW(a,B) — By — Co + DAr = (H — K)E[t A T]
=[(B+ Dby — 6 + y(B + (1 + §°T)]

o0 DAz 1 ( DAr
- [/0 MR T {‘z (5 1s) H

With the choice o = K, the default time is the hitting time of 0 ﬂD _:’IT)G by a Brownian

2
. . . DAt 1 DAt .
motion, thus the density of 7 is Frbevons exp |: > (—(ﬂ+1)a) :| . Assuming that

B, 6 satisty (4.13), Corollary 4.2 gives the function we want to optimize

DAr

2
(B.8) > [+ Dby~ 4784 DA+ 8D [ 1T B

1 ( DAr
X ex dt.
b [ ((ﬂ + 1>o) ]
Proposition 4.8. Let r = 0. We assume that the default time is postponed as longer
as possible and that, the consortium optimal policy (é;,d) being established, the

PPP contract requires nonnegative (in expectation) operational cost and rent. Then
the optimal rent rule and the optimal externality are

af =D,

0
“1<p*=2_1, (4.14)

%

§* = 0.

Outsourcing is not optimal in this case.

Proof. The function

DAt

> — 2 oz
S [(B+ Dby 00+y('3+1)(1+5T)]/l;{Jr[ATU(,B—i—I)«/m

5 1 ( DAr 0
exp|l—— | ———"
P72 B+ o
is increasing in § and using (4.13), (1 + §’T)* = W-FLI) This optimum is greater
than 1, thus we get the constraint for §:

y(B+1) < 6.
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Replacing 1 + 82T by its optimal value, we want to optimize the function

B>b / AT 24T 1( DAr )2 dt
———exp|—=— | ——7 .
Ve ' v P T2\ B+ o

This function is increasing, thus 8* = % —1, and using the expression of (1+827)*
we get that §* = 0. Finally,

a* =D+ (B*+ 1) —y(B* + 1)) = D.
O

The interpretation is the following: if there is no penalty in case of a default, the
community optimal policy is to outsource the less possible (and MOP are better and
more secure than PPP). Furthermore, we remark that at the optimum, E(Cy) = 0,
and the rentis #(C;)—Cy = D — %CS, E(t(Cy)—Cy) = D. Thus, the rent coincides,
in expectation, to the refund of the consortium debt.

4.4.4 Solution of the Problem in the Case r > (

Ifr > 0: .
T = inf{t : / e "dW,> A, — B,e "} |
0
where

_ DA + (@ =D — (B + 1)(0 — y(B + 1)(1 + 5°Ar))

Ar = r(B+ 1)o
P D —(B+ 1) —y(B+ 1)1+ 8 Ar))
"t r(B + 1o ’

4.4.4.1 Constraints on the Parameters

By continuity, we have almost surely

/ e (B + 1DodW, = DAr + (e =D = (B + 1)(0o — y(B + (1 + 62 A7) A,
0

that implies in the case r > 0

0= E[/Te_”(ﬂ + l)dWS}
0

= DAr + (¢ =D — (B + (6o — y(B + (1 + 8> A7))E[4.].



108 C. Hillairet and M. Pontier

Thus DA
E[4,] = L , 4.15
= v B DGy B DT 8any P
this implies the constraint on the parameters (since 0 < A; < 1/r):
DAr
0<E[A4,] = <1/r. 4.16
== S Y B DGy B D T eany = O
We recall

K=D+ B+ 1)0 —yB+ 1)1 +8A4r)),
thus we have the condition on «:
rDAT <D —a+ B+ D —yB+ 1)1 +8%47)) =K —a, a < K —rDAy.

(4.17)
Furthermore, the instantaneous cost being nonnegative (in expectation):

E[C,ds] = (60— y(B + 1)(1 + §°T))ds > 0.
implies that
6o = y(B + (1 +8°T).
4.4.4.2 Study of the Social Welfare, Function of 8, §; Case r # 0

Proposition 4.9. Let r > 0. We assume that the default time is postponed as longer
as possible and that, the consortium optimal policy (¢;,d) being established, the
PPP contract requires nonnegative (in expectation) operational cost and rent. Then
the optimal rent rule and the optimal externality are

a@=De T,
~ 0
1<p=2—1, (4.18)
y
§=0.

Proof. We summarize the constraints: the cost rate is nonnegative (in expectation):
6o = y(B + D(1 + 8 A7)
as for the rent:
a = (B+ 1l —yB+1D(1+8A4r) = (K~ D).
The optimal parameters must satisfy

oa < HAN(K—-rDAYT).
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As in the case r = 0, it seems to be relevant to choose « such that to postpone the
default as longer as possible, that is « = K — rDAr (that satisfies the constraint
a > K — Dsince rAr < 1). We get

H—a= B+ Dby—6+yB+1)(1+8Ar)+rDAr

that is increasing in § and must be nonnegative. This implies a constraint linking
B and §:
by(B+1) =60+ y(B+ 1)(1 +8*47) + rDAr > 0.

Furthermore, with this choice of «, we get

Thus t = inf{z/ fot e " dW, > i ﬂD -11417;0 e~ "'} does not dependent on §. For continuity
reason,

T DA
/ eraw, = PAT e
0 B+ 1o

thus E[e™""] = 0, thatis t = 4oca.s.andt AT = T, A o7 = Ar. Therefore, for
this choice of «,

SW(a,B.8) =[(B+ Dby —6y+ y(B+ 1)(1 +8*Ar) + rDA7)Ar.

SW is increasing in § and the optimal § is given by

0o
§2 =
(1+8Ar) SB+ D

. . o, . o, .
with the constraint y(ﬂj_l) > 1, thatis B < f — 1. Finally,

a@=De'T

and we easily check that H —a = rDAr + (B + 1)by is positive. The last step is
to find the optimum B + 1 for the function

B f(B+1)=(DAr + (B + 1)by)Ar.

This function is increasing, the optimal § is given such as in the case r = 0:

p=
Y

and § = 0. The community optimal policy is the same as in the case r = 0. O
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In conclusion, whatever the interest rate is, outsourcing is NEVER optimal
if we consider the possibility that the consortium defaults and if no penalty is
administered in case of default. Given the maturity of PPP contract, it is obvious
that we have to take into account the possibility of default. We will now focus on
finding some case where outsourcing is attractive if a penalty is administered in case
of default.

4.5 Penalty in Case of Default with r = 0

Here we add in Sect. 4.4 model a penalty pV (T —¢) that the consortium should pay
in case of default, whereas the community receives the compensation o’ V(T —1)™.
We assume the natural constraint pV < D and we denote p = p’ + & where gV is
used to pay the liquidation cost. We summarize the constraints

pV<D;p=p +e &>0. (4.19)

In such a case, we only consider the case r = 0, since in that case the law of ¢
has a very sophisticated expression not so easy to manage [4]. We consider the rent
dt(Cs) = ads — Bd Cy, thus the consortium optimal policy remains the following.

Proposition 4.10. Considering the rent dynamic dt(C;) = ads — fdC, and the
operational cost dynamic dCy = (6y — ey — §a)ds + od W, the consortium optimal
policy is

e =y(B+ Do), a=y(B+ 1)IT.

The default time is now defined as
t=inf{t: (B+ 1)oW, > DT + (« — K)t — pV(T —t) T} AT},
where K is defined in (4.12). Thus T = T A T with

T:=inf{t : B+ 1DoW,> DT + (a«— K+ pV)t—pVT}.

4.5.1 Constraints on the Parameters

As in the previous Sect. 4.4, we choose to postpone the default as longer as possible,
for both the consortium and the community interest:

a=K—pV =D+ B+ —yB+1)1+8T))—pV.

Using the fact that the operational cost and the rent are nonnegative, we precise the
constraints on the parameters.
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Proposition 4.11. We assume that the operational cost and the rent are nonnegative
(in expectation) and we choose the bigger externality satisfying this assumption.
Then the optimal parameters o, B, 6 satisfy the following constraints:

y(B+ 1)1+ 8T) = 6. (4.20)
y(B+1) < 6, 4.21)
0<D—pV <a<D+by(B+1)—pV. (4.22)

This last interval is not empty since p > p' and y(f + 1) > 0.

Corollary 4.3. With the choice of a maximal externality, the consortium optimal
effort can be written with respect to (6y, 8, T):

A 90 ~ 90
= qea). = —2 T
4= Tyerloa®) &= e

In this case dCy = ad W on [0, T].

Proof. The expectation of the instantaneous cost being nonnegative
E[Cyds] = (60— y(B+ (1 + 8°T))ds > 0

thatis 6y > y(B+1)(1+82T). Our goal here is to find situations where outsourcing
is attractive, thus we “a priori” choose § maximum

o
14 8T = ———.
y(B+1
This leads to the following constraint on B (since 1 4 827 > 1):
&/
B+1<=.
14

With this choice of externality, the decision of postponing the default as longer as
possible leads to the constraint on «

a>K—pV =D—pV. (4.23)
Furthermore, the instantaneous rent is nonnegative (in expectation)

E[1(C) = C] = a— (B + 16— y(B+ 1)1 +6T)) = 0,

thus, with the choice of § maximum, o > 0. We compute the social welfare, with §
maximum and taking into account the compensation received in case of default:

SW(a,B) —By—Co=[D +by(B+1)—a]E[t AT]— DT + p'VE[(T —1)™],
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thatisusing (T — 1)t =T —T AT,
SW(a,B)—Bo—Co+(D—p'V)T = [D+by(B+1)—a—p'VIE[T AT]. (4.24)
This expression of S W requires the following constraint:
D+by(B+1)—a—p' V>0 ie,a<D+by(B+1)—pV.
Furthermore, the constraints on « (o > 0 and (4.23)) lead to
(D—pV)T <a<D+byB+1)—pV.
Using assumption (4.19), (D — pV)* = D — pV and
0<D—pV<a<D+by(B+1) =7V

This interval is not empty since p > p’ and by (B + 1) > 0. O

4.5.2 Maximization of the Social Welfare

To emphasize the dependency on f, we now denotes T by
g :=inf{t : (B+ 1)oW, > (D —pV)T + (. — D + pV)t}.

We remark that 8 — 75 is decreasing. Using (4.24), we express the social welfare
S W as a function of B.

Lemma 4.1. Up to an additive constant, the social welfare is the sum of two func-
tions of B + 1:

- cnT by [ i a7 P=PNT
f(,3+1)_b)/(,3+1)E[r/\T]_by/0 tAT s
e _i((D—pV)T—(a—D—i—pV)Z)Z 0
Py B+ 1o

and
gB+1)=[D—a—pVIE[AT]

The following proposition gives the community optimal policy.
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Proposition 4.12. We assume (4.19). We assume that we postpone the default as
longer as possible and that, the consortium optimal policy (¢;, @) being established,
the PPP contract requires nonnegative (in expectation) operational cost and rent.
Then the optimal rent rule and the optimal externality are

(i) If D—a—p'V <0, E = % gnd the same conclusions as in the case with no
penalty hold (4.14).
(ii) If D —a—p'V > 0, we choose @ = D — pV (this does not contradict (ii) since

o' < p)and we denote A = y%. Then the sign (f + g)’(‘?/—o) is the one
of the following expressions:

(0o +2(p = P)V)A(l = &(A)) + bhpA™ (¢(A) - % - A¢(A))

—[2(o = p"VIp(A).

Fora “small” A, (f + g)’ (%) < 0, and there exists an optimal B strictly less

than %, thus the optimal externality § is strictly positive.

Proof. On the one hand, the function f is increasing from f(0) = 0 to

3 (D —pV)T  4by(D —pV)TNT
oo =by [ nT = o

On the other hand, concerning the function g, two cases may occur:

(1) If D —a — p'V < 0, g is also increasing, the optimal § is % and the same
conclusions as in the case without penalty hold (4.14).

(i) If D —a — p'V > 0, g is decreasing and it is necessary to go into detail, using
the constraints (4.21) and (4.22):

y(B+1) < 6o,

0<D—pV <a<D-)pV.
O

We will study the functions f and g in the interval ]0, %]. To do this, and in order
to simplify the computations, we choose @ = D — pV’ (thus 15 is a.s. finite with an
infinite expectation). We do the change of parameter:

o (D—pN)T
B+ Do

y(D —pV)T
900 '

¢ >
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Thus

~ (D — pW)1T 1
—py 2 PP T
A v o R+I/\ 23

#(0) = [(p—p’)V]E/;me

exp [—%gz} dt, (4.25)

1 1
exp 57 0 |
Ao
We will use the following technical lemma.

Lemma 4.2. Let ¢ be the density of a standard centered Gaussian random variable
and @ its cumulative function. Then for all positive A:

oo

A
/ W2 (u)du = —Ap(A) + @(A)—% : / u P (u)ydu = A7 p(A)— 1+ D(A).
0 A

We now compute the derivative function of g.

Lemma 4.3.

7O = [(0— p)VIAL [%Tcp (%) iy (%)] .

Proof Before computing the derivative, we do the following change of variable in

gu = E = iz,dt —25 du, and ¢ (u) = exp[ 2]:
50 = [(p— /)V]z/ E ot 2§2¢( Y
g p—p a2 TE

2

—[o- V]2 [R A To

t 00 &2
= 2Y(p—p)V] ( [ rowa [ %«zs(u)du).

JT

The previous lemma leads to

20) = 2[(o—)V] (T (qb (%) - %) n ;2<g¢ (%) 140 (%))) |

Up to the multiplicative constant 2(p — p")V, the derivative of the first term is
VT ¢>(%) and the second term is

ol 55) - 0o (5)
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whose derivative is (¢’ (u) = —u¢ (un)):
2 2
710(57) =77 (37) 2 (-2 (37) + 77 ()
T VT \JT VT VT \JT
and reduction leads to the result. O

The derivative of f is

Lemma 4.4.

= (o ) ere o ()3 e ()

Proof. We deduce from (4.25):

ey =y D= PVIT 1 1
f'(¢) =—by . E/I;thATtmexp[ ZIC}dt

Doing a change of variable in f "

D —pV)T 2 1 27 ¢?
LR ALY Y L P S — S
o R+ \ U e 23 2 |u

-4/ 27 (72)

(D — pV)T ¢ 1w W2
:_MT/W( AYC I i P

(D pV)T T o

~ - 7 (/ T— ¢(u)du+/jf (;S(u)du).

Lemma 4.2 yields
716y = —apy L= PVT —z[_L (L) (L)_l}
7y = -2y PEOT (e[ og () ve () -5

no(5)

Proof of Proposition 4.12, case (ii) : We are looking at the sign of (/" + g)’ (‘?,—0)
which is the sign of —(f +£) () (in¢ = V(D(;)#). Using the two lemmas,

@) =

O
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—(f+8' )=

oy CLT (1o (L) 4 Lo (L) -1- L (5)])

- [ ) ool

Thus the sign of (f + g)’ is the one of

byw (1 — 9 (%) + T2 [‘P (%) - % - % (%)D

oo [Fa(5) 1 +0(5)]

For ¢ = y%, we set A = y%, and the sign of (f + g)’(%) is the
one of

b6y A (1 —P(A)+ A2 [q>(A) - % - Aqﬁ(A)])—2A[(p—,o/)V][A_1¢(A)—1+<P(A)]

which is the expected expression of Proposition 4.12(ii)

_ 1
(b6 +2(p—p) V) A1 =P(A) +bbpA”" (¢(A) -5 A¢>(A))—[2(p—p’) Vip(A).
The asymptotics around zero of the two first terms are

A
[2(p — PV + b A[l — D(A)] ~ [2(p— )V + bool .

542
6v27r’

and the third term is equal for A = 0 to —2(p — p/)V(0) = —% < 0. Thus,
for A small enough, (f + g)’(%) <0. °

bhyA™! ([cp(A) — % — A¢>(A)D ~ bby

Remark 4.3. This condition “A = y% small enough” is satisfied if

The noise level is high (large o)

— The benchmark cost 6 is high

The maturity 7 is short

— D — pV is small, that is the penalty p is large enough
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In this section that modelizes the better the reality, we show that outsourcing
is attractive for the community in case of high uncertainty or high noise, short
maturity, high benchmark operational cost or a sufficiently high penalty in case
of default.

4.6 Conclusion

Three models of PPP contracts have been studied in this paper:

— The first one assumes that there is no default risk and that the contract does not
end before maturity.

— The second one introduces the default risk of the consortium, without any
compensation for the community in case of an unreciprocated contract breaking-
off.

— The third one also considers the default risk of the consortium, and the consor-
tium has to pay penalty in case of default, the community receiving a part of this
penalty as a compensation.

In the second model, whatever is the discount rate (positive or zero), the commu-
nity optimal policy is to give up for outsourcing. In the first model, outsourcing is
optimal if the noise level around the maintenance benchmark cost is higher than a
threshold: this corresponds to a risk transfer from the community to the consortium.
Remark that this threshold is an increasing function of the benchmark cost and of
the coefficient of the consortium utility. Similarly, in the third model with penalty
in case of default, outsourcing is optimal if the randomness is high enough, or if the
contract maturity is short, if the benchmark cost or the penalty is high enough.
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Chapter 5
On a Flow of Transformations of a Wiener Space

Joseph Najnudel, Daniel Stroock, and Marc Yor

Abstract In this chapter, we define, via Fourier transform, an ergodic flow of
transformations of a Wiener space which preserves the law of the Ornstein—
Uhlenbeck process and which interpolates the iterations of a transformation pre-
viously defined by Jeulin and Yor. Then, we give a more explicit expression for this
flow, and we construct from it a continuous gaussian process indexed by R?, such
that all its restriction obtained by fixing the first coordinate are Ornstein—Uhlenbeck
processes.

5.1 Introduction

An abstract Wiener space is a triple (H, E, #) consisting of a separable, real Hilbert
space H, a separable real Banach space E in which H is continuously embedded as
a dense subspace, and a Borel probability measure % on E with the property that,
for each x* € E*, the # -distribution of the map x € E +— (x,x*) € R, from £
to R, is a centered gaussian random distribution with variance ||/« ||, where /1,
is the element of H determined by (&, hy+)g = (h,x*) forall h € H. See Chap. 8
of [5] for more information on this topic.

Because {h,+ : x* € E*}isdensein H and ||hy+ |z = |[{-,x*) || 12(%), there is
a unique isometry, known as the Paley—Wiener map, .# : H —> L?*(#') such that
F(h) = (-, x*)if h = hy=. In fact, foreach h € H, .#(h) under # is a centered
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Gaussian variable with variance [|/2]|%,. Because when h = h,«, .# (h) provides an
extension of (-, /)y to E, for intuitive purposes one can think of x ~> [.Z (h)](x)
as a giving meaning to the inner product x ~> (x, /)y, although for general / this
will be defined only up to a set of # -measure 0.

An important property of abstract Wiener spaces is that they are invariant under
orthogonal transformations on H . To be precise, given an orthogonal transformation
O on H, there is a %/ -almost surely unique T : E —> E with the property that,
foreach h € H, .#(h) o Tg = #(0"h) # -almost surely. Notice that this is the
relation which one would predict if one thinks of [.# (h)](x) as the inner product
of x with /. In general, T» can be constructed by choosing {x; : m > 1} € E*, so
the {x : m > 1} is an orthonormal basis in H and then taking

oo

Tox = Z(x,x;,)ﬁhx;;,

m=1

where the series converges in E for # -almost every x as well as in L?(#; E) for
every p € [1,00). See Theorem 8.3.14 in [5] for details. In the case when ¢ admits
an extension as a continuous map on E into itself, 75 can be the taken equal to that
extension. In any case, it is an easy matter to check that the measure % is preserved
by Ts. Less obvious is a theorem, originally formulated by I.M. Segal (cf. [4]),
which says that Tz is ergodic if and only &’ admits no nontrivial, finite dimensional,
invariant subspace. Equivalently, T is ergodic if and only if the complexification
O, has a continuous spectrum as a unitary operator on the complexification H, of H.

The classical Wiener space provides a rich source of examples to which the
preceding applies. Namely, take H = H,, to be the space of absolutely continuous
h € © whose derivative / is in L2([0, 00)), and set Al = ||]:l||L2([0,oo))' Then H,
with norm || - || 4 . is a separable Hilbert space. Next, take £ = ©, where © is the
space of continuous paths 0 : [0, c0) —> R such that 6(0) = 0 and

Q]

; — 0 ast > 0tendsto 0 or oo,
t2log(e + |logt|)

and set 00)|
t
161l = sup — :
>0 t2 log(e + |logt|)
Then © with norm || - ||e is a separable Banach space in which H|} is continuously

embedded as a dense subspace. Finally, the renowned theorem of Wiener combined
with the Brownian law of the iterated logarithm says that there is a Borel probability
measure WH& on ® for which (Hol, e, WHOl) is an abstract Wiener space. Indeed, it
is the classical Wiener space on which the abstraction is modeled, and WH& is the
distribution of an R-valued Brownian motion.

One of the simplest examples of an orthogonal transformation on H, for which
the associated transformation on @ is ergodic is the Brownian scaling map S, given
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by S, 0(t) = a_%é(ozt) for o > 0. It is an easy matter to check that the restriction
Oy of Sy to HOl is orthogonal, and so, since S, is continuous on @, we can take
Te, = Su. Furthermore, as long as « # 1, an elementary computation shows
that lim,— (g, O h) ;= 0, first for smooth g, i € H, with compact support in
(0, o0) and thence forall g, h € H(}. Hence, when o # 1, 0, admits no nontrivial,
finite dimensional subspace, and therefore S, is ergodic; and so, by the Birkoftf’s
Individual Ergodic Theorem, for p € [1,00) and f € L? (V/Hol),

n—1
1 \
Jm X sosi= [ rany

both WHl -almost surely and in L? (% (1) Moreover, since {S, : o € (0,00)}is a
multlphcatlve semigroup in the sense that S, = S, o Sg, one has the continuous
parameter version

lim

Hoologa/ (foS)— /deHl

of the preceding result.

A more challenging ergodic transformation of the classical Wiener space was
studied by Jeulin and Yor (see [1, 3, 6]), and, in the framework of this chapter, it is
obtained by considering the transformation & on H, defined by

[Oh](t) :h(z)—/o @ds. .1)

An elementary calculation shows that & is orthogonal. Moreover, & admits a
continuous extension to © given by replacing 2 € H| in (5.1) by 6 € ©. That s

[Ts0] = 0(¢) —/ w ds forf € ®andr > 0. (5.2)
0

In addition, one can check that lim,,_, (g, ﬁ"h)Hl = 0forall g, h € HOI, which
0

proves that T is ergodic for #/1.

In order to study the transformation 7s in greater detail, it will be convenient to
reformulate it in terms of the Ornstein—Uhlenbeck process. That is, take H U to be
the space of absolutely continuous functions # : R — R such that

] o = \/A(ih(z)z +h(t)?) di < oc.

Then HY becomes a separable Hilbert space with norm | - || ;v . Moreover, the map
F: H} — HY givenby
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[F(9)](t) = e 5g(e'), forge H} andr € R, (5.3)

is an isometric surjection which extends as an isometry from ® onto Banach space

% of continuous @ —> R satisfying limy|— oo _{Z)g(tlt)l

= 0 with norm ||w|% =
sup, g (log(e + |t|))_1|a)(t)|. Thus, (HY, %, #yv) is an abstract Wiener space,
where #yv = Fy WH(} is the image of WH& under the map F. In fact, #u is the
distribution of a standard, reversible Ornstein—Uhlenbeck process.

Note that the scaling transformations for the classical Wiener space become
translations in the Ornstein—Uhlenbeck setting. Namely, for eacha > 0, F o S, =
Toge © F, where 7, denotes the time-translation map given by [t,w](¢) = w(s + 1).
Thus, for s # 0, the results proved about the scaling maps say that 7, is an ergodic
transformation for #%v . In particular, for p € [1,00) and f € L?(#yv),

n—1 T
1 .1
nan;o;ZOf”m:T&H;J/O rosds= [ 10

both #/v-almost surely and in L? (#yv).

The main goal of this chapter is to show that the reformulation of transformation
T coming from the Jeulin—Yor transformation in terms of the Ornstein—Uhlenbeck
process allows us to embed 7 in a continuous-time flow of transformations on
the space %, each of which is %/, | -measure preserving and all but one of which
is ergodic. In Sect. 5.2, this flow is described via Fourier transforms. In Sect. 5.3,
a direct and more explicit expression, involving hypergeometric functions and
principal values, is computed. In Sect.5.4, we study the two-parameter gaussian
process which is induced by the flow introduced in Sect.5.2. In particular, we
compute its covariance and prove that it admits a version which is jointly continuous
in its parameters.

5.2 Preliminary Description of the Flow

Let © and Ty be the transformations on HO1 and @ given by (5.1) and (5.2), and
recall the unitary map F : H] — H U in (5.3) and its continuous extension as an
isometry from ® onto 7. Clearly, the inverse of F is given by

F Y w)(t) = Vtw(logt) fort > 0.

Because F is unitary and & is orthogonal on H}, —F o &' o F~! is an orthogonal
transformation on HY, and because

S:=—FoTgoF™!

is continuous extension of —F o & o F~! to %, we can identify S as T_pog0p—1.
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Another expression for action of S is
o0 s
[S(@)](t) = —w(t) + / e 2wt —s)ds fort e R.
0

Equivalently,
S(w) = w * [,

where p is the finite, signed measure p given by

W= =8+ e_%ltzodt.

To confirm that w * p is well defined as a Lebesgue integral and that it maps %
continuously into itself, note that, for any w € % andt € R,

w s w S
/ e 2wt —s)|ds < ||lo|y / e 2log(e + [t| + s)ds
0 0

o
< |lwll% log(e + III)/0 e 2(1+s)ds < 9wl logle + |2])

The Fourier transform [& of y is given by

)= / =M dp(x) = _1+/°° e~/ 24N g — 14 1 I 2iA — o2 Aretg(2h)
R 0 124k 142

Hence, forallh € HY and A € R,
hox (L) = e 2 A, (5.4)

which, since
2 1 7 2 2
121150 = /|h(x)| (14 41%)da,
87 R

provides another proof that S | HY is isometric.

The preceding, and especially (5.4), suggests a natural way to embed S | HY
into a continuous group of orthogonal transformations. Namely, for u € R, let u**
to be the unique tempered distribution whose Fourier transform is given by

l:*\u(k) — e—2iuArctg(2)k)’ (55)

and define "¢ = ¢ % u*" for ¢ in the Schwartz test function class . of smooth
functions which, together with all their derivatives, are rapidly decreasing. Because

%(A) — e—ZiuArctg(Zk)(Z)(A)’
itis obvious that . has a unique extension as an orthogonal transformation on HY,

which we will again denote by .“. Furthermore, it is clear that /1" = 9" o ./V
for all u,v € R. Finally, for all g, h € HY ueR,
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1 — ~ .
(g7yuh)HU — 8_ / (’g\(k)h(k) e—21uArctg(21)(1 4 412) da
T Jr

/2 —A .
! g (tan(f)) h (tan(t)) (1+ tanz(t))2 e 2T g,

E —/2 2 2
where
1 72| _(tan(r) 7 tan(7) (141 2 ))2d
16+ an T
167 —/2 & 2 2 T
R
= o [ BB+ 427 a2
T JRr
=<

([ o= o) ([ e s o)
o ([rora+ana) ([ Fopa+ s

= llglluvllhl|gv < oo

Hence, by Riemann—Lebesgue lemma, shows that (g, .7"h)zv tends to zero when
|u| goes to infinity.

Now define the associated transformations S* := T.o« on % for each u € R. By
the general theory summarized in the introduction and the preceding discussion, we
know that {S* : u € R} is a flow of #}v-measure preserving transformations and
that for each u # 0, S is ergodic.

5.3 A More Explicit Expression

So far we know very little about the transformations S* for general u € R. By
getting a handle on the tempered distributions p**, in this section we will attempt
to find out a little more.

We begin with the case when u is an integer n € Z. Recalling that u = —8y +
e 3 1,50 dt, one can use induction to check that, forn > 0,

P = (=1)" (8o + e 2L (1) ;»0d1),

where L, is the nth Laguerre polynomial. Indeed, the Laguerre polynomials satisfy
the following relations: for all n > 0,

L,(0) =1

and foralln > 0,7 € R,
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L, () = L,(0) — L (0).
Similarly, starting from u*~! = —§o + e’ 1;>0dt, one finds that
= (=1)"(8o + e L. (—1)1,<d1)
for n < 0. In particular, u*" is a finite, signed measure for n € Z, and S"w can be
identified as u*" * w forall w € % and n € Z.

As the next result shows, when u ¢ Z, u*"* is more singular tempered distribution
than a finite, signed measure.

Proposition 5.1. For each u ¢ Z, the distribution *" is given by the following
formula:
sin(7ru)

g

w = cos(mu)do(x) +

pv(1/x) + @y (x), (5.6)

where pv denotes the principal value, and ®, € L*(R) is the function for which
D, (x) equals

. 0o _ k / /
o—lx1/2 (_u su]lt(rru) Z (1 — usgn(x))g|x]| [1" (1 + k — usgn(x)) — %(1 4k
k=0

k'(k + 1)! T

r’ sin(r sin
Lovn+ log(|x|)] n (—)) _ sinmu
r X X

I'' /T being the logarithmic derivative of the Euler gamma function and ( ) being
the Pochhammer symbol.

Proof. Define the functions ¥, and 6, from R* = R\ {0} to R so that ,(x) =
e~ 2, (x) and ¥, (x) equals

. o0 _ k / /
_uanas) 5h Conssnh [F (1 + K —usgn(e) = (1 + k)
k=0

k'(k + 1)! T
r’ sin(
24k +10g(|x|):| . sintr)
r X
From Lebedev [2], p. 264, Eq. (9.10.6), with the parametersa = | —uora = 1 +u,
n = 1,z = x or z = —x, the function ¥, satisfies, for all x € R*, the differential
equation:

XY () + 2 = XDy (x) + (= sgn(x)Yu(x) = 0,

and grows at most polynomially at infinity. One then deduces that 6, decreases as
least exponentially at infinity and satisfies (for x # 0) the following equation:

X6,/ (x) +26,(x) + (u - %) 6u(x) = 0. (5.7)
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At the same time, by writing
e XI/2 — (e—\x\/2 —+1

and expanding 6, (x) accordingly, we obtain:

0,(x) _s1n(7;u) MSH;STM) |: = (1 — usgn(x)) — 2(1) _ 1(2) + 10g(|x|):|
3 sinz(nu) sen(x) + 1 (x).
b4
for

Mu(x) = 77,0 () + x[2 () + xlog(Ix ) (x) + [x] log(|xng” (x),
where ni,l), 7)5,2), r)ff;) s r)ff) are all smooth functions. The derivatives of the functions x,
|x], x log | x|, | x| log | x| in the sense of the distributions are obtained by interpreting
their ordinary derivatives as distributions. Similarly, the product by x of their
second distributional derivatives are obtained by multiplying their ordinary second
derivatives by x. Hence, both 7/,(x) and xn//(x) as distributions can be obtained by
computing 7/ (x) and x7//(x) as functions on R*.

Now, let v, be the distribution given by the expression:

51n(7r u)

v (x) = cos(mu)do(x) + pv(l/x) + [9 (x) — (5.8)

sin(wu)

X i| ’
Note that the term in brackets, in the definition of v,, is a locally integrable function,
and that v, coincides with the function 6, in the complement of the neighborhood
of zero. Let us now prove that v, satisfies the analog of the Eq. (5.7), in the sense of
the distributions. One has:

) = eosCraso(e) £ T ) — 1T [ T~ usen(vy)
r’ r’ i
(0= @+ Tox() | - T seno) + o).
Since
I’ r’ LA +wr(-w)  &(wu/sin(ru) 1
_(1 )= _(1 —uw= IF'(M+uwl(1—u)  wu/sin(ru) u — 7 cot(wu),

one obtains, after straightforward computation,
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sin(u) ucos(mu)

vu(x) = cos(m)dp(x) + pv(1/x) - —

sgn(x)

ST g ]y 4 ctu) + )

where c(u) does not depend on x. One deduces that

V() = cos(ru)do(x) + Sm(’”’)

pv(1/x) + xu1(x),

where y,.1 denotes a locally integrable function. Moreover,

sm(nu)

v, (x) = cos(u)d)(x) - fr(1/x%)

u sm(nu)

—ucos(mwu)do(x) — pv(1/x) + m,(x),

where fp(1/x?) denotes the finite part of 1/x2, and then

sin(u) pv(l/x) — LA sir;inu) + xm;,(x).

xv!(x) = —cos(wu)do(x) —

By differentiating again, one obtains:

sm(n )

v (x) 4 xvy (x) = —cos(mu)dy(x) + Fp(1/x?) 4, (x) + xiy (x).

Therefore,
0604 25000 + (= ) 90) = a2+ (—eostrntin) + 20 fp(1/5%))
+ (cos(nu)ag(x) - Sm(’”‘) Fp(1/x2) — ucos(upso(x) — ST pv(l/x))

( u)

+u (cos(rm)So(x) +——>pv (1/X)) = Yu2(x),

where y, is a locally integrable function. Since 6, satisfies (5.7), y,. is identically
zero. Hence, v, is a tempered distribution solving the differential equation:

xv(x) 4+ 2v!(x) + (u — ;) v,(x) =0,

or equivalently,

}w(x) = %(xvu(x)) — v, (x) = 0.
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Multiplying by —4i and taking the Fourier transform (in the sense of the distribu-
tions), one deduces:

0 (M) (1 4 4A%) = —4iuv, (M).

This linear equation admits a unique solution, up to a multiplicative factor c:

A —4i
(1) = cexp (/0 T;utzdt) = c exp(—2iu Arctg(21)).

Hence, v, is proportional to ;**. In order to determine the constant ¢, let us observe
that the distribution v, o given by

¢ sin(wu)

Ve0(x) = v, (x) — ¢ cos(mru)do(x) — pv(1/x)

admits the Fourier transform:

EA\O(A’) =c e—ZiuArctg(ZA) —c e—m’usgn(k)'

One deduces that v, is a function in L%, which implies that v, ¢ is also a function in
L?, and then locally integrable. Since the last term in (5.8) is also a locally integrable
function, one deduces that ¢ = 1, and then

kU

Mmoo = Yy,

which proves Proposition 5.1. O

The reasonably explicit expression for u** found in Proposition 5.1 yields a
reaonably explicit expression for the action of .’*. Indeed, only the term pv(1/x) is
a source of concern. However, convolution with respect of pv(1/x) is, apart from a
multiplicative constant, just the Hilbert transform, whose properties are well known.
In particular, it is a translation invariant, bounded map on LZ(R), and as such it is
also a bounded map on HY. Thus, we can unambiguously write .*(h) = h * u**
for all h € HY. On the other hand, the interpretation of w * u** for w € % needs
some thought. No doubt, @ * pu** is well defined as an element of . ', the space
tempered distributions, but it is not immediately obvious that it can be represented
by an element of % or, if it can, that the element of %/ which represents it can be
identified as S“w. In fact, the best that we should expect is that such statements will
be true of #v-almost every w € % . The following result justifies that expectation.

Proposition 5.2. For #yv-almost every w € %, the tempered distribution o * j*"
is represented by an element of % which can be can be identified as S"w.

Proof. Recall that, for ¢ € ., ¢ * u** is the element of .¥ whose Fourier
transform is given by

@ * (L) = P(L) AT forall ) € R,
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Also,if T € .7/, then T * u** is the tempered distribution whose action on ¢ € .
is given by
A0 T * ™) = 7l x "™ T) .
Now choose an orthonormal basis {/, : n > 1} for HY all of whose members

are elements of ., and, foreachn > 1, set g, = %hn + h:l’. Next, think of g, as
the element of %/ * whose action on @ € 7% is given by

wlw, gn)ur = {8, 0) ..

It is then an easy matter to check that, in the notation of the introduction, i, = hy, .
Hence, if B is the subset of w € % for which

n n
J— 3 y u — : , E 37
o= lm Y s(gno)sh, and S'o= lm D s{gn o)y *p™,

m=1 m=1

where the convergence is in %, then # v (B) = 1.
Now let w € B. Then, for each ¢ € .7,

sp.0x p™) g = 2lp* " ) = lim D g @) (@ x 1)

m=1

= lim > (g @) (9. S ) 70 = (9. S"0) .

m=1

Thus, forw € B, w * u** € . is represented by S"w € % . O

5.4 A Two Parameter Gaussian Process

By construction, {S“w(t) : (u.t) € R?} is a gaussian family in L?(#}v). In this
concluding section, we will show that this family admits a modification which is
jointly continuous in (u, ).

Letg, ¥ €.7 andu,v € R% be given. Then, by Proposition 5.2, for #/v-almost
every w € %,

// 0V (D) (S" (@) ($)(S* @) () dsdi = (0,0 % W™ 150 (W0 % 1™} 17,
RZ

where the integral in the left-hand side is absolutely convergent. Because
Ey, [S ”w(l)z] is finite and independent of (u, ) € R?, by taking the expectation
with respect to #v and using (5.5), one can pass from this to
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/[ PO, [(5"(@))(5)(S* (@) (1)] dsdr

=Ey, .y [y(% o * W) 7 (Y, 0 % M*V).fﬂ’]
Zz(u v) Arctg(21) _—
= — A A)d A
o B e e

2 i 11=$)A+2(u=v) Arctg(21)]
n /// 1+ 4)2 eS)Y(t)dsdtdA.

Hence,
[els) ei [(t=$)A+2(u—v) Arctg(21)]

B, [S" @) @)0] = = [ i 69

first for almost every and then, by continuity, for all (s,#) € R2. In particular, we
now know that the %/, v -distribution of {S“(w))(¢) : (u,t) € R?} is stationary.

To show that there is a continuous version of this process, we will use Kol-
mogorov’s continuity criterion, which, because it is stationary and gaussian, comes
down to showing that

[1=Ey,, [(S“@)()(S (@) (0)]| < Clu.s) — (v.0)[*
for some C < oo and « > 0. But

i L=9)A+2(u—v) Arctg(23)] _ 1’

. ; 2 [®  dA
1= (S @O @0l = = [

< z /'00 i ei(f_s)l_l‘ _|_E /-oo L ’eZi(u—v)Arctg(ZA)_l‘
T Jeo 1 +4A2 oo 1+ 422

2 [* _dr 4 [ di
<2 o qr—-sMA)+~ | — - ) Arcig(2A
_ﬂ/—oo1+4?tz(| g|||A)+7T/‘_001+4AZ|(u v) Arctg(21)],

and, after simple estimation, this shows that
1

1= EIS @) @) 0] = C [lu=sl + 1=l (14108 (14 =55) )

where C < oo. Clearly, the desired conclusion follows.

Remark 5.1. A question about filtrations comes naturally when one considers the
group of transformations (S"),er on the space % . Indeed, for all ¢, u € R, let %/
be the o-algebra generated by the %/ v-negligible subsets of %/ and the variables
(S*(w))(s), for s € (—o0, t] (these variables are well defined up to a negligible set).
From the results of Jeulin and Yor, one quite easily deduces the following properties
of the filtrations of the form (#"),er for u € R:
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o Forallt,u € R, .%} is generated by F and (S*(w))(1).

o Forallt,u € R,.Z""" and (S*(w))(t) are independent under #;u .

e Forall t,u € R, the decreasing intersection of %”” for n € Z is trivial (i.e., it
satisfies the zero-one law).

« Ifu € R is fixed, the o-algebra generated by .%Z/**" for t € R does not depend
onn € Z.

All these statements concern the sequence of filtrations (.Z“*"), <z for fixed u € R.
A natural question arises: how can these results be extended to the continuous family
of filtrations (.#"),er? Unfortunately, for the moment, we have no answer to this
question (in particular the family does not seem to be decreasing with u).
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Chapter 6
Measure Invariance on the Lie-Wiener
Path Space

Nicolas Privault

Abstract In this chapter we extend some recent results on moment identities,
Hermite polynomials, and measure invariance properties on the Wiener space, to the
setting of path spaces over Lie groups. In particular we prove the measure invariance
of transformations having a quasi-nilpotent covariant derivative via a Girsanov
identity and an explicit formula for the expectation of Hermite polynomials in the
Skorohod integral on path space.

Keywords Covariant derivatives ¢ Lie groups ¢ Malliavin calculus ¢ Measure
invariance ¢ Path space * Quasi-nilpotence ¢ Skorohod integral
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6.1 Introduction

The Wiener measure is known to be invariant under random isometries whose
Malliavin gradient satisfies a quasi-nilpotence condition, cf. [12]. In particular,
the Skorohod integral §(RA) is known to have a Gaussian law when he H =
L?>(Ry,R?) and R is a random isometry of H such that DRh is a.s. a quasi-
nilpotent operator. Such results can be proved using the Skorohod integral operator
8 and its adjoint the Malliavin derivative D on the Wiener space, and have been
recently recovered under simple conditions and with short proofs in [5] using
moment identities and in [6] via an exact formula for the expectation of random
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Hermite polynomials. Indeed it is well known that the Hermite polynomial defined
by its generating function

X n
42,2
eXt tu/2:ZEHn(-st)v x’[ER’
=0

satisfies the identity
E[H,(X,0%)] =0, (6.1)

when X ~ .#(0,0?) is a centered Gaussian random variable with variance o> > 0,
and that the generating function can be used to characterize the gaussianity of X.
In [6], conditions on the process (u;);er + have been deduced for the expectation
E[H,(8(u), |u||*)], n > 1, to vanish. Such conditions cover the quasi-nilpotence
condition of [12] and include the adaptedness of (u;);cr +» which recovers the above
invariance result using the characteristic function of &(u).

On the other hand, the Skorohod integral and Malliavin gradient can also be
defined on the path space over a Lie group, cf. [1,3, 10]. In this chapter we prove
an extension of (6.1) to the path space case, by computing in Theorem 6.1 the
expectation

E[H, (), [ul»],  n=1,

of the random Hermite polynomial H, (§(u), ||u|?), where §(u) is the Skorohod
integral of a possibly anticipating process (u;);er,. . This result also recovers the
above conditions for the invariance of the path space measure, and extends the
results of [6] and [5] to path spaces over Lie group.

In Corollary 6.4 below, we summarize our results in the derivation formula

%E [eAS(“)_%”“”z] =-E |:e)‘8(“)_)‘2<“’”)/2% log dety (1 — )LVM)] 6.2)

—AE [eW“)—“("’“)/Z((I —AVu)~'u, Dlogdets (I — wu))] ,

for A in a neighborhood of 0, in which D, V respectively denote the Malliavin
gradient and covariant derivative on path space, and det;(/ — AVu) denotes the
Carleman—Fredholm determinant of / —AVu. When Vu is quasi-nilpotent, we have
det;(I — AVu) = 1, cf. Theorem 3.6.1 of [13], or [14], hence the derivative (6.2)

vanishes, which yields
E I:e/\(?(u)—/\22||u||2i| =1,

for A in a neighborhood of 0, cf. Corollary 6.3. If in addition (u, u) is a.s. constant,
this implies

E[0] = =51 ) eR,

showing that §(u) is centered Gaussian with variance ||u||>.
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This chapter is organized as follows. In Sect. 6.2 we review some notation on
closable gradient and divergence operators, and associated commutation relations.
In Sect. 6.3 we derive moment identities for the Skorohod integral on path spaces.
In Sect. 6.4 we consider the expectation of Hermite polynomials, and in Sect. 6.5 we
derive Girsanov identities on path space.

6.2 The Lie-Wiener Path Space

In this section we recall some notation on the Lie-Wiener path space, cf. [1, 3, 10,
11], and we prove some auxiliary results. Let G denote either RY or a compact
connected d -dimensional Lie group with associated Lie algebra ¢ identified to R?
and equipped with an Ad -invariant scalar product on R? ~ ¢, also denoted by (-, -).
The commutator in ¢ is denoted by [-, -]. Letad (u)v = [u, V], u,v € ¢, with Ade" =
et yeq.

The Brownian motion (y(#));er, on G with paths in 65(R+,%) is constructed
from (B;);er,. via the Stratonovich differential equation

dy(t) =y() ©dB,

y(0) =e,

where e is the identity element in G. Let P(G) = %(R4+,%) denote the space
of continuous G-valued paths starting at ¢, with the image measure of the Wiener
measure by / : (B;);er, +> (y(t))ier, . Here we take

S =A{F = fy().....y(m) = f e (@}

and
U = {ZuiFi D FeS uel)Ry;9),i=1,....n,n> 1} .
i=1

Next is the definition of the right derivative operator D.

Definition 6.1. For F = f(y(t1).....y(t.)) € 7, f € €°(G"), we let DF €
L*(2 x Ry:9) be defined as

d 1 n
(DF,v) = = f (y(ll)esfol WSy (t)et o d) . ve LXR.,9).
de le=0

For F € % of the form F = f(y(t1),...,y(t,)), we also have

DF =) "0 f(y(t). ...yt )y (). ¢ =0.

i=1
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The operator D is known to be closable and to admit an adjoint § that satisfies
E[Fé(v)]= E[(DF,v)], FeY, ve%, (6.3)

cf., e.g., [1]. Let ID ,x(X), k > 1, denote the completion of the space of smooth
X -valued random variables under the norm

k
/
lull D, 0 = 2 NP wlpswxenen.  p e llocl,
1=0

where H = L?’(R4,%), and X ® H denotes the completed symmetric tensor
productof X and H. We alsolet ID ,; = ID ,x(R), p € [1,00], k > 1.

Next we turn to the definition of the covariant derivative on the path space P(G),
cf. [1].

Definition 6.2. Let the operator V be defined on u € ID, ;(H) as
V_guf = Dsuf + l[oyf](s)adu, e ® g, NS RJ,_ (64)

When i € H, we have
Vsh[ = l[O’t](S)adh[, S,t (S R+,
andadv €e 9 ® 4, v € ¢, is the matrix
({ej,ad (e)V)i<ij<a = (e}, [ei, V])i<i,j<d-

The operator ad (v) is antisymmetric on ¢ because (-, -) is Ad -invariant. In addition
ifu=hF,he H, F € ID,, we have

Dsu;, = Dy F ® h(t), adu, = Fadh(r), s,t € Ry,

and
(ei ®ej. Vius) = (e; ® e, Vs(hF)(1))
=(e;®e;,D;F @ h(t)) + 1p,(s)F(e; ® e;,adh(t))
= (h(1).e;){ei. Ds F) + 1o (s) F (e, ad (e))h(2))
= (h(1).ej)(ei. Ds F) + 1.1 (s) F (e;. [ei, h(1)]).
i,j = 1,...,d. In the commutative case, we have ad(v) = 0, v € ¥, hence
V=D.

By (6.4), we have

Vo) (t) := (Vu)v, = /Ot(Vsu,)vsds, t eRy,
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is the covariant derivative of u € % in the direction v € L*(Ry;¥), with V,u €
L*(Ry:;9), cf. [1] and Lemma 3.4 in [4].
It is known that D and V satisfy the commutation relation

DS(u) = u + 8§(V*u), (6.5)

foru € ID,(H) such that V*u € ID, ;(H ® H), cf., e.g., [1]. On the other hand,
the commutation relation (6.5) shows that the Skorohod isometry [9]

E[5(w)é(v)] = E[{u,v)] + E [trace (Vu)(Vv)], u,ve D, (H), (6.6)

holds as a consequence of (6.5), cf. [1] and Theorem 3.3 in [4], where

o0 o0
trace (Vu)(Vv) = (Vu, V'V non =/ / (VSMI,V:VS)Rd®Rddet,
o Jo
and V,T vy denotes the transpose of the matrix V,vy, s,¢ € R4. Note also that we

have
V_guf = Dsu,, s>, (67)

Hence the Skorohod isometry (6.6) can be rewritten as

E[S(u)s(v)] = E[(u,v)] + E [trace (Vu)(Dv)],  u,ve D> (H), (6.8)

as a consequence of the following lemma. Note that foru € ID, (H) andv € H,
we have

o0 o0
(Vu)kv(t) = / / (Vtkutvtk_lutk "'Vl‘lutz)vl‘ldtl “‘dtk, [AS R—F’
0 0
and

trace (Vu)* = (Viu, (Vu)¥=1)
o0 o0 T
= / "'/ (Vtkutl,vtk_lutk“‘V[lutz)dtl"'dtk,
0 0

k>1.
Lemma 6.1. Forallu,v € ID,(H), we have

trace (Vu)* (Vv) = trace (Vu)*(Dv), k> 1.

Proof. We have
o0 o0

trace (Vu)*(Vv) = / / (Vou)*, Vivy) gagradsdt
0 0

o0 t o0 o0
= / / ((Vsu,)k,V,Tvs)Rd@Rddsdt —+ / / ((V‘jut)k,vtVS)Rd®Rddsdt
0 0 0 t



138 N. Privault

(oo} t (o9} t

= / / (Vour)*, Vi vy pagradsdt + / / (V] up)*, Vivi ) ga gradsdt
0 0 0 0
(oo} t o0 t

= / / (Vour)*, D vy)gagradsdt + / / (Dyvi, (Vi ug)* ) ga gradsdt
0 0 0 0

o0 t o0 o0
= / / (Vour)*, D vy)gagradsdt + / / (Dyvs, (Viu) ) pagradsdt
0 0 0 t

o0 t o0 o0
| [ (it Divssenedsar + [ [ (D (Vo g
0 0 0 t

trace (Vu)* (Dv).

O

In addition we have the following lemma, which will be used to apply our invariance
results to adapted processes.

Lemma 6.2. Assume that the process u € ID,1(H) is adapted with respect to the
Brownian filtration (ﬂ\t)teRJr. Then we have

trace (Vu)k =0, k>2..

Proof. For almost all #1,...,t+; € Ry there exists i € {1,...,k + 1} such that
fi > li+1 mod k+1, and (6.7) yields

Vl‘i Unig ) moa k1 = Dl‘i Ut 41 mod k+1 + 1[0~,ti+1 mod k+1](ti)
=D,
=0,

Ut 41 mod k+1

since (u;);er . is adapted. O
We close this section with three lemmas that will be used in the sequel.

Lemma 6.3. Foranyu € ID,(H), we have

(Vu)v,u) = %(v, D (u,u)), ve H.

Proof. We have
o0
(V¥u)u, = / (Vyus) T usds
0

o0 o0
= / (Dysuy) ugds + / 10, (t)(ad uy) 'usds
0 0
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- /0 (Dyty) uyds — /0 L. (1)ad (s usds

o0
= / (Dyus) ugds
0

= (D*u)u,..

Next, the relation D (u, u) = 2(D*u)u shows that

(Vuyv,u) = {(V*u)u,v)

= ((D*u)u,v)
1
= —(v, D{(u, u))..
30 D {u.w)
O
Lemma 6.4. Forallu € ID;,(H) andv € ID,1(H), we have
k+1 1 ) )
(V*u, D((Vu)*v)) = trace (V)" T1Vv) + 3" —((Vu)* 177y, D trace (Vu)'),  k € N.
1
i=2
Proof. Note that we have the commutation relation VD = DV, and as a

consequence for all 1 < k < n, we have
k RN R
(70 DV ) = [ oo [V D (Vi vt
o0 o0 T
= [) /(; (Vtkutk_Havtkflutk "'Vt()utl Dtk+1Vf())dt0"'dtk+l

oo oo
+[) [) (Vlutk_‘_l,Dtk_H(vtkflutk "'Vt()utl)vt()>dt0"'dtk-l—l

k=1 .0 00
= trace((Vu)k'HDv) + Z/ /
i=070 0

s
(Vtk Uity s Vi Ui Vi Uty (Vi Dyt )Vt =<+ Viguy vig Yo -+ - d g4

k+1 ki% 1 RO e
= trace (Vu)* ™" Dv) + —/ /
i—o k + 1—1 0 0

s
(Vi (Vi Vi g =+ Vi o Vi g ) Vit -~ Vigg vig)dto -+ - dig
k—1

1 . .
= trace (V™ H10v) 4+ 3 g (Vv Dtrace (Vi 177),
i=0

and we conclude by Lemma 6.1. O
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Lemma 6.5. Forallu € ID,(H) andv € ID, 1 (H) suchthat |Vu| poo@:neH) <
1, we have

(V*u, D((I —=Vu)~'v)) = trace (Vu)(I —Vu) "L (Vv)—((I =Vu) " v, D log dety (I —Vu))..

Proof. By Lemma 6.4, we have

oo

(V*u, D((I = Vi) ™'v)) = Y (V*u, D((Vu)'v)))

00 n+1

= Z trace (Vu)"T'Dv) + Z Z (Vu)"T'=1y, D trace (Vu)')

n012

NIH

= trace (Vu)(I — Vu)~'(Dv) + Z Z (Vu)"v, D trace (Vu)')

= trace (Vu)(I — Vu)~'(Dv) + Z l ((I = Vu)™'v, Dtrace (Vu)")

~.

= trace (Vu)(I — Vu) " (Vv) — (I — Vu)"'u, D logdets(I — Vu)),

by Lemma 6.1 and since det,(/ — A Vu) satisfies

dety(I — AVu) = exp (— Z %traoe (Vu)’) , (6.9)

i=2
cf. [8] page 108, which shows that

0o
A :
Dlogdety(I — AVu) = — Z — Dtrace (Vu)'..
— |

6.3 Moment Identities on Path Space

The following moment identity extends Theorem 2.1 of [5] to the path space setting.
The Wiener case is obtained by taking V = D.

Proposition 6.1. Foranyn > 1 andu € ID,+1,(H), v € ID,+11(H), we have
E[8u)"8(v)] = nE [5(14)"_1 (u, v)] (6.10)

—Z( 1[50 (V0 P Dia )

i= 2

+ Z {5(14)" —k (trace((Vu)k+le) + Z (V)<= v,Dtrace(Vu)i))i| .
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For n = 1 the above identity (6.10) coincides with the Skorohod isometry (6.8).
When (u, u) is deterministic, u € ID,;(H), and trace(Vu)k =0as., k > 2,
Proposition 6.1 yields

E[8w)"*"] = n(u,u)E [§)" '], n>1l,
and by induction we have

2m)!
2mm!

E[5w)] = (w,w)",  0<2m<n+1,
and E[§(u)*" '] = 0,0 < 2m < n, while E[§(u)] = 0 forall u € ID,(H), hence
the following corollary of Proposition 6.1.

Corollary 6.1. Let u € ID 2 (H) such that (u, u) is deterministic and
trace (Vu)* =0, a.s., k=>2. (6.11)

Then §(u) has a centered Gaussian distribution with variance (u, u).

In particular, under the conditions of Corollary 6.1, §(Rh) has a centered Gaussian
distribution with variance (h,h) when u = Rh, h € H, and R is a random
mapping with values in the isometries of H, such that Rh € N,-ID,>(H) and
trace (DRh)k = 0, k > 2. In the Wiener case this recovers Theorem 2.1-b) of [12],
cf. also Corollary 2.2 of [5].

In addition, Lemma 6.2 shows that Condition (6.11) holds when the process u is
adapted with respect to the Brownian filtration.

Next we prove Proposition 6.1 based on Lemmas 6.3, 6.4, and on Lemma 6.6

below.
Proof of Proposition 6.1. Letn > 1 and u € ID,4,,(H). We show that for any
n>1landu € ID,y1,(H),v € ID,+11(H), we have

EBwW"sm)] =Y (ni—'k)'E [3(@”"‘ (((Vu)k_lv, W+ (V¥u, D((Vu)k_lv)))] .
k=1 ’

(6.12)
We have (Vu)k_lv [S ID(,,_H)/k,l(H), S(u) € ID(n+l)/(n—k+l),l, and by Lemma 6.6
below applied to F' = 1 we get

E [8)(Vu)'v, DS(u))] — IE [§(w)' " ((Vu)' ™'y, DS (u))]
= E [ ((Vu)'v,u)] + E [§)' (Vu)'v.8(V*u))]

—1E [$)' " (V) T v, u)] = 1E [8(u) = (V) 1y, 8(V*u)) ]
= E [ ((Vu)'v,u)] + E[§) (V*u, D(Vu)'v))].

and applying this formulato/ =n —k andi = k — 1 yields
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E[8@)"8()] = E[(v. D8w)")] = nE[5w)" ™" (v, D(u))]

- k; (nf—'k)' (E [S(u)”_k (Vi1 D8(u))] —(n—k)E [a(u)"—k—l (V)ky, D8(u))])

= él (nf—'k)' (E [s@" (v =1v.w] + E [860"* (v*u, DV w)])

We conclude by applying Lemmas 6.3 and 6.4. The next lemma extends the
argument of Lemma 3.1 in [5] pages 120-121 to the path space case, including
an additional random variable F € ID, ;.

Lemma 6.6. Let F € Iqul, u e ID,,.HQ(H), andv € IDn_H!l(H). Forallk,i >
0 we have

E[F8(u)* (Vu)'v. 8(V*u))] — kE[F8w)* (V*u)' T v, §(V*u))]
=kE[F8(u)* " (Vu) v, u)]+ E[8()* (Vu)' T'v, DF)|+ E[F8(u)(V*u,D(Vu)' v))]..

Proof. We have

E[F8@)*((Vu)'v,8(V*u))] — i E[F$ )~ (V*u)' v, §(V*u))]

= E[(V*u, D(F8(u)*(Vu)'v))] — kE[FS§u)* = (V*u)' v, §(V*u))]

= kE[F§w) " (V*u, (Vu)'v ® D8(u))] — kE[F§u) " (V*u) T'v, §(V*u))]
+E[8(u)* (V*u, D(F(Vu)'v))]

= kE[F8u)* " (V*u, (Vu)'v @ u)] + kE[F8(u)* " (V*u, (Vu)'v @ §(V*u))]
—kE[F8u) " ((V*u)' T, §(V*u))] + E[8(u)* (V*u, D(F(Vu)'v))]

= kE[F§u)* " (Vi) v, u)] + E[§(w)* ((Vu)' T'v, DF)]
+E[F8)*(V*u, D((Vu)'v))],

where we used the commutation relation (6.5). O

The case of the left derivative D% defined as

d 1 n
(D'Fv) = — f (eSfOI N ‘“‘dsy(t,,)) . ve LXR4.9),
& 0

le=

for F = f(y(t1).....y(t) € 7, f € €°(G"), can be dealt with by application
of the existing results on the flat Wiener space, using the expression of its adjoint
the left divergence §* which can be written as

§h(u) = 8(Ady)

using the Skorohod integral operatorS on the flat space R?, cf. [3,10], and Sect. 13.1
of [11].
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6.4 Random Hermite Polynomials on Path Space

In this section we extend the results of [6] on the expectation of Hermite polynomi-
als to the path space framework. This also allows us to recover the invariance results
of Sect. 6.3 in Corollary 6.2 and to derive a Girsanov identity in Corollary 6.3 as a
consequence of the derivation formula stated in Proposition 6.2.

It is well known that the Gaussianity of X is not required for E[H,(X,0?)] to
vanish when o2 is allowed to be random. Indeed, such an identity also holds in the
random adapted case under the form

E[Hn (/ u,dB,,/ |uf|2dt)} =0, (6.13)
0 0

where (u;);er,. is a square-integrable process adapted to the filtration generated
by (B:)ser, , since H, (fooo u;dB;, fooo |u,|2dt) is the n-th order iterated multiple
stochastic integral of u;, - - - u;, with respect to (B,),GRJr, cf. [7] and page 319 of [2].

In Theorem 6.1 below, we extend Relations (6.1) and (6.13) by computing the
expectation of the random Hermite polynomial H, (8(u), ||u||?) in the Skorohod
integral 6(u), n > 1. This also extends Theorem 3.1 of [6] to the setting of path
spaces over Lie groups.

Theorem 6.1. Foranyn > 0andu € ID,4+1,(H) we have

E[Hy41(8(u), [|u®)]

n—1 k 2k
n! (=D lull ™, n—2k—I—
= 2 FE S(u)’ E: - (V*u, D((Vu)" 21" 1y))
=0 0<2k<n—1-I

Clearly, it follows from Theorem 6.1 that if u € ID,, »(H) and
(V*u, D((Vu)*u)) = 0, 0<k<n-2, (6.14)

then we have
E[H,), [ul>)] =0, n=>1, (6.15)

which extends Relation (6.13) to the anticipating case. In addition, from Theo-
rem 6.1 and Lemma 6.3 we have

E[Hy41(8(u), [[ul*)]

n—1 k 2k

n! -1 u —2k—

= E l_'E {8(”)1 E (k_') ||2_k|| trace((Vu)”+1 2k l)i| (616)
1=0 0<2k<n—1-I

SV Dl N ki o
+IZOH (1) Z -2 = Z {((Vu) u, D trace (Vu)') | ..

k! ok i
0<2k<n—1-I 2 i=2
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As a consequence, Lemma 6.2 leads to the following corollary of Theorem 6.1,
which extends Corollary 3.3 of [6] to the path space setting.

Corollary 6.2. Letu € ID, »(H) such that Vu : H — H is a.s. quasi-nilpotent in
the sense that
trace (Vu)* = 0, k>2, (6.17)

or more generally that (6.14) holds. Then for any n > 1 we have
E[H,(8(u), [[ul*)] = 0..

As above, Lemma 6.2 shows that Corollary 6.2 holds when the process (u;);ecr 418
adapted with respect to the Brownian filtration, and this shows that (6.13) holds for
the stochastic integral §(u) on path space when the process (u;),er , is adapted.
We now turn to the proof of Theorem 6.1, which follows the same steps as the
proof of Theorem 3.1 in [6], the main change being in the different roles played here

by Vand D.
Proof of Theorem 6.1.
Step 1. We show that forany n > 1 and u € ID, 4+12(H) we have
Bl 6. P = Y = pr % (57
K12k (n — 2k — 1)!
0<2k<n—1
+ > _Chfm E[S@" 2 (u. D(u,u))]..  (6.18)
k12K (n — 2k)!

1<2k=<n

For F € ID,; and k,! > 1 we have

BP0 ) = T B ) - EEw )
= D2 s+ - L Bl D6 )
= R = H R LS e D)5 EBG' (0 DF )
_ %EU;S(“)HI] _ I(ZZ_JIZDE[FS(u)’_l(u, u)]
D pps ) . svton — L EDS! . D))

ie.

(n—2ky(n —2k +1)

E[F8(u)"1 + E[F8(u)" ™" (u, u)]

2%k
= ”2+ E[F8(u)"~ %+ — (n _Zk)(zk_ 2k + 1)E[Fa(u)"—Zk—l(u,S(v*u))]
2R s (. D).,

2k
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Hence, taking F = (u, u)~, we get

E[8w)"™"] = E[(u, D§w)")]
= nE[8w)" (u, DS(w))]
= nE[Sw)" (u,u)] + nE[5u)" " (u, §(V*u))]
= nE[w)" (u, 8(V*w)]
(=Dfn! n—2k k
152121“ (k= D2 T(n + 1 —26)! (E[S(”) ')

(n =2k + 1)(n —2k)
* 2%

= nE[BSu)" (u, §(V*u))]

(=Dfn! n+1 n—2k+1 k
1 2; 1 (k— D2 +1-2k)'\ 2k E[5(u) (u, u)"]
<2k<n+
(n —2k)y(n —2k + 1)
2k
2k + 1

n— n—2k k
BB (u, D, u) >])

E[S(u)n—Zk—l (M, u)k-l—l])

E[8()" ™ (u,u)* (e, 8(V*w))]

(=D + 1)! n—2k+1 k
l<2kz<:n+l KF o+ 1= 2k -0 {u "]

—_1)ent
+ 2 k'zk( = 1)!E[8(”)"_2k_1(“vM>k(u,8(V*u))]

0<2k<n-—1 (

- (”k EIB()" (u, D )"},
k' 2k)| u u, u,u

1<2k<n

which yields (6.18) after using the identity (6.20).
Step 2. For F € ID,; and k,i > 0, by Lemma 6.6, we have

E[F8u)*(Vu) u,8(V*u))] — kE[FS) " (V*u)' T'u, §(V*u))]
= kE[F8u)* " (Vu) T u, u)] + E[8w)* ((Vu) T'u, DF)]
+E[F8w)* (V*u, D((Vu) u))]..

145
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Hence, replacing k above with / — i, we get

-1 I
! * _ ! * .
E[F8(u) (u, 8(V*u))] = NE[F((Vu) u, §(V*u))] + ; =
(E[F(S’(u)’_i((Vu)iu,S(V*u))] - - i)E[F(S(u)[_i_l((V*u)i+lu,S(V*u))])
-1 I

= NE[F((Vu)'u.8(V*u)] + > UT‘_WE[F(S(M)I—"—I((W)"W, u)]
i=0 ’

-1 T y i
i IZ:; T EB@ T ((Vw' ™ e, DF))

-1
I . :
2 G FIF T (7 DV )
i=0 ’
-1 I ' '
_ I+1 e N v A
= NE[((Vu)'*'u, DF)] +§) =iz 1)!E[FS( )TNV, u)]

-1 T y i
i IZ:; T EB@ T ((Vw' ™ e, DF))

I
+y l—!E[FS(u)[_i(V*u, D((Vu)'u))]

(-
-1 I ' '

_ 1+1 s u 1—i—1 u 1+1u u

= NE[((Vu)'*u, DF)]+i§=0 (l_l._l)!E[FS( )T (V) T u u)]

l I e
* ; T 1D FB@ TV, DF)]

Lo o ,-
+ X o E P8 (7 D)L

thus, letting F = (u, u)* and [ = n — 2k — 1 above, and using (6.18) in Step 1,
we get

(—=DFkn!
(n —2k —1)!

E[H (). u) = Y

0<2k<n-—1

E[8(u)" ™ e, ) (e, 8(V*w))]
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( 1)k n—2k k
+1<§< o EI ™ . D)

= Y O BT 0, D))

1<2k<n k'zk
(D" n!

+ X T > :
0<2k<n—2 k12 i=0 (n—2(k +1)—i)!
E[{u, u)*8uy"2EFD (Vi) + o, u))

1)kn —2k—1 nl

* Z k12K Z (n—2k —i)!
1<2k<n—1
E[8(u)" "7 ((Vu) u, D (u, u)*)]

kn —2k—1

+ Y 2 Tt

0<2k<n—1

E[{u,u)*8(u)" 771V u, D((Va)' w))]

1k
+ Y oy EB e D)

1<2k=<n—1
-2 D BT, D))
1<2k<n
(= 1)+ n—2k—2 nl
_05216253’1_2(k+1)!2k+1 — (n—2(k+1)—i)

E[S(u)n—Z(k-H)—i ((VM)IM D(u, M)k-i-l)]

1)kn —2k—1

n—2k—i i
+1<2kZ<n T L e B D)
kn —2k—1
+0<2k2<:n 1k'2k Z (n—2k—1—l)'
E[{u, u)* 8y~ (V*u, D((Vu)'u))]
_ (—ph+t I n!
__052,{25:”_2 (k + DI2FHT = (n—2(k + 1) —i)!

E[S(u)n—Z(k-Fl)—i ((VM)ZM, D(u, M)k-l-l)]
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k n—2k

|
Z ( 2) Z an Y T EBw" (V) u, D (u, u)*)]
1<2k<n
kn —2k—1
+0<2k2<:nl K12k Z m
E[(u, u)k5(u)n_2k_i_l(v*u, D((Vu)’u))]
(D n!

E[(u, u)*8(u)" 771 (V*u, D((Vu)' w))],
where we applied Lemma 6.3 with v = (Vu)'u, which shows that

K (Vi) ) = S ) (Vi) e, D () = ———— (Vi) . D (e, ) !
G, ) (V) ™t ) = 5 ) (Vi) Dt ) = 5o { (Vi)' D, )0

6.5 Girsanov Identities on Path Space

In the sequel we let Do r(H) = ﬂ ID, »(H). The next result follows from
n>1

Theorem 6.1 and extends Corollary 4.1 of [6] with the same proof, which is omitted

here.

Corollary 6.3. Let u € IDoo>(H) with E[ePWIH14/2] < oo and such that Vu :
H — H is a.s. quasi-nilpotent in the sense of (6.17) or more generally that (6.14)

holds. Then we have .
E [exp (8(u) -3 ||u||2)i| =1.. (6.19)

Again, Relation (6.19) shows in particular that if u € ID s 2(H) is such that |Ju] is
deterministic and (6.17) or more generally (6.14) holds, then we have

E[e40] = o4,

i.e., 8(u) has a centered Gaussian distribution with variance ||u>.
As a consequence of Theorem 6.1, we also have the following derivation formula.

Proposition 6.2. Let u € IDs(H) such that E[e“‘g(u)H“z”””z] < oo for some
a > 0. Then we have

2
%E |:e/\5(u —/12||u||2:| — \E |:e/18(u)—/12(u,u)/2<v*u’ D((] _ A,VM)_IM)):I ;

forall A € (—a/2,a/2) such that |A| < ||Vu||zéo(Q;H®H).
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Proof. From the identity

_ oy Mty
Hn(x,m—0§ o —2© . mmeER (6.20)

we get the bound

(LR
Haxo < D mr ozl (o™ = Hullxl. o),
0<2k<n

hence

o0 A, o0 A n
[Z 1 Hi (), ||u||2)|} <E [Z % Hy 1 (8], —||u||2)]
=0 n=0 "

=E [(|5(u)| 4 )L||u||2)e‘“(“)|+12”“”2/2]
— E [ez\wu)|+4)\2||u||2]
< 00,

hence by the Fubini theorem we can exchange the infinite sum and the expectation
to obtain

i 2. o A
1 [ew || "2} _ z_;) S ElHy 1600, [ulP)]

E W' Y COM ™ G, p(way-1-1ay
0=<2k lk! 2 ’
<2k=n—1-

.~|=

||F“18

s
I’l

1=0
= AE [eW“’—“W#Vz(v*u, DIEAD IR

O

In addition, Relation (6.16) yields the following result, in which det;(/ — AVu)
denotes the Carleman—Fredholm determinant of / — AVu.

Corollary 6.4. Letu € ID 2 (H) such that E[e“‘g(u)H“z”””z] < oo for somea > 0.
Then we have

0 o[ w21 = _ g [ prs00—wans2
a—AE[e =-E i logdety(I — AVu)
—/\E[e”(”)_lz(“’“)/z((l “AVu)~"'u, D log det2(1—wu)>] ,

forall A € (—a/2,a/2) such that || < ||VM|IZ‘1>°(Q;H®H)'
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Proof. From Lemma 6.5, we have

AMV*u, D((I — AVu)~'v))
= Atrace (Vu)(I — AVu)"'Vu — A{((I — AVu)"'u, D logdet,(I — AVu))

= —£ logdety(I — AVu) — A((I — AVu)~'u, Dlogdets(I — AVu)),

since (6.9) also shows that

o0
— Z A" trace (Vu)"

n=2

d
e logdet,(I — AVu)

—A D A(VFu (Vu)"th)
=0

—MV*u, (I — AVu)~'Vu)
—Atrace (Vu)(I — AVu) "' (Vu).. O

When (6.17) or more generally (6.14) holds, Proposition 6.2 and Corollary 6.4

show that 5
2
_E A8(u)— 25 [Jul? =0,
a [e

for A in a neighborhood of 0, which recovers the result of Corollary 6.3.
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Chapter 7

Derivatives of Solutions of Semilinear Parabolic
PDEs and Variational Inequalities

with Neumann Boundary Conditions
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Abstract This chapter is a survey of the results obtained by Bossy et al. [Ann.
Inst. H. Poincaré Probab. Stat. 47(2), 395-424 (2011)]. We explicit the derivative
of the flows of one-dimensional reflected diffusion processes. This allows us
to get stochastic representations for space derivatives of viscosity solutions of
one-dimensional semilinear parabolic partial differential equations and parabolic
variational inequalities with Neumann boundary conditions. These results are
applied to estimate American options hedging errors resulting from artificial Neu-
mann boundary conditions which are necessary to localize numerical resolutions in
bounded domains.
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mathematician, Ali Siileyman is a wonderful colleague. I am happy to dedicate him
this note which is related to some of his recent interests [17].

7.1 Motivation

Our main motivation comes from the hedging of American options and the hedging
errors resulting from artificial Neumann boundary conditions which are necessary
to localize the numerical resolution of variational inequalities in bounded domains.
The price at time ¢ of such an option is V (¢, S;), and the hedging strategy (more or
less formally) is 9, V (¢, S;), where S; is the spot price at time ¢ of the stock, and the
function V'(¢, x) solves a variational inequality of the type

min{ V (¢, x) — L(t, x); —aa—‘t/(t, )=V, x)—rt,x)V(t,x); =0,
(t,x) €[0,T) x R4, (7.1)
V(T,x) = g(x), x e R?;

here g is the payoff function, <7 is the infinitesimal generator of the stock price,
and r is the instantaneous interest rate. The numerical resolution of such a PDE in
infinite domains is impossible. Therefore one introduces a boundary and artificial
boundary conditions in order to reduce the computation to a bounded domain. We
here consider the case of nonhomogeneous Neumann artificial boundary conditions.

From now on, we will consider a slightly more general variational inequality
than (7.1):

min§ V (¢, x)—L(¢, x); —%—‘;(I,x)—.dV(t,x)—f(t,x, V(t,x),(VVo)(t,x)) =0,

(t.,x) €[0,T) x R,

V(T,x) = g(x), x e R%.
(7.2)
Choosing a bounded domain & included in R? and homogeneous Neumann
artificial boundary conditions leads to the following equation:

min v(t, x) —L(t, x); —%(l, x)—av(t,x)—f(t, x,v(t,x), (Vvo)(t,x)); =0,
(t,x)e[0,T)x O,
WT,x) = g(x), x € O,

(Vv(t,x); n(x)) + h(t,x) =0, (t,x) €[0,T) x 00,
(7.3)
where, for all x in d&, n(x) denotes the inward unit normal vector at point x.
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Of course, the problems (7.2) and (7.3) coincide in the domain & if the function
h(x) precisely satisfies

(VV(t,x); n(x)) + h(t,x) =0, (t,x) € [0,T) x 90.

In practice, as the function VV(¢,x) is unknown, one deduces hopefully good
choices for h(z, x) from the physical or economical properties of the solution to
the Eq. (7.2), or from a priori estimates on this solution. A key issue then is to
estimate the localization error V (¢, x) — v(f, x) in terms of the mis-specification
of (VV(¢t,x) ; n(x)) at the parabolic boundary [0, 7') x 0. Backward stochastic
differential equations (BSDE) appear to be a useful tool to get sharp localization
error estimates.

Berthelot et al. [2] have estimated |V(z,x) — v(¢,x)| by using BSDE. By
extending El Karoui et al. [6] and Ma and Cvitani¢’s [9] methods, they proved
the existence and uniqueness of the continuous viscosity solution to (7.3), which
allowed them to obtain the following estimate: under smoothness conditions on the
coefficients and on 9, there exists C > 0 such that, forall0 <¢ < T and x € 0,

1/4
4
[V(t,x)—v(t,x)] < C{E supT|(VV(s,XS”X)+h(s,XS”X);n(XS”X))| Lxt*eao

1=s=<

(7.4)

where (X!) solves the reflected forward stochastic differential equation (SDE)

XI5 = x4 [T h(XE)O + [ (X )d Wy + KI5, 0<1 <s <T.

, , (7.5)
K = [Tn(X;5)d|K ;" with |[K|LY = [° ]I{Xé.xew}d|K|§f.
Notice that the estimate (7.4) takes into account the time spent by the process (X;)
at the boundary 00'.

In [4], limiting themselves to the one-dimensional case d = 1, Bossy et al. have
obtained estimates for |0,V (¢, x) — d,v(t, x)|, where the derivatives are understood
in the sense of the distributions. We here survey the results in this latter paper, that
is: the differentiability of the stochastic flow X'*; the probabilistic interpretation,
in terms of BSDEs, of the derivative in the sense of the distributions d,v(z, x);
stochastic representations and estimates for |0, V (¢, x) — d,v(z, x)|.

We emphasize that, unfortunately, so far the results concern one-dimensional
problems only because of the need to explicitly represent the stochastic flow
derivative 9, X' (Malliavin derivatives were also explicited by Lépingle et al. [8] in
the one-dimensional case only); in addition, in order to get stochastic representations
for d,v(¢, x) when h # 0, an integration by parts technique which is used seems
limited to the one-dimensional case.
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7.2 Our Key Tool: Derivatives of Flows of 1D Reflected
Diffusions

7.2.1 Derivative of the Flow of the Reflected Diffusion X :
Examples

Our first example is the Brownian motion reflected at 0. Let x > 0. The resolution
of the Skorokhod problem shows that the adapted increasing process

ki (w) := sup{0,—x + sup W,(w)}

0<r<s

is such that the process X := x — Wy + k; is positive and satisfies

T
[t x0ak =0

We obviously have

ad
Xy =1+ B_xkic = Hoini X >0
Our second example is the Brownian motion doubly reflected at points d and d’.
Let x be in (d,d’). Kruk et al. [7] have explicitly solved the Skorokhod problem
corresponding to a two-sided reflection. To simplify the notation we suppose here
thatd = 0. ~ ~
Consider X := x — W, 4 k], where the increasing process k; is defined by

—l;j‘ = |:O A inf (x — Wr)] \/ sup [(x —W,—=d") A rsigfss(x — W9)1| .

O<r=s 0<r<s

On the event

EM = {a) €N:0< inf X'(w) < sup XX(w) < d’} . (7.6)

s r€lo,s] ref0.s]

the process (IE;‘, r <) is null and thus %X;‘ =1.
On 2 — &%, one has —lg;‘ = x + G for some r.v. G, independent of x, and thus
?
=X;7=0.
dx s
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7.2.2 Derivative of the Flow of the Reflected Diffusion X :
The General 1D Case

Consider the 1D doubly reflected SDE
X =x+ [[b(X)dr + [7 o(X)dW, + KL,
Ki¥ = [P n(X)Hd| K|~ with |[K[0Y = [P Tyieegg g d | K[0Y

where 7(d) = 1 and (d’) = —1. Menaldi [12] has proved the following theorem
in its multidimensional version.

Theorem 7.1. For n > 1 define the function B, by
—n(y=d') ify=d,
Bu(y) := 40 ifd<y=d,
nd—y) ify=d.

Then the penalized process X" solution to

s s s
Xﬁ'x’" =x +/ b(X,f’”’)dr+/ G(er”"”)dWr +/ ﬂn(X,f’x’")dr 7.7)
t t t
satisfies, forall p > 1 andallt < T,

lim sup E sup [X*—X!¥"|P7 =0.

>0 ye(d,d’) t<s<T

Let D := H'(d,d"), 2 := (d.d") x 2, and dP := dx ® dP.

Let D, be the space of functions y(x,w) such that there exists a Borel
measurable function y from QR satisfying y = J P -a.e. and, for all (x, w),
the map y —> Y(x + y, ) is locally absolutely continuous. For y € Dy, set

T ty.0)-yx.0)
y

Vy(x, ) := liminf
y—0
Bouleau and Hirsch [5] have shown that this definition is proper. Finally, set
D= {y e L’®)(Di: Vy ¢ Lz(]P*)}.

Theorem 7.2. Suppose that b and ¢ are bounded Lipschitz functions. Suppose the
ellipticity condition infyegr 0(x) > 0. Set

X .
EIF =

weER:d< inf]er’X(a)) < sup XM (w) < d/} .

reft.s reft.s]
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Then the flow X" belongs to D and
0 X! = T Tge, P—as., (7.8)

where, denoting by b’ and o' arbitrary versions of the a.e. derivatives of b and o,

N t
g exp{ [ ocam + 6o - oraar
t N

Remark. Lépingle et al. [8] have exhibited a similar formula for Malliavin deriva-
tives of X!,

Sketch of the proof.

The first step in the proof consists in reducing the study to the one-sided reflection
case. The main arguments (a cut and paste of the paths procedure inspired by
Lépingle et al. [8], and the comparison lemma for one-dimensional diffusion
processes) make intensively use of the one-dimensional framework.

The second step consists in solving the case of the reflection at the sole point d.
Consider the penalized processes

X = x4 [ B+ / o (X" dW, + / n(d — Xt"ytar,
t t

t

and the one-sided reflected process
~ N ~ N ~ —~
X =x+ / b(XL%)dr + / o(X)dW, + AL (X"™),
t t

where A4 (f %) is the local time at point d of the semi-martingale X'*. We have

lim sup E sup |X'¥ — X052 =0

N0 ve(dd’) t<s<T

In view of Theorem 1 in [5], the stochastic flow X g dlfferentlable in the sense
of the distributions, and its derivative, denoted by 9, X Lxnsatisfies, P-a. S.,

0, X1 = exp%/ o/ (X" d W, +/ (B (X15") = 6™ (X ")) dr
t

X exp % —n / I5icn <ddr} .
¢ r
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A straightforward adaptation of the inequality (3.23) in [12] readily leads to: for
allt <5 < T, P-as., the sequence (9« X0 ") converges weakly to some process
denoted by 9, X' Here, the weak convergence means: for all stochastic flow U;'
such that 9, U;" is well defined P-a.s. and

d’ d’
/ 1E|U;‘|2dx+/ E (3, U) dx < 4o,
d d
then

/d “E [U;‘ (a)?f - a)?f) O, UX (0, X1 — 3, X" ‘)] dx —— 0.

n——+o00o

In addition, the flow X'~ isin D.
Then one easily checks that, to prove that

3, X! = exp{ / o' (X)W, + / (R ) - 1o (X ?"»dr} Tz
t t '
(7.9)
where

DLX : Yix
E = %a) € .Q,tflrrlngr () > d} ,

it suffices to prove: for all x in (d, d’), P-a.s.,

S
exp%_n/t ]I}\tr.x.n(w)<d} ]I’O;gx ml 1
and

N
exp { —I’l/; ]I’)'(\tr.x.n(w)<d} ]Ig_gfg)‘ m 0.

To this end, a key calculation consists in checking that, for some x( depending on x
and d,

s—t s—t—0
/ E,, exp § —n / ]IW,<x0dr} dPY () —— 0,
0 0 - *0 n—+o0o

where 1, := inf{r > 0, W, = x¢}. This is done by using the formula (1.5.3) in [3,
p. 160]: this integral is equal to

st n(s—t—0) n |xo] x2
/0 Iy (#) exp (_E(S_t —9)) Wexp (—2—2) deo,

where [ is a Bessel function which satisfies

Iy(y)e™ < 1forally >0
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and y
Iy(y) =~ Neig as y —> 400
(see, e.g., [1, pp- 375 and 638]). [ |

7.3 Stochastic Representations of Derivatives of Solutions of
Semilinear Parabolic PDEs

In this section we consider a semilinear parabolic PDE in an interval with a
Neumann boundary condition:
ou 0 o
E(I’ x)+u(t,x)+ f(t, x,u(t, x), U(x)a—u(t, x))=0,(t,x)€l0,T)x(d'd"),
X
u(T,x) = g(x), x e{d,d’},
0
Pt x) + h(t,x) =0, (t,x) € [0,T) x {d,d",

ox
(7.10)
where 5 )
1,
o = 50 (X)W + b(x)g.
Consider the BSDE

T T T
Y = g(X)+ / h(r, X')dK" 4 / FOr XY, 2 dr— / Zaw,.

SN CAT)

Pardoux and Zhang [15] have shown that the function u(z, x) := Y} is the

unique viscosity solution to the above semilinear parabolic PDE (7.10). We aim to
get probabilistic representations for the derivative of u(z, x).

Remark.

All the terms in (7.11) can be formally differentiated w.r.t. x except the integral
fST h(r, X¥)dK[* which leads to specific difficulties.

7.3.1 A Representation of d,u(t, x) Involving g’ and V f

Theorem 7.3. Let b and o be as in theorem 7.2. Suppose that the function f is
in €([0,T] x [d,d'] x R x R), bounded and uniformly Lipschitz w.r.t. the space
variables. In addition, suppose that the function h is continuous on [0, T] X [d, d’]
and that the functions h(t,d) and h(t,d") are continuously differentiable on [0, T'.
Suppose also that g'(x) = —h(T, x) forx =d orx = d’.
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Then the function u(t, x) := Y} is in the Sobolev space H'(d,d') for all 0 <
t < T and, for almost all x in (d,d’),

deu(t,x) = E{g (XF")0x X7 Lipasqy — h(e", X5 I Lpe <1y

TATh
F [ B OX 0, £ 0 .1 ar
t
(7.12)

where OLF = (X!*, YY", Z1) solves (7.5) and (7.11), J!** is as in (7.8), and

s —s =

N ) 1S the unique adapted process satisfyin
(W, L§Y) is the unique adapted p isfying
T
B sup (WP 4 E [ 108 <
t<s<T 0
and, forall0 <s < T,
W = g (X0 X Ty — h(2 X)) T L <1y

N
[ [oseemn v o, po e + 0.6 0 ar

ATLY

T ATHY
- / rdw,.
s

ATEX

(7.13)

Sketch of the proof.

The first step in the proof consists in reducing the study to the homogeneous case
h = 0. This is done by interpolating the functions h(z, d) and h(z, d ') by a smooth
function & and by observing that if (Y'*, Z%-¥) solves (7.11) with the coefficients

’l;(x) =0,
g(x) = g(x) + H(T, x),
?(t,x, v,z) = f(t,x,y—H(t,x),z—h(t,x)o(x)) — %—Ij(r, X)

+b(x)h(r, x) + %oz(x)%(r, X),
where H(r,x) := [ h(r,£)d§, then

YYo= H(s, X)) - Y1,
Z = h(s, X))o (XDY) — Z0

solves (7.11).
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The second step of the proof starts with considering the penalized process defined
as in (7.7). From N’Zi et al. [14, Theorem 3.2], P-a.s.,

A X = exp{/‘ o (XIY"MdW, + / (b (X" — %(0/)2(Xﬁ*x’”))dr} ;
t t

(7.14)
the BSDE

T
lI,St,x,n — g/(X;,x,n)aXX},x,n +/ [axf(rs @ﬁ,x,n)d)ﬁ,x,n + ayf(l', @lt‘,x,n)lp;,x,n

T
s epnrlar— [ raw,

(7.15)

has a unique solution, and 9, Y = ¥’*" Tedious calculations then allow one to
let n tend to infinity and get (7.13). |

7.3.2 A Representation of d,u(t, x) Without g’ and V f

Inspired by the results in [11] (see also [10]), we now aim to prove a formula
of Elworthy’s type for d,u(z, x) which does not suppose that the function f is
everywhere differentiable.

Set

1 s
N = —S_Z/ o N (X)X dW,.
t

Theorem 7.4. Under the hypotheses of Theorem 7.3 one has

Ocu(t,x) =E [g(XfT’X)N}’X —h(z", X I L <y
T
[ sy Zf:x)Nf’xdr:| .
t

A key point in the proof is the following integration by parts formula:

Lemma 7.1. For all differentiable function ¢ with bounded derivative and all
t=r=T,

E[¢/ ()0, X, Ty s | = Elg (X, "IN},

Sketch of the proof.

Consider the event 59[: defined as in (7.6). Lépingle et al. [8] have shown that the
Malliavin derivative of X[-* satisfies:
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t,x

J‘,
Vi <0 <r DyX* = a(Xg’“‘)J’—]Igé.x.

t,x

0
Therefore

1 X
mmqs(x:“w = ¢' (X[ gt

On then slightly modifies the proof of Elworthy’s formula (see, e.g., [13]) by
integrating the previous equality w.r.t § between times ¢ and r A /. |

7.4 Stochastic Representations of Derivatives of Solutions of
1D Variational Inequalities

Consider the system

D = g(Xp) + [T fr XD Y ) dr + [ h(r XE)dK

+ - A= [ 2w
ALY > L(s,X!"")forall0 <7 <s <T, (7.16)
(£',0 <t <s < T)is acontinuous increasing process such that

S @ = Lo, X )d A = 0.

Using El Karoui et al. [6] and Ma and Cvitani¢’s [9] methods, Berthelot et al. [2]
have shown that the function v(z,x) := 2" is the unique (in an appropriate
space of functions) viscosity solution of the following parabolic system with a
nonhomogeneous Neumann boundary condition:

min v(t,x)—L(t,x);—%(l,x)—dv(t,x)—f(l,x,v(t,x),8xv(t,x)0(x)) =0,

(t,x)€[0,T)x(d,d),
wW(T,x) =g(x), x €ld,d].
0 v(t,x) + h(t,x) =0, (t,x) € [0,T) x{d,d’}.

(7.17)
The following stochastic representation of d,v(, x) holds true:

Theorem 7.5. Suppose that the function L is in €'*([0, T] x R; R), bounded with
bounded derivatives. Under the assumptions of Theorem 7.3, it holds that, for all
t in [0, T] and almost all x in (d,d’),
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0,01, x) = B [NE g(X5%) = h(x™, X5 T T <y

T T (7.18)
+ [ rex e 2Nz Nf’”dzi’x}.
t t

Beginning of the proof.

As above, the first step consists in reducing the analysis to the homogeneous case
h(t,x) =0.
The second step consists in introducing the BSDEs

gst,x,n — g(X}Vﬂ) + .[ST f(r’ X;‘,x,n’@rt,x,n’a@ﬂrt,x,n)dr_fvT ffrtxndu/r
+%;:X~," — g
PR
Vi<s<T, Z" = L(s, X{™"),
{@;"”t <s < T} is an increasing continuous process such that

ftT(@St,x,n _ L(S, X;xn))d%;xn — 0’

where X’*" is the solution to (7.7). Set V' (¢, x) := #;"*". Ma and Zhang [11] have
shown that, for almost all x in (d, d’),

0V (¢, x) = "0 (x)

T
= E (g(X;:X,n)th"’X'n —+ / f(r’ X;,x,n’ @rth,n’ zt'x’n)N;’x’ndr
t

T
+ / N,”"'”d%‘ﬁ""”) .
t

Technical and lengthy calculations allow one to prove that the right-hand side of
the preceding equality tends to the right-hand side of (7.18) with (¢, x) = 0. The
following key estimates are necessary and interesting by themselves. First, there
exist 0 < B < 1 and C > 0 such that, for all x in (d,d’),

< < (T —1)P. (7.19)
[(x —d) A(d' —x)]1

E

T
[ ik
t

Second, denoting by (#"*, Z'*, ") the solution to (7.16) for h(t, x) = 0, one
has: forallt <r <T,
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aL L
AR < Loy | 5o X + G2 XEDD(XLY)

1L t 20yt t t t B
5o (XX + O X 2, 20 | ar
2 dx?

oL
+ Ly xi [(50’ Xﬁ’x)) "(X;’x)} K1
(7.20)

7.5 Conclusion

Coming back to our original motivation described in the Introduction, we deduce
from Theorem 7.5 a tractable estimate of the error induced by the artificial
Neumann boundary condition A(, x). In this section, we suppose that d,V (¢, d)
and 0, V(z,d’) are well defined for all times ¢ € [0, T']. For example, if in addition
of assumptions of Theorem 7.5, we suppose that b and o are differentiable with
bounded derivatives, Ma and Zhang [11, Theorem 5.1] have shown that 9, V (-, -) is
a bounded continuous function on [0, 7] x R.

The following quantity represents the order of magnitude of the mis-specification
at the boundary {d, d’}:

e(h) :== sup (|V(r.d)—v(r.d)| + |V(r,d") —v(r.d")|)

t<r<T

+ sup (10.V(r.d) 4+ h(r.d)| + 13,V (r.d") + h(r.d")]) .

t<r<T

We are in a position to prove the following estimate for the error induced by the
artificial Neumann boundary condition A(¢, x) :

Theorem 7.6. Suppose that 0,V (r,d) and 0,V (r,d’) are well defined for all times
r € [t, T]. Under the hypotheses of Theorem 7.5, there exists C independent of h
such that, for all p < 1,

d/
/ |0 V(t, x) — 0,v(t, x)|2dx < Ce(h)? A e(h).
d

Remark.
A better estimate can be derived for semilinear PDEs, namely,

d/
/ [0,V (t, x) — 0xv(t, x)|?dx < Ce(h).
d
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Sktech of the proof.

As shown 1n [2] the v1scos1ty solution of (7.2) restricted to (d,d’) satisfies
V(t,x) = %", where (@ Z, %) is the unique solution to the reflected BSDE

C =g (XY + [T f X, G, Zdr — [TV (r, XY dK
A = R = [ 2 AW,
Y% > L(s,X'"™) forall0 <1 <s <T,
(%’;”‘, 0 <t <s < T) is acontinuous increasing process such that
S @ = L X)) d A = 0.

(7.21)
In view of Theorem 7.5 we deduce that, for all x in (d, d’),

A V(t,x) = 0yv(t, x) = E[(0V(r" X5 + h(x™, X)) T Lze <7y
T v v
+ / Nrtx (f(l', Xl{,x’ LJ},/rt,x7 g}t,X)
t
—f O X Y 20 ) dr
T v
+ / NI (d%’ﬁ”‘ - dZi’X)} .
t

The key difficulty is then to show that

T . 1 2y T
/ ! 3 {EL%;X _Zi.x|2}2 dr < p CG(zz =, / ! i dr,
t (r—t)f (x —d) A (d' —x)) (r_t)§+21’

and to deduce that

T
B [ Ny -azn)|| <[y - 2]

t

T Nt X
+ E I: | | |%t X Z;“,X Idri|
o (r=1)

< Ce(h) + Ce(h)™

for some real number C uniform w.r.t. the real number x in [d, d’] and the function
h(t, x). [ ]

Two challenging questions, which are important issues for applications, need
now to be tackled for multidimensional PDEs or variational inequalities: first, the
extension of our work to the multidimensional case and hypo-elliptic diffusions
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(see [17]); second, given a desired accuracy on the approximation of d, V (¢, x) or
the hedging strategy of an American option, the relevant choice of a function % (z, x)
and of an artificial boundary.
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Chapter 8
Some Differential Systems Driven by a fBm
with Hurst Parameter Greater than 1/4

Samy Tindel and Ivan Torrecilla

Abstract This note is devoted to show how to push forward the algebraic inte-
gration setting in order to treat differential systems driven by a noisy input with
Holder regularity greater than 1/4. After recalling how to treat the case of ordinary
stochastic differential equations, we mainly focus on the case of delay equations.
A careful analysis is then performed in order to show that a fractional Brownian
motion with Hurst parameter H > 1/4 fulfills the assumptions of our abstract
theorems.

Keywords Fractional Brownian motion; Rough paths theory; Stochastic delay
equations
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t
yi—a+ / (v dB,, 1€[0.T] 8.1)
0

where a is an initial condition in R”, ¢ : R” — R" is a smooth enough function,
and T is an arbitrary positive constant. The recent developments in rough paths
analysis [4, 12, 17] have allowed to solve this kind of differential equation when
the Hurst parameter H of the fractional Brownian motion is greater than 1/4, by
first giving a natural meaning to the integral f(; o (ys) dBs above. It should also be
stressed that a great amount of information has been obtained about these systems,
ranging from support theorems [10] to the existence of a density for the law of y, at
a fixed instant ¢ (see [2, 3]).

In a parallel but somewhat different direction, the algebraic integration theory
(introduced in [13]), is meant as an alternative and complementary method of gen-
eralized integration with respect to a rough path. It relies on some more elementary
and explicit formulae, and its main advantage is that it allows to develop rather
easily an intuition about the way to handle differential systems beyond the diffusion
case given by (8.1). This fact is illustrated by the study of delay [19] and Volterra [6]
type equations, as well as an attempt to handle partial differential equations driven
by a rough path [7, 15]. In each of those cases, the main underlying idea consists
in changing slightly the basic structures allowing a generalized integration theory
(discrete differential operator §, sewing map A, controlled processes) in order to
adapt them to the context under consideration. While the technical details might be
long and tedious, let us insist on the fact that the changes in the structures we have
alluded to are always natural and (almost) straightforward. Some twisted Lévy areas
also enter into the game in a natural manner.

Howeyver, all the results contained in the references mentioned above concern a
fractional Brownian motion B with Hurst parameter H > 1/3, while the usual rough
path theory enables to handle any H > 1/4 (see [4, 12] for the explicit application
to fBm). This chapter can then be seen as a step in order to fill this gap, and
we shall deal mainly with two kind of systems: first of all, we will show how to
solve Eq. (8.1) when 1/4 < H < 1/3, thanks to the algebraic integration theory. The
results we will obtain are not new, and the algebraic integration formalism has been
extended to a much broader context in [14] by means of a tree-based expansion (let
us mention again that the case H > 1/4 is also covered by the usual rough path
theory). This study is thus included here as a preliminary step, where the changes in
the structures (new definition of a controlled path, introduction of a Lévy volume)
can be exhibited in a simple enough manner.

Then, in the second part of the chapter, we show how to adapt our formalism in
order to deal with delay equations of the form:

dYt = O'(Yn J’t—rls---sYr—r,,)dBt 1 e [07 T],

(8.2)
e =&, t € [-ry. 0],

where y is a R”-valued continuous process, ¢ is a positive integer, o : R"@+D —
R is a smooth enough function, B is a d -dimensional fractional Brownian motion
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with Hurst parameter H > 1/4, and T is an arbitrary positive constant. The delay in
our equation is represented by the family 0 < r; < ... < r;, < oo, and the initial
condition £ is taken as a regular enough deterministic function on [—r,, 0]. Though
this kind of system is implicitly considered in [16] in the usual Brownian case, and in
[8] for a Hurst parameter H > 1/2, the rough paths techniques have only been used
in this context (to the best of our knowledge) in [19], where a delay equation driven
by a fractional Brownian motion with Hurst parameter H > 1/3 is considered. Our
chapter is thus an extension of this last result, and we shall obtain an existence and
uniqueness theorem for Eq. (8.2) in the case H > 1/4, under reasonable regularity
conditions on o and &.

From our point of view the example of delay equations, which is interesting in
its own right because of its potential physical applications, is also worth studying
in order to measure the flexibility of the rough paths formalism. In case of a delay
equation driven by a rough path, we get the satisfaction to see that the reduction
to ordinary differential systems can be done in a reasonably simple way, once we
assume the existence of some delayed area and volume based on the driving process.
Let us point out that the infinite dimensional setting of [18] is avoided here, and
that all our considerations only involve paths taking values in a finite dimensional
space.

Let us also mention that, as in other examples of fractional differential systems,
an important part of our work consists in verifying that the fractional Brownian
motion satisfies the assumptions of our abstract theorems. The main available tools
we are aware of for this kind of task are based on Russo—Vallois approximations
[24], regularization procedures of the fBm path [4, 12], or Malliavin calculus. We
have chosen here to work under this latter framework, since it leads to reasonably
short calculations, and also because it allows us to build on the previous results
obtained in [19], where this formalism was also adopted. It is a pleasure for us
to recall at this point that the stochastic analysis of fBm has been initiated in
the pathbreaking paper [5] by Decreusefond and stnel, to which we are obviously
indebted for the current chapter.

Here is how our chapter is structured: Sect.8.2 is devoted to recall the basic
ingredients of the algebraic integration setting. The abstract results concerning
ordinary and delayed systems are given at Sect. 8.3, and the bulk of the computations
concerning delay systems can be found at Sect.8.3.5. Finally, the application to
fractional Brownian motion is given at Sect. 8.4.

8.2 Increments

To begin with, let us present the very basic algebraic structures which will allow
to define a pathwise integral with respect to irregular functions. These elements are
mainly borrowed from [13, 15].
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8.2.1 Basic Notions of Algebraic Integration

For an arbitrary real number 77 > 0, a vector space V, and an integer k > 1, we
denote by %} (V) the set of functions g : [0, T]* — V, g(t1,...,t%) = gi,..4 such
that g,..,, = 0 whenever #; = t;4 forsome 1 <i < k — 1. Such a function will be
called a (k — 1)-increment, and we will set €% (V) = U> 16k (V).

On %) (V') we introduce the operator § defined as follows:

k+1
§:6:(V) > Gn(V),  BDnn = 9 D iy (83)

i=1

where ; means that this particular argument is omitted. A fundamental property of §,
which is easily verified, is that 6 0§ = 0. We will denote 26 (V) = %61 (V) NKer§
and B6, (V) = 61 (V) N Imd.

Throughout the chapter we will mainly deal with actions of 6 on 6;,7 = 1,2.
That is, consider g € %) and h € %. Then, for any s,u,t € [0, T], we have

(Sg)st = &t — &s> and ((Sh)sut = hst - hsu - hut- (84)

Furthermore, it is easily checked that 2%+ (V) = $B%6 (V) forany k > 1. In
particular, we have the following property:

Lemma 8.1. Letk >1andh € Z 6 +1(V). There exists a (non unique) f € ¢, (V)
such that h = §f .

Lemma 8.1 implies that all the elements 4 € %,(V) such that 4 = 0 can
be written as & =¢§f for some (nonunique) f € 61(V). Thus we have a heuristic
interpretation of §|«,(1) as a measure of how much a given 1-increment is far from
being an exact increment of a function, i.e., a finite difference.

Remark 8.1. Here is a first elementary but important link between these algebraic
structures and integration theory. Let f and g be two smooth real valued functions
on [0, T]. Define I € %, by

t v
Is,f=/ (/ dgw) df,, for s,t€l0,T].

Then, (81)sur = [gu — &fr — ful = (68)su(6f)u:. Hence we see that the operator
§ transforms iterated integrals into products of increments, and we will be able to
take advantage of both regularities of f and g in these products of the form §g 5f .

Let us concentrate now on the case V = R?, and notice that our future discussions
will mainly rely on k-increments with k& < 2, for which we will use some analytical
assumptions. Namely, we measure the size of these increments by Holder-type
norms defined in the following way. For f € %>(V) and p € (0, 00), let
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1l = sup — 8.5)

seefor) |t — 8%

andset €5 (V) = {f € G2(V): || fllu < oo}
The usual Holder spaces %7 (V) will be determined in the following way. For a
continuous function g € % (V'), we simply set

gl = 182l (8.6)

where the right-hand side of this equality is defined after (8.5); we will say that
g € €"(V) iff ||g]|, is finite. Notice that || - ||, is only a semi-norm on &, (V).
However, we will generally work on spaces of the type

(V) ={g:[0.T] > V:go=a. |gll, < oo},

for a given a € V, on which || g||,. then becomes a norm. For & € €3(V), we set

|hsut|
IAlly, = sup ————
s.u,t€[0,T] lu—s|7|t —ul

Wil = inf > " Whillppmps B =Y his 0 < pi < pa .
i i

where the last infimum is taken over all sequences {h; € %3(V)} such that h =
> hi. Then | - ||, is easily seen to be a norm on %3(V'), and we set

CLW) = th e GV): hll, < oo}

Eventually, let %”JH(V) =U M>1‘€]” V), j = 1,2,3, and remark that the same kind
of norms can be considered on the spaces Z%3(V'), leading to the definition of some
spaces ', (V) and Q”%H(V).

With these notations in mind, the crucial point in our approach to pathwise
integration of irregular processes is that, under mild smoothness conditions, the
operator § can be inverted. This inverse is called A and is defined in the following
proposition, whose proof can be found in [13, 15]:

Proposition 8.1. There exists a unique linear map A : ff(f;"'(V) — ‘to”zH'(V)
such that

SA =1d and AS =1d .+

FET W) Gty

In other words, for any h € (€3l+(V) such that §h = 0 there exists a unique g = A
(h) e ‘to”zH'(V) such that §g = h. Furthermore, for any (t > 1, the map A is continu-
ous from Z€y (V) to €, (V) and we have
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1
24 -2

AR, < Al he ZEHW).

It is worth mentioning at this point that A gives rise to a kind of generalized
Young integral, which is a second link between the algebraic structures introduced
so far and a theory of generalized integration:

Corollary 8.1. For any I-increment g € 6>(V') such that §g € ‘531+,

n
Id— Ad)g = lim P
( )g |17Axt|—>01_z:£gtl ti41
where the limit is over any partition Ily, = {to = s,...,t, = t} of [s,t], whose
mesh tends to zero. Thus by setting §f = (Id — A8)g, the I-increment §f is the
indefinite integral of the 1-increment g.

We can now explain heuristically how our generalized integral will be defined.

Remark 8.2. Let f and g be two real valued smooth functions, and define I € %,
like in Remark 8.1. Thanks to this remark and Proposition 8.1, the following
decomposition-recomposition for I = [ df [ dg holds true:

[dg [df = () (f) > [dg [df .

where for the second step of this construction, we have only used the fact that
the product of increments (§g) (§f), considered as an element of Z°%3, is smooth
enough. This simple procedure allows then to extend the notion of iterated integral
to a non-smooth situation, by just applying the operator A to (§g) (§f) whenever
we are allowed to do it.

8.2.2 Some Further Notations

We summarize in this section some of the notation which will be used throughout
the chapter.

A multilinear operator A of order /, from R% x ... x R% to R", is denoted as an
element A € R"41-41 Tn order to avoid tricky matrix notations, we have decided
to expand all our computations in coordinates, and use Einstein’s convention
on summations over repeated indices. Notice that we will also use the notation
A eRNdd3ds for 3 linear operator from R%-4 to R%  We hope that this
convention won’t lead to any ambiguity. The transposed of a matrix M € R%-¢ is
written as M *.

We shall meet two kind of products of increments: first, for ¢ € %, (R"?) and
h € €,(RY) we set gh for the element of €, 1,1 (R") defined by
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(gh)tl,...,thr,,,l =gn..ih,. . tmgn—1s  lyeeostmdn—1 € [0,T1]. (8.7)

If now g € €,(R") and h € %,(R?), we set g - h for the element of €, (R")
defined by

(g- h)tl,...,t,, = gtl,...,t,,htl ..... tws Iye.ln € [0,T]. (8.8)

In order to avoid ambiguities, we shall denote by .4'[f; €] the k-Holder norm
on the space %}, for j = 1,2,3. For { € €1(V), we also set A[; (V)] =
supg<,<r [¢'|v-

The integral of a real valued function f with respect to another real valued
function g, when properly defined, is written indistinctly as [* fdg or 7 (fdg).

8.3 Abstract Results

In this section, we will first recall the basic steps which allow to define rigorously
and solve an equation of the form:

t
yi=a+ / (v dx,, 1€ [0.T), 8.9)
0

where a is an initial condition in R”, ¢ : R” — R"“ is a smooth enough function,
T is an arbitrary positive constant, and x is a generic d-dimensional noisy input
with Holder regularity y > 1/4. In the algebraic integration setting [13, 14], this
task amounts to perform the following steps:

1. Definition of an incremental operator § and its inverse A.

2. Definition of a suitable notion of controlled processes, and integration of those
processes with respect to x.

3. Resolution of the equation, thanks to a fixed point procedure in the space of
controlled processes.

Having dealt with the first of those points at Sect. 8.2.1, we turn now to the second
part of this strategy. Then we shall show how to reduce differential delay equations
to ordinary ones by increasing the dimension of the system.

8.3.1 Weakly Controlled Processes

Before giving the formal definition of a weakly controlled process in the context of
Eq. (8.9), let us recall that when the regularity of the noise is y > 1/4, the rough
path setting relies on the a priori existence of an area (resp. volume) element x?
(resp. x*) satisfying the so-called Chen’s relations:
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Hypothesis 8.1. The path R?-valued x is y-Holder continuous with y > 1/4, and
admits a Lévy area and a volume element, that is two increments x> € (522 V(REA)
and x3 € (523)/ (REA-AY (which represent respectively F (dxdx) and # (dxdxdx),
with the conventions of Sect. 8.2.2) satisfying:

§x2 =6x ®6x, e (6% )g = (6x)su(8x7 )t

5 =xX2@68x +8x @ X2, e (53K g = XBT (8xF) 0 + (8x)sux*,

Su

forany s,u,t € [0,T], andanyi, j. k € {1,...,d}.

The geometrical assumption for rough paths (which is satisfied by the fractional
Brownian motion in the Stratonovich setting) also states that products of increments
should be expressed in terms of iterated integrals:

Hypothesis 8.2. Let x> be the area process defined at Hypothesis 8.1, and denote
by x*$ the symmetric part of X%, i.e., x** = %(X2 + (x2)*). Then we suppose that for
0<s<t<T, wehave:

1
2,
Xsts = 5(8)‘:)&1‘ ® (Sx)st-
With these hypotheses in mind, the natural class of processes which will be
integrated against x are processes whose increments can be expressed simply
enough in terms of the increments of x:

Definition 8.1. Let z be a process in & (R") with k < y and 3k 4+ y > 1, such that
70 = a € R'. We say that z is a weakly controlled path based on x if §z € €5 (R!)
can be decomposed into

82 = £MISx] 4 PURRK e (82 = 01 (6x) )y + TN 41,
(8.10)

forany 1 <i <I,1 < j,k < d.In the previous decomposition, we further assume
that {! € € (R"?) is a path with a given initial condition {} = b € R, such that
8¢! can be decomposed itself into:

BEM = RS 4 p e (88N = £V (8 s + o

for all s,z €[0,T], where ¢? is the increment which already appears in (8.10).
As far as regularities of the increments at stake are concerned, we suppose that
ttesy (R?), % is an element of ¢y (R"?4), and r and p are understood as regular
remainders, such that r € ‘tfé”" (R')and p € ‘19”22" (RE4).

The space of weakly controlled paths will be denoted by 2, ,,(R’), and a
process z € Z,.4.»(R') can be considered in fact as a triple (z, ¢!, ¢?). The natural
semi-norm on 2, , »(R') is given by
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Nz Zeap®)] = A EF R+ A LGP R D] + A R
+ AEHEP R + A EF R
+ AN G R + A 6 R,

where the notations .4'[g; 6} (V)] and A[{; € °(V)] have been introduced at
Sect. 8.2.2.

Remark 8.3. With respect to the case y > 1/3, the link between ¢! and ¢? in the
definition of controlled processes is new. This cascade relation between z, ¢!, and
¢? is reminiscent of the Heinsenberg group structure of Lyons’ theory, and is really
natural for computational purposes.

We can now study the stability of controlled processes by composition with a regular
function.

8.3.2 Composition of Controlled Processes

The results of this section can be summarized into the following:

Proposition 8.2. Assume Hypothesis 8.2 holds true. Let 7€ Dqp(R') with
decomposition (8.10), consider a regular function ¢ € %ﬁ(Rl; R) and set 7 = ¢(z),
a=g¢(a), b= d;p(a)b’. Then e 2.5 R), and the latter path admits the
decomposition

82 = {M 8x) + PIRXPH 4 7, (8.11)
with
& =[0ip() - £, 2 = [0i0(2) - F] + [0ii(2) - £ - R,
and where # can be further decomposed into # = 7' + 72 + 73, with:
Pl = dip@)r,
P2 = (@) R RRRINEA 2R 4 gl - )
+ [0 p(2) - I RIS ()]
+ [009(2) - ENBXT 2] + (3,0 (2) - IR,

. 1 . .
7 =68¢(z) — 0;0(2)87 — EBijfp(z)[&’ -877].
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As far as fl'j is concerned, for 1 < j < d, it can be decomposed into
§CV = frikgxk 4 pi (8.12)
where the remainder p/ can be expressed as p/ = (pV) + (p*)7, with:
P = dip@)p” + [810;p(2)] - 8¢
+ [0100() - ¢V - EPRPRI (YRR 4 [0:,0(2) - £V,
P =M 819, 0()] = [EMY - 8, 9(2)1822.
Finally, the following cubical bound holds true for the norm of Z:
N2, 4 R < o (14 A2 Leas RD)). (8.13)

Proof. This proof is a matter of long and tedious Taylor expansions, and we shall
omit most of the details. Let us just mention that we start from the relation:

(62t = ¢(z) = ¢(z5) = 3 9(2) (62 )5t + %ailizw(ZS)((SZil)St(8Zi2)5f

+ @(Zt) - @(Zs) - ai(p(zs)((gzl)st - %ailizw(zs)(gzll)st(‘szlz)st-
The desired decomposition (8.11) is then obtained by plugging relation (8.10)
into the last identity and expanding further. It should also be noticed that some
cancelations occur due to Hypothesis 8.2. Relation (8.12) is obtained in the same
manner, and our bound (8.13) is a matter of standard computations once the
expressions (8.11) and (8.12) are known. O

8.3.3 Integration of Controlled Paths

It is of course of fundamental importance for our purposes to be able to integrate
a controlled process with respect to the driving signal x. This is achieved in the
following proposition:

Proposition 8.3. For fixed 1/4 < k < vy, let x be a process satisfying Hypothesis
8.1. Let also m € 2, . (R"“) with decomposition my = b € R and

@m)y = phV (6x) )y + p2OEY 10l 1<i<d, (814

where p' € €F(R), pub=ceR¥, and where Su' € € (R??) can be decom-
posed into
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Gu ) = p2 6k + pgt. (8.15)

with u? € €< (R444), p € €2(R4), r € €3 (RY). Define then zby zo = a € R
and

5z = migxi+Ml,ijxl,ji+M2,ijkx3,kji+A(ri5xi+pijxl,ji+8M2,ijkx3,kji). (8.16)
Finally, set o
F(m'dx') = 6z. (8.17)
Then,

(i) zis well defined as an element of Dy 4 »(R), and 7 (m'dx") coincides with a
Riemann integral in case of some smooth processes m and Xx.
(ii) The semi-norm of z in 2. 4 »(R) can be estimated as

N[z Leab®)] = cxr{l + [blgra + T (blgra + A [m; Lep.e R}

(8.18)
Furthermore, we obtain
18zl < erT" ™ (1blgra + A [m; Dy (R')]). (8.19)
(iii) It holds
/S,(midxi)
n
S 0+ ORI 62

forany 0 < s <t < T, where the limit is taken over all partitions I1;; =
{to=s,....ty =t} of[s,t], as the mesh of the partition goes to zero.

Proof. Here again, the proof is long and cumbersome, and we prefer to avoid most
of the technical details for sake of conciseness. Let us just try to justify the second
part of the first assertion (about Riemann integrals).

Let us suppose then that x is a smooth function and that m € €™ (R"4) admits
the decomposition (8.14) with u! € € (R 9), u*> € €>°(R449), p € €2°(RI7)
and r € €2°(R"). Then ¢ (m'dx") is well defined, and we have

t t
Pgio i i i i1,
/ m, dx;, = mi[x; —x;] + / [m!, —m}]dx,
N N
for s < ¢, which can also be read as:

F(m'dx")y =m'$x" + ¢ (Em'dx"). (8.21)
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Let us now plug the decomposition (8.14) into the expression (8.21). This yields

F(mdx"y = m'$x" + g (" sx7)dx") + 7 (PP dx"y + 7 (rfdxh)
— miSx! ¢ xRk /(ridxi)’ (8.22)

and observe that the terms m'8x’, (u')7x>/7 and p>V*x3%/" in (8.22) are well

defined provided that x, x* and x* are defined themselves. To push forward our

analysis to the rough case, we still need to handle the term _# (r'dx"). Owing to
(8.22) we can write

/(ridxi) _ /(midxi) Cmisx — Ml,inZ,ji _ uZ,iijS,kji’ (8.23)

and let us analyze this relation by applying § to both sides of the last identity.
Invoking standard rules on the operator 8, and the fact that x satisfies Hypothesis
8.1, we end up with:

8[f(ridxi)] — SMl’inZ’ji 4 SMZ,iijS,kji _ MZ,ijkakaZ,ji 4 I'iS)Ci,
and thanks to the fact that SV = u>k§x* 4+ p'/ | we obtain:
87 (r'dx")] = p x>T4 s> 4 pisxl (8.24)

Assuming now that p%/ x2J7, §u2ikx3kii gyl € €Y with v > 1, then p” x?J/7 +
Su>ikx3kit 1 ri§x’ becomes an element of Dom(A). Thus, applying A to both
sides of (8.24) and inserting the result into (8.21) we get the expression (8.16)
of Proposition 8.3. This justifies the fact that (8.16) is a natural expression for

F(m'dx"). O
As in [20], the previous proposition has a straightforward multidimensional
extension, which we state in the following corollary:

Corollary 8.2. Let x be a process satisfying Hypothesis 8.1 and let m €
D pe REAY with decomposition mg = b € R and

Bm)se = G )sr PR ] Suy TR = R sk g gk,
(8.25)

where 'k e Er(R), ik ¢ ¢ (R), ok e C(R) and ri € E€3¢(R), for

i=1,...,0land j,ki,ky =1,...,d. Definezbyzp =a € R! and

87 = F(mVdx)) = m7§x) 4+ plukx?k
+ uz,ijklklekzklj + A(rljgx] + pijkxz,kj +8u2,ijk1kzx3,kzk1j)' (826)

Then the conclusions of Proposition 8.3 still hold in this context.
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We also observe that our extended pathwise integral has a nice continuity
property with respect to the driving path x, whose proof is also skipped here for
sake of conciseness (see also [13, Proposition 4], and [20, Proposition 3.12]).

Proposition 8.4. Let x be a function satisfying Hypotheses 8.1 and 8.2. Suppose
that there exists a sequence {x"; n > 1} of piecewise C'-functions from [0,T] to
R? such that

lim A" —x; 6] RN =0, lim A [ —x* €7 (R4 =0,

n—o00

and lim, o0 N [x>" — x3; %;y(Rd’d'd)] = 0. Forn > 1, define 7" € €} (R in the
following way: set z;, = b € R! and assume that §7" can be decomposed into:

(Szn,z — é-l;n,ljgx] 4 é-2;n,1]kX2,k] 4 rn,z, 5@-1;11,1/ — CZ;n,z/k(gxk +p"’”,

forl1 <i <land1 < jk < d, where {'"" ¢ (fl’((Rl’d) satisfies fé;" =c €
R4 and £%" e %K(R['d’d), o' € %ZZK(RM), and r" € %;K(Rl). Let also 7 be a
weakly controlled process with decomposition (8.10), such that zo = b, fé =c, and
suppose that

lim { A" =z EF RN + A" = @] + A [ = ®R)

+ e/‘/[é-Z;n _ KZ;CKIOO(RI,d,d)] + e/‘/[é-Z;n _ CZ;%K(Rl,d,d)]
+ N " = p G R+ A" =G (R)]} = 0.

Finally, let ¢ : Rl — R pe a C;-function. Then

Tim N7 (p)dx") = 7 (p(2)dx): 65 ®)] = 0.

8.3.4 Rough Diffusion Equations

In this section, we shall apply the previous considerations to study differential
equations driven by a rough signal, and recall that we first wish to solve simple
equations of the form

dy, = o(y)dx;, yo =a, (8.27)

where ¢ € [0, T], y is a R!-valued continuous process, o : R’ — R’ is a smooth
enough function, x is a R4 -valued path, and a € R! is a fixed initial condition.

In our algebraic setting, we rephrase Eq. (8.27) as follows: we shall say that y is
a solution to (8.27),if yo = a, y € Q,(,a,g(a)(R[) and forany 0 < s <t < T we
have
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©0y)s: = /st(U(Y)d-x)v (8.28)

where the integral ¢ (o(y)dx) has to be understood in the sense of Corollary 8.2.
With these notations in mind, our existence and uniqueness result is the
following:

Theorem 8.1. Let x be a process satisfying Hypotheses 8.1 and 8.2, and o : R! —
R4 be a C}f-ﬁmction. Then

(i) Equation (8.28) admits a unique solution y in 2y 4 () (R") for any k <y such
that 3k +y > 1.
(ii) The mapping (a, x,x2,X3) — y is continuous from

Rl x cgl)’(Rd) x %ZV(Rd,d) x %;V(Rd,d,d) to %K(Rl)’

in the following sense: let 7 be the unique solution of (8.28) in 2y 4.5(a)(R')
and Z the unique solution of (8.28) in 2 7 + @) (R, based on x, X, respectively.
Then, there exists a positive constant ¢, 3 depending only on o, x, X such that
A=z R < éslla—al + A x — 267 ®)]
+ N[ =G R + N[ — &6 (R
Proof. As in [13, 15], we first identify the solution on a small interval [0, ] as the

fixed point of the map I" : Zy 4 0(a)(R') = Lo (R) defined by I'(z) = 2 with
Zo =aand 62 = _Z (0(z)dx). The first step in this direction is to show that the ball

By =1{z 20 = a, N[5 Dewow([0,7]; RN < M} (8.29)

is invariant under I" if t is small enough and M is large enough. However, due to
Corollary 8.2 and Proposition 8.2, invoking the fact that o is bounded together with
its derivatives and assuming t < 1, we obtain

N (@): Leaotay(R)]
<l +0(@)|gra + 7 (0(@)]pa + A [0(2): 2, ; ;R
<ol + 7 N[0 2, ;R
< ol + (1 + A2 Lo R}

< Croll + 77N 2 Leaoty RO, (8.30)
where @ = o(a) and b = d;0(a)o’ (a). Taking M > ¢, and T < 79 = (W —
L X,0
#) "= A1, we obtain that ¢, 5 (1 4 r”_"M?’) < M . Therefore, the ball B, defined
at (8.29) is left invariant by I".

It is now a matter of standard considerations to settle a fixed point argument for

I" on [0, 7], and also to patch solutions on any interval of the form [kt, (k + 1)1]
for k > 1. The details of this procedure are left to the reader. O
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8.3.5 The Delay Equation Case

This section is devoted to show how to change the diffusion setting in order to cover
the case of delayed systems, having in mind to solve an equation of the form:

dy: =0V, Yi—risevos Yi—r,)dx, 1 €[0,T],

(8.31)
e =&, t € [-ry, 0],

where x is R?-valued y-Holder continuous function with y > 1/4, the function o
is smooth enough, £ is a R!-valued 3y-Holder continuous function, and 0 < r; <
S <Tg <00

One possibility in order to solve Eq. (8.31) is to elaborate on the strategy followed
in [19], which relied on the notion of delayed controlled paths. The reader is referred
to [27] for a detailed account on this first strategy. However, we have chosen here
to show that delay systems of the form (8.31), with a discrete family of delays
(r1,...,74), can be reduced to ordinary differential systems. This is obtained by a
huge (though finite) dimension augmentation of the system we are considering and
leads to shorter proofs, at the price of slightly nonoptimal hypothesis. It should also
be noticed at this point that general delay systems are implicitly solved in [16] by
considering an infinite dimensional rough path, namely the so-called frame process.

In order to specify our statements, let us introduce some additional notation. We
assume, without loss of generality, that T = m r, for a certain m € N. Assume also
for the moment that x is a smooth function, in which case Eq. (8.31) can be solved in
the usual sense, and denote by y its solution. Notice that for notational convenience,
we set ro = 0. For (k1,...,ky) € {0,...,m —1}9, withky <k, <--- < ky, and
t € [0, ], set

)7[ (k], ey kq) =yt+2?:1 kj(rj—rj—1)® and -ﬁt(kla B kq) :‘xt+2?:l kj(rj=rj—1)"
(8.32)

We shall consider y, (resp. X;) as an element of RI*xA (resp. of R?*4) where

-1
A =Card{(k,..., k) €{0,....m—=1}1 k) <ky <--- < ky} = (m_|_q )
q

These notations being set, the representation of our delay equation as an ordinary
differential system can be read as follows:

Proposition 8.5. Let x be a regular R -valued function, and o a C bl -function. Then
the delay equation (8.31) can be represented as an ordinary differential system of
the form

dy, =6 () dx;. tel0.r], (8.33)
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where X,y have been defined at (8.32) and for a certain matrix-valued function &
which inherits the regularity properties of o. The initial condition of (8.33) is given
by solving the equation in a sequential way.

Proof. Our claims can be deduced by elementary considerations. Indeed, Eq. (8.31)
can be written as

dy.(ki,... . kg)
= 0 (iK1 kg iy = 1) Kas Ky, B = 1, (ko = 1), Ky,
D = 1) ey — 1))) dz,(ky.... k). (8.34)

RIX4.dXA whose

from which Eq. (8.33) is easily deduced, with a block matrix 6 €
blocks consist in A copies of o.

One word should be said however about the order in which Eq. (8.34) has to be
solved. Indeed, one has to be careful about the initial conditions in the differential
system, since it involves the solution ¥ itself if some k; # 0. This forces us to
solve Eq. (8.33) in a sequential way, according to a somewhat intricate algorithm.
Our algorithm consists then in moving along tuples of the set {(ki,...,k;) €
{0,....m — 1} ky < ky < .-+ < ky} following a path (kY)y<a, where
kY = (kV,...,kY). The sequence (k™)< is defined as follows:

(i) Start fromk® = (0,...,0).

(ii) Ifk{V == klN andklN+1 > klN for 1 <i < g, then set
i—1
——
KV =(0,...,0,kY + LLkY ,,....k)).
It is easily seen that this algorithm allows to go from (0, ...,0) (obtained for

N =0)to(m—1,...,m—1) (obtained for N = A). Furthermore, the following
facts are also readily verified:

(1) Forthe index (m — 1,...,m — 1), we have been able to define
Yo(m—1,....m—=1)=ym-1yr,=y7—r,» and ¥, (m—1,....m—1)=yr.
This means that, once the index (m — 1,...,m — 1) is attained, the original

delay equation is solved.
(2) Foragiven N < A, any tuple of the form

kY —LKY kD) kY - Lk 1 k) kY LK) — 1 k) -1

can be expressed as k" " for another N’ < N.
(3) By construction of our algorithm, the initial condition for each equation of
our system is well defined in terms of previous elements of the system.
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These three simple facts allow to solve the system (8.33) in an iterative way,
which ends the proof. O

Now that we have been able to write Eq. (8.31) as the ordinary differential
system (8.33), the strategy in order to solve it in the rough case is straightforward:
just apply Theorem 8.1 to the process X defined by (8.32). This boils down to say
that X must satisfy Hypotheses 8.1 and 8.2. Moreover, in case of a process X defined
by the shift of one single process x, one can particularize those two assumptions
into the following one:

Hypothesis 8.3. The path R?-valued x is y-Hélder continuous with y > 1/4, and
admits a delayed Lévy area and a delayed volume element, that is a collection of
increments

Xt =P (v, m)i i, jed{l,....d}}
x> = {3 v vs)d ok € {1 d})

wherevy, vy, vz € . = {Z(j=1kj(rj —7j21):0<ki <ky <---<ky<m-— 1},
such that xX* € %2)/ (RdeAz) and x3 € %31/ (Rd3XA3). The families of increments x>
and x3 are also assumed to satisfy the following algebraic relations:
x> (vi,v2) = 8x' (1) 8x7 (v2)
S (v va,v3) = X2 (v1,v2) 8xF (v3) + 8x' (v1) X375 (v2, v3)
for any i,j,ke{l,...,d} and vi,vo,v3 €., where we have set §xg4(v) =
8Xs4vs+v-

As far as the geometric property (analogous to Hypothesis 8.2) is concerned, it can
be stated as follows:

Hypothesis 8.4. Let x> be the area process defined at Hypothesis 8.3. Then we
suppose that for0 <s <t <T,i,j €{l,...,d}, andvy,v, € ., we have:

20 i _ .
X! (vi,v2) + X5 (v2, v1) = 8xi, (v1) ), (v2).

Remark 8.4. Like in the non-delay case, if x is a smooth function, the increments
x? and x® are simply given by

2,i1in _ i in
Xy P (v, v2) = / dx,\ ., dx,; .,
s<u<up<t

3.tz i i i
Xy (v, vs) = / dx, 4, dx, 1,,dx,;

ur+vy uz+v3*
s<u)<up<uz<t
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We are now in a position to state the main result of this section. It can be stated
and proved along the same lines as Theorem 8.1, so that the proof is skipped here
for sake of conciseness.

Theorem 8.2. Let x be a process satisfying Hypotheses 8.3 and 8.4, and
o :RIUTY — R be a C}-function. Then

(i) Equation (8.33) admits a unique solution y in a space of controlled processes
with respect to X, of order k for any k <y such that 3k + y > 1.
(ii) The mapping (a, x,x>,X3) — y is continuous from

R[ % cgly(Rd) % %ZV(RdZXAZ) % Cg;y(]RdSXAS) to %K(Rl),

in the following sense: let 7 be the unique solution of (8.33) and 7 the unique
solution of (8.33) in their respective controlled processes spaces, based on x, X,
respectively. Then, there exists a positive constant 5 depending only on
0, x, X such that

N =6 R)] < & xlla—al + A [x — %67 RY)]

+ A [P 6 (R [R5 6 (R

8.4 Application to Fractional Brownian Motion

All the previous constructions rely on the specific assumptions that we have made on
the process x. In this section, we prove how our results can be applied to fractional
Brownian motion. More specifically, we first recall some basic definitions about
fBm, and then define the delayed Lvy area B2. We shall then turn to the definition
of the volume B3, which is the main difficulty in order to go from the case H > 1/3
treated in [19] to our rougher situation.

8.4.1 Basic Facts on Fractional Brownian Motion

Recall that a d-dimensional fBm with Hurst parameter H € (0, 1) defined on the
real line is a centered Gaussian process

B =1{B = (B ....B%: teR},

where B!, ..., B? are d independent one-dimensional fBm, that is, each Biis a
centered Gaussian process with continuous sample paths and covariance function

o 1
Rir(t.s) = E(B BY) = S (4" + |5 = |t = s "), (835)
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foralli € {1,...,d}.Inthe sequel, all the random variables we deal with are defined
on a complete probability space (£2,.%#,P), and we assume that .7 is generated by
the random variables (B;; t € R). The fBm verifies the following two important
properties:

* Scaling property: For any ¢ > 0, B©©) = ¢ B.). is a fBm,
* Stationarity property: For any i € R, B.y; — By is a fBm.

Notice that we work with a fBm indexed by R for sake of simplicity as in [19],
since this allows some more elegant calculations for the definitions of the delayed
Lévy area and volume, respectively. Furthermore, since the case H > 1/2 or the
Brownian case H = 1/2 are less demanding than the rougher case, we shall mainly
focus in this section on the range of parameter H < 1/2.

8.4.1.1 Gaussian Structure of B

Let us give a few facts about the Gaussian structure of fractional Brownian motion,
following the pioneering article [5] and the review given in Chap. 5 of [22]. All the
considerations in this direction will concern a one-dimensional fBm B, which will
be enough for our applications.

Let & be the set of step-functions on R with values in R. Consider the Hilbert
space ¢ defined as the closure of & with respect to the scalar product induced by

(M M), = Ru(@'.s") — Ru(t',s) = Ru(t.s") + Ru(t.s),

forany —oo < s < s < +ooand —oo <t < 1’ < 400, and where Ry (z,s) is
given by (8.35). The mapping

ﬂ[t,r’] — By — B,

can be extended to an isometry between .7 and the Gaussian space H,(B)
associated with B. We denote this isometry by ¢ — B(¢p).

The spaces .77 and H;(B) can be characterized more precisely in the following
way: first, we notice that a one-dimensional fBm defined on the real line, with
H # 1/2, has the following integral representation in terms of a Wiener process W
defined on R (see [26, Proposition 7.2.6] for details):

1 - —
B, = Cl(H)/R[(I_S)Z 1/2_(_S)1;1 m]dWs, [ eR. (8.36)

where

[e%e) 1/2
Ci(H) = (/ [(1 4 )72 = sH=12T ds + %) , (8.37)
0
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and where a . stands for the positive part of a real number a, namely a4 = g (a) a.
Using the representation (8.36), the authors in [23] define the following stochastic
integral of a deterministic function with respect to a one-dimensional fBm B:

rH 1y [ (@) waw, H <1)2,

/Rf(”)dB” =)

Jo (FHV2 ) )d W, H > 1/2,

provided that the stochastic integral with respect to the Wiener process W makes
sense, and where

I G E (RO

=) Jy i+

(1) () = an) / - A (Mr))l_adr, (8.39)

(72f) ) = & (8.38)

for 0 < a < 1. The expressions (8.38) and (8.39) are respectively called right-sided
fractional derivative and right-sided fractional integral on the whole real line. We
remark that, in general,

o 1 f(r)— flu+tr)
(@_f)(u):!g%['(l—a) . plto dr.

We also notice that
(S2(22f)) W) = (72 (I2 1)) W) = f(w). (8.40)

When f is a function defined on an interval [a, b] with —oc0 < a < b < o0,
extend f by setting f* = fllj, ). Define then

S (u) L« P fw) = f(r)

(/) O=(Z-S) O = F o P Fa=a )y, r=wre "
(841)

@ ) = (T _ L fm
(#217) ) = (S 1) @) = s / o, (8.42)

for0 <« < 1,a < u < b. The expressions (8.41) and (8.42) are respectively called
right-sided fractional derivative and right-sided fractional integral on the interval
[a, b]. In this context, as in the case of the whole line (see [25] for details and also
[28]), the following relation holds true:

S (u) i O b~ f(r)

I'(l—oa)(b—u~ + 511—>0F(1 — @) Juye (r—u)lte dr.

(Zy—f) ) =
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With these notations in hand, it is proved in [23] that the operator

r sy [P @ H <12,

) = — o

(FH2 £ (w), H > 1/2,
is an isometry between .7 and a closed subspace of L?(R). In fact,

(. V)ow = (L P. A V) 12w

forall ¢, ¥ € S2. This also allows to write B(¢) as W(.# ¢) for any ¢ € ¢, where
W (. ¢) has to be interpreted as a Wiener integral with respect to the Gaussian
measure W. In particular, we have:

E[B@)] = lelle = 14 ¢l 2@). (8.43)

8.4.1.2 Malliavin Calculus with Respect to the fBm B

Let .7 be the set of smooth cylindrical random variables of the form

F=fB(p).....B(g). @A, ie{l,... kj

where f € C®(R%* R) is bounded with bounded derivatives. The derivative
operator D of a smooth cylindrical random variable of the above form is defined
as the .77-valued random variable

k
ad

This operator is closable from L”(£2) into L?(§2; 7). As usual, D> denotes the
closure of the set of smooth random variables with respect to the norm

IF|I;, = E|F|* + E||DF|3,.

In particular, considering a d-dimensional fBm (B, ..., B4 ), if DB'F denotes
the Malliavin derivative of F € ]D)g,-2 with respect to B', where ]D)g,-2 denotes the
corresponding Sobolev space, we have D5 B/ = §; jl(—oo, fori,j = 1,....d,
where §; ; denotes the Kronecker symbol.

The divergence operator / is the adjoint of the derivative operator. If a random
variable ¢ € L?(£2;.#) belongs to dom(/), the domain of the divergence operator,
then /(¢) is defined by the duality relationship

E(F1(¢)) = E(DF.¢) . (8.44)
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for every F € D'2. In addition, let us recall two useful properties verified by D
and [:

s If ¢ € dom(/) and F € D"? such that F¢ € L>(£2;.5#), then we have the
following integration by parts formula:

I(F¢) = FI(¢) — (DF.¢) . (8.45)

o Ifp € D'2(s#), D, ¢ € dom(]) forall r € R and {I(D,¢)},cr is an element
of L*(2; ), then

One can relate the Malliavin derivatives with respect to B and W through the
operator .# defined above. Indeed, relation (8.40) shows that .#” is invertible. This
allows to state, as in the case of a one-dimensional fBm B in an interval (see
for example [22, Sect.5.2] and also [1]), the following relations for the Malliavin
derivative and divergence operators with respect to the processes B and W:

(i) Forany F € D%,{,Z = D!2, we have:
# DF = DV'F,

where D" denotes the derivative operator with respect to the process W, and
]D)%,I’,2 the corresponding Sobolev space.

(i) Dom(I) = #~'(Dom(/")), and for any .7#-valued random variable u in
Dom(/) we have I(u) = I (¢ u), where 1"V denotes the divergence operator
with respect to the process W'.

In addition, we have D'?(#) = (.# ~")(IL"?), where L''? = D!'?(L?(R)), and this
space is included in dom(/"). Making use of the notations " (¢) = Jg Pu AW,
for any ¢ € dom(/"), and I(¢) = Jg $u dB, for any ¢ € dom([I), we can write:

/1; $. dB, = /1; K@) dW,.

This kind of relation also holds when one considers functions defined on an
interval. Indeed, for some fixed —co < a < b < o0, and H < 1/2, relation
(8.41) yields

f " b dBy = / $ull () dB, = [ (A [Pl )]) () d W, = / Ay () d W,
a R ’ R ’ R

where the operator .7 %] is defined by:

I'(H +1/2) (91/2—11

() Y () = D e f) (w), for a<u<b,
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with C{(H) defined by (8.37). In case of an interval [a,b], it should also be
mentioned that an important subspace of integrable processes is the following: let
&9 be the set of step-functions on [a, b] with values in R. As in [22, Sect. 5.2.3],
we consider on this space the semi-norm

b b 2
lor — @ul
le 2 o) = / b — u)l Srdut /a ( . (r—upH dr ) du.

Let % ([a, b]) be the Hilbert space defined as the closure of &**! with respect to
the previous semi-norm. Then the space .7% ([a, b]) is continuously included in 77,
and if ¢ € D'?(#k ([a,b])), then ¢ € Dom([).

8.4.1.3 Generalized Stochastic Integrals

The stochastic integrals we shall use in order to construct our delayed Lévy area and
volume are defined, in a natural way, by Russo—Vallois’ symmetric approximations,
that is, for a given process ¢:

b
oI __ i 12
/(; Pwd Bw - _!1—13(132_8/ bw Bw+£ Bw—s)dw
provided the limit exists. It is well known that the Russo—Vallois symmetric integral
coincides with Young’s integral for H > 1/2, and with the classical Stratonovich
integral in the Brownian case H =1/2. Since these two cases are not very
demanding from a technical point of view, we will focus our efforts on the case
1/4 < H < 1/2. This being said, for vi,v,,v3; € ., we will try to define the
increments B? and B as

2 B t o u+v1 z] B ] u+v1 o ni
Bst(Vl’ V)= d Bu+vz ® d°By, i.e. (B ,(vl v2)) d Bu+vz d Br
s

s+vy s+vy

t w u
B?t(vl’ V2, V3) = / don+v3 ®/ doBu-I—vz ® / doBr+vly
s s s

ie. (Bst(vl")z’v3))ljk :/ doBv]§+v3/ d’ BL{+V2f doBi+v1’
s
(8.47)
foralli, j,ke{l,...,d},0<s<t<T <oo0.

Interestingly enough, one can establish the existence of symmetric integrals,
thanks to some Malliavin calculus criterions:

Proposition 8.6. Let ¢ be a stochastic process such that ¢ N, p € D' (Hk
([a, b)), for all —o0o < a < b < 0. Suppose also that
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N
Triap D¢ := L* — 21—%2_5/ (Du, Ny—gute)) e du

is an almost surely finite random variable. Then fab ¢.d° B! exists and verifies

b
/ ¢ud® B, = I($pllap) + Triap D.

Furthermore, the following algebraic relation is trivially satisfied for this kind of
integrals:

Lemma 8.2. Let o = {w,,, w€ [a, b]} be a stochastic process such that its symmet-
ric Russo—Vallois integral with respect to a one-dimensional fractional Brownian
motion B exists, and let F be a random variable. Then Fo is integrable with
respect to B in the Russo—Vallois symmetric integral sense and f ub Fa, d°B, =

F [’ a,d°B,.

We are now ready to show the existence of delayed areas and volumes with
respect to fBm.

8.4.2 Delayed Lévy Areas

Before we turn to statements involving increments as functions of two parameters,
let us deal first with fixed times s, 7:

Proposition 8.7. Let B be a d -dimensional fractional Brownian motion, with Hurst
parameter H > 1/4. Then, for s,t € [0,T], vi,v2 € .7, the delayed Lévy
area, denoted by B2 (vi,v,) and defined by (8.47), is well defined. In addition,
we have E[|B2,(vi,»)|?] < c|t — s|** for a strictly positive constant ¢ =
CHy . T = CHv,—v,.T, €xhibiting the following discontinuity phenomenon: we have
limy,| 0 ¢y, = 00, but cy o 1 is finite.

Before we go to the core of the proof of this proposition, let us add a few
comments to the result:

Remark 8.5. Instead of the Malliavin calculus tools we are invoking, one could have
constructed the delayed Lvy area, thanks to the linearization methods contained
in [4], plus some direct computations on the covariance of our underlying fBm.
It is then rather easily checked that both methods would lead to the same area
by means of convergence of Riemann sums (this fact has already been observed
in [21] for a comparison between areas defined by linearization and analytic
approximation respectively). Let us also notice that the methods of [4] have been
greatly generalized in [11,12], ending up with a general criterion for the existence of
a rough path above a multidimensional Gaussian process in terms of its covariance
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function. The reader might then wonder why we did not try to apply those criterions
directly to the 2d-Gaussian process (B, ,.....B% B!, ... Sdﬂ) It turns out
however that all components of the Gaussian process con51dered in [11, 12] are
independent, while the dependence between B;,  and B/, , is an important feature
of the computations below. We thus believe that the delayed area deserves a separate
treatment.

Remark 8.6. The discontinuity result for ¢y, r alluded to in Proposition 8.7 is not a
surprise, and had already been observed in [19]. A possible interesting development
in this direction is the following: take up the program initiated by Ferrante and
Rovira in [9], where (denoting by y” the solution to our delayed system (8.31)) the
dependence i > y" is investigated. For H > 1/2, Ferrante and Rovira establish the
continuity of this map. However, a kind of surprising phase transition phenomenon
might be observed at H = 1/2, insofar as we expect that for H < 1/2 (and under
some non-degeneracy assumptions on the coefficent o in (8.31)) the solution y” will
explode when i — 0. We leave this problem for a subsequent communication.

Proof (Proof of Proposition 8.7). As mentioned before, the case H > 1/2 is rather
easy to handle, and we thus focus on 1/4 < H < 1/2. It should also be mentioned
that Lvy areas can be constructed in a similar way to [19], though an extra attention
has to be paid in order to treat irregular cases, when H approaches 1/4. Considering
the change of variable u’ = u + v, we can write

t+vy

2

Bst (Vlv VZ) = / (Bu’—vz-l—vl - Bs—l—vl) ® doBu’-
s+

As a last preliminary remark, observe that due to the stationarity property of the
fBm we shall work without loss of generality on the interval [0, — s] instead of
[s + va,t + v,] in the sequel, that is, we can write

r—s
B0 = [ (B B ®d°B
0

where v =v, —v;. We denote this last integral by Bo;r ;(v), for notational conve-
nience.

1. Case i = j and v > 0. Consider the process ¢ = (B, — B_)) ljo—5 (")
When v > 0, the arguments in [19, Proposition 5.2] for 1/3 < H < 1/2 also
hold for 1/4 < H < 1/3. Thus

B3I () = 1" (§) + Tro—g D™ ¢,
where 12’ (¢) denotes the divergence integral of ¢ with respect to B’ and

3t —95)*H, ifv=0,

Tro,—g D% ¢ =
0:i—1D” ¢ —HVH=N (1 —5) + 3((t —s + )7 —v?H) if v > 0.
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In addition, one can also prove, as in [19], that
y 2
E[BY )| < cmult —s*7,

0,t—s

for any v = vy — vy, with vy, v, € ., where lim,—¢ cy, = 00.
2.Case i = jandv <0.Whenv < 0, we will show that

BYL (V) = 1% (¢) + Trygu—g D¥' ¢, (8.48)
where now

Tr[o.,f_s]DB"¢ = H(-v) Yt —s) + %(n —s+ v — (=), (8.49)

Indeed, notice that D,Biq&u = Iy (r) Tjo;—s(u) and furthermore, for u €
[0, — 5] and ¢ € [0, —V], one can write

(H[—v,u—v] s H[u—a,u+6] )%

1
E(|—v+e|2H—|—v—s|2H+|—v—u—s|2H—|—v—u+s|”’)

1

5((—v+8)2H —(v—e) + | —v—u—e — | —v—u+el").
Performing now a Taylor expansion in a neighborhood of ¢ = 0, we get
(—v+e) —(—v—e) =dH(—)* e + 0 ().

Thus, applying the dominated convergence theorem (details are left to the reader)
we obtain

t—s
lim 4—((—v + &) — (—v—e)*)du=H(-v)* "t —5). (8.50)
e—> 0 &
Along the same lines, by separating the cases —v >t —s,0 <u < —v <t —3
and —v < u < t — s, it can also be proved that

—s

1 1
lim i 4—£(|—v—u—8|2H—|—v—u+€|2H)du: E(|z—s+v|2H—(—v)2H).
(8.51)

We now obtain (8.49) by putting together (8.50) and (8.51).
Let us bound now Tr[o.t_S]DB' ¢ from expression (8.49): in the case —v > 1 — s,

invoking the fact that, for 0 < p < 1 and @ > b > 0, the inequality a” — b? <
(a — b)? holds true, we obtain
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Trgs g D 9| = H (0 = 5) + 5 (-0 = (v = ))*")

<H(@t—s)*+ (( V) — ()=t —5)*)) < (t — 5)*",

and in the case —v < t — s, we also have
1
Trio— D ® ¢>\ R () R E|(z—s + ) — (=v)*]
1
< H(—v)zH_lTl_ZH(t _ S)2H+§((t _ S)2H+ (—V)2H+ (_V)ZH)

< (H(_V)ZH—ITI—ZH 4 %) (l _ S)ZH.

Thus, we have found
3
Tro,—s D® ¢| ( —y)2=ii= 2H+§) (t — ), (8.52)

forallv = vy — v, withvy, v € .
We proceed now to bound the term 75’ (¢) in (8.48): owing to (8.46), we have

DE 1% (¢) = (B, — B )T, (r) + 1% (12— () Uj0.1—5 ()
= (B; - B )H[Ot s](r) + I (H[v-l—rt s]())ﬂ[—vr —s— l](r)
= (B!_, — B.)jo,—(r) + (B/_, — Bl )=y 1—5—(r). (8.53)

With this identity in hand and using the same arguments as in the proof of
[19, Proposition 5.2], we obtain

E|78 () < cult —s|*H, (8.54)

with a constant cy > 0 independent of v.
Finally, (8.52) and (8.54) imply E|(B},_ (v))"|*<cpu,lt — s|* for any
v=v; — vy, with v;, v, € ., and thus, according to our stationarity argument:

E|B2(v1,v2) > < et — s, (8.55)

for any vi, v, € .7
3. Case i # j. This case can be treated similarly to [19, Proposition 5.2] and
yields the same kind of inequality as in equation (8.55).

Our claim E[|B2,(vi,v2)[%] < c|t — s|* now stems easily from the inequalities
we have obtained for the three casesi = j andv>0,i = j andv<O0,andi # j. 0O

We can go one step further, and state a result concerning B? as an increment.
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Proposition 8.8. Let B? be the increment defined at Proposition 8.7. Then B?
satisfies Hypothesis 8.3 and 8.4.

Proof. First, we have to ensure the almost sure existence of Bf, (v1,v2) for all
s,t € [0, T]. This can be done by noticing that B2 (v, v5) is a random variable
in the second chaos of the fractional Brownian motion B, on which all L”-norms
are equivalent for p > 1. Hence we can write:

E|BS (v, v2)|” < €t plt — 512, (8.56)

forany i, j € {l,...,d} and p > 2. With the same kind of calculations, one can
also obtain the inequality

2 2
E[By (vi.v2) = Bl v1.v2)|” < craymp (12 — 0|77 + [52 — 51177)..

Then, a standard application of Kolmogorov’s criterion yields the almost sure
definition of the whole family {B? (vi,v,); s,z € [0, T]}, and its continuity as a
function of s and ¢.

Moreover, a direct application of Lemma 8.2 gives

§B*(v1.v2) = 8B(v)) ® §B(v), (8.57)

and Fubini’s theorem for Stratonovich integrals with respect to B also yield easily
Hypothesis 8.4. Finally, it is readily checked that B?(vi,v,) € ‘622 Y(R4?) for any
1/4 <y < H,v,v; € % (separating the case vi = ;). Indeed, it is sufficient
to apply Corollary 4 in [13] (see also inequality (90) in [19]), having in mind the
bound (8.56) and expression (8.57). O

8.4.3 Delayed Volumes

We study now the term B3(v1,vz,1)3), starting from a similar statement as in
Proposition 8.7:

Proposition 8.9. Let B be a d-dimensional fractional Brownian motion, with Hurst
parameter H >1/4. Then, for s,t €[0,T], vi,v2,v3 €., the delayed volume,
denoted by B*(vi,v2,v3) and defined by (8.47), is well defined. In addition, we
have E[|B3(vi,v2,v3)|%] < clt — 5| for a strictly positive constant ¢ = C.y, vy vs.T
which tends to oo if v, —vi| = 0 or |v3 — va| — 0, but which is also well defined
ifvl = V) = V3.

Proof. Here again, we focus on the case 1/4 < H < 1/2. First, using the changes
of variable ' = u + v, and w' = w + v3, we can write

t+v3 w—v34vs
B} (vi,v2,v3) = / / (Bu/—vy4v, — Bstv)) ®d°By | ® d°B,.
s+v3 s+v
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Due to the stationarity property of the fBm, we shall work without loss of generality
on the interval [0,  — s] instead of [s 4 v3, # 4+ v3] in the sequel. For notational sake,
we will also set t = ¢ — s in the remainder of the proof. We shall then evaluate

T w2
B?(Vla VZ? V3) = /0 (/ (BM—I’]I - B—]’]z—}‘“) ® doBu) ® doBWa
-
where 17, = v, —v; and 7, = v3 — v». Notice that fw " (Bu—p, — B—jp—n,) ®d° B,
behaves as Béw(m)

1. Case i = j = k. Consider the process

= Y
Y= (/ (Bu m B—ﬂz 711) d Bu) ﬂ[ovf](')'
-2

We will define B¥//(n;, 1) as [y ¥,d°B., which amounts to show that
¥ € D2(#% ([0, T])) and to compute the trace of the process V.

With this aim in mind, let us first compute the Malliavin derivative of ¥: it is
easily seen that

DFy,
= (Bl_, = B W (0 (0) + 15 () ) g i) (D) 0,01 ()
(Brl m _'72 m)u[ n2,u— ,72](7')11[()1— (u) + (Bri mn B;+m)11[_'72—?71~14—?72—?71](r)u[0~f](u)'

(8.58)

From this identity, one can check that ¥ € D'"?(#% ([0, T])). We will now evaluate
for V.,d°B! by separating the Skorokhod and the trace term in the symmetric
integral.

(i) Evaluation of the trace term. We start by observing that DB Y, can also be
written as:

Dfl Vu = " (11['+'71,M—nz](r)ll[—nz—mvu—ﬂz—m]('))H[OJ] (u)
A+ 1P (U e () Wy o] (D) T 2 (). (8.59)

Apply then Fubini’s Theorem in order to get

/ (DBi I//M’ H[u—a,u-l—s])(;iodu

0

T—n2—N T .
= / (/ (H[w+m,u—n2]a H[u—a,u+s]>ﬁf d“) dB:v
—m—n wHn+ni

T—m T .
+ / (/ (ﬂ[—nz—m,w—m]s H[u—a,u+5]>% d”) dBvlw (8~60)

M +m
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where the last two integrals have to be interpreted in the Wiener sense, and are
well defined according to the criterions contained in [23].

We shall consider the case that n, > 0 and n; 4+ 1, > 0. The other cases can
be obtained analogously. Let us evaluate the scalar product in (8.60): for a fixed
m>0,uclw+m+mn,tl,we[-n—mn,t—nn—mnlande € [0,n], we
can write

(11[w+711 u—n2] ﬂ[u—s,u+£] ) I

1
E(I—nz+8|2H—|—nz—8|2H+ w1 —u—el*—|w+n —u+e*)

e A R I (I i)
=2H (=" + w—w—n)*")e + o(e).
If n, = 0, one can prove similarly that for £ small enough,
(Wt ae]s D—eate) e = 2H (@ —w— )" e + 0(e?).
This yields easily the relation

H(=p" + u—w—n)*~") if g, > 0,

1
glg)r%) Z(11[w+m.u7n21,lllufe.wrs])% = { H(u—w— )21 it 9, = 0.

The same kind of elementary arguments work for the scalar product in
expression (8.60), and one obtains:

.1 _ _
lim 2_8(ﬂ[—ﬂz—ﬂl,w—m]sﬂ[u—s,u+£] Vo = H (—(u—w-+n1)* " Hma+m +u)* 7).

Thus, by an application of the dominated convergence theorem (whose details
are left to the reader) we get, for a fixed 17, > 0,

Trp.q D5 v

T—nm—m _ 1 ;
= (—H o —w—m =)+ Sl —w—n)* = 2"))dB,

—n2—n

1 [T ™ .
+3 | (O ==t ) @ ) = Qo+ ) )dBY
—n2

(8.61)

and for 7, = 0, we end up with:

i 1 =M .
Trp DP ¢ = 3 / (t—w—m)*"dB]
-m

1 [t ,
+ 5/ (rﬁH —@=w+n)T+ @+ -+ W)ZH)dva-
0
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Some similar expressions, whose exact forms are skipped here for sake of
conciseness, can be obtained for the remaining cases (a) 7, > 0 and n;+n, < 0,

(b)n, =0and n, <0, (c)n, <0andn; + ny > 0.
For the remainder of the chapter, the relation a < b stands for a < Ch with

a universal constant C. Starting from Eq. (8.61), let us evaluate Trjp ¢ D¥ Y for
n2 > 0and 71 + 72 > 0. Observe first that one can write E[|Trj D5 ¢|?] <
>7_, Ji. where J; can be decomposed itself as J; = K[| Jo Fi(w)dBL|?], with

Fiw) = (t—=w), Fw) = +n+n)* —m+mn+w)?

Fsw) = (m+n)* —@—w+m+n)*. Fw) =@ —w+mn)?" —nh.

Thus, thanks to relation (8.43), we obtain:

Jr = ”Fl”?%”([o,r]) = cu | @rliz_HFlHiZ([o,r])'

. . . .. 1/2—H
Furthermore, each F; is a power function, whose fractional derivative Z. /:

F; can be computed explicitly. It is then easily shown that E|Try D5 | <
i, where cpp,r=curma’ " +cy. Analogously, for the other
cases, we get IE|Tr[0J]DBi V> <cpttt.

(ii) Evaluation of the Skorokhod term. We shall prove that E[I8 (y)]?> <
c.r7® and to this aim, let us decompose ¥ into its Skorokhod and trace

part. This gives E|18' (y)|? < 2E|I 8 (y)|* + 2E|I B (/»)|?, where

w=n . .
now = [ B, - B, 1B,

2

Ya(w) = Tryo,yDP ¢, with ¢ = (B, — B, _ Yy, ().

The proof that

E[15 (y2))? < ey 17,

where ¢y, 7 — 00 if n; — 0 but is also well defined if n; = 0, can be obtained
using the same arguments as for Step (i), and we then concentrate on the
Skorokhod term 15" (/).

To estimate E|/ B (¥1)|?, we use first identity (8.44), which can be read here as
E|I5 (y1))? = E[(y1, DB 1% (1)) ] Taking into account relation (8.46), the
expression (8.58) we have obtained for D ®' v, and the isomorphism (8.43), we end
up with

E[I17 )PP 5 01+ 02+ 05, (8.62)
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where 01, O», Q3 are respectively defined by:

_ 2
01 =E 227" | 120

_ 1/2—H ‘ i i i
Q2 = H D(e=mr- (/ [B_), — BL,,- m]dBW)
+n2

2

L2([—n2.,7—n2])
g\/2—H ’ i N
Qs = H (t=m—n)— (/ (B, m B;+m]dBle)
+mtn L2([=m—n,t—m—m])

We now estimate those three terms separately, starting with Q;: invoking the

very definition (8.41) of the fractional derivative Z, 12-H , it is easily seen that Q| <

Ay + A, where

T r—m 2 1
Al = E/ (/ (B! BL 4B, ) —————dr
1 o U, T m ~ Bl (t — )28

2
fw nz[Bu m — BLy,— m]dBl fr nz[Bu m — Bl m]dBl
dw] dr

(w—r)3/2—H

The term A is easily bounded: according to Fubini’s theorem and to our previous
bounds on B2, we have

T r—n 2 1
A :/0 ]E(/_m (B, m — Bl m]dB) (t —r)i—2H dr

t 1 t 1 cy

4H 4H 6H

<cy r''—————dr <cpt ——dr = —1°".
/o (t—r)i=21 /o (t—r)'=2H 2H

The term A is a little longer to treat. However, by resorting to the same kind of
tools, one is able to prove that A, < cy 7% and gathering the estimates on A4
and A,, we obtain Q| < cy 707 a5 well. Finally, after some tedious computations
which will be spared to the reader for sake of conciseness, we obtain the same kind
of bound for 0, and Q3.

Now one has to reverse our decomposition process: putting together our estimates
on Q1, 0>, 03 and plugging them into (8.62), we get E[|12 (y1)]?] < ey,
with a constant ¢y > 0 independent of 7y, n,. Finally, gathering the bounds on the
Skorokhod and the trace term, one obtains E[|B3// (n;, 1,)|?] < c|t — s|°7.

2. Other cases. The previous arguments and computations can be simplified to
obtain the desired result for the case i = k # j and j = k # i. The cases

i = j # kandi # j # k can be treated by means of Wiener integrals
estimations. This finishes the proof of our claim E[|B*(vi, v2,v3)|?] < c|t —s|.

|

As in the case of delayed Lévy areas, and with exactly the same kind of argu-
ments, one can push forward the analysis in order to deal with B* as an increment:
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Theorem 8.3. Let B? be the increment defined at Proposition 8.9. Then B3 satisfies
Hypothesis 8.3. Taking into account Proposition 8.8, Theorem 8.2 can thus be
applied almost surely to the paths of the d-dimensional fBm with Hurst parameter

H

> 1/4.
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Chapter 9
Transportation Cost Inequalities for Diffusions
Under Uniform Distance

Ali Suleyman Ustiinel

Abstract We prove the transportation inequality with the uniform norm for the
laws of diffusion processes with Lipschitz and/or dissipative coefficients and apply
them to some singular stochastic differential equations of interest.

Keywords Dissipative functions ¢ Entropy ¢ (Multi-valued) stochastic differential
equations * Transport inequality * Wasserstein distance

9.1 Introduction

Let (W, d) be a separable Fréchet space, for two probability measures P and Q on
(W, %B(W)), then the Wasserstein distance (cf. [11]) between P and Q, denoted as
dw (P, Q), is defined as

da (P, Q) =inf{/ d(x,y)?0(dx.dy) : 6 € X(P,Q)} ,

Wxw

where X (P, Q) denotes the set of probability measures on W x W whose first
marginal is P and the second one is Q; note that this is a compact set under
the weak topology, hence the infimum is always attained for any d (even lower
semi-continuous). It is quite useful to find an upper bound for this distance, if
possible dimension independent. There are a lot of works on this subject (cf. [11]),
beginning by the contributions of M. Talagrand, cf. [10], where it is shown that
the relative entropy is a fully satisfactory upper bound. In [5, 6], it is shown
that the relative entropy is again an upper bound when P is the Wiener measure
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and d is the singular Cameron—Martin distance using the Girsanov theorem
(cf. also [4]). The same method has also been employed in [12] and more recently
in [8] to obtain a transportation cost inequality w.r.t. Banach norm for diffusion
processes. The former assumes quite strong conditions on the coefficients which
govern the diffusion which are superfluous and make difficult the applicability of the
inequality, while the latter one treats essentially the one-dimensional case with an
extension to the case where the diffusion coefficients are independent and their slight
perturbations. Inspired with these works, we have attacked the general case: namely,
the case of fully dependent diffusion like processes and their extensions and infinite
dimensional diffusion processes governed with a cylindrical Brownian motion.
Besides, there is a special class of diffusion processes with singular (dissipative)
drifts which are constructed as weak limits of the Lipschitzian case where the
approximating diffusions have Lipschitz continuous drifts but the Lipschitz constant
explodes at the limit; this last class is particularly interesting because of their
applications to physics.

To achieve this program, we need the following result about the stability of the
transportation cost inequality under the weak limits of probability measures, which
is proved by Djellout et al. in [4]. Since we make an important use of it, we give it
with a (slightly different and more general) proof.

Lemma 9.1. Assume that (Px,k > 1) is a sequence of probability measures on a
separable Fréchet space (W, d), converging weakly to a probability P. If

do dQ
2 P —= log —dP, = ¢y H(Q|P
dw(Q, Pr) < ¢k L dPe Ogded v = ck H(Q|Py)

forany k > 1, for any probability Q, where c; > 0 are bounded constants, then the
transportation inequality holds for P, namely

d2(Q.P) <cH(Q|P). 9.1)

where ¢ = supy, ck.

Proof. If f=dQ /dP is a bounded, continuous function, then the inequality (9.1)
follows from the lower semi-continuity of the transportation cost w.r.t. the weak
convergence and from the hypothesis since f log f is continuous and bounded.
Due to the dominated convergence theorem, to prove the general case, it suffices
to prove the case where f is P-essentially bounded and measurable. In this
case, there exists a sequence of bounded, upper semi-continuous functions, say
(fusn = 1), increasing to f P-almost surely. By the dominated convergence
theorem, the measures ( f,dP, n > 1) converge weakly to the measure fd P, where
fu = f/P(f,). On the other hand, H( f,dP|dP) — H(fdP|P) again by the
dominated convergence theorem. Hence, to prove the general case, it is sufficient to
prove the inequality with f upper semi-continuous and bounded. Since we are on a
Fréchet space, there exists a sequence of (positive) continuous functions decreasing
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to f which may be chosen uniformly bounded by taking the minimum of each with
the upper bound of f, and the inequality (9.1) follows again due to the dominated
convergence theorem. O

9.2 Diffusion Type Processes with Lipschitz Coefficients

Let (W, H, ) be the classical Wiener space, i.e., W = Cy(]0,1], IRd), H=
H'([0,1], R?) and jx is the Wiener measure under which the evaluation map at
t € [0, 1] is a Brownian motion. Suppose that X = (X;, ¢ € [0, 1]) is the solution of
the following SDE (stochastic differential equation)

Xo=zeR?

where 0 : [0,1] x R — ®IR? is uniformly Lipschitz w.r.t. x with a Lipschitz
constant being equal to K, b : [0, 1] x W — R? is adapted and such that

b(t.§) —b(t.n| < Kililr)lg(S) =) = 1§ —nl:

for any £, 7 € W. We denote by dy the Wasserstein distance on the probability
measures on W defined by the uniform norm:

42 (p.v) = inf ( /W =Py v e S, v))

where ¥ (p, v) the set of probabilities on W x W whose first marginals are p and
the second ones are v. We have the following bound for dy:

Theorem 9.1. Let P be the law of the solution of the SDE described above; then
for any probability Q on (W, B(W)), we have
diy(P. Q) < 6K H(Q|P) 9.2)

where H(Q|P) is the relative entropy of Q w.r.t. P.

Proof. Due to the rotation invariance of the Wiener measure, we can suppose
without loss of generality that o takes its values in the set of positive matrices.
Suppose first that o is strictly elliptic. From the general results about the SDE (cf.
[7,9]), the coordinate process x under the probability P can be written as

dx; = o(t,x;)dB; + b(t, x)dt
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with xog = z P-a.s., where B is an R?-valued P-Brownian motion. At this point of
the proof we need the following result, which is probably well known (cf. [9] and
the references there), though we include its proof for the sake of completeness:

Lemma 9.2. Any bounded P-martingale can be written as a stochastic integral
w.r.t. B of an adapted process (a5, s € [0, 1]), with Ep fol |ots|2ds < oo.

Proof. Let us denote by P the law of the solution of
dX; = o(t, X;)dW;,

then under PP, the coordinate process x can be written as
dx = ol(t, x,)d,B?,

where B° is a P°-Brownian motion. Let Z be a bounded P-martingale with Z, = 0,
assume that it is orthogonal to the Hilbert space of P-square integrable martingales
written as the stochastic integrals w.r.t. § of the adapted processes. Let M be the
exponential martingale defined as

M; = exp (— /r(a_l(s,xs)b(s,x), dps) — % /t Io_l(s,xs)b(s,x)|2ds) .
0 0

Then, we know from the uniqueness and the Girsanov theorem that MdP = d PO,
since M can be written as a stochastic integral w.r.t. 8, our hypothesis implies
that ZM 1is again a P-martingale, hence Z is a Po-martingale, therefore, from the
classical Markov case it can be written as

t
Z[ =/ Hg.dﬂ?
0

= /t Hv(d,Bs - 0_1 (s,xs)b(s,x)ds) .
0

This last expression implies that
(2.2) = (2. | H.dp)
0

but Z is orthogonal to the stochastic integrals of the form [« .df,, hence
Z, = Ep[Z,] = 0, which proves the claim. O

Let us complete now the proof of the theorem: If Q is singular w.r.t. P, then there is
nothing to prove due to the definition of the entropy. Let L be the Radon—Nikodym
derivative dQ /dP, we shall first suppose that L > 0 P-a.s. In this case we can
write

L = p(=dv),
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where v(t,x) = [ ¥s(x)ds, ¥s(x) is a.s. adapted and fol [Vs(x)|?ds < oo a.s. and

dv= fol vsdBs. From the Girsanov theorem, 7, = f8; + fot vsds is Q-Brownian
motion, hence by the uniqueness of the solution of SDE, if we denote by x” the
solution of the SDE given as

dx] = o(t,x])dz, + b, (x")dt

the image of Q under the solution map x” is equal to P, consequently (x" x Iy)
(Q) € X(P, Q), hence we have the following domination:

diy (P. Q) = Eoll|lx" — x||’]

where || - || denotes the uniform norm on W. Using Doob and Holder inequalities,
we get

t
Eolsup|x! —x, ] < (124 31)K*Eg / |x! — x,|%ds
r<t 0

+3tEg /Ot V) ds .
It follows from the Gronwall lemma that
EQ[Slip |x! —x,[*] <3t Eg /Ot |0 |2ds 3K 4D
r<t
since |
Eo [ 1nPds = 26(Q1P)

the claim follows in the case P ~ Q. For the case where 0 < P let

L+e¢
e = ,

1+e¢

then it is easy to see that (L.log L., ¢ < &) is P-uniformly integrable provided
Ep[Llog L] < oco. Hence the proof, in the strictly elliptic case, follows by the lower
semi-continuity of Q@ — dy (P, Q). The general case follows by replacing o by
eIra +0, then remarking that the corresponding probabilities (P, & < &) converge
weakly and that

diy (P, 0) < 6" H(Q| P,)

and hence it follows from Lemma 9.1 that

d3(P.Q) < 6" H(Q|P).
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Since the inequality (9.2) is dimension independent, we can extend it easily to the
infinite dimensional case:

Corollary 9.1. Let M be a separable Hilbert space, suppose that B is a
M -cylindrical Wiener process. Assume that ¢ : [0,1] x M — L,(M,KM =
M ®; M (space of Hilbert—Schmidt operators on M ) and b : [0,1] x M — M
are uniformly Lipschitz with Lipschitz constant K. Let P be the law of the
following SDE:

dXt ZG(t,Xt)dB[ +b(t,X[)dt,X0 =xeM.

Then the law of P satisfies the transportation cost inequality (9.2).

Proof. Let (m,,n > 1) be an sequence of orthogonal projections of M increasing
to the identity, define 0, = n,0 o m,, b, = w,b o 7,, B" = m, B, and x" = 7, x.
Let then P" be the law of the SDE

dX; =o"(¢t, X]")dB; + b" (¢, X]")dt , X§ = x" .

From Theorem 9.1, P" satisfies the inequality (9.2) with a constant independent of
n, since (P",n > 1) converges weakly to P, the proof follows from Lemma 9.1.
O

9.2.1 Transport Inequality with a Singular Cost Function

In the case of Wiener space, we can define a stronger Wasserstein metric using the
Cameron—Martin norm as we have already done in [5, 6] as follows:

dy (P, Q) :inf%/ |x — y|3,0(dx,dy) : 0 € Z(P,Q)} .

WxWw

Note that this distance is strictly stronger than dy and it is still lower semi-
continuous with respect to the weak topology of measures on W. In the above cited
references, we have proved the following inequality:

d(p. ) < 2H(plp)

for any measure p, where y denotes the Wiener measure. This inequality can be
extended to the class of diffusions whose diffusion coefficients are constant (it
suffices to consider the case where it is equal to the identity matrix):

Theorem 9.2. Assume that b : [0,1] x R? — R? is a K-Lipschitz map w.r.t. x
uniformly int € [0, 1]. Let P be the law of the solution of the following SDE:

dX, = b(t, X,)dt + dW;, Xo = x.
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Then the following transport inequality holds:
djy(P.0) = 2(1+ 2K°* ) H(Q|P).
Proof. Using the same reasoning as in the proof of Theorem 9.1 and supposing

first that dQ /dP is strictly positive a.s., we reduce the problem to calculate (in the
canonical space) the expectation of

t
= xBrony = / b5, %) — bs. %) — vy 2ds
0

under the probability O, the rest of the proof is the same and we get rid of the strict
positivity hypothesis again using the lower semi-continuity of the cost function on
the space of probabilities. O

9.3 Transport Inequality for the Monotone Case

Assume that the Lipschitz property of the adapted drift coefficient is replaced by the
following dissipativity hypothesis

(b(tvx) _b(LY)sxt _J’t) = 0
for any ¢ € [0,1] and x,y € W, where, as before (-, -) denotes the scalar product

in IR?. The derivative of a proper concave function on IR? is a typical example of
such drift. We shall suppose first that

1
/ |b(t, x)|%ds < oo
0

forany x € W.

Proposition 9.1. Assume that b is of linear growth, i.e., |b(t,x)| < N(1 + ||x|)
and let P be the law of the solution of the following SDE

dX, = o(t, X,)dW, + b(t, X)dt + m(t, X, )dt (9.3)

with Xo = x € R? and that o andm : [0, 1]xR?Y — R are uniformly K -Lipschitz
w.r.t. the space variable. Then for any Q < P, we have

di (P, 0) = (2o 2e * 2D /H(Q[P)
4200 aue K FEHD (14 (K +2)ed0HK0) (] P),
9.4)
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where |00 is a uniform bound for o, K is the Lipschitz constant, and c is the
universal constant of Davis’ inequality for p = 1.

Proof. Recall that under P, the coordinate process satisfies dx= o (¢, x;)df +
(b(t,x) + m(t, x;))dt, where B is a P-Brownian motion. Assume that Q is another
probability on W such that Q <« P, let L be dQ/dP. Suppose first that L > 0
P-almost surely. As explained in the first section, we can write L as an exponential
martingale L = p(—6v), then x"(Q) = P, where x" is defined as before: dx" =
o(t,x))(dB; + vdt) + b(t,x")dt + m(t, x))dt. Again by the uniqueness of the
solutions, we have (x" x Iy )(Q) € X (P, Q), hence

djy (P, Q) < Egl[[lx" — x|].

It follows from the Itd formula, letting dz = df + vdt, that
t t
|x; — x,|2 = 2/ (x¥ — xg,dx;, — dx;) + / lo(s,x}) — U(S,xs)|2ds
0 0
t
= 2/ (x) — x5, b(s,x") — b(s,x))ds
0
t
+ 2/ (x} — x4, (0(s,x7) — 0(5,x))d zg + (m(s, x}) —m(s, x;))ds)
0
t t
+/ lo(s,xy) —o(s, x5)|2ds — 2/ (x} — x5, 0(5,x;)Vs)ds .
0 0
By the dissipative character of b, we get
t
B x|* < 2/ (x) — x5, (0(s,x}) — 0 (8, x5))dzs + (m(s, x)) —m(s, xy))ds)
0

t t
+/ |o(s,xsv)—o(s,x5)|2ds—2/ (X! = x;,0(5, X})0y))ds .
0 0

Using, the usual stopping techniques, we can suppose that the stochastic integral has
zero expectation and taking the Q-expectation of both sides, we obtain

t
Eollxy ~x[) = @K + KIE [ 15}~ xPds
0
t
+200 oo E / X — x5 lds
0
using the inequality xy < §(x2/2) + (y?/25), we get

t
2
Eollx) = xP] < QK + K2+ 8ol )E [ 1x! —xfids + +2H(QIP).
0
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where § > 0 is arbitrary and H,(Q|P) = [ log %L%dQ is the entropy for the
horizon [0, t], which is an increasing function of ¢. It follows from the Gronwall
lemma that

2
Eollx) —x,*] < EH,(Q|P) exp[t2K + K +§||o||2)] - 9.5)

Using now the Davis’ inequality, the Lipschitz property, and the boundedness of o,
we get

t 1/2
Efsup |’ —x, ] < 2cllolloo + V2H,(Q|P)/)E [ [ —xs|2ds}
0

r<t

t
+K(K + 2)E/ |x! — x,|%ds,
0

where ¢ is the universal constant of Davis’ inequality. Note that the right-hand
side of the inequality (9.5) is monotone increasing in 7, we insert it to the above
inequality and minimize it w.r.t. § for # = 1 and the proof is completed. O

In fact we have another version of the inequality (9.5) in the case where o is not
bounded but still K-Lipschitz:

Proposition 9.2. Assume that all the hypothesis of Proposition 9.1 are satisfied
except the boundedness of o which appears in the SDE (9.3), then we have the
following transportation cost inequality:

2 < ; ; g _ 2
dyy (P, Q) < H(Q|P)(1 — k) exp(l —% ( +1—acK +2K+ K ))

a
(9.6)

where P is the law of the SDE (9.3), Q is any other probability, and a > 0 is
arbitrary provided that acK < 1.

Proof. The proof is somewhat similar to the proof of Proposition 9.1: in fact we
control uniformly the stochastic integral term in the It6 development of |x} — x,|?
as follows:

‘ 1/2
<cE |:(/ [xy — x5|2|0(s,x;’) — U(S,xs)|2ds) :|
0
p 1/2
<cKE [(/ [x] —xs|4ds) :|
0

E [sup

r<t

/r(xsv — x5, (0(s,x)) — 0 (s, x5)d zy)
0
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; 1/2
<cKE [(sup |x} — xs|2/ [x) — xs|2) :|
s<t 0

K
5% [suplx —xY|2:|+—E/ |x! — x|%ds .

s<t

Hence we get

E |:sup|x; —xs|2:| <acKE |:sup|x —xs|2:| + —E/ |x! — x,|%ds

s<t sS<t
f 1
+(2K+K2+8)E/ |x} — x,|%ds + gE/ [vs|ds,
0 0

where a, § > 0 are arbitrary, ¢ is the constant of Davis’ inequality. From above, we
obtain

K t
(1—acK)E |:sup |x) — x5|2i| < (c7 +2K + K* + 5) E/ |x! — x,|%ds
0

s<t
2
+5Hi(OP)

and Gronwall lemma implies that

2
£ [sumx;—xﬂ < S Q1P

s<t )

t cK )
"exp| T —+5+2K+K

Taking # = 1 and minimizing the r.h.s. of the last inequality w.r.t. § completes the
proof. O

It is important to notice that we did not use any regularity property about b except
that the integrability of # — b(¢, x) for almost all x in an intermediate step. This
observation means that we can deal with very singular drifts provided that they
are dissipative. Let us give an application of Proposition 9.1 to multi-valued SDE
(cf. [1]) from this point of view

Theorem 9.3. Let P be the law of the process which is the solution of the following
multi-valued stochastic differential equation:

m(X,)dt + o(t, X,)dW, € dX, + A(X,)dt, Xo = x € D(A)

where A is a maximal, monotone set-valued function (hence — A is dissipative), such
that Int(D(A)) # @. Assume that 6 and m are uniformly K-Lipschitz and that o
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is bounded. Then P satisfies the transportation cost inequality (9.4). If o is only
Lipschitz, but not necessarily bounded, then P satisfies the inequality (9.6).

Proof. Let b, be the Yosida approximation of A4, i.e., J, = (Igd + %A)—l and
—b, = n(I — J,) then b, is dissipative and Lipschitz, hence the law of the solution
of the SDE

dX; = o(t, X,)dW, + b,(X[")dt + m(X")dt

satisfies the inequality (9.4) with the constants independent of n, moreover the law
of (X", n € IN) converges weakly to P (cf.[1]), hence P satisfies also the inequality
(9.4) due to Lemma 9.1. ]

As an example of application of this theorem, let us give

Theorem 9.4. Let P be the law of the solution of the following SDE:

1

Xt = m(X))dt + o(X))aW, +y Y T
t t

I=j#i=<d

dt,i=1,...,d,

with o bounded and Lipschitz, y > 0. Then P satisfies the transportation cost
inequality (9.4) and if o is not bounded but only Lipschitz, then P satisfies the
inequality (9.6).

Proof. 1t suffices to remark that the drift term following y is the subdifferential of
the concave function defined by

F(x) =y ) log(x/ —x')

i<j

if x! < x? <... < x? and it is equal to —oo otherwise. O

Remark 9.1. For details about the equation of Theorem 9.4 cf. [2]. Moreover
Theorem 9.3 is applicable to all the models given in [3].
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