8 The Rigid Finite Element Method

Actual kinematic chains commonly contain links whose flexibility greatly exceeds
that of other links. It may then be necessary to take that flexibility into account.
Booms of cranes and certain links of manipulators count among those. A large
number of approaches in analysis of multibody systems can be found in literature
with with one and more flexible links [Zienkiewicz O. C., 1972], [Wittbrodt E.,
1983], [Wojciech S., 1984], [Huston R. L., Wanga Y., 1994], [Arteaga M. A.,
1998], [Zienkiewicz O. C., Taylor R. L., 2000], [Berzeri M., et al., 2001],
[Adamiec-W6jcik 1., 2003], [Wittbrodt E., et al., 2006]. Chapter 9 introduces
models of offshore cranes (a column one and an A-frame) which enable taking
into account the flexibility of the supporting structure.

Let us consider a flexible link numbered p of a sample mechanism depicted in
Fig. 8.1. Let {p,0} be the coordinate system attached to the link p as if it were
rigid. Its position relative to the preceding link s is given by the coordinates of the
following vector:

- - ~ T
q<”’°)=[ql(”’0) qu,O)] . 8.1)

np.O

The number i, , of coordinates of the vector q‘”’ is less than 6 and depends

on the class of the kinematic joint connecting the links s and p. These coordinates
will henceforth be called rigid (configuration) coordinates of the link p.

In order to fully describe the relative motion of a flexible link, the vector (8.1)
needs to be supplemented with a vector whose elements are called elastic
coordinates. Their choice depends on the discretisation method used for the
flexible link. Regardless of the method, the vector of generalized coordinates of
the flexible link p describing its motion in the kinematic chain may be written as:

o { q(p,O)}
a’=_,.l (8.2)
q(p,f )
where  @”%) — vector of generalized configuration (rigid) coordinates of the
link p,
~ ~ ~ T
q(p’f) = [ql(p’f) qép’ff)] vector of generalized elastic
P
(flexible) coordinates of the link p,
i, , — number of elastic coordinates of the link p.
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link p after deformation

(p,O)Z

link p before deformation

Fig. 8.1. A flexible link p

Let us also assume that the transformation of coordinates from the local coordinate
system {p,0} to the preceding coordinate system (with index s) is given by the
matrix:

7=, 0T )

(p,0)
One of many discretisation methods of flexible links will be presented below. This

is the rigid finite element (RFE) method. It has two variants: classical and
modified.

8.1 The RFE Method: Classical Formulation

The rigid finite element method has for many years been applied at the Gdansk
University of Technology, initially by Prof. Kruszewski, then by Prof. Wittbrodt,
and their co-workers, to model multibody systems. The formulation of the method
presented in [Kruszewski J., et al., 1975], in which each finite element is assumed
to possess six degrees of freedom in its relative motion, is called classical. The
description of the method expounded herein deviates from that which is found in
papers by professor Kruszewski and his co-authors. Namely, joint coordinates and
homogeneous transformations are used to derive the equations of motion,
following [Adamiec-Wéjcik 1., 2003] and [Wittbrodt E., et al., 2006].
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8.1.1 Generalized Coordinates: Transformation Matrices

Let p be a flexible beam link in a kinematic chain. That link is replaced with
a series of rigid finite elements connected with spring-damping elements using
discretisation which is detailed by Kruszewski and co-authors in [Kruszewski J.,
et al., 1975], [Kruszewski J., et al., 1999]. In the case of a beam with constant
section, the procedure is as follows: first, this is the so-called primary division, the
beam of length L, is divided into m, equally long segments (Fig. 8.2a).

a) A A A A A
_.y__ J._.I.jl._ db o B = — —dH= = dY _.1__.|;I__ =B =dlia s -

b) SDE 1 SDE 2 SDE i SDE i+1 SDE m,

N
RFE i

Fig. 8.2. Division of a flexible link: a) primary division, b) secondary division

Flexibility traits of the elements are inherited by the spring-damping elements
(SDE) placed at the centre of each segment of length A. In this way, one obtains
a secondary division of the flexible link into m,+1 rigid finite elements (RFEs)
connected by m,, massless and dimensionless spring-damping elements (Fig. 8.2b).

Division of beam links with variable sections and a method of determining
characteristic parameters of RFEs and SDE are expounded, among other things, in
the work [Wittbrodt E., et al., 2006]. Since each RFE (except RFE 0) has a
coordinate system attached with origin in its centre of mass and axes coinciding
with the principal axes of inertia (Fig. 8.3), the position of the element in
undeformed state can be determined unambiguously relative to the system {p,0}
of RFE 0, provided that the transformation matrices are known:

T = const . (8.4)
In the general case, the transformation matrices with constant coefficientstake the
form:
-, I’i(')’i,) g
T = : (8.5)
0 1
where R — direction cosine matrix of the axes of the system {p,i'}

relative to the system {p,0},

Fo vector of coordinates of the origin system of the system {p,i'}

in {p,0}.
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{p.0}

RFEO

Fig. 8.3. Coordinate systems related to a flexible link: {} — the inertial system, {p,0} — the
system attached to RFE 0, {p,i'} — the system attached to RFE i in undeformed state of
the beam, {p,i} — the system attached in a fixed way to RFE i whose axes coincide with the
principal central axes of inertia of the element, x(»-9 y(r:D ,(r-) — coordinates of the

origin of the coordinate system {p,i} in {p,i'}, (/)il”f),(pil””,(p;l”“ — ZYX Euler angles
described in chapter 4

If the system {p,i'} has axes parallel to the axes of the system {p,0}, the rotation
matrix R is the identity matrix. Due to the lifting motion and external loads,

individual RFEs are subjected to displacements. The generalized coordinates
being the components of the vector:

—r . . . . . ST
q(p,l) — x(p") y(p,t) Z(p’l) ¢)(Cp»t) (/,;PJ) (pil’”)] , (8.6)
decribe the motion of the i-th RFE (i = 1,...,m,) of the link p relative to the system
{p,i'} attached to the RFE i in undeformed state. The transformation matrix ﬁr’f‘”’ )
from the system {p,i} to the system {p,i'} in the nonlinear model, allowing the
(p.1) o(p.i)) o(P.i)
9 y b

rotation angles @, .77 to be large, takes the following form:

Cim)cipi) Cip’i)S;”’i)Si”’i) — Sgp,i)c)(cp.i) Cgp’i)S;p’i)Cip’i) + Sip.i)s)({p,i) XD
(p.) ~(psi) (pi) ¢(pi) o(psi) (pi) ~(Psi) (p) ¢(Ps0) A(pii) _ A(pi) (psi) (p.)
{,T(p): S, Cy S, Sy S +C‘Z Cy S, Sy Cy C.7US, y
1
—¢(p.) (p.i) o(p.i) (p.i) ~(psi) (p.i)
Sy Cy A\ Cy Cy z

0 0 0 1

where c¢'7" =cos @7, s =sin (" for ae{x,y, z}.
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When small rotation angles of RFEs are assumed, leading to omission of higher
rank small terms from the approximations of trigonometric functions of the angles

Q(Cp D ¢;p D @p ) (the linear model), the matrix "T may be written

[Adamiec-W6jcik 1., 2003] as:

1 _ @m’) (/,;p,i) P
i/'i‘(ﬁ) _ (oilhl) 1 —(Dip’l) y(p,l)
i _ (p;p,i) (ch”’” 1 7P ' (8.8)
0 0 0 1

The transformation matrix from the system { p,i} to the system {p,0}, whether
the model is linear or nonlinear, has this form:

e — e (('i(p,i) ) _FeOFR) (8.9)

8.1.2 Kinetic Energy of a Flexible Link

Let us assume, as in chapter 5, that the concerned multibody system is situated on
a movable base {A} (Fig. 5.1) whose motion relative to the inertial (global) system
{0} ={} is known.

Rigid finite elements of the link p may be treated as m,+1 consecutive bodies
appended to the link s of the kinematic chain. In further considerations, the first
rigid finite element in the chain (RFE 0) is treated separately, because the
generalized coordinates describing the relative motion of this RFE depend on the
type of the kinematic joint connecting the link p with its preceding link s and their
number is less than 6. The coordinate system {p,0} plays the role of the
configuration system of the link p.

Let the vector of generalized coordinates q‘”’ contain the coordinates of RFE
0 of the link p and the coordinates of the link s which precedes the link p. Let also

the transformation matrix T”” define the transformation from the system {p,0}
attached to RFE 0 of the flexible link p to the inertial system. The following
notation is introduced:

(s)
= _| 4
q” _Li(no)} , (8.10.1)
00 =010 i) o T V)=S0 T O ”). a0

s T 14,167,
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The kinetic energy of RFE 0 of the link p is given by the expression:

E, o= %tr{T(p’O) HOO TroT } (8.11)

where H'”"?) — matrix of inertia of RFE 0 of the link p.
A derivation similar to that in chapter 5 yields:

np,o

- (p,0) :+(p.,0) (p,0)
g0 (E,p) = Zakﬁ' G;"" +e, (8.12)
i=1

T
where  a(”” = tr{Tk(”’O) H?O T70 } ,

n,0M,0
PO = ZZtr{T,f”’O)H(”’O) Ti(,f’o) }qi(p,m qﬁpﬁ) +

i=l j=1

)

¥ tr{T,gw HOO LT 42050 | }

N,o=n,+i,,-
The equation (8.12) may be put in a matrix form:
(p.0) (p,0) ~(8) (p,0)
€ (E ) _ As,s As,O q ’ + exp (8.13)
gG" NP0l T A () (P,0) || =(p,0) (0 | :
o Agy” A g7 e’

The remaining RFEs of the flexible link are treated as elements of the kinematic
chain appended to RFE 0. Hence, the coordinates of an arbitrary point in the local
system {p,i} of RFE i of the link p (i = 1,...,m,) may be transformed, following the
procedure presented in chapter 5, to the inertial system. The following equality is
used:

(P = D ) (8.14)

where TP = @0 Fr)
r'”? _ vector of coordinates in the inertial system { },

7 _ vector of local coordinates in the system {p,i}.

The kinetic energy of REF i of the link p equals:
)T

E = ltr{T(p’i) P
sl 2

» | (8.15)

where H”"") — matrix of inertia of RFE i of the link p.
Defining a vector with n, , =n +17,,+6=n,,+6 components:

=(p)

v _| 4

a’=_ 1 (8.16)
{q(p,):|
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the following may be written:

Sq(m) (Ep,i) — A(P,i)q(ﬁ,t) +eP) ’ (8.17)

) ) T
where A(pl) ( l(fl))l,szl :tr{Tl(ﬂ,l) H(P,I)Tgp,z) }’

,,,,, i
) pi Mpi )
er) :(el(p,z)) ..... _Zztr{T(pl)H(p l)T(p ) } (pi) qu D4

s=1 j=1

+ tr{Tl(ﬂ,i) H(p,i)[gTT(p,i) +?4TT(FJ)]}.

The same may be expressed in the block form, thus:

(p,i) (p,i) (p,i) o (s) (p.i)
A As,O As,i q es

) A =m0 )
Sqw( ) A(pz) A((){)O,w A((){)i,z) g0 |+ egp,w_ (8.18)
(p i) (psi) (p.i) || &(p.) (p.i)

AT AL %, q €;

8.1.3 Potential Energy of Gravity Forces and Deformations
of a Flexible Link p

The potential energy of gravity forces of the RFE i is given by:
Ve =m'P g TPIEPD, (8.19)

where F!7") — vector determining the position of the centre of mass of the
RFE i in the local coordinate system { p,i},
m'”” — mass of REF i.
Hence, after ironing out the differences in the definitions of matrices TP and
T fori=1,... ,m , the following holds:

avg G(p,O)‘
G = = — =] oo |- (8.20.1)
q Gy |
G([M)
ir _ Vi ()
G'” =5 = G,/ |, (8.20.2)
aq G(Pt)
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where G(P-) :(g,(cl”") )k 1 , g,(cp”') =m'Pg T,g”’i)f'ép’i) for i=0,1,...,m,
=L...n,;
G GrY,G "0 ,GP",G ")~ appropriate blocks of vectors

G7” and G corresponding to the coordinates
s) ~(p,0) ~(p,i
q(v)’q(p )’q(p )

Since the considered link is flexible, before formulating its equations of motion
the expressions resulting from the energy of elastic deformation of SDE must be
determined. Their derivations in the case of linear physical dependencies
describing the properties of the material are presented below. The way with
nonlinear physical dependencies will be discussed later. In the considerations
pertaining to the deformation of spring-damping elements the reference coordinate
system is assumed to be {p,0}, which is attached to RFE 0, and the matrices

R , which occur in (8.5), to be identity matrices. A consequence of this is the
proposition that in the undeformed state of the link p the axes of all the coordinate
systems attached to RFEs from 0 to m, are parallel. A general algorithm omitting
this assumption is presented in [Wittbrodt E., et al., 2006]. A numerically efficient
modification of the algorithm will also be described later in this chapter.

Let SDE e connect the RFEs / and r of a flexible link p (Fig. 8.4).

{p.r},

{(p.1y " =¢""
N7 Ar”

(psr)

4

(P.r)

=9,

— P
=, 1

o = it

RFE [

Fig. 8.4. A model of a spring-damping element: a) connection of RFEs / and r by SDE e, b)
notation assumed

The energy of elastic deformation of this element is given by the formula:

R (e _ 1 . b2
Vp,e = EjZ:;Ci,pj) [xr,j - xl,j]2 +E;C£,pj)+3 [(05'% ' ¢§P 1)] ’ (821)
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where Cif}) for j=1,2,3 — coefficients of translational stiffness of the SDE e
of the link p,
Cif”j) for j=4,5,6 — coefficients of rotational stiffness of the SDE e of
the link p,
=[x, %, %, 1T, =[x, X, %, 1|7 - vectors

of coordinates of the SDE e (treated first as a point of the
RFE [, and next as a point of the RFE r) expressed in the
system { p,0},

(pﬁ-p ’”,(0;17 ) _ rotation angles of the RFEs r and  of the link p.

In Fig. 8.4 and formula (8.21), the axes of the coordinate system are denoted with
(1, 2, 3) instead of (X ,Y, Z) used hitherto. This shortens the formulas
considerably.

The coordinates of the SDE e in the systems attached to the RFEs [ and r are

assumed to be represented by vectors 7" and F”"in Fig. 8.4, respectively.

Consequently, the coordinates of this spring-damping element in the reference
coordinate system {p,0} are expressed by:

Fe(p,i) = TwD 'I*:e(p,i) , (8.22)
where i€ {r,l}.
The vector Ar,” ) (Fig. 8.4b) is given as:

Afe(p) zfe(p,r) _Fe(p,l) — T(pyr)i:e(p,r) —T(p’l)f‘e(p’l) i (8.23)

and the potential energy of elastic deformation of the SDE e may be put in the
following form:

S 1 el T e = 1 ~ r ~ T e)|l~x r ~

Ve, =5Arjp) cy )Are(P)+§[q(P’ >_q<p,l>] cy >[q<p,>_q<p,l>]’ (8.24)
(000 0 0 0]

<m0 0 0 000 0 0 0

cror_| 0 &m0 0 o 000 0O 0 0

where &7 = o R Tlo0 0 0 o

0 0 %o
O 0 0 0 000 0 & 0
000 0 0 P

The above considerations pertain to the general case in which the transformation
matrices T dla ie {l , r} are nonlinear. When small oscillations are considered,

i.e. when the transformation matrices f””f‘(”) conform to the formula (8.8), the
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transformation formula taking the system {p,i} to the system {p,0} may be
represented thusly:

=(p,i) _ (p.i) 7(poi) g (pii)
r, ="+ DIOqY (8.25)
ivd (p,i"
1 Ta
e (p.i"
where /7 = ip ¥ — vector with constant coefficients
‘ X +alP ’
3Tl
1
1 00 0 ~[’3 —55[’2
D) = 010 -Xx; 0 il . .
e = - - — matrix with constant coefficients,
0 0 1 2 X, O
000 0 0 0
atr _ components of the vector F7 from the formula (8.5) for

J
J=123,

X;15X; 25 X; 3 — coordinates of considered point in {p,i}.
The formula (8.21) for small deformations takes the form:

1 - - T - -
Vi, =5[Ar'ip)+])'ff'r) q(”")—D'ﬁ?‘"")q(”‘”J cypo [Ar«ep)JrD«ep.r) g —D'Q"'”q”"”} 526
,(8.

+ %[q(m) _(l(p,l)JT C(RN) [q(p,r) _q(p,;)}

where Ar'?) = §/(pr) _ gD
In the case of beam links, the SDE i connects the RFE i—1 with the RFE i,
therefore ii(p’l) = ('j(f”i‘l) and (’i(w) =g

The potential energy of elastic deformation of the link p equals the sum of
energies of all the SDE:

V)= Z_;sz’e ) (8.27)

One should take into account that the formula expressing the elastic energy of SDE
1 of the link p is a variant of the formulas (8.21) and (8.24), and it takes the form:

| —_——y _ 1 o7 -
(Jp,l) — EAI.I(P) C(Tp,e)Arl(p) +5q(p,1) Csep,e)q(p,l) ’ (8.28)

where Afl(p) = T(Pyl)’fl(!’yl) _ Fl(p,O) _
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Taking (8.27) into account leads to:

A% . . . . . . . I
T = A (O ) g 80 829)
q'”
T T
<,y OAL” Dy . OAT ) A
where S(p’l) = +C<p’l)Al‘-(p) +++1.C(p”“)Ar.(p) .
a(’i(p’l) s i 8(“1”"” T i+1

Let us remark that for i=0 and i=m, the following should be assumed,
respectively: C® =0, C{"™ =C""* =0 The formula (8.29) is valid

both for linear and nonlinear oscillations. The form of the vectors S‘”” in the
linear case may be determined easily by means of the formula (8.26). Problems
related to the choice of stiffness coefficients when analysing large deflections are
discussed in the following papers: [Adamiec-Wdjcik 1., 1992], [Wojciech S.,
Adamiec-W¢jcik 1., 1993], [Wojciech S., Adamiec-W¢jcik 1., 1994] and
[Wittbrodt E., et al., 2006].

8.1.4 Generalized Forces: Equations of Motion

Let us assume that the following act upon the RFE i: a force F") and a pair of

forces whose moment M has the components:

B _|pd) B D r

F7+ —[Fxpl prt szz O] , (8.30.1)
) | v op(pid) r

M =7 MPD M of . (8.30.2)

Applying the formulas (5.40) and (5.42) along with the procedure presented in
[Adamiec-Wdjcik 1., et al., 2008] yields these forms of generalized forces due to
their presence:

s T, » (8.31)
+M£p,l).]§(T(W))N (Tlgp,l))jg +M§p,t);(T(p,t))j,2 (T’gp,l))j,l

When forces acting on RFE 0 are considered, it may be written:
(p.0)
(PO _ Q,
Q —{ (p,o)} , (8.32.1)
0

whereas for a force F”*? and a pair of forces with moment M7 acting on
RFEs from 1 to m, the following holds:
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Q(,p’i)

i _| o)
Q Q" |- (8.32.2)

Q(w’)

In the case of a flexible link decomposed into m,+1 rigid finite elements, the
following vector of generalized coordinates of the link and expressions giving the
kinetic energy and the potential energy of the gravity forces may be defined:

q(p): '("l(p,l) , (8.33.1)

E = ZEN. , (8.33.2)

VS = ;V,fi , (8.33.3)

From the equations (8.13), (8.18), (8.20), (8.29) and (8.32) it follows that the
equations of motion of the link p, including the term due to the energy of elastic
deformation, take the form:

A(p)q'(p) + ngp)q(p) — _e(p) _ G(p) _ S(p) + Q(p) , (8.34)
_ml, m, ( )_
(p,1) (p.) (p,D) p.m,
ZAs,s ZAS,O As,l As,mp’
i=0 i=0
m, . m, ) m, . ( )
AB/M) Agpdl) Af)pl'l) e AWM
4 , , 0,
where AP = ; ' ; ; "o,
(p.1) (p.1) (p,D)
Al,s ALO Al,l 0
(p,m,) (p.m,) (p,m,)
Am,,,sp Amp,Op 0 Amp,rr:p
0 0 0 0 |
(p.D (p.D
0 C¢ —CY 0
(p) _ (p.D) (p.1) (p,2)
K?=[0 —Cy crv+cy? ... 0 |
(p,m,)
0 0 0 SN ol
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F, | - C, | - i -
ZG(S‘pJ) Ze(fp,l) B _ ZQ(I’J)
i=0 i=0 0 i=0 ’

m, (o) m, (o) S(Pao) m,

ZGOI’J Zeoﬁvl Q(P,i)

(r) —| &pl 0
c» =3 e = 3 S = §pb | QW = ;
Gf‘”’l) eip,l) : ip,l)
: S(p,mp)
G P ) } (pum,)
m, L™y | L Qi J

A remark is due that the matrices A‘”) and K ) contain many zeroes. This fact
may be leveraged in an implementation of the algorithm on a computer. The
equations of motion of the system's links from 1 to p, forming a kinematic chain,
may be generated in the way described in section 5.4. The equations for a rigid
link may be obtained as a special case of a flexible link taking m, = 0. The rigid
link may then be treated as RFE 0.

When a link p follows a flexible link in a kinematic chain, the model includes
a connection between the last RFE of the flexible link s and the next link (namely,
with RFE 0O of the next link). If linear oscillations are considered, i.e. the
transformation matrix for the RFE i of the flexible link takes the form (8.18), the
matrix of masses A‘7) is a diagonal matrix in the fragment from RFE 1 to RFE
m,, of the link p. Calculations are considerably simples when this fact is used in the
integration of the equations (8.34). Additionally, the stiffness matrix K’ is
a block-tridiagonal matrix, which is also helpful in solving the equations of
motion. A product of matrices with constant coefficients may be distinguished in

TN () Spamy) [T, - . .
the vector S'777 =|S S in the linear case [Wojnarowski J.,
Adamiec-Wo¢jcik 1., 2005], thus assuming:

S»H =K NGrH 48 (8.35)

where K (/) §(7/) —a matrix and a vector with constant coefficients,

T
=) _| g0 ~(p.ii,)T
q” —[q” S

The presented model includes all possible displacements of the RFEs into which
a flexible link is divided. If just one type of flexibility (e.g. to bending in one
plane or torsion) is dominant in the link, models with fewer degrees of freedom of
the RFEs may be easily obtained as a special case of the given formulas by
appropriately fixing the vector of generalized coordinates of the rigid element.
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8.2 Modification of the Rigid Finite Element Method

The classical rigid finite element method enables taking into account arbitrary
displacements of finite elements and therefore analysis of the following
deformations: lateral, longitudinal, rotational and shear. The displacements of each
element are considered relative to the reference coordinate system attached to RFE
0. In this section, a modification of the rigid finite element method is presented
which also has applications to discretisation of flexible beam links. In the
modification only lateral and rotational deformations are assumed, and
displacements of each RFE are defined relative to its preceding RFE. The method
is presented in [Wojciech S., 1984] for planar systems and in the papers [Wojciech
S., 1990], [Adamiec-Wjcik 1., 1992], [Adamiec-W¢jcik 1., 1993] and [Adamiec-
Wojcik 1., 2003] as well as in [Wittbrodt E., et al., 2006] for spatial systems. The
modification allows large deflections of flexible links to be analysed.

8.2.1 Generalized Coordinates: Transformation Matrices

Discretisation of a flexible beam link is performed in the same way as in the
classical rigid finite element method, i.e. with primary and secondary divisions
(Fig. 8.4). To each rigid finite element, a coordinate system is attached whose
origin is located in its preceding spring-damping element (Fig. 8.5).

(Psi)

(p.i)Y (72 i l(pi)

{p.i}
(F’i)Z

RFEi-1

Fig. 8.5. Generalized coordinates of the i-th RFE and local coordinate systems

The generalized coordinates describing the position of the i-th RFE relative to

the preceding i-1-th RFE of the flexible link p are the angles Q(Cp ’i), @;p ’i), ¢Jz(p D ,



8.2 Modification of the Rigid Finite Element Method 113

of which the latter two correspond to bending and the first one to torsion of the
element. Upon discretisation, the flexible link may be viewed as a system of rigid
links connected by joints of the 3" class. Similarly to the model formed using
classical finite elements, a rigid link is a special case of a flexible link (m, = 0).
The transformation matrix T”" from the system {p,i} attached to RFE i
(i = 1,...,m,) to the system {p,i—1} in the nonlinear model, i.e. allowing the angles

o7 for e {x,y,z} to be large, takes the form:

Cép‘i)Ct.p'i) Cép'i)St.p'i)SiP'“ — Sip'i)Cip'i) cé”*”sﬁ,”"')ci”"') + sipvi)sip»i) (P

T(p,i)_ sip,i)cﬁvp,i) sip,i)s;p.i)sip,i)+C§p,i)ci‘p,i) s;p,i)s;p,i)c)(cp,i)_Cép,i)sip,i) 0
- (psi) (psi) g(pii) (ps) o (p:) - (8.36.1)
—s\ c\Prs c\rer 0
0 0 0

where  ¢{”" =cos @7, s =sin 97" for ae{x,y,z}

l(P»i—l) —length of RFE i-1 of the link p.

When the angles ¢'”" are small, the following may be assumed:

1 _ (0;1”5) (D;PJ) l([?,ifl)
(p,i) (p»i)
= (pi [ 1 - @, 0
Y= T (8.36.2)
-9, o, 1 0
0 0 0 1

When all three types of oscillations are considered (rotational and lateral in two
planes), the generalized coordinates describing the motion of the i-th RFE of the
link p relative to its predecessor may be written as components of the following
vector:

. . . 7T
qro =g g0 g ] for i=1l,...m,. (8.37)

RFE 0 is treated like in the classical rigid finite element method, its generalized

5(P.0)

coordinates being given by the vector ( A series of intermediate

transformations yields the transformation matrix from the local system {p,i}
(i=1,...,my) to the global system:
T(P’i) =T(P,i—1) T(Pyi) (8.38)

where T(P’i_l)zT(p’O)T(p’l) T(Psi—l)

T matrix given by (8.10.2),

T®D  _ matrix defined by the formula (8.36) for i=1,...,m,,.
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The kinetic energy, the potential energy of gravity forces and the generalized
forces caused by external forces and moments thereof acting on the flexible link

are calculated as in section 5.3.

An important property of formula (8.38) is that the matrix T depends not
only on the vector q‘ of generalized coordinates of the link which precedes the
flexible link, but also on all the RFEs preceding the RFE i. Defining the vectors:

q(s)

~(r.0)

q

~(p.1)
(i _| 4

& (p.i-1)

q
i (“i(p,t) |

and taking (8.2) into account allows us to write:

()
q

~(p.0)

q(p) = q ,

~(p.f)
qpf

T
~ o7 ~ T
here q(p,f)_[q(p,l) qumﬂ}

8.2.2 Kinetic Energy: Lagrange Operators
From (8.38) it follows:

T(PH — -0 T(p,i)(q(p,l) ('i(p,i))

i
where T =HT(1’vJ)(("1‘(P,J)).

j=1
Since the kinetic energy of the link p may be written as:
m,
E,= Z E,i
i=0

NGNS e O
where E,; —tr{T H”YT } ,

(8.39)

(8.40)

(8.41)

(8.42)
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calculations analogous to those presented in chapter 5 give:

M (-l-(s) ] ’e(p.if
AL ALY AL e AL AL e
AL ALY ALY e AR ARG ei””
g (Ep) = ALY ALY AR o AR AR ]
: : o Follgen | fer (8.43)
ALDALY ALY e ALY e ARV :
7('~1'<p.i) | 7e§”"') |

— A (P (pi) (p.i)
_Apqu:_‘_ep:’

where A(p s — appropriate blocks of the matrix APD s

<p,i)=( (p,i)) _ {(m‘) (p) (p,i)T}
AP =) = HO
n[)l pii
(p,z')_((p,i)) _ { (P Py (D) (p,)} (P) - (pid)
e—ekkzl,..—ZTHT q"" +
j=11=1

+tr{T,f”’i)H(p’i) (24T 4+ 21T ]} ,

T(P,i):{lT (s) iT(P«j)’
'T(q )}1

n,, =ng+n,q,+3i.

As before, the gravity forces of the RFEs and their derivatives may be put in the
form:

Ve =m0 g 0. TP (8.44)
and further:
G(p,i)
Ve | gled
P 0
— = ) (8.45)
aq(p,l) :
G(p,i)

where G ;p . appropriate blocks of the vector G,

(i) _( (p,i))
G =8k k=l,....n

L
=pli

(p.i) _ . (p.i) (p.i)xx(p.k)
g T =m g0, T,""'xc .
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The generalized forces may be similarly presented. If F*) and M) specified
in (8.30) act on RFE i of the link, then:

Q(ﬁ,i)
) ip,i)
QWY =0 |, (8.46)

Qgﬁ,l)

where  Q!”" — appropriate blocks of the vector Q(p D ,

3
i) _ (y(pi) _ 5T 0T mp(pi) = (pd) 4 7 (pii) ( ( ,'>) ( ( ,'))
Q' _(Qk[” )k:l,m,npv,- =Frr T Tk[” r +M1[” Z T i3 Tk[” _,',2+
j=1

)N (D (psd) ()N (D (p.i)

Pt Dt Pt Dt Pt Dt
1030 () a3 (), ()

j=1 j=1

F 70— vector giving the coordinates of the point to which the force in

the system { p,i} .

Formulation of the equations of motion further requires the determination of the
elastic energy and its derivatives. The reasoning below pertains to linear physical
dependencies.

8.2.3 Energy of Elastic Deformation

The potential energy of elastic deformation of an SDE of a flexible link is
calculated based on the fact that the generalized coordinates specify relative
angles. For the spring-damping element connecting the RFEs i—1 and i it is given
by the formula:

3 .
Vi =3 2 LT (847
J=1

where Cl(gi ; are the appropriate coefficients of rotational stiffness defined

in (8.21).
The formula (8.47) may be rewritten as:
| PN N
Vps’i — Eq(p,l) CrD q(p,l) , (8.48)
¢ 0 0

where C?"'=| 0 2 0



8.2.4 Equations of Motion 117

The derivatives of the potential energy of elastic deformation relative to the
generalized coordinates have the form:

aVS ) .
(p.i) (p,i)z (p.i)
—a TE) =C q . (8.49)

8.2.4 Equations of Motion

Whereas the kinetic energy and the potential energy of gravity forces of the link p
are given by the formulas:

E=SE .. (8.50.1)

Ve ‘Z 8 (8.50.2)

and taking (8.43), (8.45), (8.46) and (8.49) into account, equations of motion of
the link p may be written as:

A(p)q'(p) =fP , (8.51.1)
or decomposed with blocks:
(AP (P ) () @ I ey 7 e
As,s AS,O As,l As,j As,m[, q(S) fs(p)
(p) (p) (p) (p) (p) ~(p,0 (p)
Ags  Age Al o A e Ao,m,, q"? fo
(» (» (») ») > | 2 |[Tlem |2 8512)
Ai,s Aib Ai,l A e Ai,mp q"” f;
(p) (p) (p) (p) (p) ~(p.m,) (p)
Am .S Amp,O Am P Amp,j Am m, _q ! i _fmp

"1
where A(p) ZA(p’) Ai{’) ZA(‘”) , Agf’) ZA(p ) ,

i=0

mny
AP = Y A" fori,j=0,1,...,m

p 9
l:max{i,j}
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m, . . .
£ = Z[_ e G 4 Q|
i=0
m[) . . .
£ = Z[_ elr) G 1 Q|
i=0

mp . . . . .
fi(p) — Z[_el(p,/) _Gl(jw) +Ql(1w)]_ C(p,t)q(p,z) fori=1,...,m

j=i

p-

8.3 Modelling of Planar System

By means of the rigid finite element method, an arbitrary description of the
geometry of a system may be given. The traditional approach may be used instead
of homogeneous transformations and joint coordinates proposed in earlier
chapters. In the present chapter an example is given of modelling a planar system
using the rigid finite element method in its modified form and a classical
description of the system's geometry.

8.3.1 Determination of Generalized Coordinates

In Fig. 8.6, a sample decomposition of a k-th flexible links into n;+/ rigid finite
elements connected at points Al(k),...,Ar(lf) by n, massless spring-damping
elements is presented. Since the problem considered is plane, in the relative
motion each RFE enjoys one degree of freedom which is the inclination angle of
the axis “”X of the RFE i to the axis X of the global system (Fig. 8.7). Further

analysis assumes the angles to be measured relative to the global system.
The position of the link k being discredited is therefore described by n;+3

coordinates. Two of them, (x;, y;), are the coordinates of the point AL which

equals the point A(®) of the first RFE (usually being one of the nodes of the

whole mechanism). The remaining coordinates are the angles already mentioned

(k0 ¢(k,"k)

which will be denoted ¢ . As a noteworthy observation, these

angles correspond to those from (8.37) — (p;” ‘) Thus, the vector of coordinates
of the link £ may be defined:

0 =[xy 0 0, g0 gm0 ] (8.52)

Following [Wojciech S., 1984], [Szczotka M., 2011b], when introducing
denotations for coordinates of the point A"’ (Cl(k) bi(’];)) and Agk)(a;’];il,bi(,];ll)

i i+1

in the local coordinate system 0%)&*)p*) attached to the centre of mass of the
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(k)

Fig. 8.7. Inclination angles of an RFE to the axes of a stationary coordinate system
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Fig. 8.8. Coordinates of a point in the local coordinate system

RFE i (Fig. 8.8) we may write the coordinates of the centre of mass of the RFE i in
the coordinate system {A} as follows:

'xc(‘k) = 'xk + Zl:hl(’kj) COS(¢(k’j) + wl(’k]))
=0
i : (8.53)
yc(f) =Vt Zh,(kj) sin((p(k’j) + (p[(k))
=0
’ 2 . .
where h(k) = \/(_aik; + a;]f;ﬂ) + (_ b](kj) +b;f{;+1) when j<i
ij ’
(az(lj))z + (bz(];) )2 When ] — l
plH) —p®)
arctg " {;j when j<i
o) = jint T4
N b
arctg '(;C 7 when j=i

8.3.2 Equations of Motion of a Link

The kinetic energy of the i-th RFE equals:

E, = %m}"){[x(")]z +[W] }+%J}")[¢<k’f>]2, (8.54)

G G
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where mi(") — mass of the i-th RFE,

J l.(") — moment of inertia of the i-th RFE relative to the central axis
perpendicular to the plane XY,

and then the following sum gives the energy of the entire link k:

Ty
E, =ZE,(,,< . (8.55)

Using (8.53), (8.54) and the following identities, which may be proved by
induction:

S kS gl pl y Z Kplk) (8.56.1)
i=0 Jj=0 l:O j=0

: 2,
zml(k)[z(l-,(k,j)bl(fcj)} :Z‘/’kl Z Zmz ll z,, (8.56.2)

i=0 j=0 I=max{i, j}

7, .
E, :E[q(k)]TA(k)q(k), (8.57)

) —Aék)sin((p(k‘o)+a(()k))...—gi(k)sin((p( )+a,(k)) Xrgf)sin(¢(k’"k)+a’5f))
Mz= 7(k)cos(go(k*0)+0¢(()"))...+K(k)cos((p(k”)+ai("))...+Xr5kk)cos((p(k’”k)+a,5f)) ’

MO i) = A8 coslg) gl )

. 5 (k)

Al = [ ] + [b ] al) = arctg%,

a;
)= i mS'k)hj,i cos ¢.§'],(i) , i i Sin @ ",
=0 j=0
_ — l;i(’f)
AW =\la®] +BYT o) =arcte ;.

i,j
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alf) = Z{mé“hz,,-hz,, coslplt) —gf!))+ 5,1,
[=maxyi, j

bk = Zk: m Sin((/’z(ﬁ) - ("1(,16')) ’

i,j

l:mux{i,j}
5:',; — Kronecker delta,
ny
) =3t
i=0

This enables transforming the Lagrange equation of the link & to:

(k) g s
D+ e+ Vo, (8.58)
o4 aq(k) aq(k)

q
where € =€, &, £ .. %(w)}r ;
p® — dissipation function of the k link's energy,

VE, VS — potential energy of deformation and gravity forces of the link k,

Q(k) — vector of generalized forces.

By taking into account (8.57), the following is obtained:

g = AWM 1 BEg®), (8.59)
where A% — defined in (8.57),
B%  — matrix with the following elements:
e )
52(12% = _(P(k’i)zi(k) Sin((ﬂ(k’i) + %(k))’ Ez(fa)z =0,
b 1y == A sinlph) o) —a)) i j=01.ny,

B =B B B <0,
The following formula gives the potential energy of gravity forces:

g

e =)
i=0

whereby y(k) =const .

¢;,0
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It then follows from (8.53):

0
n(®)
Y 1) coslp 0+ plt))
oVE i=0 :
W = : . (8.61)

4 m (k) zk COS( + ¢l( j))

), coslp) g, |

nyng /|

The expression giving the energy V,’ of elastic deformation and the dissipation

function D*) of the k link's energy depend on the form of assumed physical
dependencies between the deformations and stresses characteristic to the spring-
damping elements. In the case of linear Kelvin-Voigt model, counting V,’ and

D™ as components due to deformation of the spring-damping elements (Fig.
8.6), it may be written:

s;/(l/i> =CWg®), (8.62)
op®) .
S -2 (869

where C(k) and D) are the stiffness and damping matrix, respectively, whose
coefficients are constant and dependent on the geometry of the link and the
constants determining the stiffness and the damping of the SDE.

The vector of generalized forces Q(k) is formed by the values of forces caused

by external loads and reactions in the joints. If load shown in Fig. 8.9 is applied to
the i-th RFE, the components of the generalized forces due to the loads take the
form:

(8.64)
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where h(’]}), Q‘(,kj) — defined as in formula (8.53),

1

r®), 8 polar coordinates (relative to the middle C*) of the i-th

i

RFE of the link) of the point to which the load is applied.

Fig. 8.9. Coordinates of the point of application of external load in the local coordinate
system of the i-th RFE of the k-th link

Summing:
o) = > o, (8.65)

yields the components of the vector of generalized forces. Furthermore, with
(8.58), (8.59), (8.61), (8.62), (8.63) the equations of motion may be rewritten:

IV

(k) ?

AW 1 BB 4 W) = Q) - -

(8.66)
where B® =B® 1 p&).

. k . .
In the vector of generalized forces Q( ) both the reactions of constraints and

known loads are included. For some operations, it is convenient to have this vector
written as:

QW =-K®RW+QW, (8.67)
where K®)  — matrix with m+3 rows whose elements depend on q(" ),
R®  _ vector of reaction (its elements are the components of

reaction in revolute and translational connections and forces
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occurring therein as well as moments of undeveloped
friction),

ng) — vector of generalized forces due to known external loads,
reactions in flexible connections and forces of developed dry
friction and viscous friction.

Given the form of the vector (8.67), the equations of motion of the link £ may be
written as follows:

AWGH L pRgH L chg® L K ORE = g (8.68)
8
where F®) =——8Vk +ng).
aq")

The elements of the matrices A*), C*), K*) depend on q'*) and the elements

of the matrix B*) and the vector F*) depend on q(k) and q“). In the special

case of n,=0, the concerned link is modelled as rigid.
Motion of the base {A} may be taken into consideration by assuming it to be
the RFE 0 whose motion is described by:
Xo = xﬁfg) (t )
Yo=ye) (8.69)
o0 =)

The vector of reaction in the connection is thence defined by the vector:

0) — | 0) (0) (0)
R - [Fx Fy Mz ]T’ (870)
whose components describe the forces and moment which realize the excitation
(8.69).

A detailed description of the algorithm of combining the equations of subsystems
for revolute and translational connections is presented in [Wojciech S., 1984].

8.4 Modelling Large Deflections and Inclusion of Nonlinear
Physical Dependencies

Most of the applications already discussed in which the RFE method is used
pertain to systems containing beam links. Some of the considerations in this book
are for pipelines which may be subjected to deflections much larger than typical
beam systems. Although the RFE method enables analysis involving large
deflections, the specific dynamic behaviour of offshore pipelines and cableswhen
laid on the bottom of a sea, calls for considerable modifications in the formulation
of the equations of motion according to this method [Szczotka M., 2011b]. They
will be later applied in some of the examples presented.
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When the deflections of the link are large, the length of the chord AB’ may
differ (be smaller) from its primary length AB=I (Fig. 8.10). Let us remind that,
according to (5.5), the motion of the base (the vessel's hull) is known to be given
by the vector:

(4) (4) (A)

o o] )

(4) _[ (4)
q = xarg yarg Zorg ¢z

Fig. 8.10. Division of a beam with length / into RFEs and SDE: a) primary beam, b)
equivalent system of RFEs and SDE

Let the components of the following vector determine the displacements and
orientation of the RFE i in the system {A}:

g :[;W q,o)T} , (8.72)
where 1) =[x(i) y(i) z(i)}r — coordinates of the origin of the system
{i} attached to the RFE i in the system

{A},

(B(i) =[¢y) (D§l ) Q@]T — ZYX Euler angles determining the

orientation of the axes of the system {i}
relative to {A}.

Based on the information from previous chapters, let us write the transformation
matrices from the system {i} to the base system {A} in the form:

_ RO 0
T@{ | (8.73)

where RV = s(pgi) Cq)i[) 0 0 I 0 |0 C(P(i) _S(D;(ci) ,
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and the transformation matrices from the system {i} to the global system,
according to (5.4.1) and (5.6), are as follows:

TO =TOG", )= T()FOGY). (8.74)

{1} RFE
{A}
o
(i)
RFEi-1
/‘Aﬁmary element i
A A X

Fig. 8.11. The primary element i, RFEs i-1 and i having load applied to the beam

Large displacements of the links cause the primary element as well as the
RFEs i and i-1 created in the secondary division to be in the configuration
depicted in Fig. 8.11.

The coordinate systems {i-1} and {i} are attached to RFEs i-1 and i. On the
other hand, to the primary element i the coordinate system {i’} is attached. The
coordinate system {A} may in further considerations be the global system or one
attached to the deck of a vessel or platform.

Fig. 8.12. Position and orientation of the system {i'}
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If division of a beam into rigid finite elements is fine enough, differences
between the angles (lf) —dzi_l), di) —¢(H), di) —¢(H) which are components of

y y X X
the vector:
R
ADY) =) — @) =| ) — i) (8.75)
P\ — i)

may be assumed to be small. Let us assume that the origin of the coordinate
system {i’} (of the primary element) coincides with the right end of the RFE i-1
and its orientation to is determined by ZYX Euler angles being the arithmetic
means of the Euler angles of the RFEs i-1 and i — Fig. 8.12. Therefore:

P g0 ﬁ(i—l);R(z‘fl'), (8.76)
where f",gi_r) = [% 0 O]T,
and:

o)
B0 = o | =

o)

[&)“‘1) + &)W]. (8.77)

N | —

The coordinates of the right end of the RFE i-1 (point L)) and the left RFE i
(point R ) in the base system {A} are determined thus:

£ = F0) 4 REVEED), (8.78)

£ = F) 4 ROF), (8.79)

where  F{"'") — defined in (8.76),

T
i) | A
£ ”:{—5 0 o}.

These vectors may be represented in the system {i’}:

r) = ROV ({0 - ¢ ), (8.80)

e = ROT (50 - ), (8.81)
() i) )

where R(') — rotation matrix corresponding to the angles @, ,(p‘,l N7/
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whereas, considering (8.77), the vectors @ (Li') and @ g') are:

i = (i- = (i’ I, =
o) = U—d)():—EA(I)(), (8.82)
o =60 - =%A&)(i). (8.83)
The vector of deformation of the SDE i takes the form:
(")
i) - | AT
AqY = {A(I)(i')}’ (8.84)

where Ar) = I‘,(;I) —l',(jl) ,
A0 =) — @l
Taking (8.80) — (8.83) into account:

i [~ (i i =i i
Aq("') _ R 1[rR( )yl )—lrL( )+l )] _ R [FR(i) _i;—L(i)] 559
EA&)—[—EA&)j '

The axes of the SDE are the principal deformation axes, hence the following
formulas for the forces and moments caused by the deformation of the SDE i:

~

AD

FO =car, (8.86)
M@ =cPr@", (8.87)
where B9 =[F0 Fo Fof
s =l iy il
CcY = diag{cff) , c;i) , cii) }
@ — g; @ ) .0
Co —dlag{cv, 1€y sCy }

c(i) c(i)

x5 Cyp — stiffness coefficients.
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(8.88

D =102.4mm — (839
t, =5.95mm ;e

s o5 i i5 2 25 E
A |m]
1D14 ]
- (8.895_
- ———  (8.88]
107 D =307.2mm 3
. , :pi1p6€;05mrr112 \EM
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z
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Fig. 8.13. Values of shear coefficients according to (8.88) and (8.89)

In [Kruszewski J., et al., 1999] the following formulas for stiffness coefficients of
the elements are given:

_EA _GA _GA
KN ST T
(8.88)
. _GI, . _GJ, . _GJ.
N N LN
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The work [Szczotka M., 2011b] takes another approach to defining the shear
stiffness coefficients ¢, and ¢, by assuming:

12E7T . 12E7,
=79 : T T A3
A A
and maintaining the conformance of the values of remaining coefficients to (8.88).
The above modification of the coefficients ¢, and ¢, enables the same expressions
to give the potential energy of elastic deformation of the primary element obtained
with the RFE method and the energy of elastic deformation of the deformable
element considered in FEM.

The values of shear stiffness coefficients determined by formulas (8.88) and
(8.89) are shown in Fig. 8.13 for different lengths of the element. Calculations
were performed for two different sections of pipes which are analysed in later
chapters of this volume. Appropriate division into finite elements enables both
coefficients to share the same value. The stiffness coefficients ¢, and ¢, in the
formulas (8.89) have smaller values when the elements resulting from the division
are longer.

Forces +F'" applied to the point whose coordinates are given by (8.78) and

, (8.89)

pairs of forces + M) act on the RFE i-1. Forces —F ) applied to the point

est
whose coordinates are given by (8.79) and pairs of forces — M () act on the
RFE i. (Fig. 8.14).
The forces (8.86) and the moments (8.87) are given in the coordinate system
{i’}. Their transformation to the global system is done as follows:

FO = R(i‘)f;(i), (8.90.1)
M? =RVIM®, (8.90.2)
and in the following way to the coordinate systems of the RFEs i and i-1:
Fe(sit_l) _ R(i—l)TFO)’ (8.91.1)
FO =ROFO, (8.91.2)
M) = R M©, (8.91.3)
MO = RO M. (8.91.4)

est —

The presented discussion shows that the crucial change introduced with respect to
the original formulation of the RFE method (section 8.1) is having the system
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Fig. 8.14. Forces and moments acting on the RFEs i-1 and i caused by deformation of the
SDE i

of principal deformation of the SDE {i’} “follow” large displacements of the finite
elements. A similar approach to planar systems with variable configuration is
presented in [Wittbrodt E., 1983]. Furthermore, the modification of shear stiffness
coefficients enables the energy of an element's deformation to be expressed in the
same form as in the method of deformable finite elements. This conclusion holds
for linear physical dependencies. Also of importance is an observation that since
the presented proposal assumes the vectors of generalized coordinates of the RFEs
take forms described by (8.84), no distinction is made among the variables to
configuration (describing the motion of the beam as a rigid body) and flexible
ones, as in section 8.1.

8.4.1 Equations of Motion When Using the Classical RFE
Method

The equations of motion of a system taking into account the dependencies from
previous chapters may be put in the form:

AG=£(r.q.9), (8.92)
where A = diag A, A&, |,
a=[a;...a].
f=Q-e-G=[f"...F[
Q=+ ).l + @) |

T
s
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e=[e7,..& ]

T
-
a(~10 aqn ’

n — number of RFEs in the concerned model.

Note that the matrix A is diagonal, which is of great importance when integrating
the system's equations of motion. Such form is characteristic of systems modelled
with the classical RFE method.

Let us assume that at the point whose coordinates are given by the vector i‘}'

in the local system of the RFE i there act: an external force and a pair of forces
given by:

i :[ﬁl_(x) o fe O]T’
(8.93)

M=l 7o i1 of.

Their corresponding generalized forces may then be determined from the formulas
[Wittbrodt E., et al., 2006]:

(Qi(ﬁi ))k:] ..... 6~ F/TT/TT/AkF/:
(Qi(Mi))k:] 6= A’Nlim _3 1 (Ti ),,3(Tz:k ),,2 + A/Nli(y) % (Ti ),,1 (Ti,k ),,3 + MI'(Z)ZS:] (Ti )j,z(Ti,k )j,l'
=

j= j=1

w

(8.94)

The relations (8.94) allow us to determine the generalized forces and moments
pertaining to the impact of the sea environment:

0 - R S+ @ .51 e 0l 1 811+ 000 54 S 595

where F/' M — vectors of forces and moments due to interaction of the

element i with the liquid (including the influence of waves,
sea currents and hydrodynamics),

ﬁ,b,Mf_ vectors of forces and hydrostatic buoyancy moments

(hydrostatic buoyancy of the pipeline and additional buoyant
modules),

F’,ME — vectors of forces and moments of the action of guiding
structures (e.g. reel, guiding ramp, mechanisms),

F¢ ,1\7[;’— vectors of forces and moments due to the action of the

seabed.

The forces and moments caused by the deformation of the SDE may be included
similarly. According to (8.86) and (8.87), forces and moments caused by the
deformation of the SDE i (left end of the RFE i) and the SDE i+1 (right end of the
RFE i) act upon the RFE i. Hence:
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Ql(est) — Q,('wt)(_ Fi(est) M(est) F(est) Mgislt))’ (896)

where  F® M® _ defined in (8 86) and (8.87),

(ert) (evt) (ert)
Q l+1 T k R i -F, 'I‘l k rL i +

1

3

clipe —ipen ] S () L+

+U) ML 2 M), W)+
3

+ | (est) - M (T})./,Z(Tf”‘ )JFI'
1

i+l,z -
j=

8.4.2 Inclusion of Nonlinear Physical Dependencies

In the rigid finite element method, flexibility is described in an approximate
manner (displacements are realized in the SDE only). Therefore, the tensor 0'(/.}3

present in (7.1), defined for each SDE i in the plane normal to the beam's axis, is
given as [Szczotka M., 2011b]:

yx o
(i) _ (i)
O =| Ty 0 0 |, (8.97)
(i)
7. 0 0
F®
where o0, =——,
A
. FW® 1.
(i) y ()
Ty =—+—=7T¢’,
YA 28
f(y) 1
w-E Lo,
A 2
@) — @) @) — @)
Tyx —TX},, T, =Ty
M(i)
é’) =—2~_ —stress tangent to the torque,
2A1)
min
19 — minimal thickness of the section's side.

min

The form of the stress tensor in a flexible beam modelled with the RFE method is
similar to the tensor obtained in the Saint-Venant problem for torsion and bending
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of beams [Nowacki W., 1970]. The stresses o'’ , o'’ due to the bending

moments at which the transition from elasticity to plasticity occurs, may be
determined from the following equation taking (7.1) into account:

NS
370 +(0f;’) ~0, =0, (8.98)
where " — equivalent bending stress,

J;i) — specified as in (7.1).

Some models of pipelines presented later use the given dependencies to construct
a module allowing us to determine the forces and moments in the SDE when
occurrence of elasto-plastic deformations is possible. Fig. 8.15 schematically
shows a flowchart of actions comprising the procedure of determining the bending
moment acting on the RFE on the assumption that ¢} € {q)vi N

The diagram uses the following notation:

F, — mark specifying the state of the material,

X, — maximal deformation which causes the phase to change from elastic
to plastic,

51'0 — neutral value of displacement (at which mg) =0),

c!? - stiffness coefficient of the SDE within the elastic region,

C;f) — stiffness coefficient of the SDE within the plastic region,

C;i) — ‘Llce(i) , ﬂ = 001, 01, veesy

fmm( ) — function describing the shape of the characteristic o = f (8 p) within
the plastic region,

M é") — value mg) determined in the previous step # —/h ,

sy — plastic deformation in the previous step £ —/h .

A control procedure for the mark F; and for calculating the values 2’ and M |’

(Fig. 8.16) is also necessary.

Approximation of the characteristic of a material may be performed for
arbitrary data obtained e.g. from measurements. The linear segments (elastic
region, linear reinforcement in the plastic region) may be interspersed with
nonlinear ones, thus leading to significantly greater stability of the calculations.
An example of such characteristic can be found in [Szczotka M., 2010].
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Tags F; (fig 8.16)

previous step

current stgp

...procedure for generation of .
the equations of mations... [  for i=L...Hegs

h J
0
68 =84-4-F
h
calculate mg’)m using selected hypothesis (f.ex H-M-H)

] i
My y  EAD
and X =$ where CS) :T‘gl

ms;.) = fmai(&‘g'z':XsquP)

n® =+ cPag - o)

@) _ 0, ol @ n§ -1+ P les, - o)
My :MB +Ce (1'5\9'!—93)

TR

Tags F; (fig 8.16)

Fig. 8.15. Flow diagram of the algorithm determining the value mg)
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Fig. 8.16. Flow diagram of state markers control, F; and calculations of the values ﬂg)

and M g)
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