Chapter 7

Construction of Eisenstein Series

7.1 Construction of Eisenstein Series with Weight > 5/2

In this section we study the following two problems: construct a basis of the Eisenstein
space E(4N, k+1/2, ;) which are eigenfunctions for all Hecke operators, and calculate
their values at all cusp points.

Now we introduce some notations as in Chapter 2. For any odd positive integer

k, let A = % and

Me(n,4N) = Ly (20,1d.) 7 Lan (A, X(—1)20) Bk (n, X, 4N)
1 — 2(2=k)(v2(n)—1)/2
( 1— 22k
if 2 J[ 1/2(7?,),

27K (1 + (—1))

_ 2(2—k)<u2<n)—1>/2> 7

(1= 2@2ka(n)/2
24@(1 + (_1)>\1) (W _ 2(279)1’2(“)/2) ;

Ap(2,n) = if 2|vp(n), (—1)*n/2"2(") = —1  (mod 4),

(1 —2@-Kra2(n)/2
27k(1 + (_1))\1) (W + 2(2719)1/2(71)/2

(1 42682 <(7‘1)A”2/2V2(n) ) )) 7

if 2|va(n), (—1)*n/2"2(™) =1 (mod 4),
(p — 1)(1 — p=P)wn(m)=1)/2)

p(pF—2 —1)
— p=R)(wp(m)+1)/2-1 if 24 v, (n),
Ai(p,n) = (p — 1)(1 — p@=Fwa(n)/2)
p(ph—2—1)
-1 A vp ()
+ (( ) 7”;/17 )p(z_k)(yp(n)+1)/2—1/27 if 2|vy(n),
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oo

Ly(s,x) = >, x(mn= =T =xm@p )"

(n,N)=1 ptN
—1)*n
51{:(”7 XN 4N) = Z /j‘(a’) (%) a’iAb2ik7
(ab)?|n,(ab,2N)=1
a,b positive integers
—2mi)k/?
L(n,4N) = (7 4N).

We define functions gx(xi, 4m,4N)(z) (m|N) and gx(xi, m,4N)(z) (m|N) as fol-
lows: For k > 5,

gr(x1, AN AN)(2) = 14 > N (I, AN) T (Ax(p. In) — np) (In)*/> g™,
n=1 p|2N

gr(x1,4m AN (2) = Y N (In, AN) [ (Ak(p. In) — np)(In)¥/>~q", ¥ N #m|N,
n=1

p|2m

gk(xa,m,AN)(2) = Y~ N (In, 4N) [ [ (Ar(p, In) = ) (In)** 1", ¥ m|N,
n=1

plm
‘ 1+ (=DM p—1
where ¢ = e(z) = e*™*, ny ok — 4 and 7 e p— or p #

Lemma 7.1 Let k be a positive odd integer, n a positive integer and p a prime, D
a square free positive integer and m|D. Then

(D) Ak(n,4m) = \e(n,4D) ] (1 + Ax(p,n)),
p|D/m
(I1) Ag(p,p°n) —np = P2 (Ak(p,n) — np).
Proof  The second equality is clear from the definition of Ag(p,n). The first equal-

ity can be proved from the definition of Ag(n,4D) and the properties of 8x(n, xp, 4D).
We omit the details. O

Theorem 7.1 Let k > 5 be an odd positive integer, D a square-free positive odd
integer and | a divisor of D. Then the functions

{gk(Xh4m74D)79k(lem74D) |m|D}

constitute a basis of E(4D,k/2,x1) and are eigenfunctions for all Hecke operators,

and , ) ,
gr(x1,7,4D)(z), if plj,

9k(x1,3,4D)(2)|IT(P*) = { P 2gr(x1.4,4D)(2), if p|8D/j,
(1+p* )gr(x1,4,4D)(2), if pt2D,
where j = m or 4m, m|D.
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Proof By the definition of a Hecke operator, we know that gi(xi, 7, 4D) = gx(id.,
J, 4D)|T'(1). Hence we only need to prove Theorem 7.1 for [ = 1. We first show that
gx(id., j, 4D) belongs to £(4D, k/2, id.).

By Chapter 2, for square free odd positive integer D, the following functions belong
to £(4D, k/2,id.)

Ep(id,4D)(z) = > ()7

YET\I'0(4D)

= 14> X(n,4D) [ Axlp,n)n*>~'q",

n=1 p|2D

1
E4(x0AD)(2) = 2 Eu(xpaD) (- 13-

=3 N(n, 4Dt g,
We introduce the following functions:

F(4D)(2) = Ey(id.,4D)(2) = 1+ Y _ A (n,4D) [] Ar(p,n)n**"1q",

n=1 p|2D
Fi(4m)(2) = > XNp(n,4D) T A(p,n)n*/*~'q", (7.1)
n=1 pl2m
Fiulm) = 32 X, 4D) [T Aulp.mn/2 g7
n=1 p|m

Since Lemma 7.1, we see that for any m|D,

Ey(id., 4m)( —1+Z/\/n4m HAH% nk/2=1gn
pl2m
=1+ Z N (n,4D) H Ak (p,n H (Ap(p,n) + 1)n*/ 21",
- pl2m p|D/m (72)
EI/c(er 4m)(2) - Z >\;€ (n’ 4m)nk/27lqn
n=1
=3 4D) TT (Axlpor) + 1721
n=1 p|D/m
Because

[T 4k = T Axlo.n) T (1 + Axp.n) — Aw(p. )

= > w@d [ 4@n) J] 1+ Akpn)),

dD/m  pl2md p|D/(md)
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1T Ace.n) Zﬂ IT 0+ Aup.n)). (7.3)
p|m

plm/d
By (7.1)—(7.3), we see that
Fp(4m) = > p(d)Ei(id.,4md) € Ey,»(4D,id.),
d|D/m

Fe(m) = ju(d) B}, (Xap/m-4dD/m) € Ej5(4D,id.).

d|m

But
g(id., 4m, 4D) = > p(d) [ [ mpFi(4m/d) = > " pu(d) [ ] mpFic(m/d),
d|m pld dlm pl2d (74)
x(id., m,4D) Zu anFk(m/d),
d|m pld

which implies that g (id.,4m,4D) and g (id., m,4D) belong to £(4D, k/2, id.).

We now want to prove the equalities in Theorem 7.1. We recall the definition
o0

of Hecke operators: for any f(z) = Za(n)e(nz) € G4D,k/2,w), we have that

n=0
Z b(n ) where

1)
b(n) = a(p®n) + w(p) (“)

- )pk La(n) + w(pP)pt2a(n/p?),

where a(n/p?) = 0 if p? { n.

In particular, if p|4D, then b(n) = a(p?n). It is clear that B¢ (p*n, xp, 4D) = Bi(n,
XD, 4D) for any p|2D. So the first two equalities in Theorem 7.1 can easily be deduced
from Lemma 7.1 (IT) and the obvious fact that Ag(p,qn) = Ax(p,n) if ptq. So we
only need to prove the third equality. So suppose that ¢ is a prime with ¢ 1 2D. We
consider the action of T(¢?) on f = gx(id.,4m, 4D). Denote

a(n) = N, (n,4D) [ (Ak(p.n) — np)n*/?~!

p|2m
and
fIT (¢ Z b(n
Since q { 2D, then Ag(p,¢?n) = Ax(p,n) and

Lip(N X(=1)r1g2n) H (Ak(p,Ing®) = mp) = Lap(A, X(—1)rn) H (Ak(p,In) —np).

p|2m p|2m
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Now consider the term S (In, xp,4D). Denote In = 702 with 7 a square free positive
integer. Let v,(m) be the valuation of m with respect to p. Then we have that

—DMn
ﬂk(TO'2’XD74D) — Z ,U,(O/) ((l)l> a—>\b—k-‘y-27

a
(ab)?|702,(ab,2D)=1

a,b positive integers
(vp(r0?)=1)/2

H Z ploR )t

p12D,p|T
(1o )/2 vp(To?)/2—-1
<1 (0 I Sl )
pt2DT,plo t=0
Therefore, if v4(In) = 0, i.e., ¢ { In, then
ﬂk(7—02q2a XD, 4D) = (1 + q_k+2 - X(fl)’\lT(Q)q_)\)ﬂk(TO-27 XD, 4D) (75)
If ¢|7, then
(vg(To?)+1)/2 (vg(To?)—1)/2 -1
Be(r0°¢*, xp,4D) = ( > q“““”) ( > q(’““)t) Br(r0”, xp,4D).
t=0 t=0
(7.6)
If g1 7, q|o, then
ve(To?)/2+1 vg(ra?)/2
Br(to*q®, xp,AD) = ( D AL VERE () VY q(’““)t)
t=0 t=0

ve(to?)/2—1

”q(”""Q)/2 —1
><< S dT G @t Y q“““”)

t=0 t=0
X Br(T0?, XD, 4D)

a(n)=M\,(n,4D) H (Ag(p,n) — np)nk/2—1

pl2m
~(=2ai)*/2 Lap(A\, X(—1)rin)
- I'(k/2) Lap(2),id.)
x [ (A, tn) —np)(In)*/> 1. (7.7)

p|2m

Br(ln,xp,4D)

Hence we know that the coefficient b(n) of f|T(q?) is
(1) If v4(In) = 0, then by equality (7.5)

b(n) = a(g®n) + x(—1y(@) (g) P la(n) + ¢ 2a(n/q?)

=1+ ¢ " = xCypr(@a )" 2aln) + x iy (@)a?
= (1+¢*?)a(n).

a(n)
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(2) It vy(In) =1, i.e., q|7, ¢ 1 0, we see by equality (7.6) that

b(n) = a(g®n) + x—1ynr (@) a(n) + ¢ 2a(n/q?)
= a(¢®n) + x(—1ynr (@7 aln)
=a(¢®n) = (1+¢ "*?)¢" 2a(n) = (1 4+ ¢" ?)a(n).

(3) If ¢|7, g|o, then v4(In) > 3, we have by equality (7.6),

b(n) = a(¢®n) + X1 (@O a(n) + ¢*2a(n/¢®) = a(¢®n) + ¢"*a(n/q?)

(vg(In)+1)/2 (vq(in)—1)/2
= Z g —RtDs Z g Rt ¢"2a(n)
s=0 s=0
(vq(in)—3)/2 (vq(in)—1)/2 !
+ qk72 Z q(7k+2)s Z q(7k+2)s a(n)qf(kfz)
s=0 s=
(vq(In)+1)/2 (vq(in)—3) /2
— | g2 Z g DS 4 Z g s
s=0 s=0
(vq(In)—1)/2 -1
. q(—k+2)s a(n)
s=0

(vq(in)—1)/2
— qk—2 Z q(—k+2)s + q(—k+2)(yq(ln)—1)/2

+ Z q(—k+2)s _ q(—k+2)(yq(ln)—1)/2

(vq(in)—1)/2
Z q(fk+2)s a(n)

s=0

= (1+¢" *)a(n).
Finally, if g 1 7, g|o, then by equality (7.7), we have that

b(n) = a(g®n) + x—1ynir (@) aln) + ¢ 2a(n/q?)

vq(ln) /241 vq(ln)/2
=¢"2am) | D " (g D TF
t=0 t=0
vq(ln)/2 ve(ln)/2—1 -1

D i VR PV (/) e SO Sk
t=0 t=0



7.1  Construction of Eisenstein Series with Weight > 5/2 211

ve(ln)/2—1 vq(ln)/2—2
+am) | DY @ @t D gTE
t=0 t=0
vq(ln)/2 vq(ln)/2—1 -1
I AL VRIS ()l gkt
t=0 t=0
= ¢*2a(n) (1 n (q(—k+2)(yq(ln)/2+l) _ X(il)/\lT(q)q—k+(—k+2)uq(ln)/2>
vq(ln)/2 vq(ln)/2—1 -1
I AL VR ()l D A
t=0 t=0

+a(n) (1 — (q(—k+2)uq(ln)/2 _ X(il)/\l‘r(q)q—)\+(—k+2)(uq(ln)/2—1)>

ve(ln)/2 ve(ln)/2—1 -1

Z ¢ — X Cr (@) g

= (1+¢"?)a(n).
Hence we have proved that for any prime q { 2D, g(xi, 4m, 4D)|T(¢?) = (1+¢*?)g(xu,
4m,4D). Similarly, we can show that for any q 1 2D, g(xi,m,4D)|T(¢*) = (1 +
qk_2)g(Xl7 m, 4D)

Since the functions in Theorem 7.1 are eigenfunctions of Hecke operators with
different eigenvalues, they are linearly independent. Thus they constitute a basis of
EMAD, k/2, x1) since the number of the functions is equal to the dimension of £(4D,
k/27 Xl)'

This completes the proof of Theorem 7.1. ([

Theorem 7.2 Let k > 5 be an odd positive integer, D a square-free positive odd
integer, m,l be divisors of D, a be a divisor of m, 6 = 1 or —1 according to k =1
or —1 (mod 4) respectively. Then

—5y,
V@ . 4D), 1) = = Gttt 1) el (500,

e/t a/(1,0)
_ 6, af(l,a
Va4 AD), 1/(3)) = o a0yt (SR

V(g(xi1,4m,4D),p) =0, if p# 1/« or 1/4a(a|D),p a cusp point.

V(g(x,m,4D),1/a) = i_ﬁkﬂ(m/a)nm/alk/z_l(l, @)_k/2+15ik/ (l,a) ( l//(( )))
V(g(xi,m,4D),p) =0, if p#1/a(alD),

where p is a cusp point and V (f,p) is the value of f at the cusp point p, and 1, =

an'
pla
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Proof Inorder to calculate the values of functions at cusp points, we first remember
the definition of the value of a function at a cusp point. Let f(z) € G(N, k/2, x1),
a b
—c d
We call the constant term of the Fourier expansion at z = ico of f|p~! the value of f
at the cusp point s. Denote it by V(f,s). For ¢ # 0, we have

and s = d/c be a cusp point of IH(NV). Let p = ( ) € SLy(Z), then p(s) = ioco.

VU=t g (B0 (b0

cz+a

= lim f(—c Hez+a) "t +de ) (cz+a)F?

= lir%f(T+dC_1)(—CT)k/2. (7.8)
In particular, for s = 1/N, we see that V(f,1/N) =V (f,ic0) = lim f(z). O

An obvious, but useful fact is
Lemma 7.2 Let f € G(N,k/2,w). Suppose cusp point s1 = di/c1 and so = da/co
are equivalent for the group I'h(N), i.e., there exists p = (‘Z Z) € Io(N) such that

p(s1) = s2, then
V(f,52) = @xe(d)eg "V (f, 51).

A classical result for the values of Eisenstein series Ey(w, N)(z), E}.(w, N)(z) is the
following Lemma 7.3, which can be showed by the results in Chapter 2 and Lemma
7.2. Now we denote S(N) a complete set of representatives of equivalence classes of
cusp points for the group I'p(NV). In fact we can choose

S(N) ={d/c| ¢|N,de (Z/(c,N/e)Z)* and (d,c) = 1}.

Lemma 7.3 Letk > 5 be an odd, w a character modulo N. Then we have
(1) V(E,(w,N),1)=i"%, and for any d/c€ S(N)with c#1,V (E} (w, N),d/c)=0;
(2) V(Ek(w, N),ic0)=1, and for any d/ce S(N) with c#N,V(Ei(w,N),d/c)=

We now return to our proof of Theorem 7.2. We need the following:

Lemma 7.4 Let D be square free odd positive integer, m,l, and 3 are divisors of
D, « a divisor of m. And suppose that f € G(8D,k/2,x;) satisfies

fIT®?) = f for all prime plm,
fIT(p?) =p*=2f for all prime p|Dm~".

Then we have

VU1 = e o e (G ) vV
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V1/60) = ey o e (1) Vi,
VU = e )M e (o ) (e ) VO U9

where 1, = an, 0 =1 or —1 according to k =1 or —1 (mod 4) respectively. And
pla

for (8,D/m) # 1,r =0,1,2,3, we have that V(f,1/(2"8)) =0

Proof We only prove the Lemma 7.4 for the case k = 3 (mod 4). For the case k = 1
(mod 4) it can be proved by a similar method. We first prove the last result. Suppose
p prime, p|(3, D/m). By our assumption in the lemma we have f|T(p?) = p*~2f and
by the definition of Hecke operators, we see that

. 1Y (2 1428
P f(z+2rﬂ>_p Zf<p2+ 27 Bp? )

b=1
. 9 . 1+278b . . .
Since (142"/b, 2" 8p*) = 1, the rational number W is a cusp point. By equality
(7.8), we know
2
p
B 14278
k—2 -2
\%4 . .
p (f,2rﬂ> p ;V( 232 ) (7.9)
Since (2"6p?,8D) = 273 and (2"3,8D/(2"3)) = 1 or 2 according to r = 0, 3 or
2" 1
r =1, 2, we know that the cusp point J is equivalent to the cusp point
27 Bp? 273

e) € I(8D) such that

for the group I'H(8D). Therefore there exists a matrix (Ccl d

a e 1 [ 14273b
c d 273 )\ 27pp? )
Hence a + 2" Be = 1+ 2"3b, c+ 2" 3d = 2" 3p?. Noting ad — ce = 1 and 8D|c, we have

that a = d =1 (mod 2"4), and d = p? (mod 8D/(2"3)). This shows that for r = 0,
1,2, 3, we have ¢4 = 1 and

(- (254) - ()

By Lemma 7.2, we see
14+276bY 1
v(ras )= (fs):

By equality (7.9), we obtain
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1+278b
v (r )

=p~2 ) VI(£,1/(2°8)) = V(f,1/(2"B)),

b=1

PPTRV(£,1/(278) = p 2

M“w

S
M

which implies that V(f,1/(2"3)) = 0. Now we begin to prove the first equality in
Lemma 7.4. It is clear that the equality holds for &« = 1. We shall complete the proof
by induction on the number of prime divisors of a. We assume that the equality holds
for o with @ # m. We must prove that the equality holds for V(f,1/(ap)) with p
prime and satisfying ap|m. Since f|T(p?) = f, we get

et 1) p2§f<z 1+ba>.

b=1

1+ ba
Because it is possible that p|1 + ba, in general the rational number —27 is not
p2a

reduced. We have to cancel the greatest common divisor in order to obtain a cusp
point. Now there exists a unique integer b; such that 1 < by < p, 1 + aby = pt;.
Similarly, there exists a unique integer by such that 1 < by < p?, 1 + by = p3ty,
where t1, to are integers. Hence by the definition of values of a modular function at
cusp points and equality (7.8), we obtain

V(f.1/a)=p Z V<f7l+ba>

1<b<p?
pil+ba
_ t1 + ba _
+pH2 N V(ﬂ 1—) +p" 2V (fita/a). (7.10)
po
1<bsp
pit1+ba
1+ t1+0b
The cusp points —Z e (p11+ba), Lt oo (ptt1+ba) and ta/«a are equivalent
o

1 1
to —, — and 1/a under the group I'4(8D) respectively. We now consider the case
ba pa

ptl. Let (i 2) € I'(8D) such that

a e 1 1+ ba
(20 Ga) = () 1y
which deduces that a 4+ epa = 1 + bo, ¢ + dpor = p?a. But ad — ce = 1. So we

obtain that d = a = 1 (mod «), d = p(mod i) Since 8D|ec,p t I, then d =
po

p (mod 41/(l,«@)). By Lemma 7.2, we obtain
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V() = () av o)

_ (l/ G, O‘>> (C/ . C“)) eV (£,1/(pa)

- (W’a)) <a/<czl, a)) Sda/(te)%a(anfa V(1) (pa))

p

:(W_»a)

” ) Epa/(1,0)Em) () V (F+ 1/ (). (7.12)

Similarly, we can deduce

{ (f’ : +ba> N (tl ;ba> (a/(]l), a)) Vif 1/ (pa)), (7.13)

(fu t2/a) - V(f7 ]_/Ck)

Inserting equalities (7.12) and (7.13) into (7.10), we see that the second sum in equality
(7.10) is zero, and hence

VU =07 S oot (L) VU G+ V()

P - )sap/aa)ea}la)( )Vf,l/pa PRV, 1),

which implies, by the induction assumption,

(P2 =1p l/
V(f,1/(pa)) = _ﬁgap/ (La)Ea/(la) V(f,1/a)
/(L «
_1 5
=" cxp/(l a)sa/(l a ( P > V
/(L «
—1 ) —k/24+1_—1
=" ocp/(l a)Ca/(la) ( D )l‘ /2 €a/(l,a)

() v

= )21y (G ) VUL

where we assumed p 1 [. Therefore for p 1 I we have proved the result. Now suppose
p|l. In this case, from equality (7.11), we see

d=a=1 (moda), d=p (mod4l/(l,pa)), (1+ba)d=1 (mod p).

Hence by Lemma 7.2,

V() = (5) cavtsasiva)

p2a
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_ (l/(l;lpa)> (pa/gva)> caV (£,1/(pa))
d

1/(l, pa -
- < /(pp )) (pa/(l7a)> Ea/(10)E pastcyV (11 1/ (p)
P

= €0‘/(1713‘)€;l7a/(l7o¢)

Similarly we can show
t1 + bo _ P N
V(2 25) = () V01
V(fit2/a) =V (f,1/a).

Inserting these results into the equality (7.10), we get that the first sum in the equality
is zero, and hence

V(1) =2 Y (s ) VU e+ ()

2 \aftaD
pit1+bo

_ o k/2=20 _r o k—2 o
P22 1) (s VU )+ V(L)

which implies, by the induction assumption,

k—2
V(1 0) =~ (g ) V)

P22 (p— 1) \ /()

= o0 (L) isa)

—k/241_—1 ( Hpa ) )V(f,1)7

—_— 71 TN
= p(pa)iipe (pov, 1) “ra/weel) \ por/ (par, )

where we assumed p|l. Hence for the case p|l the first equality in the Lemma 7.4
holds. By induction, we know that this equality holds for any «|m. The other two
equalities in the Lemma 7.4 can be proved by a similar method which we omit. This
completes the proof of Lemma 7.4.

Now we can prove Theorem 7.2 as follows.

Noting that gx(id., j,4D)|T(l) = gx(x1, 4, 4D), we first consider the case [ = 1, i.e.,
x: = id. For this case, by the equality (7.4), we have

gi(id., 4m,4D) =~ p(d)naFx(4m/d) = > p(d)iaa Fi(m/d),
dlm d|m

where
F,(4D) = Ei(id.,4D)(z),



7.1  Construction of Eisenstein Series with Weight > 5/2 217

Fp(4m) = > p(d)Ei(id., 4md),
d|D/m

Fi(m) = jUd)E},(Xap/m- 4D /m).
dlm

By Lemma 7.3, we have
V(Fp(4m),1) = > p(d)V (Eg(id., 4md),1) = 0,

d|D/m
=" w(d)V (E; (Xap/m» 4dD/m), 1) = > p(d)i
dlm dlm

=i*oro according tom =1 or # 1.

Hence
V(gk(id.,4m,4D), 1) = > p(d)naV (Fi(4m/d), 1) = > p(d)neaV (Fi(m/d), 1)
d|m dlm
= —pu(m)nami=* = =% p(m)nam.

We now show that for any 5D, V(gx(id.,4m,4D), 1/(28)) = 0. In fact, since
gx(id.,4m,4D)|T(4) = gr(id.,4m,4D),

we know

gr(id., 4m, 4D)(z + 1/(26)) = 4713 gi(id., 4m, 4D) (Z/4+ L+ 266),
b=1

80

1+28b
80
for the group I'h(4D). Therefore there exists a matrix (

Because (1420b,80) =1, is a cusp point equivalent to the cusp point 1/(4(5)

ap
Cy

ap e€p 1 _ 1+ 266

Cp db 4 o Sﬂ ’
which implies that a, + 40, = 1+ 20b, ¢, + 408dy = 85, dp(1 + 26b) = 1 (mod 475).
By equality (7.8) and Lemma 7.2, we obtain

2b> € Iy(4D) such that
b

4
Vlanid, m,4D),1/26) = 17 3 (5 ) e Vian(id am. 1D, 1/45)
p=1 V7P

4

b

v Z (1 T zﬂb> ervagV (9 (id., 4m, 4D), 1/4).
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2 2
Since A =— —6 , it is clear that the above is equal to zero.
a+ 480 a

In order to compute the value of g (id.,4m,4D) at the cusp point 1/4, we use the
fact

Then
4

gr(id.,4m,4D)(z) = 47" " gi(id., 4m, 4D)(z/4 + b/4).
b=1

Since V (gx(id.,4m,4D),1/2) = 0, we see

V(gk(id.,4m,4D), 1)
=47V (gx(id., 4m,4D), 1/4) + 47V (gx(id., 4m, 4D), 3 /4)
+28=2V (gi(id., 4m, 4D), 1) (7.14)

But the cusp point 3/4 is equivalent to 1/4 for the group I'o(4D). Therefore there

e

d) € I'v(4D) such that

£ 90)-)

Hence by Lemma 7.2, we have

. . a
exists a matrix (
c

V(ge(id., 4m, 4D), 3/4) = (2) 7%V (gr(id., 4m, 4D), 1/4)

= i7%V(gp(id., 4m, 4D),1/4).

Combining with equality (7.14), we have

. 2k —4 .
V(gr(id.,4m,4D),1/4) = —1_|_ﬁV(gk(1d.7 4m,4D),1)
28 —4
= 1iin (=1 pu(m)n2m)
= p(m) N
By the above discussions, we know that
. 5, 14170
Vigu(id., 4m,4D), 1) = =i~ p(m)iom = — 53—~ p(m)m,

V(gr(id.,4m,4D),1/4) = p(m)nm,
V(gx(id.,4m,4D),1/283) = 0, for any S|D.
Hence by Theorem 7.1 and Lemma 7.4, we have proved that the first two equalities

in Theorem 7.2 hold for [ = 1. Now we consider the function g;(id.,m,4D). By
Theorem 7.1, we have
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gr(id.,m, 4D)|T(p?) = gi(id.,m,4D)  for all p|m,
gr(id., m,4D)|T(p?) = p*2g(id.,m,4D)  for all p|2D/m.
In particular, we see
gr(id.,m,4D)|T(4) = 2¥2g,(id., m, 4D).

Noting that the cusp point (1 4+ 4b3)/(163) is equivalent to 1/(43) for the group
I'n(4D), by equality (7.8) and Lemma 7.2, we see

4
22V (gi(id., m, 4D), 1/46) = 41 3 v(gkud., m,4D),
b=1
= V(gk(ldv m, 4D)7 1/45)7

1+ 4b3
164 )

which implies that V (gx(id., m,4D),1/43) = 0. In the same way, by equality (7.8),
we have

4
242V (g (id., m, 4D), 1/20) = 41 3 v(gkud., m,4D),
b=1

1+ 203
80 )

Since the cusp point (1 4 2b8)/(808) is equivalent to 1/(408) for the group I'4(4D),
the right hand side of the above equality is zero. So by Lemma 7.4, we only need to
calculate the value of gi(id.,m,4D) at the cusp point 1. But we know from the proof
of Theorem 7.2,

k(id., m,4D) Zﬂ naFr(m/d).

Noting that V(Fy(m),1) = i~% or 0 accordlng tom =1 or m # 1 respectively, we
have

V(gr(id.,m,4D), 1) = > u(d)naV (Fi(m/d), 1)
d|m
_ =0k
=i " p(m)nm,.
Hence by Theorem 7.1 and Lemma 7.4, we have proved the claim for the values of

gx(id., m, 4D).
Now we consider the case [ # 1. In this case we have

gk(x1,4m,4D)(z) = gx(id., 4m,4D)(z)|T()

!
b
—! id., 4m, 4D)  Z .
> (it am.40) ()

Hence by the equality (7.8) and Lemma 7.2, we see

1/d

Vige(xi,4m,4D), 1) = 17"y "d*? > V(gi(id., 4m,4D),b/(1d" "))

dll b=1
(b,l/d)=1
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1/d

NN (ldb1> V(gr(id.,4m,4D),1/(ld" "))

d|l b=1
1/d

b

-1 k/2 . _

=1 Zd 2V (gr(id., 4m, 4D), 1/(ld ))Z (ld—1>
d|l =

=17Y%2V (gi(id., 4m, 4D), 1)

= P (0% () nagn)

1+i% _
=~ )l

Similar to the case I = 1, we can prove V(gx(xi,4m,4D),1/28) = 0 for any g|D.
Since gk (xi,4m,4D)|T(4) = gx(xi,4m,4D), we have

V(gr(x1,4m,4D),1) =47V (gr(x1, 4m, 4D), 1/4) + 4~V (gr(x1, 4m, 4D), 3/4)
+2572V (g1 (x1,4m, 4D), 1), (7.15)

where we used the fact V(gr(xi,4m,4D),1/23) = 0 for any 8|D. Because the cusp

point 3/4 is equivalent to 1/4, so there exists a matrix (i z> € I'9(4D) such that

a b 1y (3
c dJ\4) \4)’
which implies d =3 (mod 4), d =1 (mod ), ¢ =4 (mod d). By Lemma 7.2, we have

V(gr(x1,4m,4D),3/4) = (é) 1%V (gr(x1,4m,4D), 1/4)

d
=il (l> V(g(xt, 4m. 4D), 1/4)
=i %V (gk(x1, 4m,4D), 1/4).
Inserting this into equality (7.15), we obtain
2k _ 4
1+i-0ke?

2k — 4 14+i % P
T i ke <_ gt )t )

V(Qk(le4m74D)71/4) = - V(gk(xla4ma4D)al)

= (im0,

Similarly we can prove that V(gr(xi,m,4D),1/28) = V(gr(x1, m,4D),1/45) = 0 for
any GB|D and V (gx(x1,4m,4D), 1) = i=% p(m)n,1*/?~. Collecting all the above and
Lemma 7.2 we proved our Theorem 7.2 for [ # 1. This completes the whole proof for
Theorem 7.2. ([
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7.2 Construction of Eisenstein Series with Weight 1/2

Let v be a primitive character modulo r with ¢(—1) = (-1)" (v =0 or 1). Put

Zw ne(n?z), z€H.

n=—oo

Then it is easy to see that

T

Oy(2) = D w(k)8(2rz; k),

k=1

where

0(z; k,r) = Z m¥e(zm?/(2r)), z¢cH.

m=k mod r

Lemma 7.5 We have the following transformation formula:

0(—1/z;k,r) = (—1)”T_1/2(—iz)(1+2”)/2 Ze(jk/r)@(z;j, ).

Proof Set

oo

g(z) = Z (z +m)Ye(irt(x +m)?/2).

m=—0o0

It is obvious that g(z + 1) = g(z). So by some computation we have a Fourier
expansion:

g(x) = > a(m)e(maz)
with
a(m) = (_i)v(Tt)—(1+2v)/2e—nm2/(ri£)7
so that

U — v > rimaz—mm?/(r
gla) = (=) (rt) (/2 F 2 fiee

m=—0oo

It is easy to see that

T

0(it; k,r) = rVg(k/r) = (=) r~ 222N ek /r)f(=1/(it); j, ),

j=1

which implies the lemma. This completes the proof. ([

Lemma 7.6 Lety= (Z b> € SLy(Z) with b even and ¢ =0 (mod 2r). Then

d

2cr

0(v(2); k,r) = e(abk?/(2r))e," (7> (cz 4 d)AF2/29(z2; ak,r).
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Proof  Assume that ¢ > 0. By Lemma 7.5, we have

0(v(2);k,r) = Y n”e<n2 (a— Czid>/(2cr)>

n=k mod r

= (=i)¥(er) "2 (=i(cz + d))1+20)/2 Z O (k,t)

t mod cr

Z ne(n®z/(2r)),

n=t mod cr

where
O(kt)= Y el(ag’+tg+t?)/(cr))

g mod cr,
g=k mod r

and «, ¢ are integers such that a = 2« (mod ¢r), d = 26 (mod cr). The remaining
part of this proof is completely similar to the proof of Proposition 1.2. This completes
the proof. O

Theorem 7.3  0y(z) is in G(4r2,1/2,9) if v =0 and 0y (2) is in S(4r?,3/2,19x-1)
ifv=1.

a b

Proof Lety= (c d) € Iy(4r?). By Lemma 7.6, we see that

B01(:)) = w0085y g o)

= 6;1 (2) (cz + d)(H'Qv)/2 Z Y(k)0(2rz; ak,T)

k=1
= ¥(d)eqi(y, 2) 20y (2).
b

d) € SLy(Z) with

Consider the holomorphy of 6, (z) at cusp points. Let p = (_a

¢ > 0. Then we see that

|0y(2)] <1—v+ ZZn”e*%”Qy <1—v+Cy /2y oo,
n=1
where C' is a constant. So that
0001 (2))(cz +a)~AH20/2) < (1 — v+ Oy~ /D |y 4 a|"+2)|cz + o]~ 1H20)/2
»\p

<
< (1 —w +C/y1+v/2)y—(1+2v)/27 y — 0,

which implies that 0y (2) € G(4r%,1/2,4) or S(4r?,3/2,1x—1) according to v = 0 or
1 respectively. This completes the proof. ([
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Let now t be a positive integer, ¥ a primitive even character modulo r. Put

Oy (2 Zw e(tn®z), z € H,

n=—oo

which is equal to 0,V (t), so 0y +(2) is in G(472t,1/2,4x¢). Let w be an even character
modulo N, v a primitive even character modulo 7(1), t a positive integer. We denote
by Q(N,w) the set of pairings (1, t) satisfying the following conditions:

(1) 4(r())?t|N;

(2) w(n) = ¢¥(n)xi(n) for any integer n prime to N.
Let ¢ = H ¥, with 1, the p-part of the character . If every v, is an even

plr(¥)

character, then v is called a totally even character. Denote by (N, w) the set of all
parings (v, %) in Q(N,w) where ¢ is totally even. Set Qc(N,w) = Q(N,w) —Qe(N, w).
The following is our main result in this section.

Theorem 7.4 (1) The set {0y,](¢,t) € Q(N,w)} is a basis of G(N,1/2,w);
(2) The set {0y.|(1,t) € Qc(N,w)} is a basis of S(N,1/2,w), and the set {0y (| (¥, 1)
€ Qo(N,w)} is a basis of the orthogonal complement of S(N,1/2,w) in G(N,1/2,w).

To show Theorem 7.4 we need some lemmas.

Lemma 7.7 (1) There exists a basis in G(N, k/2,w) such that all Fourier coefficients

of every function in the basis belong to some algebraic number field,
o0

(2) let f(z) = Za(n)e(nz) € G(N,k/2,w) with a(n) all algebraic numbers for
n=0
n > 0. Then there exists an integer D such that Da(n) are all algebraic integers for
alln > 0.

Proof Put
fo(z) = 0(2)%% =1 + 6ke(2) +

Define a map ¢ : f — ffo. Then ¢ maps G(N,k/2,w) into G(N,2k,w). If f has
algebraic coeflicients, so does f fo. (2) holds for f fy (Please compare Theorem 3.52 of
G. Shimura, 1971), so does (2) for f. Now show (1). §(z) has no zeros in H, and it is
zero only at the cusp point 1/2 € S(4) = {1, 1/2, 1/4}. A function g € G(N, 2k, w)
is an image of ¢ (i.e., g/ fo € G(N, k/2, w)) if and only if ¢ has high enough orders of
zeros at all cusp points in S(N) which are I'H(N)-equivalent to 1/2. We know that the
theorem we want to show holds for the spaces of modular forms integral weights. So
there exists a basis {¢;} in G(N, 2k, w) such that the Fourier coeflicients of g; at every
cusp point are algebraic numbers. g is a linear combination of {g;}, and g gets value
zero with some orders at part of cusp points. This implies that the coefficients of the
linear combination satisfy a system of some linear equations with algebraic numbers
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as the coefficients of these linear equations. Hence there exists a basis in G(N, k/2,

w) whose every element has algebraic coefficients. This completes the proof. O
Lemma 7.8 Let 0 # f(2) = Za(n)e(nz) be in G(N,1/2,w),pt N a prime and
n=0

fIT(p?) = cpf. Assume that m is a positive integer with p*> t m. Then

) almp*) = sty (2 ) for any n > 0

(2) if a(m) # 0, then ptm and cp, = w(p) (%) (1+ph).

Proof  Since T(p?) maps a modular form with algebraic coefficients to one of the
same kind, by Lemma 7.7, we see that the eigenvalue ¢, of T(p?) is an algebraic number
and the corresponding eigenspace has a basis with algebraic coefficients. Without loss
of generality, we may assume that the coeflicients of f are algebraic. Put

A(T) =" a(mp™)T™
n=0
By Lemma 5.40 we have
A(T) = a(m)———0T

(1= pT)1 =1T)’

where a = w(p)p‘1<7;:>, B+ =cp By =wp®)p~!. Assume a(m) # 0. Then

A(T) is a non-zero rational function. We may think A(T") as a p-adic T function, i.e.,
think the coefficients of A(T) as elements in some algebraic extension of the p-adic
number field Q,. By Lemma 7.7 the p-adic absolute value of a(mp?") (n > 0) are
bounded. Therefore A(T') is convergent for all |T'|, < 1. A(T) has no poles in the
unit disc U = {T'||T|, < 1}. If (1 — 8T)(1 — A7) is prime to 1 — o7, then |8], < 1,
||, < 1. But |87], = |w(p?)p~1|, > 1. So we see that one of 3 and v must be a. We
may assume that 3 = a and hence A(T) = a(m)/(1 —~T), a(mp?**) = y"a(m). Since
B # 0, we see that « # 0, so p4m and

w(p?)p~! m
7= Byfa=—L0___ ) (—)
w(p)p~! <m> P
p
This shows that a(mp®") = a(m)w(p)” <E> whichis (1). And ¢, = f+y=a+vy =
p
w(p) (Zj) (1+ p~1) which is (2). This completes the proof. O

Lemma 7.9 Let 0 # f(2) = Za(n)e(nz) be in G(N,1/2,w), N’ a multiple of N.

n=0
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Assume that f|T(p?) = cpf for any p { N'. Then there exists a unique square-free
positive integer t such that a(n) = 0 if n/t is not a square and
(1) t|N';

@ =) (1) 0+ for am
(3) a(nu?) = a(n)w(u) (i) for any u > 1 with (u, N') = 1.

Proof Let m,m’ be any positive integers with a(m) # 0 and a(m’) # 0, P the set
of primes satisfying p t N'mm’. For any p ¢ P, by Lemma 7.8 we see that

m m’

o) ()17 =) (%) a7

mm'’

so that ( ) = 1. This implies that mm’ must be a square. Therefore there exists

a square-free positive integer ¢ with m = tv?,m’ = t(v")? which implies the first part
of the lemma. Let now p be any prime with p { N’. Write v = p™u, p { u. Since
0 # a(m) = a(tp®"u?), we see that a(tu®) # 0 by the part (1) of Lemma 7.8, so that

t
p1tand ¢p = w(p) (p) (14+p~1) by the part (2) of Lemma 7.8. This showed (2) and

(1) since t is square-free. For the proof of the part (3), we only need to consider the
case that u = p,p{ N’, then we can write n = mp>® with p? { m. It is then clear that
(3) can be deduced from the part (2) of Lemma 7.8. This completes the proof. [

Corollary 7.1  Let the assumptions be as in Lemma 7.9. And assume furthermore
a(l) #0. Thent =1 and ¢, = w(p)(1 +p~ ') for any p{ N'. This implies that the
character w is determined uniquely by the set of eigenvalues cp.

Corollary 7.2  Under the assumptions of Lemma 7.9 we have that

ga(n)ns :tS( ) a(tn2)n2s> 11 (1 —w(p)(;))p%)_l.

nIN/oo ;DTN'

Proof  This is a direct conclusion of the parts (1) and (3) of Lemma 7.9. O

From now on we always assume that

f(z)= Za(n)e(nz) € G(N,1/2,w)

n=0
is a new form.
Lemma 7.10 Let f(z) = Za(n)e(nz) be a new form in G(N,1/2,w) which is an
n=0

eigenfunction of T(p?) for almost all primes p. Then a(1) #0 and t = 1.
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Proof If a(1) = 0, then a(n) = 0 for any n with (n, N’) = 1 by Lemma 7.9. By
Corollary 6.3 we see that f is in G°'(V, 1/2,w) which is impossible, so that a(1) # 0
and hence t = 1 by Corollary 7.1. This completes the proof. ([

From now on we always assume that a(1) = 1. In this case f is called a normalized

new form.

Lemma 7.11 Let g € G(N,1/2,w) be an eigenfunction of T(p?) for almost all
primes p and whose eigenvalues are equal to the ones of f. Then g = cf with a
constant c.

Proof Let ¢ be the coefficient of e(z) of the Fourier expansion of g. Then the
coefficient of e(z) of the Fourier expansion of h = g — c¢f is zero. If h # 0, then
h is an eigenfunction of almost all Hecke operators. By Corollary 7.2 we can find
N’ such that the coefficient of e(nz) of the Fourier expansion of h is zero for all n
with (n, N') = 1. By Corollary 6.3 we know that h € G°'4(N,1/2,w). Hence there
exists a factor N7 of N, a character v modulo N7 and a normalized new form ¢; in
G(N1,1/2,4) such that ¢, f and h have the same eigenvalues for almost all Hecke
operators. But the character 1 is determined uniquely by the set of all eigenvalues
¢p by Corollary 7.1. Hence ¢ = w and g1 € G°'4(N,1/2,w). Similarly we have that
f—g1 €GN, 1/2,w), 50 f = g1+ (f—g1) € G'Y(N,1/2,w) which contradicts that
f is a new form. This implies that h = 0, i.e., g = ¢f. This completes the proof. [

Lemma 7.12  Let f be a new form in G(N,1/2,w) and be an eigenfunction of
almost all Hecke operators. Then f is an eigenfunction of all Hecke operators T(p?).
Assume that f|T(p?) = c,f. Then

2 amn™ = [ —ep™) 7 [[O - wpp™) ™
n=1

p|N PIN
and ¢, =0 if 4p|N.

Proof Let p be any prime. Put g = f|T(p?). By the assumptions of the lemma
we know that g and f have the same eigenvalues with respect to the Hecke operators
T(g?) for almost all primes ¢. By Lemma 7.11 we have g = ¢f. This shows that f is an
eigenfunction of all Hecke operators. The Euler product can be deduced by Corollary
7.2. Assume that 4p|N, then by Lemma 7.9 we see that f|T(p) € G(N,1/2,wx,) and

fIT(p) = alnp)e(nz) = Y a(m’p*)e(pm®z) = (FITO*)|V(p) = cp [V ().
n=0 m=0

If ¢, # 0, applying Lemma 6.22 to f|T(p) we know that w is well-defined modulo
N/p and there exists a ¢ € G(N/p,1/2,w) such that f|T(p) = g|V(p). Hence g = ¢, f
which contradicts the fact that f is a new form, so that ¢, = 0. This completes the
proof. O
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Lemma 7.13  Let the assumptions be the same as in Lemma 7.12. Then N is a
square and f|W(N) = ¢f|H with a constant c.

Proof Let pt N be a prime. Then f|T(p?) = ¢,f and ¢, = w(p)(1 +p~!). By
Theorem 5.19 we see that

FIWN)T(p*) =w(p)ep fIW(N) =G fIW(N),  fIHT(p?) = (e /)| H =& f|H.

Since W(N), H send new forms to new forms, f|W(N) is anew formin G(N,1/2,wxn)
and f|H a new form in G(N,1/2,w). Since they have the same eigenvalues with re-
spect to T(p?) for all p ¥ N, and the set of eigenvalues ¢, determines uniquely the
corresponding character, we know that wyy = w. This shows that N is a square.
Lemma 7.11 implies that f|W(N) = cf|H with a constant c¢. This completes the
proof. 1

Theorem 7.5 Let f € G(N,1/2,w) be a normalized new form which is an eigenfunc-

tion of almost all Hecke operators. Denote by r the conductor of w. Then N = 4r2,

1
f == §9w
Proof Put
F(s):=> amn ™ =[[(1—cpp™ ) [J(1 —w(pp~ )",
n=1 pIN PIN
F(s) := Za(n)n_s.

By Theorem 5.22 we know that the above series is absolutely convergent for Re(s) >
3/2 and we have the following functional equation:

s—1/2
(20) T (s)F(s) = 1 (?\f) r(1/2 - $)F(1/2 — s), (7.16)

where we used the fact that f|W(N) = ¢f|H, ¢; and the following ¢, c3, ¢4 are all

constants. Set
G(s) = L(2s,w) = [ [(1 —w(p)p™) ",

pir
G(s) = L(2s,w).
Then we have
2t s—1/2 -
(2m) " I'(s)G(s) = c2 (@> I(1/2—3s)G(1/2—s). (7.17)
From (7.16) and (7.17) we see that
1— Cpp72s B N s—1/2 1— @p%*l
1l7= o <4T2> = wpp?s (7.18)

plm plm
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where m is the product of all prime divisors p of N with ¢, # w(p). If there exists a
p|m with w(p) # 0, then the function on the left (resp. right) hand side of (7.18) has
infinite (resp. no) poles on the line Re(s) = 0. Hence w(p) = 0 (i.e., p|r) for any p|m.
In this case we have ¢, # 0 since ¢, # w(p),

10 o9 (222 T -

plm plm

where c; = p/¢,. Considering the zeros of the functions on both sides of the above
equality we know that ¢, = c; for any p|m, so that |c,|> = p and hence ¢4 = 1,
Nm? = 4r?. By Lemma 7.12 we know that ¢, = 0 if 4p|N. This implies that
m = 1 or m = 2 by the definition of m. If m = 1, then N = 4r2. If m = 2, then
ca # 0,50 84 N. But w(2) = 0, so 4|r which contradicts the fact that 4N = 472
and 8 { N. We have shown that N = 4r% and F(s) = G(s). Thus for any n > 1 the

1
coefficients of e(nz) in the Fourier expansions of f and §0w coincide with each other,

1
ie, f— §9w € G(N,1/2,w) is a constant, so that it must be zero. This completes
the proof. 1

1
Lemma 7.14 Let w be an even character with conductor r. Then 50“} € G(4r?,1/2,

w) is a normalized new form.

Proof = We know that 6, is in G(4r%,1/2,w). By Theorem 5.15 we see that
0u|T(p*) = w(p)(L+p~ )0, Vptdr?.

If 6, is not a new form in G(472, 1/2, w), then there exists a proper divisor N7 of 472,
a character ¥ modulo N7 and a new form f in G(Ny, 1/2, ¢) such that f and 6, have
the same eigenvalues ¥(p)(1 + p~!) = w(p)(1 + p~ ) for almost all Hecke operators
T(p?). Therefore w = v and Ny = 4r? by Theorem 7.5. This contradicts Ny < 4r2,

hence 0, € G(472,1/2,w) is a new form. This completes the proof. O
a b a b\ _[1 «
({5 I 5=(2 ) )
Suppose that f(z) = Za(n)e(nz) is a modular form of weight k/2 for the group
n=0

I''(N). Let € be a periodic function on Z with period M. Put

o0

(fxe)(z) = Z a(n)e(n)e(nz).

n=0

The Fourier transformation of ¢ is
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M
é(m) =M1 Ze(n)e(—nm/M),

by the inverse Fourier transformation we have

M
e(n) =Y é(m)e(nm/M).
Hence we obtain that
M
(fxe)(z) = > &(m)f(z+m/M),
m=1

It is clear that the function f(z+m/M) is a modular form of weight k/2 for the group
I(NM?2).

Lemma 7.15 The following two assertions are equivalent:

(1) the values of f at all cusp points m/M (m € Z) are equal to zero (where m
and M may not be co-prime to each other);

(2) for every periodic function e with period M, the function

L(fxe,s) = Z a(n)e(n)n™?

n=1

is holomorphic at s = k/2.

The similar result holds also for modular forms of integral weights and the proof
is completely similar to the following one.

Proof The assertion (1) is equivalent to the fact that for any periodic function e
with period M the function f x ¢ takes value 0 at the cusp point s = 0. By Theorem
5.22 the assertion (2) is equivalent to the fact that the function f *c|W (N M?) takes
value 0 at ico. But the value of f *e|W (NM?) at ico differs from the one of f * ¢ at
the cusp point s = 0 by a constant multiple, so the lemma holds. This completes the
proof. O

Corollary 7.3 [ is a cusp form if and only if L(f ¢, s) is holomorphic at s = k/2
for any periodic function € on Z.

Since every cusp point is I'y(/V)-equivalent to some cusp point m/N, (m and N
may not be co-prime to each other), we only need to consider periodic functions with
period N for f € G(N,1/2,w).

Lemma 7.16 Let v be an even character but not totally even. Then 8y is a cusp
form.



230 Chapter 7 Construction of Eisenstein Series

Proof Let € be any periodic function on Z with period N. Without loss of gener-
ality, we may assume that N is a multiple of the conductor 7(1)) of ¥. By Corollary
7.3, we only need to show that

F.(s) =2 e(n®)p(n)n=2*

is holomorphic at s = 1/2. We have

N
Fe(s) =2 ) e(m®)g(m)Fp,n(29),

m=1
where

n=m mod N,
n>1

It is well known that F,,, n(s) has a simple pole at s = 1 with residue 1/N. Hence
N

the residue of F.(s) at s = 1/2 is equal to R(e,v)/N with R(e, ) = Z e(m?)(m).
m=1

We now only need to show that R(e,) = 0. Since ¢ is not totally even, there exists

a prime divisor [ of r(1)) such that the [-part ¢, of ¥ is odd. Write N = [*N’ with

1t N’. Take an integer I’ such that I’ = —1 (mod %), I’ =1 (mod N’). It is clear

that I’ is invertible in Z/NZ and I'> = 1(N), (') = —1. Therefore

R )= Y e(@mP)pm)=— Y em®(m)=—R(,v),

m mod N m mod N

i.e., R(e,v) = 0. This completes the proof. O

Lemma 7.17 Let ¢ be a totally even character, T a finite set of positive integers.

If f = Z ct0y1(ci € C) is a cusp form, then ¢, =0 for all t.
teT

Proof  Otherwise, let ¢y be the smallest number in 7" such that ¢;, # 0. Take a
positive integer M such that M is a common multiple of 2r(1)) and all numbers of T'.
Since 4 is totally even, there exists a character o modulo M with o? = 1. Define a
periodic function € on Z as follows:

e(n) = {a(n/to), if to|n and (n/to, M) =1,

0, otherwise.
We see that E( ) it (n M) = 1
n), if (n, =1,
cttor®) = { .
0, otherwise
and

e(tn?) =0, ifteT,t>to,
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(since (tn?, M) >t > tg). Therefore

L(f xe,s) = 2¢, Z P(n)h(n)(ton?) ™% = ¢4ty Z n=2s

(n,M)=1,n>1 (n,M)=1,n2>1
whose residue at s = 1/2 is

croty 2p(M)/M # 0.

By Corollary 7.3 we see that f is not a cusp form which is impossible. This completes
the proof. 1

Proof of Theorem 7.4 (1) We first prove that {6y (¢, t) € Q(N,w)} are linearly
independent. Since 1) is determined uniquely by w and ¢, ¢ appears only one time as
the second entry of a paring (¢, t) in Q(N,w). Assume

i Aiby; i, =0,
i=1

where t1 < to < -+ <tm, A\; #0 (1 <i<m). The coefficient of e(¢1z) of the Fourier
expansion of @y, ¢+, is equal to 2, and the ones of 0y, +, (i > 2) are equal to 0. This
shows that A\; = 0 which contradicts A\; # 0.

We now show that {0y .(¢,t) € Q(N,w)} generate G(N,1/2,w). Let f,g €
G(N,1/2,w). For any p{ N, using Lemma 5.26 we have

(fIT(p*), 9) = w(@*){f. 9IT(p*)),

which shows that @T(p?), p{ N are Hermitian and commute each other. So there
is a basis of G(N,1/2,w) whose every element is an eigenfunction of T(p?), p f N.
Hence we only need to show that if f is an eigenfunction of T(p?) (p  N) then f
is a linear combination of {6y .|(¢,t) € Q(N,w)}. We apply induction on N. If
f is a new form, Theorem 7.5 gives what we want. If f is an old form, then f is
either in G(N/p,1/2,w) and w is well-defined for modulo N/p, or f = ¢|V(p) with
g € G(N/p,1/2,wx,) and wx, well-defined modulo N/p. In the first case, f is a
linear combination of {6y .|(1,t) € Q(N/p,w)} by the induction hypothesis. It is
clear that Q(N/p,w) C Q(N, w). For the second case, g is a linear combination
of {0y |(1,t) € QN/p,wxp)} due to the induction hypothesis, hence f is a linear
combination of {6y ¢|(¥,t) € Q(N,w)}. This completes the proof of the part (1).

(2) We only need to show the following three assertions: @ if (¢,t) € Qc(N,w),
then 6y ¢ is a cusp form; @ any non-zero linear combination of {6y .| (¢, t) € Qe(N,w)}
is not a cusp form; @ if (¢, t) € Qc(N,w), (¥, ') € Qe(N,w), then 6y, is orthogonal
with 6, under the Petersson inner product.

The assertion @ is deduced from Lemma 7.16. Let now V be the intersection of
the set of linear combinations of {8y ¢|(¥,t) € Qe(N,w)} and the space of cusp forms.
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If V # 0, since V is an invariant space for the Hecke operators T(p?)(p f N), there
exists a 0 # f € V which is an eigenfunction of all T(p?)(pt N). But ¢(p)(1 +p~1)
is the eigenvalue of 6, ; with respect to T(p?). Hence f is a linear combination of
some @y, with the same ¢. This contradicts Lemma 7.17 and hence V = 0 which
shows the assertion @. Finally we prove the assertion @). Since 1/’w? is a totally even
character, we see that 1//w? # 1. So there exists a prime p with ¥(p) # 1'w?(p). Then
Y(p)(1+ p~ ') and ¢/(p)(1 + p~!) are the eigenvalues of 6, + and 6y respectively
with respect to T(p?). By the properties of Petersson inner product we have

(0.t T(p?), 0 1) = w?(p) (Bup.t, Our | T(p?)),

thus oy
P(p){Oy.t, Oy ) = V'™ (D) (O 1, Oy 1),
ie.,
(O, 0y 1) = 0,
which showed &. This completes the proof of Theorem 7.4. O

7.3 Construction of Eisenstein Series with Weight 3/2

In this section we shall construct a basis of the Eisenstein space of weight 3/2 for a
modular group I'h(4N) with N a square-free odd positive integer. The content of this
section is due to D. Y. Pei, 1982. Considering the Eisenstein series in Chapter 2, we
have

Theorem 7.6 For any k > 3 and w not a real character, Ex(w, N) and E} (Wxn, N)
belong to E(N,k/2,w). The functions f5(w,N) and fa(w, N) belong to E(N,3/2,w).
If D is a square-free odd positive integer, then the functions f1(id.,4D) and fi(id.,8D)
belong to £(4D,3/2,id.) and £(8D,3/2,id.) respectively.

Proof  We only prove the theorem for Ej(w, N) since the other assertion can be
proved similarly. In Chapter 2 we proved that Ej(w, N) is a holomorphic function on
H. We prove that it is also holomorphic at each cusp point. It is clear that Ey(w, N)

b) € SLy(Z) with ¢ # 0, we have

is holomorphic at ico. For any v = (CCL d

| Bi(w, N)(1(2))(cz +d) /2|
y’" (y— o0

by equality (2.31).

This shows that Ej(w, N) is holomorphic at all cusp points which means that
Ei(w, N) belongs to G(N, k/2,w). Now, we want to prove E(w, N) is orthogonal to
cusp forms. Let

Zc e(nz) € S(N,k/2,w)
n=1
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1
and v € I'H(N). Since / f(2)dz =0 and
0

FOr@)Im(y(2)) 2 = 3(d,)j (3, 2) i, ) 2 F )y,

we have
0= /OO ylstk)/2-2 /1 f(2)dady = / flx+ iy)y(s+k)/2_2dxdy
0 0 oo \H
= / Er(s,w, N)(z +iy) f(z + iy)y*/ > 2dzdy.
To(N)\H
To take s = 0 gives the orthogonality. |

We can compute the values of E%(w, N), Es(w, N), f1(id.,4D), f3(id.,4D), f5(id.,
8D) and f5(id.,8D) at cusp points similarly as is done in Section 7.1.

Lemma 7.18 (1) Let w? # id., then V(E4(w, N),1) =i. For any d/c € S(N) and
¢ # 1, we have V(E,(w, N),d/c) = 0.

(2) Let w? #id., then V(E3(w, N),icc) = 1. For any d/c € S(N) and ¢ # N, we
have V(E3(w, N),d/c) = 0.

Proof (1) By (2.7) we have
(—2)2 By(w, N)(2) = iB3(w, N)(=1/(Nz)). (7.19)

Hence, V(E5(w, N),1) =iV (E3(w, N),ic0) = i.

The other assertion can be proved by a method similar to the proof of Theorem
7.2.

(2) The first result is obvious and the second one is obvious from (7.19). O

Lemma 7.19 We have

V(fi(id.,4D),1) = —(1 +1)(4D) ™!,
V(fi(id.,8D),1) = —(1 4+1)(8D) .

Proof By the definition of fi(id.,4D), we have
f1(id.,4D)(2) = E3(0,id.,4D)(z) — (1 = 1)(4D) ' 27*2E4(0, xp, 4D)(—(4D2)7").
Therefore,

22 f1(id., 4D)(—(4D2)"Y) = E}(0,id., 4D)(2) — 2D"/2(1 + 1) E3(0, x p, 4D)(2)
= —2DY?(1 +1i) fi(xp,4D)(z).

By the definition of V'(f1(id.,4D),1) and (2.37), we have
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V(f1(id.,4D),1) = lim (4Dz)~%/2f(id.,4D)(—(4Dz)™1)

= Z—(1100+ i)(4D)~.
And the second result can be proved similarly. O
Lemma 7.20 We have
V(f5(id.,4D),1/8) = —4
V(f;(id.,4D),1/(2p)) = 0,
V(f3(id.,4D),1/(4)) = w(D/B)B/D.

Proof  We know that f3(id., 4D) € G(4D, 3/2, id.) and for any prime factor p|2D,
f3IT(p?) = f5 (This can be proved by (2.42)).
In particular, f5|T(4) = f5. Hence

A +1)u(D/B)B/(Dep),

. 1 i L 1+ 2k3
f2(1d-74D)<2+%>=41;f2(1d-,4D)(2+ ),

But (14 28k)/(88) and 1/(43) are I'x(4D)-equivalent. So we have

1+ 28k
o)

4
V(£ 4D),1/28) =47 S0 (556,40,
k=1

:4_1;( 26 >€1+2kv(f2*(id.,4D),1/(4ﬂ)):0’

1+ 28k
h ed the fact (20} = — (%) g V(f;(id.,4D),1/(4D)) = 1, b
where we use e fac ardi) = . ) ince 5 (id., , =1, by

Lemma 7.1, we have V (f5 (id.,4D),1/4) = u(D)D~'. Hence we get the third equality
by the second equality of Lemma 7.1. Using

£3(id., 4D)(z) = 47! f: f2(id., 4D) (Z + Z)
=1
and
V(f;(id.,4D),1/2) = 0,
we get
V(f3(id.,4D),1) = 4~ Y (1 + )V (f3 (id.,4D), 1/4) + 2V (5 (id.,4D), 1).
Since 3/4 and 1/4 are Ih(4D)-equivalent, we get
V(f3(id.,4D),1) = =41 (1 +i)u(D)D~ L.

This proves the first assertion in Lemma 7.20 from Lemma 7.1. This completes the
proof. O
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Lemma 7.21  Let m, 3,1 be factors of D. Let f(z) € G(8D,3/2, x21) satisfy

fIT(®*) =f, ¥ p|m,
fIT®?) =pf, ¥ p|Dm™*

Then
1—r a
V(f,1/(2"a)) = pla)ala, 1) ) l)(W)V(ﬂl/?r% r=0,1,
V(£.1/(80) = n(@aton) M eywner (S0 )V (11/5)

V(fal/(Qrﬂ)):O7 T2071a3 and (67D/m)7é1
Proof  This can be proved in a similar way as in the proof of Lemma 7.4. o
Lemma 7.22 Let 3 be any factor of D. Then we have

—27 (1L +0)u(D/ 882D,
274 (1 +)u(D/F)FY D,

V(f3(x2p,8D),1/8
V(f3(x2p,8D),1/(28)
V(f3(x2p,8D),1/(43)

(x2p,8D),1/(88)

’

wD/B)BPD™ e .

)=
)
)
)

Proof Put h = f;(x2p,8D). Then h € G(8D,3/2,x2p) and h|T(p*) = h for
any prime factor p|2D. Using h|T(4) = h and V(h,1/(8D)) = 1, we can prove
V(h,1/(408)) = 0 for any 3|D and

V(h,1) = —273/2(1 +)u(D)D~ /2,
V(h,1/2) =27 (1 +i)u(D)D~ /2,
V(h,1/8) = w(D)D~2¢p

Now taking [ = D in Lemma 7.21 gives Lemma 7.22. |

Lemma 7.23 Let 3 be any factor of D. Then we have

2711+ )u(D)V (f2(id.. 8D), 1/5) =—16*1<1+i>ﬂ<D/mﬁD e,
1(1+1)M(D)V(f2(1d 8D),1/(28)) =
271+ DDV (1214, 8D),1/(49)) = =2~ u(D/ )50
—27 (1 + )u(D)V (f2(id.,8D), 1/(88)) = u(D/B)BD

Proof By the definition of f3(x2p,8D)(2) and fa(id.,8D)(z), we have

f3(x2p.8D)(—1/(8Dz2))z3/* = 8iD f5(id., 8D)(2).
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Let ¢ be a divisor of 8D. Since
(—cz)‘n’/zfg(id.7 8D)(z +c¢ ') =— i(8D)_163/2f2*(x2D, 8D)

3/2
% N\ (__Z
(8D(z—|—c—1) 8D>( z+c—1> ’

V(f2(id.,8D),1/¢) = =i(8D) "¢V (f5(x20,8D), —¢/(8D)).

We have

Since the cusp points —¢/(8D) and ¢/(8D) are IH(8D)-equivalent, we get the lemma
by Lemma 7.22. |

Lemma 7.24 Let f € G(N,3/2,w) be zero at all cusp points of S(N) except 1/N.
Then g = fIW(Q) is zero at all cusp points of S(N) except 1/(NQ™1).

—1
Proof It is clear that the transformation z — in induces a permutation
ulNz +vQ
of the equivalent classes of cusp points of I'x(N) and
Q-1 _Q-N/Q
uNz+vQ|,_gn-1  (ut+v)N’

which is I'g(NV)-equivalent to 1/N. These two facts imply Lemma 7.24. O

Let N =2"N',r > 2,2{ N’ and w be an even character modulo N with conductor
r(w). Then by the dimension formula, we have

2 > o((c, N'/c)) — dim&E(N,1/2,w), if r =2,
c|N’
(e.N'/e)IN/r(w)
3 > o((c, N'/c)) — dim&E(N,1/2,w), if r =3,
c|N’
(e.N'/e)IN/r(w)
> (e, NJe)) — dimE(N,1/2,w), if r > 4.

c|N
(e;N/e)IN/r(w)

dim&(N, 3/2,w) =

By Theorem 7.4, we know that dim&(N,1/2,w) is the number of pairs (¢,t) of
Qe(N,w).

Now we always assume that D is an odd square-free positive integer, m,[l and 3
are divisors of D, « is a divisor of m and v is the number of prime divisors of D. Since

(4D, y1) = {(id., )}, Q(8D, x1) = {(id., 1)}, Qe(8D, yar) = {(id., 21)}, we have

dim&(4D,3/2,x;) = 2T — 1,
dim&(8D,3/2, x;) = Aim&(8D, 3/2, x21) = 3 - 27 — 1.
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We shall construct a basic of £(4D,3/2,x:), £(8D,3/2,x;) and £(8D,3/2, xa1) re-
spectively. Since only Eisenstein series of weight 3/2 are considered, we shall omit all
Subscripts 3. E.g., we define

/\(n7 4D) = )\3(71, 4D) = L4D(2a id')_1L4D(1v X—n)ﬂ3(na 07 XD, 4D)
and
A(pv TL) = A3 (p7 n)v etc.
Define functions

g(x1,4D,4D)(z) =1 — 4m(1 4 1)I*/? i Min,4D)(A(2,In) — 471 (1 — 1))

n=1

X H (p,In) — p~HHn'%e(nz),

p|D

g(x1,4m, 4D)(z) = — 4n(1 4 1)I*/? i AMin,4D)(A(2,In) — 471 (1 — 1))

n=1

X H (p,In) — )n1/2e(nz), Ym # D,

g(x1,m,4D)(z) = 2ml*/? Z A(ln,4D) I_I(A(p7 In) —p~YHn'?e(nz), Vm+#1.

n=1 plm
Theorem 7.7 (1) The functions g(xi,4m,4D), (Vm|D) and g(xi,m,4D) (V 1 #
m|D) constitute a basis of £(4D,3/2,x1).
(2) For any p € S(4D), we have
—47 (1 + i) p(m/a)am = 1M2(1, 04)_1/25;/1(1 o) (

ifp=1/a, ajm,

/(1)
a/(l,a))’

V(g(xi,4m,4D),p) = u(m/a)amflllm(l, a)71/2€l/(l,a) a/(l, a) 7
/(1)
if p=1/(4a), a|m,
0, otherwise.

(3) For any p € S(4D), we have

—A7H L+ Dulm/@)am =21 0) T 2T (%>
V(g(xi,m,4D),p) = if p=1/a, a|m, 7

0, otherwise.
Proof  We first prove (2) for [ = 1. By equality (2.45), we have g(id.,4D,4D) =

f5(id.,4D). Hence the theorem holds for g(id.,4D,4D) by Theorem 7.6 and Lemma
7.20. Now suppose m # D. We have
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o0

glid., 4m,4D) = —4n(1+i) [[ p(1+p)~ Z (n,4D)(A(2,n) — 471 (1 — 1))
p|D/m n=1
< [[(A,n)—p™) ] {1+A@.n)—(Ap,n)—p~ ")} n'/?e(nz2)
plm p\D/m
IT »(+p)7" > wld)fs(d., 4md).
p|D/m d|D/m

Therefore g(id.,4m,4D) € £(4D,3/2,id.). But

A(2,4n) — 4711 — 1) =271 (A(2,n) — 4711 — 1)), (7.20)
A(p,p*n) —p~ ' =p (Alp,n) —p7"), p#2 '
implies that
g(id.,4m,4D)|T(p*) = g(id.,4m,4D), p|2m (7.21)
g(id., 4m,4D)|T(p*) = pg(id., 4m,4D), p|D/m. '
By Lemma 7.20, we have
V(g(id.,4m,4D),1) = [] p(t+p)~" D wdV(f;(id., 4md),1)
p|D/m d|D/m
=—47 1410 ] pt+p)" D w(d)p(md)(md) =
p|lD/m d|D/m

= —47 1+ 1) p(m)ym™.

Using g(id., 4m,4D)|T(4) = g(id., 4m,4D) and the method for showing Lemma 7.20,
we can prove that
V(g(id.,4m,4D),1/(2p)) = 0

and
V(g(id.,4m, 4D),1/4) = —4(1 +1) "'V (g(id., 4m,4D), 1) = p(m)m™ .

By Lemma 7.4 we get part (2) of the theorem for [ = 1.
For [ # 1, we have

l
9(x1,4m,4D)(z) = g(id., 4m,4D)(2)|T(1) = 1"* > g(id., 4m, 4D) (z T k)
k=1

Hence g(x;,4m,4D) € £(4D, 3/2, x;) and we have

1/d
V(g(xi,4m,4D),1) = 17" "d** Y~ V(g(id.,4m,4D),k/(1d™"))

d|l k=1
(k,1/d)=1
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1/d

=1 12#”2( i )V(g(id.,4m,4D),1/(1d—1))

d|l =
= 471+ i)p(m)m Y2

by Lemma 7.2. Since (7.21) holds also for g(xi,4m,4D), we can prove that the part
(2) of the theorem holds also for g(x;,4m,4D). This completes the proof of the part

(2).
Now we prove part (3) of the theorem. Similar to the above, we only need to
consider the case [ = 1. Suppose g(id., m, 4D) € £(4D, 3/2, id.), then by (7.20) we

have

g(id.,m,4D)|T(p?) = pg(id.,m,4D), V p|2D/m.
Using (7.22) for p = 2, we have

(7.22)

V(g(id.,m,4D),1/(48)) =471 > V(g(id., m,4D),

k=1

— V(g(id.,m, D), 1/(45)),

which implies V' (g(id., m, 4D), 1/(48)) =0
Using again (7.22) for p = 2, we have also

1+ 4Pk
)

2V (g(id.,m,4D),1/(28)) = 4~ 1ZV( id.,m,4D),

k=1

1+28k\
843 )‘0‘

So if V(g(id.,m,4D), 1) is known, then the values of g(id., m,4D) at all cusp points
can be computed by Lemma 7.4. Put

fa(id.,4D)(z) = 21 Y _ A(n,4D) ( [TA®.n) - D1> n'/%e(nz).

n=1 p|D

Then
f1(id.,4D) = —f3(id., 4D) + 1 — 4w (1 + i) f:A (n,4D)(A(2,n) — 471 (1 —1))
n=1
X HA(p, n)nt/?e(nz)

p|D

=D myg(id.,4m,4D) — f5(id.,4D),
m|D

which implies that fg(id. 4D) € £(4D, 3/2,id.) and

V(f3(id.,4D),1)=D~" Y " mV (g(id.,4m,4D),1) = V(f1(id.,4D), 1)
m|D
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=4 Y um) D)™

m|D
=(141)(4D)™ " (7.23)

We shall prove that g(id.,m,4D) € £(4D,3/2,id.) and calculate V' (g(id.,m,4D), 1)
by induction, and hence will complete the proof of part (3).

If D = pis a prime, then g(id., p, 4p) = f3(id., 4p) € E(4p, 3/2,id.) and then (7.23)
implies the part (3). Now we use induction on the number of prime divisors of D.

Since
[[a+» " TAwn) -
|8 p|D
=[] @A@n) -p™H][{Q+A@n)a+p) " -p '}
p|D/B |
=> u(@d)ds~" [ (Aw,n) —p O[O+ A, n)(A +p)7,
d|p plD/B pld
we get
S ou@[a+p) " [[(Ap.n) -
D#B|D p|B p|D
=[[A@.n)-D7'+ > > uld)ds™
p|D D#B|D 1#d|B
IT Ap.n) —p H ]+ Ap.n)(1+p)~"
plD/B pld
But
Ai(n,4m) = \e(n,4D) ] (1 + Ax(p,n)),
p|D/m
we get

S uw® [ +p) " gld. D.4D)

D#pB|D plB

= f3(id.,4D) + > Y p(d)dB~'g(id.,D/B3,4D/d).
D+#B|D 1#£d|8

By induction hypothesis, we get g(id., D,4D) € £(4D,3/2,id.) and

> uw@ ] +p)'Viglid., D,4D),1)

D#B|D plﬁ

=(1+ Y w@ds T [ +p) (-4 A+ )u(D/B)BD )

D#B|D 1#d|3 pld

= @)@+ D) Y w@ A+

D#B|D plB
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Therefore, V(g(id., D,4D),1) = —(4D)~*(1 + i)u(D), which completes the proof of
part (3) for m = D.
For m|D, by the method used in the proof of the part (2), we get

g(id.,m,4D) = ] p(1+p)~" Y w(d)g(id.,md,4md).
p|D/m d|D/m

Using the induction hypothesis and the above result, g(id., md,4md) € £(4D, 3/2,id.),
and hence g(id.,m,4D) € £(4D, 3/2,id.) and as well as

V(g(id,m,4D),1) = [ p(t+p)~" > wdV(g(id., md,4md),1)
p|D/m d|D/m

= a0 [T o040 Y d)ptmd)md)

p|D/m d|D/m
—(4m) 7 (1 +i)u(m),

we complete the proof of part (3).
Finally we prove part (1). For each prime divisor p of D, we define

1/(1,p)
p/(l,p)

Gt 4D) = 21 = D200 ey (2 )l D),
G(x1,4,4D) = 1""%  g(x1,4,4D).
We define the following function by induction on the number of prime factors of m:

m/(l,m)
l/(lm)> {Q(X“‘lm’ 4D) - g(xi,m,4D)

— p(m)ym= 2N p(@)a(l, @) ey 0,0

malm
X (?// ((zl,’S)) > G(x1,4a, 4D) }

G(Xl7 m, 4D) = 2(1 - 1)l_1/2(la m)1/2€m/(l,m) (

G(X17 4m, 4D) = l_l/z(l’ m)1/2 l_/}l m) (

and

1/(1,m)
m/(l,m))

X {Q(Xl, m,4D) + (1 41)(4m)~!

xp(m) D p@)ad P (a) el

1,m#alm

(o)

We can prove that for » = 0 or 2, V(G(xy, 2"m, 4D), p) =0 for all p € S(4D) except
for p=1and 1/(2"m) and
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V(G(xi, 4m,4D),1/(4m)) = V(G(x, m,4D),1/m) =1,

V(Glx, 4m, AD), 1) = = (m) " (L D) (1 m) ! Repf, ) (%)

V(GOa,m.AD). 1) = =m ™ (1.m) e 1. (%)

These equalities imply that G(x;,4m,4D) (Ym|D) and G(x;,m,4D) (1 # m|D) are
linearly independent. But the number of these functions is equal to the dimension of
E(4D,3/2,x1). So they constitute a basis of £(4D,3/2, x;), so do g(xi,4m,4D) and
g(x1, m,4D). This completes the proof of the theorem. |

We shall construct a basis of £(8D,3/2,x;) and £(8D, 3/2, x21) respectively. Put
R={neZn>1,n=10r2 (mod4)}.

Define
fa(id.,4D) = 21 Y~ A(n,4D) [[(A(p,n) — p~")n'/2e(n2).

neR p|D
Then 3
f3(id.,4D) + 27 (1 + §)p(D) f2(id., 8D) = T fa(id., 8D),
where we used the fact A(2,n) — 4711 —i) = %(1 —1) for n € R. Tt follows that
fa(id.,8D) € £(8D, 3/2,id.). By Lemma 7.21 and Lemma 7.23, we get
V(fa(id.,8D),1/8) = =8~ ' (1 +)u(D/B)BD ‘e, (7.24)
V(fa(id.,8D),1/(48)) = u(D/B)BD~".
For any m|D, define

g(x1,4m,8D) = 2nl*/? Z A(in,4D) I—I(A(p7 In) —p~Hn'’2e(nz).
In€ER plm

Theorem 7.8 (1) The functions g(xi,4m,8D) (V m|D), g(xi,4m,4D) (V¥ m|D)
g9(x1,m,4D) (V¥ 1 # m|D)) constitute a basis of £(8D,3/2,x1).
(2)

=87 (1 +i)u(m/a)am ™12 (1)~ e ] (
lf p= ]_/0[7 alma

Vioouw s SPLD =0 e 1020,0) 0 (S22 )
if p=1/(4a), a|m,

0, otherwise.

/(1)
a/(l,a))
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Proof  We first prove (2). Since g(x;,4m,8D) = ¢(id.,4m,8D)|T(l). So we only
need to prove (2) for [ = 1. We can get

g(id.,4m,8D) = [ p(1+p)~" D w(d)fs(id.,8md) € £(8D,3/2,id.)
p|D/m d|D/m
by a similar method used in the proof of theorem 7.7. By (7.24) we have
V(g(id.,4m,8D),1/(80)) = V(¢(id.,4m,8D),1/(20)) = 0,
V(g(id., 4m,8D),1) = =811 + i) u(m)m ™1,
V(g(id.,4m,8D),1/4) = u(m)m™*.

Bt (id.,4m,8D), Vp|
id., 4m, ) m,
g(id., 4m, 8D)|T(p?) = {g | !
pg(id.,4m,8D), Vp|D/m
implies (2) by Lemma 7.4.

1
Now we prove (1) by a method similar to the proof of Theorem 7.7. Since 30 and
e

1
1o e I'v(4D)-equivalent, we have
!

V(9(xt, 4m, 4D), 1/(80)) = p(m/a)am™12(L,a) ;1.0 (

Define
G(x1,4,8D) = 17?1 g(x1,4,8D),

2
G(xi,8,8D) =172 <l> {90x1,4,4D) = g(x1,4,8D)}.
Then we define by induction

2m/(1,m)
it ) ot aman
- g(Xla 4m, 8D) - 2719()(17 m, 4D)

— pmm Y a)adl, @)

m#alm

X €1/ (1,a) (%) G(xi, 8a, 8D)}

G(x1,8m,8D) =1"1/2(i, m)l/zsl_/b m) (

and

— 27 g(x1,m, 4D) — p(m)m=11/? Z p(a)a(l, o) ~1/?

m#Zalm

G(xi,4m,8D) =17"2(l,m)" %1, m)(

X €1/(1.a0) (m>G(XZ,4a,4D)}.
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We define also G(x;,m,8D) = G(xi,m,4D) for m # 1. We can prove that for
r=20,2,3,V(G(xi,2"m,8D),p) = 0 for all p € S(8D) except p =1 and 1/(2"m) by
induction, and
V(G(xi,m,8D),1/m)=1, m#1,
V(G(xi,4m,8D),1/(4m)) = V(G(xi,8m,8D), 1/(8m)) =1,

V(G(Xl’ m, 8D)’ 1) = _mil(l7 m)l/zgm/(hm) (%>’
V(G(xi,4m,8D),1) = =87 (L +i)m ™" (L, m) %4, (W)
V(G(xi,8m,8D). 1) = =8 (1 + m~ (Lm) e,y (W)

Gathering the values of G(x;, m,4D) at 1/m and 1 computed in the proof of Theorem
7.7, we know that G(x;,8m,8D) (¥ m|D), G(xi,4m,4D) (¥ m|D) and G(x;, m,8D)
(V 1 # m|D) constitute a basis of £(8D,3/2, x;). This completes the proof. O

Finally we consider £(8D, 3/2, x2:). Define
9(xa1,m,8D) = g(xi,m, AD)|T(2), ¥ 1 #m|D
9(xa1,2m,8D) = g(x1,4m,8D)|T(2), ¥ m|D,
9(x21,8m,8D) = g(x1,4m,4D)|T(2), V m|D.
Then we have

Theorem 7.9 (1) The functions g(xai, m,8D) (V 1 # m|D), g(xai,2m,8D) (V m|D)
and g(xai,8m,8D) (VY m|D) constitute a basis of £(8D,3/2, xai)-
(2) For p € S(8D), we have

—2732(1 + i) u(m/a)am=1M2(1, a)*l/%;}(l o (21/(Z7 a)>7

a/(l, )
V(g(xai, m,8D),p) = if p=1/a, a|m,
0, otherwise,
_ . _ 12— 21/(1, a)
_9-5/2 171/2 1/2_—1 A
27721 + Hu(m/a)am™ 12 (1, «) €a/(0) (a/(l,a))’

if p=1/a, alm,

Viovan 2 8DLE) = o (it a)am1/20,0) e e (25,

if p=1/2a), alm,

0, otherwise,
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gy 4 j)u(m/a)am_lll/Q(l’a) 1/2¢-1 a/(l,a) (205//(())>

if p=1/a, alm,

=27 (1+i)pu(m/a)am=M2(1, a)*l/%;/l(l)a)&fl (i//((l; Z)))
V(g(xai,8m,8D),p) = if p=1/2c), alm, ’

p(m/a)am =21 a) " 2y 0 <?//((ll’§))>7
if p=1/(8a), alm,

0, otherwise.

Proof  Since dim&(8D,3/2, x21) = dim&(8D,3/2, x;) and T(2) is a linear operator
from £(8D,3/2, x;) to £(8D,3/2, xa1), we get the part (1) by Theorem 7.8. The part
(2) can be proved by Theorem 7.7, Theorem 7.8 and the definitions of g(xai,2"m,8D)
(r=0,1,3). O

Several applications of the basis given in Theorems 7.1-7.9 will be described in
the rest part of the book:

(1) Construct certain generalization of Cohen-Eisenstein (Section 7.4);

(2) Prove Siegel theorem for positive definite ternary quadratic forms (Section
10.1);

(3) Determine the eligible numbers of certain positive definite ternary quadratic
forms (Section 10.3).

It is worth mentioning one more application briefly, which is due to G. Shimura,
[S5] here. Let

oo

Z n)exp{2ninz}, g(z)= Z b(n)exp{2ninz}
n=0

be a cusp form with the weight k/2 and a modular form with the weight (/2 respec-
tively, where k and (I < k) are positive odd numbers and the Fourier coefficients a(n)
and b(n) are algebric numbers. Define Zeta function

= Z a(n)b(n)n™

Shimura proved that the number D(t/2, f, g), where 1 < t < k — 2, multiplied by the
number st~ "u_(F') is a algebric number, where the integer r is determined by ¢,1, k
and u_(F) is the period of a modular form F' determined by f with the weight k — 1.
In the Shimura’s proof of the above result the basis constructed in Theorems 7.7-7.9
were used when k = 3.
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7.4 Construction of Cohen-Eisenstein Series

Let x be a Dirichlet character modulo N, and denote by L(s, x) the associated L-series
=> x(n)n~
n=1

B
For a positive integer & we have that L(1 — k, ) = Z’X,

are defined by

N a e k
x(a)te® t
Nt _ 1 ZB’“XE'
a=1 k=0
Fix an integer k > 2 and define rational numbers H(k,n) by

H(k’n) = L(l _kaXD)Z/’L(d)XD(d)dk710-2k71(f/d)7 if (_]‘)kn: Df27
dlf
0, otherwise,

where ¢ denotes the Riemann (-function, u the Moebius function, D a fundamental
discriminant, x p the quadratic character associated with Q(\/B) and the arithmetical
function o, is defined by o,.(m) = Z d". H.Cohen introduced the rational numbers

d|m
H(k,n) and proved that

Hy(2) =Y H(k,n)exp(2minz) (7.25)
n=0
is a modular form of half-integral weight k + 1/2 for I'p(4) in [C] which is now named
Cohen-Eisenstein series. For k = 1 and group I'o(4p) with p a prime, Cohen-Eisenstein
series is defined by

Hy (2 Z H(n), exp(2ninz), (7.26)

where H(n), := H(p’n) — pH(n) w1th H(n) (for n > 0) the number of classes of
positive definite binary quadratic forms of discriminant —n (where forms equivalent
to a multiple of 22 + 3% or x? + 2y + y? are counted with multiplicity 1/2 or 1/3
respectively) and H(0) = —1/12. H; p is a modular form of weight 3/2 on I'y(4p).

We shall construct some explicit modular forms in the space E,:;l /2 (4N, x;) with
k > 1 which can be viewed as a generalization of Cohen-Eisenstein series and consti-
tute a basis of Ek+1/2(4N, X1)-

Let By y be the generalized Bernoulli number defined by

N a e k
x(a)te™ t
Nt _ 1 ZB’“XE’

a=1 k=0
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where N is a square free odd positive integer and x is a Dirichlet character modulo

N. And let M,;:1/2(4N, X:) be Kohnen’s “+ space” defined by
M (W) = { 16) = S a(m)a"lf € GUN, -+ 1/2, )
n=0
with a(n) = 0 whenever e(—1)*n =2,3 (mod 4)},
S:+1/2(4N, x:) the Kohnen’s “space” defined by
Sk+1/2(4Nx1 { ia )"|f € SAN,k+1/2,x1)
n=0

with a(n) = 0 whenever e(—1)*n =2,3 (mod 4)},

E+

fr1/2 (4N, x;) the Kohnen’s “space” defined by

a(n)q"|f € E(AN,k+1/2,x1)

Dﬂg

B aaaN) = { £2) =

Il
o

with a(n) = 0 whenever ¢(—1)*n =2,3 (mod 4)}
We define the following rational numbers H(k,l, N, N;n) and H(k,l,m, N;n) with
N # m|N:
Ly(1—2k,id.), ifn =0,
Ly(1 =k, xpy) Y w(d)xi(d)xp, (d)d* " onak—1(fa/d),

H(k,l,N,N;n):= At
if e(—1)kn = D, f2 and (—1)kIn = D, (f.)?,
0, otherwise,
| . . . . 21
where oy 2k—1 is the arithmetical function defined by oy 2k—1(t) := Z d
dlt,(d,N)=1
and
0, if n=0,
=t (%) ¢
Lon(1 =k, xpr P o
( XDn) H 1—p2k ((L D,,. m))
H(k,l,m,N;n):= pIN/m
x Y il d)xi(d)xp, ()" o N 26-1(fn/d),
d|fn
if e(—1)*n = D, f2 and (—1)kIn = D/, (f.)?,
0, otherwise,
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where 0, v 2k—1 is the arithmetical function defined by

Om,N,2k—1(t) = Z a1,

djt,(dym)=1,
(t/d,N/m)=1
Note that H(k,1,1,1;n) = H(k,n) are just the rational numbers defined by H.Cohen.

Theorem 7.10 Let N be a square-free odd positive integer and | a divisor of N.
Then
(1) If k =1 and N > 1, then the functions defined by

Hi(xi;, N,N)(2) :

> H(1,1,N,N;n)q",

n=0

Hi(xi,m,N)(z) := ZH(l,l,m,N;n)q” for all m with 1, N # m|N

n=0

belong to E;r/2(4N, X1) and constitute a basis of the space E;/Q(él]\f7 Xi1)-
(2) If k = 2, then the functions defined by

Hy(x1, N,N)(2) := > _ H(k,1,N,Nin)q",

n=0

Hy(xi,m,N)(z) := ZH(k,l,m,N;n)q” for all m with N # m|N

n=0

belong to E,j'_~_1/2(4]\f7 Xt) and constitute a basis of the space E;‘+1/2(4N, Xi)-

Remark 7.1 H(id., 1,1)(z) is just the Cohen-Eisenstein series Hy(z). Since

Ly(-1,id) =~ [[( - )

p|N

and WD D
1w = 33 S uta) () s/
dlf
where —n = D f? with D a negative fundamental discriminant, w(D) half the number
of units in Q(v/D), we see that H (id., p, p) is just the Cohen-Eisenstein series Hi (%)
by class number formula.
We need the following:

Lemma 7.25 Let n be a positive integer with (—1)kn = D(2" f)? where D is a
Sfundamental discriminant, f is a positive odd integer and r > —1 is an integer. Then

(AR(2,n) —n2)2"2(1 — (=DM)(1 — 282) (1 —27A (g)) (1 -2kt



7.4  Construction of Cohen-Eisenstein Series 249

:2—T(k—2) 1— 2>\—1 B
2 )

(Ai(pyn) — )t rDE=2)(1 = pF-2) (1 —p (lp)) )(1 ~pihy

D
=1—pt! (—) , P s an odd prime ,
p

where A = (k—1)/2 for an odd integer k.

Proof The lemma can be proved by the definitions and some direct calculations.
|

Proof of Thorem 7.10 (1) We know that the dimension of E3/2 (4N, x) is 2t0V) —

1. So we only need to prove that Hy(x;, m, N)(z) (1 # m|N) belong to E;'/Q(él]\f7 X)
and are linearly independent.
By the results in Section 7.3 we know that the following functions
3
H{(xi,m,N) = g(xi,4m,4N) — 29 g(xi,m,4N), V 1+#m|N (7.27)

belong to £(4N, 3/2, x;) and are linearly independent. We now prove that H (x;, m, N)
belongs to E3+/2(4N, x:) and is a non-zero multiple of Hi(x;,m,N) with 1 # m|N.
By the definition, we see that

H!(x1,m,N) Zam = —4n(1 ZAg (In,4N)(A3(2,1n) +273(1 — 1))
n=1
x H (As(p,In) —p~")(In)'/?q", ¥ m|N,m # 1, N, (7.28)
plm

H!(xi,N,N) : ZaN n)q :1—4n(1+i)§:/\3(ln,4N)(A3(2,ln)+2_3(1—i))

n=1
x H (A3(p,in) —p~")(In)"2q".
pIN
Denote
I(l,n) == A3(2,In) +273(1 —i). (7.29)

By the definition of A(2,In), we see easily that I(l,n) = 0 if In = 1,2 (mod 4)
and hence a,,(n) =0, ay(n) = 0 if In = 1,2 (mod 4). This implies that Hj(x;, m,
N) e ESJ)F/2(4N, Xi)- Whenin =0,3 (mod 4), ¢ = (—l)lfT1 =1 (mod 4) which implies
that en = 0,3 (mod 4). Hence we can suppose that —en = D,, 2 and —In = D/, (f)?
with D,, and D/, fundamental discriminants, f,, and f! positive integers. It is clear
that D], = elD,,/(l, Dy)?, fi = (I, D,,) fn. From these we see that if p{ N then p|D,,
if and only if p|D), and v,(fn) = vp(f}). By the definition of Az(p,in) and some
calculations we have that
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D/
4711 —1) (1—|—2 ( 2 )), ifin=3 (mod 4),
3 va(f,,)
—t . _
16 (1-1) Z 2 ifin=0 (mod 4) and 21 15(In),
va(f,) s ve(fn)-1
I(Ln): -1 s D, 7t_1 Dn —t
4711 1)(1+2(2 > 2 515 27t |,
t=0 t=0
if in=0 (mod 4) and 2|v5(In),21 D},
3 va(f},)
—(1-i) Y 27, if In=0 (mod 4) and 2|vs(In),2|D,.
16 =

(7.30)
By Lemma 7.25 we obtain that for In = 0,3 (mod 4)

TTastotm ~ =302 = 4 12 TT (1= (52 ) ) =

plm plm

({, Dn)

(1, Dy, m) yn (1 - (%)) (1-p)

—| D, |2

D'\ !
x (1 —p ! (—”)) Q-p ) [[p~Y.  (131)
p
ptm
We also have that
/63(ln7 XN, 4N)
—In 1
= > p(a) Y (ab)
(ab)?|in,(ab,2N)=1
a7b positive integers
”p(f/) Vp(f,) Vp(f,)_l
n B n _ B D;L n B
:H Zpt pt_p1<_> pt
pID, 2N 1=0  piaND; \ =0 P/ =
’/:D(fn Vp fn D Vp(fn)_l
- I Yo I (S rraw () X o] as
plDyopl2N =0 p2ND, \ =0 p =0

where we have used the fact that p|D,, if and only if p|D;, and v,(fn) = vp(f}) for
p1 N. By the functional equation of L-functions we see that
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s (%)
Lan(2,id.)
Dy, 1 ( Dy
—o(1+1)| D, |72 L <0C’(<_1)>) H (1 _f_p(zp >> (7.33)
pl2N

Using these equalities (7.28)—(7.33), we finally find that for 1, N # m|N and n

) <07 (D_>> (1. Dy) (1 e (D_>>

b
L, (—1,id. l,D,, 1_p-2
i) Go.m 1 »
3 udyi(d) (D) T
d b
d|fn e|fn/d,(e;m)=1
(fn/de,N/m):l

where we used the fact that

Z pt
p|Dn,ptN t=0 ptND,, \ t=0

vp (fn) vp(fn) vp(fn)—1
I T Y o IS o -riion (22)
ptm

VP(fn Vp(fn
— H p”p(fn

D vp(fn)—1
I X/ I (X o ()
p|N/m

t
> p
p| Dy ptN =0 ptN Dy, t=0

t=0
- i@ (%) ¥ -

el fn/d,(e,m)=1,
(fn/de,N/m)=1

Similarly we have that

an(n)

LN<0 (D;»ZH Dxi(d (Z) S e

These show that

D/
w0 (%)) b,
R NN =1+ S e A S @ () X e
n>0, d\fn
In=0,3(mod 4)
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HwmN) = Y b (O(Dn» (1,Dy)

Lp(-1,id.) (I, Dy, m)

n>0,
In=0,3(mod 4)

T (“i’_ (D/»Zﬂ o(Z) ¥ e

pIN/m d|fn el fn/d,(e,m)=1
(fn/de,N/m)=1

Comparing the coeflicients of Hi(x;, m, N) and H{(x;, m, N), we find that

Hl(Xl’mv N) = Lm(_Lid')H{(Xlama N)
1
:_E (l—p)H{(Xl,m,N)

plm

for all 1 £ m|N. This completes the proof of (1).
(2) We define the following functions

Hj (x1,m, N) = gagy1(x1, 4m, 4N) + (272711 4+ (=1)%0) + 02)gar+1 (i, m, AN).

Similar to the proof of (1), we want to prove that Hj,(x;, m, N) with m|N constitute
a basis of Ek+1/2(4N, x:) and is a non-zero multiple of H(x;,m,N). Since the

dimension of Ek 11 /2(4]\7 ,X1) is equal to the number of positive divisors of N, by

Theorem 7.1 we only need to show that Hj(x;,m,N) € E;+1/2(4N, xi) and is a
non-zero multiple of Hy(x;, m, N). By results in Section 7.1 we see that

H (xi,m,N) : Zam

oo

N1 (In, AN) (Aggei1(2,In) + 272F71(1 + (=1)k))
=1

H (Aok+1(p, In) )(ln)k_l/Qq”7 VYm|N,m # N,
i (7.34)
Hk leN N ZGN

=1+ Z Nyjoir (I, 4N) (Azpi1 (2, In)

n=1

£ 27504 (<1)9) [T (Aaie (0. 1) — ) (1) /24"
p|N

Let
Ii(l,n) := Agpy1(2,In) + 2728711 + (= 1)M).
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By the definition of Ax(2, In), we see that I (I,n) = 0 if (=1)¥in = 2,3 (mod 4).
This shows that a,,(n) = 0 and ay(n) = 0 whenever (—1)*In = 2,3 (mod 4) and
hence Hy (xi,m,N) € Ek+1/2(4]\77 x1)- Now we must compute the coefficients a,,(n)
of H](x;,m,N) for all m|N. When (—1)¥in = 0,1 (mod 4), we denote that ¢ =
(=1)'z" =1 (mod 4), (=1)ken = D, f2 and I(—1)kln = D/, (f)? with D,, D/, fun-
damental discriminants, f,,, f, positive integers. It is clear that D!, = elD,/(l, D,)?
and f! = (I, Dy) fn-

By the definition of A (p,in) and some calculations we have that
DI
272k (1 4 (—1)*i) (1 +27k (f)) , if (=1)*In = 1(mod 4),

va(f1)

27219(1 + (—l)kl)(l _272k) Z 2(172k)t’
t=0

if (—1)*In = 0(mod 4) and 2 { v (In),

272K (14 (—1)F )<1+2 k( ))
va(fy,) V2(fn) 1

(3 e (2 ) s-ae),
t=0

if (—1)FIn = O(mod 4),2|ve(In) and 2 1 D},

I}C(LTL)

va(f,,)
27219(1 + (—l)kl)(l _272k) Z 2(172k)t’
t=0
if In = 0(mod 4), 2|v2(In) and 2|D),.

(7.35)
y Lemma 7.25 we obtain that for (—=1)"Iin =0,1 (mod 4
By L b hat f k] d
H(A2k+1 (p, In) = mp)(In)"*~1/2
plm
:| D’ |k—1/2 H (1 _pk—l (m)) (1 _p2k—1)—1
! plm b
" ( ( )) (1 p2%) [T o)
ptm
l,D 2k—1 B D’ L
|D/ |k 1/2 ((l(D ))) H(l_pk 1<pn>> (1_p2k 1) 1
p|m
/AN
X (1 —pk (7”» (1= p k) [T pBF— 1wl (7.36)

ptm
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We also have that
Barr1(ln, xn,4N)

—1)k
— Z ;U’(a) (( ) n) a—kb1—2k
(ab)?|in,(ab,2N)=1 “

a7b positive integers

’

S T (S ()5 e
— (1—2k)t p12t —() 1-2k)t

p|D},,pf2N  t=0 pl2N D/, t=0 -0
l/p(fn l/p(fn) D yp(fn)_l
= [T > 2“7 I [ X 2" ") (") DO Sl
p|Dn pf2N =0 PI2ND,\ t=0 p =0

(7.37)

where we have used the fact that p|D,, if and only if p|D;, and v,(fn) = vp(f}) for
p1 N. By the functional equation of L-function we see that

k()

¢(1—2k)

D/
(%)
< [ P /7 (7.38)
Using these equalities (7.33)—(7.37), we finally find that for N # m|N and n > 1

L (1-k, D—/ 5 - |t f?;il
(o) (g ()

L, (1 —2k,id.) l,D,,m 1—p2k

N (In, aN)=2%"1(1 — (-1

am(n) =

D, B _

< Suania (Dr)ar Y e
d|fn elfn/d,(e;m)=1
(fn/dC,N/m):l

where we used the fact that

Hp(%—l)vp(fn H Vlgf (1—2k)t
ptm p|Dn,ptN  t=0

vp(fn) D vp(fn)—1
% H Z p(1—2k)t p_kX; ( ) Z p(l 2k)t

ptND, \ t=0
vp(fn)

Hp2k Dvp(fn) H Z (2k—1)t

pIN/m p|Dn,ptN =0
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vp(fn) D vp(fn)—1
% H Z p(2k—1)t _pk—lxg(p) <n> Z p(2k—1)t

p»i’NDn t=0 p t=0

=S (Z) e e

d|fn el fn/d,(e;m)=1
(fn/de,N/m)=1

Similarly we have that

aN(n):LN (1—1%([)/)) S wld)i(d (%) D S

Ln(l— 2k,1d.)
d|fn e|lfn/d,(e,N)=1

These show that

H (v, N,N) =1+ 5 {LN (l_k’ <Dn>>

= Ly(1 - 2k,id.)
(71)kln50,1im0d 4)

XZ#X;() ST e }”;

d|fn elfn/d
(e,N)=1
/
Lm (]. — k7 (&>> (l D ) 2k—1
H; N) = . S
}c(lemv ) 7; { Lm(]- —2k7id.) ((lanvm)>

(—=1)*in=0,1(mod 4)

D e

p|N/m d|fn

« Z er—l}qn

e|fn/d,(e;m)=1
(fn/de,N/m)=1

Comparing the coefficients of Hy(x;, m, N') and Hj,(x;, m, N) show that Hy(x;,m, N) =
_ Bay

2k
the r-th Bernoulli number. This completes the proof of (2). O

L,,(1 —2k,id.)H}.(x;, m,N) = ———H}.(x1s,m, N) for all m|N where B, := B;iq. is

7.5 Construction of Eisenstein Series with Integral Weight

Let N and k be positive integers, w a character modulo N with w(—1) = (—1)*. Take
a positive integer @) such that Q|N and (Q, N/Q) = 1. Define a matrix

W(Q) = (f@z Qtv> € GLE(Z), det(W(Q)) = Q.
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We see that W (Q)Io(N)W(Q)™1 = IH(N).
Lemma 7.26  Let W(Q) be as above, w = wiwa, where w1 and we are characters
modulo Q and N/Q respectively. If f € G(N,k,w) (resp. E(N,k,w)), then g =
fHW(Q)]k € G(N7 kv"‘TIWQ) (resp.S(N, kv"‘TIWQ))'
a b 1 ap bo .
Proof  Take any v = € I'o(N), set W(Q)YW(Q)™ ! = . It is
c d co  do
easy to check that ¢ = 0 (mod N), dg = a (mod Q), dy = d (mod (N/Q)). Hence
we see that

gllvl = AIW(@nW(Q)™'W(Q)] = w(do) fI[W(Q)] = w(do)g,
ie., g € G(N,k,wiws). Similar to Lemma 5.35, we have for N|M that
E(N,k,w)=G(N,k,w) N EL(M),k),

from which the last conclusion of the lemma can be deduced. This completes the
proof. 1

Let now Ej(z,w1,w2) be as in Section 2.2. By the computation in Section 2.2 we
see that Fj(z,wr,ws) is a common eigenfunction of all Hecke operators and

Ek(27w17w2)|T(p) = (wl(p) +pk_1w2(p))Ek(zaw1’w2)'

Similar to Theorem 5.18 we have the following:

o0

Lemma 7.27 Let f(z) = Z a(n)e(nz) € G(N, k,w). Assume that t is the conduc-
n=0

tor of w and Y is a primitive character modulo r. Put
hz)=> b f(z+u/r)=> dwe(u/r) Y v(n)a(n)e(nz),
u=1 u=1 n=1

then h(z) € G(M, k,w?) with M = [N, rt,r?]. If f(z) € S(N,k,w) (resp. E(N, k,w)),
then h(z) € S(M, k,wt?) (resp. E(M, k,wip?)).

Let Ei(z,w,N) be as in Section 2.2. From the transformation formula of Ej(z,w,
N) and a standard method invented by Petersson we know that Ej(z,w, N) € E(N, k,
w) fork # 2or k = 2, w # id. Hence we know that Ey(z,w, N)|[W(Q)] € E(N, k, wiwa)
from Lemma 7.26. Let now w = wjws. Assume that r; and re are the conductors of
w1 and we respectively. Write

m m m m
_ o _ Bi _ ) _ )
= p; T2 = p;H w1 = Wi,i, W2 = w24,
i=1 i=1 i=1 i=1
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where wy; and wa; have conductors pf* and piﬁ ‘ respectively. Without loss of gen-
erality, we may assume that there is a positive integer m; such that «; > 3; for
1<i<my <manda; < f; for my <i < m. In terms of Lemma 7.26, we know that
there is a Ey(z) such that

Ek ( le iw2 K2 H w1 ,iW2 z)

1=mqi+1

eS(Hp?i H p klezWQz H w11w2z>
=1

1=mqi+1 1=mqi+1

mi m ma m
Put ¢ = ngﬂ- H w1 i, then the conductor of ¢ is r = le‘ H Pyt Set

i=1 i=my+1 i=1 i=my+1

Ey(z,w1,ws) <Z¢ u/r)) Zz/) Ek (z +u/r), (7.39)

then Fi(z,wi,ws) € E(r1712, k,w) by Lemma 7.27. And we have also that

L(S Ek(z wl,wg (S ¢Hw1 iWo z)L(S —k+ 1,9 H 5171'(.«}271‘)

1=mi1+1
= L(s,wl) (s —k+1,w9).

Let [ be a positive integer, w a character modulo N with conductor r, w; and
wo two primitive characters modulo r; and 7o respectively. Denote by A(N,r) the
number of (I, ws,ws) satisfying

W = wiwa, lrira|N. (7.40)
For any such (I,w1,ws) there is a function
Ek(lz7 Wi, (.UQ) € 5([7"17"27 ka W) - E(Na k7 W)

such that
L(s, Ex(lz,wi,w2)) =1"°L(s,w1)L(s — k + 1, ws).

Lemma 7.28 We have that

AN = Y elle N/o).

¢|N,(¢,N/c)|N/r

Proof Let B(N,r) be the right hand side of the above equality. If N = N1 Ny, r =
r17r9 With (Nl, Ng) =1, 7“1|N1, T2|N2, then we see that A(N, T) = A(Nl,rl)A(NQ,TQ),
B(N,r) = B(Ny,r1)B(N2,72). Hence we only need to show the lemma for the case
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N = p% r = p® with b < a. If (p’,w1,ws) satisfies (7.40), then one of the r; and 72
must be a multiple of 7, so 0 < 7 < a—b. If one of the r; and r; is larger than r, then
r1 = rg. Since wy = wwy, we see that wy is determined by w;.

We assume first that 20 < a. If 0 < i < a — 2b, the maximal possible value of ry is
pl(@=)/2] We see that [(a —i)/2] > b and w; can be any character modulo pl(*=/2],
Ifa—2b+1<i<a—>b,thenb>1,2b+¢ > a and it is impossible that pb|r1 and
p®|r2. But one of 1 and 7, must be p®, so w; can be x or wx where Y is any character

modulo p®~°~%. Hence we see that
b—1 ) a—2b .
A, ") =23 o) + 3 el
i=0 i=0
a/2—1

2 > o) +9(@"?) =B@".p"), if 2a,

i=0
N (a-1/2

2 > o) =B@"p"), if21a.

i=0

Assume now a < 2b. Then one of r; and ro must be p® and w; can be x or wy with
x any character modulo p®~®~%. Therefore

a—b
A@p®,p") =2 ¢') = B, p").
i=0
This completes the proof. ]

By Theorem 5.9 we see that —L(0,w1)L(1 — k,w9) is the constant term of the
Fourier expansion at co of Fi(lz,w1,ws2). And if w is a primitive character modulo
r # 1 with w(—1) = (=1)” (v =0 or 1), then the function

R(s,w) := (r/n)(5+y)/2F<S;I/>L(s,w)

is holomorphic on the whole s-plane. It is well known that the function
12 s(s — 1) I(s/2)C(s)

is holomorphic on the whole s-plane. Since s = 0 and negative integers are poles of
I'(s) with order 1, we know that L(0,w) = 0 (resp.L(1 —k,w) = 0) if w is a non-trivial
even character(resp. if k > 1 is odd and w is even or k is even and w is odd.). Hence

0, if £ # 1 and w; is nontrivial,
CL(0,w1)L(1 — K, ws) = or both w; and wy are non-trivial,

L(1 —k,w) .

— 5 otherwise,

where we used the fact that ¢(0) = —1/2.
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Let N = p{*---p¥" be a positive integer. We introduce an order in the set of all
factors of N as follows: if [ = pf' ... pP» and l' = p]* - pI» are two divisors of N,
then we define [ > I’ if there exist ¢ with 0 < 4 < n such that §; = v; for 1 < j <1

and Biy1 > Yit1-

Theorem 7.11 Let w, wy, we, 71, T2 be as above. Then
(1) For k > 3 or k = 2,w # id., the functions

Er(lz,wi,wy) = —L(0,w1)L(1 — k,w2) + Z (Zwl (n/d)ws(d)d"~ 1>e(lnz),

d|n

constitute a basis of E(N, k,w) where (I,w1,w2) runs over all triples satisfying (7.40).
(2) The functions

Ei(lz,w1,w2) = —L(0,w1)L(0,ws) + Z (Zwl (n/d)wa( )e(lnz)

d|n
constitute a basis of E(N,1,w) where (I,w1,ws) runs over all triples satisfying (7.40)

but only one of (I,w1,ws) and (I,wq,w1) can be taken.

Proof (1) It is clear that Ej(lz,w1,w2) € E(N,k,w). By dimension formula and
Lemma 7.28 we have that dim(E(N, k,w)) = A(N,r). Hence it is sufficient to show
that the functions are linearly independent. Assume

0= Z b(n)e(nz) = Z c(l,w1,ws) B (lz, w1, we),
n=0

(lw1,w2)

where (I,w1,w2) runs over the set of triples satisfying (7.40). Let 1x be the trivial
character modulo N. For any given (1,w1,ws) satisfying (7.40), we see that

0= Z Inywz(n)b(n)n=*
n=1

=c(1,wi,w2)L(s,wiwaln)L(s — k+ 1,1x)
+ Y (1w, wh)L(s,wiwaln)L(s — k + 1, whws 1), (7.41)
wh Fws

where the last summation is taken for triples (I, w1, w}) satisfying (7.40) but we # w}.
The first term on the right hand side of (7.41) has a pole at s = k with order 1 and
the others have no poles at s = k. Hence ¢(1,wr,w2) = 0 for any (1,w;,ws). Assume
that ¢(l’,w1,ws) = 0 for all I’ < and that (I,w;,ws) satisfies (7.40), we see that

0= Z Inwz(n)b(in)n=*
n=1

=c(l,wr,w2)L(s,wiwzlN)L(s —k+1,1n)
+ Z (I, w],wy) L(s,wjwal n)L(s — k + 1, whwa 1),

whFwz
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50 ¢(l,w1,ws) = 0 by a similar argumentation. By induction we see that ¢(l, w1, ws) =
0 for any (I, w1, ws).
(2) It is clear that F4(lz,w1,ws2) € E(N,1,w). By the dimension formula we see

1
that dim(E(N, 1, w)) = 5A<N7 7). Therefore we only need to show that the functions

are linearly independent. But this can be done similarly as we did in the proof of (1).
This completes the proof. ]

Recall the definition of the function g} (z) in Section 2.2:
9¢ (2) = ! p) + Z ( Z d)e(nz).
24
p\t d|n,(d,t)=1

It is easy to show that g; € £(t,2,id.). For any positive integer I, put t(I) = Hp.
pll
For [ # 1 we define

Es(lz,id.,id.) = gf(l)(lz/t(l)) € &(l,2,id.).
It is easy to see that
L(s, By(lz,id.,id.)) = (1/t(1))*¢(s)L(s — 1, Ly)-

It should be noticed that the symbol F5(z,id.,id.) is not defined. If w; is non-trivial
but w? = id., we define

-1 m

Es(z,w1,ws) = (Zwl u/r1)> Zwl (WG, (2 +u/r1),

then Fs(z,w1,ws) € £(r?,2,id.) by Lemma 7.27, and
L(s, E3(z,w1,w2)) = L(s,w1)L(s — 1,wa).

If w? # id., we define

-1 m

Es(z,w1,ws) (Zwl u/r1)> Zwl VEo(z 4+ u/ry,id., w1 )7

where Fy(z,id.,07?) is well defined as in (7.39) since w? # id.. It is not difficult to
show that Es(z,wi,ws) € £(r?,2,id.) and

L(s, E2(z,w1,ws)) = L(s,w1)L(s — 1,w2).
So we have a function Es(lz,w1,ws) € E(N, 2,id.) for every triple (I, w;,ws) satisfying

wiwe =1id., Irire/N and 1#1 if ri=ry=1. (7.42)
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Let ag(l,w1,w2) be the constant term of the Fourier expansion of Fa(lz,wr,w2). It is

easy to see that
0, if wy is non-trivial,

ao(l,wi,we) = ¢ _ ° H(l —p), if wy is trivial,

Theorem 7.12  The functions

Es(lzywr,we) = ag(l, w1, ws) + Z (Zwl(n/d)wg(d)d> e(lnz)

n=1 d|n

constitute a basis of E(N,2,1id.), where (I, w1, ws) runs over the set of triples (I, w1, ws)
satisfying (7.42).

Proof  We only need to show that the functions are linearly independent. Assume
Z c(l,w1,ws)Ea(lz,wi,ws) =0, (7.43)

where the summation was taken over all triples (I, w1, ws) satisfying (7.42).

Let f(z) = Za(n)e(nz) € G(N,k,w), r[N and ¢ any character modulo N.

n=0
Define

s, fo,7) Zw

We have that L(s, Ea(lz,id.,id.), ¢, r) = 0 if I/¢(1) t r. If 1/¢(1)|r, then

n)( Z d)n_
d|nrt(l)/1,

(d,l)=1

H (1 +p +- +pr(T))L(s7¢)L(s - ]-7 1/})7
plr,pfl

L(s, E2(lz,id.,id.), ¥, r) =

et
=

where v, (r) is the p-adic valuation of r. If ¢ is non-trivial, then L(s, Ex(Iz,id.,id.), ¢, 7)
is holomorphic at s = 2, by the same argumentation as in the proof of Theorem 7.11
and (7.43) we know that ¢(l,w1,ws) = 0 if wy is a non-trivial character.

Denote by f the left hand side of (7.43). It is clear that L(s, f, 1y, r) has no pole
at s = 2. Hence

A=Y J[a+p+ 4 p»)e() =0, N #r|N, (7.44)

U|N,I#1, p]r,

/t)r ph
where ¢(1) = ¢(l, id., id.). The equality (7.44) is a system of linear equations with
respect to {c(1)|1 # I[|N}. We shall prove the system has only zero as solution which
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implies the theorem. If N = p™ with p a prime, it is then clear that 4; =0, A, =0,

oy A = 0,50 ¢(p) =0, ¢(p?) =0, -+, ¢(p™) = 0. We apply induction to the
number of prime factors of N: let N = p?N; with (p1, N1) = 1, suppose that (7.44)
has only zero as solution if N = N;. Now suppose that r1|N7, then

Appry = A, =00 Y [[+p+-4+p720)el) =0, Ny #11| Ny,
L£UN, plry,
L/tD)|rr ph
By induction hypothesis we see that ¢(I) = 0 if p; tI. But p; can be any prime factor
of N, we see that ¢(I) = 0 if there exists some prime factor p of N such that p t [.
Hence

An= S JI@+p+-+p2T)epal) =0, Ny # |y,
1#£1| N1, p|r1,
t)lr pf
By induction hypothesis again we see that ¢(p1l) = 0 for I|N;. Similarly using the
fact that A,,, = 0,42, =0,--- 7Ap11—1r1 = 0 for N1 # r1|N1, we obtain that

PiT1
c(p?l) = 0,--- ,c(ptl) = 0 for I|N;. This shows that the system (7.44) has only zero
solution. This completes the proof. ([
Theorem 7.13  Let f(z) = Za(n)e(nz) € G(N,k,w). Then f(z) is a cusp form
n=0

if and only if the function L(s, f,1, 1) is holomorphic at s = k for any proper divisor
r of N and any character v modulo N.

Proof  The necessity can be deduced from Lemma 7.15. We now assume that
the function L(s, f,,r) is holomorphic at s = k. Since G(N, k,w) = E(N,k,w) @
S(N, k,w), we have

f(Z) = Z C(l7w1’w2)Ek(lZ’w17w2) + g(z),

where the summation was taken over the set of triples satisfying the conditions in
Theorem 7.11 or Theorem 7.12 according to k # 2,k = 2,w # id. or k = 2,w = id.
respectively, and g(z) € S(N, k,w). By the holomorphy of L(s, f,¥,r) at s = k and
applying the similar argumentation used in the proofs of Theorem 7.11 and Theorem
7.12, we can prove that c(l,w1,w2) = 0. Hence f(z) € S(N, k,w). This completes the
proof. 1

Remark 7.2  The hypothesis in Theorem 7.13 can be represented as follows: L(s, f,
¥, ) is holomorphic at s = k for any proper divisor r of N and any primitive character
1 induced from any character modulo N. The necessity can be deduced from Lemma
7.15. We now assume the above condition is satisfied. Let x be any character modulo
N and v the primitive character induced by x. Then
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s, X:7) Zx
= (d)d*L(s, f,¢,rd),

d|N

Z u(d)a(rn)n™*

d|(n N)

which implies the holomorphy of L(s, f,x,r) at s = k. Hence f is a cusp form
by Theorem 7.13. Also the condition can be represented as follows: L(s, f,4,r) is
holomorphic at s = k for any positive integer 7| N and any primitive character .
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