Chapter 6

New Forms and Old Forms

6.1 New Forms with Integral Weight

Let N, k positive integers, x a character modulo N. We know that the Hecke operators
T(n),(n, N) = 1 can be diagonalized simultaneously in the space S(N,k,x). On the
other hand, if f is an eigenfunction of all Hecke operators T(n), then L(s, f) has an
Euler product. So we want to ask the following question: Can all Hecke operators
T(n) be diagonalized simultaneously in the space S(N,k, x). The following example
gives a counterexample to the question:
Example 6.1 Consider the space V = S(2,12,id.) which has dimension 2. Then
64m!?
fi(z) = A(z) == 2—7((E4(2))3 — (Bs(2))%) €V,
fa(z) = A(2z) € V.

For any odd prime p, they have the same eigenvalue for T(p). If there exists a basis
{g1, g2} of V such that g, g2 are eigenfunctions of all Hecke operators T(p) for any
prime p, then by the properties of f1, f2, we see that (g1 — g2)|T(p) = 0 for any odd
prime p. Hence (g1 — g2)|T(n) = 0 if n has an odd divisor. That is, the n-th Fourier
coefficient ¢(n) of g1 — g2 is equal to 0 if n has an odd divisor. This implies that

g1 — g2 = 0 by the following Lemma 6.1. This contradicts the assertion. O
Lemma 6.1 (1) Let a = (i 2) € Ms(Z) with (a,b,c,d) = 1,det(a) =n > 1,
(n,N) =1. Assume that f € G(I'(N)) and f|[a]r € Gx(I'(N)), then f =0.
(2) Let pt N be a prime and f(z) = ic(n)ezmnzﬂv € Gi(I'(N)) satisfy
n=0

c¢(n)=0, foralln#0 (mod p).

Then f =0.
(3) Let p and f be as above. If

c¢(n)=0, foraln=0 (mod p),

then f =0.
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154 Chapter 6 New Forms and Old Forms

Proof  Since I'(N) is a normal subgroup of I'(1), we may assume that o =

((1) 2) Put 7 = ((1) 1) Then flla]x[mV])x = fllak, ie., fllamVa ", = f.

But arVNa~ ! =n"! (8 Z)’ so that

G ).+

1
1

527(8 Z)zjv(g 1) (mod ).

) (mod n) and det(8') = n? for any positive integer I. This

Take v € I'(1) such that v = <
Put

2) (mod n),v = T (mod N). Then v € I'(N).

Then 3' = N! (8 }

implies that (' is primitive (i.e., the entries of 3! are co-prime.). By (6.1), we have
f1l8]k = f and hence
A8 = f

for any positive integer . Take a positive integer [ such that n' =1 (mod N), then

g=(""Y l=1 (mod N)
=(g )= .

Since B is primitive, its elementary divisors are {1,n%'}. Therefore there exist J, ¢ €
0
2l
(mod N), i.e., d¢, €d € I'(N), so that

FlO)lo™] = f1[6)k. (6:2)

Put g = f|[d]k, then g € Gi(I'(N)). Let

I'(1) such that 8 = 6 ((1) ) € = 6a®e. By the choice of [, we see that de = ¢ = [

g(z) — Za(s)e2nisz/N

s=0
be the Fourier expansion of ¢ at ico. Then by (6.2) we see that g (f) = pm/2
r

with 7 = n?", so that

9(2)

a(s) =0, ¥rts, a(sr)=r""a(s).

This implies that a(s) =0 for all s > 1, so that g = 0 and f = 0. This shows (1).
By the assumption of (2), we see that f(z + N/p) = f(z), so that f € Gr(I'(N))
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N
and flla]x = f € Gx(I'(N)) with a = (g » ) Since « is primitive, we obtain (2)
by (1).
By Lemma 5.18, we have

PR fIT(p) =

(3 D126 DI,

where ¢|N. By the assumption of (3), we see that

SAIG DL =g (5

e’} p—1
_ p—k/2 Z C(n)eQRinz/p Z eQnintb/p =0,
n=0,pin b=0
p—1
where we used the fact Zezni"“’/ P =0 (since p t nt). Therefore
b=0

o (b )] =rrime e o

Since <€ (1)> is primitive, we see that f|[o]x = 0 by (1), so that f = 0. This
completes the proof. O

[ o

01 ) It is clear that, for any function

Let k, I be positive integers, put §; = (

f on H, we have

Fz) = 1F2(f1[0k) (2).

For any element v = ( a b

N d) € IH(IN), we have

_ bl
Syo; Y = (5\/ d) € Iy(N).
For any f € G(N,k,x), put g = f|[d1]x. Then

9lVk = (FI0v6; Tl 6k = x(d) FII6:]k = x(d)g,

so that we have the following;:

Lemma 6.2 Let f € G(N,k,x). Then, for any positive integer |, we have
F1z) = UFP(f1[8]k)(2) € G(NT K, X).

Furthermore, f(1z) is a cusp form if f is a cusp form.
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Remark 6.1 We denote by V(I) the operator in Lemma 6.2 and call it translation
operator. It is clear that it is an analog of the translation operator for modular forms
with half integral weight (see Theorem 5.16). Similar to Theorem 5.19, we can prove
the following:

Lemma 6.3 Let f € G(N,k,x), l a positive integer. Then we have
(SIVI)IT(n) = (f[T()[V (D), (n, 1) = 1.

Let x be a primitive character modulo m with m|N. Then S(N, k, x) contains the

{re) s Tt (6:3)

The functions f1, fo are in the corresponding set (6.3) of S(2,12,id.). We shall
show that all Hecke operators can be diagonalized in the orthogonal complement of

following set

f(z) € S(L,k,x),m|L, LIN,1

the space spanned by (6.3) in S(N, k, x) with respect to Petersson inner product.
Put

Ao(N) = { <“ Z) € My(Z)

AG(N) = { (i 2) € My(Z)

Lemma 6.4 Let a € Ag(N) or € A§(N) respectively. Then there exist positive
integers 1, m satisfying llm, (I, N) = 1 such that

¢=0 (mod N),(a,N) = 1,ad—bc>0},

¢=0 (mod N),(d,N) zl,ad—bc>0}.

RWar() = 1) (1)) 1)

or

naro) =) (1)

respectively.

a b

Proof Let a = (CN d

), a’ = (a,c). Then (a,cN) = a’. Let u,v be integers

u v
—cN/d' a/d

(e o) (G )= (0 )2

It is clear that 0 < @’ < |a|, and 0 < o < |a| if @ ¥ ¢. Put a1 = (a/,V'), then
0<a; <a,and 0 <ay <d ifa’1¥. It is easy to see that (a’,0'N) = a;. Let uy,vq

such that (u,v) =1, au + ¢Nv = da’. Then ( > € I'h(N) and
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Ul —b’/a1
uN  d/ay

a b uy  —bJar\ [ a1 O
(0 d’) (le a'/ay ) N (clN d1> € Ao(N).

The above process shows that, if a { b or ¢, then there exist v1,72 € I'o(IN) such
that y1ay72 € Ap(N) and the upper left entry a; of yiaye satisfies 1 < |a1| < |al.
Repeating the above process, we may assume that a € Ag(N) satisfies a|(b, ¢). Then

<—c]1\7/a (1)> eFo(N)((l) _?/a> € I')(N) and

(v V) (v ) (o )= (5 &) e 20

Put I = (a, dq), then | = (a, diN). Take integers aa, co such that (as, c2) = 1,

B 1 -1 az  di/l
aza — caNdy =1, then (—dlcgN/l aag/l> € I'o(N), (62N 7 ) € I'n(N) and

(—dlclzN/l a;21/l> (8 i) (czj\f CS/;) - (é 7?1) € Ao(N).

Taking determinants, we obtain that ady = Im = det(«), so that m > 0, I|m since
I = (a,dy). This shows the assertion for Ayg(N). We can prove the assertion for
A§(N) similarly. This completes the proof. O

be integers such that (u1,v1) = 1,a'u; + ¥’ Nvy = aq, then (

) € Ih(N)

and

Lemma 6.5 Let f € G(N,k,x). Let a = (Z Z) € Ao(N) satisfy

(1) det() > 1;
(2) (det(a), N) = 1;
(3) (a,b,¢,d) =1.
If flla=Y]x € G(N,k,x), then f =0.

Proof By (2), we see that a € A{(N), by Lemma 6.4, there exist v1, y2 € I'o(IV)
such that y1avy, = (%1 ?) with I|m, I, m > 0. By (3), (I, m) = 1, so that | = 1.
By (1), m > 1 and

-1
(5 D (x DG 1) = (g 1) 200
hence aly(N)a=t ¢ I'o(N). Take v € Io(N) such that aya™t ¢ Ih(N). Since
det(a)a™t = (_dc _ab) € Ag(N), det(a)aya™t € Ap(N), by Lemma 6.4, there
exist y3, va € I'o(INV) such that

det(a)yzayaty, = (1(; 2) , ulv,u,v > 0. (6.4)
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Taking the determinants, we have (det(a))? = uv. If u = v, then aya~™' =53y, €

I'o(N) which is impossible. Therefore, h = v/u > 1. Considering the action of both
sides of (6.4) on g = f|[a™!], we obtain that

g(z/h) = (det(a)) " " x(y3)x(7)x(10)9(2) := cg(2).
Let g(2) = Z a(n)e(nz) be the Fourier expansion of g. Then, for any positive integer

n=0
s, we have

a(n) = ¢ ta(n/h) = ¢ *a(n/h®),
so that a(n) = 0 for any n > 0 since k > 0 and |c| = h*/2 > 1. Therefore g = 0 and
hence f = 0. This completes the proof. [l

Theorem 6.1 Let I be a positive integer, f a function on H satisfying:
(i) f(z+1) = f(2);
(i) f(lz) € G(N,k, x).
Then the following two assertions hold:
(1) f(2) € G(N/L, k, x) if lmy|N;
(2) () =0 if lm, £ N,
where m, is the conductor of x. Furthermore, f(z) € S(N/l,k,x) if f(1z) € S(N, k, x).

Proof We need only to show the theorem for [ a prime since we can apply induction
on the number of prime factors of I. So we assume now that [ is a prime. Because of
the assumptions in the theorem, we have

1—
0 I 5

Gk > f) =122 (s | (o )] + 3 s

m=0

-1

=112 + % > fz+m))
m=0

=11 E122) + f(12).

Hence f(I*z) € G(N, k,x) since f(Iz) € G(N,k,x). If L N, taking a = (é (1)) n

Lemma 6.5, we see that f(I22) =0, so that f(z) = 0. Therefore we assume now [|N.

We consider first the case im,, t+ N. For any element v = (c?\f Z) € IH(N),

owing to the assumptions in the theorem, we see that

[ (s )] = omar = xiar. (65)

For any given positive integers m, n, put

(o M G DG )
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- (1 +1\7;%V/l " —|—1n_(|_17j—NT7lN/l)) € Io(N/D). (6.6)

In particular, if n, m are chosen such that nN/l+ 1 # 0 (mod !) and
n(l+mN/l)+m=n+ (nN/l+1)m=0 (mod ), (6.7)
then, by (6.6) and (6.7), we have

L+mN/l I7Y(m+n(l+mN/l))
< N 1+ nN/I )GFO(N)'

Then we obtain
fllv)e = x@ +nN/l) f

1 0\., (1 0 o )
by (6.5). But ¢ (N 1) 0, - = (N/l 1), so by assumptions (i) and (ii), we see

(eI

This shows that x(1+nN/l) =1 for any (1+nN/I,1) =1if f # 0. This implies that
the conductor m, of x satisfies m,|N/l. This contradicts lm, t N. Hence we have
f=0if Imy { N.

that

a b
N/l d
an m satisfying [ t (a + mcN/1) since (a,c¢N/l) = 1, then take an n such that I|(a +
meN/U)n + b+ md, so that

(o T) (v ) G 3) = (o )
"

a
dN d
z = lw, g(w) = f(lw), by (i), (ii) and m,|N/l, we have

it = (1] (o %)) )@

We now assume that Im,|N. For any v = ( ) € I'v(N/l), we can find

with o/, b, ¢, d’ integers. Hence ( ) € I'n(N) and d’ = d (mod N/I). Put

Ly Nk a'z+ bl

=(Nz/l+d) f(ic’]\fz/l—&—d’
_ l(aw+V)

_ / N—k

= (Nw+d) f(c’Nw+d’>

(o 2)] )
= x(d)g(w) = X(D(2).

This shows that f| € G(N/I,k,x). It is clear that f(z) € S(N/Lk,x) if f(lz) €
S(N, k,x). This completes the proof. |
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oo

Lemma 6.6 Let f = Za(n)e(nz) € G(N,k,x) and L a positive integer. Put
n=0
g(z) = Z a(n)e(nz). Then g(z) € G(M,k,x) with M = N H D H q,
(n,L)=1 plL,pIN  q|L.gtN

where p,q are primes. Furthermore, g(z) is a cusp form if f(z) is a cusp form.

Proof We only need to show the lemma for L a prime since we can apply induction
on the number of prime factors of L. So we assume now that L is a prime. Put

N, ifp|N,
N' =
{pN, if pf N.

Then p|N’. By Lemma 5.17, we have
) (5 0) r) = U nov (4 "). (65
0 p
Since G(N, k,x) C G(N',k, x), we see that
fIT(p) € G(N', %, x)
holds in G(N', k, x). By (6.8), we have

p—1 o)
(fIT(p) -1 Z Z eZrin(z+m)/p Z a(np)e(nz).
m=0 n=0
By Lemma 6.2, we see that
(fIT(p) Za e(npz) € G(N'p, k, x).
n=0

Put M = N'p, then
9(2) = f(z) = (fIT(p))(pz) € G(M, k, x).
This completes the proof. ]

Lemma 6.7 Let N be a positive integer, p a prime. Then

rom) () 1)
le( ((1) 2)( ) if pIN,

m=0

p—1
rom) (o W) U o) (o 0 ) (5 7). et
0

m=
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where o is a matriz satisfying

10 0 -
op € Th(N), O'pE<0 1) (mod N), O'pE<l/ 0) (mod p)

with | any fized integer such that ptl and ' an integer such that ll' =1 (mod p).

cN d
and hence p 1 a. Take 0 < v < p— 1 with av = b (mod p). Put by = (b — av)/p,

Proof  Assume first that p|N. Let v = ( ¢ b) € IH(N). Then (a,cN) =1

a
cpN  dy

(o) (o i) (o 2) (6 1)= (o 4) =~

This shows the first case in the lemma.

dy =d—veN. Then%:( bl)efo(pN) and

a b . .
N d) € IH(N), if p1 a, then similar to
the first case, there exists v1 € Io(pN), 0 < v < p — 1 such that

(o)) o 1)

If pla, since p { N, there exists a; such that a;p = 1 (mod N). Take ¢; such that
ciN =1’ (mod p) and (c¢1, a;p) = 1 (since p f ¢1, if necessary, take an integer ¢ such
that pt+c; is a prime larger than ay, then (pt +c1,a1p) = 1). Then (a;p?, ¢ N?) = 1.
ap bN
ClN dlp

Now assume that p{ N. For any v = (

Take by, di € Z such that dya1p? — bicy N? = 1, then o, = ( ) satisfies

the conditions in the lemma. And
-1 _ a b dlp —blN o ag bzp
M9 = (CN d) (—clN arp "\ &N dy € Io(N)

and as, by, o, do € Z. Therefore ( € Ih(pN), and

ag b2
copN  da
1 0 as b2 1 0 o as b2p _ 0__1
0 p! capN  ds 0 p) \aN d =% -
This shows the second case in the lemma. This completes the proof. ]

Lemma 6.8 Let x be a character modulo N, | a positive integer, p11 a prime. Put
M =[N, then we have the following two commutative diagrams:
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1 0
Fo(PN)<O p)Fo(N)
G(N,k,x)

G(pN, k, x)
lEmbedding lEmbedding
G(pM, k, x) o G(M, k,x)
Fo(PM)< )Fo(M)
0 p
(2)
1 0
Fo(pN)(O p)Fo(N)
G(pN, k, x) G(N,k, x)
[Sl]kl l[igz]k
G(pM, k, x) G(M, K, x).

1 0
Fo(PM)<0 p)Fo(M)

And similar results hold for cusp forms.

Proof The diagram (1) is an immediate conclusion of Lemma 6.7. We show now
the second diagram. Let f(z) € G(pN,k,x). Put g(z) = f|[di]x. By Lemma 6.7, we
have

o) (0 ) o)

S 6 L6 e

(where the last term disappears if p|M).

P /1 0\ /1 w 10

=2 o ) G D] Goo),

p—1 r

6 DG ol A Dy
v=0 - k k
L/ 0N /1wl 1 0\ -
=G 2) G ¥)el,+ Lo p) e,

10 (0 -ml
0 1) (mod N), and furthermore 7, = ((ml)’ 0 >

where o, € I'y(N) satisfies 7, E(

(mod p) if 0, = (72, —gn) (mod p). Hence, by Lemma 6.7, we see that

(adalren (o ) roan = (Arem) (§ 0) 7o) ) o
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This completes the proof. ]

o0
Lemma 6.9 Let 1 be a square free positive integer, f(z Za
n=0

G(N,k,x) such that a(n) =0 if (n,l) =1. Then

2= a(p).

pll

where g,(z) € G(NI?, k,x) and moreover g,(z) € G(NI,k,x) if |N. Furthermore, all
gp are cusp forms if f(z) is a cusp form.

Proof  We assume first that [ is a prime. Put g(z) = f(z/l). By Theorem 6.1, we
see that g(z) € G(N/l,k,x) or g(z) = 0 if Imy|N or Im, { N respectively. Anyway,
g(z) € G(Nl,k,x) and f(z) = g(lz), the lemma holds. Now assume that [ is a
composite and the lemma holds for any proper factor of I. Let p be a prime factor

of I. Put !’ =1/p and h(z) = Za(n)e(nz). By Lemma 6.6, we see that h(z) €
pin

G(Np% k,x). Put f(z Z b(n . It is clear that b(n) = 0if ptn. Set
gp(2) = f(z/p) — h(z/p), by Theorem 6.1, we have that g,(z) € G(Np, k, x) and

f(2) = gp(p2) + h(2).

Since h(z), Np?, 1’ satisfy the conditions in the lemma, by induction hypothesis, we
have

= 94(q2), 94(2) € G(NI”, k, x) C G(NI?, k, ),
qll’

with ¢ primes. It is clear that, by Lemma 6.6 and the above proof, g, € G(NI, k, x)

if I|N. This completes the proof. O
Theorem 6.2 Let f(z) = Z a(n)e(nz) € G(N,k,x), | a positive integer. Assume
n=0

that a(n) =0 if (I,n) =1. Then

(1) f(z) =0df (I, N/my) = 1;

(2) if (I, N/my) # 1, then for any prime factor p of (I, N/m,,) there exists fp(z) €
G(N/p,k, x) such that

f@= > f),
pl(L,N/my)

where m,, is the conductor of x. Furthermore, all f, are cusp forms if f is a cusp
form.
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Proof  Without loss of generality, we may assume that [ is square free. It is clear
that, by Theorem 6.1, the theorem holds for [ a prime. Now assume that [ is a
composite and the theorem holds for any proper factor of [. Let p be a prime factor
of land I’ =1/p. Set

h(z) = Z a(n)e(nz),
(n,1)#1

9(2) = f)—hz)= Y a(n)e(nz).

(n,l")=1

(6.9)

By Lemma 6.6, g(z) € G(NI'?, k,x) and so h(z) € G(NI'?,k,x). It is clear that
the Fourier coefficient a(n) of g(z) must be zero if p { n, so that g,(z + 1) = gp(2)
where g,(z) = g(z/p). If pmy t N, then pm, { NI'?, and g(z) = 0 by Theorem 6.1.

Therefore f(z) = h(z) = Z a(n)e(nz). This shows that the theorem holds by
(n,1")#1

the induction hypothesis. Now assume that pm,|N. By Theorem 6.1, we see that

gp(2) € G(NI"?/p, k, x). Lemma 6.7 gives

ro(m’?)(é 2) ro(Nz'2/p):ro(Nz'2)((l) 2>ap:gr0(m’2)<é 2) (é 7;)

where the first term disappears if p?| N, so that,

(aroe) (g 3) B2/ )2

=S 0lG )G DL (6 5o

=p1§(gp (o 3)] )@+, @l

~ %),
where d = {p, ?f pz|N, . Therefore
p+1, ifp°tN
o) =) =2 (o] i) (o 0 ) ) ) ). (610)
Since J _—
= 2o (5 0) i ) 2) € Gk,

we have that, by Lemma 6.8,
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o) = S (1| r) (§0) v ) o) (6.11)

We want to show that f(z) — f,(pz) satisfies the conditions in the theorem for I/,
and hence we can complete the proof by induction. It is clear that f(z) — fp(pz) €
G(N,k,x). By (6.9)—(6.11), we see that

f(2) = fo(02) = f(2) = fp(p2) = 9(2) + gp(p2)

—n) - 2 (e (§ 0) e o). 612)
p
Applying the induction hypothesis for h(z), NI'? and I’, we have
= he(qz),  he(z) € GINI” K, x) (6.13)

qlt’
with ¢ primes. By Lemma 6.8, for any prime factor ¢q of I’, we have

i) (o ) F ) = nn e (o) o) 60

and this holds also if & is substituted by hq. By (6.13), (6.14) and (2) of Lemma 6.8,

we have
(h

- (Zm—k/%qwk)

qll’

—Z(

qll’

) (5 9) v ) )

o) (o ) Bl ) o)

To(NI™) ((1) 0>F0(Nl/3/p)>( 2).

This implies that the Fourier coefficient b(n) of <h’[‘0(Nl'2) ((1) 2) Iy (Nl’2/p)> (2)

must be zero if (n,l") = 1, and hence, by (6.12) and (6.13), so is the Fourier coefficient
c(n) of f(z) — fp(pz). This shows that f(z) — f,(pz) satisfies the conditions in the
theorem for . Hence

F(2) = fop2) =D falaz), fq(2) € G(N/q, k,X),
qlt’
where ¢ runs over all prime factors of (I', N/m,). This completes the proof. 1

Definition 6.1  Denote by S°'Y(N, k,x) the subspace of S(N, k,x) generated by
U U {r@a)irz) e s,k x)}-

my | M|N, [|N/M
M#N

And any modular form in SN, k,x) is called an old form.
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Definition 6.2  Denote by S™V(N,k,x) the orthogonal complement subspace of
SN, k,x) in S(N, k, x) with respect to the Petersson inner product. And any mod-
ular form in S™V(N,k, x) is called a new form.

By the definitions, we have

Lemma 6.10 (1) S(N,k,x)=S"V(N,k,x) if x is a primitive character modulo N’;
(2) S(M,k,x) © S9N, k,x) if my MIN and M £ N;
(3) S(N, k,x) is generated by | | |J {F(12)|f(2) € ™V (M, k, x)}-

my | M|N [|N/M

Lemma 6.11  Let n be a positive integer with (n,N) = 1. Then T(n) sends
SN, k,x) (and S*¥ (N, k,x) resp.) into SN, k,x) (and S™V (N, k,x) resp.).

Proof Let f(z) € S°4(N,k, x). By the definition of old forms, we have

f(z) =) folloz), fo € S(My,k, x),1uMy|N, M, # N.

Put g,(z) = fu(lyz). Since T(n) commutes with [§;]; for any (n,l) = 1, we see that

(fITm)(2) = D (90| T(m))(2) = Y (fuol T(n))(lu2).
Since f, € S(My,k,x), we have that f,|T(n) € S(M,,k,x), so that f|T(n) €
S°M(N Kk, x). This shows that T(n) sends S°'4(N, k,x) into itself. The next lemma
will show that x(n)T(n) is the conjugate operator of T(n) on the space S(N,k,x)
with respect to the Petersson inner product, so that T(n) sends S™V(N,k, x) into
itself. This completes the proof. O

Lemma 6.12 Let f(z) = Za(m)e(mz) € SN, k,x) and f(2)|T(n) =

m=1
Z b(m)e(mz) € S(N,k,x). Then
(1) bm) = > x(d)d* a(mn/d®);

1<d|(m,n)
(2) the conjugate operator T(n)* of T(n) (with respect to the Petersson inner
product) is equal to X(n)T(n) for any (n, N) = 1.

Proof (1) is a direct conclusion of (5.14).
(2) is a direct conclusion of Lemma 5.18 and Lemma 5.26. O

By Lemma 6.11, there is a basis in S"% (N, k, x) (and in S°'4(N, k, x) resp.) whose
elements are eigenfunctions of all Hecke operators T(n) with (n, N) = 1.
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Lemma 6.13 Let L be a positive integer, and

o0

0# f(z) = Y a(n)e(nz) € S (N, k, x)

n=0
an eigenfunction of all Hecke operators T(n) with (n,L) =1. Then a; # 0.

Proof  Assume that a; = 0. If a(n) = 0 for any (n, L) = 1, then, by Theorem 6.2,
f(2) € SN, k,x) which is impossible. Hence

m = min{n|(n, L) = 1,a(n) # 0} > 1.

Let p be a prime factor of m. Then f|T(p) = ¢, f with ¢, a constant. By Lemma
6.12, we see that c,a(m/p) = a(m) + x(p)p*~ta(m/p?). By the definition of m, we
have a(m/p) = a(m/p?) = 0, so that a(m) = 0, which is impossible. This completes
the proof. O

Theorem 6.3 Let L be a positive integer, f and g € S(N, k, x) such that f|T(n) =
S, g|T(n) = Ang for all (n,L) = 1 with A,, constants. Then f = cg for a constant
cif 0F# f € S"Y(N,k,x).

oo

Proof Let f(z) = Z a(n)e(nz). Without loss of generality, we can assume that
n=1

a(1) = 1 by Lemma 6.13. We may assume also that N|L. Set
9(=) =gV () + 9V (), 99(2) € "N K x), g (2) € STUN, k).
By Lemma 6.11, we see that

DT(n) = Ag®, gV IT(n) = N9, (n,L) =

Hence, by Lemma 6.13, b(1) # 0 if ¢(9(z) Z b(n)e(nz) # 0. By Lemma 6.12, we

have
fIT(n) = a(n)f, ¢|T(n) = MO (n,L) =1
This shows that a(n)b(1) = b(n) for all (n,L) =1. Put

g(O) —b(1 i

then c(n) = 0 for all (n,L) = 1, so that ¢g(® —b(1)f € S°'4(N, k, x) by Theorem 6.2.
This implies that ¢(©) — b(1)f = 0. We shall now prove that g/ = 0. If m, = N,
then S°4(N, k, ) = 0. So we may assume that m, # N. Suppose that g(!) # 0, then

g (z Zh (1b2), hy € S™V(My, k,x), L,M,|N, M,+# N. (6.15)
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Since there is a basis in S™*V(M,, k, x) whose elements are eigenfunctions for all T'(n)
((n, M) = 1), we may assume that h,(z) is an eigenfunction of all T(n) ((n, M,) = 1),
so that, by Lemma 6.3, h,(l,2) is an eigenfunction of all T(n) ((n,L) = 1). Since
eigenfunctions corresponding to different eigenvalues are linearly independent, the
sum of h,(l,z) with eigenvalue different from a(n) with respect to T(n) must be zero.
Therefore every h,(z) on the right hand side of (6.15) must satisfy

hy|T(n) = a(n)hy,, (n,L)=1.

Denote by h any fixed one of these h,. Let d be the first coefficient of the Fourier
expansion of h, then d # 0 by Lemma 6.13. Put

h(z) —df(z) = ) d(n)e(nz),
n=1

then d(n) = 0 for all (n, L) = 1, so that h(z) — df(z) € S°'4(N, k, x) by Theorem 6.2.
Therefore

£(2) = = (h(z) — (=) + 5h(z) € SN, )

which implies that f(z) = 0 since f(z) € S™*V(N, k, x). This contradicts the hypoth-
esis f # 0. This completes the proof. [l

Theorem 6.4 Let Ry(N) and R§(N) be the Hecke algebras R(I'o(N), Ag(N)) and
R(Iy(N), A5(N)) respectively. Then there is a basis in SV (N, k, x) whose elements
are common eigenfunctions of Ro(N) and R§(N).

Proof By Theorem 5.5, Ro(N) and R§(N) are commutative and T(n) € Ro(NN)
for any (n, N) = 1. Let {f1, fo, --+, fr} be a basis of S™¥ (N, k, x) such that every
fi is a common eigenfunction of T(n) for all (n, N) = 1. Put f;|T(n) = a(n,?)f;,
(n, N) = 1 with a(n, i) a constant. For any T' € Ro(N), since T(n) ((n, N) = 1)
commutes with T', we see that

(fil D) T(n) = (fil T[T = a(n, ) fi T, (n, N) = 1.

That is, f;|T is a common eigenfunction of all T(n) with eigenvalue a(n, 7). By
Theorem 6.3, we have that f;|T = ¢f; with a constant ¢. This shows that f; is a
common eigenfunction of Ro(N). This shows the first part of the theorem. Since
T(n)* € R§(N) ((n, N) = 1) commutes with any T' € R§(N), and T(n)* = x(n)T(n),
(n,N) = 1, we see that T(n) commutes with T" € RS(N). Similar to the above
process, f;|T = ¢ f; with a constant ¢ for any T € R§(N), so that, f; is also a
common eigenfunction of R§(N). Therefore f; (1 < i < r) are common eigenfunctions
of Ro(N) and R{(N). This completes the proof. O

Definition 6.3 f(z) = Za(n)e(nz) € S(N,k,x) is called a primitive cusp form

n=1
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if it satisfies the following two conditions:
(1) f € S*Y(N,k,x) and it is a common eigenfunction of Ro(N);
(2) a(1) = 1.

By Theorem 6.4, a primitive cusp form is also a common eigenfunction of R§(N),
and there exists a basis in S™V (N, k, x) whose elements are primitive cusp forms.

Lemma 6.14 Let f € S(N,k,x) be a common eigenfunction of all T(n) with
(n,N)=1, and f|T(n) =a(n)f, (n,N)=1. Then there exists a factor M of N and
a primitive cusp form g of S™V (M, k, x) such that

9|T(n) = a(n)g, (n,N)=1.
Furthermore, we can take M # N if f & S*V(N,k, x).

Proof If f € S™Y(N,k,x), the lemma is obvious. So assume f & S™V(N,k, x).
By the proof of Theorem 6.3, there exists N # M|N and h € S™*¥(M, k, x) such that

Rh|T(N) = a(n)h,(n,N) = 1.
Take g = éh with d the first Fourier coefficient of h. This completes the proof. [
Lemma 6.15 Let f € G(N,k,x). Then
(FITEmNDIWV Nk = (FI[WN)]R)T(m, 1),
(FITDIW Nk = (FIW(N)]E)[T(n)".

Proof It is clear that we only need to show the first equality in the lemma. It is
clear that the map: o — W (N)~1aW (N) is an isomorphism from Ag(N) to A(N),
and W (N)™1I(N) W(N) = Io(N). For any a € Ag(N), we have

X(W(N)"aW (N)) = x(e) 7.

[0

Letpo(N)<0 m

) Io(N) = U I'o(N)aw, be a disjoint union, then

m 0

r) () 7o) = R w ), W),
Hence, for any g € G(N, k,X), we have
gl [W(N) T (L m) [W (N)],
=(Im)*>71 > " x () gl [W(N) W)
=(Im)*> 1 (W (N) " a, W(N)) gl [W(N) L, W(N)]

=g|T(m,1)".

Since W(N) is an isomorphism from G(N, k,x) to G(N,k,Y), we see that the first
equality holds in the lemma. This completes the proof. ([
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Theorem 6.5 (1) The map: f — f|[W(N)]r induces the following isomorphisms.

S"Y(N, k,x) = S"¥(N, k,X),
SN, k, x) = SP(N, k,X);

(2) Let
Za e(nz) € S(N,k, x)
n=1

be a primitive cusp form, then

8

is a primitive cusp form of S(N,k,X), and f|[W(N)]x = cg with a constant c.

Proof (1) We show first that [IW(N)]x sends S'4(N, k, x) into S°'4(V, k,X). This
is equivalent to show the following assertion: let N # M|N, m,|M, I|N/M, and let
h € S(M,k,x) such that f(z) = h|[&]k, then f|][W(N)]x € S?'4(N,k,%). We show
now the assertion. Put I’ = N/(IM). Then §W (N)d, ! =W (M), so that

FIW Nk = RI[&W (N)6; uls = (hl[W (M)]k)| [0 ]k
Since h|[W (M)|x € S(M,k,X), f|[W(N)]x € S°4(N, k,xX). Now suppose f € S"%(N
k,x). Then, for any f; € S°'4(N, k,X), we have
(FIW Ny f1) = (f, AV (N) Tk = (D)™, AW (N)]e) = 0,

since f1|[W(N)]i € S9N, k, x). Therefore f|[W(N)], € S™V(N,k,X). This shows

(1)
(2) By (1), we have f|[W(N)]i € S"¥(N,k,X). By Lemma 6.15, we have

(W N)]R)IT() = (FIT(n)*)|[W (N = aln) fI[W (N)]x

for any positive integer n. Hence f|[W(N)]y must be a constant multiple of some
primitive cusp form g. Let b(n) be the n-th Fourier coefficient of f|[W(N)]x, then
b(n) = a(n)b(1), so that

8

(1w (N

Since a(1) = 1 and the first Fourier coefficient of g is also equal to 1, we see that

=Y aln)e(nz), fIW(N)]x = b(1)g.

n=1

This completes the proof. O
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Z a(n)e(nz) € S(N, k, x) be a primitive cusp form. Then

n=1

Let f(z)

1

L(s, f) = Z a(n)n™% = H (1 —a(p)p~® + X(p)pk—l_zs)—
n=1 p
=TT —ap~ +xp*72) "L (- ap™) "
pIN

pIN
For any p{ N, by the Ramanujan-Petersson Conjecture (proved by Deligne), we have
la(p)| < 2pk=1D/2. We discuss now a(p) for p|N. For any p|N, set N = N, N, with
p{ N,, and x, the character modulo N, induced from x. Fix a prime factor q of N,

put X' = H Xp- Let g, 74 € SLa(Z) satisfy
p#q

B ((1) _01> (mod NJ), . (é ?) (mod N2),
" ((1) ?) (mod (N/Ny)?), " (? 0) (mod (N/N,)?)
) "q:”‘I(Aéq ?) né:v;(N/ONq (1))

then
ngLo(N)ng ' = To(N), n,To(N)y', = Io(N)
and for any v € IH(N), we have
x(mavmg ) = (X)), xgry ) = (0xa) ()-

Hence we have the following two isomorphisms:

SNk, x) 2 S(N, by x'Xa),

[U;]k

S(N,k,x) S(N,k,X'Xq)-
And the following two diagrams are commutative:
SN hy) L S(Nkx)
il | [+ (. Ng) =15
T(n)

S(N7 kvXIX_q) - S(N7 kvXIX_q)

X' (n)T(n
S ko) SNk )

[né]kl J[Vlé]k » (n,N/Ng) =1.

S(N7 ka X/Xq) I — S(N7 ka X/Xq)
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These can be proved along similar lines as in the proof of Lemma 6.15. In particular,
we see that f|[nglx € S(N,k,x'Xq) and f|[n)]r € S(N,k,x'xq) are common eigen-
functions of all T(n) ((n,N) =1)if f € S(N,k, x) is a common eigenfunction of all
T(n) ((n, N) = 1). Therefore we see that the assertion (1) of the following theorem

holds:

Theorem 6.6 (1) We have the following isomorphisms:

o s STV k) = ST, kXX,
I : S9N, K, x) =~ SOld(N,k7Xl7q)a
Jo o S"Y(N, k,x) ~ S™Y(N, k, x'Xq),
Jk - SOM(N, k, x) ~ SN, k, X Xq)-

(2) For any f € S(N,k,x), we have
FIgle = xa(=1X (Ng) f,

T3k = X (~D)Xa(N/N) f,
Fllngnglie = X' (Ng) FI[W (N)] .-
) If f= Z € S"Y(N,k,x) is a primitive cusp form, set

fllngle = €Y _b(n)e(nz),b(1) =1, gy(2) =Y b(n)e(nz)

then gq(2) is a primitive cusp form of S(N,k,x'Xq) and

Go)a), Hpta.
ole) = { Qalg), ifp=aq.

Proof  (2) Put n? = Ngv, then v € I'(1) and

(%) v

(ng N2_1> (mod (N/N,).

2
Ml

So that, v € I')(N), and hence f|[n2]x = xq(—1)X'(Ng)f. Similarly set 77’2 =

then 1 € I'h(N) and

N

Ny

1,
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Hence
2 .
Al gle = X' (=1)Xq(N/Ng) f.
Set y2 = ngn,W(N)~', then v, € I3(N) and

(1)

N (5 ) (o Y/

Hence
Fllngngli = X' (Ng) FI[W (N)]-
(3) If (n,q) =1, then

(f1[nalw)IT(n) = Xq () (fIT())|[ng]r = Xq(n)a(n) f][ng]x- (6.16)
If (n, N/Ng) =1, then
(f1[1g]e)IT(n) = X (n)a(n) fl[ngle- (6.17)

Since fl[nglx € S™™ (N, k,x"Xq) by (1), fl[nslx is a constant multiple of a primitive
cusp form by Lemma 6.14, and by (6.16) we have

b(p) = Xq(p)alp), ifp#q.
By (2), we see that f|[ng]x = cf|[W(N)n;]i with ¢ = x'(=Ng)xq(N/Ny), so that

(f1[qli)IT(n) = c((£ITW (N)]i)l 1] )| T ().
Since f|[W(N)]r € S(N,k,X), we see that, by (6.17) and Lemma 6.15,

Therefore b(q) = x’(¢)a(q). This completes the proof. O
Theorem 6.7 Let f(z) = Za(n)e(nz) € S(N,k,x) be a primitive cusp form, m
n=1

the conductor of x. For any prime g|N, put N = N N}, m = mgmy, with ¢t N, and

(1 |aq| = q(k—l)/z, if Ng =myg;
a? = ?(q)qk*z7 if Ng =q and mg = 1;

2
q
¢ =0, if >IN and N, # m,.
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Proof (1) Let v, 14 be as above, a a positive integer prime to ¢q. Take a positive
integer b such that ab+ 1 =0 (mod N,) and a = b (mod N/Ny). Let v be a matrix

satisfying
1 a 1 b e
(0 qe>vq—v(0 qe>, Ny =¢",
then v € SLy(Z) and

a * 10
so that v € I'y(N) and x(v) = xq(—b). Therefore we obtain

(o &) =een (6 )],

Let a run over a reduced residue system modulo Vg4, then we get

e 2 G L)

(a,Ng)=1

e !

(b,Ng)=

:qe(k/2—1)xq(_1)<z xq(b)e%inb/qe)a(n)e(nz)

n=1(b,N4)=1

1]k

=" 2DW (x,) 3 wg(—n)a(n)e(nz), (6.18)
n=1

a b
Ja 0 d k?
we see that

w0 2 (k)] mer-emamen(3 )],

a,Ng)=1
—a(e)f -~ ol ]| (5 0)]
k

where W (x,) is the Gauss sum of y,. Since

fIT()y=n*"1 %" M f

ad=n,a>0,b mod d
(a,N)=1

Hence we obtain

w2 3 Ul )]l

(a,Ngq)=1

=a(q®) fInglk — X' ()" a(g® ) (f|nq]
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-1
where we used the facts: v = <(1) 2) g (g ?) ng ' € SLy(Z) and x(v) = X'(q).

Let g(= Zb ) be as in (3) of Theorem 6.6, then f|[ny]x = cg with a

constant c. Comparmg the coefficients of e(z) and e(qz) of (6.18), (6.19), we obtain
ca(q®) = ¢“"*TIW(x,), calg®)blg) — ex'(a)g" alg*™") = 0.
Hence we have, by Theorem 6.6,
lalg) = ¢" e=Wxg)a > Va(g?) "
(2) By Lemma 5.17 and Lemma 6.8, since N, = ¢, we see that

) (g 0) fo) = 1) (o0 ) o) U 1oV

q 0

-1
0 1) € I'o(N). Therefore

since we can take o, = v, and v =, (0 ?) o, (

o) (0) To/a) = F1T(@) + 2 g

If (n, N) =1, then T(n) commutes with T(g) and [ny]x, so that

g:=1Ff

r) (g o) Fo5/a) € S(N/ak )

is a common eigenfunction of all T(n), (n, N) = 1 and the eigenvalues are the same
as the ones of f. By Theorem 6.3, g is a constant multiple of f. This implies that
g =0since g € S(N/q,k,x) and f is a new form. So that, we get

"7 fllngl = —ala)f,
and hence, by (2) of Theorem 6.6, we have

¢ (10X (@) f = ¢ fln2le = —alq) gk = ¢* " ?alq)? f.

That is, a(q)? = xq(=1)X(q)g" 2. Since mq = 1, xo(—1) = 1, a(q)® = X" ()" .
(3) Similar to the proof of (2), we have

) (o 0) rva) = r (o 0 ) 5o,

Hence we get, along similar arguments for the assertion (2),

f1T(a) fHFo (é O)FO(N/@} 0.

k

This implies that a(g) = 0, which completes the proof. |



176 Chapter 6 New Forms and Old Forms

During the proof of Theorem 6.7, we have also shown the following;:
Corollary 6.1 (1) If Ny = my, then
Fllnale = ala®) " "W (xg)g

with g a primitive cusp form of S(N,k, x'"Xq)-
(2) if Ny =q, mg =1, then

gk = —a(@)g" " *? £, alg) = X' (¢)alq).
Theorem 6.8 Let f(z) = Z Je(nz) € S(N,k,x) be a common eigenfunction

of Ro(N) and Ri(N), a(l) =1 and g = Zb ) € S(M, k,w) a primitive cusp

form. Assume that there ezists a posztwe mteger L such that a(n) = b(n) for all
(n,L)=1. Then N=M, x=w and f = g.

Proof  Without loss of generality, we may assume that L is a common multiple of
M and N. If pt L, by Lemma 6.12, we have

P x(p) = alp)® —a(®?), P'w(p) = blp)® - b(p?).

But b(p) = a(p) and a(p?) = b(p?) for any p 1 L, so that x(p) = w(p) for any p { L.
Hence we obtain

x(n) =w(n), if (n,L)=1.
By the functional equation in Theorem 5.9, we see that

Rx(s,f) _ Rwlk—s JIW(N)]e)
Rar(s.9) ~ ar(k— s, g WO)})

(6.20)

Since Ly (s, f) and Ly(s, g) have Euler products for Re(s) > 1+ k/2 respectively, we
see that for Re(s) > 1+ k/2

Ry (s, f) _ (\/N> | LS w(p)ph—12 (6.21)
Ru(s,9)  \VM/ 7 1—a(p)p™ +x(p)pt~17*

By the analytic continuation principle, we know that (6.21) holds for all s. Similarly,
by (2) of Theorem 6.5 and Lemma 6.15, we have

R k—s7 W(N \/N k—s 1 _r s—k o 2s—k—1
N ( fIW( )]’“):c( ) Hl— ()" " +w(p)p

Ry (k — s, g|[W(M)]) VM o 20— + x(p)pr—t1 (6.22)
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with a constant ¢. Comparing (6.20)—(6.22), we obtain

(N)S 1 1—b(p)p* +w(ppr—'=2 C( VN) g 1 1—b(p)p** + w(p)p?s—F1

M) i —alp= +x@p T \VM

oL L a@)psF + x(p)p?s Tt

(6.23)
Let M, and N, be the p-parts (i.e., M, = p*»™) and N, = p»N) where v,(x) is
the p-valuation.) of M and N respectively. By (6.23) and the uniqueness of Dirichlet
series, for p|L we have that

<Np> T1-bpp T +wppt T oL blp)p*~* + W(p)p*
My) 1—a(p)p= + x()p*172 "1 = a(p)ps—F + x(p)p>s—F-1

with ¢, a constant. Set x = p~*, then

Denote by u, v the degrees of the above polynomials with respect to x. It is clear
that 0 < u, v < 2.

(1) If w = v =0, we see that M, = N,,.

(2)fu=0,v=1,set Np/M, = p°, then we see that

1 —b(p)z = cpa®(1 — b(p)p "z~ "),b(p) # 0.

Therefore |b(p)|? = p* which contradicts Theorem 6.7, so that it is impossible that
u=0and v =1

(3) If w =1, v = 0, similar to (2), it is easy to see that M, = pN,,.

(4) If u =0, v =2, set N,/M, = p°, then

L= b(p)z +w(p)p*'a® = cpz(1 = b(p)p~ 2™t +@(p)p~ " 1a?).

This implies that ¢ = 2 and hence |w(p)] = p which is impossible, so that it is
impossible that u =0, v = 2.

(5) If u =2, v = 0, similar to (4), it is easy to see that M, = p?N,,.

(6) If u =1, v =2, set N,/M, = p°, then

1 —b(p)z + w(p)p*—'a? AL —=bp)p et +w(p)pF a2
= Cp.T — .

1—a(p)x 1—a(p)p=Fz—1

This implies that e = 1, so that

(1=b(p)z + w(p)p* 'a?)(z —
=cp(1 —a(p)z) x (2 w(p)p ). (6.24)

By comparing the coefficients on both sides of (6.24), we obtain
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la(p)l = 271 eyl = 92, (6.25)

By (6.24) and (6.25), we see that a(p)~! = p~*+2a(p) should be a root of 1 — b(p)z +
wip)pF~1z? =0, i.e.,

1= b(p)p~*alp) + w(p)p® Falp) =0,

so that,
b(p) = a(p) + w(p)pa(p) = a(p) — c(p). (6.26)
By (6.25) and (6.26), we have
11— [b(p) —k/2’<p L

which contradicts Theorem 6.7, and it is impossible that v =1, v = 2.

(7) If w =2, v =1, similar to (6), it is easy to see that M, = pN,,.

(8) If u = v =2, it is easy to see that M, = N),.

Anyway, we proved that N|M and x(n) = w(n) if (n, M) = 1. This implies that

S(N,k,x) C S(M, k,w). By Theorem 6.3, we have f = g, and hence M = N in terms
of Lemma 6.14. This completes the proof. |

By Lemma 6.14 and Theorem 6.8, it is easy to show the following:
Corollary 6.2 (1) Let 0 # f(z) € S(N,k, x), and

fIT(n) =a(n)f, (n,N)=1
Then there exists a unique factor M of N and a unique primitive cusp form g(z) of
S(M, k,x) such that
9|T(n) = a(n)g, (n,N)=1
(2) Let f(z) € S(N,k,x) be a common eigenfunction of Ro(N) and Ri(N). Then
f(2) is a constant multiple of some primitive cusp form of S™V(N,k,x).

6.2 New Forms with Half Integral Weight

In this section we discuss the Kohnen’s theory of new forms with half integral weight.

Here and after, we always assume that IV is an odd square free positive integer, x a
4de
quadratic character modulo N with conductor ¢. Put e = x(—1) and x; = () X-

We define Sy 1/2(IN, x) as the space of cusp forms of weight k£ + 1/2 and char-

acter x1 on Io(4N) which have a Fourier expansion Za(n)e(nz) with a(n) = 0
n=1

for e(—1)*n = 2,3 (mod 4). We write Skt1/2(N) for Sp41/2(N,id.) and we call this

space Kohnen’s “+” space. It is clear that Sjy1/2(N,x) C S(4N,k+1/2,x1).
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o (4 1Y a2 aiga
o {(1 1))

Q= Qr,N,x; = [Ao(4N, x1)&k,c Ao (4N, x1)],

Put

where Ag(M, w) = {(A, $)|A = (i Z) & To(M), 6(2) = w(d) (5) (‘74)1/2 (czt

d)l/Q}. We usually omit the subscripts k + 1/2,4N, x; and write just &, Q.

Lemma 6.16  The operator Q satisfies the quadratic equation (Q — a)(Q —3) =0
where a = (—1)[(’“‘1)/2]52\/5 and B = —%. It is Hermitian, and its o eigenspace is
Just Syy1/2(N, X).

Proof It is easy to check that

EFAg(AN, x1)EF N Ao(AN, x1) = Ag(16N, x1).

Therefore
Ag(4N, x1)EF Ao(4N, x1) = U Ao(16N, x1)E7¢, (6.27)
is a disjoint union, where {&,} is a set of representatives for Ag(4N, x1)/Ao(16N, x1).
For any v € Z, put A, = (411]1} ?) Then {A}|v mod 4} is a set of representatives
for Ag(4N, x1)/ Ao (16N, x1), by (6.27), we see that
o= Jlieay,
v mod 4

AQP= > > flieAseas).

v mod 4 © mod 4

i (2 ) )
10 ANu —4 2
_{<0 1)’Xl(_ZNU+1)(—2Nu+1>(—2Nu+1> }
14+2Nu  —Nu \~ 2 1\ g
X( ANu 1—2Nu> {8(0 2)’61 '

By the invariance of f under the operation of elements in Ag(4N, x1) and the fact

that
ANy —4 —k-1/2
2 Xl(_QNu+1)(—2Nu+1>(—2Nu+1> =0,

w mod 4

Now

we obtain that
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> fligAeAL] = 0.

u mod 4

Next we observe that

10 > —4 VR
5Aﬂ’5={<o 1>’X1(1iN+N)(1iN+N2> ¢ }

N+1\2\"
I1FN+ N2 (2 —2 .
+ ( 2 ) £Ai17
_4N? 14+ N + N2

hence

_ k—1/2 _
Y flleAnea;) :xl<1iN+N2>(7‘*) £h=1/2e= @k e/ £ )

2
uw mod 4 1iN+N
Since
4 k—1/2
1+ N+ N[ —
xall+ N+ )(1+N+N2>
4 k—1/2
_ (= - _1\k:
+x11-N+N )(1_N+N2> 14 e(—1)M,
we obtain
S (FIEATEAL + FIEAT EAL]) = (1 + e(—1)i)e 1/ 2o (RHDai/4 p .
uw mod 4
Finally
1+ N\ *
514;5:{(16 0>71}<1+2N T)
0 16 SN 142N
and so

> FIIEAsEAT] = Af.

u mod 4

Summarizing the facts above we showed that
Q2 _ (1 +5(—1)’“1)6"“‘1/26_(2k+1)“i/4Q + 4,

that is,
(@—a)(@—-pB)=0.

The adjoint operator of ) is given by

Q=" fliEl.
3

where £ runs through a set of representatives of the right cosets of Ag(4N, x1) in

Ao(AN, x1) € Ag(AN, 1) with & = { (é _41> ,s—k—1/2e—<2k+1>m/4}, but
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N—1\* .
g,:<1—2N T) g( 1 0)
SN 1—2N —8N 1

so that () is Hermitian.

Let f = Z a(n)e(nz) be an element of S(4N,k+1/2,x1). Then
n=1

ng + 5/] _ s_k_1/2e_(2k+1)m/4f(z + 1/4) + €k+1/26(2k+1)m/4f(2 _ 1/4)

_ Ek i(€—1/2i—ke—ni/4enin/2 +El/2ikeni/4e—nin/2)a(n)e(nz)
n=1
and hence
flle+€1= <—1>“’“+”/2W5( S ame(nz) -~ Y a(n)emz))-

e(—1)kn=0,1 mod 4 e(—1)kn=2,3 mod 4
(6.28)

This shows that f is in Sy.1/2(N,x) if and only if f|[¢ + &] = % F. Now by the
definition of the trace operator in Section 5.4, we see that, by (6.27),

£1Q = (fIEDITr, 1@ = (f1[€'DITr, (6.29)

where Tr is the trace operator from S(16N,k+1/2,x1) to S(4N,k+1/2,x1). Thus,
if f € Sky1/2(NV,x), we see that

£1Q = LFIQ + @ = S(NENITe + (FIEDT) = & FiTe = .
Conversely, suppose that f|Q = af. Then
(f1l¢ = /4D Tr = (fI[§' — a/4])|Tr =0

and so
(fIl€ + €& —a/2])|Tr = 0. (6.30)
By the definition of Tr, the equation (6.30) implies that the function [’ := f|[{+& —

«/2] is in the orthogonal complement of S(4N,k+1/2,x1) in S(16N,k+1/2,x1). In
particular, we have

(f',f)=0.
Since (f|[§ +&'])|[§ + €] = 2f, we see that

(P AlE+EN = (Fle+ €10 = (2 = SAlE+E1 £y = =S (. hr =0.

Together with (f’, f) = 0, this implies that (f’, f') = 0,i.e. f|[(+&] = %f. Therefore
fisin Sii1/2(N, x). This completes the proof. |
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For each prime divisor p of N, we defined an operator W (p) in Section 5.4 by

_ p a —1,1/4 1/2
W ={ ([ ) &Nz ),
where a, b are integers with p?b — 4Na = p. Then W (p) maps S(4N,k + 1/2,x1) to
1p _ 4\ ~(2k+D)/4
S <4N,k +1/2,x1 ()) and (p) W(p) acts as an unitary involution
on the sum of these spaces (see Section 5.4).

Lemma 6.17  W(p) maps the space Syi1/2(N,X) isomorphically onto the space

sios (¥ 5))

Proof =~ We must show that Sy q,2(N,x)|[W(p) C Sk+1/2(N,X(;)). In view of
Lemma 6.16 we only need to show that

WO (o), = (5 ) 1) IV (6.31)

holds for f € S(4N,k + 1/2,x1). It is easy to verify that for every v € Z there is
some v, € IH(4N) such that

w4 ={ (3 1) (5) precamo

where u is determined mod 4 by Nu= —1—b(1+ Nv) + N/p (mod 4). This implies
(6.31) since flQ = > (fI[§, (=4)e)I4;. This completes the proof. O
Np

v mod 4

Let m|N*° and U(m) be the operator defined as in Lemma 5.38. For any prime
divisor p of N, put

w =Wy py1/2,n =p VAU ()W (p)

and define S,:thl /2(]\7 ) as the subspace of Sj41/2(IV) consisting of forms whose n-th
(—1)*n

Fourier coefficients vanish for ( ) = F1. Then we set

Wp,y 7= Wy kt1/2,N,x = U)Wy pr1/2 NU (1),

S]:Ct_fl/z(Nv X) = S]ztfl/z(N)‘U(t)v

where we used the fact that U(t) is an isomorphism from S 11 /2(N) to Spy1/2(N, x)
which will be proved in (1) of the following lemma.
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Lemma 6.18 (1) The operator U (t) maps isomorphically Sy i1 /2(N) onto Syyq/2(N,
X) where t is the conductor of x.
(2) The operator wy j41/2,n @5 a Hermitian involution on Syyq/2(N,x) whose

(£1)-eigen -space is Skifl/Q(N7 X)- In particular, for any p|N, we have an orthogonal
decomposition
Sk+1/2( ) S}:fl/Q(N X)@Sk_fl/Q(N7X)'

t
If p t t, then wy, coincides with the restriction of (—) p~CE=D/AU ()W (p) to
p
Sk+1/2(N, x), and Sk+1/2( ,X) coincides with the subspace of Sy41/2(N, x) consisting
, ) . (—1)ktn
of forms whose n — th Fourier coefficients vanish for T = Fl.

Proof  We prove first the following assertion: suppose p t ¢, then p~*=D/4U (p)W (p)
defines a Hermitian involution on Sji/2(N,x) whose (£1)-eigenspace consists of

oo

those functions f which have a Fourier expansion f = Z a(n)e(nz) with a(n) =0

In fact, by the definition of U(p), we see that

- 5 1))

v mod p

and so
flp~ DU (p)W (p)

_ p+4Nv a+ pbu 4\ /2
—p /2 Z fH ( ANp b >,<p> (ANz +pb)/2 4]

v mod p

If 1+ 4Nv/p#0 (mod p), then 4N and 1+ 4Nwv/p are co-prime, and so we can find
. o B

integers «, 8 such that a(—1 — 4Nv/p) — 4N3 = 1. Thus <4N 1 —4Nv/p> €
I'y(4N), by f € Sit1/2(N,x) and p { t, we see that

f‘ H (pl—;ﬁ:v ¢ —;212[”}) ,(ANz +pb)1/2H

MG G

f|p<%1>/4U<p>W<p)=(N—/”)(‘f)kmp1/2 > s

p

16 5) G

a mod p,
(a,p)=1
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({2 )

where vg is an integer with 14+ 4Nwvy/p =0 (mod p). Since

= O 2 Ml

(a,p)=1

(6.32)

=0,
we see from (6.32) that

Flip= =D ()W (p))?

H ((1) ?) ’p”‘*H \W(p)‘mp)mp)
2. 2 GG S fDwol[{ (o 5) ] wo

Since p1t, it is easy to check that

(O )G ) ol (6

o )W) € A,
p
so that, we have

:p—(2k+1)/4f

Flp~CE=DAT ()W (p))? = f.

weneanne((3 2. ()G V(G QG

p

p p
.. 1 v 1/4 . * L wo 1/4
and the adjoint of 0 p , D W (p) can be written as C 0 p D W(p)
with C' € T'y(4N), it follows that p~*=D/4U (p)W (p) is Hermitian.
Finally, by Gauss sum and (6.32), we have

G = () 37 (S5 Jatmeta

H ((1) 1;) ’pwH W(p).  (6.33)

Therefore to complete the proof of our assertion we only need to show that

—k—1/2
11U (@) = i(‘;) P/ f1 ()

+p 12 f

is equivalent to the identity

P 3wl

p) (U@ p2),
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which can be derived from the following fact
1/2
1 v 1/4 _ 10 —4 N/p
{(0 p)’p =10 1)\ P

cww{ (4 1) (6.34)

with C' € Ty(4N), and hence the assertion is proved. Since we have the following
commutation rule

FUOW () = (;)ﬂW(p)U(t), pit,

the assertions in (2) of the lemma will be clear once (1) will have been proved. By
Lemma 6.17, we have that dim(Sy1/2(N)) = dim(Si41/2(N, x)). So we only need to
show that U(t) is injective on Sy 1/2(N). But we have shown above that U(p)W (p)
is injective on Si11/2(N, x) for p{ ¢, so U(p) is injective on Sy /2(N, x) for p{t, and
hence we conclude by induction that U(t) is injective on Si41/2(/N). This completes
the proof. 1

We introduce now the Hecke operators on Sj1/2(V, x). Let
1
a—p
be the orthogonal projection onto Sj.y1,2(N, x). For a prime p { N, we define T(p) :=

(Qr,N i — B)

Pr-=DPIk N *=

Tn.k(p) as the restriction of

_ 1 0
vppt 3/ [Ao(‘lN,Xl){ (0 p2> 7p1/2}A0(4N7X1)]Pr

to Sit1/2(N,x), where v, = 1 or 3/2 according to p # 2 or p = 2. It is clear that
for an odd p, Tk, (p) is the restriction of the Hecke operator T .y, (p?). We write
Tn.i(p) for T kia.(p)-

Lemma 6.19  Let f(z) = Za(n)e(nz) € Spy12(N,x). Put f|Tney(p) =

n=1
Zb(n)e(nz). Then
—1)*n
b(n) = a(an)—FX(p)(L ;) )pkla(n)—ka(n/pQ), if e(=1)*n=0,1 (mod 4),
0, ife(=1)fn=2,3 (mod 4).

(6.35)
The operators T(p) generate a commutative C-algebra of Hermitian operators.

Proof  Since T(p) is just the Hecke operator T(p?) for p # 2, so (6.35) is clear for p
odd by Theorem 5.15. Let us now prove (6.35) for p = 2. We use the same notations
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as in the proof of Lemma 6.16. By the definition of U(m), we see that
k—3/2 L 0Y Jip2
U4) =2 Ao(dN x1)y (o 4 )27 (AodN. xa) ).
By the definition of T(2) and (6.29), we have

JIT@) = = (U@ [T+ 31U = fi + fo + fy

with
fi = S(AIU@IEDIAG + 431 + 1 U (4),
fa = S(FIU@)EDIAY],
fs = S((FIU@)EDIA” vs].

Since

*

N+1

. 10 . 14+2N ——
=30} (2 Y e

8N 1+2N

and f € Sii1/2(N, x), we see that

fi =~ (V@) + €]+ 37U ()
By (6.28) and Lemma 5.38, we have

fi= Z a(4n)e(nz).

e(—1)kn=0,1 mod 4

- 5 (G 5) )

v mod 4

But we have also

so that

k—3/2
rtm 2 ARG 0 2]l

v mod 4

A+ 4N (4o +1) dv+1 .
k—3/2 1/2 mi/4 2 1/2
Cpen ] (FRD S e, el

v mod 4

For v € Z we can find an integer a such that
—a(l+ N?(4v+1)) +2(4v+1)=0 (mod 16),

so that
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2
{<4+4N (4v+1) 4v+1> ’81/2eni/4(8N2Z+2)1/2}

64N2 16
1+ N2(4v+1) —a(l+N?*4v+1)+24dv+1)\"*
— 2 16
SN2 —aN?% +2

A0 e (D) )

Moreover, if v runs through integers mod 4, a runs through a reduced residue system
mod 8. Thus

@22 s () (£)(E)(2)

a mod 8,
a odd

From this equality, it is easy to verify that

f2=x(2) i (@)a(n)e(nz).

n=1

We want now to compute f3. By the proof of Lemma 6.16, we know that

a
fllE+&=5r (6.36)
Since
1 +1 —N*4+1 1 .
(6 ) #H (i ) anevanceonr)
1— N4 (4£1)(1 - N4\ *
4 - 7
_ TN —&-74 1+ 16 £F1,
—4N*4 FN*+4

so (6.36) implies

2= 3 G D2 3) et}

and hence

PREHES|

:%f’ |:{ (4]4\5‘4 _JV—41+1> 7((;_1/2em/421/2(4]\/v4z_]\[4_’_1)1/2}:|. (637)

Since a(n) =0 for n =2 (mod 4), we have

2 H ((1) 4) 2 H =22k fU ().
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From (6.37) we obtain

f|U(4) _ 2k—3/2af |:{ (4]%74 _N_41+ 1) ’8—1/26—7[1/42—1/2(4]\]42 _ N4 + 1)1/2}:|

{9 e
Hence
f= i el =221 [ (5 1) 2]
=921 Tia(n/ll)e(nz). (6.38)

Putting together all expansions for fi, fo and f3, we get (6.35) for p = 2. It is
clear that the operators Ty (p) commute each other from (6.35). Tk (p) (p 1

2N) is Hermitian since the operator HAO(4N7X1) <(1) ;) 71)1/2}A0(4N,X1)} is

Hermitian for p { N. So we only need to show that T(2) is Hermitian. Let f, g be in
Skt1/2(N,x). Then

SUIT(2),9) = (U @)pr,) = (F1U (), glp)

swtaa-n 5 ()
ARG <f7 g

£ (D))
R (e

{6 1))

L (U @) e [A%s), (6.39)

(07

Now we have

L (U @) DI o] =232

«

and the first equality is derived from (6.38), and the second can be proved similarly.
By (6.39), we see easily that

H (3 (1)> 72_1/2” = E(QIU(ZI))I[&A*_M +ETTAR).

2k+1/29

Thus

SUITR),0) = (f, U (@)EA s + € AR

(fl[ANsE™" + A% ys€] U (4))

SN RN N
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= 2{7le+ € glU @)

2
= {£,9lUW)) = 3{f,9|T(2)).
This completes the proof. O

For a positive divisor d of N we set Sj1/2(d, x) = Siy1/2(d)|U(t). Put
S s (NX) = D (Skry2(dyX) + Serrj2(d, )T (N?/d?))
N#£d|N

which is called the space of old forms in Sj;,2(N,x). And we define the space of

new

new forms, denoted by Sk+1/2 (N, x), to be the orthogonal complement of the space
of old forms in Sjy41/2(IV, x) with respect to the Petersson inner product. We write

Sei12(N) = SpfY o (N, id.).
Lemma 6.20 We have

SEv1/2(N, x) = SEL1 2 (N)[U ()

Proof By Lemma 6.18 it suffices to show the inclusion
S 2(NIU(E) € SET /2 (N, x)-
Let f € Sp9Y 5 (V). We must show that
(glU(t), fIU(t)) =0

for all old forms g in Sy 1/2(IN). Let t = p1 ---p, be the standard factorization of .
Then we have

(glU®), FIU®) = pi (gl U (t/pr). FIU(t/pr)),

SR/

since W (p,) is unitary and p, pr)W (pr) is a Hermitian involution on Sy 119

(N)|U (p_> (by the proof of Lemma 6.18). By induction, we see that

(glU ), X)) = t*+12(g, f) = 0.

This completes the proof. O

We shall carry over the basic facts about the space of new forms S™W(N, 2k)
to S 2(N, x). Recall that for every prime divisor p of N the operator U( )
preserves SneW(N,Qk) C S(N,2k) and that U(p) = —pF~1W, 21 n on S"V(N, 2k),
where W), ox nv is the Atkin-Lehner involution on S(N, Qk) defined by

pz+a

(fWporn)(2) = p"(4N= +pb)‘2kf<m

), a,beZ,p’b—4Na=p

We shall now prove an analogous result for new forms of half integral weight.
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Theorem 6.9  For every prime p|N, the operators U(p?) and wpy = Wp N x
preserve the space of new forms. And we have U(p?) = —p*~lw, \ on Si‘i"{ﬂ(N, X)-

Proof  We first show that w, , := wp r,~, maps new forms to new forms. Since
Wp,y is Hermitian it is sufficient to show that w, , maps old forms to old forms. By
the definitions we only need to show this for x = id. Now set wy, := wy 1, n. We only
need to show that wy, maps Syy1/2(N/1) and Sy11/2(N/1)|U(I?) to old forms for every
prime divisor [ of N.

Let f € Spq1/2(N/1). If p # 1, by (2) of Lemma 6.18, f|w,, is in Sj1/2(N/1) and
so an old form. The same is true for f|U(I?)|w, = f|w,|U(I?). Thus we assume that

p=1. Let f(z) = Z a(n)e(nz). Then, by (6.34) and (6.35) in the proof of Lemma
n=1

6.18, we see that

= (1 (g 2) )
(DG
-G DG ]
Thus we obtain that

flup = (22 f_oj (((‘”k”)mm ol s?))elnz),

p

Fluy = (%”)pk+l<—f|U<p2> T 2). (6.40)

This shows that f|w, is an old form. Moreover, applying w, on both sides of (6.40)
and noting w? = id. we see that (f|U(p®))|w) is an old form. This shows that w,
maps old forms to old forms, and so that, new forms to new forms.

new

Finally, we must now prove that on S;¢ /2(N ,X)

Up?) = —11)’“_1101,71671\;7)(7 p prime , p|N. (6.41)
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But Lemma 6.20 and the injectivity of U(t) on Sji1/2(N) (see Lemma 6.18) allows
us to assume x = id. for the proof of (6.41). Denote by Tr := Tr%/p :S(NkE+1/2) —
S(N/p, k + 1/2) the trace operator. It is easy to verify that Tr%/p maps Syy1/2(N)

to Spi1/2(N/p) by Lemma 6.16. Let f € S}in{ﬂ(]\f). Since f is orthogonal to

. 1 0 1 u
Sk+1/2(N/p), it follows that f|Tr = 0. On the other hand, (4N/p 1) (0 1)

1
(u mod p) together with < 0 ?) form a complete set of representatives for I'H(4N)/
I'v(4N/p). Thus we have

fITe=f+ 3 fH(Mé/p 2)(5 ?)}

u mod p
But

(o 2) 1) =G 0) G oo 6 i) )
so that

N\ k12
fITe=f+ (?) M2/ LW () U ().

Since f|Tr = 0, we obtain that

g\ B2
AW @)U () = - (7) P/,

By (2) of Lemma 6.18 and the fact that wp , n, preserves the space of new forms,
we see that U(p)W(p) is an isomorphism of SpTY /2(]\7 ). Thus replacing f with
fIU(p)W (p) in the above equality, we see that

g\ B2
(7) UG = [IUGW W)U D)
g\ B2
—(3) e
i.e.
U@ =~ fluy.
This completes the proof. O

Lemma 6.21 Let f = Za(n)e(nz) € S(4AN,k +1/2,x1) satisfy that a(n) =0 for
n=1

n =2 (mod 4). Then f is in Syy1/2(N, X).

Proof  The hypothesis a(n) = 0 for n =2 (mod 4) is equivalent to
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G DA D
esmguia{ (3 4)0)

Now apply the trace operator Tr := Tri?VN from S(16N,k + 1/2,x1) to SAN,k +
1/2,x) on both sides of the above equation. Because of the identity (6.29) and the
fact that @ is Hermitian, we obtain that

e(—1)EH1/2 /2 f1 0 = 2—k+1/2<(f|U(4))‘ H (3 (1)) 72_1/2}D

Since U(4) and {(é ?),2—1/2} Tr equal 2’“—3/2[A0(4N,x1){<é 3),21/2}

A0(4N,X1)] and [A0(4N,x1){ (3 ?) ,2_1/2}A0(4N,X1)] respectively, and also

since

Tr.  (6.42)

A0(4N7X1){((1) Z>,21/2}A0(4N7X1)

sy (5 1) 2 fanavo)
—aaavon){ (5 7)1} anavon)
o] (o ) 1fasano
rasanvoan{ (o 7)) 1 paana)
o (o 7)1} aavn,

the right hand side of (6.42) equals

5 (47 + (-2

so that
F1Q = (1) /22 /3¢
and hence f is in Sjy1/2(V, x) by Lemma 6.16. This completes the proof. O

Lemma 6.22 Let p be a prime and 0 # f = Za(n)e(nz) € G(N,k/2,w). Assume

n=1
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that a(n) = 0 for all n with p{n. Then p|N/4, wx, is well-defined modulo N/p and

f=9glV(p) with g € G(N/p,k/2,wx,) where x, = (g)

Proof Put
((ER D

N = {JJ\Vf{p, i;fppfj\;//‘: To(N',p) = { (Z 2) € FO(N')|p|b}.

o0

9(z) = f(z/p) = Z =ph/f

Set

IfA= (Z Z) € I'o(N',p), then 4; = (a b/p) € I'o(N) and we see that

cp d
{(5 o) weba =aog@ai (5 5) 0}
enee gll4"] = wld)p (d)g. (6.44)

By (6.43) we hav
R (R

1 1
Since I'o(N') can be generated by Io(N', p) and (O 1 ), we see that (6.44) holds for

any A € I'y(N'). We declare that wy, must be well-defined modulo N’. Otherwise,
there exist integers a and d such that ad = 1 (mod N') and wx,(a) - wxp(d) # 1.
Take a b

B= (N, d) € Iy(N'),

we have that g = ¢|[B*(B™!)*] = wyp(a)wxp(d)g, which is impossible since g # 0.
Therefore wy, must be well-defined modulo N’, so that p|N/4 and N' = N/p. It
is therefore clear that ¢ is in G(N/p,k/2,wx,) and f = ¢g|V(p). This completes the
proof. 1

Lemma 6.23 Let m be a positive integer, and

oo

f(z)= Za(n)e(nz) € G(N,k/2,w).

n=0

Suppose that a(n) = 0 for any n with (n,m) = 1. Then
F=2 5V, fr€GN/p.k/2.wx).

where the prime p runs over the set of common factors of m and N/4. And wy, is
well-defined modulo N/p. f, can be chosen as cusp forms if f is a cusp form. fp
are eigenfunctions for almost all Hecke operators T(p?) if f is an eigenfunction for
almost all Hecke operators T(p?).
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Proof  We can assume that m is square-free. Let r be the number of different
prime factors of m. If r = 0, then f = 0 and the lemma holds. If 7 = 1, this is the
Lemma 6.22. We now prove the lemma by induction on r. Let m = pgmg. Take a
prime p and put K(p) = 1 — T(p, Np)V(p) where T(p, Np) is the Hecke operator
Tnp.kw(p) on the space G(pN, k/2, w). By the properties of Hecke operators, we
have
fIK(p) = Z a(n)e(nz) € G(p°N,k/2,w).
(n,p)=1
So
h:= > a(m)e(nz)=f| [[ Kp) € GmIN, k/2,w).
(n,mo)=1 plmo
If h = 0, replacing m by mg, we see that the lemma holds by induction hypothesis.
Now suppose that h # 0. If (n, mg) = 1 and a(n) # 0, then po|n. By Lemma 6.22,
there is g,, € G(m3N/p, k/2, wxp,) such that h = g,,|V (po), and wx,, is well-defined
modulo m3N/py. Hence po|N/4 and wyy, is well-defined modulo N/py. We have

f=h=f=gplV(po) = _bn)e(nz).
n=0
Noting that b(n) = 0 if (n, mg) = 1 and applying induction hypothesis, we have
F=9p0lV(P0) =D gV (D),
p

where p runs over the set of prime factors of mg, and wy, is well-defined modulo
m2N/p. Therefore by Theorem 5.21, we see that

FIS@) = gpo = D (9l S (@xp: MmN/, p0)) |V (p).

P
Put fp, = f|S(w). Then f,, € G(N/po, k/2,wXp,). If we write
FoolV(po) =) eln)e(nz),
n=0

then the nth Fourier coefficient of f,, |V (po) — gp, |V (po) is not zero only for (n, mg) #
1. So we get ¢(n) = a(n) for (n,mo) = 1, and hence the nth Fourier coefficient
of f — fpo|V(po) is zero for (n,mg) = 1. By the induction hypothesis we get the
decomposition of f as stated in the lemma. The other results can be proved also by
induction. This completes the proof. O

Corollary 6.3 Let f be as in Lemma 6.23. If f is an eigenfunction of almost all
Hecke operators, then f € G4 (N,k/2,w).
Theorem 6.10 We have the following decomposition:

Ser2(Nox) = @D i e(d U ().
r,d>1,rd|N
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Proof  We now prove the decomposition for the case N = ¢ with ¢ an odd prime.
We can prove the general case by induction. First assume y = 1. Suppose that
f € Skt1/2(1) and f|U(¢?) € Sky1/2(1). We may assume that f is an eigenfunction
of all Hecke operators T(p) := T1,1(p). To prove the decomposition we must show
that f = 0. If otherwise, since f and f|U(¢?) have the same eigenvalues for all T(p)
with p # ¢, we conclude that f|U(¢?) = cf with some constant ¢ € C (in fact, by
Theorem 6.3, a non-zero Hecke eigenform in S(1, 2k, id.) is completely determined
up to a constant factor by prescribing all up to finitely many of its eigenvalues, so is
also a non zero Hecke eigenform in Sy 1/2(1) by Theorem 9.7).

Now let A\, be the eigenvalue of f with respect to T(g) and write f = Z a(n)e(nz).
n=1

Then, by the definition of T(q) and the fact that f|U(¢?) = cf, we have

(=D _ 2k—1 2
Ag — € . q a(n) =¢*" " a(n/q¢®), VneN. (6.45)
By Lemma 6.22 we can choose n' such that ¢{n’ and a(n’) # 0. We see then that

Ag=c+ <(_1q)k”/>qk—1. (6.46)

Substituting (6.46) into (6.45) we have

(<(_1q)kn/> B (Hq)kn>>a(”) = ¢"a(n/q*), VnéeN,

(-
q

()

|)‘q| = qk + qk_17

so that

10 = (S5 )t =0 mod )

ie.,

Thus by (6.46) we see that

which is impossible by Ramanujan-Petersson-Deligne’s Theorem. Thus we proved
that

Skt1/2(1) N Sig2(V|U(¢%) = {0}.
Hence by the definitions of new forms and old forms, we have
Skr1/2(0) = Sp{H 2(0) & (Skt1/2(1) + Sk+1/2(1)|U(q2))
= S )2(@) @ Sky1/2(1) @ Spa1/2(D[U(¢?)
= Sii1/2(0) & i 2 (1) & St o (DIU (6°).

~— ~—
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Thus the theorem is proved for xy = 1. If x is primitive modulo ¢, the theorem follows
from the following facts (see Lemma 6.18 and Lemma 6.20) :

Skr172(@IU (@) = Skr1/2(4:X), St 2(@IU (@) = SpdT 2(¢: X)-

This completes the proof. O

Theorem 6.11 (1) The space S}g+1/2(N X) has an orthogonal basis of common
eigenfunctions for all operators T(p) := Tn(p) (p prime, p t N) and U(p?) (p
prime, p|N), uniquely determined up to multiplication with non-zero complex num-
bers, the eigenvalues corresponding to U(p®) with p|N are +p*~1. If f is such an
eigenfunction and X, the eigenvalue corresponding to T(p) resp. U(p?), then there
is an eigenfunction F € SSV(N), uniquely determined up to multiplication with
non-zero complex number, which satisfies F|T n or(p) = ApF resp. F|U( %) = M\ F

for all primes p with pt N resp. p|N. Let f = Z a(n)e(nz) and F = Z A(n
n=1

and D a fundamental discriminant with ¢(—1)*D > 0. Then we have

L(s—k+1,xxp) Z (ID[n?)n~* = a(|D|) Z

(2) Let the map Lp n i,y be defined by

Z b(n)e(nz) — Z (ZX(d)xp(d)dk_lb(n2|D|/d2)>e(nz).
n=1

n=1 d|n

Then Lp,Nky maps Sgt172(N,x) to S(N,2k,id.), ST (N, x) to S™Y(N, 2k, id.)
and Skfl/2( X) N SES (N, x) to SEP(N, 2k,id.) () S"V(N, 2k,id.) with p any
prime divisor of N where S*P(N,2k,id.) = {f € S(N,2k,id.)| f[Wporn = £f}.
It satisfies

TN kx(P) LD, Nkx = LDNkxTN2k1(p), VPIN,

UP*)Lp Ny = LonixU(p), Vp|N.

There exists a linear combination of the Lp n i which maps kS’}Clﬁ_Vz/z(]\f7 X) resp.

SEPL (V. X) N S 2(N, X)
1somorphically onto w id.) resp. id. w id.).
phically SReW(N, 2k, id.) D SjEP(N7 2k,id.) [ S™°Y(N, 2k,id.)

Proof  Since T(p) commutes with U(d?) for d|N, and since for f € Sgy1/2(N) we
have

FIU@IT(p) = FIT@)IU (@),
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it follows that the Hecke operator T(p) preserves the space of old forms and so pre-
serves also ST /2(N ,X)- We now have that

Tr(Tw kx (1); Sk$7 /2 (N, X)) = Tr(Twv 26(n), S™V(N, 2k)) (6.47)

for all n € N with (n,2N) = 1. In fact, this follows by induction from the decompo-
sitions:

SN = B S pd 0IUE),

r,d>1,rd|N

S"N(N)= @ 5™V(d,2k)|U(r)
r,d>1,rd|N
and from the Theorem 9.7.

By (6.47) and the corresponding statement for S™°V(N, 2k) (see Section 6.1), we
deduce that SpTY /2 (N, x) has an orthogonal basis of common eigenfunctions for all
operators T i, (p) (p12N), uniquely determined up to multiplication with non-zero
complex numbers. Since Ty .1 (p) (p12N), U(p?)(p|N) and Ty k(2) commute, so
these functions are also eigenfunctions of U (p?)(p|N) and Ty ., (2). Furthermore, by
Theorem 6.9 and in particular the fact that wy , ry1/2,, is an involution shows that

the eigenvalues with respect to U(p?)(p|N) are £p*~1. Now let f = Z a(n)e(nz) be
n=1

an eigenfunction and assume that f|T(p) = A\, f resp. flU(p?) = A, f for pt N resp.

p|N. Then a formal computation as in Lemma 5.40 and Theorem 5.23 shows that

e} N 2 —1
L(s—k+1xxp) S a(lDln?) = a(ID) [ ( o+ (p) p)
n=1

p

for every fundamental discriminant D with e(—1)*D > 0.
Let us show the assertions about the maps Lp := Lp n . Note that the Hecke
operators Ty k (p) and Tx 2xia.(p) act in a natural way on the formal power series

in g = e(z). It is clear that for a formal power series f = Z a(n)q™, we
e(—1)kn=0,1 mod 4

have
[ TN kx| Lp = fILD| TN 2ka.(p), VP{N,

flUP)|Lp = fILplU(p), Vp|N,

by a formal computation.
The other assertions will be shown first under the assumption that D = 0 (mod 4).
Write D = 4¢ with t square free and ¢t = 2,3 (mod 4). For

f= Za e(nz) € Sgy1/2(N, x),
n=1

put
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FILt ANk = Z (Z (%)X(d)dk_la(nz|t|/d2))e(nz).

n=1 d|n

Then f|Lian k. is a cusp form of weight 2k on I'y(2N) by the results of Chapter 8.
Since f € Sji1/2(N,x), the nth Fourier coefficients of f|Ltan x,y, are zero for any
odd n. Hence the function (f|L¢an k. )|U(2) = f|LDp N,k is in S(N, 2k,id.).

If fe Sy /2 (N, x) is a Hecke eigenfunction, then from Theorem 6.9 we see that

flU@?) =" f. ¥V p|N.

Therefore F' = f|Lp is a Hecke eigenform in S(N, 2k,id.) with F|U(p) = £p*~1F for
all p|N, and this implies that F' must be in S®°V(N, 2k, id.) by the results in Section
6.1.

That Lp maps S;.7; (N, x) ) SpSY (N, x) to SEP(N, 2k,id.) () S (N, 2k, id.)
follows from Theorem 6.9, the identity U(p*)Lp = LpU(p) and the fact that U(p) =
—p* W, N ok on SPCV (N, 2k, id.).

We shall now prove that there is a linear combination of Lp with D =0 (mod 4)
which gives an isomorphism of ST /2( X) onto S™V (N, 2k, id.). Now suppose
that f € SPSY 5 (N, x) is a non-zero Hecke eigenfunction. We declare that there is a
fundamental discriminant D = 0 (mod 4) with ¢(—1)*D > 0 such that the Fourier
coefficient of f at e(|D|z) is non-zero. Otherwise, then the n-th Fourier coeflicients
of g = f|U(4) are zero for all n = 2 (mod 4), and so that g is in Syq1/2(N, x) by
Lemma 6.21. It follows that g = c¢f for some constant c. In fact, by Theorem 9.7 and
identity (6.47), we see that there exists an isomorphism 1 : Syt 1/2(N, x) — S(N, 2k,
id.) which maps new forms onto new forms and YTy r41/2.(P) = Tn,2x(p)3 for all
primes p t 2N. So f|i¢ is a new form with the same eigenvalues as gl for all Hecke
operators T ox(p) with p 1 2N, and so that g|yy € Cf|¢ by the results in Section 6.1.
This shows that g = cf for some constant ¢. Now note that f is an eigenfunction of
TN,k (2). Denote by Ay the corresponding eigenvalue, then similar to the proof of
Theorem 6.10, we have

|/\2| _ 2k + 2k—1’

which contradicts the Ramanujan-Petersson-Deligne Theorem. Thus we proved the
above claim.

Let f1, fo, -+, fr € Skq1/2(IV, x) be an orthogonal basis of common eigenfunctions
of the operators Tn i (p)(p f N) resp. U(p?)(p|N), and write f; = Zai(n)e(nz).
n=1

For every i find a fundamental discriminant D; = 0 (mod 4) with e(—1)*D; > 0 and
a;(|D;|) # 0. Then the polynomial

P(zi,xs,---a,) = [[ (@(IDil)zy+ - + ai(| Dy ))ay)

1<igr
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is non-zero. Choose ¢1,--- ,¢, € C such that P(cq,---,¢.) # 0 and put

Lk = ZCiLDi,N,k,X-
i
Then it is immediate that Ly k  is an isomorphism of S,‘C‘i"{ﬂ(N, X) onto S™¢V(N, 2k,

id.). By Lemma 6.18 and the fact that S,ffl/Q(N X) is the (£1)-eigenspace of the

involution wy, x11/2,n,y, We see that Ly x, maps Sk+1/2( x) N Sk+1/2( X) onto
SEP(N, 2k, id.) () S™eV(N, 2k, id.).

Finally we must prove the assertions about Lp ny,y for D =1 (mod 4). It is
enough to show that Lp n k, maps k12 (N, x) to S™V (N, 2k,id.). In fact, for any
prime divisor {|V, it is easy to verify that

D
Lo Ny = Lonix (1 - (T>l’“1V(l))7

U(t)Lp,Nkx = Lpy,Nkia.U((D,1)?),

Dy
where V(1) is the translation operator defined by (f|V(1))(z) = f(Iz) and ( " ) is the

D
primitive character induced by (*> X- It then follows inductively that Sy /2(N, x)

is mapped to S(N 2k,id.). And the same argument as in the case D = 0 (mod 4)
shows that ;7 712 (N, X) SRSy (N, x) is mapped to SEP(N, 2k,id.) () SV (N
2k, id.).

Now let F' be a normalized eigenform in S™V(N, 2k,id.) with F|Tx 2x(p) = A\pF

resp. F|U(p) = A, F for all primes p{ N resp. p|N. Then F = Z Ane(nz) and A, is
n=1

determined by

Z)\nn—s :H 1_/\pp +XN( )2 2k—1— 25) iy
n=1

P

Write ¢y i, for the inverse of Ly i, and put G = F|én kLD Nk Then G is
a power series in ¢ = e(z) which converges on H and satisfies G|Ty 21(p) = A\pG
resp. G|U(p) = ApG for all primes p f N resp. p|N. Hence it follows that the
coefficient of G at e(nz) equals ¢\, with ¢ the first Fourier coefficient of G. Thus we
have that (F|¢n,k,x)|LD,Nkx = cF. This shows that Lp n,k,y maps SpTY (N, X) to
SPeW(N, 2k,id.). This completes the proof. |

Corollary 6.4 Let N1 and Ny be two square free positive integers, f1 and fo two
new forms in Sk+1/2 (N1, w1) and 5211/2 (N2, ws) respectively such that fi and fo have
the same eigenvalues with respect to infinitely many operators T(p) for (p, N1N3) = 1.
Then N1 = Ns and f1 = cfy with some constant c.

Proof  This is a direct conclusion of Theorem 6.11 and Theorem 6.8. O
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6.3 Dimension Formulae for the Spaces of New Forms

In this section we shall give some dimension formulae of the spaces of new forms.

Recall first the following result:

Theorem 6.12  Let k be any even positive integer and N a positive integer. Then
we have
k—1 1
do(N, k) = TNSQ(N) — §VOO(N) —|— CQ(k)VQ(N) + Cg(N)Vg(N) + 617k/2,
where do(N, k) is the dimension of the space of cusp forms with weight k on the group
I'y(N), 05,y is zero or 1 according to © =y or x # y respectively, and the functions
S0, Voos V2, V3, C2 and c3 are defined as follows:

50 : the multiplicative function defined by so(p') =1+ ]1) for all t > 1;
Voo & the multiplicative function defined by

o) = {Qf/(sl)/j/,z_l Z:ft ZS odd,

P +p , if t is even.

Vo : the multiplicative function defined by
1, difp=2,t=1,
0, ifp=21t>2,
2, ifp=1(4),t>1,
0, fp=34),t=1

va(p') =

vs : the multiplicative function defined by
1, ifp=3t=1,

o Jo ip=3t>2
v3(p’) = o
2, ifp=1(3),t>1,
0, fp=23),t>1
) 1 k
co : the function defined by ca(k) = 1 + ik
) 1 k
cs : the function defined by cs3(k) = 3 + 3l

Proof  This is a direct conclusion of the dimension formula of the space of cusp
forms with integral weight in Section 4.1. O

We now denote by dj¥ (N, k) the dimension of the space of new forms with weight
k on the group I'p(NV).
Then we have the following
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Theorem 6.13 Let k be any even positive integer and N a positive integer. Then

k—1 1
B (N, k) = NN = LR (N + () (N)
+ e3(k)vs (N) + 61,5/20(N),
where the function ca, c3,01 /2 are as in Theorem 6.12, u is the Moebius function and
SQV, VAV VBV VBV are defined as follows:

56V ¢ the multiplicative function defined by
1
1-— -, ift =1,
p
1 1

S =1 - ift=2

p  p¥

(T
p p

v2W s the multiplicative function defined by
0, if t is odd,
g =< p—2 ift =2,
pt/2*2(p —1)%,  ift>4 even.

vV i the multiplicative function defined by

ifp=2,t=1 or?2,

pmew () — 0, Z:pr (4),t=1o0rt>3,
-1, ifp=14),t =2,
-2, ifp=3(4),t=1,
1, if p=3(4),t=2,
0, ifp=3(4),t>3

v3V . the multiplicative function defined by

-1, ifp=3,t=1o0r2,

pnew (p) = 0, Z:pr (3),t=1ort >3,
-1, fp=1(3),t=2,
-2, ifp=23),t=1,
) if p=2(3),t=2,
0, ifp=203),t=3
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Proof  We recall first the following facts about arithmetic functions: the set of
arithmetic functions f : N — C forms a ring under the usual addition of functions
and the Dirichlet convolution as the multiplication operation:

= f(d)g(n/d) (6.48)
d|n

for any two arithmetic functions f and g. And the function d(n) := 01, is the
multiplicative identity of the ring. And the set of all multiplicative functions f with
f(1) # 0 forms a multiplicative subgroup under the Dirichlet convolution. In fact, if
f(1) # 0, then the function g defined as follows:

ifn=1,

n) = 6.49
o) Z f(n/d)g(d), ifn>1 ( )

d|n d#n

is the inverse of f. By Moebius inversion formula we see that the Moebius function
1 is the inverse of the function 1(n) which takes the value 1 at all positive integers:

(nx1)(n) = u(d)

d|N

And in general we use the following Moebius inversion formula: for any two arithmetic
functions f and g, we have

=> g(d), YneN
d|n

if and only if
=Y u(n/d)f(d), ¥neN.

In fact, we have

Zg = (1xg)(n)

if and only if

= p(n/d)f(d)
d|n
From the results in Section 6.1 we have

—P P svk)IVm),

IIN m|N/l
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where V(m) is the translation operator defined by f|V(m) = f(mz) which is an
injection from S(I, k) to S(N, k). Therefore we have

do(N k) =" > dg™ (k) =Y dg™ (1, k)T(N/1), (6.50)

IIN m|N/l IIN

where 7(n) = Z 1 is the number of positive divisors of n. In terms of Dirichlet
d|n
convolution, we see that from (6.50)

do =dg®™ * T
holds for any fixed k. Let A be the inverse of 7. Since 7 =1 % 1, we see that
A=rt=00x)t=1" 51" =pxp

Hence, from (6.48), A is the multiplicative function defined by

-2, ift=1,
Aph) =<1, if t =2,
0, ift>3

Therefore we see that dj®Y = dp * A, and so that

A5 (N, k) =L ((f030) # MY(V) — 5 (v # NY(NV)

+ ca(k)(v2 * A)(N) + c3(k) (v % A)(N) + 01k /2(1 % A)(NV)

from Theorem 6.12 and the fact that the set of arithmetic functions forms a ring
under the usual addition and the Dirichlet convolution, where ig(n) = n is the identity
function on N. But we see that 1+ A = 1 (uxp) = (Lkp)*pu=5+*pu = p, and v x A,
Vo * A, v3 % A are multiplicative functions which equal V55V, v3*%, v3e¥

by (6.48) and the definitions of v3S%, v3°V, v8°V. Finally we see that

oo )

respectively

t
io(P)so(p") = A(p) = Y p™so(P™)AP' ™) = 5 (),
m=0
i.e. the multiplicative function ((igso) * A)(N) = Ns§®¥ (V). This completes the
proof. O

By Theorem 6.11, there exists a linear combination of the Shimura lifting Lp v k,y
which maps k12 (N, x) isomorphically onto S™V(N,2k), so that

dim(SpSY (N, X)) = dim (5™ (N, 2k))

Hence by Theorem 6.13 we have the following:
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Corollary 6.5 Let k be a positive integer, N a square free positive integer and x a
quadratic character modulo N. Then
2k —1 1
A (N, o+ 1/2) == NSE™ (N) = S (N)
+ c2(2k)r3™ (N) + 3 (2k)v3™ (N) 4 61, ,1u(N),

where dg™ (N, k +1/2) := dim (S 5 (N, x))-
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