Chapter 10

Integers Represented by Positive Definite
Quadratic Forms

10.1 Theta Function of a Positive Definite Quadratic Form
and Its Values at Cusp Points
In the first chapter we introduced the theta function of a positive definite quadratic
form and discussed its transformation formula under the action of the modular group.
We want now to show that the theta function is a modular form.
Let f(z1,---,xk) be a positive definite quadratic form with integral coefficients.
Define the matrix A of f(z1, - ,zk) as follows:

2
A= of .
&ri&rj

It is clear that A is a symmetric matrix with even diagonal entries. Put

0r(z) = Z e(zmAm*/2), zeH.
meZk
It is clear that 67(z) is a holomorphic function on H. Let N be the level of f(x1,-- - , %),
i.e., the minimal positive integer NV such that NA~! is an integral matrix with even
diagonal entries. Set

<2det‘4>, if & is odd,

<(_1)k/.2 detA)

X =
, if k is even.
Theorem 10.1  0¢(z) is in G(N,k/2,x).

Proof By the results in Chapter 1 we need only to consider the behavior of 6¢(z)
at the cusp points of I'g(V). It is clear that

lim 6f(2) =1,

Z—100

i.e., 8¢(2) is holomorphic at ico. Let a/c be any cusp point with ¢ > 0. Take

X. Wang et al., Modular Forms with Integral and Half-Integral Weights
© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2012



364 Chapter 10  Integers Represented by Positive Definite Quadratic Forms

p= (Z Z) € SLy(Z), then p(co) = a/c. We have that

0f(2) (Zjic[;) = Z e(azAz™ /2¢) Z e(—(m+z/c)A(m +x/c)T )2(2 + d/c)),

z mod ¢ mezk
(10.1)
where z € ZF. By the proof of Proposition 1.2 we see that

Z e(—(z+m)A(z+m)"/2z2) = (—iz)*/?(det A)~1/? Z e(zmAtmT )24 2-mT),

meZk mezk

where 2 € R¥. Replacing = by z/c in the above equality we get

cz+d
meZkF

X Z e(ax Azt /2c + x-m" Jc + dmA™Im! /2¢),

z mod ¢

hence

lim (z+d/c)_k/29f(az+b> = (—i)*/?(det A)~1/2 Z e(axAzT /2¢), (10.2)

Z—100 cz + d
x mod ¢
i.e., 87(2) is holomorphic at the cusp point a/c. This completes the proof. |
Let f1 = fi(x1, -+, xx) and fo = fo(x1, - -+, zk) be two positive definite quadratic

forms with integral coefficients, A; and As the corresponding matrices of f; and fs
respectively. f1 and fs are called equivalent if there exists an integral matrix S with
determinant +1 such that SA;ST = Ay. f1 and fo are called equivalent over the
real field R if there exists a real invertible matrix S, such that S,A4;SF = As. Let p
be a prime and take A;, Ay as matrices over the finite field F,, := Z/pZ. f; and fo
are called equivalent over I, if there exists an invertible matrix S, on IF,, such that
SpAlS];F = A,. f1 and f5 are called in the same genus if f; and fy are equivalent over
R and over F, for any prime p. It is clear that f; and f, are in the same genus if
they are equivalent. It can be proved that there are only finite equivalence classes in
a genus.

Let f = f(z1, 2, -+, xx) be a positive definite quadratic form, and f1, fa, - - -,
frn be a full system of representations of all different classes in the genus of f. Let
n be an arbitrary non-negative integer, and r(f;,n) denote the number of integral
solutions of the equation f;(z) = n. It is difficult to find an analytical expression for
the number 7(f;,n) in general cases.
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Denote by My(Z) the set of all k x k integral matrices. Put O(f) = #{S €
My(Z)|SAST = A}, define the theta function @ of the genus of f:

O(gen. f, z) = (é O(li)>_1 " 0y,(2)

=1

Then
O(gen.f, 2) Zr gen. f, n)exp{2minz}
n=0

h 1 h oo
Z(O Z)> ZZ éf(z}z) exp{2minz},

i=1 i=1 n=0

it follows that

1k (fim)
i =3 (ols) %0
i.e., the number r(gen.f,n) is a mean of the numbers r(f;,n), (n > 0) when k > 5
This result is called Siegel theorem C.L.Siegel, 1966, which is equivalent to the fact
that the function is an Eisenstein series of the weight £/2. A.N. Andrianov, 1980
obtained the same conclusion of Siegel theorem in the case of k = 4. Finally R.
Schulze, 1984 reduced the same result of Siegel theorem in the case of £ = 3. He proved
that the function 6(gen.f, z) is an Eisenstein series of the weight 3/2 when k = 3.
Under certain conditions, if the function 6(gen. f, z) belongs to the space £(4D, 3/2, x1)
or £(8D,3/2,x;) then it can be represented as a linear combination of the basis
functions for these spaces given in the Theorem 7.7 and Theorem 7.8 respectively.
The coefficients of the linear combination can be determined using the values of the
function f(gen.f, z), thus an analytic expression for the number r(gen.f,n) can be
reduced in this way.

The Scholze-Pillot’s Proof for Siegel theorem will be described below.

Let f1 and f5 be in the same genus. Then the corresponding matrices of f; and
f2 have the same determinant. If a/c is a cusp point with ¢ > 0, then there exists an
integral matrix S such that (det S,2c) = 1 and SA;ST = Ay (mod 2¢) by the above
definitions and the Chinese remainder theorem. This shows that ¢, (z) and 6y, (z)
have the same value at the cusp point a/c by (10.2). Hence 0y, (z) — 6y,(2) is a cusp
from.

Theorem 10.2 Let p be a prime, pt N. Set

PP, if 21k,

A = —1)¥/2det A
D pk_g +2pk/2—1 (%) +1, Zf2|k
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Then
O(gen.f, 2)|T(p*) = Apb(gen.f, 2),
where T(p?) is the Hecke operator on the space G(N,k/2,x).
Proof Please see R. Schulze, 1984 and P. Ponomarev, 1981. |
Theorem 10.3  The function 6(gen.f, z) is in the space E(N,k/2,x).

Proof We assume first that £ > 4 is an even. Since
G(N,k/2,x) = E(N,k/2,x) © S(N, k/2, ),
there exist two functions ¢;(z) and g2(z) such that

O(gen.f,z) = g1(2) + g2(2),  g1(2) € S(N,k/2,x), g2(2) € E(N, k/2,x).

Let g1(2) = Z c(n)e(nz),c(ng) # 0. For any p { N, by Theorem 10.2, we see that

n=no

91(2)|T(p?) = Apgi1(2), and hence
Apc(no) = c(nop®) + x(p) (_;O> a(ng).

By Lemma 7.24 we have that c(n) = O(n*/4), so \, = O(p*/?). If k > 6, we see that
Ay ~ p*=2 (p — oo) which contradicts \, = O(p*/?). Hence we have g;(z) = 0, which
shows the theorem. If k = 4, we can prove the theorem similarly in terms of a more
precise estimation ¢(n) = O(n*/*~1/%) proved by R.A. Rankin, 1939. This shows the
theorem for k > 4 even.

Now assume that k is an odd. For & > 5 we can prove the theorem by a similar
method as for the case k > 6 an even. Now let k = 3 and V := S(NV,3/2,x) 7T be
as in Theorem 8.2. Denote by V* the orthogonal complement of V in S(N,3/2,x).
Then we have

O(gen.f,z) =g1+g2+9gs, 1€V, g2€ Vi, gse E(N,3/2,%).

By Theorem 10.2 we see that g:|T(p?) = (p+1)g; forany pt N and i = 1,2, 3. But by
the definition of T' we know that g7 is a finite linear combination of functions h(tz; 1))

—1
with x = ¢ (—) Hence we have

—1
BTG =) (1) (o + DGz 0).
There must be a prime p such that

h(tz;9)|T(p?) = = (p + 1)h(tz; )
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holds for all finite functions h(tz;%), so that g (2)|T(p?) = —(p+1)g1, from which we
get g1 = 0 since we have also g1 (2)|T(p?) = (p+1)g1. g2(z) is mapped in S(N/2,2,id.)
under the Shimura lifting S and the image S(gz2) of g2 is also an eigenfunction of T(p)
with eigenvalue p + 1. In terms of Rankin’s estimation c¢(n) = O(n*/®) we can show

that go = 0. Therefore 6(gen.f, z) € E(N,3/2,x). This completes the proof. |
Let f(z1,z2, -+ ,xk) be a positive definite quadratic form with integral coeffi-
cients. Put

0r(z) = Z e(zmAmY/2), z€H,
meZF

O(f) = #{S € My,(Z)|SAS™ = A},

end2) (Zsz ) g oy

where the f; run over a complete set of representatives of the equivalence classes in

the genus of f.
Suppose that N is the level of f, i.e.,

N = min{ N|NA~!is integral and the diagonal entries are even, N positive integer}.

Let now S(N) denote a complete set of representatives of equivalence classes of
cusp points for the group IoH(N). In fact we can choose S(N) = {d/c|¢|N,d €
(Z/(c,N/c)Z)" and (d,c) = 1}.
We want to compute the values of §;(z) at cusp points for IH(V). It is clear that
lim 6;(z) =1.

Z2—100

Now suppose that a/c is a cusp point, where (a,c) = 1,¢|N,a € (Z/(c,N/c)Z)" .

a b

Choose a matrix v = ( e d ) € SLy(Z), then ~(ico) = a/e. So in terms of the

equality (10.2) we obtain
_ —k/2 az+b
ViOr.a/0) = lim (e )20y (£
= (—1)"?(det A)~V/2cR/2 Z e(axAz™ /2¢)

x mod ¢

This shows that in order to get the values of 0¢(z) at cusp points we only need to
evaluate the Gauss sum

Z e(azAz™ /2¢)

z mod ¢

where ¢, a are co-prime positive integers.
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Now we will calculate the Gauss sum

G(a,c) := Z e(axAz" /2¢), (c,a) = 1.

z mod ¢

Lemma 10.1 If (¢,d) =1, then

G(a,cc’) = G(ac,)G(ad, c).

Proof Letx = cy+ 'z, then
G(a,cc') = Z e(azAzT /2¢c)

z mod cc’

y mod ¢’ z mod ¢

Z Z e(a(cy + ¢ 2)A(cy + ¢ 2)T /2ec)
Z e(acyAyT /2¢) Z e(ac’ zAz" /2¢)

y mod ¢’ z mod ¢

= Glac,d)Glad,c).

This completes the proof.

|

By Lemma 10.1, we only need to evaluate the Gauss sum G(a,p™) where pta a

prime and m is a positive integer.

We first assume that p is an odd prime. Then there exists an invertible matrix S

over the ring Z, of p-adic integers such that

SAST = diag{a1p”, ap™, - -

B akpﬂk }a

where a;,detS € Z;, 0 < 81 < 2 < -+ < B are rational integers. Let l,, =

#{Bi|Bi = m}.

Hence

G(a,p™) = Z e(ax Azt /2p™)

z mod p™

k
= Z e (ax (@ aip6i> J:T/me>
x mod p™ i=1

k

= Z H e(ac;p®ix?/2p™)

z=(x1,,xr) mod p™ i=1

=p™ 11 > elaaia?/pm )

Bi<m \ x mod p™

(where o, = 27 a; mod p™#)

=" I | X D elaaily+pmPz)?pm %)

Bi<m \ z mod pPi y mod p™—Pi
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=" [T [ > Do elaaiy?/pm %)

Bi<m \ z mod pPi y mod p™~Fi

— pmlnl H pﬁz S(aa;7pm7ﬁ1)

Bi<m
) ac: m=—8;
=pm I »” (mlﬁi gD 2
Bi<m p
!/
I ao; m+B;
:pm H ( m_z[;i>5pmﬁip 2,
Bi<m p
where S(a,p®) = Z e(az®/pP) is the classical Gauss sum, and e4 = 1 or i
= mod pP

according to d =1 or 3 (mod 4) respectively.
Now consider the case p = 2. In this case, there exists an invertible matrix S over
the ring Zo of 2-adic integers such that

L b 0 1)\ A2 2 1
T 95§ ot Ug
SAST =P a2 @ﬂJQJ(l 0)@%2 (1 2)’
i=1 j=1 =1

where ay, B, vs € Z3, s; 2 1, tj, us > 0 are rational integers.
Hence we have

G(a,2™)= Z e(axAxT /2FT1)

x mod 2™

l I
SPRICI(- TR G
i=1 j=1

x mod 2™
2 2 1

Ug T /0k+1
(] 3))12),

which implies that we only need to evaluate the following kinds of Gauss sums:

G1i(aq;,2™) = Z e(acyz?/2Y),

x mod 2™

G2,t(a5ja2m) = Z e(aﬁj‘ry/zt)v

(z,y) mod 2™

Gar(ays,2™) = > e(ays(a® +ay +y*)/2"),

(z,y) mod 2™

where t is a positive integer and t < m.

Now we compute the above Gauss sums:
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Gi(aq;,2™) = Z e(aaix2/2t)
z mod 2™
Z Z e(aa;(y +2'2)? /2%

y mod 2t z mod 2m—t

Z Z e(aciy?/2Y) = 28718 (aay, 2Y)
z mod 2™t y mod 2¢

0, ift=1,
={ (14i%)2m=2  if ¢ is even,

t—1 niao,

2"~ "7 e 4, ift>1andodd.

Ga(aB;,2™) = Z e(aBjzy/2") = Z Z e(aBjzy/2")

(z,y) mod 2™ z mod 2™ y mod 2™
Z szt Z e(aﬂjxy/Qt) — 2771,775 Z 2t — 22m7t’
« mod 2™ y mod 2¢ z mod 2™,
2t |z
Gai(a75,2™) = > e(avs(@® +ay+y°)/2")
(z,y) mod 2™

= Y ) elavs@® +ay+y7)/2"

z mod 2™ y mod 2™

Z e(aysxz? /2 Z e(ays(zy +y%)/2")

x mod 2™ y mod 2™
2 /ot
= E e(aysz®/2%) g E
z mod 2™ z mod 2™~y mod 2t

e(ays(z(y +2%2) + (y +2'2)%)/2")

= Z e(avysxz? /2 Z Z e(avs(zy +4*)/2")

z mod 2™ z mod 2™m~—* y mod 2t

—2m Y elana?/2) Y elava(ay +y7)/2)

x mod 2™ y mod 2t

— 92(m—t) Z e(arvysz?/2Y) Z e(avs(zy +y°)/2").

z mod 2t y mod 2t

Now let w = [%]7 then

> elayslay +y?)/2Y)

y mod 2t

S Y elavlalut20) + (u+2v0)%)/2)

u mod 2% v mod 2t—w

Z e(arys(zu +u?)/2) Z e(ays(z + 2u)v/217Y)

u mod 2% v mod 2t—w
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= Z 27e(arys (zu 4 u?)/2Y).
u mod 2%,
207 | (2 4-2u)
Therefore, we obtain

GS,t(a’y‘Sv zm)
=227 N e(avea®/2h) Y 27 e(ays(au + u?) /2

z mod 2¢ w mod 2%,
21 (4-2u)
= 2m—t-w Z e(aysu®/2) Z e(ays(zu + 22)/2%)
u mod 2% z mod 2,

z+2u=0(21"")

_ 22m7t7w Z e(a,ysu2/2t) Z

u mod 2% y mod 2%

e(ays((—2u + 27y u + (—2u + 217y)?) /2Y)

= g2m—i~w Z e(3arysu?/2") Z e(—3aysyu/2%)e(ays 22w y2 /21,

u mod 2w y mod 2%

t+1

Now, if t = 2¢ is even, then w = [ 5

Therefore we get

Gap(ays,2™) =227 N~ e(Bayu?/2) Y e(—3avsyu/2Y)

u mod 2w y mod 2%

= 22m~—t-w Z 2%e(3aysu?/2")
u  mod 2%,
2" |u

— 22m7t

t+1

371

] =g, and t —w = g, 22(t-w)y2 /9t — 42,

Ift = 2g+1is odd, then w = {—} =g+1,and t—w = g, 22(=w)y2 /2t = 42 /2,

2
Therefore we get

GS,t(a’y‘Sv zm)

_ 92m—t—w Z e(3a’ysu2/2t) Z e(—3a’}/syu/2w)€(a’}/sy2/2)

u mod 2w y mod 2%
= 5 /) (- L el-sanan2)
u mod 2% y mod 2%,
y isodd

+ Z e(—3avsyu/2w)>

y mod 2%,
yiseven
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= grmot-w $° e(3avsu2/2t)(— > e(—3avayu/2v)

u mod 2w y mod 2%
22 Y el-gan/2)
y mod 2V,
yiseven
= —2¥m—t-w Z e(3aysu?/2") Z e(—3aysyu/2%)
u mod 2w y mod 2w
4 9¥m—tmwtl Z e(3aysu?/2") Z e(—3avysyu/2")
u mod 2% y mod 2%,
yiseven

— _ 22m7t7w Z 2w€(3a’ysu2/2t)

u mod 2%,2% |y

4 22m—tmwtl Z e(3aysu?/2") Z e(—3aysyu/2V 1)

u mod 2% y mod 2w—1
- _ 22m7t 4 22m7t7w+1 § 2’[0716(30’,}/8“2/275)
u mod 2%
gw=ljy

— _ 22m7t + 22m7t(1 + 6(3(1’}/5(21“71)2/275))

— 22m—t 4 22m—t(1 4 6(30/'}@/2))

2m—t
=—2 ,

where e(3a7s/2) = —1 since 3avs = 1 (mod 2).
Therefore we have proved

G3.i(ays,2™) = (—1)t22m~t,

Now let I, = #{si|s; = m + 1} + 2#{t;|t; > m} + 2#{us|us > m}. Finally we
have

G(a 2
bm H G1 ym+l—s; aaz; H G2m t; a’ﬁ]v ) H GS,mfus(a’Vsu2m)
s;<m+41 t;<m us<m
2mlm H Gl,m+1—si(a0¢ia2m) H 22m7(m7tj) H (_1)m7u522m7(m7us)
s;<m+1 t;<m us<m
H G1m+1-s; (ac;, 2™) H 2mts H (—1)ymTragme,
s;<m+1 t;j<m us<m

So we can compute the values of 87(z) at each cusp point.
Example 10.1 Let f(z,y) = az? + bxy + cy? be an integral primitive, positive def-
inite, binary quadratic form with fundamental discriminant D. We want to evaluate
07(z) at cusp point 1/« where a|D. Since D is a fundamental discriminant, the odd
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part of D is square free. If p|D is an odd prime, then p{ a or p 1 ¢ since f is primitive.

Hence we have
2a b 2a 0
b 2c 0 (2a)"'detA

(1) If pta, then
over Zy.

2a b 2c 0

b 2c 0 (2¢) tdetA

(2) If p{c, then

over Zy.
Therefore

pS(an,p) = <(m> epp/?, ifpfa,
G(n,p) = p

pS(en,p) = (%) ep®?,  ifpte
So for @ = p1ps - - ps| D, p; odd, we have
> > dia/ps > d;0/p;
G(I,Oé) = HG(OZ/phpi) = H (p/> 5pip?/2 = 043/2 H (p/> Epis
i=1 i=1 v i=1 v

where d§; = a or ¢ according to p; { a or p; { c. Hence

V(05,1/a) = —i(det A)"Y2a"1G(1, @)

() (Y e = () T (P2 e

i=1

We now compute the Gauss sum for p = 2.
(3)If D=10%>—4ac=1 (mod 4), and a = ¢ =1 (mod 2), then

(2; 2bc>w(§ ;>

G(n,2™) = (—-1)™2™ for any odd positive integer n.

over Zs. Therefore
(4) If D=1 (mod 4), ac =0 (mod 2), then
2a b 0 1
b 2c 1 0

G(n,2™)=2™, for any odd positive integer n.

over Zso. Therefore
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(5) If D =0 (mod 4), then 2]b. Denote b = 2V'. Tt is clear that 2{ a or 21 ¢ since
(a,b,¢) = 1. We assume that 2t a. Hence

20 b a b a 0
(% )20 2) (0 .t

over Zs. Therefore we have

G(n,2™) = G1,m(na,2™)Gy m—t(nB3,2™),

’ ’ D
where t = va(c —a"'h?) =1p(D/4), B = (c—a " 'D?)27" = a’_122+t’

and we think
Gim—t(np,2m)=2"
for any m < ¢. In particular, we know that
G(n,2) = G(n, 2" = 0.

Since D is a fundamental discriminant, t = v2(D/4) = 0 or 1 according to D = 12
or 8 (mod 16) respectively.
So for a = 2™|D, we have

V(0f,1/2™) = —i(det A)~1/227™G(1,2™)
= —(D)7227" G (0, 27) G 1 (B, 27).

In particular
V(#r,1/a) =0

for any o = 2™ |D where m =1 ort+ 1,24 a;. For a« = 2™y = 2’"Hp¢|D with
i=1
m # 1,t+ 1, we have

V(05,1/a) = —i(det A)"2a71G(1, a)
= —(D)"2a7'G(2™, a1)G(aq, 2™)

7

— _(D)_l/za_lol?/QGLm(aOél, Qm)Gl,m—t(alﬁ7 2m) H (5zz/pz> 5pi

= —(a/D)1/2273m/2G1,m(aa17 Qm)Gmet(al/Ba 2m) H (5ia/pi> Ep;-

i=1 i

O
Remark 10.1 If Dis an odd fundamental discriminant, our result is just Lemma
IV(2.3) in B.H.Gross, D.B.Zagier 1986. If D is even, our result is just Proposition 2
in I. Kiming, 1995.

Example 10.2 Let f = f(x1,--- ,x) be a positive definite quadratic form with
k odd. Suppose that the level of f is 4D with D square free odd integer. Let
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D = p1pa---p¢. Since D is square free, there exists an invertible matrix S; over Z,,
such that

T .
S;AS; = diag{oi1, 2, , s,y Qis,+1Dis 5 Qi kP }

with «; ; € Z,,,. Hence

Si ! S Si
ks, na; 1/2 k— i (T iA;
G(n,pi) =D; ° | I ( Z'g>8pipi/ =D 26;7; ( p; 1>7
K3

A

Si
where A; = Ha;g and a; , = 27'a; 4 (mod p;). Therefore for any a =
g=1

t
pr” |D,d; =0 or 1, we can evaluate
i=1

‘ + ) d;

) ) _ 5 nslAi ‘

Ge) = [Tete/m ) =TT (v Fe (S2))
i—1 T

i=1 %

Since 4D is the level of f and D square free, there exists an invertible matrix S
over Zs such that

l h 01\ 4 2 1
T _ 0a; ot Usg
545" = @ ecz" P52 ( 0! )@%2 ( > )
i=1 j=1 s=1
Since k is odd, «; appears at least one time and s; = 1,t;,us < 2. Hence we have

G(n,2) =0,

l
G(n,4) =2 [ Granas, 4) [ 27 [ (—1)22t
i=1 t5<2 us<2
l
— (_1)622a+l+2b+2c+d+e H(l + ina¢)7
i=1

where a = #{t;, us|t; = us = 2},b = #{t;[t; < 2}, ¢ = #{uslus < 2}, d = Z tj,
t;<2
e = Z us. From the above calculation we obtain the value
us <2

V(05,1/a) = (=i)*?(det A)"2a"*2G(1, a)

for any a|4D. In particular we know that V' (6,1/28) = 0 for any §|D since G(n,2) =
0 for any odd integer n. O
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10.2 The Minimal Integer Represented by a Positive Definite
Quadratic Form

We consider the following problem: for a given positive definite quadratic form f,
find an upper bound on the size for the minimal positive integer represented by f.
We first consider the case that the level of f is equal to 1. Let

1 / 1
?) QZlm (Iz+m)k’ 6.8, (103)

where (I, m) run over all pairs of integers except (0,0). By Section 7.5 we know that

Nk oo
B(:) = () + 1y PILRIGTS (10.4)
where
og(n) = ng.
d|n
In view of (o) B
_ JT1 k
Ej(z) can be expressed by the formulae
Ei(2) = ((k)Gi(2), Gi(2 —1——Zak ((n)g", k=4,6,8---.  (10.6)

In particular, we have the Bernoulli numbers:

1 1 1 5 7
Py BG—Ea Bs——%, Blo—%7 314—6

)

and hence
Ga(z) =1+240> o3(n)q",

Go(z) =1-504> a5(n)q",
Gg(n)=1+480207n q", (10.7)
Gho(z —1—264209 "

Gu(z) =1-24> o13(n)

with integral coefficients and constant 1. By the dimension formula we see that the

h}—&—lor

dimension 7y of the linear space of modular forms of weight h is equal to [ 12

h
{12} according to h £ 2 (mod 12) or h = 2 (mod 12) respectively. In particular we



10.2  The Minimal Integer Represented by a Positive Definite Quadratic Form 377

have ) )

Gy =Gs, GuGg =G, G1Gs =G, GGy =Gy, (108)

l=h—12r, +12=0,4,6,8,10, 14 '
and for the modular form -
H 1—q")
of weight 12,
17284 = G — G&.
Let
i(2)=Gi/AE) =q "+ (10.9)

be the absolute invariant, then

dj G da
A2 J_3G2 LA-Gr
z
dGy dGy
1728G4GG<2G4—3G6 e )

and the expression in the brackets is a modular form of weight 12 and indeed a cusp
form which can therefore differ from A at most by a constant factor. Comparing the
coeflicients of ¢ in the Fourier expansions, we get
dj
dlogq

= -G AL (10.10)

Let hereafter, h > 2, and hence r, > 0. The power-products G$G%, where the
exponents a, b run over all non-negative rational integer solutions of

4a+6b=nh

form a basis of the space G(1,h,id.) := G(h). It follows from this that, for every
function M € G(h), MG;i12r+l2 always belongs to G(12r — 12). Since A1 is a
modular form of weight 127 — 12, not vanishing anywhere in the interior of the upper
half-plane,

MG;i12T+12A1_T =w(f) = w, (10.11)

is an entire modular function and hence a polynomial in j with constant coefficients.
Let
T = G12T,h+2A7T (10.12)

with Fourier expansion

Th=chrq "+ +cnq " +chot - (10.13)
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and first coefficient ¢, = 1. Since
oo
A—l :q—l H(1+qn+q2n+)24’ (1014)
n=1
all the Fourier coefficients of T} turn out to be rational integers.
Theorem 10.4 Let
M =ag+ a1q + asq® + asqg® + - - (10.15)
be the Fourier series of a modular form M of weight h. Then
Cho@o + Cp1a1 + + -+ + cprar = 0.

Proof Forl=0,1,2,---, we have

A 1 4T
dz 141 dz ’

and hence, by (10.9), it has a Fourier series without constant term. Since the function

di
w defined by (10.11) is a polynomial in j, the product w—j has also a Fourier series

dz
without constant term. Because of (10.8) and (10.10), we have
1 d.] -1 Al—r A_l AT
—%w& = MGh712r+12 G14 = MGlQr_h+2 = MTh

from which the theorem follows on substituting the series (10.13) and (10.15) for T},
and M respectively. ]

Put cpo := ¢, for brevity. We have the following:
Theorem 10.5 We have ¢;, # 0.

Proof  First, consider the case h = 2 (mod 4). So that h = 2t (mod 12) with
t =1, 3, 5. Then correspondingly 12r = h—2, h+6, h+ 2, hence 12r —h+2 =0, 8§,
4 and

Gior—n+2 = Go, G5, Gy.

Since by (10.7), G4 has all its Fourier coefficients positive and the same holds for A~"
as a consequence of (10.14). We conclude from (10.12) that all the coefficients in the
expansion (10.13) are positive. Therefore the integers cpo, cp1, * - -, cpr are all positive
and in particular, ¢, = cpo > 0, i.e., ¢y # 0.

Let now h = 0 (mod 4), so that A = 4t (mod 12) with ¢ = 0, 1, 2 whence
12r =h — 4t 412, h — 12r 4+ 12 = 4t and

t
gh—12r+12 = G4y = G.
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Furthermore we have now

dj
T, = — 7‘7 Alfr -1
h G1or—h+2 Gij dlog
B B d_] 3 o djlft/S
= _G tAl r — Al r—t/3
4 dlogg t—3 dlogq

3 dGytaT) LBt =3 s dA—"
t—3 dloggq B—t)yr 1 dlogq’

hence cpg is also the constant term in the Fourier expansion of the function

Ir+t—3 5_,dA™"
(3—t)r * dlogq’

Vi, =

Because of the assumption A > 2, we see that 3r +¢ — 3 > 0. The series for Gf’l_t
begins with 1 and has again all its coefficients positive. Furthermore, by (10.14), the
coefficients of the negative powers ¢~ !, ---, ¢~" of ¢ in the derivative of A™" with
respect to log ¢ are all negative while the constant term is absent. Hence the constant

term in V}, is negative and ¢, = cpo < 0, i.e., ¢y # 0. This completes the proof. [

A most important consequence of Theorem 10.4 and Theorem 10.5 is the fact that,
for every modular form M of weight h and level 1, the constant term aq in its Fourier
expansion is determined by the r Fourier coefficients a1, -- -, a,, which comes out of
the formula

ag = c,:l(chlal + o 4 epray). (10.16)

If, in particular, ag # 0, then there must be some i (1 <4 < r) such that a; # 0. In
particular, if taking the theta function of a positive definite even unimodular quadratic
form @ in 2h variables as our M, we have that ap = 1 # 0, and hence conclude that
@ represents a positive integer n < r,(Please compare [?]).

We now want to extend Siegel’s results above to the case with level 2.

Let G(2,h) be the vector space of holomorphic modular forms of weight h for
Iv(2), r = r(2,h) := dim(G(2,h)). Then by the dimension formula we see that

h
r(2,h) =1+ {Z] for any even nonnegative number h.

We introduce some analogues of the above function T}. In order to do this, we
need some more Eisenstein series.

Put
odd( Z d*,  o(n):= Z (—1)%a*, onx(n) = Z d.
0<d|n 0<d|n 0<d|n
2td Nt(n/d)

2
Since 7(2,2) = LJ +1=1, let E, 2 be the unique normalized modular form (in
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fact, the Eisenstein series) in G(2,2) defined by

Fw _1+24Zaodd

4
Since r(2,4) = LJ +1 =2, the vector space G(2,4) is spanned by two Eisenstein

series Ep 4(z) and Eoo 4(z) with respect to the cusp points 0 and oo respectively. They
have Fourier expansions:

Eos=1+ 1620"‘“ q", EBou=)» 054(n)g
n=1 n=1
In fact, in terms of the results in Section 7.5, we can easily see that all the functions
Ew2(z) and Ep4(2), Ex 4(2) are in £(2,2,1d.) and £(2,4,1d.) respectively.
We also denote by ja = ja(2) the following modular function for I'p(2):
j ( ) E2 2Eoo 4
which is a level two analogue of j(z) for I'g(1). Finally, we introduce analogues of the
Th:
T2,h = E 2E0 4E7T4 if r= T(2 h) = O(mod 4)
Ty = E2 9Eo 4Bl if r = 7(2,h) = 2(mod 4).
We need the following;:

Lemma 10.2  The function ja is a modular function for I'o(2). It is holomorphic on
H with a simple pole at infinity and defines a bijection of H/I'y(2) onto C by passage
to the quotient.

Proof  The first two conclusions are clear. Let S: 2z — —1/zand T : z — 2+ 1 be
two linear fractional transformations. Let

F={zeH||z| > 1, |Re(z)| < 1/2}

be the fundamental domain of I'H(1). Denote by V' the closure of F'|JS(F)|JST(F),
and put F» = V[ J{ioco}. Then F; is a fundamental domain for I'y(2) which has two
I'v(2)-inequivalent cusp points: zero and ico. The only non-cusp in F fixed by a map
1 1
in I'n(2) is v = —3 + 51. The number of zeros in a fundamental domain of a non
zero function in G(2,h) is h/4. Now let fx = EZ 5 — AEu 4 for any A € C. Then
fr € G(2,4). The sum of its zero orders in a fundamental domain is 1. If fy has
multiple zeros in a fundamental domain, there must be exactly two of them in the
equivalence class of 7, or exactly three in the one of p = ¢*%/3, This completes the
proof. O
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Lemma 10.3 Let f be a meromorphic function on H*. Then the following state-
ments are equivalent:

(1) f is a modular function for IH(2);

(2) f is a quotient of two modular forms for I'h(2) of equal weight;

(3) f is a rational function of jo.

Proof It is clear that (3) = (2) = (1). for z € H*, denote by [z] the equivalence
class of z in H/I'h(2). By an abuse of the notation we may take f asin (1) as a function
from H*/T'y(2) to C. The functlon J2, also regarded in this fashion, is invertible. Let
f: C—C satisfy f f Oj2 . Then f is meromorphlc on (C so that it is rational. If

zeCletu=jy'(z) € H*/Fo( ). Then f(u) = f(jz () = f(2) = f(j2(2)). Thus
f is a rational function in js. |

Lemma 10.4 For z € H, we have that

d . . _
&jg(z) = —2mE0072(z)EOA(z)EOOlA(z).

Proof It is clear from the definition of a modular function that the derivative of a
modular function has weight two. Therefore both sides of the equality in the lemma
are meromorphic modular forms of weight 2 for I'j(2). The only poles of either
functions lie at infinity. On both sides, the principal parts of the Fourier expansions
at infinity consist only of the term —2mig~!. Hence the modular form

d . . _
o= ajg(z) + 2n1Eoo72(z)E074(z)Eool)4(z)

is holomorphic with weight two. For a non zero modular form in G(2, k), the number
of zeros in a fundamental domain is h/4, we can easily check that the exponent of
the first nonzero Fourier coefficient in the expansion of « exceeds h/4 = 1/2. This
exponent counts the number of zeros at ico. Hence @ = 0 and the lemma holds. [

We now introduce an analogue of the map w in (10.11).
For h =0 (mod 4) and f € G(2,h), let

Wa(f) = FELY"
For h =2 (mod 4) and f € G(2,h), let
Walf) = fBoc B

Lemma 10.5 Let h be an even positive integer. Then
(1) the restriction of Wa to G(2, h) is an isomorphism from the vector space G(2, h)
to the vector space of polynomials in jo of degree less than r = r(2,h) or of degree
between 1 and r inclusive according to r =0 (mod 4) or h =2 (mod 4) respectively.
(2) for any f € G(2,h), the constant term in the Fourier expansion at infinity of
fTop s zero.
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Proof (1) Suppose h =0 (mod 4) and f € G(2,h), then

Wa(f) = fE{" = fEL L.

00,4
For d = 0, 1, 2, ---, r — 1, the products ngg;i belong to G(2,h). We have
Wg(nggofi) = jd. Let V be the subspace of G(2,h) generated by the modular
forms ng;;i ford=0,1,2,---,r—1. And denote by V; the space of polynomials in

Jjo of degree at most r — 1. Wy carries V' isomorphically onto V3. Hence dim(V) =r
which implies that V' = G(2,h). Now let h =2 (mod 4). Then

Wa(f) = fEx 2By
Ford=0,1, 2, ---, r— 1, the products ngoo,gEgofi belong to G(2,h) and
Wa(j3 Bc 2ELgy) = G5 -
Wy carries E 2V isomorphically onto jaVi. Therefore dim(Es2V) = r. Hence
Ex2V =G(2,h).
(2) Suppose h =0 (mod 4). Then
dj2

Wa( f)a = —fE 12miEy 2 B0 s By = —2mi fTo .

We can obtain the same result for h = 2 (mod 4) by a similar computation. Thus

fTa,p is the derivative of a polynomial in jo, so it can be expressed in a neighborhood

of infinity as the derivative with respect to z of a power series in the variable ¢ = €™,

This derivative is a power series in ¢ with vanishing constant term. This completes
the proof. 1

Lemma 10.6 (1)

Bwa(z)=q [] A=am® ] -5

0<ne27 0<nEZ\2Z

(2) For a given set A and a given arithmetical function f, the number pa r(n)
defined by the equation

H (1— xn)*f(n)/n =1+ ZpA,f(n)-Tn
n=1

neA

satisfies the recursion formula

n

npap(n) = falk)pas(n—k),

k=1

where pa £(0) =1 and fa(k) = Z f(d).
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Proof (1) This is equivalent to show that
Booa(2) =n(22)""n(2) 7"

Denote by f(z) the right hand side of the above. The function f is holomorphic on
H because 7 is non-vanishing on H. We see that f has the product expansion

f@=q [ a=¢m® ] a-¢*®

0<ne2z 0<n€Z\2Z

from the product expansion of 7. It follows that f has a simple zero at infinity. The
number of zeros in a IH(2) fundamental domain for a modular form in G(2,4) is one.
But from the transformation formula of the n function we know easily that f is in
G(2,4). This shows that f and E 4 are monic modular forms with the same weight,
level and divisor (both equal to 1 -ic0), hence identical.

(2) By induction. O

Theorem 10.6 For any even positive integer h, the constant term in the Fourier
expansion at infinity of Ty is non zero.

d
Proof Let h =0 (mod 4). Put u = 2miz = logq. Write D for the operator aQu

It is clear that D(¢") = ng™. Put mo = jo — 64. It is easy to see that E§O72 =
Eo4 + 64F 4. So that mg = Eg4E.",. Thus

dms  djs . 1
=2 02 oniB 2FouE
dz dz Tl 20,4 0,4

and D(ma) = —Ex 2Eo4EL",. 1t follows that
Ty = —EL 1 D(my).

Therefore

E1D(m2)=D(EL; jma) —maD(EL})

= D(E; jmg) —ma(1 —r)EL,D(Ex 1)
—Tr —Tr 1 ‘s —Tr
:D(E;oAmQ) +(r— 1)m2Eoo,4( - ;E;OJ’:4D(EOO,4)>

y 1—r _r
=D(EL im2) + TszooAD(EooA)

—r T —r
=D(E}; tms) + " Eo4D(EL,).

The term D(E;;ng) makes no contribution to the constant term. Hence the constant

r—1
Eo4D(E,). We now compute the principal
r :

term of T p is equal to that of
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part of D(E.,).
By Lemma 10.6, for fixed s, if we write

EZ,=q°) R(n)
n=0
then R(0) =1 and
85 It
=22 a — ) 10.1
R(n) = — ;al (@)R(n—a), ¥Yn>0 (10.17)

Because 0{!*(a) alternates sign, the alternation of the sign of R(n) follows by an in-
duction from (10.16). So we can write R(n) = U, (—1)" with some U,, > 0. Therefore
we have

By =Uo(-1)°0 "+ (=)' 4 Upa (Z1) g 04
hence

D(E ) =—rUo(-1)°q¢" + (1 = r)Ur (1) ¢" "
oot (DU (1) T O+

( 1)1q T_,'_Vr 1( 1)2q17T_|_..._|_V1(_1)7‘q71_|_O+.” ’
where V; = iU,_; > 0 for 1 < ¢ < r. On the other hand, the Fourier coefficient of

q"(n > 0) in the expansion of Ey 4 is W,(—1)" for positive W,,, by the definition of
Eo,4. Therefore the constant term of Eo4D(EL,) is equal to

ivn(_ r+1— nW ( _ r+lzv WT“
n=1

so that the constant term of T3y, is equal to

r—1
r (=

)Y VW, # 0
n=1

for h > 4,h = 0(4) (since r > 1 in this case).
Now we assume that h = 2 (mod 4). We have proved the following equality above

d d . ) _
Emg(z) = E_]Q(Z) = —2mEoo72(z)EOA(z)EOOlA(z).

So D(ms(2)) = —Eoovg(z)EOA(z)E;OlA(z). This implies that

Ty = E% yF04EL ;" = —Es2EL 4D (my).
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Therefore

Eoo 2B 4 D(m2)
:D<E002E 4m2) E QmQD(EOO4) E(:oTAWLQD(EOOQ)
=D(Eo 25 ym3) — Eso oma(—1)E 7' D(Exc ) — EouE ;' D(Ex 2)

1 o
=D(Ex 2B yma) — Eco oma(—1)E Y ! ( 1) EQED(EOOA Y

00,4 —r—
—E04E_T4 D(E 2)

— r —r— r —r— r—
=D(Exo 2B/ yms) — ——FEo oma B ELID(E ) — Eg B ' D(Es )
B r + 1 ) ) )

-Tr r —_r— rT—
:D(Eoo,gEoo4m2)——Eo74Eoo72D(EOO41) Eo 4B 'D(Ex2)
: _— :

=D(Ex2E ] ms) — ﬁEM(D(E 2E i) —E'D(Ex2))
—E0 4B 'D(Ex 2)
.
=D(FEp2F7 — FouD(EsET"T ——E E i 'D(Ex ).
(Boo2B5)ym2) — 1 Foa (B 2B 0 ) oy 1 oa (Feo.2)

The term D(Eo 2 £,y m2) makes no contribution to the constant term of T3 , because

for any formal series Z bnq"™ we have that D <Z bnq”> = Z nb,q" which has no

n=0 n=0 n=0

r
constant term. Hence we only need to compute the constant terms of ?EOA

D(Es2E[;") and —E04E o ' D(Ese2).

For any positive mteger s, we write

B =q" Z Rs(n)q
n=0

Then by Lemma 10.6 and by an easy induction we can prove that Rs(n) = (—1)"Us(n)
with Us(n) >0
But we know

Fw —1+24Za°dd

Hence we have

EooE =g f:aiqi
<1 —|—24Za°dd ) (Z(—1)"Ur+1(n)q">,

n=0
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where
o 1
= 2420— Uria(i — §)(=1)9, 0994(0) := o (10.18)

Hence

D(EOOQE =q " 1Zz—r—1 aiq'.

Noting that the nth Fourier coefficient of

E04—1—|—162:oralt )q"

n=1

has the form (—1)"W,, with W,, = (—=1)"1603!*(n) a positive integer, we see that

EouD(Ex2E (") = Z ang"

n=—r—1
= (Z(—l)”qu"> <Z(z —r— 1)a¢qi_’”_1> .
n=0 =0
In particular, we have
ap = (i—7r— l)ai(—l)r+17iWr+1—z‘- (10.19)
i=0

On the other hand, we have

o0
BByt =) bt = (
=0

it
I

q"> (Z(—l)”UrH(n)q“) 7

n=0
where ,
b=y (=1)'Ups1(i — j)W; (10.20)
§=0
and
Eyp2) =24 Z nUOdd
Hence
EouE ;' D(Ecy2) =Y bq" = <Z biqirl> <Q4Zno—gdd(n)qn>.
n=-—r =0 n=1

In particular, we have

by =24 bi(r+1—i)og™(r+1—1) (10.21)
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From (10.17)-(10.20) we see

ap= 24074 (U1 (i = §) (1) (i = = YWiga
i=0 j=0
=24 (i —r = D)Wiga » (=1 U100 — §)07 (),
i=0 =0
=243 S Uria(i — HWi(~1)i(r + 1 = )™ (r + 1)
i=0 j=0
—242 (r+1—1i)od4(r +1—1) ZUT-H (i — J)W;.
7=0
Therefore the constant term of 15 j, is equal to
r A 1 /
r4+ 1a0 r+1°
24r - . : r4+l1—j odd
:—T+1Z(Z—T—1)Wr+1—i2(—1) Urt1(i — )07 ()
i=0 =0
24 - 7 -\ _odd
T+IZ(_1)(T+1_Z)01 (r+1-— ZUT+1Z—j
=0
24 : .
T TZ (r+1—0)Wrp- ZZ( 1)U 1(i = j)o dd(])
7=0
+ (D) + 1= i)at ZUm
i=0
_ A i(r +1 =) (=) Wyp1—i + (=170 (r + 1 — i)
r+1 T+l 1

i=0
K3
x> (1) 024 () + W),
j=0
For any nonnegative even integer n, it is clear that (—1)"c¢4(n)+W,, > 0 because
0999(n) > 0 and W,, > 0 for any nonnegative integer n. For any odd integer n we

have
(—=1)"04(n) -y d-16 Y (-1)%d
0<d|n 0<d|n
2td
= (16d° —d)— Y (16d°) = Y (16d* —d) > 0.
0<d|n 0<d|n 0<d|n

2td 2|d 2td
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And it is clear that rW,11_; + (—=1)""'e99d(r +1 —4) > 0 if r — i is even. If r — i
is odd, then r + 1 — ¢ is even, so we see that

TWT+1—Z‘ + (— )T_i Odd(T +1-— Z)

=167 Z 1)%d® — Zd

0<d|r4+1—i 0<d|n
24d
=16r > d*— > (16d°+d) TZ 16(2d;) Z(lGdf’ +d;)
0<d|r+1—i 0<d|n =1
2|d 24d

t
= (128rd} — 16d; — 1)d; >0 for all r > 1
i=1

where d; with 1 <7 <t are all distinct odd divisors of r + 1 — 1.
This shows that

T T

et = b= g S L= (L W+ (<)ot 4 1)
=0

XZUm(i—j)((— ) o244 (5) + W)

_ T+IT+IZXZY%

where
Xi=(+1=)(Wep—; + (1) 0¥ (r +1-14)) >0

and ‘
Yj o= Uppa (i — 5)((=1)7 094 () + W;) > 0

This proves that the constant term of T3y, is

r !/ 1 /
—0by #0
LA L
for any positive integer r. This completes the proof. |

Theorem 10.7  Suppose f € G(2,h) with Fourier expansion at infinity
z) = ZAnq" with Ag # 0.

If h =0 (mod 4), then there is some A, #0 for 1 <n < r(2,h). If h =2 (mod 4),
then there is some A, #0 for 1 <n < 1+7(2,h).
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Proof  First suppose that h = 0 (mod 4). We denote the coefficient of ¢™ in the
Fourier coefficient of any modular form ¢ at infinity as ¢,(g). The meromorphic
modular form 75 ; has a Fourier expansion

oo

Top = Z cn(T2,n)q"

n=-—r

with ¢_,(T%,5) = 1. By the part (2) of Lemma 10.5, we see that
0= CO T2 hf Z C_ T2 h
By hypothesis, Ag # 0. By Theorem 10.6, c¢o(T5,) # 0, so

Ao Q)léh E:C zjbh X

which implies that there exists an n with 1 < n < r such that A,, # 0.
If h =2 (mod 4), then

o0

Ton= Y cn(Ton)g"

n=—r—1
with ¢_,_1(T2 ;) = 1. By the part (2) of Lemma 10.5, we see that

r+1
0=co(Tonf) = ZC (T2,n)A

By hypothesis, Ag # 0. By Theorem 10.6, ¢o(T5,) # 0, so that

r+1
Ag = —(co(T2,1)) E c—i(To,n)Ai,

which implies that there exists an n with 1 < n < r + 1 such that A, # 0. This
completes the proof. 1

Theorem 10.8 Let @ be an even positive definite quadratic form of level two in
v variables. Then Q) represents a positive integer 2n < 2+ v/4 or a positive integer
n < 3+ v/4 according to v =0 (mod 8) or v =4 (mod 8) respectively.

Proof  Suppose that @ is an even positive definite quadratic form of level two in
v variables with v = 4 (mod 8). Put v = 8k + 4. Then by the well-known facts on
f-functions we know that the function defined by

Z#Q (2n)q" € G(2,v/2)
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is a holomorphic modular form where

#Q_l(Qn) = #{(.I‘l,IQ, e 73?@) S ZU|Q($1’$2’ e ax’U) = 2”}

It is clear that #Q~'(0) = 1. Hence by Theorem 10.7 we know that there exists an

no with 1 < ng < 1+ 7(2,v/2) such that #Q~*(2n¢) > 0. That means Q represents
4k + 2

the integer 2ng with ng < 1+ r(2,v/2) =1+ r(2,4k+2) =2+ [:} =2+k.

Hence @ represents the integer 2ng < 2(2+ k) = 4+ 2k = 3+ v/4. We can prove the

case h =0 (mod 8) similarly. This completes the proof. |

10.3 The Eligible Numbers of a Positive Definite Ternary
Quadratic Form

In this section we study the problem of how to find the integers represented by a
positive definite ternary quadratic form. It is a classical result that, taken together,
the forms of a genus represent all numbers not ruled out by some corresponding
congruences B.W. Jones, 1931; B.W. Jones, 1950. Following Kaplansky, we call these
the eligible numbers of the genus 1. Kaplansky, 1995. But it is very difficult to
determine which of these eligible numbers can be represented by a form in the genus.
In general we have the following results:

(R1) A positive definite ternary quadratic form f represents all of sufficiently large
numbers which are represented by the spinor genus of f. (cf. W. Duke, 1990.)

(R2) Let ng be a square-free positive integer represented primitively by the genus
of a positive definite ternary quadratic form f with discriminant d, then f primitively
represents all of sufficiently large integers ngt? if (t,2d) = 1 and ngt? are primitively
represented by the spinor genus of f. (cf. J. Hsia, 1997.)

But there are no effective algorithm to determine all exceptions because (R1) and
(R2) are dependent on Siegel’s ineffective lower bound for the class numbers and
the Iwaniec’s estimation for the coeflicients of cusp forms (cf. Remark 10.3). Even
for the simplest cases, we can not do this. For example, let fi = 22 + y2 + 722,
fo =22+ 7y?+ 722 Then f; and g1 = 22 +2y% + 422 +2y2z belong to the same genus,
fo and go = 222 +4y? +72% — 2y belong to another genus. The eligible numbers of f;
and g1 (f2 and g respectively)are numbers which are not the product of an odd (even
respectively) power of 7 and a number congruent to 3, 5 or 6 mod 7 (see Example
10.1 and Example 10.2). We also can not determine which of them are represented
by f1 and fo respectively.

In I. Kaplansky, 1995 Kaplansky proved the following result and pointed out the
following tables:

Theorem The form f; represents all eligible numbers which are multiples of 9;
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it also represents all eligible numbers congruent to 2 mod 3 which are not of the form
14¢2.

List I: Up to 100, 000 there are 27 eligible numbers prime to 7 not represented
by fi: 3, 6,19, 22, 31, 51, 55, 66, 94, 139, 142, 159, 166, 214, 235, 283, 439, 534, 559,
670, 874, 946, 1726, 2131, 2419, 3559, 4759.

List II: Up to 100,000 there are 26 eligible numbers congruent to 1,2 or 4 mod
7 which are not represented by fa: 2, 22, 46, 58, 85, 93, 102, 205, 298, 310, 330, 358,
466, 478, 697, 862, 949, 1222, 1402, 1513, 1957, 1978, 2962, 3502, 7165, 10558.

List ITI: Up to 100,000 there are 3 eligible numbers prime to 7 not represented
by f3 = 2% + 2y? + Ty?: 5, 20, 158.

List IV: Up to 100, 000 there are 3 eligible numbers congruent to 1,2 or 4 mod 7
which are not represented by f4 = 2 + 7y? + 1422%: 2, 74, 506.

It is clear that 14 - 72 = 2 (mod 3) and f; does not represent 14 - 72¥ for any
non-negative integer k by a simple induction. We call the numbers of 14 - 72* to be
of trivial type. Hence there are indeed eligible numbers of the form 14¢?> which are
missed by f1. But as Kaplansky pointed out, List IT shows, that up to 700, 000 there
are no further eligible numbers of form 14t that are missed by f; and which are not
of trivial type. This motivated Kaplansky to make the following:

Conjecture f; represents all eligible numbers congruent to 2 mod 3 which are
not of trivial type.

Kaplansky also conjectured that these four lists describe all exceptions, and so our
knowledge of the integers represented by f; and g; would be complete.

In this section we want to show some general results about the eligible numbers
of positive definite ternary forms by using modular forms of weight 3/2, and give
an algorithm for the number of representations of a positive integer n by a genus of
positive definite ternary quadratic forms which is of an independent interest because
it is a generalization of the classical theorem of Gauss concerning the number of rep-
resentations of a natural number as a sum of three squares. By this algorithm, we
can more precisely deal with eligible numbers and prove that the above Conjecture
holds. We will also show how to use the algorithm to compute the number of represen-
tations and eligible numbers of a positive integer n by a genus of a positive definite
ternary quadratic forms. We will study the relationships between the numbers of
representations of ternary positive definite quadratic forms and elliptic curves.

Now let a, 3, v be square-free positive odd integers with («, 8, v) =1, D = [, 5,
v], and Ay, (m|D) and Ay, (1 # m|D) be the unique solution of the following system
of linear equations:
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S Com - pm/dym™) + 3 (Con - alomfdym™

m|D 1#m|D
1/ af/(a, B)? B/ (8,7)? va/(y,a)®
( ) D ( d > ((dvavﬁ)(duluv)> (dvﬁv’y)(dvlva)> ((dv'}/ua)(dvlvﬁ)>’
* 1 -1 aB/(a, §)?
S Cun-ptonfin™ = s (S (a0

m|D

Bv/(B,7)° v/ (v, a)?
. (a(ﬁ,v)(a,ﬁvd)l(ﬁde) (5(%@)(@ avd)l(%a,dW) AD.

which will be proved to have a unique solution later (cf. The proof of Theorem 10.9).
It is clear that Ay, (m|D) and A, (1 # m|D) are only dependent on a, 3, 7.
For positive integers n, D, [ we define:

3% 2-(H2)/2 i 94 1y (n),

a(n) = 3 x 27 (H¥2(n)/2) if 9uy(n), n/2v2(M = 1(mod 4),
T 27e()/2) if 2|ve(n),n/22(™ = 3(mod 8),
0, if 2|1y (n),n/22(™ = 7(mod 8)
and
(14 p)ptt=re D2 if 24 1, (In),
) _ln/pu,,(ln)
opt=rpin)/2, if 2|v,(In), <7 =1,
frpln) = %P A
—1 vp(In)
0, if 2|, (In), (L> —1.
p
and

Bnxp4D)= S () (‘a”> (ab)L.

(ab)?|n,(ab,2D)=1

a,b positive integers

Note that Bs(n, xp,4D) = 1 if n is square-free.
Let f be a positive definite ternary quadratic form, {f1 = f, fa, -+, fi} a set of
representatives of equivalence class in the genus of f. Denote by r;(n) = r(f;,n) the

ri(n)

. With these notations
O(fi)

t
number of representations of n by f;. Put G(n) = Z
i=1

we get the following

Theorem 10.9  Let «, 3, v be square-free odd positive integers such that («, [,
v) =1, f=az?+py>+722 Let A= {f1=f, fa, -+, fi} be a set of representatives
for the equivalence classes in the genus of f. Then for any positive integer n we have
that

G(n) =r(a, B,7v;n) - h(=In),
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where | = aBv/((a, B)*(a,7)?(8,7)?) and r(c, B,7;n) is given by the following for-
mula:

r(a, B,7v;n)
32 _ In ‘L1
:w—lna(ln)(l—Q Ly _n(2)) (E) Bs(In, xp,4D) <;0 7 )
yt(m) (1= x-tn@p~ P 77 A = x-t(p)p™")
< Y (=D, ] _1 H —1 Bip(n)
m|D p|D/m p p
_ —1
Y Coen 1 (1—x- ln_l Dp? H - X- li];p )ﬂz,p(n)>.
1#m|D p|D/m p p

Proof  We recall the following notations introduced in Section 7.3

)\S(nu 4D) :L4D(2 id. )71L4D(17X* )/83(n7XDa 4D)

471 —9)(1 = 3 27(H2(D/2) - if 2§ uy(n),
A (2 n): 4—1(1—1)(1—3 2 (1+u2(n)/2))’ if 2|l/2(n),n/2”2 n) =1 (mod 4)7
34, 4—1(1 — 1)(1 — 2= Dz(n)/Q)’ if 2|V2(n)7n/21/2 n) =3 (mod 8)7
4711 1), if 2|va(n), n/2v2(M =7 (mod 8).
pt—(1 +p)p—(3+'fp(n))/2’ if 24 1, (n), .
-1 _9p—1-vp(n)/2 £9 —n/p >: 1,
AB(p7n): p P ’ 1 |Vp( )a » o
p if 2|vp(n), (—n/p ! ):1’
p
> X =T - x5,
n,N)=1 pIN

Bs(m, xp, 4D) = _Z ) (1) (),

(ab)?|n,(ab,2D)=1

a7b positive integers

where v5(n) is the maximal non-negative integer such p*2("™|n,
We define functions g(xi,4m,4D)(z) (m|D) and g(x;, m,4D)(z) (m # 1,m|D),
where D is a square—free odd positive integer and I|D as follows:

9(x1,4D,4D)(z) =1 — 4x(1 +1)I? i A3(In,4D)(A(2,In) — 471 (1 — 1))

n=1

X H (p.ln) —p~Y)n> exp{2mninz},
p|D

g(x1,4m, 4D)(2) = —4m(1 + 1)1z > A3(In, AD)(A(2,In) — 47 (1 — 1))

n=1
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X H (p,In) 1)n% exp{2minz}, VD # m|D,

g(xi,m,4D)(z) = 2nl? Z A(In,4D) I_I(A(p7 In) — pil)n% exp{2mninz}.

n=1 plm
By the results of Section 7.3, the set of functions
g(Xl74m74D)(m|D)’ g(lema4D)a 1 #mlD

is a basis of £(4D, 3/2, x;), and we have

V(g(xi,4m,4D),1/a) = =47 (1 + i)ﬂ(m/a)amfll%(l,a)*%q;/l(ha) (%) ;

a/(l, @)
(l,a) ) ’

V(9(xt, 4m, 4D), 1/(4a)) = p(m/a)om=" 12 (1, 0) " Fe.0 (

(g(

V(g(xi,4m,4D),1/(2a)) = 0,

(o, 4D),1/e) = —47 (0 a1 1) e (55 )
(g

(g

<

a/(l, )
V(g(x1,m,4D),1/(2a)) = 0,
V(g(xi,m,4D),1/(4a)) =0,

where « is any positive divisor odd D and V(f,p) represents the value of f at the
cusp point p.

For f = ax? 4+ By? + 722, we see that 0¢(2) € G(4D,3/2,x;) and O(gen.f,z) €
E(4D,3/2, x1) by the results in Section 10.1, where D = [, 8,7] and | = aB7y/((«, 8)?
(a,7)%(8,7)?). Therefore there exist complex numbers cy,, (m|D) and c¢,,(m|D,m #
1) such that

O(gen.f,z) = Z camg(xi,4m,4D) + Z emg(xi, m,4D).
m|D 1#m|D

If we can compute explicitly these complex numbers, then we can obtain the explicit

ri(n)
— O(fi)
sides of the above equality. In order to do this, we only need to calculate the values

of O(gen.f, z) at cusp points.
Claim 1 Let d/c be a cusp point (¢ > 0, (¢,d) = 1). Then

521 (%) , if 4|e,

V(@.dje)=9q 17 (%) . if2¢te,

expression of G(n) := by comparing the Fourier coefficients of the two

2
0, if 2 || ¢,
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oo

where 0(z) = Z exp{m?z}.

m=—0oo

Claim 2 Let d be a square-free odd positive integer, then

The proofs of these two claims are just simple calculations, and hence they are omitted.
It is easy to see that for square-free positive odd D, S(4D) := {1/d, 1/2d, 1/4d |
d|D} is a representative system of all equivalent classes of cusp points of I'h(4D).
Claim 3 Let be f = az?+ fy? + 722, where o, 8, v are square—free positive odd
integers such that («, 3,7) = 1. Then

(L+i)at/z L/(1,d)
V(0r,1/d)= W d/(dl)( ) (d/(l ))

(i) (@) (@aits)
V(0y,1/4d)=dD~1"2(1,d) " %e; 1. a) (D/d> (Czl//((zlj))>

oB/(a, B)?
* (v(aaﬁ)(a757d)1(v,a5d)1>

By/(B,7)? v/ (v, )
. (a(ﬁm)(aﬁvd)l(ﬂ,%d)l) (ﬂ(%a)(ﬁvavd)l(%aydW) ’
V(0y,1/2d)=0,

where d|D.
This is a special case of our general result in Section 10.1. But now we can give a
new proof for this fact. We have that

V(05,1/d)= lim (~dz)*/20; (z + ;)

= lim (—d2)**f(a(z + 1/d))8(B(= + 1/d)0((= + 1/d))

(B(z
_hr%( dz)3/29<az+ Zd> ( ﬁ 7d§>9<72+%8:£>
((ad)(ﬂﬁd %) ( a/(a )

apry
v (0.559) v (o %:di)

We express d as d = (d, 1) x

d
@1 Suppose that p is a prime factor of d. Then p|(d, )
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if and only if only one of «, 3, is divisible by p, p|d/(d,1) if and only if only two of
a, 3, are divisible by p. This shows that a8y = D?/I, (o, d)(B3,d)(v,d) = d*/(d,1).
Hence by the above claims we obtain that

V(05,1/d) = =47 (1 +1)dD 1 1Y2(d, 1)~/ %W,

where

/(v d)
Vi=¢€d/(a,d)€d/(8,d)Ed/(~.d) (d T, d)

)
I I st I (“)
)

pld  pld/(d,l) pld/(a,d)

() 0 (5

/.y N P pldsivay N P
-1\ d(p(d,1))~!
=(7 ) satan T ("
pld/(dl)
11 (ad/p> I (ﬂd/p> I <7d/p>
P P P
pld/ (a,d) pld) (5,d) pld/(v.d)

=(7) o (50) (@)
(o) (i) (arer) (@97)

- (7)o (7500 (@rmies)
(aram) (@)

which implies the expression of V(6f,1/d).
Similarly we have that

V(05,1/4d) :;13%(—4@)%@(2 + 1/4d)
= ;i_r%(—éldz)%ﬁ(a(z +1/4d))0(B(z + 1/4d))0(y(z + 1/4d))

(1) v e
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v (9’ Z/%ﬁ)) v ("’ Zd//%’fg))

=dD™212 (I,d) "> Va,

where

o= eloaiinasion (aften) (5rza) (576:0)
ST e T (57) T (57) I, (5)

p|D/p plt/(L,a)  pla/(a.d) p|B/(8,d) ply/(v,d)

o () 1L, (452 1, ()

pll/(l,d)

(5,1, (%)

p|B/(B,d) ply/(v,d)

pla/(a,d)

since
1/(l,d) = a/ (o, Byd) x B/(B,vad) x v/ (v, aBd).

Hence,
vi=een (o7a) (iiosa) (aoaa) (maea)
() () (o
_ (0% [0 2
aun (575) () (et

y ( By/(B,7)? ) < v/ (v, @)? )
(B:)/ (B, d) x af (e, Byd) ) \ (v, )/ (v, a,d) x B/(B,vad) )

which implies the expressions for V' (6, 1/4d). Finally we can show that V(6;,1/2d) =
0 by the fact that V' (0,1/2) = 0. This completes the proof of Claim 3.
Since 0¢(z) and f(gen. f, z) have the same values at each cusp point, we see that

V(b(gen.f,z),p) = V(05(2),p)

=Y CamV(g(xi,4m,4D),p) + Y CoV(g(xi,m,4D),p)
m|D 1#m|D

for each cusp point p. Hence we obtain a system of equations:
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> CumV(glxi,4m,4D), 1/a) + > CowV(g(x,m,4D), 1/a)

m|D 1#m|D
=V(0y,1/a),(a|D),

> CumV(9(xi,4m,4D),1/(20)) + > CwV(g(x1,m,4D),1/(200))

m|D 1#m|D (10.22)
=V(05,1/(2a)) = 0, (a|D),

Y CanV(9(xi,4m,4D),1/(4a)) + > CnV(9(xi,m,4D), 1/(4a))

m|D 1%m|D
=V(0,1/(40)), (a|D).

Inserting the values of the functions at cusp points into equality (10.22), we have that

> (Cu - plmfdym™") + " (Co - p(m/dym™"

m|D 1#m|D
=5 (7) (@osiar) (armara) (aatuts)

a1 -1 ap/(a, B)*
> Con sl ™ = 15 (S e A1) 002

m|D
B/ (B,7) -
X(aﬁv ozﬂvd) 164 1)
va/(v,q)
X (ﬂ )(B, ayd)~t (’Y,oz,d)—1> . (d|D).

We must prove that the system (10.23) has a unique solution for Cy,, (m|D) and
Cp (1 # m|D). This is equivalent to proving that the corresponding homogeneous
system has only zero as a solution. Otherwise, suppose that Cy,,, = A4y, (m|D) and
Cm = Am (1 # m|D) is a non-zero solution of (10.23), i.e

> Q- plm/dym™) 3~ (A - plm/d)m™" =0,
m|D 1#m|D

Z M - pp(m/d)m~" =0, d|D.

m|D

(10.24)

Consider the following function:

= Mamg(x,4m, 4D) + > Amg(xi,m,4D),
m|D 1#m|D

which belongs to the space £(4D,3/2, x;). We now compute the values of h(z) at all
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cusp points. For any d|D, we see that:

2),1/d) =" X\amV(g(x1,4m,4D), 1/d) + > AuV(9(x1,m,4D),1/d)
m|D 1#m|D

=47 (1)l (1, d) " 2e gy

UG
X(d/(7 )> (Z/\4mum/dm + Z Amp(m/d)m )

1#m|D

V(h(z),1/(2d)) ZAM 9(x1,4m,4D),1/(2d))+ Y AV (g(x1,m,4D),1/(2d))

m|D 1#m|D
=Y Xm0+ Y Ap-0=
m|D 1#m|D
V(h(2),1/(4d)) =Y MamV (9(x1, 4m, 4D),1/(4d))+ > AV (g9(x1,m, 4D), 1/(4d))
m|D 1#m|D

—a ) 2oy (S )(ZAW m/dym )

These imply that the values of modular form h(z) are equal to zero at all cusp
points of T'g(4D). Hence h(z) € S(4D,3/2,x;) which shows that h(z) € S(4D,

3/2,x1)€EMAD,3/2,x;) = {0}, i.e.,

Z Aamg(x1,4m,4D) + Z Amg(x1,m,4D) = 0.
m|D 1#m|D

But g(xi,4m,4D) (m|D) and g(x;,m,4D) (1 # m|D) are linearly independent.
Therefore Ay, = 0 (m|D) and A\, = 0 (1 # m|D) which contradicts the assump-
tion for A4y, and A, and hence show that the system (10.23) has only zero as a
solution.

From (10.23) we can easily calculate explicitly all the C,,, (1 # m|D) and Cy,, (m|D),
it is clear that all these are rational numbers and only dependent on «, 3,y

That is, we obtain explicitly rational numbers C,,, and Cy,, such that

O(gen.f,z) = > Camg(x1,4m,AD)+ > Crg(xi,m,4D). (10.25)
m|D 1#m|D

On the other hand, let

a(n)=2(1+i)(471(1 — 1) — A3(2,n))
3 x 2= (Hv2(n)/2 - if 9 4 1y (n),

) 3 x 27 (/2 1 if 9ug(n), n/2v2(™) = 1(mod 4), (10.26)
2—v2(n)/2 if 2|va(n), n/2v2(") = 3(mod 8), ’
0, if 2|ve(n),n/2v2(M) = 7(mod 8)
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and
Bip(n)=p*(p~" — As(p,In))
(1 +p)p(1_l’17(ln))/2’
B 2p1—yp(ln)/2’
0,

Integers Represented by Positive Definite Quadratic Forms

it 24 v, (In),
— vp(ln)
In/p ) _

if 21/p(ln),( )

— vp(ln)
if 2|vp(In), (ln/g) = 1.

' (10.27)

Let d;,, be the conductor of the character x_;, and h(—In) be the class number of the
imaginary quadratic field Q(v/—In). Then the class number formula shows that

h(=in) = (2
where
6,
Win = 4,
2,
Hence
/\3(ln,4D)
=L(2,id)" [T
p|4D
JTO = x-m@p

p|4D

= Ta-»>

pl4D

) 152(.«}ln (LX—ln),

if &y, = 3,
if 0y, = 4,
if otherwise.

=L4p(2 id)_1L4D(1 X— zn)ﬂs(l” XD, 4D)

1L]—X ln)

71) : ﬂ3(ln7XD74D)

(1= Xx-m(@p™")

B(=In) - 2m - wi 16,2 By(In, X, AD)

_12 11 (1= x-in(p)p~")p*>  h(=In)

. ,Bg(ln, XD74D)~

p*—1

pl4D

This implies that

WinV 5171

g(x1,4D,4D) =1+ (—1)*P)32 i h(=In)w;, a(in)(1 — 27 10 (2))
n=1

<11

5ln

9(xt, 4m,4D) = (~

|: Xln
p|D

1/2
. (l_n) Bs(In, xp,4D) exp{2ninz},

322h —ln)w

”mm]

a(ln)(1 - 27 x-m(2))
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< TI (]._Xpln_l )p? H - X— znzlop 1)5@(”)

p|D/m plm

1
2
X (l_n) Bs(ln, xp,4D) exp{2ninz},

5ln
g(xi,m, 4D) = (—1)"™32 3 " h(—In)w;, (1 — 27 xin(2)) (10.28)
n=1
p? — 1 1 Le
p|D/m plm
In\?
X (g> Bs(ln, xp,4D) exp{2ninz},

where t(m) is the number of distinct prime factors of m. Let be In = ds? with d
square-free, then d;,, = d or 4d according to d =1 (mod 4) or d = 2,3 (mod 4) which

. . In 1/2 dS2 1/2 In 1/2 dS2 1/2
implies that (E) = (7> = s or (E) = (4_d> -

In
Sin
rational number. Now we compare the Fourier coefficients of the two sides of (10.24),
and use (10.27) to obtain that

—~

according to

N ®»

1/2
d=1 (mod4) or d =2,3 (mod 4). Anyway, ( ) is an explicitly determined

G(n) =r(o, B,v;n)h(=In),

where r(a, 8,7;n) is defined as in 10.9. This completes the proof of the theorem. [

By Theorem 10.9 we obtain the following;:

An Algorithm for G(n) and eligible numbers of f:

Input: A positive definite ternary quadratic form f;

Output: G(n) and the set E of eligible numbers of f;

Step 1: Solve the system (x);

Step 2: Use Theorem 10.9 to compute G(n);

Step 3: Put E = {n € N|r(«, 8,v;n) = 0}.

We will compute some examples with this algorithm.

It is clear that Theorem 10.9 holds indeed for any positive definite ternary quadratic
form f with level 4D (D a square-free odd positive integer). Hence by Theorem 10.9
we can always give the precise major part for the number r(f,n) of representations
for n by f. Especially if the space S(NN, 3/2, x;) is the null space, we can obtain the
precise formula for r(f,n) by Theorem 10.9. For example, by the dimension formulae
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for the space of modular forms, we can find that the following spaces are all null
spaces:
8,3/2,x1),  5(8,3/2,x2),
12,3/2,x3), S(16,3/2,x1),
), S5(24,3/2,xa
24 3/2 x3), S(
), S(

)
)
24 3/2 X6):
)-

9

Hence we can obtain the following formulae: Let be N (a, b, ¢;n) = r(az?+by?+cz?,n),
0(x) =1 or 0 according to x is an integer or not, then

N(1,1,1;n) = 27m2)\ (n,4)a(n), (Gauss formula)

N(1,2,2;n) = 2703 \( (a (”_1>—6<n;2>>,

N(1,3,3;n) = 2mn? An,12)(1/3 — A(3,n))(2 — a(n)),
N(1,5,5;n) = 2mn 2 A(n, O)a(n)(A(5,n) +1/5),

N(2,3,6:0) = 23 A(n,12)(1/3 + A(3,n)) (a(n)—6 (” - 1) 5 (" - 2)) ete.

From this point of view we see that Theorem 10.9 is a generalization of the classical
result of Gauss concerning the number of representations of a natural number as a
sum of three squares.

Corollary 10.1  Let f = z? +y2 4 pz?, p an odd prime, then

32 1
wpn(p2 _ 1)h( pn)a(pn)(Qp - /817717(”))717(”) ’ <; O(fl)) ’
B ifp = 1(mod 4)
32 S
o =)@ = alen)Bpp () () (; O(f¢)> :
ifp = 3(mod 4),

where v, (n) = (1= 27" X—pn(2))(pn/6pn)? Y~ pla)x—pn(a)(ab) "

(ab)®|n
(ab,2p)=1

Proof Just as in the proof of Theorem 10.9, we have that D =1 = p. So by (10.28)
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we see that £(4p, 3/2, xp) has a basis as follows:

32 o _ .
9(xp,4p,4p) =1 — 21 Z h(—pn)wpnla(pn)ﬂpm(n)'yp(n) exp{2ninz},
n=1
> h(=pn)wy, a(pn)y,(n) exp{2minz},
n=1

oo

32 B .
9(Xp,p,4p) = o1 Z h(—pn)wp;ﬁp,p(n)*yp(n) exp{2minz}.
n=1

32p?
g(XPa474p):p2 1

We can easily calculate the solution of the system of equations (10.23):

2
C4 ]_) 0
Cap = 1 or 1
Cp 0 -2

according to p =1 or 3 (mod 4). Hence we see that

O(gen. f, z) = 9(xps 4, 4p) + 201 g(xXp> 4, 4p), if p = 1(mod 4),
g 9(Xp,4p,4p) — 29(xp, P, 4p), if p = 3(mod 4).

Hence we see that

32 h(—pn)a(pn)(2p — By p(n))vp(n) - <Z 01 ) )

wpn (p* — 1) —~ O(fi)
fp=1 d4
Gn) = ) ifp t (Hllo )
o2 = 1) P2 = aen)Bpp () () - (; O(f¢)> :
ifp=3 (mod 4)
as stated in the corollary. ]

Example 10.3 Letp =7, then f = fi; = 22 +4y?>+72% and g1 = 22+ 2y + 422 +2yz
belong to the same genus, O(f1) =8, O(g1) = 4. Hence

ri(n)  ri(n) 1

8 4 = Zw;nl . (2 — O[(7n))ﬂ777(n)r}/7(n)h(_7n)

Corollary 10.2 Let f = z2 + py? + pz2, p an odd prime, then
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32 v t 1 o
32 )
mh(—n)@ —a(n))B1,p(n <; ) , ifp=3(mod 4),

where ~p(n) = (1 =27 X0 (2))(1 = X—n(p) - p~1)(1/82)"/2 Y (@) x—n(a)(ab) "

Proof Just as in the proof of Theorem 10.9, we have that D = p, [l = 1. So by
(10.28) we see that £(4P,3/2,x1) has a basis as follows:

9(x1,4p,4p) =1 — Zh (n)B1p(n)7) (n) exp{nz},

oo

g(x1.4,4p) = (n)y,(n) exp{nz},

g9(x1,p,4p) = Z n)wy, ' B1,p(n)7y(n) exp{nz}.

We can also calculate the solution of the system of equations (10.23):

Cyq
C4p =
Cp

according to p =1 or 3 (mod 4). Hence we see that

S = 3
o
=
VRS
|
N = O
N——

H(gen f Z) _ {g(Xla4p7 4p) + 2]9719()(1;474]9); lfp = ]-(mOd 4)7
e g(X1a4p74p)_2\g(X17pa4p)7 1pr3(m0d 4)
Therefore we see that
32 i
wn(pg — 1) h(_ ) ( )(2p /Bl,p (Z O fz > 5
ifp=1 (mod 4),
G = 32 i
wn(pg — 1) h( pn)( ( ))51717 (Z O fz > )
if p=3 (mod 4)

This completes the proof. O
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Example 10.4 Let f = fo = 22+ 7y?>+ 722, then fo and go = 222 +4y? + 722 — 2xy
belong to the same genus, O(f2) =8, O(g2) = 4. Hence

Gan) = "2 120 L o )8y () (m)(—m).

By Corollary 10.1 and Corollary 10.2, we can prove the following

Corollary 10.3  Let f,) = 22 +y? + pz2, p an odd prime, then
(1) if p=3 (mod 4), the eligible numbers of the genus of f,) are numbers which

are not the product of an odd power of p and a number n satisfying (—_n) =1;
p

(2) if p=1 (mod 8), the eligible numbers of the genus of f(,y are numbers which
are not the product of an even power of 2 and a number congruent to 7 mod 8;

(3) if p=5 (mod 8), the eligible numbers of the genus of f,) are numbers which
are not the product of an even power of 2 and a number congruent to 3 mod 8.

Corollary 10.4  Let g, = 22 4+ py? + pz2, p an odd prime, then
(1) if p=3 (mod 4), the eligible numbers of the genus of g,y are numbers which

are not the product of an even power of p and a number n satisfying (—n) =1;
p
(2) if p=1 (mod 4), the eligible numbers of the genus of g, are numbers which

n
are not the numbers n satisfying (—) = —1 or the product of an even power of 2 and
p

a number congruent to 7 mod 8.

Proof By definition, a positive integer n is eligible if and only if G(n) > 0, i.e., n
is not an eligible integer if and only if G(n) = 0. If p = 3 (mod 4), then

Wpn

G(n) = 2 h(~pn)(2 — a(pn))Bp p(m)p(n) - (Z ﬁ) ’
i=1 !

which implies that G(n) = 0 if and only if one of the factors at the right end of the

t
2 1
above equality equals zero. But it is clear that 3—h(—pn) Z
Wpn =1 O(fi)
only need to consider the other three factors. By (10.26) we see that 2 — a(pn) >
2—3/2=1/2. So the only possibilities are that 8, ,(n) = 0 or v,(n) = 0. By (10.27)

_n/p n( )) 1
p

Hence if we can prove that v,(n) # 0, then this completes the proof of (1). In fact,
we can prove the following claim which completes the proof of (1). The proofs of (2)
and Corollary 10.4 are similar.

>>0. So we

we know that 5, ,(n) = 0 if and only if v,(n) = 1 (mod 2) and (



406 Chapter 10  Integers Represented by Positive Definite Quadratic Forms

Claim Let D be a square-free positive integer, then

—n B
fanoaD) = Y o) () @ £0
(ab)?|n,(ab,2D)=1
a,b positive integers
for any positive integer n.
In fact, by definition, we see that

GanypaD)= Y ma)(‘—”)(ab)l
(ab)?|n,(ab,2D)=1

a,b positive integers

= 1] pzfnp.H y%p— <D>DP§1pta

pf2D,p|Dy,  t=0 pi2DD,, \ t=0

where —n = D,, 2 such that D,, is a fundamental discriminant and f,, is a positive
integer. The above equality implies that fs5(n,xp,4D) # 0. This completes the
proofs. 1

Example 10.5 The eligible numbers of f; = f7) = 22 4 3% + 722 are numbers
which are not the product of an odd power of 7 and a number congruent to 3,5 or 6

mod 7 since (_7”> =1 if and only if n congruent to 3,5 or 6 mod 7. 0

Example 10.6  The eligible numbers of fo = g7y = 2 + Ty? + 72% are numbers
which are not the product of an even power of 7 and a number congruent to 3,5 or 6

mod 7 since (_7”> = 1 if and only if n is congruent to 3, 5 or 6 mod 7. 0

Theorem 10.10 Let f be a positive definite quadratic form with matriz A. Then
there are only finitely many square-free eligible integers which are prime to 2|A| and
not represented by f.

Proof  The proof of this theorem is similar to the one in W. Duke, 1990. For the
sake of completeness we include it here. In order to prove the theorem, we need some
of the results in B.W. Jones, 1950, esp. Theorem 86 in B.W. Jones, 1950 which can
be described as the following claim:

Claim: Let f be a positive definite ternary quadratic form with matrix A, d =
|A|, 2 the g.c.d. of the 2-rowed minor determinants of A and A = ¢d/2? with ¢
prime to 2d, then for any eligible number ¢ of the genus of f with (g, 2d) = 1 we have
that

G(A q) =27V H(A)pa

where t(w) is the number of odd prime factors of w, H(A) is the number of properly
primitive classes of positive binary forms ax? +2bzy + cy? of determinant A = ac—b?,
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p4 is a rational number equal to 1/8,1/6,1/4,1/3,1/2,2/3, 1, 2, 4 according to the
different cases of the values of A, and G(A,q) is the number of essentially distinct
primitive representations of ¢ by the genus of f. Please compare Theorem 86 in B.W.
Jones, 1950 for details.

Now let G = {f = f1,f2, -, ft} be a set of representatives of the genus of f.

Define
0r(z)= Z e(zmAmT/2), z€H,

mezZ3
O(f) = #{5 € Ma(2)|5AS™ = A},
1
5 0.(2)
aen s, )= 25 - Of)

then we have that
07(2) — O(gen.f,z) € S(N,3/2,x)

by the results in Section 10.1. Now let 7;(n) be the number of representations of n
by f;, then

n=1
= 3 r1(n)q" — 1 s ri(n)
_; 1(n)g ;O(fi) 7; ;O(fi)

Now suppose that ng is a square-free eligible number of G which can not be represented
by f = fi, i.e., r1(ng) = 0. Then by Iwaniec’s H. Iwaniec, 1987 and Duke’s W. Duke,
1988 we have that
-1
ri(n)

=0 )\ 4o

3
< 7(no)ng (log2ng)?.

On the other hand, let G;(n) be the essentially distinct primitive representations of n
by fi, it is clear that 2G;(n) < r;(n) because every positive definite ternary quadratic
form has at least two automorphs. So we see that

/=2 Ciln <5 Enm)

fi
© 3+
<O(G) ri(n) _ fi O(fi) la(n)|
S22 O(fi) 2 ’

Ji
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where O(G) = max{O(f;)}. So by the above Claim and Siegel’s lower bounds for
the class numbers we see that

la(ng)| > G(A,ng) > H(A) = H(ngd/2%) > n(1)/2—e.

Comparing these two estimations we see that there are only finitely many square-free
eligible integers prime to 2|A| which can not be represented by f. This completes the
proof. O

Remark 10.2 Notice that there are some similarities between our Theorem 10.9
and Theorem 86 in B.W. Jones, 1950, but they differ from one another in the following
aspects:

(1) In general G(n) # G(A,n) and there is no simple equality between them. Of

0(G)

course we have the inequality G(n) < G(A,n) < TG(n) just as we saw in the

proof of Theorem 10.10;

(2) In Jones” Theorem 86, it is assumed that (n, N) = 1 where N is the level of
the quadratic form f. But we need not this assumption in our Theorem 10.9;

(3) Jones’ Theorem 86 can not tell us which are the eligible numbers for the genus
but our Theorem 10.9 can do this (c¢f. Example 10.5 and Example 10.6). Anyway
neither does our Theorem 10.9 contain Jones’ Theorem 86, nor is the converse the
case.

Since we employed Theorem 86 (i.e., our Claim) in B.W. Jones, 1950 in our
proof of Theorem 10.10, we have to limit ourselves to the case with ny prime to 2d.
For the case with ng not prime to 2|A|, we may employ our Theorem 10.9. For a
concrete positive definite ternary quadratic form f, we can always investigate any
square-free natural number n (prime or not prime to 2|A|) by Theorem 10.9. For
example we take the forms in Corollary 10.1 and Corollary 10.2. Suppose that p = 3
(mod 4), N a square-free eligible number not represented by f, = 2 + 22 + p2% or
fp = 2% + py? + p22, by (10.26), (10.26):

a(pN)=a(N) = g, 1lor0,

Bpp(N)=p+1 or 2,

won=(1-25 ) (1) 5

B1p(N)=p+1 or 2p,

0= (1= XY (1)) (XY ot

Then Corollary 10.1 and Corollary 10.2 imply that
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-1

la(V)| = %;O(lfi) ) 08?) > h(—pN) > N1/

—1

- 1 ri(n) —e
la(N)[= ;O(fi) > 0(f) > h(—N) > N'/?

because of Siegel’s lower bounds for class numbers. Together with the estimations
in H. Iwaniec, 1987 and W. Duke, 1988 as above, we obtain that there exist at
most finitely many square-free eligible integers which are not represented by f, =
22 +y? +pz? or f, = 2% +py? +pz? for p =3 (mod 4). We can similarly discuss this
phenomenon for p =1 (mod 4).

Remark 10.3 Even though there exist only finitely many square-free eligible num-
bers prime to 2|A| which can not be represented by a positive definite ternary quadratic
forms, it is not implementable to find all of these eligible numbers through compu-
tation for two reasons: @ Siegel’s lower bounds for class numbers are not effective;
@ it is impossible to obtain a contradiction through computation even if we as-
sume that the lower bounds are effective since we have to compute all of n with
n'/2 < 7(n)n®/7(log(2n))? which requires that n is about 107°. Even if we replace
Iwaniec’s bound by a sharper bound, cf. V.A. Bykovskii, 1998, we also can not im-
plement the algorithm to find all of these exceptional eligible integers by calculation.

Theorem 10.11  Let A = {f1, fo, ---, fi} be a set of representatives of the genus
of a positive definite ternary quadratic form of level N. Assume that there are the
following linear combinations of Theta- functions:

i+1

filz) = _bi(n)g" = ai ;0(f;)
n=1 j=1

with o 105541 # 0 for 1 <i<t—1, such that ﬁ(z) is an eigenfunction for all Hecke
operators whose Shimura lifting is a cusp form corresponding to an elliptic curve
E;. Then we can find an effectively determinable finite set Py = {po,p1,--- ,ps} Of
primes such that for every square-free eligible number ng of A with (ng, N) =1 (i.e.,
(no, N) =1 and no can be represented by one of the forms in A) and for every prime
p not in Py, we have that p?>ng can be represented by fi.

Proof We only consider the case t = 3 because the general case is similar. Let N be

the level of f1, Pn the set of all distinct prime factors of N, and F;(z) := Z B;(n)q"
n=1

the Shimura lifting of ﬁ(z) Since ﬁ(z) is an eigenfunction for all Hecke operators,
there exist complex numbers ), such that Tp2(fi(2)) = aup fi(2). But Hecke operators
commute with Shimura liftings. Therefore
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Ty(Fi(2)) = Tp(S(fi(2)) = S(Tp2(fi(2))) = S(@ipfi(2)) = aipFi(2).
But because F;(z) is a new form corresponding to the elliptic curve E;, it shows that
T,(Fi(2)) = B;(p)Fi(%). Hence we see that a;, = B;(p) for any p ¢ Pyn. This implies
that

Bi(p)bi(n) = bi(p*n) + x(p) (‘Tf) ba(n) + pbi (/)

for any prime p with (p, N) = 1 and any positive integer n. Especially for any
square-free positive integer n we have that

Buoo) = o)+ x) () i,
Hence we see that

aur ) + arra(pn) = (anra(n) + anra(o)) (:0) - x) (21 ) 1029

a2171(p*n) + a2ara(p®n) + azsrs(p®n)
— (71 (n) + azara(n) + azars(n)) (Ba(p) — x(p) (‘p") L 030)

where r;(n) is the number of representations of n by f;. We want to prove that for
any square-free eligible number ng of A which is prime to N and not represented by
f1, P*>no can be represented by f; where p ¢ Py and P, containing Py is an effectively
determinable finite set of primes. Otherwise, suppose that p ¢ Py is a prime such
that p?ng can not be represented by fi. Let be n = ng in (10.29) and (10.30), then

—no

ra(sne) = rafm) (Br(s) ) (22 )). (10.31)

p

agara(p*no) + azsrs(p*ng) = asera(no) + azsrs(ng)) (Bz(P) - x(p) (__”0)> ’

since r1(ng) = r1(p?no) = 0. By (10.31) and (10.32) it is clear that
ao3r3(p*ng) == ara (ng) + Bra(ng)

~ asa(Balp) ~ Ba(p)rato) + azs (Balp) ~x(p) (1) ) rana

Now let G(n) and G;(n) be the essentially distinct primitive representations of n by

A and f; respectively. Then we have that 2G;(n) < r;(n) and G;(n) > g((;)) So

t t

1 O(A) = ri(n
=36 < 3 3ot < O3 060

i=1 =1
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where O(A) = max{O(f;)}. From these and the Claim in the proof of Theorem 10.10
we see that

H(p?A)py2a _ G(p*no) < O(A) ;
H(A)pa G(no) ~ 2

O(A) 6272 (p*ng) + d37r3(p?no)

2 dar2(ng) + d37r3(ng)

O(A) 6272 (p*ng) + 53@2_31ar2 (ng) + 52@2_315r3 (no)
2 dar2(ng) + d3r3(ng)

. (10.33)

1
where §; = 0 and A = ngd/ 2?2 as in the proof of Theorem 10.10. Now consider

(f)
two cases:
Case (1) Suppose that r3(ng) < r2(ng), then (10.31)-(10.33) show that

_173(n0)

r2(p*no) -1
5o 2\ 0
+ d3aan; + 038053 ra(10)

omﬂ2mmw
2 7“3("0)

do + 03 7712(”/0)

_ O(QA) Bi(p) — x(p) (?)52

1
“(p—1)<
3(p )

02

+ | 3y | + | dsBagy |

Case (2) Suppose that r2(ng) < r3(ng), a similar computation shows that

r2(p*no) 1 _172(no)
0o ——— + 038054 + d3a
l(p_ 1)< O(A) | r3(no) sz +hsa0g r3(no)
3 2 53 + 52 7‘2(77,0)
r3(n0)
7’2(172"0) -1 -1
_ O(A) 62 T‘Q(Tlo) + | 5360&23 | + | 53040[23
=2 53
- iy 1 -1
_ow ™ [B® W) (1) |+ 1 dvaag |+ s |
) 3 ’

A

where we used the facts that H(p?A)/H(A) = p — <> and p2a/pa = 1/3 (cf.
p

Theorem 86 in B.W. Jones, 1950). Anyway we have obtained the following inequality:

p—1<C1|Bi(p) | +C2 | Ba(p) | +Cs,
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where C1,Cs, C3 are positive constants only dependent on «;; and O(f;). On the
other hand we have that | B;(p) |< 2p'/? which implies that

p—1<2(C —&-CQ)\/];-FC;;.

It is clear that this inequality only holds for finitely many primes. Denote it by P.
Then for any p ¢ Py = P|J Py we have that p?ng can be represented by f; which
completes the proof. O

The argumentation in the above proof implies the following

Corollary 10.5 Let A = {f, g} be a genus consisting of two equivalence classes such
that f(z) = af(f)+ B0(g) is an eigenfunction for all Hecke operators and its Shimura
lifting is a cusp form corresponding to an elliptic curve E. Then for any eligible integer
no which is prime to 2|A| and not represented by f and any prime p ¢ Py, p*ng can

1 O(A
be represented by [ where Py = {p prime | p|N or g(p -1 < %(2\/13 + 1)} and

N is the level of f.

Remark 10.4 Just as pointed out in Remark 10.2, to investigate the case n not
prime to the level or to obtain more precise result about the set Py, we may employ
our Theorem 10.9. The following proof of Theorem 10.12 is an example together with
the ideas in Theorem 10.11 and Theorem 10.9.

Theorem 10.12  Let be fo = x2+7y2+722. If n is a positive integer with (g) =1

(i-e., n is an eligible integer prime to 7) which can not be represented by fo, then n is
square-free.

Proof By Example 10.4 and the fact that n is an eligible integer, we know that

0<Gn) = 2 72l

8 4 iwﬁ(z — a(n))B17(n)yr(n)h(—n), (10.34)

where 73(n) and 75(n) denote the numbers of representations of n by fz and go =
22 + 4y? + 72% — 2zy respectively. We also easily know that

Fa(2) = 3 b(n)ermine = %Z(Tg(n) — vl (n)) exp{2minz},
n=1 n=1

is an eigenfunction of all Hecke operators T,,2 in the space S(28,3/2,x1) by a direct

computation. And the Shimura lifting Fy(z) = S(f2(z)) of fo(z) is a new form with

weight 2, character x1 and level 14, i.e., Fa(z) € S™%(14,3/2,x1). So there exist

complex numbers ay, such that Th2(f2(2)) = an f2(2). But Hecke operators commute

with the Shimura lifting. So we see that

To(F2(2)) = Tu(S(f2(2))) = S(T2(f2(2)) = S(anfo(2)) = anS(f2(2)) = anFa(2)
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which implies that «,, are also the eigenvalues of T,, for F5(z). But because Fs(z) is
a new form with weight 2 shows that for any positive integer m with (m,14) = 1,

am = B(m) where Fy(z) = Z B(n)e*™"* is the Fourier expansion of Fy(z). These
n=1
facts show that

B(p)b(n) = a,b(n) = b(p*n) + (—pn) b(n) + pb(n/p?) (10.35)

ro(n) —
for any prime p with (p, 14) = 1 and any positive integer n. We obtain by 2
instead of b(n) that

—n

ra(n) = o) = (B = (=) ) (o) = ) + i) = /)

In particular, if n is a square-free positive integer, then for any prime p with (p, 14) =
1, we see that

() = o) = (B@) - (7)) ) = i) (1030

For a prime p such that p|14, by the definition of Hecke operators, we see that

e (f2(2)) = Z b(p*n)e?™"* which implies that

n=1
apb(n) = b(p°n),
i.e.
ra(p?n) — 5 (p*n) = oy (ra(n) — ry(n)). (10.37)
An easy calculation shows that as = —1 and oy = 1. We now want to prove that

if ng is square-free eligible number such that r2(ng) = 0 (i.e., ng is not represented
by f2) then 72(p*ng) # 0 (i.e., p>ng can be represented by f2) for any prime p with
(p,7) = 1. Otherwise, we have by (10.36), (10.37) that

M =B(p) — (—_m) < B(p) +1,

r5(no) p
ntn | (10.38)

r5(no) '

On the other hand, we have that by (10.34)
r5(p°no) _ Ga(p*no)
ry(no)  Ga(no)

 Whan,, (2 = a(p®n0))B17 (0710) ¥4 (97 10)h(—p*no)

- Wi (2 = a(no))Br7(10)7% (no) h(—no)

_ (2= a(p?n0))B1,7(p*no)v7(p*no) (10.39)

(2 = a(no))B1,7(no)v7(no)
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We now suppose that p # 7 and 2, then by the definitions of a(n), 51,7(n), v4(n) and
ng a square-free integer, we easily obtain that

a(p’ng) = a(no),
B1,7(p*n0) = Bi,7(no),

Y7 (p*n0) = (p + 1)¥5(no),

1

a(2%ng) = ia(no),

Bi,7(2°n0) = B1,7(no),
3
1162 o ’
77(2 nO) - 1— 2_1X—n0(2)77(n0)’
a(72n0) = a(no),
1
Bi,7(7*ng) = ?ﬂm(no)y
8
12 o ’
V7(77no) = 1_ X_n0(7)7_177(n0)~
Hence we see that
p+1, ifp#2,7,
5, if p=2,1(ng) =1,
(o) 15, ifp=2,n9=1 (mod 4),
VR ') ifp=2,n=3 (mod8), (10.40)
r3(no) 6, ifp=2,n=7 (mod8),
8
%  _ ifp=
T—xm@

For any prime p # 2,7, by equalities (10.38) and (10.40) we have that

B(p) = p

and
5 (2%ng)
r5(no)

which is impossible, since ng is an eligible integer. On the other hand, it is well
known that B(p) < 2pz by Deligne’s estimation for coefficients of modular forms.
This implies that Zp% > p for any prime p # 2 and 7 which is impossible.

What we have proved is that if n is any square-free eligible number of the genus of
fo which is not represented by fs, then p?n can be represented by fo for any prime p
with p # 7. This, of course, is equivalent to saying that if an eligible number n prime

0< =-1<0,

to 7 can not be represented by f2 then n is square-free. This completes the proof. [

As a conclusion of Theorem 10.12 we have that
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Theorem 10.13  The form fi = 22 +y? + 722 represents all eligible numbers which
are multiples of 9; it also represents all eligible numbers congruent to 2 mod 3 except
those of the trivial type. In other words, the Kaplansky’s Conjecture holds.

Proof  We first show the following fact: f; = 22 + y? + 722 does not represent 7A
if and only if fo = 2% + 7y? + 722 does not represent A.

In fact, it is obvious that if f5 represents A, i.e., there are integers a, b, ¢ such that
a4+ 7b%+7c® = A, then TA = (7b)? + (7¢)? + 7a®. Conversely, if TA = 22 + 4> + 722,
then z2 + y?> = 0 (mod 7) which implies that x = 0 (mod 7) and y = 0 (mod 7).
Let be z = T2', y = Ty’, we see that A = 22 + 7(2)? + 7(y')? which shows that fo
represents A.

By Example 10.6, we know that the eligible numbers of f; are precisely all integers
which are not the product of an even power of 7 and a number congruent to 3, 5, 6
mod 7. Hence, to prove Theorem 10.13 we only need to show that fy represents all
eligible numbers which are congruent to 1, 2, 4 mod 7 and of form 2t? with ¢ # 1 and
71t If 2Jt, it is clear that f, represents 2t? because f» represents 8. Hence we can
assume that ¢ is an odd integer. This shows that Theorem 10.12 implies Theorem
10.13. |

Remark 10.5 If n is not prime to 7, the result in Theorem 10.12 does not hold. For
example n = 98 = 2 - 72 can not be represented by fo. In fact, for p = 7, the above
proof is not suitable because we can not obtain a contradiction as above for p # 7.
For if we assume that ng is an eligible number such that ro(ng) = r2(7?ng) = 0, then
~ r5(7%no)
T—Xm(D  rh(n0)
holds, e.g., ng = 2 makes it hold. In this proof we need not introduce the concept of

the calculations above show that = a7 = 1, which possibly

essentially distinct primitive representations. And for the formula giving the number
of representations for a genus of positive definite ternary quadratic forms, we also
need not assume that our discussion is limited to the integers prime to the level of the
quadratic form because we do not employ Theorem 86 in B.W. Jones, 1950. In fact,
the argumentation of the above proof can also be applied to other genera consisting
of two equivalent classes. For example, we can prove the following result:

Corollary 10.6  Let f(,) = z2 + py? + pz? with an odd prime p and assume that
the genus of f() consists of two equivalence classes which we denote by f,) and gy
Denote

DN | =

J?(p)(Z) = Z b(n)e?™n* = Z(r(n) — 1 (n))e2Hinz,
n=1 n=1

where r(n) and r'(n) are the numbers of representations of n by fe,) and g, respec-
tively. And assume that the Shimura lifting F,)(z) = S(f(p) (2)) of f(p)(z) is a new
form of weight 2 corresponding to a modular elliptic curve, then every eligible number
prime to 2p of the genus of f(,) not represented by f,) is square-free.
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Proof It is completely similar to the proof of Theorem 10.12. O

Example 10.7 Every eligible integer prime to 34 not represented by fi7) =
2% + 17y? + 172 is square free. This is because that the genus for f(;7) consists of
far and g7y = 222 +9y® 4+ 172 + 22y and the Shimura lifting of f(m(z) is the new
form corresponding to the modular elliptic curve (34A). O

Combining Theorem 10.10, Theroem 10.12, Remark 10.2 and the result of Corol-
lary 10.6 we indeed obtain:

Corollary 10.7  Let fq,) = 22 + py? + pz? be as in Corollary 10.6. Then there
are only finitely many eligible numbers which are prime to 2p and not represented by
the quadratic form f,) . In particular, there are only finitely many eligible numbers
prime to 7 and 34 not represented by the forms f(7) and f(17) respectively.

We now consider the following problem: Let n be a square free positive integer,
f and g be two ternary positive definite quadratic forms in the same genus, then
when do we have that r(f,n) # r(g,n) where r(f,n) and r(g,n) are the numbers of
representation of n by f and g respectively. For example, if f7) = 2% + Ty* + 722,
gy = 2x® + 4y? + 72% — 2xy, then f(7) and g(7) are in the same genus, and we want
to know when do we have that r(f(7),n) # 7(g(r),n) for a positive integer. It is clear
that we only need to consider eligible numbers n because r(f,n) = r(g,n) =0 if n is
not eligible.

We now assume always that f and g are in the same genus and r(f,1) # r(g, 1).
Let

F2) =3 b = 15" (r(f.m) — rlg,m)) exp{2minz),

where r = r(f,1) —r(g,1) # 0. Then f(z) € S(N, 3/2, x;). For example, we have
that

oo

1

17(7)(2) = 9 Z(T(fmm) — T(g(7), n)) exp{2minz}

n=1
=q+---€5(28,3/2,x1), q=exp{2miz}.

We assume further that the Shimura lifting F'(z) of f(z) is a new form correspond-
ing to a modular elliptic curve E/Q. For example, we see that F(7)(z) = S(f(7)(2))
is the new form corresponding to the modular elliptic curve (14C):

(14C) : y? =2 + 22 + 72z — 368.

Fap(z) =8 (f(n) (2)) is the new form corresponding to the modular elliptic curve
(11B) where f(11) = 2 + 11y? 4 1122

(11B) : v +y=2a®— 2% — 10z — 20.
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By the definition of f(z), what we want to know is that when are the coefficients of

f(2) not equal to zero. In order to do this we need the following result of Waldspurger:

Lemma 10.7 Assume that E/Q is a modular elliptic curve with corresponding cusp
form fg, and that
F e S(N,3/2,x:)NSo(N, x:)*

with -
S(F) = fo. F =Y ane™,
n=1

where So(N, 1)) is the subspace of S(N,3/2,1) generated by the form F of the following
type: There is a t € N and a quadratic character x with conductor r such that F' =

o0
Z X(m)mqtm2 and N = 4r%t, ¢ = x - x¢ - X—1. Assume that d and dy are natural
m=1

square free numbers with

d = dy mod<H@;;2>, and (ddg, N) = 1.

p|N

Then
LE—td(l)\/Ea?lo = LE_tdO (1) doa?l.

So especially: if
LEfmoa'do 75 0,

then
LE—td(l) =0 if and only if ag = 0,

where Ly, (s) is the Hasse- Weil Zeta function of the D-th twist of elliptic curves E.

Now denote the set of representatives of all inequivalent integers mod HQ}?
p|N
which are eligible numbers for the genus of f and prime to N by Dy, then Dy is
finite. Let be Dy = {dl, da, + -, dl}.
We have that for any square free eligible natural integer d such (d, N) = 1, there
exist unique d; € Dy such that

Lp_,,(1)Vd _ Leg_,, (D)Vd;

2 2
Ay Ay,

i

Using this equality, we can deduce when the coefficients a4 are different from zero.
Example 10.8 Let f = f(7), g = g(7), £ = (14C), then

fen(z) = 5 (0(f()) — 0(9¢r))) € S3/2(28,x1)

N | =
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and
Fipy(2) = S(fir)(2)) € S5°"(14)

corresponding to the modular elliptic curve (14C). And we can calculate that
Dog={1,11,15,29},
Lg_, #0,for alld; € Das,

b1= %(T(fm’ ) =r(gm,1) =1,

b = 5 (), 11) = r(ggay, 11)) = 5(8 — 8) =0,
bis =5 (r(fr):15) = rlgcn 15)) = (8~ 8) =0,
bag = %(r(fm, 29) —r(9(7),29)) = %(8 —4)=2.

These calculations and Waldspurger’s Theorem show that for square free eligible
numbers d such that (d,14) = 1:

r(fery,d)=r(g9(7),d), ifd=11,15 mod H Q;Q ,
p|28

r(fery,d) #r(9(7),d) if and only if Lg_,(1) # 0 for d = 1,29 mod H Q;Q
p|28

Hence we have the following:

Theorem 10.14  Let be f7) = x? + Ty? + 722, g(7) = 20% + 4y? + 72% — 2ay, E the
corresponding modular elliptic curve of the cusp form %(H(fm) —0(g9(7))) and E_4
the —d-twist of E. Then for any square free eligible numbers d such that (d,14) =1,
we have that

(1) 1(frod) = rlgryrd), fd=11,15 mod | [T Q2]
p|28

(2) r(fery,d) # 7(gery,d) if and only if Lg_,(1) # 0 for d =1,29 mod H Q;‘f ,
p|28
where Lg_,(s) is the Hasse-Weil L-function of the elliptic curve E_q. Especially, if
n 1s a square free natural number such that

n = 3 (mod 8) and (%) =1
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. n =7 (mod 8) and (g) =1,

then
T(f('y) ) n) = T(g(7)a n)

Proof  Above all proved except for the last assertion. But
n
n =3 (mod 8) and (;) =1

implies that

n = 11mod (HQ;‘)Q).

p|28
And n
n=7(mod 8) and (7> =1

implies that

n = 15mod (HQ;?)

p|28

which shows this theorem. O

From this theorem, we see that for the cases of d = 11,15 mod H Q;‘,Q , the
|28

result (1) is completely pleasant. And for the cases of d = 1,29 mod H Q;? , the
p|28

result (2) is not so pleasant because it is not an easy task to determine if Ly_,(1) = 0.
But we have the following:

Theorem 10.15 Let p = 1 mod HQ;? be a prime not dividing 14, then
p|28

r(f7),p) # 7(9(7),p) if p is represented by 2X2 +7Y2.
Proof Asin J.A. Antoniadis, 1990, we denote
Fo = (0(X? 4 14Y?) — 02X> + 7Y?)) - fia1a := Y ane®™ " € S3,5(56, x1),
n=1
where

b4 1= Z ¢ e My 5(56, x14),  O(X*+14Y?) —0(2X* +7Y?) € S1(56, x—14).

n=—oo
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Then by the results in J.A. Antoniadis, 1990, we know that Fp is mapped to the cusp
form corresponding to the modular elliptic curve (14C) under Shimura lifting and

a, # 0 if p is a prime not dividing 14 and represented by 2X?2 + 7Y2. Since p = 1

mod H Q;? , by Waldspurger’s Theorem, we see that
p|28

Lg_,(1)y/pai = Lg_,(1)a.
A direct computation shows that a; - Lg_, (1) # 0 which implies that
Lg_,(1) =0 if and only if a, = 0.
Therefore by Lemma 10.7, we have proved that

r(fry,p) # r(g(ry, p) if and only if a;, # 0,

which completes the proof since a, # 0 if (p,14) = 1 and represented by 2X? +
Y2, |

Our method can be used for other ternary positive definite quadratic forms. For
example, we can similarly study the forms f(11),g(11)- In this case, we calculate:

Dy ={1,3,5,15},

Lg_,, #0, forall d; € Dy,

bp=1, bs3=—-1m bs=-1, b5=1
Hence we conclude that

Theorem 10.16  Let be f11) = 2% +11y* 4+ 1122, g1y = 32° +4y*> +112° + 22y, E

1
the corresponding modular elliptic curve of the cusp form i(e(f(ll)) —0(ga1))) and

E_g; the —d-twist of E. Then for square free eligible numbers d such that (d,22) =1,
we have that

r(fay),d) #r(g9ay,d) if and only if Lg_,(1) # 0,

where Lg_,(s) is the Hasse-Weil L-function of the elliptic curve E_q4. FEspecially, we
have that (f11),d) # 7(9(11),d) if d satisfies one of the following conditions:

(1) d = p is a prime not splitting in Q(v/—11)(2)/Q(v/—11), where Q(v/—11) o) is
the class field of Q(v/—11) with conductor 2;

(2) d = p is a prime with (p,22) = 1 such that p is represented by 3X2+2XY +4Y?;

(3) 51 h(—d).

Proof  Since Lg_, (1)-bg; # 0 for alld; € Dy, we know that r(f11),d) # r(g9(11), d)
if and ounly if Lg ,(1) # 0 by Waldspurger’s Theorem. All other assertions are
immediate conclusions of Proposition 4.2 and Proposition 4.8 in J.A. Antoniadis,
1990. O
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Remark 10.6 Our method in this section can be used to any other positive definite
quadratic forms satisfying our assumptions in the paragraph before Lemma 10.7. For
example, we can study similarly the forms f(;7) and g7, etc.

Finally we consider the following problem: for a given positive definite quadratic
form with integral coeflicients, find an exact formula for the number of representations
of integers by this form. In general it is a difficult classical problem. Even for the
simplest cases, i.e., binary forms and ternary forms, the problem is still open. For the
general case, what we know is that the sum of the numbers of representations of an
integer by all classes in a fixed genus is in relation to the coefficients of some modular
forms in an Eisenstein subspace. But even for the sum, it is non-trivial to give an
exact formula for a form given generally. In any case, the number of representations
of an integer by one form in the genus has never been formulated if the class number
of the genus is larger than one.

We shall consider some ternary quadratic forms with class number two of their
genus, and give exact formulae for the numbers of representations of an integer by
these forms. The main idea is as follows. For a positive definite ternary form f,
let f and g be the representatives of classes in the genus of f. On the one hand,
some linear combination of the numbers of representations of an integer by f and g
can be related to the class number of a certain quadratic field; on the other hand,
sometimes, we can find another linear combination of these numbers which is related
to the L-function of an elliptic curve. By these two linear combinations, in terms of
class number of a quadratic field and the special value of the L-function of an elliptic
curve, we can get exact formulae for the number of representations of an integer by f
and g respectively. This also shows the difficulty of the classical problem mentioned
above because of the mysterious properties of the special values of L-functions and

class numbers.

Theorem 10.17 Let f = ax? + By? + 22 be a positive definite ternary quadratic
form with level N. Suppose the genus of f consists of two classes, f and g are the
representatives of the classes. We assume further that pO(f) — vO(g) # 0, and

pby + 18 = ane®™"* € S(N,3/2,x)NSo(N, xi)*
n=1
and the Shimura lifting F(z) of pfy + v, is a new form corresponding to an elliptic
curve E/Q. Let n with (n, N) = 1 be any square-free eligible number of the genus (i.e.,
d can be represented by the genus of f) with n = d; mod H Q;‘f and Lg_,, (1) #0,
pIN
then
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O(f)adi % - I/O(f)O(g)'r(a’ b, c; n)h(—ln)
e pO(f) = vO(9) )

KOO r(a b (1) — Ofgaa, [ 7520
r(g,n)= —1d; 7

nO(f) —vO(g)

where d; € Dy = {dy,da,--- ,di}, Lg,(s) is the Hasse-Weil Zeta function of the D-th
twist of the elliptic curve E.

Proof In Lemma 10.7, we take F(2) = pufs(z) + vd,( Z a,e®™"% . Then by

n=1

Theorem 10.9 we obtain the following system of equations:

pr(f,n) +vr(g,n) = an,

r(f,n)  rlg,n) g (10.41)
o(f) 0g) =r(a,b,c;n)h(—In).

For the positive integer n, there is a unique d; € Dy with n = d; mod H Q;‘,Q
pIN
By the above Lemma 10.7, under the assumptions of the theorem, we have that

a a LE—ln(]')
n — d; T 4\

LE—ldi (1)
solving the system (10.41) for r(f,n),r(g,n), and inserting above the expression for
an, we get the results desired, which completes the proof. O
Remark 10.7 Because the set Dy = {dl, da, -, dl} is finite, we see that r(f,n)

and r(g,n) can be represented explicitly in terms of the classnumber h(—In) and the
special value Lg_,, (1) of L-function of the twist of the elliptic curve E.

Example 10.9 Let be f; = 22 + Ty + 722, g1 = 222 + 4y? + 72% — 2zy.Then
O(f1) =8, O(g1) = 4, and

= Z an exp{2minz}
n=1
1 L, 1 .
= 30(2) — 305, () = 5 3 (r(fi,m) — r{g1,m)) exp{2inz)
n:l

=q+---€5(28,3/2,x1), q=exp{2miz}
and F(z) = S(f(2)) is the new form corresponding to the elliptic curve (14C):
(14C) : y? =2 + 22 + 72x — 368.
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We can easily calculate that

Dog={1,11,15,29},
Lp_, #0 forall d; € Das,

=5 (r(f,1) ~ (g, 1) =1,

1 1
a1 = 5(r(f,11) = r{g, 1)) = 2(8 - 8) =0,
a1s = 5 (r(f,15) — r(9,15)) = (8~ 8) =0,
as0 = 5(r(f,29) ~ 7(0,29)) = 2(8 —4) =2,

Hence by Theorem 10.17, for any square-free eligible integer n , we have that

4 |L 1
r(fi,n)= 3 Iz_jél)) + 27"(1,7, 7;n)h(—n), ifn=1mod H Q2
p|28
8 1 [Lg_,(1 . *
r(gl,n):gr(1,7,7;n)h(—n)+ 3 LJZIEIS’ if n =1 mod HQPQ,
p|28
r(fi,n)=r(g1,n) = gr(l, 7,7;n)h(—n), if n =11 mod H Q;27
p|28
8 . x
r(fi,n)=r(g1,n) = gr(l, 7,7;n)h(—n), if n =15 mod H (@p27
p|28
8 LE—n(]') 8 . — *2
T‘(fhn) = g m + 57‘(1, 77 7, n)h(—n), if n =29 mod pl;[ng s

2 | L 1
r(ghn):§r(1,777;n)h(—n)+ = ﬂ, if n = 29 mod 1_[(@;;27
3 3\ L (1) o

P17, T5m) = g+ (2= () Bur(n)h ()
(1 =27 %0 (@)1 = x=n(p) - P~ (n/5)
x 0 @ a(a)(an)!

(ab)?|n
(ab,2p)=1

where

Yp(1)

for any prime p; In particular we know that +,(n) = (1 — 27 'x_n(2))(1 — x—n(p) -
p~1)(n/8,)"/? for any square-free positive integer n.
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From these results, we can get very explicit formulae for the number of represen-
tations of the square-free positive eligible number n with (n,28) =1 by f and g. E.g.,

for any square-free positive integer n > 3 with n = 3 mod 8 and (g) = 1, then

n =11 mod H Q;Q . By the definitions of a(n), #1,7(n) and v4(n), we have that
p|28

a(n) =1, Birln) =14, 2(n) =+

So
r(f1,n) =r(g1,n) = 8h(—n).

Of course, we can discuss also other square-free positive integers n in a similar
way. U
Example 10.10 Let be fo = 22 + 11y% + 1122, go = 322 + 4y? + 1122 + 22y. Then
we have that

Dy = {]., 3,5, 15}, LE—di 7é 0, for all d; € Dyy,

a1 = ].7 as = —].7 as = —].7 als = 1.

And O(f2) = 8,0(g2) =4,

1= anexp(2nin:) = $05(2) — 500,(2)

5 (r(f2,m) — (g2, m)) exp{2ninz)
=q —Z_l - €.5(28,3/2,x1), q = exp{2niz}
and F(z) = S(f(2)) is the new form corresponding to the elliptic curve (11B):
(11B) : 2 +y =12 — 2% — 10z — 20,

So by Theorem 10.17, we can get the exact formulae for the number of representations
of any square-free eligible integer n with (n,22) = 1 by f and g in terms of h(—n)
and Lg_, (1). We omit the calculations. O

Theorem 10.18 Suppose that n is an odd square-free positive integer congruent to
1 or 3 modulo 8. f3 = % + 2y? + 3222, g3 = 222 + 4y + 922 — 4yz. Then

r(form) = e(mh(—n) + 2, ZEz L)
h(—n)—2

B

w

—_

LEnQ( )

r(gs,n) = ¢(n)

)

B

w
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where c¢(n) = 2 or 6 according ton =1 or3 (mod 8), w is the real period of the elliptic
curve B : y? = 423 — 4z and Lg ,(s) is the L-function of the congruent elliptic curve
defined by y? = 3 — n’z.

Proof Let f3 = 22 + 2y% + 3222, g3 = 222 + 4y + 922 — 4yz. We want to give
the formula for the number of representations of n by f; and gs. It is clear that
r(fs,m) = r(gs,n) = 0 for any n = 5 or 7 (mod 8). So we only need to consider
positive integers congruent to 1 or 3 modulo 8. Now let f; = 222 + y? + 3222,
g5 = 22% + y? + 822, then by Tunnell’s paper J.B. Tunnell, 1983, for any odd positive

integer n, we have
L 1 1
Enz( ) _ _a/(n)Q7
wy/n 4
3 2

where E,2 is the congruent elliptic curve defined by y? = 2% — n?z, w is the real

1
period of the elliptic curve y? = 42® — 4z and a(n) = r(f,n) — ir(gg,n). It is not

difficult to see that a(n) = L r(fs,n) —r(gs,n)) for any odd n. So we have
2

LEnQ(]‘) o 1
o = Za(n)27 (10.42)

where a(n) = %(T(fg, n) —r(gs,n)).

In order to get the formulae for the number of representations of n by f3 and gs,
we only need to find the number r(fs3,n)+17(g3,n) by (10.42). But by the definitions
of 7(f3,n) and 7(g3,n), we see that r(fs,n) +r(gs,n) = r(2? + 2y* + 82%,n). So we
only need to calculate the number 7(2? +2y? + 822, n). We shall prove that for n > 3
square-free,

4h(—n) if n =1 (mod 8),

2 2 2 .
r(z® +2y° +8z°,n) = { 12h(—n) if n = 3 (mod 8).

In fact, if n = 1 (mod 8), then for any triple (z,y, z) € Z> such that #2+2y>+22% = n,
the £ must be odd and y, z are both even. So we have a one-to-one correspondence:

{(z,y,2) € Z%|2* + 2¢y* + 22° = n} = {(2,y, 2) € Z%|2® + 2y* + 82% = n},
(@,y,2) = (,9,2/2).
If n =3 (mod 8), then for any triple (z,vy,2) € Z* such that 22 + 2y? + 222 = n, the
x must be odd and there is exactly one of y, z that is odd. We let z be the even one.
Then we have a two-to-one correspondence:
{(z,y,2) € 2|2 + 2y + 22% = n} = {(2,y, 2) € Z°[a® + 2y* + 82" = n}
{ (z,y,2)

v e waf2)
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So we have

r(x? +2y? + 222, n) if n = 1 (mod 8),
r(z? + 2y +82%,n) = 1
57’(582 +2y? + 222, n) if n = 3 (mod 8).

Now we can compute the number r(x? + 2y2 + 222, n) in terms of our Theorem
10.9. By Theorem 10.9 it can be proved that for any positive integer n

r(x? +2y° + 227, n) = %ﬂ (1 - %Xn(2)>

e () - (%))
> ()

(ab)?|n,(ab,2)=1

a,b positive integers

where §(z) = 1 or 0 according to = an integer or not.

In particular, for any square-free odd positive integer n, the sum is equal to 1, and
since the conductor d,, of x_,, is equal to 4n or n according to n = 1 or 3 (mod 4),
we have

2, ifn=1,
8, if n =3,
4h(—n), ifn=1(mod 8),n # 1,
24h(—n), if n =3 (mod 8),n # 3.

r(x? 4 2y? + 222 n) =

Therefore we have for any square-free odd positive integer n > 3

4h(—n), if n =1 (mod 8),
U +rignm =rtat e tesstn = { R Z L S do
By the above (10.40) and (10.42) we have proved the theorem. O

Let N = p1ps - - - ppy With p1, pa,- -+, pmy distinet odd primes, at most two of them
congruent to 3 modulo 8 and others congruent to 1 modulo 8. If there is at most one
of p; congruent to 3 modulo 8, then we define a simple graph Gy = (V(Gy), E(Gn))

()}

where (—) is the Legendre symbol as usual. Otherwise, without loss of generality,

with vertices V(Gy) = {p1,p2, -+ ,Pm} and edges E(Gn) = {(pi,pj)

we may assume p; = p2 = 3 (mod8) and p; = 1 (mod8) for i > 3. We define a
simple graph G = (V(Gn), E(Gn)) with vertices V(Gn) = {p1,p2,- - ,pm} and

edges E(Gy) = {(pl,pg)U(pi,pj) (’;) =—1,{i,j} # {1,2}}. By the quadratic
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reciprocity law, the graph Gy is a non-directed graph. We denote the number of
spanning trees of G by 7(Gy) if N has at most one prime factor congruent to 3
modulo 8, otherwise 7 is the number of spanning trees containing the special edge
(p1, p2)(a subgraph of a non-directed simple graph is called a spanning tree if it is a
tree and its vertices coincide with that of the original graph). Let v5(n) be the 2-adic
additive valuation normalized by v5(2) = 1.

Theorem 10.19 Let N = pip2---pm > 3 congruent to 1 or 3 modulo 8, with
P1,D2, ¢, Pm distinct odd primes, at most two of them congruent to 3 modulo 8 and
all others congruent to 1 modulo 8. Let f3,gs be as in Theorem 10.18. Then

(1) v2(r(fs, N)) = m,va(r(gs, N)) = m;

(2) if all p;(i =1,2,--- ,m) are congruent to 1 modulo 8, then the equality in (1)
holds if and only if vo(h(—=N)) =m — 1;

(3) if there is only one or two p; (i =1,2,--- ,m) congruent to 3 modulo 8, then
the equality in (1) holds if and only if one of the following conditions is satisfied:
i) vo(h(=N)) =m—1 and 7(Gy) is even; ii) va(h(—N)) > m —1 and 7(Gy) is odd.

Proof In order to prove the theorem, we need the following facts(for the proofs of
these facts please see C. Zhao, 1991, C. Zhao, 2001, C. Zhao, 2003):
Claim Let the notations be as in the theorem. Then

Lg (1))
) v [ —222) >2mifall p; (i =1,2,--- ,m) are congruent to 1 modulo 8;
(1) 2( N i ( ) g

(2) vo (%) > 2m — 2 if one or two of p;(i = 1,2, -+ ,m) are congruent to
3 modulo 8 and others are congruent to 1 modulo 8. Moreover, the equality holds if
and only if 7(G) is odd.

We consider the 2-adic valuation of the terms on the right side of the conclusion
of Theorem 10.18. It is clear that v5(¢(N)) = 1. From the Gauss genus theory we
know that

vo(h(—N)) =Zm —1, (10.44)

where m is the number of prime factors of N. By the claim we see that vy

L 1
<4EL()> > 2m. So the first conclusion (1) of the theorem is valid.
wv N

Now suppose that N = p1py - - - pp, with all p; =1 (mod 8). Then we have that

Lg (1)>
vy [ 4222 ) > 2m + 2.
2( wvV N

Therefore, by Theorem 10.18, (10.43) and (10.44), we see that vo(r(fs, N)) = v2(r(gs,
N)) = m if and only if va(c(N)h(—N)) = m, which is equivalent to va(h(—N)) =
m — 1. This is the second assertion (2) of the theorem.
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Finally, suppose that N = pips - - pp, as in (3) of the theorem. By the claim we

have I 1)
E 2
vy | 4——=| > 2m. 10.45
(1752 (10.45)

And the equality holds if and only if 7(Gy) is odd. By (10.43), we have
va(e(N)h(=N)) = m (10.46)

and the equality holds if and only if vo(h(—N)) = m — 1. Therefore by Theorem
10.18, va(r(fs, N)) = v2(r(gs, N)) = m if and only if one of the inequalities in (10.45)
and (10.46) holds while the other one does not hold. This is the assertion (3) of the

theorem which completes the proof. O
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