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Preface

Model predictive control (MPC) has become the accepted methodology to solve
complex control problems related to process industries. It allows the design of multi-
input multi-output (MIMO) control systems that minimize a certain performance in-
dex in the presence of input and output constraints. The Nonlinear Model Predictive
Control (NMPC) is an optimization-based method for control which involves the
solution at each sampling instant of a finite horizon optimal control problem sub-
ject to the nonlinear system dynamics and input and output constraints imposed on
the system. However, the solution of an on-line nonlinear optimization problem is
often computationally complex and time consuming and the real-time NMPC imple-
mentation is usually limited to slow processes where the sampling time is sufficient
to support the computational needs. The on-line computational complexity can be
circumvented with an explicit approach to NMPC, where an explicit approximate
representation of the solution is computed using multi-parametric Nonlinear Pro-
gramming (mp-NLP).

Motivation

The main motivation behind explicit MPC is that an explicit state feedback law
avoids the need for executing a numerical optimization algorithm in real time, and
is therefore potentially useful for applications where MPC has not traditionally been
used. It has been shown that the feedback solution to MPC problems for constrained
linear systems has an explicit representation as a piecewise linear state feedback
defined on a polyhedral partition of the state space. The benefits of an explicit so-
lution, in addition to the efficient on-line computations, include also verifiability of
the implementation (which is an essential issue in safety-critical applications) and
the possibility to design embedded control systems with low software and hardware
complexity. For nonlinear MPC the prospects of explicit solutions are even higher
than for linear MPC, since the benefits of computational efficiency and verifiability
are even more important.
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The main reasons to develop methods for explicit NMPC can be summarized as
follows:

e Dramatical reduction in online computations, since online nonlinear numerical
optimization is avoided and replaced by piecewise function evaluation. This may
lead to significant reduction in the requirements to real-time embedded computer
hardware.

e NMPC optimization depends on appropriate initialization in order to avoid local
minima, and appropriate formulation of constraints in order to avoid infeasibility.
With explicit NMPC the validation of initialization procedures and infeasibility
handling can be conducted based on a complete and explicit solution.

e Significant reduction in online software complexity since the code for piecewise
function evaluation is much simpler than a nonlinear numerical optimization
solver. This may lead to formal software verification being a feasible practical
tool.

e Approximate explicit solutions with reduced complexity, and with guaranteed
levels of sub-optimality, may be computed offline. Formal analysis of perfor-
mance, sub-optimality and stability may be possible since an explicit representa-
tion of the controller is known.

e Formulations such as stochastic NMPC and robust NMPC may not lead to in-
creased online computations in an explicit NMPC approach, compared to a nom-
inal NMPC formulation, although they will require more offline computations.

Main contributions of the book

This book considers the mp-NLP approaches to explicit approximate NMPC of con-
strained nonlinear systems, developed by the authors, as well as their applications
to various NMPC problem formulations and several case studies. The proposed mp-
NLP methods are based on orthogonal partition of the state space and they are gen-
eral in sense that they can be applied to solve both convex and non-convex optimiza-
tion problems. The following types of nonlinear systems are considered, resulting
in different NMPC problem formulations:

e Nonlinear systems described by first-principles models and nonlinear systems
described by black-box models;

e Nonlinear systems with continuous control inputs and nonlinear systems with
quantized control inputs;

e Nonlinear systems without uncertainty and nonlinear systems with uncertainties
(polyhedral description of uncertainty and stochastic description of uncertainty);

e Nonlinear systems, consisting of interconnected nonlinear sub-systems.

The proposed mp-NLP approaches to explicit solution of various NMPC problems
are illustrated with applications to several case studies, which present mathemati-
cal models, NMPC formulations, mp-NLP computational results, and closed loop
simulations. They are taken from diverse areas such as automotive mechatronics,
compressor control, combustion plant control, reactor control, pH maintaining sys-
tem control, cart and spring system control, and diving computers.
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Intended audience

The book is intended to support graduate courses and the study of Ph.D. and ad-
vanced M.Sc. students in nonlinear control and optimization. Readers should be
familiar with the basics of linear model predictive control, numerical optimization
methods, and linear and nonlinear control theory. The book could be also useful for
academic researchers working in the field of NMPC, as well as researchers from
industrial companies, including automotive and aerospace, whose responsibilities
include the development of embedded optimal control systems.

Book organization
The book is structured as follows:

e In Chapter 1, basic theory and algorithms to find an explicit approximate solu-
tion of mp-NLP problems, based on orthogonal (k — d tree) partition of the pa-
rameter space, are described by considering both the convex and the non-convex
case. Procedures and heuristic rules for efficient splitting of a region in the pa-
rameter space and for handling the infeasible cases are formulated.

e In Chapter 2, the main aspects of formulation of the NMPC optimization prob-
lem are considered, which is an essential part of the control design and involves
numerous decisions that are important for the control performance, feasibility,
stability, and robustness as well as the computational complexity and the numer-
ical challenges of computing the solution.

e In Chapter 3, an algorithm for explicit NMPC, which locally approximates the
mp-NLP problem with a multi-parametric quadratic program is described. The
approach is applied to a case study.

e Chapter 4 considers the design of explicit NMPC controllers for several case
studies by applying the approximate mp-NLP algorithms, described in Chapter[Il
The case studies present mathematical models, NMPC formulations, mp-NLP
computational results, and closed loop simulations. They are taken from diverse
areas such as automotive mechatronics, compressor control, and diving comput-
ers. In this chapter, it is also shown that bounding the approximation error of the
explicit approximate solution to convex regulation NMPC problems ensures the
asymptotic stability of the suboptimal closed-loop system.

e Chapter 5 presents an approximate multi-parametric Nonlinear Integer Pro-
gramming (mp-NIP) approach to design explicit NMPC controllers for con-
strained nonlinear systems with quantized control inputs. The approach is applied
to two case studies.

e In Chapter 6, two approaches to explicit min-max NMPC of constrained nonlin-
ear systems in the presence of bounded disturbances and/or parameter uncertain-
ties are considered. The first approach is based on an open-loop min-max NMPC
problem statement, while the second approach adopts a closed-loop min-max
NMPC formulation. With the latter approach, conditions for guaranteeing the /-
stability of the closed-loop system are derived. Two case studies are considered.

e In Chapter 7, two approaches to explicit stochastic NMPC of constrained non-
linear systems in the presence of disturbances and/or parameter uncertainties
with known probability distributions are presented. The first approach constructs
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explicit approximate NMPC solution for systems, described by stochastic para-
metric models, while the second approach considers systems, described by Gaus-
sian process models. The approaches are applied to two case studies.

e Chapter 8 considers an approximate mp-NLP approach to explicit solution of
output-feedback NMPC problems for constrained nonlinear systems described
by neural network NARX models. A dual-mode control strategy is proposed in
order to achieve an offset-free closed-loop response in the presence of bounded
disturbances and/or model errors. One case study is considered.

e In Chapter 9, a suboptimal approach to distributed NMPC for systems consist-
ing of nonlinear subsystems with linearly coupled dynamics, subject to both state
and input constraints, is considered. The approach is based entirely on distributed
on-line optimization and can be applied to large-scale nonlinear systems. Also,
a semi-explicit NMPC approach to efficiently solve the distributed NMPC prob-
lem for small- and medium-scale systems is proposed. Both distributed NMPC
approaches are applied to an example nonlinear system.

Alexandra Grancharova has been the main contributor to Chapters 1 and 4 — 9, and
Tor Arne Johansen has been the main contributor to Chapters 2 and 3.

Sofia, Alexandra Grancharova
Trondheim, Tor Arne Johansen
January 2012
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Chapter 1
Multi-parametric Programming

Abstract. This chapter presents an overview of the approaches to solve multi-
parametric programming problems. It is organized as follows. In Section [l a
general multi-parametric nonlinear programming (mp-NLP) problem is formulated
and the Karush-Kuhn-Tucker (KKT) optimality conditions are presented. Then, the
three main groups of methods to find a local minimum of a NLP problem for a
given parameter vector are reviewed (Newton-type methods, penalty function meth-
ods and direct search methods). The Basic Sensitivity Theorem, which addresses
the local regularity conditions for the optimal solution as function of the parameters
is reviewed. Then, algorithms to find an approximate explicit solution of mp-NLP
problems are described, which are based on an orthogonal (k—d tree) partition of
the parameter space. Both convex and non-convex mp-NLP problems are consid-
ered. Procedures and heuristic rules for efficient splitting of a region in the param-
eter space and for handling the infeasible cases are formulated. In Section a
multi-parametric quadratic programming (mp-QP) problem is formulated and two
approaches to find its exact explicit solution are described.

1.1 Multi-parametric Nonlinear Programming

There are two ways to address the parameter variations in mathematical programs:
sensitivity analysis, which characterizes the change of the solution with respect to
small perturbations of the parameters, and parametric programming, where the char-
acterization of the solution is found for a full range of parameter values. Mathemat-
ical programs which depend only on one scalar parameter are referred to as para-
metric programs, while problems depending on a vector of parameters are referred
to as multi-parametric programs.

The basic results within multi-parametric nonlinear programming (mp-NLP) can
be found in [26]. Main topics in [26] include local regularity conditions, local sen-
sitivity results and calculation of the parameter derivatives of the optimal solution
vector.

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 1-B7]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012



2 1 Multi-parametric Programming

1.1.1 Problem Formulation

Consider the nonlinear mathematical program dependent on a parameter x appearing
in the objective function and in the constraints:

V*(x) :mzinf(z,x) (1.1)
s.t. g(z,x) <0, (1.2)

where z € R® is the vector of optimization variables, x € R" is the vector of param-
eters, f: R x R" — R is the objective function, and g : R® x R" — R? is the con-
straints function. In (IT)), it is supposed that the minimum exists. It should be noted
that the problem (L I)—(L.2) includes only inequality constraints, and we remark that
equality constraints can be incorporated with a straightforward modification since
they are always included in the optimal active set.

Let X be a closed polytopic set of parameters, defined by X = {x € R" | Ax < b}.
In multi-parametric programming, it is of interest to characterize the solution or so-
lutions of the mp-NLP problem (L.I)-(L.2) for the set X [26]. As described in [2],
the solution of an mp-NLP problem is a triple (V*(x),Z*(x),Xy), where:

i. the set of feasible parameters Xy is the set of all x € X for which the problem

([ I)—(T2) admits a solution, i.e.:
Xy ={xeX|g(z,x) <0 for some z€ R} ; (1.3)

ii. the optimal value function V* : Xy — R associates with every x € X, the corre-
sponding optimal value of (CI)—(L.2);

iii. the optimal set Z*(x) associates to each parameter x € Xy the corresponding set
of optimizers Z* (x) = {z € R* | f(z,x) = V*(x)} of problem (LI)—(L2). If Z* (x)
is a singleton for all x € Xy, then z* (x) £ Z*(x) is called the optimizer function.

In this book we will assume that X is closed and V*(x) is finite for every x € X;.
We denote by g;(z,x) the i-th component of the vector valued function g(z,x).

Let z be a feasible point of (LI)—(T.2) for a given parameter x. The active con-
straints are the constraints that fulfill (I2)) at equality, while the remaining con-
straints are called inactive constraints. The active set <7 (z,x) is the set of indices of
the active constraints, i.e.:

A (z,x) 2 {i€{l,2, ...,q} | gi(z,x) =0} . (1.4)

The optimal active set </ *(x) is the set of indices of the constraints that are active
for all z € Z*(x), for a given x € X, i.e.:

d*(x)£{ilie€ o (z,x),V2€Z(x)} . (1.5)
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Given an index set & C {1, 2, ... ,q}, the critical region CR . is the set of parame-
ters for which the optimal active set is equal to <7, i.e.:

CRy={xeX|d*(x)=o} . (1.6)

As it will be shown in Section for strictly convex quadratic function f and
linear constraints g, the critical regions CR, are polyhedrons and the optimizer z* is
unique, piecewise affine, and continuous. However, for general nonlinear functions
f and g, the exact solution of the multi-parametric programming problem (L.I)-(T.2)
can not be found, and suboptimal methods for approximating its optimizer function
Z"(x) (or selection in case the optimizer function is not unique) are described in
Section

1.1.2 Optimality Conditions

For a given xy € X, a local minimum zq of problem (LI)-(T.2) has to satisfy the
well known Karush-Kuhn-Tucker (KKT) first-order conditions [56]:

V.L(z0,X0,%0) = 0 (1.7)
diag(A0)g(z0,%0) = 0 (1.8)
Ao >0 (1.9)

g(z0,x0) <0, (1.10)

with associated Lagrange multiplier Ay and the Lagrangian defined as:
L(z,x,A) £ f(z,x) + AT g(z,x) . (1.11)

Here, sufficient regularity (smoothness) is assumed, and this will be discussed later

in Section[[.1.4]

Consider the optimal active set .« at xo, i.e. a set of indices to active constraints
in (I.IQ). The above conditions are sufficient provided the following second order
condition holds [56]:

vIV2 L(z0,%0, A0)v > 0, Vv € .F — {0} (1.12)

with .# being the set of all directions where it is not given from the first order
conditions if the objective function will increase or decrease:

F = {veR" |V gy (20,x0)v >0,
V.gi(z0,x0)v =0, for all i with (A9); >0} . (1.13)

The notation g, means the rows of g with indices in <.
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1.1.3 Nonlinear Programming Methods

There exist various methods to numerically compute a local minimum zy of the
problem (L.I)—(L2) for a given xo € X. The most commonly used methods can be
classified in the following three groups.

1.1.3.1 Newton-Type Methods

The Newton type methods [20] appear to be the most widely used optimization
methods. They try to find a point satisfying the KKT conditions (I.Z)-(I.10) by
using successive linearizations of the problem functions. The motivation behind
this is that the linearized KKT system can be solved by using standard numeric
linear algebra tools. Depending on how the conditions (L8)—-(T.10) (related to the
imposed constraints) are treated, the two main groups of Newton type methods are
the Sequential Quadratic Programming (SQP) methods and the Interior Point (IP)
methods.

e Sequential Quadratic Programming (SQP) methods.
The SQP methods iteratively solve the KKT system (L.Z)—(I.10) by linearizing
the nonlinear functions included in it. The resulting linearized KKT system at
the k + 1-th iteration can be considered as the KKT conditions of the following
quadratic program (QP):

Vop(&,x0) = min fyp (2,2, x0) (1.14)
s.t. g(2,x0) + Veg(&,%0) (2= 2) <0, (1.15)

with the quadratic objective function given by:
1
fqp(zazkvx()) = sz(zk7x())TZ+ 2(Z7Zk)TV§L(Zk7x07lk)(Z7Zk) . (116)

Here, 7 and A* represent, respectively, the values of optimization variables and
Lagrange multipliers, which solve the k-th sequential iteration of the KKT sys-
tem (LZ)—(LI0). It is assumed that an initial guess z° is provided. In the case
when the Hessian matrix V2L(z¥,x9, A*) is positive semi-definite, the QP prob-
lem (.14)—(L.16) is convex and its unique solution can be found.

Typically, the QP sub-problem (LI4)-(L.16) is solved by using an Active
Set (AS) method [56, 49], which identifies the active set of its solution z*.
The method begins with finding a feasible initial guess .%(z,z*,x0) = {i €
{1,2,....q} | gi(,x0) + V.gi(z*,x0)(z — 2*) = 0} of the active set by solving
a linear programming problem [56]. In the next iteration, % (z,2*,x) is re-
fined by deleting a constraint from .27 (z,z*,x9) or by adding a constraint to
(2,75, x9). In this way, the active set is refined iteratively until the optimal
active set 7" (¥, xo) is found.

There are several SQP methods which use approximations of the Hessian
matrix V2L(z*,x9, 1) and the constraints Jacobian matrix V.g(z*,xo), and they
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are referred to as quasi-Newton methods. They usually lead to slower conver-
gence rates, but computationally less expensive iterations, in comparison to the
exact SQP method. One of the quasi-Newton SQP methods is the method by
Powell [61]. It uses exact constraints Jacobian matrix, but replaces the Hessian
matrix V2L(z¥,x9,A%) by an approximation Hy. Each new Hessian approxima-
tion Hy, | is obtained from the previous approximation Hy by an update formula
that uses the difference of the Lagrange gradients, y = V,L(ZF"! xo, AFF1) —
V.L(z*,x0,A%*1), and the step T = z¥*! — zX in order to obtain second order
information in Hy ;. The most widely used update formula is the one by Broyden-
Fletcher-Goldfarb-Shanno (BFGS) [56]:

yy"  Hett'Hy

H. 1 =H,+ —
k+1 k Wt T Hr

(1.17)
Another successful quasi-Newton SQP method is the constrained Gauss-Newton
method [21]. It uses approximations of the Hessian matrix, based on some Jaco-
bian, and is applicable when the objective function is a sum of squares.

e [nterior Point (IP) methods.
The IP methods represent an alternative way to solve the KKT system (L7}
(L10Q), which consists in replacing the nonsmooth KKT condition (L.8) by a
smooth nonlinear approximation [16, 76]:

V.L(z0,x0,A0) = 0 (1.18)
Mo,igi(zo,x0) = p,i=1,2,....q (1.19)
20 >0 (1.20)

g(z0,x0) <0, (1.21)

where p > 0 is a slack variable and g;(zo,xo) is the i-th constraint function. This
system is then solved with a Newton-type method. The obtained solution is not
a solution to the original NLP problem (T.I)—(T.2), but to the following problem
[16, 76, 8]:

Q" (x0.p) = inf[ f(z.x0) +pB(z,x0) | - (1.22)

Here, B(z,xp) is the so called barrier function, which is nonnegative and contin-
uous over the region {z € R*| g(z,x0) < 0} and approaches oo as the boundary of
the feasible region {z € R*|g(z,x0) < 0} is approached from the interior. Thus,
the function B(z,xp) sets a barrier against leaving the feasible region. The solu-
tion of the barrier problem (I.22) requires for the optimization to start from a
point inside the region {z € R¥| g(z,x9) < 0}. The IP methods are also referred to
as barrier function methods. They generate a sequence of feasible points whose
limit is an optimal solution to the original problem (LI)—(T.2)) [8]. If the optimal
solution occurs at the boundary of the feasible region, the procedure moves from
the interior to the boundary. Typically, the barrier function B(z,xo) has the form

[8]:
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q

q
B(z,x0) = ZT ¢i(z,0) or B(z,xp) = fl;ln[fg,-(z,xo)] . (1.23)

The solution of problem (T.22) is closer to the true solution the smaller p gets. An
important feature of the IP methods is that once a solution for a given p is found,
the parameter p can be reduced by a constant factor and an accurate solution
of the original NLP problem (L.I)-(T.2) is obtained after a limited number of
Newton iterations [ 16, 76]. The relation between the original problem (L I)—(T.2)
and the barrier problem (I.22) is given by [8]:

V*(x0) ZPIEBLQ (x0,p) ZAQ%Q (x0,p) - (1.24)

1.1.3.2  Penalty Function Methods

Methods using penalty functions transform a constrained problem into a single un-
constrained problem or into a sequence of unconstrained problems [8]. The con-
straints are placed into the objective function via a penalty parameter in a way that
penalizes any violation of the constraints. The penalty function methods are also
referred to as the exterior penalty function methods, since they generate a sequence
of infeasible points whose limit is an optimal solution to the original problem [8].
Consider the problem (LI)-(L.2) for a given xy € X. A penalty is desired only if
the point z is not feasible, i.e., if g(z,xp) > 0. A suitable unconstrained problem is
therefore given by [8]:

J"(x0,m) = inf[ f(z,x0) +np(z,x0) | s.t. z€ R, (1.25)

where p(z,x0) = X7, [max{0, gi(z,x0)}] is the so called penalty function, / > 2 is
an integer, and 1 > 0 is a penalty parameter. If g;(z,x0) <0, Vi = 1,2,...,q then
max{0, gi(z,x0)} =0, Vi = 1,2,...,q and no penalty is incurred, i.e., p(z,xp) = 0.
On the other hand, if g;(z,xp) > 0, for some i, then max{0, gi(z,x0)} > 0 and the
penalty term 1 p(z,x) is realized [8]. The condition / > 2 ensures that the penalty
function p(z,xp) will be differentiable.

An important issue in the penalty function methods is the selection of the penalty
parameter 7. Consider the penalty problem [8]:

W*=supW(n), (1.26)
n>0

where W (1) = J*(xo,1n). The relation between the primal problem (LI)-(L2) and
the penalty problem (1.26)) is given by [8]:

V*(x9) = supW(n) = lim W(n) (1.27)
n>0 n—ree

From this result it is clear that we can get arbitrarily close to the optimal objective
value of the primal problem (LI)—(L2) by computing W (1) for a sufficiently large
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n. However, as pointed out in [8], there are computational difficulties associated
with large penalty parameters, due to ill-conditioning. Therefore, most algorithms
using penalty functions solve a sequence of problems for an increasing se-
quence of penalty parameters. With each new value of the penalty parameter, an
optimization technique is employed, starting with the optimal solution of prob-
lem (T.23) obtained for the parameter value chosen previously. Such an approach
is sometimes referred to as a sequential unconstrained minimization technique [8].
More details about the penalty function methods can be found in [8].

For a given 1, the optimization problem can be solved by applying the
steepest descent method [18]. Let i(z,x0,M) = f(z,x0) + Np(z,X0). Then, the steep-
est descent direction from z is —V_ h(z,xp,1). With the method of steepest descent
[18], the values of optimization variables at the k + 1-th iteration are obtained by the
formula:

M =7k —aV.h( x.m), (1.28)

where o > 0 is the step length. In order for the steepest descent method to be suc-
cessful, it is important to choose the step length o.. One way to do this is to let
o = 3™, where B € (0,1) and m > 0 is the smallest nonnegative integer such that
there is a sufficient decrease in /(z,x0,1). This means that:

h(zk - avzh(zkax()an)vx()vn) 7h(zk7x07n) < 7‘uvzh(zk7x07n) ) (129)

where u € (0,1). This strategy, introduced in [3], is an example of a line search in
which one searches on a ray from z* in a direction in which 4(z,x0,m) is locally
decreasing. More details about the method of steepest descent can be found in [44].
Unfortunately, the methods based on steepest descent have slow local convergence,
even for very simple functions [44]. This is due to the fact that the steepest descent
direction scales with %(z,x0,n) and therefore the speed of convergence depends on
conditioning and scaling. A good alternative to the steepest descent method is the
conjugate gradient method [28, 1], which has improved local convergence proper-
ties. Also, the Newton-type methods can be successfully applied to solve the opti-
mization problem (L.23).

1.1.3.3 Direct Search Methods

The direct search methods do not use or approximate the objective function’s gradi-
ent, i.e. they represent derivative-free methods for optimization. These methods use
values of the objective function and constraints taken from a set of sample points
and use that information to continue the sampling. More precisely, the direct search
methods consist in a sequential examination of trial solutions involving comparison
of each trial solution with the best obtained up to that time together with a strategy
for determining (as a function of earlier results) what the next trial solution will be
[35]. There is a number of direct search methods for unconstrained optimization (see
for example [44, 51]). However, here, the most widely used direct search methods
for constrained nonlinear optimization are outlined.
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e The method of Box (the Complex method).
The Complex method of Box [15] has been developed from the Simplex method
[66, 54]. It requires for the NLP problem to be of the form:

V¥ (x0) = min f(z,x0) (1.30)
subject to:

2i<zi<zui,i=1,2,..,8 (1.31)
8j(2,%0) <0, j=1,2,....q (1.32)

where z; is the i-th optimization variable, and z;; and z,,; are the lower and upper
bound on this variable.

It is assumed that an initial point z', which satisfies both constraints (L31))
and is available. In this method, a set of m > s+ 1 points is used (referred
to as complex), of which one is the given point z' (recall that s is the dimension of
the optimization vector z). The further (m — 1) points required to set up the initial
configuration are obtained one at a time by the use of pseudo-random numbers
and ranges for each of the independent variables, i.e., z; = z;; + ri(zu,i — 21,4)-
where r; is a pseudo-random deviate rectangularly distributed over the interval
(0,1) [15]. A point so selected must satisfy the bound constraints (37}, but
need not satisfy all the functional constraints (IL32). If a functional constraint is
violated, the trial point is moved halfway towards the centroid of those points
already selected (where the given initial point is included) [15]. Ultimately, a
satisfactory point will be found. It is assumed that the feasible region is convex.
Proceeding in this way, (m — 1) points are found which satisfy all the constraints.

The function is evaluated at each vertex of the complex, and the vertex of the
worst (maximal) function value is replaced by a point y > 1 times as far from the
centroid of the remaining points as the reflection of the worst point in the centroid
(the new point is collinear with the rejected point and the centroid of the retained
vertices) [15]. If this trial point is also the worst, it is moved halfway towards the
centroid of the remaining points to give a new trial point. The above procedure
is repeated until some constraint is violated. If a trial vertex does not satisfy
the lower or the upper bound on some optimization variable z;, that variable is
reset to a value z;; + € or value z,; — € (depending on which bound has been
violated), with € being a small positive number. If a functional constraint g ;(z,xo)
is violated, the trial point is moved halfway towards the centroid of the remaining
points. Ultimately, a permissible point is found. Thus, as long as the complex has
not collapsed into the centroid, progress will continue.

The idea of the Box’s method is illustrated in Fig. [T Il for the case when s =2
and the number of points is m = s+ 1 = 3, i.e., for a simplex of points. The point
7% is considered to be the worst point and ¢ is the center of mass of the other two
points (z!' and 2%).

e DIRECT method.
The DIRECT algorithm (DIViding RECTangles) is a direct search method for
global optimization, which was first introduced in [43, 42]. In [30, 27],
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Fig. 1.1 The simplex with 5
reflection of the point z2 into

point z* and two consecutive

contractions (z°, z°) due to

infeasibility.

rigorous new analysis and algorithmic improvements to the DIRECT algorithm
have been presented. The DIRECT algorithm is a deterministic sampling algo-
rithm developed in the spirit of Lipschitz optimization, and designed to overcome
some of the shortcomings of traditional Lipschitzian algorithms (like the algo-
rithm in [59]). One problem of the algorithm in [59] is its reliance on an accurate
estimation of the Lipschitz constant. DIRECT solves this problem by replacing
the Lipschitz constant with an adaptive internal parameter.

The DIRECT method solves the following mixed-integer nonlinear program-
ming (MINLP) problem [42]:

V*(xo) :mzinf(zpco) (1.33)
subject to:

2i<zi<zui,i=1,2,..,r (1.34)
GEL,i=r+1,r4+2,..,s (1.35)
gi(z,x0) <0, j=1,2,...q (1.36)

where Z is the set of integer numbers. The vector of optimization variables
2= 121,22, - +Zrs Zr+1, ---,Zs) includes both real variables (z1, z2, ..., z-) and in-
teger variables (z,41, Zr42, ---,Zs).- The bounds on the variables limit the search
to an s-dimensional hyper-rectangle. DIRECT proceeds by partitioning this rect-
angle into smaller rectangles, each of which has a sampled point at its center,
i.e., a point where the functions have been evaluated [43, 42]. Fig. shows the
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Fig. 1.2 Partitioning of the Start Select Trisect and sample
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first three iterations of DIRECT on a hypothetical problem with two optimization
variables. At the start of each iteration, the space is partitioned into rectangles.
DIRECT then selects one or more of these rectangles for further search using a
technique described below. Finally, each selected rectangle is trisected along one
of its long sides, after which the center points of the new rectangles are sampled.
The key step in the algorithm is the selection of rectangles, since this determines
how search effort is allocated across the space. The rectangles are selected using
all possible relative weightings of local versus global search [43, 42]. First, it
would be necessary to describe how the inequality constraints are treated
by the DIRECT method. The key to handling constraints in DIRECT is to work
with an auxiliary function that combines information on the objective and con-
straint functions in a special manner [42]. To express this auxiliary function, an
additional notation needs to be introduced. Let z,, be the center point of the p-th
rectangle. Let @, ¢, ..., ¢, be positive weighting coefficients for the inequality
constraints. Let the minimal value of the objective function at the current itera-
tion be Viyin (x0). Let V be any value that satisfies V < Vinin (x0) — 0, where 6 > 0.
The auxiliary function, evaluated at the center of the p-th rectangle, is as follows
[42]:

~ . q
ViV, x0) = max{f(zp,x0) —V,0} + Y @jmax{g;(zp,x0),0}  (1.37)
j=1

The first term of the auxiliary function represents a penalty for any deviation
of the function value f(z,,xo) above the value V. The second term is a sum of
weighted constraint violations. If V is the global minimum, the lowest possible
value of the auxiliary function is zero and occurs only at the global minimum. At
any other point, the auxiliary function is positive either due to suboptimality or
infeasibility. For the global minimum to occur in the p-th rectangle, the auxiliary
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function must fall to zero starting from its positive value at the center point [42].
Moreover, the maximum distance over which this change can occur is the center-
vertex distance d, in the rectangle. Thus, to reach the global minimum in the p-th
rectangle, the auxiliary function (IL37) must undergo a minimum rate of change,
givenby e, (V,xp) = vy (V,x0)/d, [42]. Since the point xo in the MINLP problem
(C33D)—(T36) is fixed, the rate of change function e, depends only on the argu-
ment V. The DIRECT procedure of selecting rectangles for further exploration
identifies and selects all rectangles whose rate of change functions e, (V,xo) par-
ticipate in the lower envelope of all curves V;(V7x0) /d, for V < Vigin(x0) — &
[42]. More details about the DIRECT method can be found in [43, 42].

In this book, the DIRECT algorithm is applied to design explicit model pre-
dictive controllers for constrained nonlinear systems with quantized inputs (see
Chapter[3).

1.1.4 Sensitivity Results

The solution of a mathematical program can behave in a variety of ways when per-
turbing the problem parameters. Depending on the problem, the solution may vary
smoothly or change drastically for arbitrary small perturbations of parameter val-
ues. Let xg € X, zg satisfy the KKT conditions, and .2%) be the optimal active set at
xo- The Basic Sensitivity Theorem [26] gives local regularity conditions for the opti-
mal solution, Lagrange multipliers and optimal objective function value as functions
of x:

Theorem 1.1. If:

i). the functions f(z,x) and g(z,x) are twice continuously differentiable in z, and
their gradients with respect to z and the constraints are once continuously differ-
entiable in x in a neighborhood of (z0,xo),

ii).the second order sufficient condition (LI2) for a local minimum of (LI)—(L2)
holds at zy, with associated Lagrange multiplier Ay,

iii)the active constraint gradients Vg .4 (20,X0) are linearly independent,

iv).(Ao)i > 0 when gi(zo,x0) = O (strict complementary slackness),

Then:

a). zo is a local isolated minimizing point with unique associated Lagrange multi-
plier A,

b).for x in the neighborhood of xo, there exist unique, once continuously differ-
entiable functions z*(x) and A*(x) such that 7*(xo) = zo and z*(x) is a locally
unique local minimum of (LI)-(L2) with associated Lagrange multiplier 1*(x),

c). in a neighborhood of xo, the set of active constraints is unchanged, strict com-
plementary slackness holds, and the active constraint gradients at 7*(x) remain
linearly independent.
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Related results for slightly different conditions, and extensions that show the exis-
tence and computation of directional derivatives of the solution with respect to x at
xo can be found in [45, 50, 62] and others.

For the fixed active set %% the KKT conditions (I.Z)—(L8) reduce to the following
system of equations parameterized by x:

V.f(z(x),x) + 2 Ai(x)V gi(z(x),x) =0 (1.38)
i€

8y (2(x),x) = 0. (1.39)

The functions z(x) and A (x) implicitly defined by (L38)—(1.39) are optimal only for
those x where the active set .o is optimal. Assuming z and A are well defined on
X, we characterize the critical region CR ., where the solution corresponding to the
fixed active set .o is optimal:

CRy = {xeX | A(x) >0, g(z(x),x) <0} . (1.40)

There is a finite number of candidate active sets, so this result suggests a finite
partition of X with a piecewise solution to the mp-NLP. Although explicit exact
solutions cannot be found in the general nonlinear case, the above result indicates
that it is meaningful to search for a continuous approximation to the optimal solution
as a function of x. Continuity of the optimal solution depends on several assumptions
that may be hard to verify in the general nonlinear case. However, many optimal
control problems tend to lead to continuous solution functions.

1.1.5 Algorithms for Approximate Multi-parametric Nonlinear
Programming

Consider the nonlinear multi-parametric program (I.I)—(I.2) dependent on the pa-
rameter x. Let X be a polytopic set of parameters, defined by X = {x € R" | Ax < b}.
In multi-parametric programming, it is of interest to characterize the solution of the
mp-NLP problem (L I)-(T.2) for the set X. The solution of an mp-NLP problem is
a triple (V*(x),z"(x),Xy) (see Section[[.1.1]), where X is the set of feasible param-
eters, V*(x) is the optimal value function, and z*(x) is the optimizer function. It is
assumed that Xy is closed and V*(x) is finite for every x € X.

1.1.5.1 Approximate Solution of Convex mp-NLP
1. Convexity results.
The following assumption is made.

Assumption 1.1. The functions f and g in the nonlinear multi-parametric program
(LD)—(L2) are jointly convex functions of (z,x).

The following basic result for convex multi-parametric programming was proved in
[52]:
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Theorem 1.2. Consider the nonlinear multi-parametric program (LI)-(L2) and
suppose that Assumption [[ 1] holds. Then, Xy is a convex set and V* : Xy +— R is
a convex and continuous function of x.

Convexity of Xy and V* is a direct consequence of the convexity of f and g, while
continuity of V* can be established under weaker conditions [26].

The main idea is to construct a feasible piecewise approximation to z*(x) on X,
where the constituent functions pieces are defined on hyper-rectangles covering X.
The accuracy of approximation is measured by the difference between the optimal
and sub-optimal function values rather than the difference between the exact and
approximation solutions. Since the optimal function value V* cannot be assumed
known, convexity is exploited to compute simple bounds to be used for constructing
the approximate solution, similar to Chapter 9 in [26]. The method is applicable for
piecewise linear (PWL) and piecewise nonlinear (PWNL) approximations.

Consider the vertices © = {6;,65, ..., 6y, } of any bounded polyhedron Xy C X;.
Define the affine function V (x) = Vox + [ as the solution to the following linear
program (LP) [38]:

min(Vo6 + ) (1.41)
Vo,lo
subject to Vo0; + 1o > V*(6;), V6, € O . (1.42)

Likewise, define the convex PWL function [38]:

Wm:g%WW®+VWW%&f®) (1.43)
S

If V* is not differentiable at 6;, then VV*(6;) is taken as any sub-gradient of V* at
6; [63]. V and V have the following properties [26, 39]:

Theorem 1.3. Consider the nonlinear multi-parametric program (LI)-(L2) and
suppose that Assumption [ 1] holds. Consider any bounded polyhedron Xy C X;.
Then V(x) < V*(x) < V(x) for all x € X,.

In [38], it is suggested to select a local linear approximation to the solution that
minimizes the objective function approximation error subject to feasibility of the
solution, similar to [9].

Lemma 1.1. Consider the nonlinear multi-parametric program (LI)—(L2) and sup-
pose that Assumption [[ 1] holds. Consider any bounded polyhedron Xy C Xy with
vertices © = {61,605, ..., 0, }. If Ko and hg solve the convex NLP:

No
min 3 (f(KoOi+ho, 6:) = V" (6) + [ Ko +ho =" (6)[3)  (1.44)
0:10 j=1

subject to g(Kob; + ho, 6;) <0, V6, € O , (1.45)

then Zo(x) = Kox + hy is feasible for the mp-NLP (L1)—~(L2) for all x € X,.
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In (T44), u > 0 is a weighting coefficient. In general, the NLP defined in Lemma[[1]
need not have a feasible solution. As a partial remedy, the following result shows
that at least for sufficiently small polyhedron Xy, feasibility can be guaranteed [38].

Lemma 1.2. Consider the nonlinear multi-parametric program (LI)-(L.2) and sup-
pose that Assumption [[ 1 holds. Let Xo C Xy be a sufficiently small bounded poly-
hedron with non-empty interior. Then there exists an affine function Z(x) such that
g(z(x),x) <0 for all x € X,.

Proof ([38]). Since Xy C Xy is small, it follows from [26] that some unique and
continuous feasible solution function z(x) exists in a neighborhood that contains Xj.
Since g is convex, it is straightforward to construct an affine support Z(x). (]

Since Zp(x) defined in Lemma [[1]is feasible in X, it follows that the suboptimal
objective function V (x) = f(Zo(x),x) is an upper bound on V*(x) in Xy such that for
all x € Xy we have:

0<V(x) -V <e (1.46)
where:
& = f)rcrel%g(fV(x) +V(x)). (1.47)

Computing & requires the solution of the NLP (I.47)). If V is conservatively chosen
as affine V (x) = V*(6;) + VI V*(6;)(x— 6;) (cf. (LZ3)), this NLP is concave since V
is convex. Hence, the optimization can be done efficiently since Xj is a polyhedron
and it suffices to compare the solution at its vertices due to the concavity [36].

2. Algorithm for approximate explicit solution of convex mp-NLPs.

Consider a hyper-rectangle X C R where we seek to approximate the solution func-
tion z*(x) to the mp-NLP (LI)—(L2). In many problems of interest the approximate
solution function will be evaluated in an embedded computer architecture under
strict real-time requirements and with highly limited computational resources. In
order to keep the computational complexity at a minimum, we require that the ap-
proximating function is PWL with a parameter space partition that is orthogonal
and can be represented by a k — d tree [14], [39, 31], such that the real-time search
complexity is logarithmic with respect to the number of regions in the partition.
The k —d tree (Fig. [[.3) is a hierarchical data structure where a hyper-rectangle
can be sub-divided into smaller hyper-rectangles allowing the local resolution to be
adapted. When searching the tree, only one scalar comparison is required at each
level. Initially the algorithm will consider the whole region Xy = X. Under the con-
vexity Assumption [[l the main idea of the approximate mp-NLP algorithm is to
compute the solution of problem (L I)—(T.2) at the 2" vertices of the hypercube Xy,
by solving up to 2" NLPs. Based on these solutions, assuming they are all feasi-
ble, we compute a feasible local linear approximation function Zp(x) to the optimal
solution function z*(x), restricted to the hyper-rectangle X, using Lemma [L1] If
such an approximation exists, and the maximal objective function error &y in Xj is
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Fig. 1.3 k —d tree partition
of a rectangular region. / Xo

smaller than some prescribed tolerance € > 0, no further refinement of the region
Xp is needed. Otherwise, we split X into two hyper-rectangles, and repeat the pro-
cedure for each of these.

Assume the tolerance € > 0 of the objective function approximation error is
given. For simplicity, we consider uniform tolerance in this chapter. In later chapters,
sometimes the tolerance will depend on x, which causes no problems. Denote with

n
Sx, the volume of a given hyper-rectangular region Xo C X C R", i.e. Sx, = [] Ax;,

where Ax; is the size of X along the axis x;. Let Sy,iy be the minimal allowed il_ollume
of the regions in the partition of X. A nonzero Sp;, is required to ensure termination
of the algorithm in finite time. The following algorithm is proposed to determine an
explicit approximate solution of convex mp-NLP (LI)-(T.2) [38].

Algorithm 1.1. Explicit approximate solution of convex mp-NLP.

Input: Data to problem (LI)-(T.2), the parameter u (used in Lemmal[L.1),

the approximation tolerance &, the minimal allowed volume Syyiy.

Output: Partition IT = {X;,X>, ..., Xw, } and associated PWL solution

21‘1 = {EXI aEXZa ’EXNX }

1. Initialize the partition to the whole hyper-rectangle, i.e., IT = {X }. Mark the
hyper-rectangle X as unexplored, and let flag = 1.

2. while flag =1 do

3. while 3 unexplored hyper-rectangles in IT do

4. Select any unexplored hyper-rectangle Xy € IT and compute its volume Sy, .

5 Solve problem (L I)—(L2)) for x fixed to each of the vertices 6;, i = 1, ..., Ny

of the hyper-rectangle Xj.

6. if (LI)—(T2) has a feasible solution at all points 6;, i = 1, ..., Ny then
7. Compute a linear approximation Zo(x) = Kox + ho using Lemmal[T.1]

as an approximation to be used in Xp.
8. if a solution Zy(x) was found then

9. Compute the error bound &), using (L41)—(L43)), and (L47).
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10. If &y > € and Sy, > Siin, mark the hyper-rectangle Xy to be split.
Otherwise, mark X as explored and feasible.

11. else

12. If Sx, < Smin, mark Xj infeasible and explored.
Otherwise, mark X to be split.

13. end if

14. else

15. If Sx, < Smin, mark Xy infeasible and explored.

Otherwise, mark X to be split.

16. end if

17. end while

18.  flag:=0

19. if 3 hyper-rectangles in IT that are marked to be split then
20. flag =1

21. while 3 hyper-rectangles in IT that are marked to be split do
22. Select any hyper-rectangle X € I'T marked to be split.
23. Split Xy into two hyper-rectangles X; and X, by applying an heuristic

splitting rule. Mark X; and X, unexplored, remove X, from I1,
and add X, and X; to I1.

24. end while

25. endif

26. end while

The PWL approximation generated by Algorithm 1.1 is denoted 7j7 : X — R*, where
X is the union of the hyper-rectangles where a feasible solution has been found. It is
an inner approximation to Xy and the approximation accuracy is determined by the
minimal allowed volume Sy, of the regions. The boundary of the feasible region
Xy can thus be approximated more closely by allowing smaller infeasible regions
by choosing Sy, small. We remark that Zj7 is generally not continuous.

Step 23 needs further specification of how a hyper-rectangle is being partitioned.
A hyper-rectangle is split into two equal parts by an axis-orthogonal hyperplane
that goes through its center. As in [31], the main idea is to select the hyperplane
where the change of error between the solutions on each side of the hyperplane is
largest (before splitting). This is implemented by comparing the solutions at the ver-
tices of the hyper-rectangle. It is reasonable to expect that this heuristics may give
a significant reduction in the error in both hyper-rectangles after splitting and its
effectiveness is observed in a number of examples.

Theorem 1.4. Consider the nonlinear multi-parametric program (LI)-(L2) and
suppose that Assumption [[ 1] holds and Sy is sufficiently small. Assume that the
partitioning rule in step 23 guarantees that the error decreases by some minimum
amount or factor at each split. Then Algorithm 1.1 terminates with an approximate
solution function Zyy that is feasible and satisfies 0 < f(zrr(x),x) —V*(x) < & for all
xeX.
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Proof ([38]). If the algorithm terminates, the specified tolerance is met because of
steps 9, 10, and 23. Since V* is continuous, it is clear that a k — d tree partition will
lead to an approximation with arbitrary uniform accuracy provided the hypercubes
are sufficiently small. According to Lemmal[[.2] this approximation will be feasible,
and since the partitioning rule ensures that the error decreases by some minimum
amount or factor at each step, the algorithm will indeed terminate after a finite num-
ber of steps. (]

In [22], several alternative multi-parametric programming algorithms for explicit
approximate solution of convex mp-NLP problems are discussed. Thus, in [24] a
multi-parametric outer approximation algorithm for mp-NLP problems and multi-
parametric mixed-integer nonlinear programming (mp-MINLP) problems is pre-
sented. A multi-parametric quadratic approximation algorithm is proposed in [37]
and recently revisited in [23]. An approximate multi-parametric algorithm is pro-
posed in [11], where the parameter space is divided into a set of simplices. Recently,
a geometric vertex search algorithm is proposed in [53]. Some of these algorithms
are extended to consider the non-convex case (see [58]).

1.1.5.2 Approximate Solution of Non-convex mp-NLP

If convexity does not hold (Assumption[I.I)), then global optimization, e.g. [43, 42,
36], is generally needed in several steps of the algorithm to maintain its theoretical
properties [38]:

(1) The NLP (LI)—(T.2) must be solved using global optimization in step 5.

(2) The NLP (L44)—(T.43) must be reformulated and solved using global optimiza-
tion in step 7. It is not sufficient to impose the constraints at the vertices of the
polyhedron Xj if g is not convex. In order to resolve this problem, one may use
(a conservative) convex underestimation in combination with global optimiza-
tion as suggested in [26].

(3) The computation of the error bound & in step 9 assumes the knowledge of a
lower bound V on the optimal objective function. The bound (I.43) does not
necessarily hold if V* is not convex. Again, convex underestimation and global
optimization may be used.

On the other hand, one may argue in the favor of a computationally more efficient
ad hoc approach to handle non-convex problems [38]. The reason for this is that
an explicit representation of the approximate solution is available, which makes
rigorous verification and validation of its properties possible. One heuristic approach
is to include some interior points in addition to the set of vertices ® when used
in (L43)—-(L43). Hence, any non-convexity related error in the computed bounds
and approximation of the constraints are likely to be reduced. Moreover, based on
the solutions of the associated NLPs one may locally estimate the Hessian of the
optimal objective function at the points in @ and may thus be able to detect if it is
locally convex or non-convex, and adjust the number of additional interior points to
be added to O. The introduction of such additional points does not necessarily lead
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to additional complexity of the PWL approximate solution, but may only serve to
verify its accuracy [38].

Here, practical computational methods for explicit approximate solution of
non-convex mp-NLP problems are presented. They don’t necessarily lead to
guaranteed properties of the explicit approximate solution, but when combined with
verification and analysis methods may give a practical tool for explicit approximate
solution of non-convex mp-NLPs.

1. Close-to-global solution of non-convex mp-NLPs.

In general, the objective function f can be non-convex with multiple local min-
ima. Therefore, it would be necessary to apply an effective initialization of the mp-
NLP problem (LI)—-(I2) so to find a close-to-global solution. One possible way
to obtain this is to find a close-to-global solution at a point wg € Xp by comparing
the local minima corresponding to several initial guesses and then to use this so-
lution as an initial guess at the neighboring points w; € Xy, i = 1,2,..., Ny, i.e. to
propagate the solution. The following procedure is used to generate a set of points
Wo = {wo, w1, w2, ...,wn, } C Xo [32].

Procedure 1.1 (generation of set of points). Consider any hyper-rectangle Xy C
X with vertices 0° = {9{), Qg, e 9,(\),9} and center point wg. Consider also

the hyper-rectangles X({ C Xo, j = 1,2,...,Ny with vertices respectively @/ =

{6,065, ...,91{,9}, j=1,2,..,Ny. Suppose X} C X3 C ... C Xévo. For each of the

hyper-rectangles Xy and X({ C Xo, j = 1,2, ...,Np, denote the set of its facets cen-

ters with W/ = {yi, yJ, ""%{’w}’ j=0,1,2,....Ny. Define the set of all points
No . No .

Wo = {wo,wi,w2, ...,wn, }, wherew; €< I @7 yU¢ U W/ p,i=1,2,...,N.
j=0 j=0

For a hyper-rectangle in the n-dimensional parameter space, the number of its ver-

tices is Ng = 2" and the number of its facets centers is Ny, = 2n. Therefore, the

number of all points generated with Procedure[[Tlis 1+ (No + 1)(Ng + Ny), where

Np is the number of interior hyper-rectangles.

The following procedure is applied to search for a close-to-global solution at the
points w; € Wy, i =0,1,2, ... ,N; [32].
Procedure 1.2 (close-to-global solution of mp-NLP). Consider any hyper-

rectangle Xo C X with a set of points Wy = {wo,w1,wa, ...,wn, } determined by
applying Procedure[[ 1] Then:

a). Suppose local minima of the NLP (LI)-(L2) at the center point wy of Xo have
been computed. Then, determine a close-to-global solution of (LI)-(L2) at wy
through the following minimization:

7" (wp) = arg min flz,wo) . (1.48)

local _local local
ze{zloca 7zzoca ’_‘_’Zﬁfa }

Here, zi-ocal, i=1,2,...,N; correspond to local minima of the objective function
f(z,wo) obtained for a number of initial guesses 29, i= 1,2, ...,N..
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b). Determine a close-to-global solution of the NLP (L_I)-(L2)) at the points w; € W,
i=1,2,...,N in the following way:

1. Let 7*(wy) be the close-to-global solution of the NLP (IT)~(L2) at the center
point wy, obtained by solving problem (L48) in step a). Let i = 1.

2. Let W* = {wo,w1,w2, ...,wn, } C Wy be the subset of points at which a feasible
solution of the NLP (L I)-(L2) has been already determined.

3. Find the point w € W* that is most close to the point w;, i.e., W = arg »?elwﬁ lw—

wil|. Let the solution at w be denoted z*(w).

4. Solve the NLP (L1)—-(L2) at the point w; with initial guess for the optimization
variables set to 7*(w).

5. If a solution of the NLP (LI)-(L2) at the point w; has been found, mark w; as
feasible and add it to the set W*. Otherwise, mark w; as infeasible.

6. Leti=1i+ 1. Ifi <Ny, go to step 2. Otherwise, terminate.

With some abuse of notation we do not distinguish between the global solution and
the close-to-global solution, and denote both with z*(x). Procedure [[2lis illustrated
on Fig.[[.4] First, a close-to-global solution to the NLP (LI)—(T.2) is determined at
the center point wy of the hyper-rectangle X (the case when no feasible solution
at the center point wq exists is discussed later). Then, this solution is used as an
initial guess when solving the NLP at the points wy,w», ..., wg which represent the
vertices and the facets centers of the smallest interior hyper-rectangle Xol. Then, the
solutions at these points are used as initial guesses when solving the NLP at the
points wo,wyg, ..., wie Which are the vertices and the facets centers of the interior
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hyper-rectangle Xg. Next, the solutions at these points are used as initial guesses
when solving the NLP at the points w17, wqs, ..., w24 Which represent the vertices
and the facets centers of the interior hyper-rectangle XS’. At the end, the solutions
at these points are used as initial guesses when solving the NLP at the points
Was, Wag, ..., w32 Which are the vertices and the facets centers of the hyper-rectangle
Xo.

2. Computation of explicit approximate solution.

We restrict our attention to a hyper-rectangle X C R” where we seek to approximate
the solution z*(x) to the non-convex mp-NLP (LI)-(L2). Like in Section [[LT.3.1]
we require that the parameter space partition is orthogonal and can be represented
as a k —d tree [14], [39, 31]. The main idea of the approach to explicit approximate
solution of non-convex mp-NLPs is to construct a PWL approximation Z(x) to the
close-to-global solution z*(x) on X, where the constituent affine functions are de-
fined on hyper-rectangles covering X. It should be noted that sometimes it may be
more appropriate to use a piecewise nonlinear (PWNL) approximation. In case of
non-convexity, it would not be sufficient to impose the constraints only at the ver-
tices of the hyper-rectangle Xj. This problem is resolved by including some interior
points in addition to the set of vertices of Xj [32]. These additional points represent
the vertices and the facets centers of one or more hyper-rectangles contained in the
interior of Xy (see Procedure[I.T]). Based on the solutions at all points, a local linear
approximation zZo(x) = Kox + hg to the close-to-global solution z*(x), to be used as
an approximation in the whole hyper-rectangle Xy, is determined by applying the
following procedure [32].

Procedure 1.3 (computation of approximate solution). Consider any hyper-
rectangle Xo C X with a set of points Wy = {wo,w1,wa, ...,wn, } determined by
applying Procedure[[ 1] Compute Ky and hy by solving the following NLP:

N

min > (f (Kowi+ ho, wi) = V* (wi) + ||[Kow; +ho — 2* (wi)[[3)  (1.49)
0:10 j=0
subject to g(Kow; +ho,w;) <0, Vw; € Wy . (1.50)

In (T49), the parameter u > 0 is a weighting coefficient. Note that the linear approx-
imation Zo(x) = Kox + hg, computed with Procedure[I3] satisfies the constraints in
the mp-NLP problem (I I)—(L.2) only for the discrete set of points Wy C Xj. In order
to give an appropriate initialization of the NLP problem (I.49)-(T.30) for the region
Xo, the already computed solutions of this problem in some of the neighboring re-
gions can be used as initial guesses.

3. Estimation of error bounds. Suppose that a linear approximation Zy(x) = Kox +
hg for the region Xj has been computed by applying Procedure[[.3l Then it follows
that the sub-optimal objective function V (x) = f(Zo(x),x) is an approximate upper
bound on V*(x) in X, such that for all x € X, where Zp(x) is feasible, we have:

0<V(x)—V*(x)<eg. (1.51)
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As already mentioned, the objective function f can be non-convex with multiple
local minima. Therefore, (I.31)) is only valid if global solutions are found to all
sub-problems and feasibility of Zp(x) and z*(x) holds for all x € X. The following
procedure can be used to obtain an estimate € of the maximal approximation error
& in Xp [32].

Procedure 1.4 (computation of error bound approximation). Consider any
hyper-rectangle Xo C X with a set of points Wy = {wo,w1,w2, ...,wn, } determined
by applying Procedure[[ ]l Compute an estimate €y of the error bound &y through
the following maximization:

= o TNI}(V(wi) —Vi(wi)) . (1.52)

&)

4. Procedure and heuristic rules for splitting a region.

The following procedure is applied to determine the split of a region X for which
a local linear approximation zy(x) = Kox + Ao is found, but the required accuracy
€ > 0 of objective function approximation is not achieved [32].

Procedure 1.5 (Determination of the split of a region). Consider a hyper-rectangle
Xo and suppose that a local linear approximation zo(x) = Kox + ho was found by

applying Procedure[[ 3] Suppose also that the required accuracy € is not achieved.

Then, determine the split of Xy in the following way:

1. Let j=1.

2. Conjsider splitting Xo by a hyperplane through its center and orthogonal to the
axis x . Denote the new hyper-rectangles with le and ij .

3. Compute local linear approximations 2{(}5) and %(x) candidates for use in le
and ij , respectively, by applying Procedure[[.3

4. Compute estimates 51] and Eé , respectively of the error bounds 8{ inX 1] and e{ in
ij by applying Procedure[[. 4 Let €/ = E{ + /8\5

S.Let j=j+1.1If j <n, goto step 2.

6. Split Xo by a hyperplane through its center and orthogonal to the axis x; where
&/ is minimal.

In step 4, the metric €/ = &/ + €, could be replaced by other metrics such as €/ =
max(g],€).

The following rule is applied when no feasible solution to the NLP problem
(CI)-(T2) was found at some of the points w; € Wy, w; # wy [32]. Here, the set
Wo = {wo,w1,w2, ..., wy, } is defined in Procedure [}

Heuristic splitting rule 1.1 (handling infeasibility). Consider the following two
cases:

1. The set of the feasible points in Xy includes the center point wy and some non-
empty subset of the points w; € Wo, wi # wy (the set Wo = {wo, w1, w2, ..., wn, }
is defined in Procedure[[]). Then, split Xy into two types of hyper-rectangles by
hyperplanes containing some of the feasible points w; € Wy:
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i. Hyper-rectangles Xf Xf . X/\;f containing only feasible points.
ii. Hyper-rectangles X"f X"f . X,'\Zf containing some infeasible points.

2. The center point wy of Xy is the only feasible point. Then, split Xy on all param-
eter space axes by hyperplanes through wy.

This rule is illustrated in Fig. [.5l where the hyper-rectangle X, will be split into
the hyper-rectangles Xf w1th vertices {waa, wg, wi7, Q1 }, Xf with vertices
{wa3, wa1, waa, wpo} and X] with vertices {wg, wag, 01, Wig }.
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Fig. 1.5 Tllustration of Heuristic splitting rule [T

The following rule is applied when there is no feasible solution to the NLP prob-
lem (LI)—(L2) at the center point wy of the hyper-rectangle X, [32].

Heuristic splitting rule 1.2 (handling infeasibility). If there is no feasible solution
of the NLP problem (L_I)-(L2) at the center point wy of Xo, split the hyper-rectangle
Xo by a hyperplane through wy and orthogonal to an arbitrary axis.

The following rule is used when the NLP problem (.49)—(L.30) in Procedure [[3]
has no solution [32].

Heuristic splitting rule 1.3 (handling infeasibility). If the NLP problem (L49)-
(L30) in Procedure is infeasible, split the hyper-rectangle Xy by a hyperplane
through its center and orthogonal to an arbitrary axis.
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5. Algorithm for explicit approximate solution of non-convex mp-NLPs.
Assume the tolerance € > 0 of the objective function approximation error is given.
Denote with Sx, the volume of a given hyper-rectangular region Xo C X C R”, i.e.

H Ax;, where Ax; is the size of X along the variable x;. Let Sy, > 0 be

=1
the minimal allowed volume of the regions in the partition of X. The following al-
gorithm is proposed to determine an explicit approximate solution of non-convex

mp-NLP (LI)-(L.2) [32].

Algorithm 1.2. Explicit approximate solution of non-convex mp-NLP.

Input: Data to problem (LI)-(T.2), the number Ny of internal regions (used in

Procedure[L.T), the parameter y (used in Procedure[[3), the approximation

tolerance €, the minimal allowed volume S;p.

Output: Partition IT = {X;, X3, ..., Xn, } and associated PWL solution function

21‘1 - {EXI alz\Xza 72XNX }

1. Initialize the partition to the whole hyper-rectangle, i.e., IT = {X }. Mark the
hyper-rectangle X as unexplored, flag := 1.

2. while flag =1 do

3. while 3 unexplored hyper-rectangles in IT do

4. Select any unexplored hyper-rectangle Xy € IT and compute its volume Sy, .

5 Search for a close-to-global solution to problem (LI)—(L2)) at the center

point wy of Xy by applying Procedure[T.2h.

6. if a feasible solution was found to problem (LI)-(T.2) at wy then
7. Define a set of points Wy = {wo,wi,w2, ...,wy, } by applying
Procedure[T1}
8. Search for a close-to-global solution to problem (LI)—(L.2)) for x fixed to
each of the points w;, i = 1,2, ..., N by applying Procedure[T.Zb.
0. if (LI)—(T.2) has a feasible solution at all points w;, i = 1, ..., N; then
10. Search for a linear approximation Zy(x) = Kox + hg using
Procedure[T.3] as an approximation to be used in Xj.
11. if a solution Zy(x) was found then
12. Compute an estimate €y of the error bound & in X; by applying
Procedure[T.4]
13. If € > & and Sx, > Smin, mark the hyper-rectangle Xy to be split.
Otherwise, mark X as explored and feasible.
14. else
15. If Sx, < Smin, mark Xy infeasible and explored.
Otherwise, mark X to be split.
16. end if
17. else
18. If Sx, < Smin, mark X infeasible and explored.
Otherwise, mark X to be split.
19. end if

20. else
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21. If Sx, < Smin, mark Xy infeasible and explored.
Otherwise, mark X to be split.

22. end if

23. end while

24.  flag:=0

25. if 3 hyper-rectangles in IT that are marked to be split then
26. flag =1

27. while 3 hyper-rectangles in IT that are marked to be split do

28. Select any hyper-rectangle X € IT marked to be split.

29. Split Xy into hyper-rectangles Xi, ... , Xy, by applying the heuristic
splitting rules. Mark Xj, ..., Xi, unexplored, remove Xy from I1,

and add X, ..., Xy, to I1.
30. end while
31. endif
32. end while

1.2 Convex Multi-parametric Quadratic Programming

1.2.1 Problem Formulation

Consider the convex quadratic mathematical program dependent on a parameter x:

1

V*(x) = min 2zTHz (1.53)
Z

s.t. Gz < W +Sx, (1.54)

where z € R® is the vector of optimization variables, x € R" is the vector of pa-
rameters, and H € R**S, G € R?**, W € RY, and S € R?*" are matrices. Here, it
is supposed that H > 0, which leads to a strictly convex multi-parametric quadratic
programming (mp-QP) problem (T.33)—(L.34)). The case when the multi-parametric
programming problem ([.33)-(1.34) is only convex, i.e. H = 0, is considered in
[73, 69].

Let X be a polytopic set of parameters, defined by X = {x ¢ R" | Ax < b}. In
parametric programming, it is of interest to characterize the solution of the mp-QP
problem (.33)—(T.34) for the set X. The solution of an mp-QP problem is a triple
(V*(x),2"(x),Xs) (see Section [LT1), where X is the set of feasible parameters,
V*(x) is the optimal value function, and z*(x) is the optimizer function. It is as-
sumed that Xy is closed and V*(x) is finite for every x € X.

In [12, 13], an algorithm has been developed, which expresses the solution z*(x)
and the optimal value V* (x) of the mp-QP problem (L33)—(I.534) as an explicit func-
tion of the parameters x, and the analytical properties of these functions have been
characterized. In particular it has been proved that the solution z*(x) is a continuous
piecewise linear function of x in the following sense [12, 13]:
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Definition 1.1. A function z(x) : X — R*, where X C R” is a polyhedral set, is piece-
wise linear if it is possible to partition X into convex polyhedral regions, CR;, and
z2(x) = Kix+ hj, Vx € CR;.

Piecewise quadraticity is defined analogously by letting z(x) be a quadratic function
XTQ,'X + Kix+ h;.

1.2.2 Optimality Conditions

The solution of mp-QP problems can be approached by employing the principles
of multi-parametric nonlinear programming and in particular the first-order Karush-
Kuhn-Tucker (KKT) optimality conditions, which lead to the Basic Sensitivity The-
orem (see Section[I.T)). Instead, in [12, 13] a more direct approach has been adopted
which exploits the linearity of the constraints and the fact that the function to be
minimized is quadratic. The approach [12, 13] is described as follows. In order to
start solving the mp-QP problem, an initial vector x( inside the polyhedral set X of
parameters is needed, such that the QP problem ([.33)-(1.534) is feasible for x = xq.
Such a vector can be found for instance by solving the linear program (LP) [12, 13]:

max € (1.55)
X,2,€

subject to :

Gz—Sx+e<W (1.56)
>0 (1.57)
xeX. (1.58)

If the LP (1.33)—(T_38) is infeasible, then the QP problem (L.33)-(1.34) is infeasible
for all x € X. Otherwise, the QP problem (L.33)—-(.34) is solved with x = xg in
order to obtain the corresponding optimal solution zo. Such a solution is unique
because H > 0 and therefore uniquely determines a set of active constraints Gz =
Sxo + W among the constraints (IL34). Let G, S and W denote the rows of G, S and
W corresponding to the active constraints. Then, the following theorem is proved
[12,13]:

Theorem 1.5. Let H = 0. Consider a combination of active constraints G, S, W
and assume that the rows of G are linearly independent. Let CRy be the set of all
vectors x for which such a combination is active at the optimum (CR is referred
to as critical region). Then, the optimal z and the associated vector of Lagrange
multipliers A are uniquely defined linear functions of x over CRy.

Proof ([13]). The first-order KKT conditions for the mp-QP are given by:

Hz+G'A =0, 2 eR? (1.59)
Ai(Giz—W —Sx)=0,i=1.2,..,q (1.60)
A>0, (1.61)
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where the superscript i denotes the i-th row. Equality (1.39) is solved for z:
z=-H'G"A (1.62)

and the result is substituted into (L.60) to obtain the complementary slackness con-
dition:

M(=GH'GTAL —W —Sx)=0,i=1.2,..,q (1.63)

Let A and A denote the Lagrange multipliers corresponding to inactive and ac-
tive constraints, respectively. For inactive constraints A = 0. For active constraints
—~GH™'G" A — W — Sx = 0 and therefore:

A=—(GH'GT) " (W +8x), (1.64)

where G, W, § correspond to the set of active constraints and (GH _IGT)_I exists
because the rows of G are linearly independent. Thus A is a linear function of x
for all x € CR(, where the active constraints set is optimal. By substituting A from
into (I.62)), it is obtained:

Z(x)=H 'G"(GH'G")" (W + 8x) (1.65)
and it is noted that z* is also a linear function of x in CRy. O

Theorem[I3lcharacterizes the solution only locally in the neighborhood of a specific
Xo, as it does not provide the construction of the set CRy where this characterization
remains valid. On the other hand, this region can be characterized immediately [12,
13]. The variable z from must satisfy the constraints (T.34):

GH 'GT(GH'GT)"1 (W + 8x) < W + Sx (1.66)
and by (L&I) the Lagrange multipliers in (I.64)) must remain nonnegative:
—(GH'GTY ' (W+8x) >0 (1.67)

as x varies. After removing the redundant inequalities from (I.66) and (1.67), a
compact representation of CRy is obtained. Obviously, CRy is a polyhedron in the
x-space and represents a subset of X such that the combination of active constraints
at the minimizer remains unchanged (Fig. [[L6(a)). Then, the algorithm in [12, 13]
continues with the division of the rest of the parameter space CR"™' = X — CR as
in Fig. [L.6(b) and (c) by reversing one by one the hyperplanes defining the critical
region CRy. Iteratively each new region R; is subdivided in a similar way as was done
with X. An effective approach for partitioning the rest of the space was proposed in
[25]. The following theorem justifies such a procedure to characterize the rest of the
region CR™" [13].
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Theorem 1.6. Let Y C R” be a polyhedron, and CRy = {x € Y | Ax < b} a polyhe-
dral subset of Y, CRy # 0. Also let:

Ri={xcY|Ax>b Ax<bl Vj<i},i=1,2,...m, (1.68)
where m = dim(b), and let CR™" = Ji*| R;. Then:

(i) CR™' | JCRy = Y.
(ii) CRoNRi =0, RiNR; =0, Vi # j, i.e., {CRo, Ry, ..., Ry} is a partition of Y.

Fig. 1.6 Parameter space

exploration strategy in [12,
13]. X
R CRo
(2) (b)
Ry R CRo
CRy
© (d)

The properties of the set of feasible parameters Xy C X (i.e. the set of parame-
ters x € X such that a feasible solution z*(x) exists to the optimization problem
(L33)—-(L34), the value function V*(x) and the solution z*(x) are formulated in the
following theorem [13]:

Theorem 1.7. Consider the convex multi-parametric quadratic program
(L33)-(L34) with H = 0, X convex. Then the set of feasible parameters Xy C X
is convex, the optimizer 7*(x) : Xy — R* is continuous and piecewise linear and the
value function V*(x) : Xg — R is continuous, convex and piecewise quadratic.

1.2.3 Algorithms for Exact Convex Multi-parametric Quadratic
Programming

Based on the above results, the main steps of the off-line mp-QP solver are outlined
in the following algorithm [13]:
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Algorithm 1.3. Exact mp-QP.

Step 1. Let the current region be the whole polyhedron X C R".

Step 2. Choose a vector xp in the current region by solving the linear program
(LS5)—(L.58).

Step 3. For x = x(, compute the corresponding optimal solution (zy, Ag) by solv-
ing a QP.

Step 4. Determine the set of active constraints when z = zg, x = x¢, and build G,
W, S.

Step 5. If r = rank G is less than the number [ of rows of G, take a subset of r
linearly independent rows and redefine G, W, S accordingly.

Step 6. Determine i(x), Z*(x) from and (.63).

Step 7. Characterize the CRy from and (L.67).

Step 8. Define and partition the rest of the region as illustrated in Fig.

Step 9. For each nonempty new sub-region, go to step 2.

Step 10. When all regions have been explored, for all polyhedral regions where
7" (x) is the same and whose union is a convex set, compute such a union.

In conclusion, Algorithm 1.3 provides the explicit solution z*(x) to the mp-QP prob-
lem (L.33)—(L.34)), as the piecewise affine function:

z*(x):Kix—Fhi ifDix<d;,i=1,2,...,N,, (1.69)

where the polyhedral sets Dix < d;, i = 1,2, ..., N, are critical regions that form a
partition of the given set of states X.

1.2.3.1 Efficient Implementation of the Exact Approach to Explicit Solution
of mp-QP Problems

1. Main theoretical result.

As noted in [72], the main drawback of this algorithm is that the regions R; are
not related to optimality, as they can split some of the critical regions like CR; in
Fig.[L6(d). A consequence is that CR; will be detected at least twice. The approach
in [72] modifies the explicit approach in [12, 13] by analyzing several properties of
the geometry of the polyhedral partition and its relation to the combination of active
constraints at the optimum of the quadratic program. Based on that, they derive a
new exploration strategy for sub-dividing the parameter space, which aims to:

(1) Avoid unnecessary partitioning.

(2) Avoid the solution to LP problems for determining an interior point in each new
region of the parameter space.

(3) Avoid the solution to the QP problem for such an interior point.



1.2 Convex Multi-parametric Quadratic Programming 29

As a consequence, there is a significant improvement of efficiency with respect to
the algorithm in [12, 13]. Before describing the main idea of the approach in [72],
some definitions are made [72]:

Definition 1.2. Let z*(x) be the optimal solution to (L33)-(L34) for a given x.
We define active constraints the constraints with G'z*(x) — Wi — S'x = 0 and in-
active constraints the constraints with G'z*(x) — Wi — S'x < 0. The optimal ac-
tive set o/*(x) is the set of indices of active constraints at the optimum .o7*(x) =
{i| G'z*(x) = W' + Six} (a superscript index is used to denote a row of a matrix).
We also define as weakly active constraint an active constraint with an associated
zero Lagrange multiplier A; and as strongly active constraint an active constraint
with a positive Lagrange multiplier A;.

Definition 1.3. For an active set, we say that the linear independence constraint
qualification (LICQ) holds if the set of active constraint gradients are linearly inde-
pendent, i.e. G has full row rank.

Below, the linear expression of the PWL function z*(x) over the critical region CRy
is denoted by zj (x).

Definition 1.4. Two polyhedra are called neighboring polyhedra if they have a com-
mon facet.

Definition 1.5. Let a polyhedron X be represented by Agx < b. We say that Af)x <
b' is redundant if Aéx <bVj#i= Af)x < b' (i.e. it can be removed from the
description of the polyhedron). The inequality i is redundant with degree h if it is
redundant but there exists a s-dimensional subset ¥ of X such that Af)x = b for all
xeY.

Let us consider a hyperplane defining the common facet between two polyhedra
CRy, CR; in the optimal partition of the state space. There are two different kinds of
hyperplanes [72]. The first (Type I) are those described by (I.66), which represent
a non-active constraint that becomes active at the optimum as x moves from CR to
CR;. This means that if a polyhedron is bounded by a hyperplane which originates
from (66, the corresponding constraint will be activated on the other side of the
facet defined by this hyperplane. In addition, the corresponding Lagrange multiplier
may become positive. The other kind (Type II) of hyperplanes which bounds the
polyhedra are those described by (I.67). In this case, the corresponding constraint
will be non-active on the other side of the facet defined by this hyperplane. This is
formulated in the following theorem [72]:

Theorem 1.8. Consider an optimal active set {iy, iz, ..., iy} and its corresponding
n-minimal representation of the critical region CRy obtained by (L.66)-(1.67) after
removing redundant inequalities. Let CR; be a full-dimensional neighboring critical
region to CRy and assume LICQ holds on their common facet ® = CRy('¥ where
W is the separating hyperplane between CR( and CR;. Moreover; assume that there
are no constraints which are weakly active at the optimizer 7*(x) for all x € CRy.
Then:
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Type I If ¥ is given by G'*+1zj(x) = Wik+1 4 S'+1x, then the optimal active set in
CR,' is {il,...,ik,ik+]}. )
Type IL If YV is given by Af(x) = 0, then the optimal active set in CR; is

{in, ooy ik b

In degenerate cases, when the LICQ condition does not hold or there are weakly
active constraints, Theorem[L8] provides no conclusion. In particular, when moving
across the facet of one critical region there may not be a single unique critical region
that shares the same facet, [67]. As discussed in [72, 73, 67, 69], the method in
[12, 13] is effective to handle these special cases.

2. Example.

The example represents a Model Predictive Control (MPC) problem for a double
integrator [72, 40], which is transformed into the equivalent mp-QP problem (L.33))—
(L34) with H, G, W, S given by:

1.079 0.076
- {0.076 1.073} (1.70)
7 [10-1 0 0.050.05-0.05 -0.05
G {01 0 -1 0 005 0 —0.05 (47D

Wi=[111105050.50.5] (1.72)

o {1.0 09-10-09 0.1 0.1 —0.1 0.1}

1413-14-13-09-09 09 09 (1.73)

The partitioning starts with finding the region where no constraints are active. As
the mp-QP is created from a feasible MPC problem, the empty active set will be op-
timal in some full-dimensional region (%) = @ and G, W and § are empty matrices,
Z"(x) = 0). This critical region is then described by 0 < W + Sx which contains 8
inequalities. Two of these inequalities are redundant with degree O (#2 and #4), the
remaining 6 hyperplanes are facet inequalities of the polyhedron (see Fig.[[.7(a)).
By crossing the facet given by ¥}, defined by inequality 1 and of Type I, as predicted
by Theorem [L8] the optimal active set across this facet is 7 = {1}, which leads to
the critical region CR; (see Fig.[[.7b)). After removing redundant inequalities we
are left with an n-minimal representation of CR; containing 4 facets. The first of
these is of Type II, A; (x) = 0. The other three are of Type 1. These are inequalities
#2, #6 and #7. Consider first the other side of the facet which comes from A (x) =0,
see Fig.[[.7lc). The region should not have constraint 1 active, so the optimal active
set is @7 = (. This is the same combination of active constraints as 2%, as expected,
so @/ is not pursued. Next, consider crossing the respective facets of inequalities
#2, #6 and #7, see Fig. [L7(d)-Fig. [[Z(f). This results in three different active sets:
s ={1,2}, oy = {1,6} and o5 = {1, 7}. The sets o7 and <7 lead to new poly-
hedra as shown in the figures. The combination .o#5 leads to an interesting case of
“degeneracy”. The associated matrix G has linearly dependent rows, which violates
the LICQ assumption. In this case, <7 leads to an infeasible part of the state space.
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0.5 0.5
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Fig. 1.7 Parameter space exploration strategy in [72].

The parameter space partition of the explicit solution to the mp-QP characterized
by (LZ0)—-(TZ73) has 14 polyhedral critical regions and it is given in Fig. [[.8]

1.2.4 Remarks on Alternative mp-QP Algorithms

This section has described in mp-QP algorithms presented in [13] and [72]. A com-
bination of these algorithms, that uses the strategy of [72] to step over facets between
neighboring regions, in combination with the QP solution of [13] in order to iden-
tify the optimal active set, is given by [4]. Like the algorithm in [72], it depends
on the facet-to-facet property and the modifications described in [69] are useful.
The mp-QP algorithm of [4] is the primary mp-QP algorithm of the widely used
Multi-Parametric Toolbox (MPT), [46].

The combinatorial approach of [65] considers the combinations of potentially
optimal active constraints. In many cases, this is not efficient since it tends to lead
to many critical regions that are not full dimensional and must therefore be disre-
garded. An approach that exploits double representation (vertices and hyperplanes)
of polyhedrons was given in [57]. It was shown in [34] that a more efficient
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Partition of state space

Fig. 1.8 Partition of the explicit solution to the mp-QP characterized by (L.Z0)—(T.Z3).

“non-geometric” combinatorial algorithm can be implemented by pruning infea-
sible candidate active sets.

Approximate and sub-optimal mp-QP algorithms have also been proposed, pur-
suing close approximations of lower complexity. The algorithm of [39] relies on an
orthogonal partitioning of the parameter space that is built recursively to achieve
an acceptable guaranteed maximum approximation error when approximating the
solution with an affine function within each hyper-rectangle of the parameter space.
A similar approach was taken in [9], using a simplex partition instead of hyper-
rectangles, and in [64] that exploits the Delaunay tessellation. A reformulation of
the MPC problem solving a sequence of simpler explicit MPC problems of horizon
N =1 and a nested sequence of terminal sets, a la dynamic programming, was pro-
posed in [33]. Another sub-optimal approach based on short horizons was proposed
in [40]. The use of nested invariant sets and interpolation techniques is pursued for
approximations in [55]. An approximate solution for explicit MPC using set mem-
bership approximation has been introduced in [17]. While all the above approxima-
tions lead to PWA representations, [48] considers polynomial approximations.

For further review of existing algorithms, as well as multi-parametric linear pro-
gramming (mp-LP) algorithms, we refer to [2].

1.3 Evaluating Piecewise Functions

Both mp-NLP and mp-QP algorithms provide the solution as some piecewise func-
tion representation, where the function pieces are defined a polyhedral partitioning
into regions. All mp-QP algorithms, and most mp-NLP algorithms, return affine
function pieces. Since the complexity of representation may be large even for rel-
atively low order systems with constraints on some horizon (often thousands of
regions), explicit MPC depend on efficient methods to evaluate piecewise functions.
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The direct approach is to evaluate directly for each region if the current parameter
(given by the current state, plus other auxiliary variables, perhaps) belongs to that
region. This is clearly computationally demanding and may require more computa-
tions than solving the corresponding QP using an active-set solver, in particular if a
good initialization is available for warm start. Still, it is very simple, and may even
be very fast if implemented on a massively parallel computer architecture. The par-
allel implementation is entirely straightforward since all regions can be evaluated
concurrently.

A much more computationally efficient approach was proposed in [71, 74], re-
lying on a binary search tree representation of the polyhedral partitioning where at
each level of the search tree one is able to exclude a significant fraction of the re-
maining candidate regions by evaluating on which side of a given hyperplane the
current parameter belongs (typically a reduction of 1/3 is possible to achieve, as a
rule of thumb). Hence, due to logarithmic complexity in the number of regions, the
search among thousands of regions would amount of evaluating less than 20 hyper-
planes. For mp-QP, the weakness of this approach is that extensive off-line com-
putations are needed to construct a balanced binary search tree, and the piecewise
function representation may still require extensive on-line computer memory. This
is also true for methods that exploit optimal algorithms for selection of the hyper-
planes for decisions [29]. To address this issue, the use of a truncated binary search
tree in combination with direct search [6] or the lattice representation of piecewise
linear functions [5] has been proposed. The realization of such piecewise affine
function evaluation algorithms in dedicated hardware is investigated in [60, 41]. It
should be mentioned that orthogonal partitions such as [38, 39] builds such a binary
search tree as an integral part of the multi-parametric programming strategy.

Data structures other than binary search trees are also useful to support efficient
evaluation. Bounding-boxes [19] and hash-tables [7] are proposed as supporting
data structures to efficiently narrow down the search for the optimal polyhedral
regions.

In MPC, the parameter (state) at one time instant is likely to be close to the pa-
rameter at the previous time instant, due to the continuity of trajectories of dynamic
systems. Several algorithms have been proposed to build data structures that repre-
sent the topology of the polyhedral partitioning in order to quickly identify neigh-
boring regions along the path from one parameter to the next parameter [68, 75].

Complexity of piecewise function representations can also be reduced by joining
convex unions of polyhedrons, which share the same affine function piece (for the
first control sample) [10]. In particular, the fact that input saturation will typically
occur in a large number of regions can be directly exploited, [47]. Several methods
for further compression of representation and efficient evaluation are investigated in
[70].
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Chapter 2
Nonlinear Model Predictive Control

Abstract. A nonlinear model predictive control (NMPC) strategy requires the for-
mulation of an optimization problem. For online NMPC the nonlinear program-
ming problem must be solved numerically at every sampling interval, while explicit
NMPC assumes that an explicit representation of the solution can be computed using
multi-parametric nonlinear programming. This chapter considers the formulation of
the optimization problem, which is an essential part of the control design and in-
volves numerous decisions that are important for the control performance, stability,
and robustness as well as the computational complexity and the numerical chal-
lenges of computing the solution. Key elements are discretization and parameteri-
zation procedures that leads to a finite-dimensional numerical optimal control prob-
lem that can be addressed using e.g. direct single shooting, direct multiple shooting,
or collocation methods. Fundamental properties like feasibility and continuity of
solutions are discussed, before various modifications that are needed to explicitly
guarantee stability, feasibility, and robustness, are discussed. We then discuss fur-
ther extensions for handling integer variables, output feedback, decentralized and
distributed implementations, before some remarks on numerical and computational
challenges are discussed at the end.

2.1 Introduction

Consider the problem of controlling a multi-variable nonlinear system, subject to
physical and operational constraints on the input and state. Well known systematic
nonlinear control methods such as feedback linearization, [59, 83, 94], and construc-
tive Lyapunov-based methods, [69, 109], lead to very elegant solutions, but they de-
pend on complicated design procedures that does not scale well to large systems and
they are not developed in order to handle constraints in a systematic manner. The
concept of optimal control, and in particular its practical implementation in terms
of Nonlinear Model Predictive Control (NMPC) is an attractive alternative since the
complexity of the control design and specification increases moderately with the
size and complexity of the system. In particular for systems that can be adequately
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modeled with linear models, MPC has become the de-facto standard advanced con-
trol method in the process industries, [100]. This is due to its ability to handle large
scale multi-variable processes with tens or hundreds of inputs and states that must
fulfill physical and operational constraints.

MPC involves the formulation and solution of a numerical optimization prob-
lem corresponding to a finite-horizon optimal control problem at each sampling
instant. Since the state of the system is updated during each sampling period, a new
optimization problem must be solved at each sampling interval. This is known as
the receding horizon approach. With linear models the MPC problem is typically
a quadratic or linear program, which is known to be convex and for which there
exists a variety of numerical methods and software. While the numerical complex-
ity of linear MPC may be a reasonable challenge with powerful computers being
available, there is no doubt that NMPC is limited in its industrial impact due to the
challenges of guaranteeing a global (or at least sufficiently good) solution to the
resulting nonlinear optimization problem within the real-time requirements ([101]).
Other limiting factors are the challenges of developing nonlinear dynamic models
and state estimators. The nonlinear programming problem may have multiple lo-
cal minima and will demand a much larger number of computations, even without
providing any hard guarantees on the solution. However, it is a powerful approach
of great promise that has proven itself in several applications, [101, 45], and with
further research in the direction of numerical implementation technology and ex-
plicit NMPC methods, it may strengthen its position as the most powerful method
available for certain classes of systems.

NMPC has its roots in nonlinear optimal control theory that was developed in
the 1950’s and 1960’s, resulting in powerful characterizations such as the maximum
principle, [7] and dynamic programming, [12]. In the direct numerical optimal con-
trol literature, [57, 36, 19, 23, 17, 48, 24, 113], numerical methods to compute open
loop control trajectories were central research topics. Problem formulations that in-
cluded constraints on control and state variables were treated using numerical op-
timization. NMPC involves the repetitive solution of an optimal control problem at
each sampling instant in a receding horizon fashion. Unfortunately, there is no guar-
antee that the receding horizon implementation of a sequences of open loop optimal
control solutions will perform well, or even be stable, when considering the closed
loop system. This challenge, in combination with the tremendous success of lin-
ear MPC in the process industries, [100], lead to an increasing academic interest in
NMPC research with focus on stability analysis and design modifications that guar-
antee stability and robustness. The early results [31, 63, 84] boosted a large series
of research, including [87, 2, 32, 93, 108, 79, 80, 60, 85]. Industrial applications of
NMPC have been reported, and are surveyed in [101, 45].

One of the early contributions of NMPC are given in [73], that uses lineariza-
tion procedures and Gauss-Newton methods to provide a numerical procedure for
NMPC based on SQP that makes only one Newton-iteration at each sampling in-
stant. Theoretical results are also given in [74]. The continuation/GMRES method
of [97] is based on a similar philosophy of only one Newton-iteration per sample,
while it is based on interior point methods. Recent NMPC research along similar
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ideas has benefited considerably from progress in numerical optimization, being
able to take advantage of structural properties on the NMPC problem and general
efficiency improvements, e.g. [18, 39, 114, 124], in addition to important issues such
as robustness [81, 78, 76].

2.2 NMPC Optimization Problem Formulation

This section will focus on the formulation of the NMPC problem, leading to a for-
mulation such as (I.I)-(I.2), while the detailed issues related to its numerical so-
lution are postponed until section 23] It is, however, important to have in mind
that these two issues are closely linked. While the NMPC problem formulation is
driven by the specification of the control objective, constraints and dynamic model
formulations, one should also consider potential numerical challenges at this point.
In particular, important characteristics of the tradeoff between numerical accuracy,
computational complexity and complexity of an approximate explicit representa-
tion, are determined already at the point when the NMPC optimization problem is
formulation through discretization, choice of parameterizations, and choice of de-
cision variables and constraint formulations in the optimization problem. Some of
these relationships are treated also in this section, together with fundamental proper-
ties of the optimization problem, including stability, convexity and the link between
controllability and well-posedness of the optimization problem.

2.2.1 Continuous-Time Model, Discretization and Finite
Parameterization

This section will introduce a basic nonlinear optimal control formulation starting
from a continuous time model and a finite horizon where the objective is to minimize
a cost function

T

J(u[0,T],x[0,T]) = / (x(2),u(t),t)dt+S(x(T),T) (2.1)
0
(2.2)
subject to the inequality constraints for all ¢ € [0, 7]
Umin < u(t) < Umax (2.3)
g(x(r),u(r),r) <0 2.4)
and the evolution of the ordinary differential equation (ODE) given by
d
030 = F(0)u(e) 1) 25)

with given initial condition x(0) € R”. The function ¢ is know as the stage cost, S
is the terminal cost, 7 > 0 is the horizon, and together these define the cost
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function J. The evolution of the state x(¢) is given by the function f according to
(233D and depends on the input signal u(r) € R™ and time ¢, and forms an infinite-
dimensional equality constraint to the optimal solution in the formulation above. In
addition there is saturation on the input with minimum and maximum thresholds
Upin and uy,,,, respectively, and general inequality constraints jointly on states and
inputs, point-wise in time ¢ € [0,T], defined by the function g. These constraints
may result from both physical and operational constraints of the control system and
stability-preserving terminal sets that will be discussed later in section [Z.2.3] see
also [85].The properties of ¢ and S have consequences for the control performance,
including stability, and must be carefully understood and tuned, [85]. We will re-
turn to this important issue in section[2.2.3] The explicit time-dependence in f,g, £
allows for time-varying reference trajectories, known disturbances and exogenous
input signals to be accounted for in the optimal control problem formulation. The
solving multi-parametric programs, the time or some parameterization of these ex-
ogenous signals, should then be included in the parameter vector. Throughout this
chapter we implicitly assume all the functions involved satisfy the necessary regu-
larity assumptions, such as continuity and smoothness.

The above formulation basically defines an infinite-dimensional optimal control
problem whose solution can be characterized using classical tools like calculus of
variations, Pontryagin’s maximum principle ([7]) and dynamic programming, [12].
In these indirect methods such characterizations of the solution can help us only in
a very limited number of special cases to find an analytic exact representation of the
solution.

Although numerical solutions can be found based on the characterizations of the
indirect methods, in the context of NMPC we choose to restrict our attention to
so-called direct methods that seems most promising and popular. They are charac-
terized by discretization and finite parameterization being introduced in the optimal
control problem formulation which is then directly solved with numerical methods.
The principle of NMPC is to repeatedly solve finite-horizon optimal control prob-
lems of the above kind at each sampling instant. This means that the initial state
x(0) to (23)) is viewed as the current state based on the most recent measurements,
and the optimal control trajectory u[0, T] solving the above problem is implemented
for a short period of time (usually one sampling interval, typically much smaller
than 7') until the procedure is repeated and an updated optimal control trajectory
is available. However, the solution of the above optimal control problem, requires
reformulations for the following reasons:

e The solution to the ordinary differential equation (2.3) with given initial condi-
tions must generally be based on discretized to be handled by numerical inte-
gration since exact closed-form solutions of the ODE are usually not possible to
formulate in the general nonlinear case. Viewed in a different way, the infinite
number of equality constraints (2.3) must be represented by a finite approxima-
tion.

e The infinite-dimensional unknown solution [0, '] should be replaced by a finite
number of decision variables to be able to define a finite-dimensional optimiza-
tion problem that can be solved using numerical optimization.
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e Measurements are typically sampled data available only at the sampling instants,
such that an updated initial state x(0) will normally be available only at defined
sampling instants.

e Arbitrary control trajectories cannot be implemented since typically the control
command can only be changed at defined sampling instants and is typically as-
sumed to be constant (or some other simple sample-and-hold function such as
linear) between the sampling instants.

In order to reformulate the problem into a finite-dimensional and practical setting,
we will make the following assumptions that will allow the integral and differentia-
tion operators to be approximated by numerical integration methods.

The horizon T is finite and given.

The input signal u[0, 7] is assumed to be piecewise constant with a regular sam-
pling interval #; such that 7 is an integer multiple of f,, and parameterized by a
vector U € R? such that u(¢) = u(¢,U) € R" is piecewise continuous.

e An (approximate) solution to is assumed to be defined in the form x(¢) =
¢(z,U,x(0)) at N discrete time instants Ty = {#1,1,, ...,y } C [0, T] for some ODE
solution function ¢(+). The discrete set of time instants T results from discretiza-
tion of the ODEs and its time instants may not be equidistant. A simulation of
the ODEs embedded in the function ¢(-) may incorporate additional intermediate
time-steps not included in 7y, since the purpose of Ty is primarily to discretize
the inequality constraints (2.3)-(2.4)) at a finite number of representative points
in time and to approximate the integral in (2.1 with a finite sum. In general, the
time instants 7; need not coincide with sampling instants.

The assumption of given horizon 7T is typical for many NMPC problems, but there
are important exceptions such as minimum-time formulations in e.g. robotics, [112],
batch process control ([46, 91, 92]), and other problems such as diving decompres-
sion ([41]), where the horizon T may be considered a free variable. The resulting
modifications to the problem formulations may lead to additional challenges related
to the time discretization and may make the optimization problem more challenging.

The basis for the NMPC is the nominal model (2.3, and we remark that model
uncertainty, unknown disturbances and measurement errors are not accounted for in
this formulation of the NMPC problem. Various extensions and variations that can
relax many of the assumptions above can be made relatively easy as straightforward
modifications to the basic problem formulation. For simplicity of presentation, we
stick to the formulation above and return to some alternatives and opportunities that
will be discussed in later sections.

The parameterization of the input signal i (¢,U) on the horizon ¢ € [0,T] is im-
portant and will influence both the control performance and computational perfor-
mance. In general, it should satisfy the following objectives

e Be sufficiently flexible in order to allow for a solution of the reformulated optimal
control problem close to the solution original problem @.I)-2.3).

e Be parsimonos in the sense that it does not contain unnecessary parameters that
will lead to unnecessary computational complexity, complexity of an approxi-
mate explicit representation, and numerical sensitivity.
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e Be implementable within the capabilities of the control system hardware and
software, meaning that particular consideration may be needed for any parame-
terization beyond a piecewise constant input trajectory that is restricted to change
its value only at the sampling instants.

Based on the last very practical point, a general choice is the piecewise constant
control input u(z,U) = U for #, <t < ;41 parameterized by the vector
U = col(Uy,...,Uy_1) € R™ . Practical experience shows that the receding horizon
implementation offers considerable flexibility for a NMPC to recover performance
due to sub-optimality at each step. Consequently, it is common practice to imple-
ment move-blocking strategies such that a smaller number of parameters is required
by restricted the input from change at every sampling instant on the horizon, in
particular towards the end of the horizon. For example, MPC has been successfully
implemented for stable plants based on linear models by optimizing a constant input
on the whole horizon, [100].

2.2.2 Numerical Optimal Control

In this section the basic optimal control formulation in section 2.2.1lis reformulated
into a form suitable for numeric solution by a nonlinear optimization solver.

As classified in [39] there are two main avenues to direct numerical optimal
control

e The sequential approach. The ODE constraint is solved via numeric sim-
ulation when evaluating the cost and constraint functions. This means that the
intermediate states x(¢1),....,x(ty) disappear from the problem formulation by
substitution into the cost and constraint functions, while the control trajectory
parameters U are treated as unknowns. This leads to a sequence of simulate-
optimize iterations, often known as Direct Single Shooting, [57, 105, 68].

e The simultaneous approach. The ODE constraints (2.3) are discretized in time
and the resulting finite set of nonlinear algebraic equations are treated as non-
linear equality constraints. The intermediate states x(f;),....,x(¢y) are treated as
unknown variables together with the control trajectory parameters U, and the cost
function is evaluated simply by replacing the integral (Z.I)) by a finite sum. This
leads to simultaneous solution of the ODEs and the optimization problem with
a larger number of constraints and variables. The most well known methods of
this type are Direct Multiple Shooting, [36, 23, 24, 72], and Collocation methods,
[116, 19, 113].

It is fair to say that all the above mentioned approaches have advantages that could
make them the method of choice when considering a specific problem:

e The simultaneous approach involves a larger number of constraints and variables
and therefore leads to “bigger problems”. On the other hand, the cost and con-
straint function evaluation is much simpler and there are structural properties of
the equations and numerical advantages that can be exploited in some cases. This
will be discussed in section2.3]
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e Neglecting errors due to discretization and numerical approximations, all meth-
ods results in the same optimal control trajectory. Hence, one may expect the
main difference between these alternatives to be related to numerical properties
and complexity of computation and explicit representation. Numerical accuracy
of the solution is a consequence of discretization, round-off errors, sensitivity
to initial conditions and input, differences in linear algebraic methods, etc. and
must be balanced against computational cost. These aspects will be treated in
more detail in section2.3]

e Nonlinear optimization problems are generally non-convex, and the convergence
and success of a given optimization algorithm depend largely on the initial guess
provided for the solution. The sequential and simultaneous approach are in this
sense fundamentally different, since the simultaneous approach not only requires
an initial control trajectory guess, but also one for the state trajectory. The avail-
ability of a good initial guess for the state trajectory is an advantage that can be
exploited by the simultaneous approach. On the other hand, the presence of non-
linear equality constraints (which by definition are non-convex) in the simultane-
ous approach, one cannot expect feasible initial guesses, which has consequences
for the choice of numerical methods, and will be further discussed in section[2.3]

e The sequential approach may use more or less arbitrary and separate ODE and
optimization solvers, which may in some cases be simple and convenient when
compared to the simultaneous approach that tend to require more specialized and
integrated numeric software combining these tasks. This may be a particularly
important issue for industrial users that must use software tools based on an ex-
tensive set of requirements and constraints.

2.2.2.1 Direct Single Shooting

In direct single shooting ([57, 105, 68]), the ODE constraint (2.3)) is eliminated by
substituting its discretized numerical solution x() = ¢ (#,U,x(0)) into the cost and
constraints;

M=

V*(x(0)) = min V(U;x(0)) 2

UcRp E(d)(t/ﬁU7x(0)>mu(tk7U)7tk>(tk_tkfl)

k=1
+S(¢(7,U,x(0)),T) (2.6)
subject to
Upmin < .u(tka) < Upax, €Ty 2.7
g((P([]ﬁU7X(0)),H([k7u)7[k) S 07 I € Td (28)

and the ODE solution function ¢(+) is the result of a numerical integration scheme.
In its simplest form, an explicit integration scheme may be used

x(l‘k+1) = F(x(tk),u(tk,U),tk), x(l‘o) = x(()) given, 2.9)
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fork=0,...,N — 1, leading to

(p(tkaUax(O)) = F(...F(F(X(O),H([(),U),l()),,l,l([]7U)7[1)7...,H([k_l,U),lk_l)
(2.10)

However, ¢ (#,U,x(0)) may also be computed using any other (implicit) discretiza-
tion scheme in the simulation.

The problem (2.6) - (2.8) is a nonlinear program in U parameterized by the ini-
tial state vector x(0) and time, and hence in the multi-parametric nonlinear pro-
gramming form (LI)-(2). Dependence on time-varying external signals such as
references and known disturbances are left implicit in order to keep the notation
simple. They can be included in the parameter vector in a straightforward manner.
The receding horizon MPC strategy will therefore re-optimize U when new state
or external input information appears, typically periodically at each sample. We as-
sume the solution exists, and let it be denoted U*.

We note that the introduction of common modifications such as terminal con-
straints and infeasibility relaxations still gives a nonlinear multi-parametric pro-
gram, but with additional decision variables and constraints.

2.2.2.2 Direct Collocation

In direct collocation ([116, 19, 113]) the numerical solution for x(#) is not substi-
tuted into the cost and constraint functions, but the associated nonlinear algebraic
equations resulting of an ODE discretization scheme are kept. Hence, the variables
x(ty), k=1,...N are treated as unknown decision variables:

Vi(0) = UeRﬂ,x(tl)n]llg”I?..., (tN)eR"V(U7x(tl)7mJ(tN);x(O))
& Zz w(te,U), ) (tx — ti1) + S(x(tn), T) (2.11)
subject to
Umin < ,u(tkv ) < Upmax, €Ty (2.12)
glx(te), 1 (1, U), 1) <0, tk €Ty (2.13)
F(x(tk+1)7x(tk) (l‘k7 ) k) = 0 = , N*l (2.14)
x(to) = x(0 ) given (2.15)

where F is a function defined by the discretization scheme of the ODE (2.3)). We
observe from (2.14) that it directly allows for implicit numerical integration methods
to be used, and that the algebraic equations resulting from the implicit integration
scheme will be solved simultaneously with the optimization.

The problem Z.11) - Z.13) is a nonlinear program in the variables U, x(t;), ...,
x(ty) parameterized by the initial state vector x(0). It is therefor in the multi-
parametric nonlinear programming form (LI)-(L.2), except that equality constraints
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are present. They pose no difficulty, as they should always be included in the optimal
active set, and can be treated by standard nonlinear programming solvers. In addi-
tion, dependence on time-varying external signals such as references and known
disturbances are left implicit in order to keep the notation simple. The receding
horizon MPC strategy will therefore re-optimize U when new state or external input
information appears, typically periodically at each sample. We assume the solution
exists, and let it be denoted U*,x*(11),...,x* (tn).

2.2.2.3 Direct Multiple Shooting

Direct multiple shooting ([36, 23, 24, 72]) combines elements of both direct single
shooting and direct collocation. It is a simultaneous approach in the sense it refor-
mulates the ODE to a set of nonlinear algebraic equality constraints that are
solved simultaneously with the optimization. It differs from the direct collocation
method since an ODE solver is used to simulate the ODE (2.3) in each time interval
e <t <try fork=0,...N—1:

V*(x(0)) = UERP( (tl)r7n17n( ))TERHNV(U,x(tl),...,x(tN);x(O))
= ZE l‘k7 ) tk)([kftk_1)+S(X(IN)7T) (2.16)
subject to
Umin < ,u(tkv ) < Umax, €Ty (2.17)
8(x(tc) (16, U)s 1) <0, e €Ty (2.18)
x(ti1) = ¢(x(t), (8, U) te), k=0,..,N—1  (2.19)
x(to) = x(0) given, (2.20)

where ¢ is a function defined by the simulation of the ODE (2.3). The main dif-
ference between direct multiple shooting and direct collocation is due to the use of
an arbitrary ODE solver between the time-instants in 7. Direct multiple shooting
may have advantages when adaptive discretization schemes are needed (due to stiff
dynamics, for example) since they might require a varying number of grid points
for each iteration of the solver. With multiple shooting this can in principle be hid-
den” within the direct single shooting solver used between each time-instant in 7},
while it directly leads to a change in the dimensions of the optimization problem at
each iteration with a direct collocation method. Direct multiple shooting decouples
the grids required for the point-wise discretization of the constraints (ZI8)) and the
discretization grid required to integrated the ODE. In a sense, direct multiple shoot-
ing provides additional flexibility compared to both direct single shooting and direct
collocation. On the other hand, direct collocation leads to a more sparse structure
that can be exploited by the numerical optimization solver.
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2.2.2.4 The Nonlinear Program — Feasibility and Continuity

This section summarizes some features of the numeric optimization problem re-
sulting from the direct approach to numerical optimal control in NMPC. Important
issues related to the well-posedness of the problem are reviewed. They are related to
existence and uniqueness of the solution and continuous dependence of the solution
on data such as the initial state x(0). These are again related to regularity properties
and fundamental properties such as controllability.

In summary, all formulations reviewed in this section lead to a nonlinear opti-
mization problem of the form

V*(0) =minV(z,0) (2.21)

subject to
G(z,0) <0 (2.22)
H(z,0) =0 (2.23)

where z is a vector of decision variables (control trajectory parameters, intermediate
states, slack variables, etc.) while 0 is a vector of parameters to the problem (initial
states, parameters of reference trajectories, exogenous inputs, etc.).

Existence of a solution corresponds to feasibility of the optimization problem.
We define the feasible set of parameters O as the set that contains all 6 for which
the optimization problem (2.21)-(2.23) has a solution z*(60)

Op = {z | there exists a z such that G(z,0) <0, H(z,0) =0} (2.24)

The feasible set is a result of the dynamics of the systems and basically all design
parameters of the NMPC problem. Generally speaking, it is desired to make this set
as large as possible while fulfilling the physical and operational constraints of the
control system. We will return to this design issue in section 223

The concept of controllability of nonlinear systems can be defined in several
ways. One may take a pragmatic point of view, and focus on conditions that leads to
feasibility of the solution, and continuity of the value function or solution as a func-
tion of the time-varying data 6 that includes the initial conditions (see section[[.T.4).
In the context of numerical optimal control, issues related to lack of controllability
or inappropriate design choices will typically manifest themselves in terms of in-
feasibility (no solution exists), indefiniteness of the Hessian (a global solution is not
found), or singularity or poor conditioning of the Hessian (the solution is not unique
and continuously dependent on the input data, or is highly sensitive to changes in
decision variables). The latter case means that small changes in the state may re-
quire very large control actions to compensate. Since the above sufficient optimality
conditions are practically impossible to verify a priori, these are important issues to
be analysed in the solution of the approximate multi-parametric programming algo-
rithms, based on output from the numerical solver and other verification methods,
in order to asses the quality of the NMPC design and identify problems related to
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lack of controllability or inappropriate design or tuning of the NMPC criterion and
constraints. It is a great advantage of explicit NMPC that this can be analyzed dur-
ing the design phase. The simplest special case for which strong properties can be
guarantees a priori is the case of joint convexity (see section[[..3.1)).

2.2.3 Tuning and Stability

The specification of the NMPC control functionality and dynamic performance is
essentially provided through the cost function and the constraints. We will not go
into details on the practical tuning tradeoffs and the types of physical and operational
constraints, but note that one may typically choose I, or [ type cost function

O(x,u,t) = ||x—rx(t))|2Q—|—||u—ru(t)||,2e (2.25)
O(x,ust) = [|Q(x — re(t))|[1 +[|R(u — ru(t)[ (2.26)

where the properties of the weight matrices Q >~ 0 and R > 0 are essential for per-
formance, and in some cases also stability. In the simplest case when there exists an
€ > 0 such that

(x,u,t) > 8(||x||2 + ||u||2) (2.27)

it is clear that all states and control actions are directly observable through the cost
function, an it follows intuitively that minimization of the cost function will influ-
ence all states that are controllable. Based on the similar arguments, it is in fact
sufficient for stabilization that only the unstable modes of the system are observable
through the cost function, such that Q > 0 may be sufficient if weights are given
on the unstable modes, [85]. In order to ensure uniqueness of the control trajec-
tory it is generally recommended that R > 0. In summary, conventional LQR tuning
guidelines (e.g. [7]) are very helpful as a starting point also for NMPC. We note that
parameterization of the reference trajectories ry(¢) and r, (¢) will enter the parameter
vector of the multi-parametric nonlinear program, and may significantly contribute
to complexity of the representation of an explicit solution approximation.

Although the effect of modeling errors and disturbances will be discussed in
section2.2.4.2] we remark that incorrect choice of the reference r,(¢) for the control
input may lead to a steady-state error that will be important to compensate for in
many applications.

NMPC is based on the receding horizon control principle, where a finite horizon
open loop optimal control solution is implemented until a new optimized control
trajectory is available at the next sampling instant. This leads to closed-loop con-
trol since each new optimized control trajectory is based on the most recent state
information. However, the numerical optimal control problem updated at each sam-
pling instant provides essentially an open-loop control trajectory. The finite-horizon
cost function imposes in principle no stability requirement by itself, and with an
unfortunate choice of design parameters (horizon 7', weight matrices Q and R, ter-
minal cost S, and certain constraints) the closed loop NMPC may be unstable. In
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particular for open loop unstable systems, it is important to understand how these
design parameters should be chosen to avoid an unstable NMPC.

2.2.3.1 Stability Preserving Constraints and Cost-to-Go

This section discusses stability of the NMPC in more depth, and how this property
is related to design parameters in the cost function and constraints. The description
will be fairly informal, and we avoid the technical details in order to focus on the
most important concepts. For simplicity we assume that the objective is regulation
to a constant set-point r. Further details and a more rigorous treatment of the topic
are found in [32, 85, 87, 63, 84], and we remark that the concepts relevant for NMPC
are essentially the same as for linear MPC.

The following principles are generally useful to ensure stability of an NMPC
[85]:

e The control trajectory parameterization t(¢,U ) must be “sufficiently rich” - most
theoretical work assume piecewise constant control input trajectory that is al-
lowed to move at each sampling instant.

e From the optimality principle of dynamic programming, [12], an infinite horizon
cost may be expected to have a stabilizing property. Theoretically, this leads to an
infinite dimensional problem (except in simple special cases), so more practical
approaches are

— Sufficiently large horizon 7. However, it is not obvious to know what is large
enough, in particular for an open loop unstable system and when the con-
strained outputs are non-minimum phase (see [104] for results on the impor-
tance of the zero-dynamics of the constrained outputs for the linear case).

— A terminal cost chosen to approximate the cost-to-go, i.e. S(x(7T),T) =
JZ 7 €(x(t),u(t),t)dr such that the total cost function approximates an infi-
nite horizon cost. Unfortunately, the cost-to-go is generally hard to compute
and simple (quadratic) approximations are usually chosen.

e Terminal set constraints of the type x(ty) € £ that ensures that the state is reg-
ulated “’close enough” to the set-point such that after 7 it is a priori known that
there exists a feasible and stabilizing controller that will ensure that x(¢),r > T
never leaves {2 and eventually goes asymptotically to the set-point. There are
many algorithms based on this philosophy, some of them are defined as dual
mode NMPC ([87]) since they switch to a stabilizing simpler (non-NMPC) con-
trol law once 2 is reached, while others continue to use NMPC also in €2 with
the confidence that there exist an (explicit or implicit) stabilizing control law that
the NMPC may improve upon.

e Terminal equality constraints of the type x(tx) = r, [63], that ensures conver-
gence in finite time. This basically implies that the cost after time T is zero, and
is therefore related to both an infinite-cost strategy and a stability-preserving-
constraint strategy. However, this may be a demanding constraint, both due to
numerical issues of nonlinear equality constraints, and feasibility issues with a
short horizon 7.
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e Finally, the idea of choosing the cost-to-go to approximate an infinite-horizon
cost and the use of a terminal set may be combined. With the use of a terminal
set it will be sufficient to approximate the cost-to-go for states that are within the
terminal set, and simple tools like local linearization can be applied to make this
a fairly practical approach; [32].

A formal treatment of these issues are found in the references, see [85] for addi-
tional references. The main tools are the use of either the value function V*(x) as
a Lyapunov function, or investigating monotony of a sequences of function values.
Instead, we provide an example that is similar to the method in [32].

Example. Consider the discrete-time non-linear system
X(ter1) = F(x(te), u(t)) (2.28)

where x € R” is the state, and u € R is the input. We assume the control objective is
regulation to the origin. For the current x(#; ), we formulate the optimization problem

V¥ (x(t)) = mUinJ(U,x(tk)) (2.29)
subject to xy = x(#) and

Ymin Syk+i|k < Vmax, I=1,..,N

Umin < Uk+i < Umax, 1= 07 17"'7N_ 17

Xk+N|k € (2.30)

Yqit 1k = F i urri), i=0,1,.,N—1

yk+,-|k = ka+i|ka i= 1,2, ...,N

with U = {ug,ujt 1, ..., ursn—1 } and the cost function given by
N 2 2 2
JU.x(t) = 3, (Ixicriel o+ il [R) + [xicewiel 7 (2.31)
i=0
The compact and convex terminal set €2 is defined by

Q={xeR"|x'Px<a} (2.32)

where P = PT = 0 and o > 0 will be specified shortly. An optimal solution to the
problem @.29)-@2.30) is denoted U* = {u;",u;, ,,...,u; y_, }, and the control input
is chosen according to the receding horizon policy u(#;) = u;. This and similar op-
timization problems can be formulated in a concise form

Vix) = rrgnJ(U,x) subjectto G(U,x) <0 (2.33)
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Define the set of N-step feasible initial states as follows
Xr = {x € R" |G(U,x) <0 for some U € RN} (2.34)

Suppose €2 is a control invariant set, such that Xy is a subset of the N-step stabi-
lizable set, [64]. Notice that the origin is an equilibrium and interior point in Xp.
It remains to specify P > 0 and o > 0 such that €2 is a control invariant set. For
this purpose, we use the ideas of [32], where one simultaneously determine a linear
feedback such that €2 is positively invariant under this feedback. Define the local
linearization at the origin

af JoF
0,0), B=

ox (0,0), du (

Now, the following assumptions are made:

e (A,B) is stabilizable.
e PO R>O.
[ ]
[ ]

A= 0,0) (2.35)

Yimin <0 < Ymax and in <0 < Upgy.
The function f is twice continuously differentiable, with f(0,0) = 0.

Since (A, B) is stabilizable, let K denote the associated LQ optimal gain matrix, such
that Ao = A — BK is strictly Hurwitz. A discrete-time reformulation of Lemma 1 in
[32] can be made, [61]:

Lemma 2.1. If P > 0 satisfies the Lyapunov-equation
AlPAG—P = —xP—Q—K'RK (2.36)

for some & > 0, there exists a constant o0 > 0 such that 2 defined in (2.32)) satisfies

1. QC¥E= {x eR" I Umin < —Kx < gy, ymin < Cx < ymax}'
2. The autonomous nonlinear system

(ts1) = F(x(t), —Kx(ty) 2.37)

is asymptotically stable for all x(0) € Q, i.e. Q is positively invariant.
3. The infinite-horizon cost for the system (2.37))

To(x(t)) = 3 (I1esiul 15 + | Ko gel [2) (2.38)
i=0

satisfies Jo(x) < xT Px for all x € Q.

Proof. In order to prove this result we first remark that the Lyapunov-equation
(236 is generally satisfied for sufficiently small k > 0 because Ay is strictly Hur-
witz and the right-hand side is negative definite. One may define a set of the form

Qo = {xeR" [ xX'Px< oy} (2.39)
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with oq > 0, such that Q,, C €, i.e. an ellipsoidal inner approximation €2, to the
polyhedron € where the input and state constraints are satisfied. Hence, the first
claim holds for all o € (0, 04].

Define the positive definite function W (x) = x” Px. Along trajectories of the au-
tonomous system (2.37) we have

W (x(ti 1)) — W (x(t)) = (Aox(te) + 0 (x())) " P (Aox(te) + ¢ (x(t)))
—xT (1) Px(ty)
= x" (1) (A§ PAg — P) x(1x) + ¢" (x(1x)) P9 (x(1r))
+x (1) (AG P+ PA) 9 (x(1r))

where ¢ (x) = F (x,—Kx) — Agx satisfies ¢(0) = 0. From (2.30)

W (x(tri1)) = W(x()) = —x" (1) (Q+ K" RK + xP) x(11)
(1) (A P+ PAo)9 (x(1)) + ¢ (x(1)) P (x(1r))
Let Ly be a Lipschitz constant for ¢ in €2, (which must exist because f is differ-
entiable). Since d¢/dx(0) =0 and ¢ is twice differentiable we can choose Ly > 0

as close to zero as desired by selecting o > 0 sufficiently small. Hence, there exist
o € (0,04] such that

W(x(ie1)) = Wx(n) < " () (5 P+Q+KTRK ) x(n)  (240)

for all x(#;) € Q and positive invariance of 2 follows since £ is a level set of W.
Notice that from (2.40) we have

W) ~W(0) < ~Jo(e(0) = ) 3 ()l (2.41)

and the third claim holds because W (x(e<)) = 0 for all x(0) € Q.
Hence, the result is proven, and it follows from [85, 32] that the RHC makes the
origin asymptotically stable with region of attraction equal to the feasible set XF.

A procedure for selecting P, k and o can be adapted from [32].

2.2.4 Extensions and Variations of the Problem Formulation

2.2.4.1 Infeasibility Handling and Slack Variables

Feasibility of the NMPC optimization problem is an essential requirement for any
meaningful state and reference command, and it is importance in practice that the
NMPC optimization problem is formulated such that feasibility is ensured as far
as possible by relaxing the constraints when needed and when possible. Obviously,
physical constraints like input saturation can never be relaxed, but operational con-
straints can generally be relaxed according to certain priorities under the additional
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requirement that safety constraints are fulfilled by a separate system (like an emer-
gency shutdown system, pressure relief valves, or by functions in a decentralized
control system). Stability-enforcing terminal constraints may also be relaxed in
practice, or even skipped completely, since they tend to be conservative and often
not needed when the NMPC is otherwise carefully designed, in particular for open
loop stable systems.

A general way to reformulate an optimization problem to guarantee feasibility is
to use slack variables (e.g. [118]). Taking the fairly general NLP formulation (Z.21))-
(2:23)) as the starting point, we reformulate it in the following way

Vi (0) =minV(z,0) +[[Wasll1 + [|Wyqll (2.42)
subject to
G(z,0) < (2.43)
H(z,0) = ¢ (2.44)
§s>0 (2.45)

where W = 0 and W, = 0 are weight matrices of appropriate dimension. They
are usually chosen such that the two latter penalty terms of (2.42) dominates the
first term in order to ensure that the feasibility constraints are not relaxed when not
needed. We observe that this formulation is still in the multi-parametric non-linear
programming form, although with an augmentation of the vector of decision param-
eters.

2.2.4.2 Robustness

Practical industrial experience shows that MPC tend to be inherently robust, [100,
101], even without any particular consideration in the design phase beyond ensuring
the accuracy of dynamic models and formulating realistic specifications in terms of
operational constraints, prediction horizon, and cost function weights. In addition,
mechanisms to handle steady state model errors (integral action like mechanisms)
are usually implemented, and the processes tend to have a low-level conventional
control system that stabilizes and counteracts uncertainties in the plant.

As a contrast to this practical experience, it is shown by examples, [55], that when
the NMPC problem involves state constraints, or terminal constraints in combina-
tion with short prediction horizons, the asymptotic stability of the closed-loop may
have not be robust. A necessary condition for lack of robustness is that the value
function and state feedback law are discontinuous, [55], while at the same time lack
of continuity does not necessarily lead to lack of robustness, [70].

There exist a wide range of NMPC formulations that include robustness into the
formulation of the optimization problem. One can mainly distinguish between three
types of approaches; stochastic NMPC, min-max NMPC, and mechanisms to avoid
steady-state errors.
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There are two formulations of min-max NMPC: the open-loop and the closed-
loop formulation (see [78] for review of the min-max NMPC approaches). The
open-loop min-max NMPC ([87, 75, 78]) guarantees the robust stability and the
robust feasibility of the system, but it may be very conservative since the control
sequence has to ensure constraints fulfillment for all possible uncertainty scenarios
without considering the fact that future measurements of the state contain informa-
tion about past uncertainty values. As a result, the open-loop min-max NMPC con-
trollers may have a small feasible set and a poor performance because they do not
include the effect of feedback provided by the receding horizon strategy of MPC.

Most min-max MPC robustness approaches assume a fairly simple additive un-
certainty model of the form

X1 = F (o, ug) +wi (2.46)

where some bound on the unknown uncertainty wy, is assumed. The conservativeness
of the open-loop approaches is overcome by the closed-loop min-max NMPC ([81,
78, 76]), where the optimization is performed over a sequence of feedback control
policies. With the closed-loop approach, the min-max NMPC problem represents a
differential game where the controller is the minimizing player and the disturbance
is the output of the maximizing player. The controller chooses the control input as a
function of the current state so as to ensure that the effect of the disturbance on the
system output is sufficiently small for any choice made by the maximizing player. In
this way, the closed-loop min-max NMPC would guarantee a larger feasible set and
a higher level of performance compared to the open-loop min-max NMPC ([81]).

Stochastic NMPC formulations are based on a probabilistic description of uncer-
tainty, and can also be characterized as open-loop [28, 62] and closed-loop [50, 6]
similarly to min-max robust NMPC as described above. They also share similar
challenges due to significantly increased computational complexity when compared
to nominal NMPC formulations.

The reformulation of nonlinear models as Linear Parameter Varying (LPV) mod-
els allows for the use of linear and bi-linear matrix inequality formulations of robust
NMPC, [5, 29, 119]. The embedding of nonlinear systems into the class of LPV
models

X1 = A(pr)xk + B(pr)uk +w(pr) (2.47)

causes loss of information in the model that leads to more conservative robust con-
trol. However, using tools of semi-definite and convex programming, [26], the LPV
re-formulation allows for the computational complexity to be significantly reduced
in many cases. In (2.47), p; is a parameter whose value is known to belong to some
bounded set, and some approaches also assume that its time-derivative has a known
bound, and the LPV re-formulation clearly allows a richer class of uncertainty to be
modeled, compared to (2.46).

Steady-state control errors may result if there are steady-state model errors. While
linear control design offers several tools to deal with this problem (including integral
action, integrating models in linear MPC, and others), not all of them are directly
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transferable to nonlinear systems. The commonly used cure for steady-state errors
in MPC, which can be directly transferred to NMPC, appears to be the use of a
state estimator or observer that estimates an input or output disturbance for direct
compensation in the NMPC cost function, [90, 99, 98, 25].

2.2.4.3 Observers and Output Feedback

Most formulations of nonlinear MPC assume state feedback. They are usually based
on state space models, e.g. [8, 45], although certain black-box using discrete-time
nonlinear input/output models have also been proposed [95, 1]. Since all states are
usually not measured, implementation of NMPC based on a state space model may
require a state estimator, which is often a critical component of an NMPC. State
space models have the advantage that they are most conveniently based on first
principles.

Although practical rules of thumb for observer design such as separation of time-
scales (typically one order of magnitude faster state estimator relative to the con-
trol loop response time) tend to be applicable in practical implementations also for
NMPC, there also exist a number of rigorous theoretical results on the stability of
the combination of observers with NMPC, see [43] for an overview. Although a
general separation principles does not exists for NMPC, there are some results in
this direction, [44, 86, 103].

2.2.44 Mixed-Integer MPC

General NMPC formulations based on nonlinear models suffer from the fact that it
is hard to verify whether the underlying optimization problem is convex or not, such
that in general it must be assumed to be non-convex. At the same time, all practi-
cal optimization solvers will assume some form of local convexity and guarantee
convergence only with good initial guesses for the solution. This challenge will be
further discussed in section 2.3l On the other hand, NMPC based on piecewise lin-
ear (PWL) models and cost functions will in general lead to mixed-integer linear
programs (MI-LP) for which there exists solvers that guarantee global convergence,
[117, 15, 14]. The equivalence between a wide class of hybrid systems models,
mixed logic models and PWL models, [56], makes this approach attractive in many
practical applications. Despite its applicability and importance, we only remark that
the MI-LP theory and software are well developed, and refer to the references above
and the large literature on MI-LP, [120].

Mixed-integer programming also allows for general classes of models that are
formulated using logic and integer variables, including on/off type of inputs and
system modes in combination with nonlinear dynamics. More generally, mixed-
integer nonlinear programming (MI-NLP) solvers are available for problems that
cannot be converted into PWL or equivalent form.
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2.2.4.5 Decentralized and Distributed NMPC

Recently, several approaches for decentralized and distributed implementation of
NMPC algorithms have been developed. A review of architectures for distributed
and hierarchical MPC can be found in [106]. The possibility to use MPC in a de-
centralized fashion has the advantage to reduce the original, large size, optimization
problem into a number of smaller and more tractable ones.

In [77], a stabilizing decentralized MPC algorithm for nonlinear systems con-
sisting of several interconnected local subsystems is developed. It is derived under
the main assumptions that no information can be exchanged between local control
laws, i.e. the coupling between the subsystems is ignored, and only input constraints
are imposed on the system. In [40], it is supposed that the dynamics and constraints
of the nonlinear subsystems are decoupled, but their state vectors are coupled in a
single cost function of a finite horizon optimal control problem. In [65], an opti-
mal control problem for a set of dynamically decoupled nonlinear systems, where
the cost function and constraints couple the dynamical behavior of the systems, is
solved.

2.3 Numerical Optimization

The topic of this book is on explicit NMPC, with the goal that numerical optimiza-
tion can be avoided in the online real-time computer. Still, nonlinear programming
solutions of NMPC problems is the work-horse in the offline computations that are
necessary to construct the data structures needed for the online explicit NMPC com-
putations. As a complement to the introduction to numerical optimization methods
in Chapter[Tl we selectively review some additional aspects of numerical optimiza-
tion methods that are particularly important for NMPC, both online optimization
and in offline multi-parametric nonlinear programming to construct explicit NMPC
solutions.

2.3.1 Problem Structure

The choice of numerical optimization solver strategy will have significant impact on
both the need for computational resources and the quality of the solution in online
NMPC as well as for the offline computations in explicit NMPC. In this context,
computational resources usually means the CPU time required for the solution to
converge to meet the tolerance requirements, while quality of solution is related to
lack of convergence or high sensitivity to initial guesses.

There are several features of NMPC problems that are relevant to consider

e Formulation of the numerical optimal control, e.g. sequential or simultaneous
approaches. The sequential approach leads to a smaller, denser problem with a
computationally complex cost function usually without nonlinear equality con-
straints, while the simultaneous approach leads to a larger, more structured, sparse
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problem with nonlinear equality constrains and relatively simple cost and con-
straint functions to evaluate.

e Online NMPC solves a sequence of numerical optimal control or estimation
problems, where the parameters of the problem are usually subject to fairly small
changes from one run to the next. There is usually benefits of warm starting the
next optimization run using the solution and other internal data from the previous
run as initial guesses, data or conditions. Likewise, neighboring solutions provide
useful warm start information also in multi-parametric nonlinear programming
for use in explicit NMPC.

e In online NMPC, the optimization will be repeated at the next sample, and the
optimization problem is formulated using uncertain data, it may not always be
essential that the solver has converged (or equivalently that the tolerances may
not need to be very strict) due to the forgiving effect of feedback in asymptot-
ically stable systems. However, a feasible solution is generally required at each
run in order to operate the control and monitoring systems. This means that prob-
lems tend to be re-formulated using slack variables with some prioritization of
constraints that can be relaxed, and that is it generally desirable to start the next
optimization run with a feasible initial guess generated from the previous run
such that even with a limited number of iterations one can guarantee feasibility.
Explicit NMPC will in general not give exact solutions, and various forms of
approximations are essential to limit the offline computations.

e Safety and reliability are essential features of most control and monitoring sys-
tems, which means that post-optimal analysis and checks on the quality of the
solution must usually be implemented. Issues such as non-convexity and non-
smoothness of models and constraints are essential to understand and take into
account. In explicit NMPC, such verification can be made offline, which means
that more rigorous testing can be made compared to online NMPC.

Although all NMPC problems have certain features in common, they may also differ
considerably with respect to size, models, cost functions and constraints. This means
that there will not be a single numerical method that will be the best, in general.
In section [[.T.3] we briefly outlined some commonly used numerical methods and
remark that sequential quadratic programming and interior point methods are most
commonly used in NMPC. Below, we discuss some important details that result
from the structure of NMPC problems.

2.3.1.1 Numerical Linear Algebra

At heart of both the QP sub-problems of SQP and the Newton-step of IP methods are
the solution of a set of linear algebraic equations resulting from the Karush-Kuhn-
Tucker conditions. Efficiency of the numerical optimization solver heavily depends
on the efficiency of solving this problem, since it will be repeated many times to-
wards the solution of the NLP at each sampling instant of an NMPC. Exploiting
structural properties is essential.

Sequential approaches such as direct single shooting formulation will in general
lead to a dense set of linear algebraic equations, for which there is not much structure
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to exploit. Simultaneous approaches such as direct multiple shooting and colloca-
tion methods retain a large set of nonlinear algebraic equations that links groups
of variables, where each group can be associated with the selected time-intervals.
Hence, the links between groups may be limited to the previous or next time-interval
only, leading to a sparseness structure that can be exploited in the numerical linear
algebra.

Generally, useful structural properties are often related to symmetry and positive
definiteness of the Hessian (approximation), sparseness and block-diagonal struc-
ture of the linear systems of equations, and what information from the previous
optimization run can be used to initialize the next run. Using factorization meth-
ods one may solve triangular equation systems efficiently, eliminate algebraic vari-
ables, and operate in reduced spaces to save computations. Being able to efficiently
maintain and update factorized matrices between the various iterations is usually
essential to implement this. We refer to excellent and comprehensive treatments in
[96, 39, 48, 47] and the references therein.

2.3.1.2 Initialization

A NLP problem may be closely related to the NLP problem at either the previ-
ous sampling instant in online NMPC, since the sampling interval is usually short
compared to the dynamics of the plant and the controller, or the NLP problem at
neighboring states (or parameters, more generally) in explicit NMPC. Assuming the
reference signals and other input to the controller changes slowly, this means that
the solution in terms of future input and state trajectories (for MPC problems) can
be time shifted one sampling period and still provide a reasonably accurate solution
to the next NLP. Assuming no uncertainty in MPC problems, this is a perfectly valid
assumption and is commonly used to guarantee feasibility at the next step in stabil-
ity arguments, e.g [108, 85]. Even without time-shifting, the previous solution itself
may also provide a good initialization for warm start purposes in NMPC, [24, 38].

Unlike SQP methods, IP methods can usually not make effective use of initial
guesses of the solution due to the reformulation of the KKT conditions that fol-
lows the parameterized center path controlled by the parameter T > O that is se-
quentially reduced towards zero. This does not necessarily imply that IP methods
are less suited for NMPC and NMHE problems, in particular for large scale prob-
lems where IP methods have advantages that may compensate for this shortcoming.
Modified IP methods that can efficiently incorporate warm start is a current research
topic, [49, 111].

Warm start is potentially most efficient when including data beyond just the so-
lution point, but also consider the internal data of the optimization algorithm such
as initial estimates of the Hessian approximation (in case exact Hessians are not
computed), or initial estimates of factorizations of the Hessian (approximation), ini-
tial estimates of optimal active sets, and other data. This is in particular a challenge
when the dimensions and structure of these internal data will change from one sam-
ple to the next. This may for example be the case in the simultaneous formulations
(in particular direct collocation) of numerical optimal control (see section 2.2.2)),
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since the discretization may be changed from one sample to the next, in general.
One must also have in mind that simultaneous formulations require that both state
and control trajectories are initialized, while sequential formulations only require
the control trajectory initialization. What is most beneficial will depend on the ac-
curacy of the available information for initialization, amongst other things. We refer
to [39, 58] and the references therein for a deeper treatment of this topic.

2.3.2 Computation of Jacobian and Hessian Matrices

The computation of the Jacobians of the cost and constraint functions is often the
main computational cost of numerical optimization methods, and even fairly small
inaccuracies in the calculation of the Jacobians due to may lead to severe conver-
gence problems.

Simultaneous approaches offer advantages over sequential approaches with re-
spect to Jacobian computations:

e The prediction horizon is broken up into several intervals where ODE solutions
are computed from given initial conditions. Since these intervals will be shorter
than the single interval of a single shooting approach, numerical errors due to the
ODE solver tend to accumulate less.

e Implicit ODE solvers, which generally have more stable numerical properties
than explicit solvers, can in general be used in simultaneous approach.

e Simultaneous approaches are characterized by simpler cost and constraint func-
tions, where automatic differentiation is more easily exploited to avoid numerical
Jacobian computation errors, see section[2.3.2.2

The numerical challenges are in particular important to consider for plants that are
unstable or marginally stable. Like in linear MPC, there may be advantages of pre-
stabilizing an open-loop unstable plant model with a feedback compensator before
used in NMPC, [27].

2.3.2.1 Finite Difference

The finite difference method approximates the (i, j)-th element of the Jacobian of a
vector function f(z) as

(Vof @iy~ 7T 5{; @) (2.48)

for some small 6 > 0. If J is too large there will be inaccuracies due to the nonlin-
earity of f;, since the method computes the average slope between two points. If the
two points are not infinitely close and the function is not linear, there will be a "non-
linearity error”. If & is too small, any finite numerical error € in the computation of
fi(zj+ 6) and & in the computation of fj(z;) will lead to an error € = (¢, — &)/ in
the computation of the derivative. Obviously, this error may be large when 6 — 0,
since £ — & may not go to zero, so a tradeoff between these errors must be made.
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It should be noticed that the finite difference approximation error € depends on the
difference between the errors in the two point-wise evaluations of f;. This means
that systematic errors (i.e. the same error in both € and &) will cancel each other
and have a much smaller effect than a random error of the same magnitude. Prac-
tical experience shows that the use of variable-step (adaptive) ODE solvers tend to
give a small random numerical error, while the use of fixed-step ODE solvers tend
to give a larger systematic error, but even smaller random error. For the reasons
described above, one may find that a fixed-step ODE solver leads to considerably
smaller error in finite difference Jacobian computations and performs better with
less convergence problems in many numerical methods for NMPC.

It is also worthwhile to emphasize that scaling of all variables involved in the op-
timization problem to the same order of magnitude is in many cases a pre-requisite
for numerical nonlinear optimization methods to work satisfactorily. This is evident
in the context of finite difference Jacobian computations, but also relevant for other
numeric computations.

As a final remark, it is possible to exploit square-root factorizations (like Cholesky
factorization) for improved numerical accuracy and computational complexity in fi-
nite difference computations, [107].

2.3.2.2 Symbolic and Automatic Differentiation

The most accurate result and computationally most efficient approach is to calculate
gradients by symbolically differentiating the cost and constraint functions. Doing
this by hand, or even using symbolic computations in Matlab, Maple or Mathemat-
ica, may easily become intractable for NMPC problems that may contain a large
number of variables, equations and inequalities. A more convenient solution is to
rely on so-called automatic differentiation software ([53]) that achieved this objec-
tive either by overlaying operators in object oriented languages such as C++ ([54]),
or automatically generates source code for gradient functions based on source code
of the original function, [20].

2.4 Motivation for Explicit Nonlinear Model Predictive Control

The NMPC problem is formulated in (Z.21)-@.23) as a multi-parametric nonlinear
program, in a form that is suited to use the computational algorithms outlined in
Chapter[Il The solution of the multi-parametric nonlinear program leads to an ex-
plicit representation of the approximate solution that can be directly exploited in an
explicit NMPC. The explicit solution tend to have a quite extensive representation,
often in the form of a piecewise affine function that consists of a binary search tree
representation of a large number of polyhedral regions with associated affine func-
tions. This requires online computations that include traversal of binary search trees,
[115], and sometimes with the use of additional data structures such as hash tables,
[9], lattice representations, [11], bounding boxes, [33], and combination with direct
search [10]. The same type of representations and computations can in some cases
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be used in piecewise nonlinear function approximation and evaluation that results
from some explicit NMPC approaches, e.g. [52].

This has several benefits that serves as the main motivation behind the idea of
explicit MPC:

e Dramatical reduction in online computations, since online numerical optimiza-
tion is avoided and replaced by piecewise function evaluation. This may lead to
significant reduction in the requirements to real-time embedded computer hard-
ware. In particular, since recursive numerical computations are avoided there will
be no accumulation of round-off errors such that fixed point arithmetic or single
precision floating point arithmetic is generally sufficient.

e NMPC optimization depend on appropriate initialization in order to avoid local
minima, and appropriate formulation of constraints in order to avoid infeasibility.
With explicit NMPC the validation of initialization procedures and infeasibility
handling can be conducted based on a complete and explicit solution, which is
much simpler than evaluating the input and result of a nonlinear numerical opti-
mization solver. In effect, this greatly enhances the reliability and validity of the
computations which is essential in a safety-critical application.

e Significant reduction in online software complexity since the code for piecewise
function evaluation is much simpler than a nonlinear numerical optimization
solver. This may lead to formal software verification being a feasible practical
tool, and the need to detailed tuning of numerical parameters such as thresh-
olds, tolerances, iteration limits, and finite difference perturbation steps can be
avoided. In effect, this greatly enhances the reliability and validity of the compu-
tations which is essential in a safety-critical application.

e Approximate explicit solutions with reduced complexity, and with guaranteed
levels of sub-optimality, may be computed offline. Formal analysis of perfor-
mance, sub-optimality and stability may be possible since an explicit representa-
tion of the controller is known.

e Formulations such as stochastic NMPC and robust NMPC may not lead to in-
creased online computations in an explicit NMPC approach, compared to a nom-
inal NMPC formulation, although they will require more offline computations.

Certainly, there are also drawbacks and challenges, which is why explicit MPC is
an active research topic that still has not found its way into a wide number of com-
mercial products and applications yet:

e Extensive offline computations in order to solve multi-parametric nonlinear pro-
grams and generate the associated data structures for online implementation of
explicit NMPC. This can in some cases be prohibitive for NMPC problems of
high order or large prediction horizons.

e The computer memory required to store the data structures required for the online
computations, may be prohibitive for NMPC problems of high order.

e Analysis of sub-optimality and stability for approximate solutions may be com-
putationally complex, and computationally prohibitive for NMPC problems of
high complexity.
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e Introduction of flexibility in terms of time-varying model parameters, reference
trajectories, setpoints, time-varying constraint limits, and other auxiliary vari-
ables, will add to the number of parameters to the multi-parametric nonlinear
program and lead to multi-parametric nonlinear programs that may be prohibitive
from an offline computational point of view.

While linear MPC may have exact solutions that can be computed explicitly, the
explicit NMPC will in general be an approximation. A feature of such approxima-
tions, based on our extensive experience with the methods described in this book,
is that the main driver behind complexity is the number of parameters to the prob-
lem, i.e. the number of states and auxiliary parameters such as reference trajectory
parameters, setpoints, or variable constraint limits. This implies that the prediction
horizon, the number of constraints, and the fact that the system is nonlinear, are not
the main contributions to complexity of the solution representation in approximate
explicit MPC based on the main methods in this book. However, it may significantly
contribute to offline computational complexity. This is distinct from exact explicit
linear MPC, where the prediction horizon and number of constraints are the main
drivers for complexity.

The experience that the online solution complexity of explicit NMPC is typically
not more than that of a linear MPC for a system of the same order (e.g. a lineariza-
tion of the nonlinear system) is a strong encouragement for future research into ex-
plicit NMPC since it may indicate that explicit MPC will have stronger motivation
for nonlinear systems than for linear systems.
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Chapter 3

Explicit NMPC Using mp-QP Approximations
of mp-NLP

Abstract. A numerical algorithm for approximate multi-parametric nonlinear pro-
gramming (mp-NLP) is developed. The algorithm locally approximates the mp-NLP
with a multi-parametric quadratic program (mp-QP). This leads to an approximate
mp-NLP solution that is composed from the solution of a number of mp-QP solu-
tions. The method allows approximate solutions to nonlinear optimization problems
to be computed as explicit piecewise linear functions of the problem parameters.
In control applications such as nonlinear constrained model predictive control this
allows efficient online implementation in terms of an explicit piecewise linear state
feedback without any real-time optimization.

3.1 Introduction

For multi-parametric nonlinear programs (mp-NLPs) one cannot expect to find exact
solutions, in general. There is a large body of theory that develops local regularity
conditions and local sensitivity results [7, 17], and algorithms for non-local param-
eter variations are derived for single-parametric problems [12]. Here we describe an
approximate mp-NLP algorithm utilizing NLP and mp-QP algorithms to solve local
sub-problems, first proposed in [13].

Before we describe the main idea behind the algorithm, we recall that a widely
used family of algorithms for the numerical solution of nonlinear programs (NLPs)
is Sequential Quadratic Programming (SQP) algorithms, e.g. [20]. They are iterative
algorithms, where at each iteration the nonlinear program is locally approximated
by a convex quadratic program (QP) at the current candidate solution point. This
means that the nonlinear cost function is locally approximated by a positive definite
quadratic function, and the nonlinear constraints are locally approximated by linear
constraints. The QP is then solved to find a search direction towards a better point,
a step in this direction is made, and the procedure is repeated and will eventually
converge to a locally optimal solution for the NLP.

In the approximate mp-NLP algorithm described in this chapter, the idea is to
locally approximate mp-NLPs with mp-QPs, similar to the use of QPs within SQP.

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 71-B5]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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An iterative (recursive) partitioning of the parameter space is used to control the ac-
curacy of the approximation. It refines the partition in order to improve the accuracy
of the local mp-QP approximation in the parts of the parameter space where this is
needed in order to meet accuracy specifications in terms of sub-optimality bounds
on the cost.

The proposed method is different from the approximate mp-NLP algorithm in
Section and the function approximation methods for non-linear optimal con-
trol are described in [1, 21, 22, 4, 23, 15, 2, 19]. While these references approximate
the mp-NLP solution based on solution points computed for an extensive number of
parameter values using an NLP algorithm, in the present chapter the mp-NLP is ap-
proximated by a number of mp-QPs that are solved using the mp-QP algorithm [28].
In [5], several alternative multi-parametric programming algorithms for explicit ap-
proximate solution of convex mp-NLP problems are compared, and a modification
of the algorithm described in this section was found to be efficient. The main modi-
fications is a different approach for the partitioning outside the mp-QP solutions.

The mp-NLP problem is formulated as follows:

minV (z,x) 3.1

subject to
G(z,x) <0 (3.2)

for all x € X, where X is some parameter set. Eqs. (3.1)) - define an mp-NLP,
since it is an NLP in z parameterized by the parameter vector x. Assume the solution
exists, and let it be denoted z*(x). In the special case when V and G are quadratic and
linear, respectively, in both z and x, a solution can be found explicitly and exactly as
a continuous PWL mapping z*(x) using mp-QP.

In [13] it is suggested to utilize an mp-QP algorithm to approximately solve the
mp-NLP (3.ID-B:2). In the mp-QP case, this algorithm will iteratively build a poly-
hedral partition of the state-space with an exact solution corresponding to a fixed
active set within each polyhedral critical region. This leads to a PWL solution z*(x)
since a fixed active set leads to a solution that is linear in x, [3]. In the mp-NLP
case we keep the PWL structure of the solution, but in each polyhedral region we
approximate the (exact) nonlinear solution by a PWL approximate solution found
by solving a mp-QP constructed as a locally accurate quadratic approximation to V
and linear approximation to G. Under regularity assumptions on V and G, one may
expect that the approximation error and constraint violations will be small if each of
the regions are sufficiently small. We therefore suggest to analyze the approxima-
tion error within each region and introduce a sub-partitioning of some regions when
needed in order to keep the approximation error and constraint violations within
specified bounds.
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3.2 Local mp-QP Approximation to mp-NLP

In this section we study how the cost function and constraints can be locally ap-
proximated by mp-QP problems, based on [13]. Let xo € X be arbitrary and denote
the corresponding optimal solution zyp = z*(x). Taylor series expansions of V and G
about the point (zo,xo) leads to the following locally approximate mp-QP problem:

Vo(z,x) = ; (z—20)" Ho(z — 20) + (Do + Fo(x — x0)) (z — 20) + Yo(x)  (3.3)
subject to
Go(z—1z0) < Eo(x—x0) + T (3.4)
The cost and constraints are defined by the matrices

Ho = V2V (z0,%0), Fo= ViV (z0,%0)
Dy = V.V (z0,%), Go= V,G(z0,%0)
Ey = —V.G(z0,%), To= —G(z0,%0)
Yo(x) £ V(z0,%0) + ViV (202x0) (x — x0) + 5 (x — x0) " V2V (20,%0) (x — x0)

Let the PWL solution to the mp-QP (3.3) - (3.4) be denoted zpp(x) with associated
Lagrange multipliers Agp(x). This solution satisfies the following KKT conditions

Hy (ZQP()C) —Zo)+F0(x—x0) +D0+Gngp(x) =0 3.5
diag(Agp(x)) (Go(zgp(x) —20) — Eo(x —x0) — Tp) = 0 (3.6)
hop(x) > 0 3.7)

Go (zgp(x) —20) — Eo(x —x0) —To < 0 (3.8)

Consider the optimal active set <7 of the QP (B.3) - (3.4) at a given x € X, and let
G,z and Agp s denote the rows of Gy and Agp, respectively, with indices in .o7.
Egs. (3.3) - (B.6) define the following linear equations

< Hy Gg‘%) <ZQP,<(A/(X)_Z0) _ <F0(x—x0)+D0> (3.9)

Gow O Agp.cr (X) Eo(x—x0)+To

The following results is an extension of Theorem 2 in [3] (where Hy > 0 was as-
sumed in addition to LICQ).

Assumption 3.1. V and G are twice continuously differentiable in a neighborhood
of (20, X0)-

Assumption 3.2. The sufficient conditions (L2)-(LI0) and (LI2) for a local mini-
mum at zg hold.
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Assumption 3.3. Linear independence constraint qualification (LICQ) holds, i.e.
the active constraint gradients V.G 4 (z0,xo) are linearly independent.

Assumption 3.4. Strict complementary slackness holds, i.e. (Ay) 4, > 0.

Assumption 3.5. For an optimal active set </, the matrix Go o has full row rank
(LICQ) and ZOT(W/HOZOTVQ{ > 0, where the columns of Zy . is a basis for null(Go .z ).

Theorem 3.1. Consider the problem (3.3)-(3.4), and let X be a polyhedral set with
X0 € X. The system of linear equations (3.9) has a unique solution

<ZQP,%<x>_zO> _ < Ho GS,M>‘ <F0T(xx0)+D0> (3.10)

)yQp’{Q/ (x) Ey (x — xo) + Ty
and the critical region where the solution is optimal is given by the polyhedral set
20,0 = {x € X | Agpwr(x) > 0,Go(z0p.r (x) —20) < Eo(x—x0) + To }

Hence, zop(x) = zgp.7 (x) and Aop(x) = Agp.or (x) if x € 20 o7, and the solution zpp
is a continuous, PWL function of x defined on a polyhedral partition of X.

Proof ([13]). Non-singularity of the matrix on the left-hand-side of (3.9) follows
from standard 2nd order considerations such as Lemma 16.1 in [20], due to As-
sumption[3.3l The rest of the proof is similar to [3]. O

Algorithms for solving such an mp-QP (with straightforward modifications to ac-
count for the relaxed second-order condition of Assumption[3.3)) are given in Section
The following result compares the primal and dual local QP solution with the
global NLP solution.

Theorem 3.2. Consider the problem (31)-(3.2). Let xo € X and suppose there exists
a zo satisfying the above assumptions. Then for x in a neighborhood of x¢

20p(x) =" (x) = O(|lx—xol13) (3.11)
Agp(x) = 2*(x) = O(|[x—xol[3) (3.12)
Proof ([13]). Let the neighborhood of xo under consideration be restricted to 2 .,
where . is the optimal active set at xy. This is without loss of generality since the

assumptions imply that xg is an interior point in 2 ¢, . The first KKT condition for
the QP is

Hy (zop(x) — 20) + Fo(x —x0) + (Do + G{ Agp(x)) = 0 (3.13)

Since zo = z* (x0) we have z*(x) — z0 = O(||x — x0||2), and the first KKT condition
(L) for the NLP can be rewritten as follows using a Taylor series expansion
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0= V,V(z"(x),x) + VI G(z" (x),x)A1*(x) (3.14)
= V.V(20,%0) + V2.V (20,%0) (" (x) — 20)
+V§ZV(zo,xo)(x—x0)
+ (VZTG(zmxo) + O(||x — xol |2)) A*(x) 4+ O(||x — x0[3) (3.15)
= Do+ Hy(z"(x) —z0) + Fo(x — xo) + G%?LQp(x)
+GG (A" (x) = Agp(x)) + O(|lx = xo[3)
+O([|x —x0[[2) (A" (x) — Agp(x)) (3.16)

Comparing (3.13) and (3.16) we get
Hy (z0p(x) —2* (X)) + G§ (Agp(x) = A*(x)) = O(|[x—xol[3)  (3.17)

From Theorem[I] part 3, it is known that the set of active constraints is unchanged
in a neighborhood of xy. Hence, for the QP we have

Go (z0p(x) — 20) = Eo(x —x0) + To (3.18)
When x is in a neighborhood of x(, Taylor expanding the NLP constraints gives
0 =G(Z"(x),x) (3.19)
= G(20,%0) + V:G(20,%0) (2" (x) — 20) + V2 G(20,%0) (x — x0) + /(| [x — x0][3)
= Go(z"(x) — 20) — Eo(x — x0) — To + O/(||x — xo[3)
Comparing (3.I8) and (B:19) it follows that
Go (zp(x) =2 (x)) = O(|lx—x0l[*) (3.20)

and the result follows by inverting the system (3.17) and (3.20). This system is in-
deed invertible: Due to Assumption [3.4]it follows that V.G o (20,%0)¢ = 0 for all
¢ € .Z.Since Gy o = V.G (20,X0), it is clear that % = null(Gy, ;) and Assump-
tions and B3] (and in particular eq. (I.12)) ensures that Assumption [3.3] holds

and non-singularity of
Hy Gg
Gy O

follows from Lemma 16.1 in [20]. U

Theorem concerns only a small neighborhood of x( and is therefore of lim-
ited computational use. However, it provides a qualitative indication that the mp-
QP approximation of the mp-NLP is locally accurate, under some assumptions. We
therefore proceed by deriving some quantitative estimates and bounds on the cost
and solution errors, as well as the maximum constraint violation. The solution error
bound is defined as
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p = max|w’ (1(0,20p(x)) = p(0,(x)))] (3.21)

where Xy C X is arbitrary, and w is a vector with positive weights. Likewise, we
define the cost error bound

€ £ max |V (zgp(x),x) — V*(x)| (3.22)
xeXy

where V*(x) £ V(z* (x);x). In addition, one may compute the maximum constraint

violation

8 £ max o’ G(zgp(x),x) (3.23)
xeXp

where o is a vector of non-negative weights. Typically, the elements of w corre-
sponding to the first sample of the trajectory will be positive, while the remaining
will be zero since in receding horizon control the primary interest is the first sam-
ple of the trajectory. The maximum constraint violation (3.23)) can be computed by
solving an NLP, while the solution and cost error bounds (3.21)) and (3.22)) are not
easily computed without introducing additional assumptions or allowing underes-
timation. A further problem is that they require computation of the exact z*(x) for
several x, which relies on the solution of several NLPs and is therefore expensive.
Obvious estimation techniques for p and € is to take the maximum over a finite
number of points Xy, such as extreme points (vertices), points generated by Monte
Carlo methods, or combinations. It should be emphasized that these methods can
underestimate the bounds, in general.

3.3 Convexity

For the case when V and G are convex functions, it is possible to derive a guaranteed
bound on € from knowledge of z*(x) only at all the vertices ¥ = {v,va,...,vi } of
the bounded polyhedron Xy, see section[[.1.53.1l This immediately gives the follow-
ing bounds on the cost function error —g; < V*(x) — V(zgp(x),x) < &, where

£ = gcggl%(v(ZQp(X)m) —V(x)) (3.24)
& = max (V(x) = V(zor(x),x)) (3.25)

Hence, the cost error bound & = max(&,€&) > & can be computed by solving two
NLPs. A solution error bound can be shown to exist as in Chapter 9.7 of [7].

3.4 Algorithm

So far it has been established that under some regularity conditions, local mp-QP
solutions give accurate approximation to the mp-NLP solution when restricted to a
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sufficiently small subset Xy C X. It remains to determine a sub-partition of the poly-
hedral region X such that the local mp-QP solutions associated with each region are
sufficiently accurate. In [13] the following algorithm was suggested to approximate
the mp-NLP solution, based on recursive sub-partitioning guided by the approxima-
tion errors discussed above.

Algorithm 3.1. Approximate mp-NLP.

Step 1. Let Xp := X.

Step 2. Select x( as the Chebychev center of Xy, by solving an LP.

Step 3. Compute zo = 7*(xp) by solving the NLP 31)-(B2) with x(0) = xo.

Step 4. Compute the local mp-QP problem @3) - B4 at (zo,x0). If Hp is
not positive definite, then modify Hy such that it is positive definite (e.g. by an
eigenvalue decomposition where negative eigenvalues are replaced by small posi-
tive numbers) and the mp-QP is convex.

Step 5. Estimate the approximation errors €, p and 6 on Xp.

Step 6. If € > &, p > p, or § > &, then sub-partition Xj into polyhedral regions
using the heuristic rules described in Section[[.1.3.21

Step 7. Select a new X from the partition. If no further sub-partitioning is needed,
go to step 8. Otherwise, repeat Steps 2-7 until the tolerances €, p and & are respected
in all polyhedral regions in the partition of X.

Step 8. For all sub-partitions Xy, solve the mp-QP (3.3) - (3.4) using the mp-QP
solver [28, 26].

Computation of the approximation errors in Step 5 are carried out based on the
results in Section B3] if the cost function and constraints are known to be con-
vex. If not, we suggest to estimate error bounds by solving NLPs at a number of
points in Xy, typically the vertices and possibly other points, as in [10]. If the con-
vexity assumption does not hold, this seems to be a fairly robust strategy. The sub-
partitioning in Step 6 is based on heuristic criteria, where the purpose is to select one
axis-orthogonal hyperplane to split Xj such that the approximation error after split-
ting is minimized (as described in Section[[.1.3.2)). Alternatively, the hyperplane is
selected such that the change of error at the vertices (before splitting) across the
hyperplane is maximal (as used in [9]).

3.5 Example: Compressor Surge Control

3.5.1 NMPC Formulation

Consider the following 2nd-order compressor model [11, 8] with x; being normal-
ized mass flow, x, normalized pressure and u normalized mass flow through a close
coupled valve in series with the compressor
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X] = B(‘Pe(xl) — X2 — u) (326)

1
Xy = B (x1 — (D()Cz)) (3.27)

The following compressor and valve characteristics are used

W (x) = yeo + H <1+1.5 (";‘/ - 1) ~05 (";‘/ f 1)3>
D(x) = ysign(x2)y/|x2]

with y=0.5,B=1, H =0.18, y,0 = 0.3 and W = 0.25. The control objective is to
avoid surge, i.e. stabilize the system. This may be formulated as

J(u[0,7],x[0,7]) & /0 " 1), () 1)+ SE(T),T) + R (3.28)

where

with e, B, K, p > 0 and the setpoint x] = 0.40, x5 = 0.60 corresponds to an unstable
equilibrium point, subject to the inequality constraints for ¢ € [0, T

Umin < u(t) < Wmax (3.29)
—x+04 <y (3.30)
—v <0 (3.31)

and the ordinary differential equation (ODE) given by

x(1) = f(x(t),u(r)) (3.32)

with given initial condition x(0) € X C R". Valve capacity requires the constraint
0 < u(r) <0.3 to hold, and the pressure constraint x, > 0.4 — v avoids operation
too far left of the operating point. The variable v > 0 is a slack variable introduced
in order to avoid infeasibility and R = 8 is a large weight. The input signal u[0, T
is assumed to be piecewise constant and parameterized by a vector U € R” such
that u(z) = u(r,U) € R" is piecewise constant. The solution to is assumed
in the form x(¢) = ¢(¢,U,x(0)) for ¢ € [0,T] and some piecewise continuous func-
tion ¢. Relaxing the inequality constraints (3.30) to hold only at N time instants
{t1,12,....,ty} C [0,T], we can rewrite the optimization problem in the following
standard parametric form (direct single shooting, Section 2.2.2.1)) where the ODE
constraint has been eliminated by substituting its solution ¢ into the cost and
constraints; minimize with respect to z = (U, v) the cost



3.5 Example: Compressor Surge Control 79

V(z,x(0)) 2 /0 10,0 x(0)), 1 (1,U),0)dt + S(6(T, U, x(0)),T) + RA3.33)

subject to

G(U;x(0))
U - Umax
<0 3.34
Umin -U - ( )
-V

(1>

G(z,x(0))

with blocks G;(U;x(0)) = g(¢(t;,U,x(0)), u(t;,U)) as defined by (3.30). Egs. (3.33)
- (3.34) define an mp-NLP, since it is an NLP in z parameterized by the initial state
vector x(0).

3.5.2 Tuning and Settings

We have chosen o = 1, B =0, and k = 0.08. The horizon is chosen as T = 12,
which is split into N = p = 15 equal-sized intervals, leading to a piecewise constant
control input parameterization. Numerical analysis of the cost function shows that
it is non-convex. It should be remarked that the constraints on u# and v are linear,
such that any mp-QP solution is feasible for the mp-NLP. The bounds € and p are
estimates by computing the errors at the vertices only, and the tolerances € = 0.5
and p = 0.03 were applied.

3.5.3 Results

The mp-NLP contains 16 free variables, 47 constraints and 2 parameters. The par-
tition contains 379 regions, resulting from 45 mp-QPs, cf. Fig. 3.1l This can be re-
duced to 101 polyhedral regions without loss of accuracy in a postprocessing step,
where regions with the same solution at the first sample are joined whenever their
union remains polyhedral, as in [3]. The computed approximate PWL feedback is
shown in Fig. together with the exact feedback computed by solving the NLP
on a dense grid. The corresponding optimal costs are shown in Fig.[3.3] and simu-
lation results are shown in Fig.[3.4] where the controller is switched on after ¢ = 20.
We note that it quickly stabilizes the deep surge oscillations. Euler integration with
step size 0.02 is applied to solve the ODE.

By generating a search tree using the method of [27], the PWL mapping with
379 regions can be represented as a binary search tree with 329 nodes, of depth
9. Real-time evaluation of the controller therefore requires 49 arithmetic opera-
tions, in the worst case, and 1367 numbers needs to be stored in real-time computer
memory.
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Fig. 3.1 State space partition (top), and after reduction (bottom).



3.5 Example: Compressor Surge Control 81

I
0.3 i,
,ll///l T
ﬁi@,é?i?’@;;iiff’l”’???%?%”/m e
i I/
Wi ,,lll I, 1//4’ ’N ” K
02 W L ,m::."”" i
g /11 ,, ll i i
y i m/ IIIIIIII;II:l,'%::Q:’%“ "W'
>
N—
S 0.1 .I‘
0
0.8
0.2
00
X, *4
O_ 3 III
III , II II
//I/Z;IIIIIII l;”%ﬁ;{?’%% MO X
,,/ T
02 / .fﬁf //%%;/,l;,;'éfflf%’l‘%" %”m‘ '"‘
< / :f’%ﬁ%/llllllllllllllllllf N’W“ "'
s ”"i;/ /’ gl 'H
=5 0.1 it ":N‘
i 0y ”
///l/ig%ﬂ’fll,;,,;,,,//a, I '? i
. II ] "' 'l' ll,‘l"i

!%’:’i%/;',,::,:o'o ':,
"' 'a Wc'o

X

2 X

Fig. 3.2 Piecewise linear approximate feedback control law (top) and exact feedback control
law (bottom).



82 3 Explicit NMPC Using mp-QP Approximations of mp-NLP

—

—
=

Z—

d"
s
“‘

—

KK
o
(GARCRIEEAS0
"'o‘:"owsi‘t‘.“:::"‘:‘t"«:‘

0 G

—
=
—
—

=

—

=

i
i :“:0:0:::::‘ Soie?

P

==
e

(XK
N (RO
M Hn ‘t‘““‘""‘o"{»ﬁo&o}:}”}:‘m&‘ o
RS TEEEELRA

“\
“‘:\‘
\\\\\\‘\\
\l
\

MR
KRR
(KK
RS
00 XXX

0
o
il

1
\
o i

iR
\\\“““““‘ :“:“““‘\s‘&&s‘tﬂﬁ KRS
R

b
A R
LY & ‘.3,g»,;,g.:':g2:2:.:‘:.:2:2:2:&:2:.«.‘..‘

N 250

X
R
“’Q"“O‘%‘t’”""‘::::s‘“‘
AN
NN

N

X, X,

Fig. 3.3 Optimal costs of the approximate feedback control law (top) and exact feedback
control law (bottom).



3.5 Example: Compressor Surge Control

50

60

0.351

0.3
0.251
0.2

P—
—

= 0.15

0.051

50

60

—0-05; 10 20 30 40

t

50

60

83

Fig. 3.4 Simulation of compressor with approximate explicit nonlinear MPC. The solution

with the exact explicit MPC cannot be distinguished graphically.
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Chapter 4
Explicit NMPC via Approximate mp-NLP

Abstract. This chapter considers the design of explicit MPC controllers for con-
strained nonlinear systems by applying the approximate multi-parametric Nonlin-
ear Programming (mp-NLP) approaches, described in Section[T.1] It is organized as
follows. In Section 4.2} general regulation and reference tracking NMPC problems
are formulated and represented as an mp-NLP problem. In Section 3] it is shown
that bounding the approximation error of the approximate explicit solution to con-
vex regulation NMPC problems ensures the asymptotic stability of the suboptimal
closed-loop system. In Section[d.4] an explicit approximate NMPC for compressor
surge regulation is designed. In Section 4.3} the approximate mp-NLP approach is
applied to design an explicit reference tracking NMPC controller for position con-
trol of an electropneumatic clutch actuator. The performance of the explicit NMPC
controller is compared with that of a sliding mode controller and of a PID con-
troller. Section [£.6] briefly discusses an explicit NMPC application to time-optimal
decompression of divers for implementation in low cost diving computers.

4.1 Introduction

The main objective of this chapter is to present some examples on how to use the
approximate mp-NLP algorithms of Section[[.T.3]together with various NMPC for-
mulations, as described in Chapter 2l Formulations and conditions that guarantee
stability of the closed loop system may require some attention, since the control
strategy will be sub-optimal due to the approximation errors of the mp-NLP algo-
rithms.

The main emphasis in this chapter is on case studies that present mathematical
models, NMPC formulations, mp-NLP computational results, and closed loop sim-
ulations. The case studies are taken from diverse areas such as automotive mecha-
tronics, compressor control, and diving computers. They share common features
such as safety-critical requirements in combination with very limited computational
resources per updated control computation. While the mechatronics and compressor
control examples are relatively fast dynamics that require fast sampling, the diving

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 87-10]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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computers are extremely inexpensive devices with very low computational capabil-
ities although the update frequencies are not very high.

4.2 Formulation of the NMPC Problem as an mp-NLP Problem
Consider the discrete-time nonlinear system:

x(t+1) = f(x(t),u(t)) 4.1)
¥(t) = Cx(r) 42)

where x(¢) € R", u(t) € R™, and y(t) € R? are the state, input and output variable,
and f : R” x R™ — R" is a nonlinear function. It is supposed that a full measure-
ment of the state x(¢) is available at the current time 7.

First, consider the optimal regulation problem where the goal is to steer the sys-
tem state to the origin. For the current x(z), the regulation NMPC solves the opti-
mization problem:

Problem 4.1:
V*(x(r)) = ml}n J(U,x(t)) 4.3)
subject to x;, = x() and:
Ymin Syt+k|t Symamk: 17"'7N (44)
Mminéut+k§'4max7k:0, 17aN71 (45)
XN € (4.6)
Xtk+1t = f(xt+k|t7ut+k)7 k>0 4.7
Verklr = Cxppge> k20 (4.8)
with U = [u, U4, ..., ur+N—1] and the cost function given by:
& 2 2 2
J(U,x(t)) = Z [”xtJrklt”QX + ||”t+k||R} + ”xtJert”PX 4.9)
k=0

Here, N is a finite horizon, P,, Oy, R are weighting matrices, and 2 C R”" is a termi-
nal set. The following assumptions are made:

Assumption 4.1. P, O, R - 0.
Assumption 4.2. ynin < 0 < ymax and umin < 0 < thmax.

Assumption 4.3. The function f : R" x R™ — R" is twice continuously differen-
tiable, with £(0,0) = 0.

The compact and convex terminal set €2 is defined by:
Q={xcR"x"Px< o} (4.10)

where ¢ > 0 is specified in Section £.3]
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Now, consider the optimal reference tracking problem where the goal is to have
the output vector y(¢) track the reference signal (z) € R”. For the current x(z), the
reference tracking NMPC solves the optimization problem:

Problem 4.2:

V*(x(t),r(t),ut—1)) = rrgn J(U,x(t),r(t),u(t—1)) 4.11)

subject to x;; = x(¢) and:

Ymin §y1+k|t <Ymax; k=1,...,N (4.12)
Mmingut+k§umaxzk:()717~-~7N_1 (4.13)
Aumin < Aty < Attpax, k=0,1, ..., N—1 (4.14)
[yesnpe —r(@)|| < 8 (4.15)
Aut+k:ut+k7ut+k—lak:07la"'7N71 (4.16)
Xtk+1t = f(xt+k|t7ut+k)7 k>0 (4.17)
Ykl = Cxignfes K20 (4.18)
with U = [u, U1, ..., u+n—1] and the cost function:
N-1 , ,
JU (@), 1Ot =1) = 3, [l = )13, + 1A al 7]
k=0
+lyewe _r(t)H)sz (4.19)

Similar to above, N is a finite horizon and P,, Qy, R are weighting matrices. This
formulation is also somewhat extended since it includes input-rate constraints and
cost. The following assumptions are made:

Assumption 4.4. P, Oy, R - 0.
Assumption 4.5. Aupin < 0 < Aumax-

From a stability point of view it is desirable to choose £ in (.6) or é in as
small as possible [24]. However, the feasibility of Problems 4.1 and 4.2 will rely
on either 2, & or N being sufficiently large. A part of the NMPC design will be to
address this tradeoff.

The optimization Problems 4.1 and 4.2 can be formulated in a compact form as
follows using direct single shooting formulation (see Section[2.2.2):

Problem 4.3:

V¥(x(r)) = rrbin J(U,%(t)) subjectto G(U,%(r)) <0 (4.20)
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Here %(¢) € R" is the parameter vector. For the regulation Problem 4.1 it is given by:
Xt)y=x(t),i=n 4.21)

while for the reference tracking Problem 4.2 it is [3]:
() =[x(t), r(t),u(t—1)] R i=n+p+m (4.22)

Problem 4.3 defines an mp-NLP, since it is an NLP in U parameterized by (7).
An optimal solution to this problem is denoted U* = [u;, u/, , ..., u}, y_;] and the
control input is chosen according to the receding horizon policy u(t) = u;. Define
the set of feasible parameters as follows:

X; = {% e R" G(U,%) < 0forsome U € RV} (4.23)

For Problem 4.1, X is the set of N-step feasible initial states. If €2, 6 and N are such
that the Problem 4.1 or 4.2 is feasible, then Xy is a non-empty set. In parametric
programming problems one seeks the solution U*(¥) as an explicit function of the
parameters X in a set X C Xy C R” [10]. In case the Problem 4.3 is convex, its
approximate solution can be found by applying the approximate mp-NLP approach,
described in Section [[T.3.1] Otherwise, the approximate mp-NLP approach from
Section should be used, where in addition to the set of vertices of a given
hyper-rectangle in the parameter space, the optimal solution is also computed at
several interior points and global optimization methods are applied.

4.3 Stability of Regulation NMPC

Consider the regulation NMPC Problem 4.1. As in [18], it is supposed that €2 is a
control invariant set, such that X is a subset of the N-step stabilizable set [20]. The
Assumptions[£.2land [ 3imply that the origin is an equilibrium and interior point in
Xy. Then, it remains to specify P, = 0 and & > 0 such that £ is a control invariant
set. For this purpose in [18], the ideas in [7] are used, where one simultaneously
determines a linear feedback such that €2 is positively invariant under this feedback.
Define the local linearization at the origin:

af
ox

and make the following assumption:

af

A= u

(0,0), B= . (0,0) (4.24)

Assumption 4.6. (A, B) is stabilizable.

Let K denote the associated LQ optimal gain matrix, such that A = A — BK is
strictly Hurwitz. The following lemmas from [18] are discrete-time versions of
Lemma 1 in [7]:
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Lemma 4.1. If k¥ > 0 is such that Ao+ xl is strictly Hurwitz, the Lyapunov equation:
(Ag+xI)TP(Ag+xI) — P, = —Q. — K'RK (4.25)

has a unique solution Py > 0.

Proof ([18]). The result is trivial since Qy + K” RK > 0. [

Lemma 4.2. Let x and P satisfy the conditions in Lemma Then there exists a
constant o, > 0 such that Q defined in ({_10) satisfies:

(1) 2 CE = {x € R" ttmin < —Kx < tmax, Ymin < CX < Ymax .

(2) The autonomous nonlinear system:

x(t+1)= f(x(t),—Kx(t)) (4.26)

is asymptotically stable for all x(0) € Q, i.e. Q is positively invariant.
(3) The infinite-horizon cost for the system ({26)):

oo

T (1)) = [I6eaie 1, + 1K X101 7] (4.27)
k=0

satisfies Joo(x) < xT Pex for all x € Q.

The proof of this lemma can be found in Section2.2.31

It follows from [24, 7] that the exact NMPC makes the origin asymptotically
stable with region of attraction Xy. A procedure for selecting Py, k and o is given
in [7]. It is mentioned in [18] that one feature of the explicit approach to NMPC is
that it is not generally desirable to select 2 as large as possible since this may lead
to loss of performance and robustness. Moreover, any computational advantages of
choosing €2 large are less important since the optimization is carried out entirely
off-line.

Consider the mp-NLP Problem 4.3 and recall that for the regulation NMPC ¥ = x
and 71 = n, and that the explicit solution is soughtin a set X € Xy C R". In [18], it is
shown that the asymptotic stability is inherited by the approximate explicit NMPC
under the following additional assumptions.

Assumption 4.7. J and G in Problem 4.3 are jointly convex for all (U,x) € Ux X,
where U = [umin, max]" is the set of admissible inputs.

Assumption 4.8. The explicit approximate NMPC is obtained by applying Algo-
rithm 1.1 in ChapterDlwith the following additional steps, which are applied imme-
diately after step 6:

6a. If 0 € Xo, let Uy(x) = —Kx and go to step 6b. Otherwise, go to step 7.

6b. If Xo C Q, mark Xy as explored and feasible and go to step 17. Otherwise, mark
Xo to be split and go to step 17.

This assumption requires that in a neighborhood of the origin the LQ optimal gain
matrix is used, as in dual-mode MPC [25].
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Assumption 4.9. Assume the approximation tolerances are set such that the parti-
tion Il generated by Algorithm 1.1, extended with Assumption .8 has the property
that for any hypercube Xy € I1 that does not contain the origin:

z < . 2 .
&< ymin llx[Io, (4.28)

where y € (0, 1) is given.

The PWL approximation generated by Algorithm 1.1, extended with Assumption
is denoted U : X’ — R, where X is the union of the hyper-rectangles of the
partition where a feasible solution has been found. Let the associated sub-optimal
cost function be denoted V : X’ — R, i.e. V(x) = J(U(x),x). The set X’ is an inner
approximation to Xy and the approximation accuracy is determined by the minimal
allowed regions volume Sp, (used as an input parameter to Algorithm 1.1). The
boundary of the feasible region X can thus be approximated more closely by al-
lowing smaller regions.
Then, the following theorem is formulated in [18].

Theorem 4.1. Suppose that Assumptions .1} and@ 9 hold. Then,
the origin is an asymptotically stable equilibrium point for the system (@.1)-#2) in
closed loop with the explicit approximate NMPC given by Algorithm 1.1, extended
with Assumptiond.8 for all x(0) € X'.

Proof ([18]). Let x(r) € X’ be arbitrary and the associated optimal control be de-
noted U*. At time 7 + 1 consider U(t + 1) = [u;, |, u;\ 5, ..., u/ y_;, —Kx
where x; ke
sible, xt N € Q. Hence, U (t+1) is feasible and the tail of the trajectories remain
feasible since € is positively invariant. Since V (x) is an upper bound on V*(x),

standard arguments, [6], give:

<V(x(r+1))

0 2 2 * 2

V(x(t)) = llx(®) g, — NIz = lIxt e I,

Jr” ( t+N|ta KXH—N\t”PXJr ”xt—o—N\t”Q,\ + ||th+N|t||R

V(x(t)) = ()]G, — lu() 1k (4.29)

The first inequality is due to Theorem[I.3lin Chapter[Il The second inequality is due
to Lemma.2]since the following holds:

t+N|t]
is the state at time ¢ + k associated with U*. Since U* is N-step fea-

Vi(x(t+1))

2 2 2 2
||f(x:F+N|t7 _Kx;k—Q—N\tHPX - Hx;k—}—N\tHPX < _||x:+N|t||Qx - ||Kx:+N|t||R (4'30)

Define Qq, = {x € Q| xT Pox < o} such that it is contained in the set of x where the
explicit approximate NMPC coincides with © = —Kx. Such a set with non-empty
interior exists due to Assumption [£8] Then, for x ¢ €, it follows from and
Assumption 4.9l that:
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V(a4 1) = V¥ (x() <&~ |lx(0) 1, — llu()]1k

<-(1=Plx0g <0 4.31)
It follows that x(1) — €, as t — oo. Asymptotic stability of the origin can be con-
cluded due to Lemma.2]because u = —Kx in the positively invariant set Q, such
that the closed loop satisfies (.26). O

As it is mentioned in [18], the tolerance € can be chosen a priori for each hyper-
rectangle Xy to satisfy (£.28). Hence, one can guarantee a priori that the PWL
feedback law generated by Algorithm 1.1, extended with Assumption [£.8] will be
asymptotically stabilizing. The parameter ¥ in determines the approximation
accuracy and degree of sub-optimality. A 7y close to one is sufficient for stability, but
7 close to zero gives less approximation error and sub-optimality.

4.4 Application 1: Compressor Surge Regulation
Consider the following 2-nd order compressor model introduced in Chapter[3l([16])

with x; being normalized mass flow, x, normalized pressure and u normalized mass
flow through a close-coupled valve in series with the compressor:

%1 =B(¥e(x1) —x2 —u) (4.32)
1
Xy = B(x1 — (D()Cz)) (4.33)

The following compressor and valve characteristics are used:

X1 X1 3
() =wo+H(14+15 (Wfl)fO.S(Wfl) (4.34)
D(x) = ysign(x2)/ |2 (4.35)
with y=0.5,B=1, H =0.18, y,o = 0.3 and W = 0.25. Like in [17], the control
objective is to avoid surge. This is formulated as [17]:

N—1
J(U,x(t)) = 2 [a(xt+k|t _X*>T(xt+k|t —x")+ k”t{tk} +Rv?
k=0
B (e — X)) (g —XF) (4.36)

with o, B,k,R > 0 and the set-point x] = 0.4, x5 = 0.6 corresponds to an unstable
equilibrium point. We have chosen oo = 1, § =0 and k = 0.08. The horizon is chosen
as T = 12, which is split into N = 15 equal-sized intervals, leading to a piecewise
constant control input parameterization. Valve capacity requires the following con-
straint to hold:

0<u(r)<0.3 (4.37)
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The pressure constraint:
x(t)>04—v (4.38)

avoids operation too far left of the operating point. The variable v > 0 is a slack
variable introduced in order to avoid infeasibility and R = 8 is a large weight. Nu-
merical analysis of the cost function shows that it is non-convex [17]. It can be seen
that this NMPC problem formulation differs from Problem 4.1 in Section @.2]in the
absence of a terminal constraint and in the use of a slack variable.

A version of Algorithm 1.2 in Section[[.1.5.2] based on parallel computations, is
applied to obtain an explicit approximate solution to the NMPC problem formulated
above. The resulting mp-NLP problem (Z20) has 16 free variables, 46 constraints,
and 2 parameters, while the NLP problem in Procedure [[3] has 46 free variables
and 811 constraints. One internal region XO1 C Xp is used in Procedure [Tl In Pro-
cedure [[L3] it is chosen p = 10 and the control input only at the first sample is
considered. The approximation tolerance is chosen to depend on Xy such that:

€(Xo) = max(&,,&Vmin) (4.39)

where £ = 0.0001 and & = 0.02 can be interpreted as absolute and relative tol-
erances, respectively, and V. = )Icrel}(réV* (x). Here, V*(x) denotes a close-to-global
solution.

The partition of the approximate explicit NMPC controller is shown in Fig. BTl
[13]. It has 595 regions and 12 levels of search. With one scalar comparison required
at each level of the k — d tree, 12 arithmetic operations are required in the worst case

X — space
== [ ——
[ = ——
4{‘ /1
T  —
} —
HH -
N | —
x
T I
= =
=== H )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 4.1 State space partition of the approximate explicit NMPC. The solid curves are with
the approximate explicit NMPC and the dotted curves are with the exact NMPC.
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to determine which region the state belongs to. Totally, 16 arithmetic operations are
needed in real-time to compute the control input and 1368 numbers needs to be
stored in real-time computer memory.

The off-line computation of the partition is performed on a 0.8 GHz Intel(R)
Core(TM) i7 CPU x8 cores. The CPU time corresponding to 11 consecutive itera-
tions (steps 3 to 31) of Algorithm 1.2 in Section[[.1.3.2] performed by using single-
core (non-parallel), dual-core, and quad-core computations, is shown in Fig.
The reason why the CPU time per iteration increases along the iterations is that the
state space partition is refined with each iteration and the number of new regions,
which have to be processed, increases. The average CPU time necessary to compute
a single region of the partition is 74 sec with single-core computations, 39 sec with
dual-core computations, and 22 sec with quad-core computations. As it should be
expected, the partitioning algorithm based on parallel computations performs faster
than the non-parallel algorithm. However, it should be noted that with this computer
architecture, using more cores (for example 6 or 8) does not improve the computa-
tional efficiency of the partitioning algorithm. The reason for this may be the fact
that the computational efficiency is influenced not only by the number of cores, but
also by the amount of computer memory.

CPU time per iteration [s]

14000+ - 2 cores M
I 4 cores

[ Inon-parallel computations _

12000 -

10000

8000~

6000+

4000

2000+

iterations

Fig. 4.2 CPU time corresponding to 11 consecutive iterations of Algorithm 1.2.

The performance of the closed-loop system is simulated for initial condition
x(0) = [0.10.05]" and with sampling time 7; = 0.02. Euler integration with step
size Ty is applied to solve the ordinary differential equations (£.32)-(@.33). The re-
sulting closed-loop response is depicted in the state space (Fig. E.I), as well as
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Fig. 4.3 From top to bot-
tom: The control input, the
state variable xj, and the
state variable x,. The solid
curves are with the explicit
approximate NMPC and the
dotted curves are with the
exact NMPC.
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trajectories in time (Fig.[£3) [13]. In Fig. [ Iland Fig.[d.3] the exact NMPC solution
is also shown, which at each time step is determined by comparing the local minima
of the cost function corresponding to several initial guesses for the optimiza-
tion variables.

The approximate and the optimal PWL feedback laws, as well as the associated
cost functions are shown in Fig.[4.4] It can be seen from Fig. .4 that the cost func-
tion is non-convex.
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Fig. 4.4 The approximate PWL feedback law (top left), the associated sub-optimal cost func-
tion (top right), the optimal PWL feedback law (bottom left), and the optimal cost function
(bottom right).

4.5 Application 2: Reference Tracking Control of an
Electropneumatic Clutch Actuator Using On/Off Valves
and Pulse-Width Modulation

In [14, 15], the design and performance of explicit NMPC for the position control of
an electropneumatic clutch actuator for heavy duty trucks is considered. This clutch
system is well suited for Automated Manual Transmissions (AMT) systems, which
consist of an automated actuated clutch during gear shifts and a direct transmission
through the clutch disc. Some of the AMT’s largest advantages are low cost, high
efficiency, reduced clutch wear and improved fuel consumption.

It is known that pneumatic actuators can be controlled both with proportional
valves [23, 30, 19] and with on/off valves [27, 31, 28, 1, 26, 29, 21, 22]. The advan-
tage of the on/off valves in comparison to proportional valves is that they are smaller
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and cheaper. For this reason, the electropneumatic clutch actuator, considered in this
paper, is controlled by using on/off valves. The on/off valves can be controlled by
pulse-width modulation (PWM) as it was described in [31, 28, 1]. This allows con-
trollers designed for servo valves to be applied to control the on/off valves. Recently,
sliding mode techniques are applied to control the on/off valves (see for example
[26]). Alternatively, the case when the valves have a pure on/off behavior, i.e. fully
opened and fully closed are the only possible states of the valves, is considered in
[29, 21, 22]. Then in [29, 21], two controllers are designed to govern switches be-
tween these states based on backstepping and Lyapunov theory. Both controllers
show promising results, but also have some weaknesses. Therefore in [22], a dual-
mode controller is derived, which is a combination of the two switched controllers.
It should be noted however, that the mentioned methods can not explicitly handle
state constraints (constraints imposed on the actuator position). On the other hand,
Nonlinear Model Predictive Control (NMPC) is an optimization based method for
control which can handle both state and input constraints [24, 4]. This makes the
NMPC methodology suitable to the optimal control of clutch actuators. Another ad-
vantage of the NMPC approach is that the effect of the tuning parameters is well
known, while with the switched controllers in [29, 21, 22] not all tuning parame-
ters are straightforward to choose. The fast dynamics of the considered electrop-
neumatic clutch actuator would require the design of an explicit NMPC controller,
where the only computation performed on-line would be a simple function evalua-
tion. It should be mentioned that MPC approaches (based on on-line optimization or
on pre-computed explicit solution) have been already applied to design controllers
for hydraulic clutch actuators in cars (see for example [2, 5]).

Explicit NMPC is a highly promising control method. The motivation of the
work in [15] is to illustrate how it allows improvements in control performance,
and demonstrate how it can be implemented with low computational complexity
in a fast mechatronic system. In [15], two different types of explicit NMPC con-
trollers for reference tracking control of an electropneumatic clutch actuator using
on/off valves are designed and compared. The first explicit controller has a continu-
ous control input since it applies a PWM scheme. The other controller represents an
explicit quantized NMPC, where the valves are allowed to be only fully opened or
fully closed. The closed-loop performance of the two controllers is compared based
on the experimentally validated 5-th order model in [19]. The real-time computa-
tional complexity and storage requirements of the two controllers are studied. Also,
a performance comparison with a sliding mode controller and a PID controller is
considered.

4.5.1 Mathematical Model of the Clutch Actuator Dynamics

A pneumatic actuator of an electropneumatic clutch system is considered. The pneu-
matic actuator acts on the clutch plates through the clutch spring, and the state of
the clutch directly depends on the actuator position. The clutch actuator system is
shown in Fig. To control both supply to and exhaust from the clutch actuator
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Fig. 4.5 Electropneumatic clutch actuator ([19], [29]).

chamber one pair of on/off valves is used. The electronic control unit (ECU) cal-
culates and sets voltage signals to control the on/off valves. These signals control
whether the valve should open or close, and thus also the flow into the actuator. A
position sensor measures position and feeds it back to the ECU. To calculate the
control signals, knowledge of other states of the system (actuator velocity, cylinder
chamber pressures, friction state) are also needed, and these can be obtained either
by sensors or by estimation [19]. The full 5-th order model of the clutch actuator
dynamics, which has been experimentally validated in [19], is the following:

y=v (4.40)
1

V= M(AoPo +Aapa —Apps — fr(v2) — fi(y) (4.41)

. Ax RTy,

pa=-— vpa + wy(pa,u (4.42)
Valy) PAT v ) W (P )
Ap RT,

pB= vps + wr(pB (4.43)

Vo) P2 vy (Pe)
=v— (4.44)
i=v Fe 42 .

where y is the position, v is the velocity, p4 is the pressure in chamber A, pp is
the pressure in chamber B, z is the friction state, w,(pa,u) is the mass flow rate
to/from chamber A, w,(pp) is the mass flow rate to/from chamber B, u is the control
input. In @42), @43), V4(y) = Vao + Ay and Vi(y) = Vo — Apy are the volumes
of chambers A and B, and Vj(, Vpg are the dead volumes of these chambers. The
meaning of the parameters is the following: A4 and Ap are the cross-section areas of
chambers A and B, A) = Ap — A, is the cross-section piston area, M is piston mass,
Py is the ambient pressure, Tj is the temperature, R is the gas constant of air, K is
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asperity stiffness, F¢ is Coulomb friction. In @.44), |v|, = V2 + 62, where 6 > 01is
an arbitrary small design parameter. In (41D, f;(y) and f7(v,z) are the clutch load
and the friction force, described by [19], [29]:

L) =K(1—e ")~ My (4.45)
fr(v,z) = Dyw+ K.z + D;2(v,2) (4.46)

Here, K, L;, M; are the load characteristic parameters, and D, and D; are the viscous
and the micro viscous effects.

Depending on the control input u at a given time instant, there can be one of the
following three situations for the mass flow rate wy,(pa,u):

1) The exhaust valve is on and the supply valve is off = w, (pa,ut) = —wy our.

2) Both the exhaust and the supply valves are off = w,(pa,u) = 0.

3) The exhaust valve is off and the supply valve is on = wy(pa,u) = wyin.
Here, wy, oy is the mass flow rate from chamber A and w,;, is the mass flow rate to
chamber A, and they are determined by the following expressions [19]:

Py
Wy out = pOCv,out l//(ran,out)pAy r= Pa (4.47)

PA

P (4.48)

Wyin = pOCv,in l//(rsz,in)PSz r=
Here, pg is the flow density, C, ,, and C,;, are flow conductances, B, ,,; and B, ;,
are critical flow parameters, and Ps is the supply pressure.

The valve flow function y(r,B,,;, /o) is given by [19]:

W(rva,in/out) = WO(", O) +

) Wo(rvBO)_Wo(rv())va,in/out >0
Bv,zn/out { l//o(i’,()) +r— 17 Bv,in/out <0 (449)
where:
1, r<By
,Bo) = 2 4.50
WEB = i () e m (420

Here, By is the critical flow parameter for air. It follows from {.30) that y;(r,0) =
V1—r2.

The mass flow rate w,(pp) to/from chamber B is [19]:

Wi (PB) = Wrin(PB) — Wrouw (PB) 4.51)
where:
PB
Wr,in(pB) = POCrllfin(r)P07 r= Py (4.52)
Py
Wr,out(pB) = pOCrllfout(r)pBa r= (4.53)

PB
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Here, C; is the flow conductance. The restriction flow function ;. (r) is given
by [19]:
lI/in/out(r) = 'QO(r) +le(r,sign(b)), be [_17 1] (4.54)

In @34, Qy(r) is defined by:

_ 2
Q(r) = {Oﬂ " ’>r1€ 0, 1] (4.55)

We have b = 0.5 and Q;(r,+1) is given by:

1 ,re [O,Bo]
2
Qi(r+1) = —Qo(r) + \/1_ (ng) . re (Bo, 1] (4.56)
0 r>1

Further, in order to reduce the computational burden, the design of the explicit
NMPC controllers is based on the following simplified 3-rd order model [29]:

yS — VS (457)
1 "
= (FAAR APy = F7 (V) = i) (4.58)
. AA RTO
S = — Vs + wys (P, u (4.59)
Pa VA(ys) Pa VA(yS) Vi (pA )

where the states are the actuator position y*, the velocity v¥ and the pressure pj in
chamber A. The term f ; (v*) represents the static sliding friction characteristic [19]:

S
V2 4 o2

The values of the clutch actuator parameters are given in Table .11

The on/off valves are controlled by applying a pulse-width modulation (PWM)
scheme and their duty cycle depends on the control input u. The use of the traditional
linear PWM scheme would result in the valves failing to respond when the on-time
is less than their response time. In order to avoid this, the approachin [31] is applied.
Thus, the duty cycle of either the exhaust or the supply valve is not allowed to fall
below dpin, the minimum possible duty cycle where the valve will still respond,
given by:

fr (V) =D + Fc (4.60)

doin = b 100% (4.61)
Trwm
Here, T, is the valve response time and Tpy ;s is the PWM period. For the considered
clutch actuator, T, = 0.002 [s] and the PWM period is equal to the sampling time,
i.e. Tpwy = Ty = 0.01 [s]. Therefore, the minimum duty cycle is dpi, = 20%. The
PWM scheme is illustrated in Fig.
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Table 4.1 Parameters of the electropneumatic clutch actuator

Parameter  Value Unit Description

Ap 1.7-1072 m? Area of chamber A

Ap 1.9-1072 m? Area of chamber B

Ag 0.2-1072 m? Piston area

Vo 0.8-1073 m Dead volume of chamber A
VBo 5.7-1074 m? Dead volume of chamber B
Py 1.095-10°  Pa Ambient pressure

Py 9.5-10° Pa Supply pressure

To 293 K Temperature

R 288 J/(kg-K) Gas constant of air

M 10 kg Mass of piston

D, 5000 N-s/m Viscous effect

K. 1-10° N/m Asperity stiffness

D; 5000 N-s/m Micro viscous effect

Fe 200 N Coulomb friction

Po 1.185 kg/m? Flow density

By.in 0.5 - Critical flow parameter

By.out -0.5 - Critical flow parameter

Cyin 1.5-1078 m3/(Pa-s)  Conductance

Cy.out 2-1078 m3/(Pa -s)  Conductance

By 0.528 - Critical flow parameter for air
Cr 1-1078 m3/(Pa-s)  Conductance

K; 5000 N/m Load characteristic parameter
L 500 - Load characteristic parameter
M, 25000 N/m Load characteristic parameter

100 1 T
Exhaust | No ! Supply
valve ' flow ' valve
5 .
$ L
S 507 : :
o ] '
2> 1 1
=] ! !
© ] "
o ! 1
© dmin_ """""""""""""""""""""
>
0 L
-100 wug 0 uy 100

Fig. 4.6 Pulse-width modu-

0,
lation scheme. Control u, [%]
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It can be seen that the range of the control input « is divided into the following
three parts:

1) ue[—100; —uy).
In this case, the exhaust valve is on and its duty cycle d, is computed from the linear
characteristic d. = a.u+b,. Let t € Z>( be the discrete time and 6 € R>( be the
continuous time. Then, during the sampling time 7 the following applies:

~Wyout, if 0 € [tT5; (t +d,/100)T;]

Wy(pasu) = {o, if6 € ((t +d./100)Ty: (1 +1)Ty] (4.62)

where w,, o is determined from @.47).

2) u € [—ug; ugl.
In this range, both valves are off and there is no flow to/from chamber A, i.e.
wy(pa,u) =0 for 6 € [tTy; (r+ 1)T;].

3) u € (uy; 100].
In this case, the supply valve is on and its duty cycle d; is computed from the linear
characteristic d; = asu + bs. Then, during the sampling time 7 the following applies:

Wyin, it 0 € [tTy; (¢ +d,/100)Ty]

wo(pa, ) = {o, if6 € ((t+dy/100)T; (1 + 1)T}] (4.63)

where w, i, is determined from #.48)).
In the PWM scheme, u, is a design parameter which determines the slopes of the
linear characteristics and the width of the “no flow” range. In our case, u; = 10 %.

4.5.2 Design and Performance of Explicit Reference Tracking
Controller with Continuous Control Input

In [15], an explicit NMPC controller for optimal reference tracking control of the
electropneumatic clutch actuator is designed. The values of the prediction horizon
and the weighting coefficients in the NMPC problem formulation are chosen among
a set of values such that the corresponding optimal solution has the best reference
tracking quality. The approximate mp-NLP approach described in Section
is applied to design an explicit NMPC with continuous control input for reference
tracking control of the electropneumatic clutch actuator. The controller design is
based on the simplified 3-rd order model (@37)—E39) of the clutch actuator dy-
namics, introduced in Section E3.J] The sampling time is 7y = 0.01 [s] and the
PWM scheme described in Section [4.3.1]is applied to control the exhaust and the
supply valves. The forward Euler method with stepsize T = 0.0001 [s] is used to
integrate the equations (@.57)—(#.39). The control objective is to have the actuator
position y* track a reference signal r(¢) > 0, which is achieved by minimizing the
following cost function:
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— 5 —r 2
J(U,yw),r(r)):NZl 0, (y’*k" m) + Rh(uy 1)

k=0 r(t)

2
ytS+N\t B r(t)
+P ( (1) (4.64)

where hi(u; 1) = wys (pfqﬁk‘t7 Us4k)/ (Wys max — Wys min). Here, N =5 is the horizon,
0O, =P, =10, R = 0.1 are the weighting coefficients, and wys max and wys min are the
maximal and the minimal mass flow rates to/from chamber A. The control input u
determines the duty cycle of the on/off valves (see Section[4.3.1)) and it should sat-
isfy the constraint —100 % < u; 1y < 100 %, k =0, 1,...,N — 1. The piston position
y for this clutch actuator is allowed to be between 0 [m] and 0.025 [m], which leads
to the constraint:

0m] <y} 4y <0.025[m], k=1, ...,N (4.65)

In order to further reduce the partition complexity of the explicit controller, a projec-
tion of the reference tracking error is used. Thus in Problem 4.3, the extended state
vector is ¥(1) = [e(?), v*(¢), p5(¢), r(t)] € R*, where e(t) = r(t) — y*(t) is the refer-
ence tracking error. Note, that the state vector X(¢) does not include u(¢ — 1) since it
is not used in the expression (&.64) of the cost function. The state space to be parti-
tioned is 4-dimensional and it is defined by X = [—0.005; 0.005] x [—0.05; 0.15] x
[Po; Ps] x [0.0001; 0.024] where Py and Ps are given in Table[.1] The values of e(t)
outside this hyper-rectangle are projected onto its boundary. It has been shown in
[18] that bounding the approximation error of the approximate explicit solution to
regulation NMPC problems ensures stability of the sub-optimal closed-loop system.
Here, a similar approach is applied and the cost function approximation tolerance is
chosen as &(Xy) = max(&,, é,)rzrelklév*(f)) where £, = 0.001 and & = 0.02 are the

absolute and the relative tolerances. The stability of the closed-loop system is ver-
ified by simulations. It should be noted that the possibility for implementation ver-
ification is a significant advantage of the explicit NMPC in comparison to NMPC
based on real-time optimization. The partition of the explicit continuous NMPC
controller has 9035 regions. Its performance was simulated for a typical clutch refer-
ence signal and compared with that of a sliding mode controller (SMC) and of a PID
controller. The SMC controller is designed by applying the approach in [12]. The
responses associated to the three controllers are depicted in Fig.[.7]to Fig. The
simulations of the closed-loop system are based on the full 5-th order model (4.40)—
#.44). 1t is required for the tracking error to be less than 0.0002 [m] in the area
where the clutch engages/disengages and it is relaxed outside this area. All three
controllers meet this requirement. However, it can be observed from Fig. B.7] that
the control input of the explicit NMPC controller has less chattering in comparison
to that of the SMC controller. Also, the explicit NMPC has a higher quality of the
overall tracking performance compared to that of the PID controller (characterized
with an overshoot).
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Fig. 4.8 The clutch actuator position y.
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Fig. 4.10 The pressure p4 in chamber A.
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4.6 Time-Optimal Diver Decompression

Diving sickness (or decompression sickness) is known as an injury that affects as-
cending divers who have breathed gas which is at a higher pressure than the surface
pressure due to the pressure of the surrounding water. To prevent decompression
sickness one should set up a sufficiently large gradient for gas elimination. This
leads to another question - how close to optimal in terms of total decompression
time will a decompression procedure be, [11, 8]?

Using a physiological nonlinear dynamic model of the inert gas dynamics in the
diver’s tissue and blood, the minimum time decompression problem can be formu-
lated as a time-optimal control problem subject to constraints that are set up to avoid
inert gas bubbles of too large size or amount in the diver’s blood stream, [11]. This
optimal control problem can be discretized and solved to compute practical diving
decompression procedures that will provide the diver with advice about stop depths
and stop depths during ascent to the surface, [9, 11]. Since the model should be
updated dynamically based on the water depth profile during the dive, the decom-
pression profile should be updated at minute intervals in a receding horizon fashion
in order to account for the actions of the diver, [11].

An obstacle for practical implementation of such procedures is the limited CPU
capacity and power consumption requirements for a typical low-cost diving com-
puter. The real-time nonlinear optimization and the receding horizon algorithm re-
quires a large amount of floating point numerical computations per re-optimization,
[9]. For safety reasons the convergence and correctness of the numerical optimiza-
tion result needs to be verified. In [8], an mp-NLP problem is solved to pre-compute
an explicit NMPC controller suitable for implementation in a diving computer.
Rather than re-computing numerically the optimal solution at each sampling instant
based on updated physiological state information, the solution is simply obtained by
evaluating a piecewise approximation to the optimal solution function. Since such
piecewise function representation can be precomputed off-line and stored in mem-
ory on the diving computer, the computational load on the diving computer will
be dramatically relaxed. Moreover, since the solution function is pre-computed, it
is easier to verify the correctness and will benefit in the safety-critical applications
such as a diving computer, [8].
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Chapter 5

Explicit MPC of Constrained Nonlinear Systems
with Quantized Inputs

Abstract. This chapter presents an approximate multi-parametric Nonlinear Inte-
ger Programming (mp-NIP) approach to design explicit MPC controllers for con-
strained nonlinear systems with quantized control inputs. It is organized as follows.
In Section[3.2] general regulation and reference tracking quantized NMPC problems
are formulated and represented as an mp-NIP problem. Then, in Section[3.3] an ap-
proximate mp-NIP approach to explicit quantized NMPC is described. The idea of
the approach is to construct a piecewise constant (PWC) approximation to the opti-
mal solution of the mp-NIP problem on a hyper-rectangle of interest by imposing an
orthogonal state space partition. In Section[3.4] an explicit quantized NMPC con-
troller for the electropneumatic clutch actuator (described in Section[4.3)) is designed
and its performance is compared to that of the explicit NMPC with continuous con-
trol input. In Section[3.3] the approximate mp-NIP approach is applied to design an
explicit quantized NMPC controller for optimal regulation of a continuous stirred
tank reactor.

5.1 Introduction

In several control engineering problems, the system to be controlled is characterized
by a finite set of possible control actions. Such systems are referred to as systems
with quantized control input and the possible values of the input represent the lev-
els of quantization. For example, hydraulic systems using on/off valves are systems
with quantized input. In order to achieve a high quality of the control system per-
formance it would be necessary to take into account the effect of the control input
quantization. Thus, in [10] receding horizon optimal control ideas were proposed
for synthesizing quantized control laws for linear systems with quantized inputs
and quadratic optimality criteria. Further in [1], a method for explicit solution of
optimal control problems with quantized control input was developed. It is based
on solving multi-parametric Nonlinear Integer Programming (mp-NIP) problems,
where the cost function and the constraints depend linearly on the vector of param-
eters. In [4, 3], an MPC problem for constrained nonlinear systems with quantized

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 111-f25]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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input is formulated and represented as an mp-NIP problem. Then, a computational
method for explicit approximate solution of the resulting mp-NIP problem is sug-
gested. The benefits of the explicit solution consist in efficient on-line computations
using a binary search tree and verifiability of the design and implementation. The
mp-NIP method proposed in [4, 3] is more general compared to the mp-NIP method
in [1], since it allows the cost function and the constraints to depend nonlinearly on
the vector of parameters.

Note that the term Nonlinear Integer Programming is used instead of the more
general Mixed-Integer Nonlinear Programming (MI-NLP) since the problem for-
mulation contains only integer free variables. This is possible since continuous vari-
ables are eliminated using a direct single shooting strategy, and all control inputs are
assumed to be quantized. The general ideas can, however, be extended to MI-NLP
to account for situations with mixed continuous and integer variables.

5.2 Formulation of the Quantized NMPC Problem as an
mp-NIP Problem

Consider the discrete-time nonlinear system:

x(t+1) = f(x(t),u(r)) (5.1)
y(1) = Cx(1), (5.2)

where x(7) € R" is the state variable, y(f) € R” is the output variable, and u(r) € R™
is the control input, which is constrained to belong to the finite set of values U4 =
{uy,uz, ...,ur}, u; €R™, Vi=1,2, ... L, i.e. u(t) € UA. Here, uy,u, ...,uy, repre-
sent the levels of quantization of the control input . In (&.1)), f : R” x U4 — R”
is a nonlinear function. It is supposed that a full measurement of the state x(z) is
available at the current time ¢.

First, consider the optimal regulation problem where the goal is to steer the sys-
tem state to the origin by minimizing a certain performance criterion. For the current
x(1), the quantized NMPC regulation solves the optimization problem:

Problem 5.1:
V*(x(r)) = min J(U,x(1)) (5.3)
veus
subject to x;, = x() and:
Ymin SyH»k\t < Ymax, k= L, ..,N (5.4)
wx €U ={iy, o, ...}, k=0,1,...,N—1 (5.5)
e I* < 8¢ (5.6)
Xtk+1]e = f(xt+k|ta Upk), k>0 (5.7)

Vet = Cxepue » k>0 (5.8)
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Here, U = [u;, 41, ..., ursn—1] € RV is the set of free control moves, UZ £
(UMN=UAx ... xU*. The setU% is also represented as UB={U, | j=1,2, ..., M},
where U; € RN™ are the levels of quantization of the control vector U and M = LV,
The cost function is given by:

N—-1

JWUx(0) = 3 (Il + 1A Cosr w0 7] + Pewell, (5.9)
k=0

Here, N is a finite horizon and & : R" x U* — R" is a nonlinear function. It is as-
sumed that 8, > 0 and P, Q,, R > 0.

Now, consider the reference tracking problem where the goal is to have the output
variable y(¢) track the reference signal r(r) € R”. For the current x(r), the reference
tracking quantized NMPC solves the following optimization problem:

Problem 5.2:

VE(x(e), (1)) = min J(U,x(1), (1)) (5.10)

subject to x;, = x() and:

Yimin < Veik < Vmaxs k=1, e, N (5.11)
wx € UM = {uy,up, o ury, k=0,1,...,N—1 (5.12)
[yesne — r@)|| < 8, (5.13)
Xetkt+1)r = f(xt+k|taut+k)a k>0 (5.14)
Yerkle = CXppnrs k=0 (5.15)
Here, U = [us,ur1 1, ... ,urin—1) € RV is the set of free control moves, U =

(UMN = UA x ... x U* and the cost function is given by:

N-1
JU.x(1),r(t) = X {Ilqu; = ()1, + 17 100 17
k=0

Hlyewe =017, (5.16)

Similar to above, N is a finite horizon and 4 : R" x U4 — RS is a nonlinear function.
It is assumed that 6, > 0 and P, Q,, R > 0.

From a stability point of view it is desirable to choose &, in or 8, in (3.13) as
small as possible [9]. However, in the case of quantized input, the equilibrium point
of the closed-loop system may either have an offset from the reference, or there may
be a limit cycle about the reference. Therefore, the feasibility of Problems 5.1 and
5.2 will rely on &, and 9, being sufficiently large. A part of the NMPC design will
be to address this tradeoff.
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The optimization Problems 5.1 and 5.2 can be formulated in a compact form as
follows:

Problem 5.3:

V(1)) = JrenUnB J(U,%(t)) subjectto G(U,x(t)) <0 (5.17)

Here %(t) € R" and for the regulation Problem 5.1 it is:
Xt)=x(t),i=n (5.18)
while for the reference tracking Problem 5.2 it is:
F(t) = [x(t), r(t)) ER" i=n+p (5.19)

Problem 5.3 defines a multi-parametric Nonlinear Integer Programming (mp-NIP)
problem, since it is NIP in U parameterized by (). An optimal solution to this prob-
lem is denoted U™ = [u/, u;", |, ..., u;, y_,] and the control input is chosen according
to the receding horizon policy u(#) = u;". Define the set of feasible parameters as fol-
lows:

Xy = {x € R"| G(U,%) < 0forsome U € U®} (5.20)

For Problem 5.1, X is the set of N-step feasible initial states. If Oy, 5y and N are
such that the Problem 5.1 or 5.2 is feasible, then X is a non-empty set. In parametric
programming problems one seeks the solution U* (%) as an explicit function of the
parameters ¥ in a set X C X C R7 [2].

5.3 Approximate mp-NIP Approach to Explicit Quantized
NMPC

5.3.1 Computation of Explicit Approximate Solution

We restrict our attention to a hyper-rectangle X C R" where we seek to approx-
imate the optimal solution U*(X) to Problem 5.3. We require that the state space
partition is orthogonal and can be represented as a k — d tree. The main idea of the
approximate mp-NIP approach in [4, 3] is to construct a piecewise constant (PWC)
approximation U (¥) to U* () on X, where the constituent constant functions are de-
fined on hyper-rectangles covering X. The solution of Problem 5.3 is computed at
the 27 vertices of a considered hyper-rectangle Xo, as well as at some interior points.
These additional points represent the vertices and the facets centers of one or more
hyper-rectangles contained in the interior of Xy. The Procedure [[1lis used to gen-
erate a set of points Wy = {wo, w1, wy, ...,wy, } associated to a hyper-rectangle Xj.
Then, a close-to-global solution U*(w;) of Problem 5.3 at a point w; € W is com-
puted by using the routine ’glcSolve’ of the TOMLAB optimization environment in
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Matlab [7]. The routine ’glcSolve’ implements an extended version of the DIRECT
algorithm [8], that handles problems with both nonlinear and integer constraints.
The DIRECT algorithm (DIviding RECTangles) [8] is a deterministic sampling al-
gorithm for searching for the global minimum of a multivariate function subject to
constraints, using no derivative information. It is a modification of the standard Lip-
schitzian approach that eliminates the need to specify a Lipschitz constant.

Based on the close-to-global solutions U*(w;) at all points w; € Wy, a local con-
stant approximation Up (%) = K to the optimal solution U* (%), valid in the whole
hyper-rectangle X, is determined by applying the following procedure [4]:

Procedure 5.1 (computation of explicit approximate solution). Consider any
hyper-rectangle Xo C X with a set of points Wo = {wo, w1, ..., wn, } determined by
applying Procedure[[ 1l Compute Ky by solving the following NIP:

N

minB Y (J(Ko,wi) = V*(wi)) subjectto G(Ko,wi) <0,Yw; € Wy (5.21)
KocU i=0

5.3.2 Estimation of Error Bounds

Suppose that a constant function Uo (%) = Ko, associated to the hyper-rectangle X
has been determined by applying Procedure[5.1l Then, for the cost function approx-
imation error in X, we have:

e(®)=V(E -V <&, F€Xo (5.22)

where V(%) = J(Up (%), %) is the sub-optimal cost and V* (%) denotes the cost corre-
sponding to the close-to-global solution U* (%), i.e. V*(X) = J(U*(%),%). The follow-
ing procedure can be used to obtain an estimate & of the maximal approximation
error &) in Xj.

Procedure 5.2 (computation of error bound approximation). Consider any
hyper-rectangle Xo C X with a set of points Wy = {wo, w1, ...,wy, } determined by
applying Procedure[L ]l Compute an estimate €y of the error bound &y through the
following maximization:

B V() V" (o 523
ie{o,rl?;f,zvl}( (wi) = V*(wi)) (5.23)

&)

5.3.3 Approximate mp-NIP Algorithm

Assume the tolerance € > 0 of the cost function approximation error is given. The
following algorithm is proposed to design explicit reference tracking quantized
NMPC [4]:
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Algorithm 5.1. Explicit reference tracking quantized NMPC.

Step 1. Initialize the partition to the whole hyper-rectangle, i.e. IT = {X }. Mark
the hyper-rectangle X as unexplored.

Step 2. Select any unexplored hyper-rectangle Xy € I1. If no such hyper-rectangle
exists, terminate.

Step 3. Generate a set of points Wy = {wo, w1, w2, ..., wy, } associated to Xp by
applying Procedure [ 1]

Step 4. Compute a solution to Problem 5.3 for ¥ fixed to each of the points
wi, i =0,1,2,...,N; by using routine ’glcSolve’ of TOMLAB optimization envi-
ronment. If Problem 5.3 has a feasible solution at all these points, go to step 7.
Otherwise, go to step S.

Step 5. Compute the size of X using some metric. If it is smaller than some given
tolerance, mark Xy infeasible and explored and go to step 2. Otherwise, go to step 6.

Step 6. If at least one of the points w;, i =0, 1,2, ..., N is feasible, split X into
hyper-rectangles Xi, X2, ... , Xy, by applying the Heuristic splitting rule [Tl Mark
X1, Xo, ..., Xi, unexplored, remove Xo from I1, add Xj, X, ... , Xy, to I, and go
to step 2. If none of the points w;, i = 0,1,2, ..., Ny are feasible, split Xj into two
hyper-rectangles X; and X, by a hyperplane through its center point and orthogonal
to an arbitrary axis. Mark X and X, unexplored, remove X; from I, add X; and X,
to I1, and go to step 2.

Step 7. Compute a constant function l70 (%) using Procedure 311 as an approxi-
mation to be used in Xj. If a feasible solution was found, go to step 8. Otherwise,
split Xy into two hyper-rectangles X; and X, by a hyperplane through its center point
and orthogonal to an arbitrary axis. Mark X and X, unexplored, remove X, from I1,
add X; and X; to I, and go to step 2.

Step 8. Compute an estimate & of the error bound & in X, by applying Proce-
dure[3.2] If &) < &, mark X, as explored and feasible and go to step 2. Otherwise,
split Xy into two hyper-rectangles X; and X, by applying a procedure that is similar
to Procedure[I.3] Mark X; and X, unexplored, remove X, from I1, add X; and X to
II, and go to step 2.

5.4 Application 1: Reference Tracking Quantized Control of an
Electropneumatic Clutch Actuator Using On/Off Valves

Consider the electropneumatic clutch actuator, whose mathematical model is de-
scribed in Section 5.1l With the quantized control input the two valves are only
allowed to be fully open or fully closed (no pulse-width modulation is used). Thus,
the control input is an integer variable which can take only three values, i.e. u €
UA = {1,2,3}. This is related to the mass flow rate w,(p4,u) to/from chamber A in
the following way:
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u=1=wy(pa,1) = —wyou, for0 € [tTy; (t + 1)Ty
1="2=wy(pa,2) =0,for6 € [tT; (t + 1)T;] (5.24)
u=23=wy(pa,3) =wyin, for0 € [tT;; (t + 1)T}]

where wy,, and wj, are determined from (3.7)-(3.8), and 6 is the time variable.
Therefore, u = 1 corresponds to maximal flow from chamber A, u = 2 means no
flow, and u = 3 corresponds to maximal flow to chamber A during the whole sam-
pling period T;.

5.4.1 Design of Explicit NMPC with Quantized Control Input

In [4, 5], an explicit quantized NMPC controller for the clutch actuator is designed,
which is based on the simplified 3-rd order model ({.37)—-({@.39), introduced in Sec-
tion d.3.1] The quantized NMPC has sampling time 7; = 0.01 [s] and it minimizes
the cost function @.64)) in Section [4.5.2] (with 1, and U being here the quantized
control input and the quantized control input sequence, respectively), subject to the
system equations ({.37)—(4.39) and the constraint (£.63). In (.64}, the horizon is
N = 10 and the weighting coefficients are O, = P, = 1, R = 0.1. The extended state
vector X() and the state space X to be partitioned are the same as for the NMPC con-
troller with continuous control input, designed in Section [£.3.21 The cost function
approximation tolerance is &(Xo) = max(&,, é,}rzlel%v*(f)) where & = 0.001 and

& = 0.02. The partition has 10871 regions. The performance of the explicit quan-
tized NMPC was simulated for the typical clutch reference signal and the resulting
response is depicted in Fig. 5.1] and Fig. The simulations of the closed-loop
system are based on the full 5-th order model (A.40)—(4.44) of the clutch actuator
dynamics, described in Section 43,1}

u(t)

] 2

t[s]

Fig. 5.1 The control input u.
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y(t) [m]
0.016
0.014f R
0.012f N
0.01f
0.008
0.006 3
0.004 -

0.002} S

t[s]

Fig. 5.2 The clutch actuator position y with the explicit quantized NMPC (the dashed curve
is the reference signal).

5.4.2 Comparison between the Explicit NMPC with Quantized
Control Input and the Explicit NMPC with Continuous
Control Input

In [5], a comparative study of the explicit quantized NMPC controller and the ex-
plicit NMPC controller with continuous control input for reference tracking control
of the electropneumatic clutch actuator is made.

5.4.2.1 Chattering

The chattering of the explicit quantized NMPC controller, designed in this sec-
tion, and the explicit NMPC controller with continuous control input (using a PWM
scheme), the SMC controller, and the PID controller, considered in Section
is studied. In Table 5,11 statistics about the chattering in the control input u (only
for the controllers which generate a continuous control input) and in the actuator
position y is given. The chattering is expressed as:

Au(t) = u(t) —u(t = 1), Ay(1) = |y(t) = y(t = 1)] (5.25)

where r = 2, 3, ..., 500 is the discrete time instant. It can be seen that the control
input chattering of the explicit NMPC with PWM is comparable to that of the PID
controller and it is significantly smaller than that of the SMC controller. Also, the
explicit NMPC with PWM leads to the smallest position chattering among the four
studied controllers.



5.4 Reference Tracking Quantized Control of an Electropneumatic Clutch Actuator 119

Table 5.1 Statistics about chattering

Controller Average Maximal Average Maximal
Aul%]  Aul%]  Ay[m] Ay[m]

NMPC withPWM  4.65  81.99 5.66-107° 6.22-10~*

SMC controller  12.16 168.96 5.94-107° 10.63-10~*

PID controller ~ 1.23 5249 6.63-107° 10.63-10~*

Quantized NMPC ~ — —  9.83-107° 7.23-107*

5.4.2.2 Tracking Performance

In Table[5.2] statistics about the absolute reference tracking error ey () = |y(¢) — r(t)|
and the sum squared relative reference tracking error Sy, for the four controllers are
given. The error e, (1) is considered after the position settles near the first reference
value r = 0.015 [m] (after 0.8 [s] of time). The reason is that the trajectories from
the initial state y = 0 [m] to a neighborhood of r = 0.015 [m] for the four controllers
are characterized by the same maximal reference tracking error ey, = 0.015 [m]. The
error Sy is computed on the entire transients as:

R0
5= s (") (.20

It can be seen that the explicit NMPC with PWM provides the highest quality of
tracking performance.

Table 5.2 Statistics about reference tracking error

Controller Average Maximal Sum squared
ey(t) [m]  ey(t) [m] error S,

NMPC with PWM 2.48-10~* 6.89-10~% 0.431-10"!
SMC controller 3.05-10~% 6.30-10~* 0.679-10"!
PID controller 2.77-10~% 10.36-10~* 0.839.10"!
Quantized NMPC 3.27-10~% 10.39-10~* 1.063-10"!

5.4.2.3 Real-Time Computational Complexity and Storage Requirements

The explicit approximate solutions of the two explicit NMPC controllers are im-
plemented as binary search trees by applying the method in [11]. In Table[3.3] the
real-time computational complexity (the worst-case number of arithmetic opera-
tions needed to compute the control input) and the storage requirements (in terms
of numbers that have to be stored), associated to the binary search trees of the two
controllers, are given. It can be observed that the number of on-line arithmetic op-
erations is negligibly small with both controllers. The explicit NMPC with PWM
requires significantly more storage in comparison to the explicit quantized NMPC
controller. It can be explained with the fact that for each region of the partition of
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Table 5.3 On-line computational complexity and storage requirements

Controller arithmetic ops. stored stored
per sample reals integers
Explicit NMPC with PWM 152 39960 36771
Explicit quantized NMPC 143 295 7831

this controller, an affine control law needs to be stored (while only one constant
needs to be stored with the quantized controller). Further, since the total number of
solutions for the quantized controller is only 3, merging of regions with the same
solutions into one convex region leads to a significant decrease of the complexity of
the search tree.

5.5 Application 2: Regulation of a Continuous Stirred Tank
Reactor with Quantized Control Input

In [3], the approximate mp-NIP approach (described in Section[5.3)) is applied to de-
sign an explicit quantized NMPC controller for optimal regulation of a continuous
stirred tank reactor (CSTR). In the CSTR, a first-order irreversible reaction A — B
takes place (Fig.[5.3). The mathematical model of CSTR and the values of the pa-
rameters are taken from [6]. The mass and heat balance of CSTR expressed through
dimensionless concentration ¢ and temperature T are [6]:

d 1
dj _( , ¢) ke Té (5.27)
atr (T, -T _ . .
o :(fq )—|—k0e ?é—au(T—Tc) (5.28)
cr, Tt
N~ |
oo E.i
A-B
Fig. 5.3 Continuous stirred c, T

tank reactor.



5.5 Regulation of a CSTR with Quantized Control Input 121

where the dimensionless quantities ¢, T, T.and Tf are defined as follows:

i S =T o TC,Tf: Ty (5.29)
Cf JCf JCf
The coolant flowrate u is a quantized control variable. The values of the parameters
are taken from [6] and are g = 10, ¢y = 1, T, = 290, Ty = 300, J = 100, E = 25.2,
ko =300, ¢ = 1.95-10~*.
We consider the set point ¢* = 0.41, T* = 3.3. Then, the model of the reactor can
be written in the form:

d 1—-¢&— - E

L;tl _ ( Cq X]) —kge (T*+2) (5*_|_xl) (5.30)
d Tr—T*— _ L E . .

;2 — (Ty . x2) +koe T2 (& 4x1) —ou(T* +x,—1T.) (5.31)

where x; and x; denote the deviations of the concentration and temperature from
the set point values (x; = & — &, xp = T — T*). The forward Euler method with step
size T = 0.01 is used to integrate the equations (3.30)—(Z.31).

The coolant flowrate u is quantized with the following levels of quantization:

u € U = {ttmin, Ust, tmax } (5.32)
X - space
0.4
L ) L
~
L] L || N
0.2 ~
) il i |
X
0 L] | L
0.2 T Hi
04
204 02 0 0.2 0.4 0.6
X

1

Fig. 5.4 State space partition of the explicit approximate quantized NMPC.
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where upmin = 250, umax = 500, and ug = 370 is the steady state value corresponding
to the set point &* = 0.41, T* = 3.3.

The suggested approximate mp-NIP approach is applied to design an explicit
quantized NMPC controller for this reactor. The NMPC minimizes the cost func-
tion (3.9) subject to the system equations (3.30)—(5.31)) and the input constraint

Coolant flowrate u(t)

500 -——r-———-- Fe--- = - 1
| | | |
| | | |
| | | |

450 -- -t - —r-—————- [ [ 1
| | | |
| | | |
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| | | |
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(G32). In I, h(XixssUr1k) = 1k — ug and the cost matrices are Q. = P =
diag{100, 300}, R = 1-10~%. The horizon is N = 30 with a sampling time for the
control input 7y = 1. In (3.6, it is chosen &, = 0.002. The state space to be parti-
tioned is defined by X = [—0.4, 0.6] x [-0.4, 0.5]. The state space partition of the
explicit guantized NMPC controller is shown in Fig.[5.4l It has 341 regions and 14
levels of search. Thus, 14 arithmetic operations are needed in real-time to compute
the control input (14 comparisons). Due to quantization, it would be straightforward
to join neighboring regions with the same solution at the first sample of the control
trajectory in a postprocessing step. This would lead to a significant reduction of the
complexity of the partition.

The performance of the closed-loop system was simulated for initial condition
x(0) = [0.58, 0.2]”. The resulting closed-loop response corresponding to the ex-
plicit approximate quantized NMPC (the solid curves) and to the exact quantized
NMPC (the dotted curves) is depicted in the state space (Fig. 5.4), as well as tra-
jectories in time (Fig. [3.3). The results show that the exact and the approximate
solutions are indistinguishable.

Fig. 5.6 Top: The subop-
timal state feedback law
i(x1,x2). Bottom: The op-
timal state feedback law
w(xp,x2).




124

The suboptimal and the optimal state feedback laws are shown in Fig.

5 Explicit Quantized NMPC

In order to study the robustness of the explicit controller, we assume that the real

value of the heat transfer coefficient is o = 1.85-10~* (instead of o = 1.95-10~*

used to design the controller). The closed-loop response corresponding to oc = 1.85 -

10~* and initial condition x(0) = [0.58, 0.2]” is depicted in Fig.[5.7] It can be seen

Fig. 5.7 From top to bot-
tom: The control input,
the state variable xj, and
the state variable x; for
a=185-10"%
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that the closed-loop trajectory has an offset due to the fact that the steady state value
ug (cf. equation (3.32)) corresponding to the set point & = 0.41, T* =33 is a
function of the coefficient o.

References

1.

10.

11.

Bemporad, A.: Multiparametric nonlinear integer programming and explicit quantized
optimal control. In: Proceedings of the IEEE Conference an Decision and Control, Maui,
Hawaii, USA (2003)

Fiacco, A.V.: Introduction to sensitivity and stability analysis in nonlinear programming.
Academic Press, Orlando (1983)

Grancharova, A., Johansen, T.A.: Explicit solution of regulation control problems for
nonlinear systems with quantized inputs. In: Proceedings of the International Conference
on Automatics and Informatics, Sofia, Bulgaria, pp. I-15-1-18 (2008)

Grancharova, A., Johansen, T.A.: Explicit Approximate Model Predictive Control of
Constrained Nonlinear Systems with Quantized Input. In: Magni, L., Raimondo, D.M.,
Allgower, F. (eds.) Nonlinear Model Predictive Control: Towards New Challenging Ap-
plications. LNCIS, vol. 384, pp. 371-380. Springer, Heidelberg (2009)

Grancharova, A., Johansen, T.A.: Design and comparison of explicit model predictive
controllers for an electropneumatic clutch actuator using on/off valves. IEEE/ASME
Transactions on Mechatronics 16, 665-673 (2011)

Hicks, G., Ray, W.: Approximation methods for optimal control synthesis. The Canadian
Journal of Chemical Engineering 49, 522-528 (1971)

Holmstrom, K., Goran, A.O., Edvall, M.M.: User’s Guide for TOMLAB (2007)

Jones, D.R.: The DIRECT global optimization algorithm. In: Floudas, C.A., Pardalos,
P.M. (eds.) Encyclopedia of Optimization, vol. 1, pp. 431-440. Kluwer, Dordrecht (2001)
Mayne, D.Q., Rawlings, J.B., Rao, C.V., Scokaert, P.O.M.: Constrained model predictive
control: Stability and optimality. Automatica 36, 789-814 (2000)

Picasso, B., Pancanti, S., Bemporad, A., Bicchi, A.: Receding-horizon control of LTI
systems with quantized inputs. In: Proceedings of the IFAC Conference on Analysis and
Design of Hybrid Systems, Saint Malo, France (2002)

Tgndel, P., Johansen, T.A., Bemporad, A.: Evaluation of piecewise affine control via
binary search tree. Automatica 39, 743-749 (2003)



Chapter 6

Explicit Min-Max MPC of Constrained
Nonlinear Systems with Bounded Uncertainties

Abstract. This chapter considers two approaches to explicit min-max NMPC of
general constrained nonlinear discrete-time systems in the presence of bounded dis-
turbances and/or parameter uncertainties. The approach in Section is based on
an open-loop min-max NMPC formulation and constructs a piecewise linear (PWL)
approximation of the optimal solution. An explicit open-loop min-max NMPC con-
troller is designed for a continuous stirred tank reactor, whose heat transfer coeffi-
cient is an uncertain parameter. The approach in Section adopts a closed-loop
(also referred to as feedback) min-max NMPC formulation and builds a piecewise
nonlinear (PWNL) approximation of the optimal sequence of feedback control poli-
cies. The approach is applied to design an explicit feedback min-max NMPC con-
troller for a cart and spring system in the presence of bounded disturbances.

6.1 Introduction

Models are only an approximation of the real process, and therefore it is important
for NMPC to be robust with respect to model uncertainties and disturbances. One
approach to robust NMPC design is to optimize the nominal performance while
guaranteeing robust feasibility and robust stability of the closed-loop system. Thus
in [25], a Lyapunov-based robust NMPC design for input-affine nonlinear systems
subject to uncertainty and input constraints is developed, which allows for an ex-
plicit characterization of the closed-loop stability region. Another robust NMPC
strategy consists of solving a min-max problem to optimize the robust performance
while enforcing the state and input constraints for all possible uncertainties. The
min-max robust MPC was first proposed in [5]. There are two formulations of min-
max NMPC: the open-loop and the closed-loop (also referred to as feedback) for-
mulation (see [22] for review of the min-max NMPC approaches). The open-loop
min-max NMPC [26, 19, 22] guarantees the robust stability and the robust feasibil-
ity of the system, but it may be very conservative since the control sequence has to
ensure constraints fulfillment for all possible uncertainty scenarios without consid-
ering the fact that future measurements of the state contain information about past

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 127-56]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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uncertainty values. As a result, the open-loop min-max NMPC controllers may have
a small feasible set and sub-optimal performance. An approximate multi-parametric
Nonlinear Programming (mp-NLP) approach to explicit solution of open-loop min-
max NMPC problems has been suggested in [8]. This approach is considered in
Section

The conservativeness of the open-loop approaches is overcome by the closed-
loop min-max NMPC [21, 22, 20], where the optimization is performed over a se-
quence of feedback control policies. With the closed-loop approach, the min-max
NMPC problem represents a differential game where the controller is the minimiz-
ing player and the disturbance is the input of the maximizing player ("the nature’)
[21]. The controller chooses the control input as a function of the current state so as
to ensure that the effect of the disturbance on the system output is sufficiently small
for any choice made by ’the nature’. In this way, the closed-loop min-max NMPC
would guarantee a larger feasible set and a higher level of performance compared to
the open-loop min-max NMPC [21]. Recently, several approaches have been devel-
oped for explicit solution of min-max MPC problems for special classes of uncertain
nonlinear systems. Thus, for constrained linear systems with polytopic uncertainty,
approaches for explicit solution of the open-loop and the closed-loop min-max MPC
problems have been developed, respectively in [6] and in [31, 4, 29]. The method
in [2] applies to linear systems with polyhedral parametric uncertainty and additive
bounded disturbances and both the open-loop and the closed-loop min-max control
problems are solved explicitly. Approaches for explicit solution of robust finite hori-
zon optimal control problems for constrained piecewise affine systems with bounded
disturbances have been proposed, based on an open-loop formulation in [27], and
on a closed-loop formulation in [16, 30]. Methods for explicit solution of min-max
MPC or H.. problems for constrained linear systems with additive bounded uncer-
tainties are suggested in [28] for the open-loop formulation, and in [15, 24] for the
closed-loop formulation. In [11], an approximate mp-NLP approach to explicit so-
lution of closed-loop min-max NMPC problems for general nonlinear systems with
state and input constraints has been developed. This approach is considered in Sec-
tion

6.2 Explicit Open-Loop Min-Max MPC of Constrained
Nonlinear Systems with Bounded Uncertainties

This section considers the approximate mp-NLP approach [8] to explicit solution of
open-loop min-max NMPC problems for constrained nonlinear systems in the pres-
ence of model uncertainty. It is based on an orthogonal search tree structure of the
state space partition and thus represents an extension of the approach in [14]. The
explicit NMPC controller is designed by formulating a min-max optimization prob-
lem, i.e. by minimizing the worst-case with respect to the uncertain parameters cost
function value. The controller formulation is robust in the sense that all constraints
are attempted satisfied for all possible values of the uncertain parameters.
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6.2.1 Formulation of the Open-Loop Min-Max NMPC Problem
as an mp-NLP Problem

Consider the discrete-time nonlinear system:

x(t+1) = f(x(t),u(t),0) 6.1)
y(t) = Cx(t) (6.2)

where x(¢) € R”, u(t) € R™, and y(r) € R” are the state, input and output variable,
0 is the vector of time-invariant uncertain parameters that is assumed to belong to a
bounded polyhedral set & € @4 C R¥. Itis assumed that the function f is sufficiently
smooth. It is also supposed that a full measurement of the state x(¢) is available at
the current time #. We consider the following open-loop robust NMPC problem: For
the current x(z), NMPC minimizes the worst-case cost function through the follow-
ing optimization:

Problem 6.1:
Vi (x(2)) = min max J(U,x(t),0) (6.3)
U gcoA
subject to x;|; = x() and:
Ymin < Yk < Ymax, VO €O k=1,..,N (6.4)
umingut—}—kgumaka:()a17"'3N71 (65)
X ey < 8,90 € et (6.6)
skt = (G in 4, 0), 0 € O4 k>0 (6.7)
Yokl = Cxeqafs k=0 (6.8)
with U = [u, U4, ..., ur+N—1] and the cost function given by:
N T T
J(U,x(1),0) = Z {xt+k\let+k|t + Mt+kR”t+k} XN PX (6.9)
k=0

Here, N is a finite horizon. The formulation implies that a direct single shooting
strategy is employed, see Section2.2.2.11 i.e. the equality constraints ([©.7)—(6.8) are
substituted and eliminated in the cost and constraint functions. In (6.3)), the existence
of the minimum and maximum are implicitly assumed. From a stability point of
view it is desirable to choose 0 in as small as possible [23]. However, due to
the fact that x; v, depends on the unknown 6, the feasibility of Problem 6.1 will
rely on 6 being sufficiently large. A part of the NMPC design will be to address this
trade-off. If the system is asymptotically stable (or pre-stabilized), N is large, and
possibly an integral action is introduced to account for the steady-state effect of the
uncertainty, then it is more likely that the choice of a small & will be possible.
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The following assumptions are made:

Assumption 6.1. P, O, R > 0.
Assumption 6.2. y,i, < 0 < ymax.

Assumption 6.3. 0 is time-invariant uncertainty that belongs to a bounded poly-
hedral set, i.e. @ = const € O4. The polyhedral set @ is defined by @* = {0 €
R*|6F < 0 < 0Y}, where 6F and 0V represent given lower and upper bounds
on 0.

Assumption 6.4. For each 0 € OA there exists ug € R™ satisfying umin < ts < Umax,
and such that f(0,ug,0) = 0.

Assumption means that the point x = 0, u = ug is a feasible steady state point
for system (G.1)—(6.2)). It also implies that the steady state value of the control input
may be different for the different values of the uncertain parameters.

The worst-case value of cost function (6.9) with respect to the uncertain parame-
ters is denoted by:

Vimax (U, x(t)) = max J(U,x(1),0) (6.10)
6coA

An optimal solution to the min-max NMPC Problem 6.1 is denoted U* = [u]", u;, |,
...» Uy, y_] and the control input is chosen according to the receding horizon pol-
icy u(t) = u;. The optimization problem can be formulated in a compact form as
follows:

Problem 6.2:

Vinax (x(1)) = min max J(U,x(t), 0) subjectto G(U,x(1),0) <0, 76 € 04 (6.11)
0co
This min-max NMPC problem defines an mp-NLP, since it is NLP in U parameter-
ized by x. Since the equality constraints are eliminated by the direct single shooting
strategy, (6.11) contains only inequality constraints. Define the set of N-step ro-
bustly feasible initial states as follows:

Xy ={xeR"|G(U,x,0) <0,Y6 € ©" for some U € R""} (6.12)

If Assumption[6.4]is satisfied and & is chosen such that the Problem 6.1 is feasible,
then Xy is a non-empty set. Then, due to Assumption the origin is an interior
point in X.

6.2.2 Approximate mp-NLP Approach to Explicit Open-Loop
Min-Max NMPC

The numerical computations involved in constructing the approximate explicit state
feedback are simplified under the following convexity assumption:
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Assumption 6.5. G(U, x,0) is jointly convex for all (U, x, 8) € UA x X x @4, where
U = [umin, Umax]" is the set of admissible inputs and X C Xy C R" is a polytopic
set.

We exploit the result in [12], where it has been shown that if the constraint function
G(U,x,0) is jointly convex in U and 6, and there is U that is feasible at the vertices
of ®4, then U is feasible for all 8 € ©A. This is formulated in the following lemma:

Lemma 6.1. Suppose Assumptions[6.3 and (6.5 hold and denote the vertices of the
polyhedron @4 C R* with {6y, 6,, ..., 0.}. Denote also G'(U,x) = G(U,x, ;). If
there exist U that satisfies the following constraints:

G'(Ux)<0,ie{l1,2,..,L} (6.13)
then U satisfies the constraints in (6.11).

Thus, we can replace the infinite number of constraints in (6.11) with the following
finite set of jointly convex constraints which are function only of U and x:

G(U,x)<0,GU,x)={G'(U,x),i=1,2,..,L} (6.14)
Then, the Problem 6.2 can be reformulated as:

Problem 6.3:

Viax(X) = rrbin Vimax (U, x) subject to G(U,x) <0 (6.15)
where Vinax (U, x) is defined by (6.10).

Problem 6.3 defines a mp-NLP problem, since it is an NLP in U parameterized
by x. In case the Problem 6.3 is convex, its approximate solution can be found by ap-
plying the approximate mp-NLP approach, described in Section[[.1.3.1] Otherwise,
the approximate mp-NLP approach from Section should be used, where in
addition to the set of vertices of a given hyper-rectangle in the parameter space, the
optimal solution is also searched for at several interior points and global optimiza-
tion methods are applied. Further, if Assumption does not hold, then it would
not be sufficient to consider the constraints G(U,x, 0) only at the vertices of the set
©4, i.e. it would not be possible to apply Lemma[6.1] but it would be advisable to
impose these constraints also at a finite set of interior points of the set @4.

6.2.3 Application 1: Min-Max MPC of a Continuous Stirred Tank
Reactor

The considered approximate mp-NLP approach is applied to design an explicit min-
max NMPC controller for the continuous stirred tank reactor (CSTR), described in
Section We consider the set point ¢* = 0.41, T7* = 3.3. Then, the model of the
reactor can be written in the form [13]:
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dx; (1-¢"—x) E

U = . _ k037 (T*+xp) (E* +x1) (6.16)

dvn  (F—T— e ] i

o L I TT0) e 5 (¢ ) - (T - T (617)
q

where x; and x, denote the deviations of the dimensionless concentration and tem-
perature from the set point values (x| = ¢ — &, x, = T — T*). The coolant flow-rate
u is a real-valued control variable. The heat transfer coefficient ¢ is an uncertain
parameter that belongs to the interval:

19-10*<a<25-107* (6.18)

The values of the other parameters are given in Section[5.3l The coolant flow-rate is
constrained to be:
0 <u <600 (6.19)

We discretize the model (&.16)-(6.17) using a sampling time Ty = 1. The forward
Euler method with step size Tz = 0.01 is used to integrate the equations (6.16)—
©.17.

The mp-NLP formulation described in Section [6.2.2]is applied to design an ex-
plicit open-loop min-max NMPC controller for this reactor. The NMPC minimizes
the worst-case (maximal) value with respect to the uncertain parameter 6 = ¢« of the
cost function (6.9) subject to the system equations (6.16)—(6.17) and the input con-
straint (&.19). In (&.9), the cost matrices are Q = P = diag{100, 300}, R = 1-107°,
The horizon is N = 30. In (6.8), it is chosen & = 0.002. The state space to be parti-
tioned is defined by X = [—0.4, 0.6] x [—0.4,0.5].

The state space partition of the approximate min-max NMPC controller resulting
from the algorithms and procedures in Section[[L.T.3.2]is shown in Fig.[6.1l It has 94
regions and 10 levels of search. With one scalar comparison required at each level
of the k —d tree, 10 arithmetic operations are required in the worst case to deter-
mine which region the state belongs to. Totally, 14 arithmetic operations are needed
in real-time to compute the control input (10 comparisons, 2 multiplications and 2
additions).

The performance of the closed-loop system was simulated for initial condition
x(0) = [0.58, 0.3]7 and for three values of the uncertain parameter (o = 1.9- 1074,
o =22-10"% oo =2.5-10~%). The resulting closed-loop response is depicted in the
state space (Fig.[6.1), as well as trajectories in time (Fig.[6.2]and Fig.[6.3). It can be
seen that the explicit approximate min-max NMPC controller brings the reactor to
the desired set point despite of the model uncertainty, and the constraints imposed
on the system are satisfied. In order to avoid a possible offset, the dual-mode control
strategy of [26] was applied and a locally stabilizing control law was used in a
neighborhood of the origin.
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Fig. 6.3 Control input and
state trajectory correspond-
ingto or =2.5-107%.
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6.3 Explicit Closed-Loop Min-Max MPC of Constrained
Nonlinear Systems with Bounded Uncertainties

This section considers the approximate mp-NLP approach [11] to explicit solu-
tion of closed-loop (feedback) min-max NMPC problems for general constrained
nonlinear discrete-time systems in the presence of bounded disturbances and/or pa-
rameter uncertainties. The approach consists in constructing a piecewise nonlinear
(PWNL) approximation to the optimal sequence of feedback control policies, de-
fined on an orthogonal state space partition. Conditions guaranteeing the /,-stability
of the closed-loop system are derived.

6.3.1 Formulation of the Closed-Loop Min-Max NMPC Problem
as an mp-NLP Problem

Consider the discrete-time nonlinear system:

() = h(x(1),u(t),w(r)), (6.20)

where x(1) € R", u(r) € R™, y(¢) € R" and w(t) € R? are the state, input, output and
disturbance variable. The following constraints are imposed:
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Umin < U(t) < tmax, Ymin < Y(t) < Ymax (6.21)
Following [21],
Assumption 6.6. f and h are C* functions with f(0,0,0) =0, 1(0,0,0) = 0.
Assumption 6.7. yin < 0 < ymax and tmin < 0 < Umax.

Assumption 6.8. Let X be a non- empty set containing the origin as an interior
point, and let ty be a positive integer. The system (6200 is zero-state detectable
inX, ie ¥x(0) € X and Vu(-) such that constraints (6.21) are satisfied ¥t > 0 and
x(r) € X, Vt > 1y, we have y(t)|,—o =0, Vt > t9 = tlLrgx(t) =0.

Assumption 6.9. There exists a positive constant ya, such that the disturbance w
satisfies:
2 2
w()I* < Iy @)1, (6.22)

Let x(#) = x and u(¢) = u. Then, the space of the admissible disturbances is denoted
by WA (u,x) C RY. As mentioned in [21], inequality (6.22) can also represent a wide
class of modeling errors. As in [21], first a H.. control problem is defined:

Definition 6.1 (H.. control problem). Design a state-feedback control law:
u=k(x) (6.23)

guaranteeing that the closed-loop system (6.20)—(6.23) with input w € W4 (u,x) and
output y has a finite /-gain < y in a bounded positively invariant set €2, that is,
Vx(t) € Q

i x(t+i) e Q,Vi>0.

il tmin < k(x(r+1)) < tmax and ymin < A(x(t 410),k(x(t 1)), w(t +1)) < Ymax,
Vi > 0.

iii. There exists a positive definite function 3 (x(#)), such that VT > 0:

;)Hy ||2<f2|lw D>+ B (x(r)) (6.24)

for any non-zero w € W (u, x).
The following assumption is also made [21]:

Assumption 6.10. Suppose that there exists an auxiliary control law u = k,(x) that
solves the H.. control problem, with a domain of attraction £2,, whose boundary is
assumed to be a level curve of a positive function Vi, (x) such that:

Vi, (f (%, ka (x),w)) = Vi, (x) < — ||y||2 Iwl?),
Vx € Q,, Yw € WA (u, x) (6.25)

and Vy,(0) = 0.
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Definition 6.2 (Admissible disturbance realization). Let K = {ko,k;, ... ,ky_1} =
{ko (s ) k1 (Xr411e), - s kn—1(Xr4n—1)) } be a vector of feedback control policies and
N be a finite horizon. Consider the closed-loop system fori =0,1,2, ... ,N —1:

Xepivtfe = S i ki (i) s wis)
Yevile = h(xt+i|t7ki (xt+i\t)a Witi) (6.26)

with initial state x;, = x. Then, the disturbance realization W = {wr, ...,w;yn_1} €
RV is admissible for the given K and x if the following holds:

||Wt+i||2 < 'Yi”ytﬂ‘\t”za i=0,1,2,...,N—1. (6.27)

The space of the admissible disturbance realizations over horizon N and correspond-
ing to the given K and x is denoted by W5(K,x) c R4V,

It is supposed that a full measurement x of the state is available at the current time
t. We consider the feedback min-max NMPC problem [22]:

Definition 6.3 (Constrained feedback min-max NMPC problem). Suppose that
Assumptions|6.6H6.10lhold. For the current x, the feedback min-max NMPC solves
the following optimization problem:

Vou(X) =min max J(K,x,W) (6.28)
K wewB(K.x)
subject to x;; = x and:
Ymin < YVe+ilt < Vmaxs [ = 1,....N—1 (6.29)
Umin SMH—i SumaX7i:07 1) 7N71 (630)
XN € La (6.31)
Ui = ki(xXp i), 1=0,1,...,N—1 (6.32)

A .
Xegivt)e = S Kegeifes Ueris Weri)s Wi € W2 (tryi, %44, ), 0 <P <N — 1 (6.33)

Vetilt = h(xt+i|t7ul+i7wt+i)7 Wrti € WA(Mt+i7xt+i\t)7 0<i<N—-1 (634

and the cost function given by:

N—-1

1
JE W) =5 3 [yl = Plwesl ] + Vi (o) (6:35)
i=0

Here, N is the finite horizon and 7 is the /-gain which is interpreted as the distur-
bance attenuation level. Note that in (6.28)—(6.33) w;.; denotes a single disturbance
at time instant 7 4 i, while W is an admissible disturbance realization as specified in
Definition An auxiliary control law k,(x) is typically obtained by solving the
H.. control problem for the linearized system [26]. Thus, a practical way to compute
a nonlinear control k, (x) satisfying Assumption[6.10]is suggested in [21].
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An optimal solution to the feedback min-max NMPC problem (6.28)—(6.33) is
denoted K° = {k§,kS, ....k§,_,} = kG (g ) kG (g1 )5 o s KRy (Xrgv—1)) } and the
control input is chosen according to the receding horizon policy u(x;;) = kg (x;; ). It
is assumed that:

Assumption 6.11. Each feedback control policy ki(x, 1), i = 0,1,...,N — 1, has
the form:

ki(xt+i|t) = O‘ika(xt+i|t) + ri(§i7xt+i|t) = gi<pi7xt+i|t)7 (6.36)

where p; = [0 &'" € R" are the parameters that need to be optimized, kq (%, )
is an auxiliary control law that satisfies Assumption|6. 10 and ri(§i7x,+i|t) is a con-
tinuous function with r;(&;,0) = 0.

In general, the parameterization of the form (6.36) would lead to an approximate
solution to the feedback min-max NMPC problem (6.28))—(6.35). Denote with P the

whole set of parameters that need to be determined, i.e. P = [pg plT p,{,ﬁl]T cR",
N—1
where n, = 3 n;. Then, the worst-case value of cost function (©.33) with respect

i=0
to the disturbances is denoted by:

Viax (P, x) = Wervr;%chx)J(P,x,W) (6.37)

Note that the argument K is now substituted with the argument P. Using a direct
single shooting strategy to eliminate all the equality constraints (6.32)—(6.34), the
optimization problem (6.28)—(6.35)) can be formulated in a compact form as follows
[11]:

Problem 6.4:
Vo (x) =min max J(P,x,W) (6.38)
P WweWB(Px)
subject to G(P,x,W) < 0,VW € W5(P,x) (6.39)

Problem 6.4 defines an mp-NLP, since it is NLP in P parameterized by x. We remark
that the constraints function G(P,x,W) in (6.39) is implicitly defined by (6.29)—
(6.34). Define the set of N-step robustly feasible initial states:

X; = {x€R"|G(P,x,W) < 0,YW € W5 (P,x) for some P € R"} (6.40)

If the problem (©.28)-(6€.33) is feasible, then X is a non-empty set. Then, due to
Assumption[6.7] the origin is an interior point in X;.

As mentioned in Chapter[]] in parametric programming problems one seeks the
solution P?(x) as an explicit function of the parameters x in some set X C Xy C R”
[7]. However, in the general case, an exact explicit solution of Problem 6.4 with the
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associated shape of the state space partition can not be found. Therefore, it would
be necessary to use methods for approximate explicit solution by preliminary spec-
ifying the structure of the partition. In [9, 11], practical computational methods for
constructing an explicit approximate solution of feedback min-max NMPC prob-
lems for general constrained nonlinear systems are suggested, which are based on
an orthogonal structure of the state space partition. Since the regions in the partition
do not overlap (except at the boundary), the approximation corresponds to orthogo-
nal basis-functions that form a complete basis on the space of continuous functions.
This ensures an arbitrarily good approximation if the optimal solution is a continu-
ous function. Note that this type of partition does not impose any restrictions on the
class of problems that can be solved.

6.3.2 Approximate mp-NLP Approach to Explicit Closed-Loop
Min-Max NMPC

In [9, 11], an approximate mp-NLP approach to explicit solution of the feedback
(closed-loop) min-max NMPC problem (Definition [6.3) is proposed. In contrast to
the method in [8] (considered in Section[6.2)) where a sequence of control actions is
optimized, here the optimization is performed over a sequence of feedback control
policies. Another difference from most approximate mp-NLP approaches, where
a piecewise linear solution is obtained, is that the presented method constructs an
explicit approximate solution, which represents a piecewise nonlinear function.

6.3.2.1 Non-convexity and Close-to-Global Solutions

From a physical insight on the considered system (6.20), it is supposed that the
disturbance w can vary in the range:

Wiin < W(t) < Wax, (6.41)

with known wpin, Wmax. The procedure used to generate a discrete set of admissible
disturbance realizations is the following [11]:

Procedure 6.1 (Generation of discrete set of admissible disturbance realiza-
tions). Consider system ([6.20), where w(t) € [Wmin; Wmax)- Let N be a finite hori-
zon and K = {ko,k1, ... .kn—1} be a vector of feedback control policies where each
feedback function k;(x),i =0, ....N — 1, has the form (6.36). Suppose that the ini-
tial state of the system (6.20) is X =X and let jmax be a positive integer. Then, for
a given vector P = [pl pT" ... pI_ 1T of parameters of K, a finite set WO(P,x) =
{W1,Wa, ..., Wny, } of admissible disturbance realizations is generated where each
realization Wy = {w},w; |, ....wi i, ... Wi y_1 }, s = 1,2, ..., Ny is determined by
applying Algorithm 6.1.
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Algorithm 6.1. Generation of an admissible disturbance realization.

Input: N, P = [pg p]T p,(_]]T,x, Jmax-

Output: Wy = {w},wy |, ...} s s Wy )

1.Leti=0.

2. whilei <N—-1do

Let flag =0, j=0.

4. while flag=0do

5. Generate value w; ; € [Wmin; Wmax] by using random generator
with uniform distribution.

(O8]

6. j=j+1L

7. if ||Wrs+i||2 <% ||h(xt+i\nki(xt+i\t)7Wfﬂ‘)||2 then

8. Compute x; ;41 = f(xt+i|t7ki(xt+i|t)7wf+i)-

9. flag = 1.

10. else

11. if j > jmax, terminate (an admissible disturbance realization
is not found).

12. end if

13. end while

14, i=i+1.

15. end while

In Algorithm 6.1, the parameter jnax denotes the maximal allowed number of un-
successful iterations and it is typically chosen to be jyax = 100g, where g is the di-
mension of w. A special case is the case when the disturbance is of the form w(t) =
dTy(t), where d € R’ is a vector of uncertain parameters with dpin < d < dmax. Then,
the set of the admissible disturbance realizations can be generated by simulating the
closed-loop system response for different values d° € [diin; dmax], s = 1,2, ... ,Nw
of d.
The procedure used to approximate Problem 6.4 is [11]:

Procedure 6.2 (Approximation of Problem 6.4). Suppose that Assumptions [6.6-
hold. Let P be a given vector of parameters of the sequence K of feedback
control policies. Suppose that a finite set WO(P,x) = {W,Ws, ..., Wy, } of admis-
sible disturbance realizations has been determined by applying Procedure An
estimate Vi (P,x) of Vimax (P, x) is computed as follows:

Vinax(P,x) = max  J(P,x,W) (6.42)
WeWO(Px)

Denote with (F}V(P7 X) the set of constraints functions:

G(Px) = {G(P.x,W;), W; € WO(P.x)} (6.43)
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Then Problem 6.4 is approximated with the following mp-NLP problem:

Problem 6.5:

Vlﬁdx( )= m}in \7max (P,x) subject to 5(1’, x) <0. (6.44)

Thus, we can approximate the infinite number of constraints with a finite
amount of constraints which are functions only of P and x. For a given min-max
NMPC problem it would be necessary to analyze how the size of the set of admis-
sible disturbance realizations generated with Procedure would effect the worst-
case cost function value and the satisfaction of constraints in Problem 6.4. It should
be expected that with the increase of the number of the generated disturbance se-
quences, the probability of satisfaction of the constraints in Problem 6.4 would be
higher. On the other hand, this will lead to an increase of the computational efforts
related to the design of the explicit NMPC controller. Therefore, for every specific
min-max NMPC problem, a tradeoff should be made and a reasonable number of
admissible disturbance realizations should be determined. Hereafter, let X C R” be
a hyper-rectangle where we seek an explicit approximate solution of Problem 6.5.
Problem 6.5 can be non-convex with multiple local minima. Therefore, it would
be necessary to apply an efficient initialization of Problem 6.5 so to find a close-to-
global solution. One possible way to obtain this is to find a close-to-global solution
at a point vy € Xo (where Xj is a hyper-rectangle in the state space) by comparing
the local minima corresponding to several initial guesses and then to use this so-
lution as an initial guess at the neighboring points v; € Xy, i = 1,2, ..., Ny, i.e. to
propagate the solution. For this purpose, Procedures[I.1]and [[.2]from Chapter[Tlcan
be used to generate a set of points Vy = {vo,v1,v2, ..., v, }, associated to Xp, and to
find a close-to-global solution at these points, respectively. It should be noted that
the notation used here is different from the one in Chapter[Il Thus here, the points
and the set of points are denoted with v; and Vjy (instead of w; and W), the vector
of optimization variables is P (instead of z),~ the objective function and the con-
straints function in the mp-NLP problem are Vipax (-, -) and G(-,-) (instead of f(-,-)

and g(-,-)).

6.3.2.2 Computation of Explicit Approximate Solution

We restrict our attention to a hyper-rectangle X C R” where we seek to approx-
imate the close-to-global sequence of control policies K* = {kj;,k}, ...,ky_; } =
{ko(x,|,) 1(s11e)s sk (en—1)) }- We require that the state space partition
is orthogonal and can be represented as a k —d tree [3]. The main idea of the
approximate mp-NLP approach is to construct a piecewise nonlinear (PWNL)
approximation K = {ko,kl, . kN = {ko(xtp) kl(xH_l‘,) kN 1 (Xen—1)) }
to the close-to-global feedback K* = {kg,k}, ...,ky_,} on X. The constituent se-
quences of nonlinear control policies are denoted with I/(\x,. = {/1507)(’,, ,%N_LX[} £
{%o,x[ (Xt )5 - 7§N—1,X[ (Y+n—1):)} and are defined on hyper-rectangles X; covering
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X. This means that a sequence I?X, is applied for Vx;, € X;. Let EXO = {%O»Xm e
kn—1x,} be an approximation to the close-to-global solution K* = {kf, ...,kx_; },
valid in Xo. Denote with Py, = [176)(O p{,_LXO]T the parameters of Exo- Ac-
cording to Assumption /k\l}Xo (Xtile) = &i(PixgsXesir), i =0,1,...,N — 1. Let

\7max(PX0,x) be the cost function value due to initial state x = x|, and sequence Exo
of control policies, i.e.

Vinax(Pxy,X) =  max  J(Pyy,x, W). (6.45)
W;eWO(Py; x)

Then, the approximate sequence

Kx, = {koxys - kn—1x,} = {80(Po.xos %)t )s -+ 8N—1(PN—1 X5 X 4n—1)1) }, (6.46)
valid for Vx,; € Xo, is computed with the following procedure [11]:

Procedure 6.3 (Computation of explicit approximate solution). Suppose that As-
sumptions[6.6H6. T1|hold. Consider any hyper-rectangle Xy C X with a set of points
Vo = {vo,v1,V2, ..., VN, } determined with Procedure [ 1l Suppose that a close-to-
global solution of Problem 6.5 at the points v; € Vp, i = 0,1,2,...,N; has been
obtained by applying Procedurell2land let V5, (vi), i =0,1,2, ...,Ny be the close-
to-global cost function values. Compute the parameters Py, = [po X0 - p,{,ﬁlﬂxo]T of

the sequence Kxo = {ko,xm 7kN—1.,X0} by solving the NLP:

IR?“Z( max (P 1) = Vi () + 80 P0.xg i) ~ K5 (v)I3)  (6.47)
0 =

subject to é(PXO7vi) <0,V €Vp. (6.48)

(]@I[) the parameter (L > 0 is a weighting coefficient. Note that the sequence
{ko Xo» - kN 1,x0} computed with Procedure[6.3] satisfies the constraints in
Problem 6.5 only for the discrete set of points Vjy C Xp.

6.3.2.3 Estimation of Error Bounds

Suppose that the parameters Py, of the sequence I/(\xo, valid in Xy, has been computed
with Procedure[6.3] Then, for the cost function approximation error in Xy we have:

~

£(x) = Vinax (P, %) — Viiax (x) < €0, x € Xp. (6.49)

The following procedure can be used to obtain an estimate & of the maximal ap-
proximation error & in Xo [11]:
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Procedure 6.4 (Computation of error bound approximation). Consider a hyper-
rectangle Xo C X with a set of points Vo = {vo,v1,v2, ...,vn, } determined by ap-
plying Procedure [l Compute an estimate € of the error bound & through the
following maximization:

= emax }(Vmax (Pyy: Vi) = Vinax (v0)- (6.50)

&

The estimate &, represents an approximate degree of sub-optimality, since it depends
on the finite set of admissible disturbance realizations generated with Procedure[6.1]

6.3.2.4 Approximate mp-NLP Algorithm

Assume the tolerance € > 0 of the cost function approximation error is given. Denote
with Sy, the volume of a given hyper-rectangular region Xo C X C R", i.e. Sy, =
n

[T Ax;, where Ax; is the size of X along the state variable x;. Let Spyin be the minimal
i=1

allowed volume of the regions in the partition of X. The following algorithm is
proposed to compute the explicit approximate feedback min-max NMPC controller
onX [11]:

Algorithm 6.2. Explicit feedback min-max NMPC.

Input: Data to Problem 6.5, the number N, of internal regions (used in
Procedure[I.T), the parameter y (used in Procedure[6.3), the approximation
tolerance €.
Output: Partition IT = {X;, X2, ..., Xn, } and associated PWNL control function
K = {Kx,,Kx,, o Kxy, }.
1. Initialize the partition to the whole hyper-rectangle, i.e. IT = {X}.
Mark the hyper-rectangle X as unexplored, flag := 1.
2. while flag =1 do
3. while 3 unexplored hyper-rectangles in IT do
4. Select any unexplored hyper-rectangle Xy € I1.
5 Compute a solution to Problem 6.5 at the center point vg of Xy by applying
Procedure[[.2h.

6. if Problem 6.5 has a feasible solution at vy then

7. Define a set of points Vo = {vo,v1,v2, ..., v, } by applying Procedure[[1]

8. Compute a solution to Problem 6.5 for x fixed to each of the points v;,
i=1,2,...,N; by applying Procedure[T.2b.

9. if Problem 6.5 has a feasible solution at all points v;, i = 1,2, ..., N then

10. if 0 € X, then

11. Let Kx, = ka(x).

12. If Xy C Q,, mark Xj as explored and feasible. Otherwise,

mark Xy to be split.
13. else
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14. Compute a sequence Exo = {%O,Xoa ’%N*I»XO} of control policies
using Procedure[6.3] as an approximation to be used in Xj.

15. if a sequence of control policies was found then

16. Compute an estimate € of the error bound & in Xj by applying
Procedure[6.4]

17. If & > &, mark the hyper-rectangle Xy to be split. Otherwise,
mark Xy as explored and feasible.

18. else

19. Compute the volume Sy, of the hyper-rectangle Xo. If Sy, < Swin,

mark X infeasible and explored. Otherwise, mark X to be split.
20. end if

21. end if
22. else
23. Compute the volume Sy, of the hyper-rectangle Xo. If Sx;, < Swin,

mark X, infeasible and explored. Otherwise, mark X to be split.
24. end if
25. else
26. Compute the volume Sy, of the hyper-rectangle Xq. If Sx;, < Siin,
mark X, infeasible and explored. Otherwise, mark X to be split.
27. end if
28. end while
29.  flag:=0
30. if J hyper-rectangles in IT that are marked to be split then
31. flag =1

32. while 3 hyper-rectangles in IT that are marked to be split do

33. Select any hyper-rectangle Xy € IT marked to be split.

34. Split Xy into hyper-rectangles X1, ..., Xy, by applying heuristic splitting
rules. Mark Xj, ..., Xy, unexplored, remove X, from I1, and add

Xi, ... ,XNS to I1.
35. end while
36. endif
37. end while

In step 34, the heuristic splitting rules from [10] (described in details in
Section are applied to partition a given hyper-rectangle Xy. Thus, if a se-
quence of control policies valid in X is computed, but the required accuracy is not
achieved, then X is split by a hyperplane through its center and orthogonal to that
axis where a maximal reduction of the approximation error can be achieved. If there
is no feasible solution of Problem 6.5 at the center point vy of Xy, or the NLP prob-
lem (6.47)—(©.48) is infeasible, then Xj is split by a hyperplane through its center
and orthogonal to an arbitrary axis. If some of the points associated to X are feasi-
ble and others are not, then Xj is split into hyper-rectangles such that some of them
will include only feasible points.
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6.3.3 Stability

6.3.3.1 Computation of Approximate Region of Attraction for the
Sub-optimal Closed-Loop System

Ny

Let X;7 = U X, X; € I1 be the set associated to the partition IT obtained with Algo-
i=1

rithm 6.2. Consider the suboptimal closed-loop system:

o~

x(t+1) = fx(t),ko(x(r)),w(t)) (6.51)
y(t) = h(x(t), ko(x(1)), (1)), (6.52)

where ko (x(¢)) is the approximate PWNL feedback law determined with Algorithm
6.2 and is defined on the set Xr7. The fact that the explicit NMPC controller is speci-
fied for an initial condition x(¢) € Xr7 does not imply that x(¢) is within the region of
attraction for the system (6.31)—(6.32). Therefore, the set X;7 may not be a domain
of attraction for this system. In fact, although a feasible control law exists at state
x(r) € X, the successor state x(z + 1) may go out of the set Xj7. Moreover, the set
X1 may not be convex (see the simulation example in Section[6.3.4)). Therefore, first
it would be useful to find a set 2; C X7, which is an inner convex approximation
of the set Xj7. Then, a convex set 2, C € should be determined such that 2, D €,
and for every initial state that belongs to the set £2,, the state trajectory of the system
(6.31)—(6.32) will lie in the set £;. This is specified in the following definition [11].

Definition 6.4 (Approximate region of attraction for the suboptimal closed-loop

system). Let IT = {X|, X, ..., Xy, }. X1 = U X, X; € ITand K = {ko. k1, ..., kn_1 }
be respectively the state space partition, tile associated set in the state space and
the approximate PWNL sequence of feedback control policies, determined with Al-
gorithm 6.2. Let P = [p} pT ... p,_,]7 be the parameters of K. Assume that Xy
is a non-empty set. Suppose that there exist polyhedral sets €2; and £2,, such that
Q,C8HCQ CXp. LetEg, = X €y, j=1,2.. N2} denote a finite set
of randomly generated points. Let the state of the system (@.31)—(&.32) at time 7 be
X; = x/ € Eg,. Consider a finite set WO(IA’ x/ ) = {W,Ws...,Wy, } of admissible
disturbance realizations Wy = {w},w; |, ...,wj, y_}, s =1,2..., N, generated by

applying Procedure &1} Let X*/ = {x;/, . fmv S A

tory of the system (6.31)—(6.32) obtained with K and corresponding to initial state
x/ € Eq, and disturbance realization Wy € WO(P,x/), i.e.:

} denote the state trajec-

x:1i+]|t :f(xfiilt,ko(xfii|t),wf+i), i=0,1,2,....N—1, (6.53)
Then, if: ' ‘ o
X5 € Q,Vx/ € Eq, and YW, € WO(P,x/), (6.54)

the set €2, is referred to as an approximate region of attraction for the suboptimal
closed-loop system (6.51)—(6.52).
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Let Sg, and S, denote the volumes of the polyhedral sets £2; and €2, defined as
their Lebesgue measures, i.e. Sq, = [, dx and Sg, = [q, dx. The volume of the

set Xpy is Sx;; = 2 Jx, dx, i.e. it represents the sum of the Lebesgue measures of all

regions X; € I1. Then the following procedure is applied to compute an approximate
region of attraction for the closed-loop system (6.31)—(6.32) [11]:

Procedure 6.5 (Computation of approximate region of attraction for the sub-
Nx

optimal closed-loop system). Let IT = {X|, Xz, ..., Xny, }, Xp = U Xi, Xi € IT and
i=1

K= {%07%17 ,%N,]} be respectively the state space partition, the associated set
in the state space and the approximate PWNL sequence of feedback control poli-
cies, determined with Algorithm 6.2. Assume the set Xy is non-empty. Suppose
that there exist polyhedral sets Q = {x € Xpy|a} <hlx<b! i=1,2, .. ,No, } and
QD ={xeXp|a? <hix<b} i=1,2,..,No,}, suchthat Q, C 2, C Q; C Xy. Let
Eq, = ke k=1,2, .. Ny YandEg, ={x/|x/ €, j=1,2,... Ny} de-
note finite sets of randomly generated points. Then, for specified No,, No,, Np| and
Ny, the approximate region of attraction for the closed-loop system (6.31)—

is computed by implementing the following steps:

1. Determine the polyhedron Qf = {x € X1 |ai1* < hl-l*x < bl-l*, i=12,..,No}

where a h1 bl*, i=1,2,. are computed by solving the optimization
problem

2

A Rl =
a; ,h; \b; ,i= 2,...,Ngl}farg 1 ]Imn |SQ1*SXH|
l’l b = l, ’NQI

ai s

subject to Eq, C Xpy. (6.55)

2. Determine the approximate region of attraction as the following polyhedron 5 =
{xEXH|aiZ* §hiz*x§ biz*7 i=1,2,...,No,}, where a? h2 bz* i=1,2,...,Ng,
are computed by solving the optimization problem:

2% 2% 0% .
a; ,hi ,bj ;i=1,2,...,Ng,} = arg min |S92—SQ]|
a? h? bli=1,...No,
subject to Eq, C Qi,Q, C £, and condition (6.34). (6.56)

Problems (6.33)) and (6.36)) are nonlinear programming problems and nonlinear pro-
gramming techniques [1] can be used to solve them. Further in the paper, the sets
Q5 and Q/ determined with Procedure[6.3] will be denoted as €, and £2;.

After Procedurels implemented, a partition IT’? = {R|,R,, ..., Ry, } is built

such that Q) = U R;. Eachregion R; € ITR" represents either a hyper-rectangular re-
gion,i.e. R; ,X orapolyhedral region,i.e. R, =X ﬂ.Q] where X; € I1. The PWNL
function associated to the partition IT*? is defined as KnRH = {KR1 7KR27 ,KRNR },
where I/(\Ri = I/(\xj, I?X/. S I?H, given that R; = X; or R; = X;N£2;. As result, we obtain
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a partition ITRH and an approximate PWNL sequence of feedback control policies
KRH — (kRH JRH - YRH 1 defined on the set €.

6.3.3.2 Stability Result

This section considers the stability of the closed-loop system:

x(t+1)= (xA(t) KK (x(t)), w(t)) (6.57)
(1) = h(x(r),kG™ (x(1)), w(r)), (6.58)

where kRH (x(t)) is the approximate PWNL feedback law determined with Algo-
rithm 6.2 and Procedure [6.3] and is defined on the approximate region of attraction
€, computed with Procedure[6.3]

The following notation is introduced. Let N be the prediction horizon and x;; = x
is the initial state of the system (6.57)—(6.38). For any x € @i, let Ky = KRH =
{kR (Xe[e)5 - KRE | (x v 1r)} denote the approximate solution to the optimiza-
tion Problem 6.5. Let Xy = {115 > Xeqnpe ) and Yy = {Vyprs s Vepn—1)} de-
note the state and output trajectories of system (6.57)—(6.38) obtained with Ky
and corresponding to a disturbance realization Wy = {w;, ..., w, n_1 } € WB(Ky,x)
wh (EN,x) C RV is the set of the admissible disturbance realizations over horizon
N). Let Vmax (x,N) be the worst-case cost function value due to initial state Xep = X

and sequence Ky, i.e.:

Voax(,N) = max  J(x,Ky, Wy, N), (6.59)
WyewB (KN,X)
where
R 1 N—1 5 5
J (6 Ky, Wy, N) = 3 Ui = Vlwesil ]+ Vi, G- (6.60)
i=0

Consider the sequence

Rt = (k5 O ), o KR Gty 1) k(g ) ) (6.61)

for the Problem 6.5 with horizon N + 1. Then, X1 = { X, 1]rs -+ s Xe-Njr> Xe4N+1]¢
and Yy i1 = {yy, -- ,yt+N 1‘,,y,+N‘,} are the associated state and output trajecto-
ries of the system (6 ) corresponding to initial state x,, = x and a dis-
turbance realization WN+1 = {w,, e WiN_1,WieN } € WE (KNH, ) (W€ (KN+17 X)
c RIWVH1D) ig the set of the admissible disturbance realizations over horizon N + 1).
Let Vinax (x,N + 1) be the worst-case cost function value due to initial state Xep = X

and sequence Ky |, i.e.:

Vinax (X, N+ 1) = max  J(x,Kyi1,Wys1,N+1), (6.62)
W1 €WE (K 41,x)
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~ N
where J(x, Ky 1, Wy 11, N+ 1) = g e 12 = Plwerill®) + Vi (v -

Let PRH be the parameters of KRH The following assumption is made on the so-
lution K®¥ and the sets Q; and Q, resulting from Algorithm 6.2 and Procedure[6.3]

[11]:

Assumption 6.12 (Constraints satisfaction). The constraints G(PRH x,W) <0are
satisfied for all x € 1 and all W € WB(PRH x). The sets Q, and €, are such that
Q, C € CQ CXpyoand x;yiq1 = f(x,H‘,,ZfeH(x,H‘,Lw,H) € ), Vx;; € {2,
Ywis: € WAKEH (x4 )% i), = 0,1,2, . )N — 1.

Here, the stability result is formulated [11]:

Theorem 6.1. Given an auxiliary control law k,(x) and an associated invariant set
Q,, consider two positive constants Yy and Yp with yay < 1. Suppose that a non-
empty region of attraction £, and associated set Q) have been determined by ap-
plying Procedure Let KRH with parameters PRH be the approximate PWNL
Jfeedback law determined with Algorithm 6.2 and Procedure Consider the
closed-loop system (632)~(6.38), where k" (x(t)) = [0 ... O] KRH. Then, under As-
sumptions[6.6H6. 12 the following holds for the closed-loop system (6.32)—(6.33):

i). In the absence of disturbance the origin is asymptotically stable for all x € €2,.
ii). In the presence of disturbance it has ly-gain less than or equal to 7y for all x € £2;.

Proof ([11]).
112
i). From Assumption [6.9] it follows that ||y,+l-|,||2 > HW;}’H , i > 0. Then, the
A
I> > ¥*||wi1i]|?, i > 0. Therefore, the stage cost
L(YyifesWeti) = 2 ||y,+,‘,||2 Y2 ||wi+i||?) is a positive definite function. Then, by
taking into account that Vi (x) is a positive definite function too (cf.

Assumption|6.10), it follows:

condition Yz 7 < 1 leads to ||y,

Vinax (X, N) > 0,Vx € 5. (6.63)

In the absence of disturbance, the stage cost is L(y,0) = L(h(x,%ORH (x),0),0) and it
is a positive definite function deﬁned on the set £2, which contains the origin in its
interior (according to Assumption[6.7). Then, it follows from Lemma 4.3 from [17]
that there exist a .# -function o (||x||) such that L(h(x, kRH( ),0),0) > oy (||x]]).
Vx € £,. Similarly, there exists a % -function o5 (||x||) such that V; (x) < o (||x]]),
Vx € €, (the reader is referred to [17] for the definition of J# -functions). Assump-
tion[6.10lholds also in the case of absence of disturbance and therefore the set £2, is a
positively invariant set for the nominal system (system (6.37)—(6.38) with w(z) = 0)
in closed-loop with the auxiliary control law k,(x) and the inequality (6.23) takes
the form:

Vi, (f (x,kq(x),0)) — Vi, (x) + L(h(x,ka(x),0),0) <0, Vx € Q,. (6.64)

Therefore, according to Theorem 1 with Assumption 1 in [18] x = 0 is asymptoti-
cally stable for all x € £, when w(r) = 0.
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ii). In a way similar to that in [21], it can be proved that for the worst-case cost
function values defined by (6.59) and (6.62)) the following holds:

Vinax (6, N 4 1) < Vinax (x,N), Vx € 5. (6.65)

Following similar arguments as in [21] and by taking into account (6.6J)), for Vx €
€, and for w, € WA (kK" (x),x), we have:

Vinax (V) 2 Vinax (f (k8" (), wi),N = 1 )+ {Ilh( w2 = 7 w1}
> Vina (f (6,56 (), w1),N) + {Ilh( woll? = 72w}
(6.66)

Inequality (6.66) can be represented:
vmaX(f( o (x),wi),N) — Vmax()ﬁN) <
{||h(xf§H(x OIIP = 7llwe - (6.67)

Further, by considering that x, ., = f (x,kRH (x),w;) and Vi = h(x, kEH (x),w;), the
inequality (6.67) is written in the form:

~ ~ 1
VmaX(xt+1|t7N) — Vinax (%, N) < — 2{||)’t\t||2 - VZHWt”z} (6.68)

In a similar way, it can be shown that:

~

~ 1
VmaX<xt+i+1|tvN) - VmaX<xt+i\tvN) < - 2{||yt+i|t||2 - VZHWH-!'”Z}
i=0,1,..,T. (6.69)

After summing the inequalities (6.69) and by taking into account (6.63)), we obtain:

T

1 LN ~
2 ) ||Yt+i\t||2 < 72 2 ) ||Wt+i||2 + Vinax (%, N) (6.70)
i=0 i=0

Vx € o, YT >0, YWy € W5 (I?Mx). Therefore, the closed-loop system (6.37)—
(16.58)) has /»-gain less than or equal to ¥ in €2,. ]

In the case when Assumption[6.12/does not hold, no guarantee on the /»-gain can be
given and only an estimate of its upper bound can be computed.

6.3.4 Application 2: Min-Max MPC of Cart and Spring System

Consider a cart with a mass M moving on a plane [21], shown in Fig.[6.4
The carriage is attached to the wall via a spring with elasticity p = ppe™*!, where
x1 is the displacement of the carriage from the equilibrium position associated with
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Fig. 6.4 Cart and spring
system [21].

OO

the external force u = 0. A damper with damping factor s, affects the system in a
resistive way. The damping factor A, is an uncertain parameter and it is only known
that hy = hy+ Ahg, where hy = 1.1 and —0.5 < Ah,; < 0.5. The system is described
by the nonlinear discrete-time model [21]:

x1(t+1) =x1(¢) + Txa (2) (6.71)

h t
x(t+1)=x(t) — 7;5"40 e (1) =Ty A;’xz(z) + Ty ”154) + Tow(t), (6.72)

where x; is the carriage velocity, w(z) = —AAZd x2(t), Ty = 0.4 is the sampling time,
M =1 and py = 0.33. Like in [21], we choose y = [x; x, u]7 and it follows that
w(t) = [0 — % 0]y(r). Therefore, ||[w(t)[|> < yi|ly(r)|*> with y4 = 0.5, according
to Assumption The following input and state constraints are imposed on the

system:
—4<u<4, —13<x<13. (6.73)

Therefore, the disturbances vary in the range —1.3y4 < w < 1.3y4. The horizon is
N = 15 and the terminal constraint is:

XNl € Qu, Qo = {x e R"[x" Zx < 8}, (6.74)

where § = 0.001 [21] and X = [1-3 12].

In [11], the approximate mp-NLP approach (described in Section[6.3.2)) is applied
to design an explicit feedback min-max NMPC controller for the cart. The NMPC
minimizes the worst-case of the cost function (6.33) subject to the system equations
(©71)—(®.72) and the constraints (6.73)—(6.74). In (€.33), it is chosen ¥y = 1 and
the terminal penalty is Vi, = x” Xx [21]. Like in [21], the feedback functions k;(x),
i=0,1,...,N—1 have the form:

ki( i x) = 0tika (x) + &i.123 + Eix3, (6.75)

where p; = [oy 51‘,1 éi,z]T are the parameters that need to be optimized and k,(x)
is the auxiliary control law. The expression (6.73) implies that for relatively small
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absolute deviations from the equilibrium (small xi iy and x% 4] ;) the control input

|t
value will be generated mainly by the auxiliary control law k4 (x4 ;). The control

law k4 (x4 ;) is determined by applying the method in [21]:

G [ES
ka(x,+l-|,) = — [1 O} R 1 |:F§T:| Zf] (xl+i|t)v (676)
where:
X1 il + TsX il
f1 () = _ ) 7 (6.77)
( t+l‘l) x2,t+i|t o Tsﬁ/loe XI'Hl‘tx],H»ih _ TS?V(IIXZ,IJJ\I
[0 _[o] , [FIZR+1 FIZF;s
FZ* |:171"/;:|7F3 |:7}:|’R |:(F2TZF3)T F3TZF3—(XZI (678)

A set of three admissible disturbance realizations is generated which correspond to
three values for the uncertain parameter Ah; (Ahy = —0.5, Ahy =0, Ahy = 0.5).
One internal region X(} C Xy is used in Procedure[[ 1l In (&47), it is chosen u = 10.

The approximation tolerance is chosen to be &(Xy) = max(&,, érmg(n‘z;ax (x)), where
XEXQ
€, =0.003 and & = 0.01 are the absolute and the relative tolerances.

The state space partition of the feedback min-max NMPC controller (the set Xj7)
and the associated sets 2| and €2, are shown in Fig. It is noticed that in some

part of the set X = [—3, 5] x [—2, 2] a feasible solution does not exist. The number of
X — space
2r T
h =0.6 HHH
7' d T
1.5f i h=11
uy g d
~ Y =
1r ;—,‘ T I
‘ ’:‘ h h =1.6
05k AT
b f
K3
S 1
£ == i
[ A -
-05f £ H —
] — T ===
-1.5f : Y — —
/ I ]
-2
%3 2 1 ¥ o0 1 2 3 4 5
X
Q, 2, 1

Fig. 6.5 State space partition of the explicit feedback min-max NMPC (the set Xy7), the
associated sets £2; and €2, and the state trajectories for h; = 0.6, hy = 1.1, hy = 1.6.
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uboptimal feedback functions, respectively

the optimal and the s

6.61

time to compute the control input (14 comparisons, 11 multiplications, 6
In Fig.

the inequalities describing the sets £2; and (2, is specified to be 5 and Procedure|6.5]
w*(x1,x2)

is applied to determine them. The set £2; is obtained graphically by minimizing the

difference between its area and the area of the set Xp;. The computations of the state

trajectories of the suboptimal closed-loop system, performed according to equation
in one of the inequalities describing the set £2;. The partition (the set €2 in Fig.[6.3)

has 537 regions and 14 levels of search. Totally, 32 arithmetic operations are needed

(6.33), have shown that the set £, can be determined simply by increasing the bound
in real-
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additions and 1 exponential).
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Fig. 6.6 The suboptimal
(top) and the optimal (bot-
tom) feedback functions

(views rotated on 140°).
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Fig. 6.7 The optimal cost

function (top) and the cost
function approximation er-
ror (bottom) (views rotated
on 140°).
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The performance of the suboptimal closed-loop system was simulated for initial
state x(0) = [~1.6 —2]7 and for three values of hy. The response is depicted in
the state space (Fig. and as trajectories in time (Fig. [6.8] and Fig. [6.9). It can
be seen that the explicit feedback min-max NMPC controller brings the cart to the
equilibrium despite of the presence of disturbance, and the constraints imposed on
the system are satisfied. It can also be observed that the state trajectory does not

leave the set €2;.
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6.3 Explicit Closed-Loop Min-Max NMPC

Fig. 6.8 Control input and

state trajectory for iy = 0.6.

16

14

10

time
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Fig. 6.9 Control input and
state trajectory for hy = 1.6.
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Chapter 7
Explicit Stochastic NMPC

Abstract. This chapter considers two approaches to explicit stochastic NMPC of
general constrained nonlinear discrete-time systems in the presence of disturbances
and/or parameter uncertainties with known probability distributions. In Section[7.2]
an approach to explicit solution of closed-loop (feedback) stochastic NMPC prob-
lems for constrained nonlinear systems, described by stochastic parametric models,
is considered. The approach constructs a piecewise nonlinear (PWNL) approxima-
tion to the optimal sequence of feedback control policies. It is applied to design
an explicit feedback stochastic NMPC controller for the cart and spring system. In
Section[Z3] an explicit approximate approach to open-loop stochastic NMPC based
on Gaussian process models is presented. The Gaussian process models are non-
parametric probabilistic black-box models, whose advantage in comparison to the
stochastic parametric models is that they provide information about the prediction
uncertainty. The approach in Section [Z.3] constructs a piecewise linear (PWL) ap-
proximation to the optimal control sequence and it is applied to design an explicit
stochastic NMPC reference tracking controller for a combustion plant.

7.1 Introduction

Mathematical models of engineering systems usually contain some amount of un-
certainty (typically unknown additive disturbances and/or uncertain model parame-
ters). In the robust MPC problem formulation, the model uncertainty is taken into
account. In some applications, the system to be controlled is described by a stochas-
tic model where the probabilistic distribution of the uncertainty is assumed to be
known. Several approaches for constrained open-loop MPC based on stochastic
parametric models are proposed in [32, 44, 46, 31, 7, 8, 5, 6, 24]. The approaches
[32, 44, 46] are based on linear state space models with stochastic parameters and/or
additive noise and they optimize the expected value of the cost function subject to
hard input constraints [32] or probabilistic constraints [44, 46]. In [31, 7, 8, 5],
stochastic linear MPC approaches incorporating a probabilistic cost and probabilis-
tic constraints are developed. The method suggested in [31] is based on a moving

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 157-86]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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average (MA) model with random coefficients. It was further extended to linear
time-varying MA models [8] and to state space models with stochastic uncertainty
in the output or the input map [7, 5]. Methods for open-loop stochastic MPC for
nonlinear systems have been proposed in [6, 24].

The stochastic MPC methods mentioned above employ an open-loop formula-
tion, which guarantees the robust stability and the robust feasibility of the system,
but it may be conservative. This is related to the fact that the control sequence
has to ensure constraints fulfillment for all possible uncertainty scenarios with-
out considering the fact that future measurements of the state contain information
about past uncertain values. Similar to the closed-loop min-max NMPC approaches
[35, 34, 36], the conservativeness of the open-loop stochastic NMPC can be over-
come by a closed-loop stochastic NMPC formulation, where the optimization is
performed over a sequence of feedback control policies. In [18, 1], methods for
closed-loop stochastic NMPC based on on-line optimization have been proposed
and an approximate mp-NLP approach to explicit closed-loop min-max NMPC has
been suggested in [21]. Based on the approach in [21], in [22] the explicit solu-
tion of closed-loop (feedback) stochastic NMPC problems for constrained nonlin-
ear systems in the presence of uncertainty is considered by employing stochastic
parametric models. The approach [22] constructs a piecewise nonlinear (PWNL)
approximation to the optimal sequence of feedback control policies for efficient on-
line implementation. This approach is considered in Section[7.2]

The stochastic MPC approaches [32, 44,46, 31,7, 8,5, 6,24, 18, 1, 22] are based
on parametric probabilistic models. Alternatively, the stochastic systems can be
modeled with non-parametric models which can offer a significant advantage com-
pared to the parametric models. This is related to the fact that the non-parametric
probabilistic models provide information about prediction uncertainties which are
difficult to evaluate appropriately with the parametric models. The Gaussian process
model is an example of a non-parametric probabilistic black-box model and up to
now it has been applied to model mainly static nonlinearities. Its use and properties
for modeling are reviewed in [41]. The use of Gaussian processes in the modeling of
dynamic systems is a relatively recent development e.g. [17, 43, 26, 2, 29, 28, 39].
An on-line optimization approach and an approximate explicit approach to open-
loop stochastic NMPC based on Gaussian process models have been proposed in
[38, 30, 33] and in [19, 20], respectively. The approach [19, 20] constructs a piece-
wise linear (PWL) approximation to the optimal control sequence and it is consid-
ered in Section[Z3l A recent state-of-the-art survey of control algorithms based on
Gaussian process models is provided in [27].

7.2 Explicit Stochastic NMPC Based on Parametric
Probabilistic Models

This section considers the approximate mp-NLP approach [22] to explicit solu-
tion of closed-loop (feedback) stochastic NMPC problems for constrained nonlin-
ear systems, described by stochastic parametric models. It is assumed that the dis-
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crete probability distribution of the uncertainty is known. The approach constructs
a piecewise nonlinear (PWNL) approximation to the optimal sequence of feedback
control policies, defined on an orthogonal partition of the state space.

7.2.1 Formulation of the Feedback Stochastic NMPC Problem as
an mp-NLP Problem

Consider the discrete-time nonlinear system:

xX(t+1) = f(x(t),u(r),w())
() = h(x(1),u(t),w(r)), (7.1)

where x(r) € R”, u(t) € R™, y(t) € R® and w(r) € R" are the state, input, output
and uncertainty variables, and ¢ € Zx is the discrete time. The input and the output
variables are required to fulfill the following constraints:

Umin < U < Umax, Ymin <Y < Ymax- (7.2)

The following assumptions are made [22]:
Assumption 7.1. f and h are C* functions with £(0,0,0) = 0, h(0,0,0) = 0.

Assumption 7.2. The uncertainty w(t) = [wi(t), wa(t), ..., wu(t)] includes both in-
ternal (state-dependent) and external uncertainty, i.e. it has the form w;(t) =
Aixi(t) + ¥i(t), where x;(t) is the i-th element of the state vector x(t). Here A; is a
discrete random parameter, associated to the internal (model) uncertainty. It takes
values in the set A; = {1}, liz, e linl"} and is characterized with the probability
mass function @; : A; — [0, 1]:

n/l[ )
o) =Pr(Li=A), j=1,2,....ny, with Y @i(A])=1. (7.3)
j=1

The external uncertainty ¥(t) is stochastic and piecewise constant with infrequent
changes in the sense that ¥;(t) = const for periods of time, which are not less than
Ny (Ny € N is supposed to be sufficiently large). It is assumed that ; takes values
in the set I = {y}, v, ..., }/inn }, which contains the nominal value y; = 0, and it is
characterized with the probability mass function y; : I; — [0, 1]:

: : "y .
l//,-(}/l-]):Pr(}/,-:}/l-])7j:172,...,n% with l//,-(’)fi’):l. (7.4)
j=1
The overall vector of uncertain model parameters is denoted L = [A1, Az, ..., A,] €A

with A = A X Ap X ... X Ay. Given AJ = (A1, A2, o, Al iy € {1,2, .. my, ) oo
,in €{1,2,...,ny,}, the probability mass function ¢ : A — [0, 1] is:
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QA7) = Pr(A = A7) = @1 (A1) @2 (A2)...u (A1) (7.5)

with j=1,...,ny and ny = ny ny, ...n,, . Similarly, the overall vector of external
uncertainty is denoted Y = [y, P, ..., Yu] € I’ with ' = I} x I3 x ... x I;,. Given

y = [){177/;2, e ) i € {1,2, . ny }y ooy in € {1,2, ..., ny,}, the probability
mass function y : I' — [0, 1] is:

w(Y) =Pr(y=7) = vi (¥ )y (¥2)- v (%) (7.6)

with j =1, ..., nyand ny = nyny, ...ny,.
Then, the overall uncertainty is:

w = diag(A)x+ 7. (7.7)

Further, the following assumption is made:
Assumption 7.3. ymin < 0 < ymax and umin < 0 < thmax.
As in [35], first a H., control problem is defined:

Problem 7.1 (H.. control problem):
Design a state-feedback control law:

u=k(x) (7.8)

guaranteeing that the closed-loop system (ZI)-(Z8)) with input w = diag(A)x+ 7,
A €A, yeT, and output y has a finite /;-gain < ¢ in a bounded positively invariant
set Q, that is, Vx(r) € Q:

iox(t+1i) € Q,Vi>0.

ii. Upin < k(x(t + l)) < Umax and Ymin < h(x(t+i)7k(x(t+i))7w(t+ l)) < Ymax»
Vi > 0.

iii. There exists a positive definite function 8 (x()), such that VT > 0:

T T
2 Iyt +)]* < o ZO (e +0)|> + B (x(1) (7.9)

= =
for any non-zero w.

The following assumption is also made [35]:

Assumption 7.4. There exists an auxiliary control law u = k,(x) that solves the He.
control problem, with a domain of attraction Q,(kg, o), whose boundary is assumed
to be a level curve of a positive function Vy, (x) such that:

1
Vi (f(x, ka (x),w)) = Vi, (x) < —Z(IIyII2 — o||w||)
Vx € Qulka, ), VA EA, Yy el (7.10)

and V,(0) = 0.
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Denote with:

K ={ko, ki, ... kn—1} = {ko(xtlt)v kl(xt+1|t)7 ) kal(xt+Nfl\t)} (7.11)

a vector of feedback control policies. It is supposed that a full measurement x of the
state is available at the current time . We consider the following feedback stochastic
NMPC problem [22]:

Problem 7.2 (Constrained feedback stochastic NMPC problem):
Suppose that Assumptions [Z.IHZ. 4 hold. For the current x, the feedback stochastic
NMPC solves the following optimization problem:

Vix)=min E {J(K,x,4,7)} (7.12)
K LeA,yer
subject to x;; = x and:

Ymin Sy,+i|;§ymax7WL eAVyel,i=1,...N (7.13)
umin§u1+i§umaX7i:O717"'7N_1 (714)
XeeNt € Qqkg,0), YA € A,NyeTd (7.15)
uH_,-:lc,-()c,+l-|,)7i:07 l,...,N—1 (7.16)
Xetitlfe = f(xt+i\tvut+iawt+i)a i>0 (7.17)
Vetilt = h(xt+i|t7ut+ith+i)7 i>0 (7.18)

and the cost function given by:

N—-1

1
JEx A7) = 5 X [yeeall® = 0wl + Vi, (). (719
i=0

Here, N is a finite horizon, o is the /;-gain which is interpreted as the uncertainty
attenuation level, and E {.} means mathematical expectation. It is supposed that
N < Ny, and by Assumption[Z.2it can be accepted that ¥ = const,i =0, 1, ..., N—
1. Then by Assumption [Z.2] the expectation can be expressed:

ny ny

E {JKxAp)}r=Y Y IKxA, 7)) w(y) (7.20)

AEA,yel’ i=1j=1

An auxiliary control law k,(x) is typically obtained by solving the H.. control
problem for the linearized system [35]. Thus, a practical way to compute a non-
linear control k,(x) satisfying Assumption [Z.4] for nonlinear input-affine systems is
suggested in [35].

An optimal solution to the feedback stochastic NMPC problem (Z.12)—(Z.19) is
denoted K* = {k§, ki, ..., ky_, } and the control input is chosen according to the
receding horizon policy u(x;) = kg (x|;)-
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The following assumption is made:

Assumption 7.5. Each feedback control policy ki(x,yy), i =0, ..., N — 1 has the
form:

ki (il ) = Nika (X yi10) + 1i(Sis X i) = &i(PisXitife) (7.21)
where p; = [nI ET]T € R" are the parameters that need to be optimized, k, (Xepile)
is an auxiliary control law that satisfies Assumption and ri(&i, X 1;) is a pa-
rameterized continuous function with r;(&;,0) = 0.

In general, the parameterization of the form (Z2I)) would lead to an approximate
solution to the feedback stochastic NMPC problem (ZI12)-(Z.19). Denote with P
the whole set of parameters that need to be determined, i.e.:

N—1
P=plpl .. pl )T eRrR™, np = 2 n;. (7.22)
i=0
Then, the expected value (Z.2Q)) of the cost function is:
Ve(Px)= E {J(Px,A,7)}. (7.23)

A€A,yell

It should be noted that the argument K in the cost function is now replaced
with the argument P.

Using the ideas of direct single shooting to eliminate the equality constraints, the
optimization problem (Z.12)—(7.19) can be formulated in a compact form as follows
[22]:

Problem 7.3:
mo o . .
Vi(x) =min 3 > J(Px, AL y)p(A)y(¥) (7.24)
i=1j=1
subjectto: G(P,x,A,y) <0,VA €A, VyeT. (7.25)

Problem 7.3 defines a multi-parametric Nonlinear Programming (mp-NLP) prob-
lem, since it is NLP in P parameterized by x. We remark that the constraints func-
tion G(P,x,4,y) in is implicitly defined by (Z13)-(ZI8). Also, since A and
I' are discrete sets, represents a finite number of constraints. It should be
noted that the number of constraints increases rapidly with the increase of
the horizon and the sizes n, and n, of the uncertainty sets A and I". Thus, as the
horizon increases from N; to N> and the sizes of the sets A and I increase from
ni to ni, and from n,‘, to n%,, respectively, the number of constraints will increase
(Nanin3)/(Ninjny) times. This leads to a stronger motivation for an explicit ap-
proach, where the computational complexity is handled in off-line.

Define the set of N-step robustly feasible initial states:

Xy ={xeR"|G(Px,A,y) <0,YVA € A,VyeT for some PcR"}. (7.26)
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In parametric programming problems one seeks the solution P*(x) as an explicit
function of the parameters x in some set X C Xy C R" [14].

7.2.2 Approximate mp-NLP Approach to Explicit Feedback
Stochastic NMPC

The approximate mp-NLP approach [22] to explicit feedback stochastic NMPC
is similar to the approach to explicit feedback min-max NMPC (described in
Section [6.372). Thus, we restrict our attention to a hyper-rectangle X C R”
where we seek to approximate the optimal sequence of control policies K* =

{k§, k7, ..., ky_, }. The associated optimal control input is
u:ﬂ-‘ri = k?(xt+i|t) = gi(p?7xt+i|t>7 i= 07 17 sy N— 17 (727)
where P* = [pgT piT ... pil |7 is determined by solving Problem 7.3. We re-

quire that the state space partition is orthogonal and can be represented as a k —d
tree. The main idea of the approximate mp—NLP approach [22] is to construct a
piecewise nonlinear (PWNL) approximation K= {ko, ki, oo ko 1} to the optimal

feedback K* = {k{, k}, ..., ky_,} on X, where the constituent nonlinear control
functions Ky, = {kox;, k1.x;, ..., kn—1,x,} are defined on hyper-rectangles X; cov-
ering X. Let Kx, = {kO,Xm "'7kN—1.,X0} be an approximation to the optimal so-

lution K* = {kj;, ..., ky_, }, valid in the whole hyper-rectangle Xo. Denote with
Py, = [pd, Xp -+ p{,_l"XO]T the parameters of Ky,. The corresponding approximate
value of the control input is

ﬁp,.,' = ki,Xo (xl+i|l) = gi(piyxo7x,+i|,)7 = 07 1, ceey N-—1. (728)

Let VE(PXO,x) be the cost function value due to initial state x = x;; and control
function Ky, i.e.
Ve(Pxy.x)= E  {J(Px,,x, A7)} (7.29)
AEA,yell
Then, the approximate control function K, is determined by applying the following
procedure [22]:

Procedure 7.1 (Computation of explicit approximate solution). Suppose As-
sumptions[ZIHZ 3 hold. Consider any hyper-rectangle Xo C Xy with a set of points
Vo = {vo, vi,v2, ..., va, } C Xo. Compute the parameters Py, = [p57X0 p,{,ﬁl‘XO]T
of the control function Kx, = {ko x,, ..., kn—1x, } by solving the following NLP:

N

TE;UZ(VE Px,,vi) — Vi) + 1l go(Poxes vi) — go(pivi) 1) (7.30)
0 =0

subjectto G(Py,,vi,A,y) <0,Vv; € Vo,VA € A, VyeT. (7.31)



164 7 Explicit Stochastic NMPC

We remark that the optimal parameters p§ in the feedback function &jj(v;) =
go(pg,vi) in are determined by solving Problem 7.3 for x = v;, and the pa-
rameter i > 0 is a weighting coefficient.

Note that the control function Ky, = {ko x,, ..., kn—1,x, }» computed with Proce-
dure[Z 1] satisfies the constraints in Problem 7.3 only for the discrete set of points Vj
in the hyper-rectangle Xy and for the discrete sets of values A and I" of the internal
and external uncertainties.

Suppose that the parameter vector Py, of the control function Ky,, valid in Xo,
has been determined by applying Procedure[Z Il Then, for the cost function approx-
imation error in X,y we have:

€(x) = Vg (Py,,x) — Vi (x) < &, x € Xo. (7.32)
An estimate &) of the error bound &) is computed as:

“ iE{O,Tza,).(..,N]}< E(Pxy,vi) = Vi (vi) (7.33)

If & > €, where € > 0 is the specified tolerance of the cost function approximation
error, the region Xy is divided and the procedure is repeated for the new regions.

The approximate mp-NLP algorithm for design of explicit feedback stochas-
tic NMPC represents a slight modification of the algorithm, described in Sec-
tion

It should be noted that in case of non-convexity of Problem 7.3, it can not be
guaranteed that the approximation error €(x) associated to the explicit feedback
stochastic NMPC will satisfy the requirement &(x) < & for all x € X. The non-
convexity may also imply that the constraints are violated at some points of
the state space. In this respect, the described computational method does not neces-
sarily lead to guaranteed properties, but when combined with verification and anal-
ysis methods gives a practical tool for development and implementation of explicit
feedback stochastic NMPC. The possibility for implementation verification is a sig-
nificant advantage of the explicit NMPC in comparison to NMPC based on real-time
optimization.

7.2.3 Application 1: Stochastic MPC of the Cart and Spring
System

Consider the cart and spring system, described in Section The damping fac-
tor hy is uncertain, but it is known that hy = hy; + A. Here, h; = 1.1 and A is a
stochastic parameter. It is supposed that —0.5 < A < 0.5 and the following discrete
set of values is considered A € A = {—0.5,0, 0.5} with the corresponding values
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of the probability mass function ¢(—0.5) = 0.2, ¢(0) = 0.6, ¢(0.5) = 0.2. The
external uncertainty for this system is ¥ = 0. Recall that the system is described by
the following nonlinear discrete-time model [35]:

xi(t+1)=x1(t) + Txa(t) (7.34)
- h u(t
o+ 1) =020 - TR0y 0) - 1 00+ 10 1 1), 7.35)
where x; is the carriage velocity, w(z) = — A’},xz(t) is a state dependent (internal)

uncertainty, 7y = 0.4 is the sampling time, M = 1 and py = 0.33. The following
input and state constraints are imposed on the system:

—4<u<4, —13<x<1.3. (7.36)
The horizon is N = 15 and the terminal constraint is:
XNl € Qa, Qu={xeR"|x" Zx < 8}, (7.37)

where § = 0.001 [35] and X = [1:3 17].

The mp-NLP approach described in Section[7.2.2]is applied to design an explicit
feedback stochastic NMPC controller for the cart [22]. The NMPC minimizes the
mathematical expectation (Z20Q) of the cost function subject to the system
equations (Z34)—(Z33) and the constraints (Z38)-(Z.37). In (Z.19), it is chosen o =
1 and the terminal penalty is given by V;, = x” Zx [35]. Like in Section the
feedback functions k;(x; ), 1 =0, ..., N — 1 have the form:

Ki(Pis Xy i) = Mika(Kpife) + Gt i + 625 10 (7.38)

where p; = [1; &1 & )7 are the parameters that need to be optimized and &, (Xepile)
is the auxiliary control law. The control law k,(x; ;) is determined in the way de-
scribed in Section[6.3.4] (respectively in [35]).

In [23], a condition on the approximation tolerance has been derived such that
the asymptotic stability of the nonlinear system in closed-loop with the approximate
explicit NMPC is guaranteed. According to this condition, the tolerance is chosen
to be dependent on the state, which would lead to a state space partition with less
complexity in comparison to that corresponding to an uniform tolerance. In [22], a
similar approach is applied and the approximation tolerance is chosen to be depen-
dent on the state as €(Xy) = max(&,, & )ICTEI}(IS Vi (x)), where & = 0.005 and & = 0.03

are the absolute and the relative tolerances.
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Fig. 7.1 State space partition of the explicit approximate feedback stochastic NMPC and the
state trajectories corresponding to A = —0.5, A =0, A =0.5.

The state space partition of the explicit approximate feedback stochastic NMPC
controller is shown in Fig.[Z1l The partition has 150 regions and 11 levels in a binary
search tree representation. Totally, 27 arithmetic operations are needed in real-time
to compute the control input by traversing the binary search tree (11 comparisons,
10 multiplications, 5 additions and 1 exponential).

The performance of the closed-loop system was simulated for initial state x(0) =
[4 1.5]" and for the three values of the stochastic parameter A. The response is
depicted in the state space (Fig. [Z.1), as well as trajectories in time (Fig. and
Fig.[Z3). In Fig.[Z.2] and Fig.[Z3] the control and state trajectories obtained with
the explicit min-max NMPC controller (designed in Section are given for
comparison. The cost function values corresponding to the closed-loop trajectories
associated to the explicit stochastic NMPC and to the explicit min-max NMPC
are Vg = 121.64 and Viin— max = 122.57 (for hy = 0.6), and Vg = 141.59 and
Vinin— max = 141.70 (for hy = 1.6). Therefore, the explicit min-max NMPC appears
to be slightly more conservative, since it is characterized with larger values of the
cost function in comparison to the explicit stochastic NMPC. It can be seen that
the explicit feedback stochastic NMPC controller brings the cart to the equilibrium
despite of the presence of stochastic uncertainty, and the constraints imposed on the
system are satisfied.
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Explicit stochastic NMPC
Explicit min-max NMPC

time

Fig. 7.2 Control input and state trajectory for h; = 0.6.
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7.3 Explicit Stochastic NMPC Based on Gaussian Process
Models

In this section, the approximate mp-NLP approach [19, 20] to explicit open-loop
stochastic NMPC based on Gaussian process models (abbreviated as GP-NMPC) is
presented. The approach constructs a piecewise linear (PWL) approximation to the
optimal control sequence, defined on an orthogonal partition of the state space.

7.3.1 Modeling of Dynamic Systems with Gaussian Processes

A Gaussian process is an example of the use of a flexible, probabilistic, nonpara-
metric model which directly provides us with quantification of the uncertainty of
predictions. Its use and properties for modeling are reviewed in [41].

A Gaussian process is a collection of random variables which have a joint mul-
tivariate Gaussian distribution. Assuming a relationship of the form y = f(z) be-
tween an input z € R? and output y € R, we have y(1), y(2), ..., y(M) ~ 4 (0,K),
where K,,; = Cov(y(p),y(q)) = C(z(p),z(q)) gives the covariance between the out-
put points y(p) and y(g) corresponding to the input points z(p) and z(g). Thus, the
mean (L(z) (usually assumed to be zero) and the covariance function C(z(p),z(q))
fully specify the Gaussian process. Note that the covariance function C(z(p),z(q))
can be any function with the property that it generates a positive definite covariance
matrix. A common choice is the Gaussian covariance function [45, 41]:

D
C(z(p),z(q)) = viexp *;zwi(Zi(p)*Zi(CI))z + 10 Olpg (7.39)
i=1

where © = [wy, ..., wp, vo, vi] is a vector of parameters called hyperparameters and
z; denotes the i-th component of the D-dimensional input vector z. The hyperpa-
rameter v; controls the magnitude of the covariance and the hyperparameters w;
represent the relative importance of each component z; of vector z. The part vo0,
represents the covariance between outputs due to white noise, where o, is the Kro-
necker operator and vy is the white noise variance (when assuming different kinds
of noise the covariance function should be changed appropriately, e.g. [15]). For a
given problem, the hyperparameters are learned (identified) using the data at hand.
After the learning, one can use the w parameters as indicators of how important’
the corresponding input components (dimensions) are: if w; is zero or near zero it
means that the inputs in dimension 7 contain little information and could possibly be
removed.

Consider a set of M D-dimensional input vectors Z = [z(1), z(2), ..., z(M)]” and
a vector of output data ¥ = [y(1), y(2), ..., y(M)]”. Based on the data (Z,Y), and
given a new input vector z*, we wish to estimate the probability distribution of the
corresponding output y*. Unlike other models, there is no model parameter deter-
mination as such, within a fixed model structure. With this model, most of the effort
consists in tuning the parameters of the covariance function. This is done by maxi-
mizing the log-likelihood with the vector of hyperparameters ©:
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1 1 M
- R%UKszYTK”YA—Zngﬂ) (7.40)

2(0) =log(p(¥|2)) = -,

where K is the M x M training covariance matrix with determinant |K| and the
hyperparameters distribution p(© |Y, Z) is approximated with their most likely val-
ues. The optimization requires the computation of the derivative of .Z’ with respect
to each of the parameters:

9.2(0)

1 0K 1 oK
=— K! YK UKy 41
26, 2trace ( ) (7.41)

d6; 26;

Here, it involves the computation of the inverse of the M x M covariance matrix K

at every iteration, which can be computationally demanding for large M. The reader

is referred to [41] for a detailed description of the parameter optimization methods.
Given that the hyperparameters are known, we can estimate the probability dis-

tribution of the corresponding output y* at some new input vector z*:

p(Y,y",Z,7)

pO|Y, Z,7") = .
p(Y|Z,z)

(7.42)

It can be shown that this distribution is Gaussian with mean and variance [45]:

u(z*) =k(z) 'Ky (7.43)
0% (2") = ko(z") — k(z*) 'K 'k(z) (7.44)

where k(z*) = [C(z(1),2"), ..., C(z(M),z*)]" is the M x 1 vector of covariances be-
tween the test input and the training inputs and ko (z*) = C(z*,z*) is the autoco-
variance of the test input. The vector k(z*)"K~! in (Z43) can be interpreted as a
vector of smoothing terms which weights the training outputs Y to make a predic-
tion at the test point z*. If the new input is far away from the data points, the term
k(z)TK~'k(z*) in (Z44) will be small, so that the predicted variance 6% (z*) will be
large. Thus, from the system identification point of view equation (Z.43) provides
the model prediction and equation (Z.44) its confidence.

Gaussian processes can be used to model static nonlinearities and can therefore
be used for modeling of dynamic systems if delayed input and output signals are
used as regressors [26]. In such cases an autoregressive model is considered, such
that the current predicted output depends on previous estimated outputs, as well as
on previous control inputs:

2(t) = [t = 1), 5 =2), oo, 9t = L), u(t = 1), u(t = 2), ..., u(t — L))
$() = fz(t)) +n () (7.45)
where ¢ denotes consecutive number of data sample, L is a given lag, and 1 () is

the prediction error. The quality of the predictions with a Gaussian process model is
assessed by computing the average squared error (ASE):
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1 M

ASE= Y [nG() —y()) (7.46)
i=1

and by the log predictive density error (LD) [26]:

1 1 U g, HO@) =y
LD = 2log(2n)+2MZ1 (1og[o-2(y(z))]+ 52(5(0)) ) (7.47)

In (Z.48), &7, u($(i)) and o2($(i)) are the prediction mean and variance, y(i) is
the system’s output and M is the number of the training points.

The Gaussian process model now not only describes the dynamic characteris-
tics of the non-linear system, but at the same time provides information about the
confidence in the predictions. The Gaussian process can highlight areas of the in-
put space where prediction quality is poor, due to the lack of data, by indicating
the higher variance around the predicted mean. The Gaussian process modelling
approach in [26] has been applied to model the dynamics of various systems e.g.
[2, 29, 20, 28, 39].

7.3.2 Formulation of the Stochastic GP-NMPC Problem as an
mp-NLP Problem

Consider a stochastic nonlinear discrete-time system:

xX(t+1) = f(x(t),u(r)) + 6 (t) (7.48)

where x(r) € R” and u(r) € R™ are the state and input variables, &(r) € R" are
Gaussian disturbances, and f : R" x R” — R”" is a nonlinear continuous function.
Suppose that a Gaussian process model of the system (Z.48)) is obtained by applying
the approach described in Section[Z3.1] Suppose the initial state x(¢) = X, and the
control inputs u(t + k) = u,t, k=0, 1,..., N —1 are given. Then, the probability
distribution of the predicted states x; 1), K =0, 1, ..., N — 1 which correspond to
the given initial state x;, and control inputs u; ¢, k =0, 1, ..., N — 1 can be obtained
[16]:

Xkt Xkl ek ~ A (U110, 07 (gerne)), k=0, 1, ., N— 1 (7.49)

The 95% confidence interval of the random variable X ¢y, 18 [U(Xpq1)) —
20 (X ar1))s M(sar1y) + 20 (% 4xq1)], where O(x4441) is the standard
deviation.

In [19, 20], a reference tracking NMPC problem based on a Gaussian process
model (GP-NMPC) is considered, where the goal is to have the state vector x(¢)
track the reference signal r(¢) € R”. In the problem formulation, the type of the cost
function is like the one used in [3]. Suppose that a full measurement of the state
x(t) is available at the current time . For the current x(¢), the reference tracking
GP-NMPC solves the following optimization problem [19, 20]:
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Problem 7.4:

VA ((e), ()t = 1) = min J (U x(0), (1) u(t = 1)) (7.50)

subject to x;, = x() and:

u(x,+k|,) - 20'(x,+k‘,) > Xmin, k=1,...,N (7.51)
M (X k)e) +20 (X k) < Xmax, k=1, ..., N (7.52)
umingut+kgumaX7 k:O7 177N_1 (753)
Attgmin < Attyp < Attmax, k=0, 1, .., N—1 (7.54)
max{ || (x;ny) — 20 (xevy) — r(0) |,
1 Cxrnye) +20 () —r(@) |1} < 6 (7.55)
Aty = thror —ttyj1, k=0,1, ..., N—1 (7.56)
Xkt i ek ~ A (U110 0% (e 1)
k=0,1,...,N—1 (7.57)
with U = [us, wr41, ..., s+n—1] and the cost function given by:
N—1 ) )
JUx(0),r(e),u(t = 1)) = 3 [0 Gogrr) = 7Ol + 1 Auil7]
k=0
e Cegne) — r(0)lI7 (7.58)

Here, N is a finite horizon and P, Q, R > 0. From a stability point of view it is de-
sirable to choose & in the terminal constraint (Z.33)) sufficiently small [37]. If the
horizon N is large and the Gaussian process model has a small prediction uncer-
tainty, then it is more likely that the choice of a small é will be possible.

It should be noted that a more general stochastic MPC problem is formulated
in [31, 7, 8, 5], where a probabilistic formulation of the cost includes the proba-
bilistic bounds of the predicted variable. The stochastic MPC problem considered
here (Problem 7.4) is of a more special form since the cost function includes
the mean value of the random variable. However, the approximate approach to the
explicit solution of Problem 7.4 (which is based on the approximate mp-NLP algo-
rithms, given in Section can be easily extended to the more general case of
stochastic MPC problem formulation where the optimization is performed on the
expected value of the cost function.

We introduce a parameter vector:

F(t) = [x(t), r(t), u(t —1)] €R" i=2n+m (7.59)

Let % be the value of the parameter vector at the current time 7. Using a direct single
shooting strategy, the equality constraints are eliminated and the optimization Prob-
lem 7.4 can be formulated in a compact form as follows [19, 20]:
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Problem 7.5:
Vi (x) = mUin J(U,%) subjectto G(U,%) <0 (7.60)

The GP-NMPC problem defines an mp-NLP, since it is NLP in U parameterized by
%. An optimal solution to this problem is denoted U* = [u}', ', |, ..., u;, y_,] and the
control input is chosen according to the receding horizon policy u(t) = ;. Define
the set of feasible parameter vectors as follows:

Xy ={¥€R"|G(U,%) <0 forsome U € RV} (7.61)

If 6 in is chosen such that the Problem 7.4 is feasible, then X is a non-empty
set. In parametric programming problems one seeks the solution U*(¥) as an explicit
function of the parameters ¥ in some set X C Xy C R” [14]. In case the Problem 7.5
is convex, its approximate solution can be found by applying the approximate mp-
NLP approach, described in Section [[.1.5.1] Otherwise, the approximate mp-NLP
approach from Section should be used, where in addition to the set of ver-
tices of a given hyper-rectangle in the parameter space, the optimal solution is also
computed at several interior points and global optimization methods are applied.

7.3.3 Application 2: Reference Tracking Control of a Combustion
Plant

Energy production is one of the largest sources of air pollution and CO;. Therefore
a rational and ecological use of energy is the main task of the thermoelectric power
plants. A feasible method to reduce the NOy, CO, CO, emissions and to increase
the efficiency is to improve the control strategies of existing power plants, i.e. to
optimize the combustion process [11]. The objectives for the improvement of the
power plant combustion process are energy saving, pollution reduction, longer plant
lifetime, less downtime and maintenance effort, increased safety in operation, i.e.
overall cost reduction. These goals can be achieved through application of modern
control algorithms with low on-line computational complexity and high reliability
of the implementation. Feedback combustion control is possible since continuous
flue gases analyzers are available [11]. For control purposes it would be ideal to
measure all flue gases components. But the price for such a realization would cur-
rently be too high in comparison with the savings achieved. Therefore the control
of the oxygen fraction in the flue gases, measured on-line by the well known in-situ
ZrO, analyzers, is often the best solution [10]. Based on that, different algorithms
for combustion control have been studied in [42, 9, 4, 10, 25] and more recent in e.g.
[40, 13]. It should be noted that these methods assume that the combustion model
is known exactly. However, the mathematical models are only an approximation of
the real process and they usually contain some amount of uncertainty (unknown ad-
ditive disturbances and/or uncertain model parameters). In order to achieve a robust
performance of the control system it would be necessary to take into account the
uncertainty when designing the controller.
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In [20], a Gaussian process model of a combustion plant (a steam boiler PK 401
at Cinkarna Celje Company, Celje, Slovenia) is obtained. Then, the approximate
mp-NLP approach (described in Section is applied to design an explicit
reference tracking GP-NMPC controller that brings the air factor of the combustion
plant to its optimal value with every change of the load factor. Thus, an efficient on-
line optimization of the combustion plant is achieved where both the economic and
the environmental aspects are taken into account. Because of the operation safety
of the considered combustion plant and because interrupts in plant operation are
not favored by company management, the results obtained in [20] are based on
simulation data to show the potential use of the approximate mp-NLP approach to
the optimal control of industrial combustion plants.

7.3.3.1 Optimal Operation of Combustion Plants

Fuel composition can be expressed with percentage of carbon C, hydrogen H, oxy-
gen O, nitrogen N, sulphur S, ash A and water W [12]:

C+H+O+N+S+A+W=100% (7.62)

Composition of the air is usually expressed only with the percentage of oxygen O,
and nitrogen Nj:
02 +No =21%+79% = 100% (7.63)

The combustion process is schematically shown in Fig.[Z.4] The limited fuel sources,
considerable increase in the fuel prices and the enormous environment pollution
require decreasing the fuel use, the heat losses and the amount of harmful flue gases
emissions, i.e. to optimize the combustion process [9]. It has been shown in [9] that
in order to achieve an optimal operation of the combustion plants, it is necessary to
optimize the air factor A defined as:

p= Var (7.64)

Vair,sloich

Heat
Incomplete combustion
CO, CO,, H,0, 05, N,
Fuel NO,, SO«
(C+HAO+N+S+A+W) ——

[——
COMBUSTION | Complete combustion
Air CO,, Hy0, Oy, N,
(0,+Ny) NO,, SO

— ————

Fig. 7.4 Input and output flows of the combustion process.
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where Vi is the volume of the air which goes into the combustion chamber and
Vair.stoich 18 the stoichiometrically required volume of the air necessary for complete
combustion of 1 kg fuel. The combustion plant is working with air deficiency when
A < 1, and with air excess when A > 1. Fig.[Z3lfrom [9] shows the aspects of the
optimal combustion of fuel. From techno-economical viewpoint, the losses of the
combustion can be reduced in two ways: 1) by reducing the quantity of the unburned
fuel and 2) by reducing the quantity of the flue gases, i.e. of the heat losses. This
leads to the optimal value lopt,t of the air factor (cf. Fig.[Z.3). From environmental
viewpoint, it is desired to minimize the quantity of the harmful emissions and the
corresponding optimal value of the air factor is Agpe (cf. Fig. [Z.3). By taking into
account both the techno-economical and the environmental aspects of combustion
operation, it follows that the value A of the air factor should be kept within the
interval [Aopii; Aoptel-

It has been also shown in practice that the optimal air factor Aop depends on the
load factor 3 defined as:

Dryel

- (7.65)
d)fuel,max

where @) and Drpyepmax are respectively the current and the maximal allowed fuel
flowrate. The relation Ay = f(f) is shown in Fig. where it can be seen that the
optimal operation of the combustion plant is achieved with an air excess.
Therefore, the goal is to apply control algorithms that will maintain the air factor
on its optimal value with every change of the load factor. Due to the importance of
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Fig. 7.6 The dependence of
the optimal air factor on the Aopt
load factor [9].

| stoichiometrically required
volume of air

ﬁmin 1 ,3

the described issue from economic and also environmental aspect, the combustion
control is the field of constant development and research. This is also the driver
for the development of the modeling and control approaches presented in the next
sections.

7.3.3.2 Gaussian Process Model of a Combustion Plant

In [20], the system under investigation is a process of combustion in a steam boiler
PK 401 at Cinkarna Celje Company, Celje, Slovenia. It was not possible to perform
experiments on this plant during its operation because of plant safety and because
interrupts in plant operation are not favored by company management. Therefore,
the Gaussian process model identification was based on simulation data generated
by adding a Gaussian disturbance to the analytical model developed in [12].

The fuel composition is expressed with the percentages of carbon C, hydrogen H,

oxygen O, nitrogen N, sulphur S, ash A and water H,O (denoted respectively with

fuel _fuel fuel fuel ,fuel fuel _fuel .
Xc X > X0 AN s AS XA ’tzo)

X g a0 g a4+ + S = 100% (7.66)

The composition of the air is assumed to be 21% oxygen and 79% nitrogen. The
equations of the developed analytical model [12] are based on the stoichiometric
chemical reactions of combustion:

C+0,; —COy+ 0y (7.67)
1

C+ 202 —+CO+0» (7.68)

2H; + Oy — 2H,0+ O3 (7.69)

S+0, — SO, + Q4 (7.70)
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where Q1, O, O3, Q4 are the heats of the reactions. The composition of the flue
gases, resulting from the combustion process, is expressed in the following way
[12]:

X0, + Xco + Xco, + Xso, +xN, +xH,0 = 100% (7.71)

where xo,, Xco, Xco,» Xs0,» XN, and xy,o are the volume percentages of oxygen,
carbon monoxide, carbon dioxide, sulphur dioxide, nitrogen and water. Then, the
volume balances for the separate components of the flue gases are described by the
following equations [12]:

de 1

dt * = Vk {_x02 [q)air + (Dfuel(vd - Vo)] +21 (Dair - 1Oovoq:)fuel} (772)
dx 1

d(;o v {—xco[Puir + Pruct (Vi — V)] + 1.866ax(" Dryer (7.73)
dxCo 1

. 2 — v {—xc0, [@air + Prue1 (Vi — V,)] + 1.866(1 — a)x¥Dpye1} (7.74)
deo 1

o 2 = v { x50, [Pair + Prue1 (Vg — V)] + 0.699x8 Dpyer } (7.75)
d)CN2 1 fuel

s = v, {—xN2 [(Dair + D) (Vy — Vg)] + 79D + 0.8xy (Dfuel} (7.76)
dxH [e) 1

d; = {—x1,0 [ Puir + Ppuoe (Va — V)] + 1111735 Ppyey

+1.244x5 Pruer } (7.77)

In (TI12)-CTD, V; is the volume of the combustion chamber [m?], ®@f,q is the nor-
malized total flow of fuel [kg s~ 11, @i, is the normalized total flow of air [N m? s—1],
V, is the theoretically required oxygen volume for the combustion of one unit of
fuel [N m? kg~'], V; is the theoretically obtained gas volume from one unit of fuel
[N m® kg~'], a is the relative portion of carbon converted into CO.

The model (Z.72)-(Z.77) enables the simulation of the six flue gases components.
However, for control design purposes only its O-part (equation (Z.72))) named also
0;-model is used [9, 10]. The input to the O,-model is the angular position of the
damper, which is used to control the air flow @,;;. The model output is the oxygen
concentration in the flue gases. As the damper is a part of the closed-loop, it has to
be modeled and added to the O,-model (Z.72). The dependence of the air flow @
on the angle ¢ of the damper is given by the following relation [9]:

@, 3(¢ —45

Dy — m;’max exp( “”45 )> L 0° < ¢ <45° (7.78)
Dyir.m: —3(p—45

Dyiy = 2“‘ (2—exp< (is )>> L 45°< 9 <90°  (7.79)

where @yirmax 1s the maximum flow of air.
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The O,-model (7.72)) is a deterministic model, which does not take into account
the stochastic disturbances (e.g. change in the fuel composition, change of the hu-
midity of the air flow) that may influence the combustion process. In order to con-
sider the stochastic nature of plant operation, the dynamics of xo, is represented by
the following stochastic discrete-time model [20]:

)Coz(l‘—‘r 1) = f(xoz(t)vd)fuel(t)7¢(t)) +§(t) (780)

Here, £(r) € R is a Gaussian disturbance which represents the additive effect of the
unmeasured stochastic disturbances. The sampling time, determined according to
system dynamics, was selected to be 7y =1 [s].

In [20], the signals ¢ and @y, for identification were generated by random num-
ber generators with normal distributions. The signal xo, was computed from the
0,-model (Z72) and a Gaussian disturbance & with zero mean and variance 0.05
was added to it. The ¢ signal blocking was Ty = 5T, i.e. it is kept constant for 5 time
instants. The @, signal blocking was Tg,,, = 1007;. The number M of the signals
samples used for the identification determines the dimension of the covariance ma-
trix. In our case, M = 1000. Based on the generated data set, the discrete-time system
(Z.80)) is approximated with a Gaussian process with the following hyperparameters
[20]:

O = [wy, w2, w3,v0,v1] = [0.01346,0.02847,0.00036,0.21984,55.56554] (7.81)

The maximum likelihood framework was used to determine the hyperparameters.
The optimization method applied for identification of the Gaussian process model
was the conjugate gradient method with line searches [16]. The response of the
Gaussian process model to the identification signal is shown in Fig. [Z7] The asso-
ciated average squared error and log density error are respectively ASE=0.6051 and
LD=143.4835.

In [20], the signals ¢ and ®Pg, for validation were generated by random num-
ber generator with normal distribution and rate of change that is different from the
one used for the identification signals. The mean and the variance of xo, predicted
with the identified Gaussian process model are obtained by iterative one-step ahead
predictions, where at each step the predicted mean of xo, is fed back to the input.
The response of the Gaussian process model to the validation signals is shown in
Fig.[Z.8] The associated prediction errors are ASE=0.9177 and LD=188.8626.

7.3.3.3 Design and Performance of Explicit Stochastic Reference Tracking
Controller for the Combustion Plant

In [20], an explicit stochastic reference tracking GP-NMPC controller for the com-
bustion plant considered in Section is designed. The block-scheme of the
control system is shown in Fig. The controller brings the air factor (respectively
the concentration of oxygen in the flue gases) on its optimal value with every change
of the load factor and thus an optimal operation of the combustion plant is achieved.
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Fig. 7.7 Response of the Gaussian process model to the excitation signal used for identifica-
tion.
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Fig. 7.8 Response of the Gaussian process model to the excitation signal used for validation.
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Fig. 7.9 Block scheme of the control system.

Table 7.1 Reference values for the percentage of O, in the flue gases

Dre 07 08 09 10 1.1 12 13
kgs™)

0, 45 41 37 34 32 30 28
[vol%)]

The control input is # = ¢ (the angle of the damper for the air flow), the state
variable is x = xo, (the percentage of O; in the flue gases), and the reference signal
is r = ro, (the required percentage of O, in the flue gases). For this particular com-
bustion plant, the reference values ro, corresponding to different values of the fuel
flowrate @y, have been obtained by experiments and are given in Table[Z1][9]. In
case the fuel flowrate @, does not take a value from this table, then the reference
value rp, is computed through linear interpolation between the neighboring points
in the table.

The mp-NLP approach described in Section [[L1.5.2]is applied to design an ex-
plicit stochastic reference tracking GP-NMPC controller for the combustion plant
based on its Gaussian process model obtained in Section

%03 (14 1) [x0, (1), Prua (1), 0(6) ~ A (p(x0, (14 1)), 02 (x0, (1 + 1)) (7.82)
The following control input and rate constraints are imposed on the plant:
30° <9 <60°, —3°< AP <3° (7.83)
The prediction horizon is N = 10 and the terminal constraint is:

|1 (x0, (t+N)) — ro,(r)] <0.001 (7.84)
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The weighting matrices in the cost function (Z.38) are Q = 20, R = 1, P = 20.
The GP-NMPC minimizes the cost function (Z38)) subject to the Gaussian pro-
cess model and the constraints (Z.83)—(Z.84). The parameter vector is () =
[x0, (), Pruel(t), #(t — 1)] € R3, which leads to a 3-dimensional parameter space
to be partitioned. The latter is defined by X = [0; 7] x [0.7; 1.3] x [30; 60]. The
cost function approximation tolerance is chosen as &(Xo) = max(&,, & )Izrelgfr;V* (%)),

where £, = 0.005 and & = 0.1 are the absolute and the relative tolerances, respec-
tively. The partition of the explicit GP-NMPC controller is shown in Fig. Ithas
513 regions and 12 levels of a binary search tree representation. Totally, 18 arith-
metic operations are needed in real-time to compute the control input by traversing
the binary search tree (12 comparisons, 3 multiplications and 3 additions).

4
%0

Fig. 7.10 Parameter space partition of the explicit approximate GP-NMPC controller.

The performance of the closed-loop system was simulated for the following
change in the fuel flowrate:

Dre (1) = 1.1 [kg s~ 1], £ € [0; 50];
Drer (1) = 1.25 kg s~ '], € [51; 100]; (7.85)
Dryer (1) = 1.05 kg s~ '], 7 € [101; 150]

and initial conditions for the state and control variable xo,(0) = 3.3[vol%] and
0 (0) = 46°, respectively. The resulting closed-loop response is depicted in Fig.[Z11]
and Fig.

The results show that the exact and the approximate solutions are almost indis-
tinguishable.



182

1251

1151

1.05F

49r

Fig. 7.11 Top: Change of
the fuel flowrate. Bottom:
The control input with the
approximate explicit GP-
NMPC (the solid curve) and
with the exact GP-NMPC
(the dotted curve).

7 Explicit Stochastic NMPC

@, 1) kgsT]

50 100 150
t[s]

O[]

t[s]



References 183

Fig. 7.12 Top: The mean
value of the state variable
predicted with the Gaussian
process model. Bottom: The
95% confidence interval of
the state variable predicted
with the Gaussian process
model. The solid curves
are with the approximate
explicit GP-NMPC, the
dotted curves are with the
exact GP-NMPC and the
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Chapter 8

Explicit NMPC Based on Neural Network
Models

Abstract. This chapter considers an approximate mp-NLP approach to explicit solu-
tion of deterministic NMPC problems for constrained nonlinear systems described
by neural network NARX models. The approach builds an orthogonal search tree
structure of the regressor space partition and consists in constructing a piecewise
linear (PWL) approximation to the optimal control sequence. A dual-mode control
strategy is proposed in order to achieve an offset-free closed-loop response in the
presence of bounded disturbances and/or model errors. It consists in using the ex-
plicit NMPC (based on NARX model) when the output variable is far from the origin
and applying an LQR in a neighborhood of the origin. The LQR design is based on
an augmented linear ARX model which takes into account the integral regulation
error. The approximate mp-NLP approach and the dual-mode approach are applied
to design an explicit output-feedback NMPC for regulation of a pH maintaining
system.

8.1 Introduction

The NMPC algorithms are based on various nonlinear models. Often these mod-
els are developed as first-principles models, but other approaches, like black-box
identification approaches are also popular. In Chapters[3] 4] and in Section[7.2]
approaches to explicit solution of NMPC problems based on first-principles models
were presented, which assume that the state variables can be measured.
Alternatively, there exists a number of NMPC approaches based on various black-
box models e.g. based on neural network models (e.g. [16, 22]), fuzzy models (e.g.
[12]), local model networks (e.g. [18]), Gaussian process models (e.g. [11]). The
common feature of these NMPC approaches is that an on-line optimization needs
to be performed in order to compute the optimal control input. Consequently, the
computation is time consuming and the real-time NMPC implementation is lim-
ited to processes where the sampling time is sufficient to support the computational
needs. However, the on-line computational complexity can be circumvented with an
explicit approach to NMPC, where the only computation performed on-line would

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 187-207]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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be a simple function evaluation. Thus, in Section[Z.3] an approach for off-line com-
putation of explicit stochastic NMPC controller for constrained nonlinear systems
based on a stochastic black-box model (Gaussian process model) was described.

In this chapter, the approximate mp-NLP approach [5, 6] to explicit solution of
deterministic NMPC problems for constrained nonlinear systems described by neu-
ral network NARX models [2] is considered. The NMPC problem based on neural
network model will be referred to as NN-NMPC problem. The approach builds an
orthogonal search tree structure of the regressor space partition and consists in con-
structing a piecewise linear (PWL) approximation to the optimal control sequence.
A dual-mode control strategy is proposed in order to achieve an offset-free closed-
loop response in the presence of bounded disturbances and/or model errors. It is
similar to the dual-mode receding horizon control concept developed in [15] (based
on state space models), however here black-box models are considered and an ex-
plicit solution of the NMPC problem is sought. Thus, the suggested strategy consists
in using the explicit NMPC (based on NARX model) when the output variable is far
from the origin and applying an LQR in a neighborhood of the origin. The LQR
design is based on an augmented linear ARX model which takes into account the
integral regulation error. The main motivations behind the dual-mode control strat-
egy are the following. First, it may be beneficial to use a separate linear model in a
neighborhood of the equilibrium, since the nonlinear black-box model may not have
accurate linearizations unlike a first-principles model, and the requirement for accu-
rate control is highest at the equilibrium. Second, it leads to a reduced complexity of
the explicit NMPC compared to augmenting the nonlinear model with an integrator
to achieve an integral action directly in the NMPC.

8.2 Formulation of the NN-NMPC Problem as an mp-NLP
Problem

8.2.1 Modeling of Dynamic Systems with Neural Networks

The black-box identification of nonlinear systems is an area which is quite diverse.
It covers topics from mathematical approximation theory, estimation theory, non-
parametric regression and concepts like neural networks, fuzzy models, wavelets
etc. A unified overview of this topic is given in [20].

Consider a nonlinear dynamical system with input # € R” and output y € R” and
let U = [u(1),u(2), ...,u(M)] and Y = [y(1),y(2), ... ,y(M)] be sets of observed
values of # and y to the number of M. Based on these data, the dynamics of the
system can be described with a neural network NARX model [2], where the fu-
ture predicted output y(i + 1) depends on previous estimated outputs, as well as on
previous control inputs:

y(i+1)=7(z(i),0) (8.1
z2()) =[y(@), y(i—=1), .., y(i—L), u(i),u(i—1), ..., u(i —L)] (8.2)
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Here, L is a given lag, i denotes the consecutive index of data samples (i > L), z(i)
is the regressor vector, f is the function realized by the black-box model, and 6 is
a finite-dimensional vector of parameters. Thus, the function f is a concatenation
of two mappings: one that takes the increasing number of the past values of the ob-
served inputs and outputs and maps them into the finite dimensional regressor vec-
tor and one that takes this vector to the space of the outputs. The nonlinear mapping
from the regressor space to the output space can be of various kinds. In our case we
will use neural network with sigmoid basis functions in the hidden layer and linear
basis functions in the output layer. This form of neural network is called Multilayer
Perceptron (MLP), which is probably the most frequently considered member of the
neural network family (e.g. [16]) and can be used as an universal approximator. This
particular choice was subjective. Any other choice of regressor vector composition
or any other choice of mapping is possible until it enables satisfactory description
of the modeled dynamic system. It should be noted that the results given in [5, 6]
are not limited to MLP approach only.

The parameters of the MLP are the weights of its units. After the structure (num-
ber of layers and units) is determined, the model parameters are obtained with op-
timization, based on a chosen cost function. This cost function is most frequently a
least squares combination of errors between estimated and measured output signals:

L&
E= o X0 =3010)l (8.3)

where $(i|0) is estimated output signal, 0 is a vector containing the weights, and
M is the number of measured output signals y(i). The quality of prediction can be
assessed with evaluation of residuals, estimation of the average prediction error or
visualization of the network model’s ability to predict. The reader is referred to [16]
for more details.

8.2.2 Formulation of the NN-NMPC Problem
Consider the discrete-time nonlinear system:

xX(t+ 1) = hix(),u(r)) (8.4)
y(t) = glx(t),u(r)) (8.5)

where x(t) € R”, u(t) € R™, and y(r) € R are the state, input and output vectors, and
h:R"xR"™ —R"and g : R" x R" — R? are nonlinear functions. The following
input and output constraints are imposed on the system (8.4)—(&.3):

Umin < M(t) < Umax » Ymin < Y(t) < Ymax (8.6)



190 8 Explicit NMPC Based on Neural Network Models

Assume that the dynamics of the nonlinear system (8.4)—(8.3)) is approximated with
an MLP neural network with NARX structure of the form (8.I)—(8.2). Then for
t > L, define a modified regressor vector:

2) = {iy(gt))”iyf(i_:12)7 vyt —=L),u(t—1),...,u(t—L)],if L>0 67

where u(r — 1), ...,u(t — L) and y(¢), y(t — 1), ..., y(t — L) are the measured values
of the input u and the output y. Thus, Z(r) € R? with ¢ = (L+ 1)p + Lm. Then, the
NARX model, used to obtain one-step ahead prediction of the output for r > L, is
represented:

y(t+1|9):fNN(Z(t)vu(t)79)7 (8.8)

where fyy is the function realized by the neural network (NN) and 8 contains the
network weights. Suppose the initial regressor vector Z(t) = Z, is known and the
control inputs u(t +k) =u; ., k=0, 1, ..., N— 1 are given. Then, the model (8.8)
can be used to obtain the predicted output y, 1, k=0, 1, ..., N —1 through it-
erative one-step ahead predictions, where at each step the predicted output value is
fed back to the regressor vector:

Vitk+1t = i (Zt+k|t7 Ui, 0) (8.9)

5 _ [)’z+k\zv Vetk—1|ts -+ Yetk—Llts Yr+k—15 -+ Upk-r], if L >0
Zl+k|l - {yt+k|t , lf L= O (810)

The following assumptions are made [5, 6]:

Assumption 8.1. There exists u?,’N € R™ satisfying umin < u?{N < Umax, and such that
fan (Z0,ullN,0) = 0, where % is obtained from (810) with Vieklt = Vedh—1fp = - =

_ _ _ — NN
Ye+k—Ljt = 0, k-1 = oo = Upip—r = Uy

Assumption 8.2. yin < 0 < ymax.

Assumption [l means that the point y = 0, u = u}", is an equilibrium point for the

NARX model (8:8)), and Assumption[8. 2l means that it is feasible for (8.6).

We consider the optimal regulation problem where the goal is to steer the output
variable y to the origin by minimizing a certain performance criterion. Suppose that
a full measurement of the modified regressor vector Z(t) is available at the current
time ¢ > L. Then, for the current Z(¢), the regulation NN-NMPC solves the following
optimization problem [5, 6]:

Problem 8.1:
V*(z(1)) :nbinJ(U,Z(t)) (8.11)

subject to Z, = Z(¢) and:
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Ymin Syt+k\z <Vmax, k=1,...,N (8.12)
umingut—}—kéumax, k:()alavN*l (813)
Fonp €Q (8.14)
yt+k+1|t = fNN(Zt+k‘t7ul+k7 9)7 k= 07 17 7N_ 1 (815)
- LYt+k|t7)’t+k71|m s Yidrk—Lity Wi+k—15 -+ k1), ifL >0
Z = ; 8.16
L { Y4kl ifL=0 ) ( )
k=0,1,..,N—1
with U = [u;,ts41, ..., us+n—1] and the cost function given by:
N 2 NN |12 2
JWU.20) = X [yl + etk — 5™ 1R] + el 7 (8.17)
k=0
and Z° =7 — [O(TL+1)p u?{NT u?,’NT]T, where 0, 1), is a zero vector with dimension

(L+1)p. In @I, N is a finite horizon and Q, R, F > 0. In (8.14), €2 is the terminal
set defined by Q = {7° € R?|||z¢||> < §} with § > 0. From a stability point of view
it is desirable to choose § as small as possible [14]. If the system is asymptotically
stable (or pre-stabilized) and N is large, then it is more likely that the choice of a
small 6 will be possible.

Let 7 be the value of the modified regressor vector at the current time z. Then, the
optimization Problem 8.1 can be formulated in a compact form as follows [5, 6]:

Problem 8.2:
V() = n}jin J(U,Z) subjectto G(U,z) <0 (8.18)

The NN-NMPC problem defines an mp-NLP, since it is an NLP in U parameter-
ized by Z. We remark that the constraints function G(U,Z) in (8I8) is implicitly
defined by (812)-(.16), and that all equality constraints are eliminated due to
the direct single shooting strategy. An optimal solution to this problem is denoted
U*=[uf,u;,y, ..., u;, y_,] and the control input is chosen according to the receding
horizon policy u(t) = u;. Define the set of N-step feasible initial regressor vectors
as follows:

Z; ={2€RY|G(U,Z) <0 for some U € R""} (8.19)

In parametric programming problems one seeks the solution U*(Z) as an explicit
function of the parameters Z in some set Z C Zy C R? [3].

8.3 Approximate mp-NLP Approach to Explicit NN-NMPC

In [5, 6], an approximate mp-NLP approach is proposed to explicitly solve the
output-feedback NN-NMPC problem formulated in the previous section. It is simi-
lar to the approximate mp-NLP approach to explicit solution of state-space NMPC
problems. Let Z C R? be a hyper-rectangle where we seek to approximate the
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optimal solution U*(Z) to Problem 8.2. It is required that the regressor space parti-
tion is orthogonal and can be represented as a k — d tree. The idea of the approxi-
mate mp-NLP approach is to construct a PWL approximation U (Z) to U*(Z) on Z,
where the constituent affine functions are defined on hyper-rectangles covering Z.
The computation of an affine regressor feedback associated to a given region Z
includes the following steps [5, 6]. First, a close-to-global solution of Problem 8.2
is computed at a set of points Vo = {vg, vi, V2, ..., vn, } C Zp. Then, based on the
solutions at these points, a local linear approximation lA]o(Z) = KoZ+ go to the close-
to-global solution U*(Z), valid in the whole hyper-rectangle Z, is determined by
applying the following procedure [5, 6]:

Procedure 8.1 (Computation of explicit approximate solution). Consider any
hyper-rectangle Zy C Z with a set of points Vo = {vo, vi, V2, ..., v, } C Zo. Compute
Ky and go by solving the following NLP:

N
;{ni;l (J(Kovi+ go,vi) — V*(vi)) + a||Kovi + g0 — U*(v)]|?)  (8.20)
0,80 ;—0
subject to G(Kovi + go,vi) <0, Vv, € Vg (8.21)

In B20), J(Kovi + go,v:) is the sub-optimal cost, V*(v;) denotes the cost corre-
sponding to the close-to-global solution U*(v;), i.e. V*(v;) = J(U*(vi),v;), and the
parameter « is a weighting coefficient (tuned in an ad-hoc fashion). Note that the
computed linear regressor feedback (70(2) = KoZ + go satisfies the constraints in
Problem 8.2 only at the discrete set of points V) C Z. After the feedback 170(2) has
been determined, an estimate € of the maximal cost function approximation error
in Zy is computed as follows:

&= J(Kovi+ 8o, vi) =V (vi 8.22
€ ie{O,lr,nzz,Df.,Nl}( (Kovi+ g0, vi) (vi)) ( )

If & > &, where € > 0 is the specified tolerance of the approximation error, the
region Zj is divided and the procedure is repeated for the new regions. The approx-
imate PWL regressor feedback law is found by applying the approximate mp-NLP
algorithm, described in Section The mp-NLP algorithm terminates with a
PWL function U (Z) = [uo(Z), 41 (2), ..., Un—1(Z)] that is defined on an inner approx-
imation Zyj of the set ZNZy.

8.4 Design of Explicit Dual-Mode Controller

Generally, it will be difficult to guarantee that the local linearization at a nomi-
nal equilibrium point of an NN ARX model is accurate. The inaccuracies of the
model may result in a steady-state offset of the explicit NN-NMPC controller. In
[5, 6], a dual-mode control strategy is proposed which aims at achieving an offset-
free closed-loop response in the presence of bounded disturbances and/or model
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errors. With this strategy, the control is performed by the explicit NN-NMPC con-
troller when the system is far from equilibrium, and by a Linear Quadratic Regulator
(LQR) with integral action when it is close to equilibrium.

8.4.1 Design of LOR with Integral Action in a Neighborhood of
the Equilibrium

Consider a linear ARX model ([13]):

Yie+1)=Ay(t) + Ayt — 1)+ ...+ Ay — 1)+ By (u(t) —uy) +
Bz(u(l‘—1)—th)+...+B[+](M(t—l)—th), (8.23)

that is valid in a neighborhood of the equilibrium y = 0, u = u, of the consid-
ered nonlinear dynamical system (8.4)—(8.3). In (8.23), the matrices A; € R”*? and
B; e RP*™ j=1,2, ..., 1+ 1 contain the coefficients of the model, and [ is a given
lag. To estimate the parameters of the model (823)), the least squares estimation
method or the four-stage instrumental variable method can be applied ([13]). Based
on the linear ARX model, an LQR that will regulate the system (8.23) to the origin,
is designed. In order to achieve an offset-free performance, the model (8.23)) is aug-
mented with the following output y;,, € R?, which takes into account the integral
error:

Vint (¢4 1) = yiur (1) + Tyy (1) (8.24)

where Tj is the sampling time. Let u,(¢) = u(t) — uf,. Then, the extended system
with input u, and output y, = [y, yin| is described by the linear ARX model:

Ve(t+1) =Alye(t) +ASye(t = 1)+ ... + AT ye(t — 1) +

Bue(t) + Biue(t — 1)+ ... 4+ Bj u.(t — 1), (8.25)
A O A; 0, . B; | .
e _ P e __ L ¥p _ e __ i _
where A = [Tslp IJ VA = [Op 0p:|,l—2, 3,...,I+1,Bf = |:0p,m:| i=1,2, .1+

1. Here, I, is the p-dimensional identity matrix, 0, is the p-dimensional square zero
matrix, and 0, ,, is the p X m-dimensional zero matrix. The following regressor vec-
tor is introduced [5, 6]:

5 [ye(t)a e(tf 1)7“'; e(t*l)a”e(t* 1)a”e(t72)am7ue(t*l)]7 if />0
%) = {yea),ffl—o ’

(8.26)

Thus, Z.(1) € R% with g, = (I+ 1)2p + Im. This vector can also be represented as
Zo(1) =[21(t),22(¢), ..., 711121 (2)], where z (), ..., 741 (¢) are the shifted values of y,
and z;12(2),...,z;11+1(7) are the shifted values of u,. The following relations hold
[5, 6]:
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Ye(t+1)=2z1(t+1)
21(t) = ye(t) =z2@+1)
2() = y(t—1) =z@+1)

: (8.27)
a(t) =yelt—I+1)=z41(t+1)
241 (1) = ye(t —1)
Ue(t) =z142(t+1
a42(t) = ue(t—1) =z3(+1)
a43(t) = ue(t—2) =z44(+1)
: (8.28)
24(t) =uelt—1+1) =z +1)
241 (1) = ue(t —1)
Then, the system (8.23) can be represented:
Zo(t+1) = A% (1) + Bue(t) (8.29)
For [ > 0, the matrices A° and B¢ in (8:29)) are given by:
(A AS .. A AS,, BS .. BS BS
Ly 0y ... 02p 025 02y .. 02p 1 O2p i
02p byp ... O2p 02p O2pp - O2p i O2pm
A¢ = Ozp Ozp o Dy Ozp 02p,m 02p,m 02p,m (8.30)
Om2p Om2p - Omap Omap Om o Op Oy
Om2p Om2p - Om2p Om2p I oo O Op
10m2p Om2p - Om2p Om2p O oo Lw Opy |
B =B 02 02p . - 02p s I Oy .. 0] (8.31)

In ®8.30), 831D, I, and I, are identity matrices, 0,, and 0,, are square zero ma-
trices, and 03, ,, and 0y, 5, are zero matrices with dimensions 2p x m and m X 2p
respectively. If / = 0, then A = A{ and B® = BY.

The unconstrained LQR problem for system solves the following opti-
mization problem:

oo

min Z(t+K)||5, + ||ue(t + k)3 (8.32)
{L@(MNH)’_'_}]{:ZO[II( Mo, + luet +K)lIz,]
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where Q., R, > 0. The solution to (8.32)) is the linear feedback control law:
ue(t +k) = —Kz,(t+k), k>0, (8.33)
where the controller gain K is given by [17]:
K = (BPB +R,) " B PA¢ (8.34)
P=ATPA°+Q,—ATPE (BTPE +R,) (ATPB) (839

By taking into account that u,(t) = u(t) — u?, it follows from (833)) that the control

input applied to the system is [5, 6]:

Sl’
u(t+k) = —KZ,(t+k) +uy, k>0 (8.36)

8.4.2 Explicit Dual-Mode Controller
Consider the closed-loop system:
Zo(t+k)= (A= BK)z(t+k—1), k>0, (8.37)

where Z,(t + k) is defined by (828) if ¢ is replaced by ¢ + k. Assume that A, =
A€ — B°K is strictly Hurwitz. Let I, = {Z, € R% |7/ S7, < ¢} with S = 0, ¢ > 0, be
a positively invariant admissible set for the system (837). It means that VZ,(¢) € I,
Zo(t+k) € I, Vk > 0 and:

Yinin < [% 0302 Opr-.-OpZe (£ + &) < Yimaxs k > 0 (8.38)
Umin < —KZo(t +k) +u}y < Umax, k>0 (8.39)

where ¥ = [I, 0,] and I,,, 0, 05, 0,, are defined above. I'; can be determined in a
way similar to Lemma 1 in [1]. If S satisfies the Lyapunov equation:

AlSAy—S=-—uS—0,—K'RK (8.40)

for some > 0, then there exists a constant ¢ > 0 such that the set I; is a positively
invariant admissible set for the system 837). For [ < L,let I} = {& € R%|ETS & <
61} with S, =0, 3 > 0 be the orthogonal projection of I; onto R%, g, = (I+1)p+
Im, by omitting all integrator elements from the regressor vector Z,. Let Q' = {€e
R | ¢ T51§ < ||51]/8;} be the orthogonal projection of the terminal set £2 onto RZ,
where ||S 1|| is the induced norm of matrix S;. Then, it is required 151]|6, < &1,
so that Q! CFI For! > L, letF2 {& €R‘1|§TS2§ <6} with S, = 0, 6, > 0
be the orthogonal projection of I; onto Rq, q = (L+ 1)p+ Lm, by omitting all
integrator elements and the elements y(r — L — 1),...,y(r — 1) from 2. Let Q2 =
{C eRY|ETS < ||S2||52} with & > 0 be a set such that Q C Q2. Similar to
above it is required ||S, |8, < &5, so that Q% T ;2.
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In order to define the dual-mode controller, the regressor vector, associated to the
system (837), is introduced:

[Fye(t), Pyt —1),.... Pye(t —1),
Z(t) =< ue(t — 1) +uly, ... ,u(t — 1) +uly],if I>0 (8.41)
Wye(t), if =0

where W is defined above. Thus, Z.(¢) € R? with g, = (I+ 1)p+Im. Let I, € R¥"
be the orthogonal projection of I} onto RY", specified by (8.41) (note that ¢, < g.).
Further, for [ = L, it is required I, C Zig CR?. For I < L, I C Zn C RY, where
Zi7 is the orthogonal projection of Zj; onto R", obtained by omitting the regressors
with lag larger than /. For [ > L, I, C Z;; C RY, where I is the orthogonal projection
of I onto RY, obtained by omitting the regressors with lag larger than L.

Let 2, %, and Z, be the values of the regressor vectors (8.7), (8.26), and (8.41) at
the current time 7. Then, the explicit dual-mode controller is defined as follows:

A {ﬁo(z), if z. ¢ I,

T\ —KZ+ul, ifz e} (8.42)

The expression in the first row of means that the control is performed by the
explicit NN-NMPC controller when the system is far from equilibrium. The expres-
sion in the second row implies that the control will be switched to the LQR when
Z, enters the set I and the LQR will continue controlling the system until Z, leaves
this set due to a large disturbance, for example. The integrator output y;, is used
only when Z, € I;. In the case when Z, ¢ I}, y;, is set to zero and not used.

If the NN ARX model describes exactly the system dynamics far from the origin
(outside the set I;) and the problem (8.18) is convex, then the closed-loop system
stability can be ensured by conditions similar to those in [10]. In presence of model
errors far from the origin, it would be necessary to apply approaches to explicit ro-
bust NMPC ([4]). If the problem (8.18) is non-convex, then the closed-loop stability
can not be guaranteed, but it can be verified by off-line simulations.

8.5 Application: Regulation of a pH Maintaining System

In [5, 6], the dual-mode approach to explicit output-feedback NMPC, described in
the previous two sections, is applied to design an explicit NMPC for regulation of
a pH maintaining system. The motivation for this particular example is not to sug-
gest that the mp-NLP approach is particularly suitable for this kind of process, but
rather to demonstrate a potential engineering applications of the mp-NLP approach
to processes which are modeled with higher order black-box models. Particularly
attractive for suggested control method from engineering applications aspect is a
benefit to be able to execute the NMPC code in a low-cost PLC type of hardware.
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8.5.1 The pH Maintaining System

A simplified schematic diagram of the pH maintaining system taken from [9] is
given in Fig. 8.1l The process consists of an acid stream (Q1), buffer stream (Q;)
and base stream ((Q3) that are mixed in a tank T. Prior to mixing, the acid stream
enters the tank T,. The acid and buffer flow rates are assumed to be constant. The

effluent pH is the measured variable, which is controlled by manipulating the base
flow rate.

O

L \
i B

hy i

T,
@

Os

v

Fig. 8.1 Scheme of the pH maintaining system.

In [9], a dynamic model of the pH maintaining system is derived using con-
servation equations and equilibrium relations. The model also includes hydraulic
relationships for the tank outlet flows. Modeling assumptions include perfect mix-
ing, constant density, and complete solubility of the ions involved. The model is
presented briefly according to [9].

The chemical reactions for the system are:

H,CO;3 +— HCO; +H* (8.43)
HCO; +— CO3 +H" (8.44)
H,O0 +— OH +HT (8.45)

The corresponding equilibrium constants are:

e

The chemical equilibria is modeled by defining two reaction invariants for each of
the streams Q;, i € {1,2,3,4} [9]:
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Wai = [H+]i —[OH];— [HCO;]Z' —2[CO5; (8.47)
Wy = [H2C03]i + [HCO;]Z' + [CO3:]1' (8.48)
The invariant W, is a charge related quantity, while W, represents the concentration

of the CO3 ion. The pH can be determined from W, and W, using the following
relations [9]:

Ka1 + 2Kq1Kqa2 K
[T - [P w +
A F Wt Y HY =0 (8.49)
L4 ot + el [H']
pH= —log([H"]) (8.50)

In [9], a simplified model of the pH maintaining system is developed, where the
dynamics of the pH transmitter and the flow dynamics of tank T, are neglected. The
mass balance on tank T yields:

dh

g = Qe 020504, (8.51)

Aj
where h; is the liquid level and A is the cross-sectional area of tank T;. The exit
flow rate Q4 is modeled as:

04 =Cy(hi +1)°, (8.52)

where C, is a constant valve coefficient, s is a constant valve exponent, and [ is the
vertical distance between the bottom of tank T and the outlet for Q4. By combining
mass balances on each of the ionic species in the system, the following differential
equations for the effluent reaction invariants W4 and Wp4 are derived [9]:

dWw,
Arhy dﬁ:Qle<wa1—Wa4)+Q2(Wasza4)+Q3<wa3fwa4) (8.53)

dw,
Athi” " = O1e(Wht = Wos) + 02(Wor = Wia) +03(Wos = Woa)  (8.54)

Based on the above relations, a state space model of the pH maintaining system is
obtained by defining the following state, input and output variables:

x=[Was Wy )", = Q3, y=pH (8.55)

The state space model has the form [9]:

i = f(x)+8(x)i (8.56)
e(x,3) =0, (8.57)
where:
Q1 (W1 —x1)+02(Wap—x1) Waz—x1
2 Wiy —32)'-0a W) Wi
flx)= O (M sz1x32 nee , §(x) = 231)63)(2 (8.58)
01-Cy(x3+)°+02 1
Ay Al
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X2 (142 x 107-PK2)
1+ 10PKi=y + 107-PK2
The relation between the constants K1, K,» in (8.49) and the constants K;, K> in

(18.59) is:

c(6,y) =x; + 104 107 + (8.59)

Kig=1075 K,=10"% p>o0. (8.60)
The parameters of the model (8.56)—(8.60) are given in [9].

8.5.2 ARX Model Identification

8.5.2.1 Neural Network ARX Model Identification

The identification and the validation of the NN model of the pH maintaining sys-
tem is based on simulation data, generated with the model (836)—(8.37), where the
liquid level A1 in tank T; is assumed to be constant [5, 6]. Thus, it is presumed that
a controller has been already designed to keep the level 4; on the nominal value
h} = 14 [cm] by manipulating the exit flow rate Q4. To get an idea about the system
dynamics, necessary for sampling time and regressor vector selection, some pre-
liminary tests were pursued. The process model (8:36)-(8.37) was excited with a
combination of step-like signals for estimation of the dominant time constant and
settling time. The dominant time constant was estimated in range between 65 [s] and
185 [s] and settling time between 135 [s] and 325 [s]. This ’provisional’ dynamics
is necessary for the estimation of appropriate sampling time. Based on responses
and iterative cut-and-try procedure, a sampling time of 25 [s] was selected for these
tests. Based on these preliminary tests, the chosen identification signal (400 sam-
ples) was generated from a uniform random distribution and a rate of change of the
signal of 50 [s]. The validation signal was obtained using a generator of random
noise with uniform distribution and a rate of change of the signal of 500 [s], so it
has lower magnitude and frequency components than the identification signal. The
rationale behind this is that if the model was identified using a rich signal, then it
should respond well to a signal with less components.

The NN model represents a NARX model of the form (8.7)—(8.8). The hidden
layer has sigmoid activation functions and the output layer has linear activation
function. The choice of regressors is a difficult one and is common to all black-
box modeling approaches. The number of regressors (delayed inputs and outputs)
was determined by the method described in [8]. A trade-off between modeling error
and complexity was taken into the account. The final selection was that the system
model has the form:

y(t+1) = fin (Z(t),u(t),0) (8.61)
ZU) = [y<t)7y<t7 1)7y<t 72)) M<t7 1)7 u(tfz)] (862)

It should be noted that in difference to the state space model (8.36)-(8.57) where
# = pH, in the NN model [8.61)—(8.62)) the variable y represents the deviation of
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the pH from the desired set point pH, = 4.8, i.e. y = pH — pH,,,. In general, any
other value for pHy, can be pursued if the developed black-box model describes the
specified operating range. Also, while in [9] the goal is to keep the pH at value 7
(a pH neutralization system), here the task is to maintain the pH at value 4.8 (a pH
maintaining system). The data used for identification of the NN model (8:61)-(8.62)
and for validation of its performance were scaled to zero mean and variance 1. This
means that u(¢) and y(r) can take both positive and negative values.

The optimal number of neurons in the hidden layer was determined systemati-
cally. The network was optimized for each possible number of hidden neurons in
a certain range. The Levenberg-Marquardt method was used for minimization of
the mean-square error criteria (8.3), due to its rapid convergence properties and ro-
bustness. At the end of this lengthy procedure and after removing the unimportant
weights, the optimal parameters of the model [.61)—(8.62) were obtained, with thir-
teen neurons in the hidden layer. More about systematic network structure selection,
pruning and other issues regarding neural networks modeling can be found in vari-
ous literature describing this topic and its applications (e.g. [16], [2], [8], [7], [19],
[21]).

Fig.[B2ldepicts a comparison between the simulated NN response and the process
response to the identification and the validation input signals. From the validation,
it can be concluded that the black-box model captures the dynamics of the pH main-
taining system relatively well. The resulting black-box model is not too large to be
handled and was relatively routinely obtained with the selected software tool.

8.5.2.2 Linear ARX Model Identification

The equilibrium point of the pH maintaining system (§36)-(®37) is § = 4.8, i, =
10.94 [ml/s] (respectively y = 0, uj, = 0.1732 after scaling). A validation of the
obtained NN ARX model near this point clearly shows that it is not accurate (see
Fig.[R3).

In order to obtain accurate predictions when the output variable is close to zero,
the following 1-st order linear ARX model is identified [5, 6]:

y(t+1) = 0.7704y(r) +0.0539 (u(t) — u’) (8.63)

Higher order linear ARX models have been also obtained, however simulations have
shown that the dynamics of the pH maintaining system around the equilibrium is
captured best by the 1-st order model (8.:63). The simulated response of the ARX
model (8.63) is depicted in Fig.[83

8.5.3 Design of Explicit Dual-Mode Controller

The approach described in Sections[8.3]and[8.4lis applied to design an explicit dual-
mode controller for the pH maintaining system based on its NN model (8:61)-(8.62)
and linear ARX model (8.63) [3, 6]. Recall that due to scaling, the variables u and y
can take both positive and negative values.
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Fig. 8.2 Response of the NN model to the excitation signal used for identification (top) and
to the excitation signal used for validation (bottom).
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Fig. 8.3 Validation of the NN ARX and the linear ARX models. The dotted curve is with the
NN model B.61)—(8.62)), the solid curve is with the linear ARX model (8:63), and the dashed
curve is with the first-principles model (836)—([8.37). Constant control input u = uf, is used
as an excitation signal.

First, the approach in Section [8.3]is applied to design an explicit approximate
NN-NMPC controller. The following control input constraint is imposed on the
system:

—-04<u<04 (8.64)

The horizon is N = 8 and the terminal constraint in Problem 8.1 is:
Zf+N|, €, (8.65)

where Q = {7 € R3|[|z||*> < 0.05}. The weighting matrices in the cost func-
tion (817) are Q = 10, R = 1, F = 10. The NN-NMPC minimizes the cost func-
tion (817) subject to the model (B.61)—(8.62) and the constraints (8.64)—(8.63). In
(820D, it is chosen o = 10. The regressor space to be partitioned is defined by
Z=([-1.2:12] x [-1.2:1.2] x [~1.2;1.2] x [~0.4; 0.4] x [~0.4;0.4]). The cost
function approximation tolerance is chosen as £(Zy) = max(&,, & ?EIIZI(}V* (2)), where

€, =0.005 and & = 0.1 are the absolute and the relative tolerances, respectively. The
partition has 5512 regions and 23 levels of search in a binary search tree representa-
tion. Totally, 33 arithmetic operations are needed in real-time to compute the control
input by traversing the binary search tree (23 comparisons, 5 multiplications and 5
additions).
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Further, an unconstrained LQR is designed, which is used in a neighborhood of
the origin. For this purpose, consider the extended linear system, where an integral
error is added to the linear ARX model (8.63):

y(t+1) = 0.7704y(t) + 0.0539%u,(t) (8.66)
Vit (t + 1) = yins (t) + Tiy(2) (8.67)

Here, u,(t) = u(t) — uj,. Thus, we obtain the following system:
Zo(t+1) = A%, (t) + Bu,(t) , (8.68)

which is characterized with regressor vector Z,(t) = y.(¢t) = [y(¢), yin: (t)] and matri-
ces A = [0'7TZO4 (1)} and B¢ = [0033°]. The computed LQR law for the system (8.68)
is:

u, = —Kz, = —kiy — koyins , Where K = [0.7994, 0.0069] (8.69)

This control law solves the optimization problem (832) with weighting matrices
0. = diag{10, 0.0005}, R, = 10.

Then, the explicit dual-mode controller for the pH maintaining system is defined
according to with I; = {2, € R|72 < 0.09}, where 7,(t) = y(¢).

In order to study the robustness of the explicit dual-mode controller against
model inaccuracies, its performance is simulated in closed-loop with the first-
principles model ([36)—(8.37). Further, it is assumed that there are persistent
disturbances in the acid and the buffer flow rates, which have the following
values O = 16.8[ml/s], O, = 0.53[ml/s] (different from the nominal values
Q] =16.6[ml/s], Q5 = 0.55[ml/s]). In addition to the explicit dual-mode controller
which maintains the pH on the required set point, a second controller (an LQR)
is applied, which keeps the liquid level &; on the nominal value 4} = 14 [cm] by
manipulating the exit flow rate Q4. The obtained trajectories of the control input
u and the output variable y are shown in Fig. B.4] while the trajectories of the exit
flow rate Q4 and the liquid level 4| are depicted in Fig.

It can be seen from Fig.[§.4lthat the output variable is steered to the origin despite
of the presence of persistent disturbances and the control input achieves a new
equilibrium value iy, = 0.2380 (recall that the equilibrium value corresponding to
the nominal model parameters is i, = 0.1732). It would be necessary to distinguish
how the exact NMPC and the approximate explicit NMPC trajectories in Figs. [8.4]
and are obtained. The exact NMPC response is computed by solving at each
time instant an open-loop NMPC problem formulated for the first-principles model
([B36)-(®.37). In contrast, the approximate explicit NMPC solution is first computed
off-line as an approximation to Problem 8.1, in which the NN ARX model by itself
represents another approximation. Then, its performance is simulated in closed-loop
with the first-principles model ®.36)-(®.37). Thus, the performance degradation
far from the origin is due to the approximations in the model and in the NMPC
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Fig. 8.4 Control input u (top) and output variable y (bottom) obtained with the explicit dual-
mode controller in closed-loop with the first-principles model [B.36)—(8.37). The solid curves

are with the approximate explicit NN-NMPC and the dotted curves are with the exact NN-

NMPC.
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Fig. 8.5 The exit flow rate Q4 (top) and liquid level 4 (bottom). The solid curves are with
the approximate explicit NN-NMPC and the dotted curves are with the exact NN-NMPC.
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solution, while near the origin it is related to the use of LQR (pursuing an offset-free
response) which differs from the exact NMPC (where no integral action is taken).
It also should be noted that the response depicted in Figs. 8.4l and[8.3]has a typical
amount of performance degradation being representative for other initial conditions
and scenarios.
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Chapter 9
Semi-explicit Distributed NMPC

Abstract. In this chapter, a suboptimal approach to distributed NMPC for systems
consisting of nonlinear subsystems with linearly coupled dynamics, subject to both
state and input constraints, is considered. The approach applies the dynamic dual de-
composition method and reformulates the original centralized NMPC problem into
a distributed quasi-NMPC problem by linearization of the nonlinear system dynam-
ics. The approach is based on distributed on-line optimization (by gradient itera-
tions) and can be applied to large-scale nonlinear systems. Further, a semi-explicit
NMPC approach to efficiently solve the distributed NMPC problem for small- and
medium-scale systems is described. It combines the explicit approximate solution
with the on-line optimization and the result is a decrease of the on-line computa-
tional complexity. Both the on-line optimization based distributed NMPC and the
semi-explicit distributed NMPC are illustrated in a problem to solve a NMPC prob-
lem for a nonlinear system consisting of two subsystems.

9.1 Introduction

Recall that NMPC involves the solution at each sampling instant of a finite horizon
optimal control problem subject to the system dynamics, and state and input con-
straints. However, solving in a centralized way NMPC problems for medium- and
large-scale systems may be impractical due to the complexity of the Nonlinear Pro-
gramming (NLP) problem, the topology of the plant and data communication, and
the large number of decision variables. Therefore, there is a strong motivation for
development of methods for distributed solution of NMPC problems. At the same
time, the multi-core computer architectures available nowadays would encourage
parallel and distributed NMPC computations [5]. Recently, several approaches for
decentralized implementation of MPC algorithms have been developed, [19]. As it
is pointed out in [15], the possibility to use MPC in a decentralized fashion has the
advantage to reduce the original, large size, optimization problem into a number of
smaller and more tractable ones. In [20], [13], [22], [9], approaches for distributed
MPC for systems consisting of linear interconnected subsystems have been devel-
oped. The approach in [9] is based on the dual decomposition methods [1, 6, 4],

A. Grancharova & T.A. Johansen: Explicit Nonlinear Model Predictive Ctrl., LNCIS 429, pp. 209-B31]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2012
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where large-scale optimization problems are handled by using Lagrange multipliers
to relax the couplings between the sub-problems. In [17, 18], the dual decomposi-
tion is used for analysis and synthesis of distributed feedback controllers.

Further, approaches for distributed MPC for systems composed of several non-
linear subsystems have been proposed in [15, 7, 12]. In [15], a stabilizing decen-
tralized MPC algorithm for nonlinear systems consisting of several interconnected
local subsystems is developed. It is derived under the main assumptions that no in-
formation can be exchanged between local control laws, i.e. the coupling between
the subsystems is ignored, and only input constraints are imposed on the system.
In [7], it is supposed that the dynamics and constraints of the nonlinear subsystems
are decoupled, but their state vectors are coupled in a single cost function of a finite
horizon optimal control problem. In [12], an optimal control problem for a set of
dynamically decoupled nonlinear systems, where the cost function and constraints
couple the dynamical behavior of the systems, is solved.

In this chapter, the suboptimal approach [11] to distributed NMPC for a more
general class of systems consisting of nonlinear subsystems with coupled dynamics
subject to both state and input constraints is considered. Like in [15], it is supposed
that the couplings between the subsystems are linear. However in difference to [15],
the distributed NMPC method proposed here takes into account these couplings,
as well as state constraints. The approach [11] applies the dynamic dual decompo-
sition method [4, 18, 9] and reformulates the original centralized NMPC problem
into a distributed quasi-NMPC problem by linearization of the nonlinear system
dynamics. The approach is based entirely on distributed on-line optimization (by
gradient iterations) and can be applied to large-scale nonlinear systems. Further, a
semi-explicit NMPC approach to efficiently solve the distributed NMPC problem
for small- and medium-scale systems is proposed.

9.2 Formulation of NMPC Problem for Interconnected Systems

Consider a system composed by the interconnection of M subsystems (shown in
Fig.[0.1)), which is described by the following nonlinear discrete-time models [15]:

xi(t+1) = filx(t),ui(0)) + gix(t)) + di(t), i= 1,2, ... M ©.1)

where x;(¢) € R", u;(t) € R™, and d;(t) € R" are the state, control input, and
disturbance vectors, related to the i-th subsystem, and f; : R"% x R"™ — R"™ and
gi : R" — R"™ are nonlinear functions.

In (@), the mutual influence of the M subsystems is described by the functions
gi, which depend on the overall state:

5(0) = 1 (1), 320, o5 (D) €RY, 1= S, ©2)

i=1
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Fig. 9.1 System composed by the interconnection of M subsystems.

Similarly, the overall control input is denoted:
M
u(t) =[ui(t), ur(t), ..., um ()] €R™, m= Zmi 9.3)
i=1
The following control input and state constraints are imposed on the subsystems:
Umin,i < ui(t) < Umax,iy Xmin,i < X,’([) < Xmax,i, | = L2,...M 9.4
and the following assumptions are made [11]:

Assumption 9.1. The functions f; and g;, i=1, ..., M are C' functions with f;(0,0) =
0, gi(0) = 0.

Assumption 9.2. Xmin,i < 0< Xmax,i> Umin,i < 0< Umax,i» i=1,..,M.
Assumption 9.3. The disturbances d;, i = 1, ..., M are bounded by:
|di(1)| < dmaxi, i=1,2,....,. M 9.5)

n;

With diaxi € RY(), dmax,i < |[Xmin,i| and dimaxi < Xmaxi» i = 1,2, ..., M, where the
operation |- | is taken element-wise.

It is supposed that a full measurement x = [x1, x2, ..., xp] of the overall state is
available at the current time . The optimal regulation problem is considered where
the goal is to steer the overall state of the system (9.1)) to the origin. For the current
X = [x1, X2, ..., Xxp], the regulation NMPC solves the optimization problem [11]:

Problem 9.1 (Centralized NMPC):
Vol (x) = mUin J(U,x) (9.6)

subject to x;; = x and:
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Xippkp € Zivi=1, e, M, k=1,..,N—1 9.7)

Wigik €U, i=1,.. .M, k=0,1,..,N—1 9.8)

Xig k41t = fi(xi,t—}—k\tvui,ﬂrk) +gi(xt+k\t)7 i=1,..,M,k=0,1,..., N=2(9.9)

Xeklt = X1 kle> X2kt -+ Xvpkie)» k=0, 1, .., N—1 (9.10)

U = [ul,t-‘rk? UD t ks ey Upk), k=0,1,...,N—1 9.11)
with U = [us, g1, ..., s+n—1] and the cost function given by:

i (X ke Wi k) (9.12)

||M§

=L

Here, 1 (% ;x> Uig+k) = 1% 14k ||é’ + ||u,~7,+k||%e’, is the stage cost for the i-th subsys-
tem with weighting matrices Q;, R; > 0, and N is a finite horizon. The sets .Z; and
U; are defined by:

Zi= {Az e R Ixmin,i +dmax,i <A< Xmax,i — dmax,i} (9.13)
U = {le e R™ |Mmin,i <n < Mmax,i} 9.14)

It follows from @.13)—(.14) that 2; and %; are convex (polyhedral) sets, which
include the origin in their interior (due to Assumptions 2land[0.3)).

It should be noted that the state constraints (9.7) with the admissible set .Z; de-
fined by (@.13) guarantee the robust feasibility of the solution in sense that the orig-
inal state constraints will be satisfied for the worst-case disturbances.

9.3 Distributed NMPC for Interconnected Nonlinear Systems
with Linear Couplings

9.3.1 Distributed NMPC by Dual Decomposition

Problem 9.1 can be decomposed by using the dynamic dual decomposition approach
[4, 18]. First, the following assumption is made [11]:

Assumption 9.4. The functions g;(x(t)) have the form:
M
Y Aixi(t),i=1,...M (9.15)
j=L i
where A;jj € R"*"i are constant matrices.

The following decoupled state equations can be formulated:
x,-(tJr 1) = f,-(xi(t)mi(t)) +vi(t) +di(l‘) s i=1,...,M (9.16)

with the additional constraints, [18]:
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M
vi(t)= Y, Ayxj(t),i=1,..,M forallt 9.17)
=1

The variable v; € R" can be interpreted as the influence of the other subsystems in
the update of x;.

Then, similar to [18], the constraints are relaxed by introducing the cor-
responding vectors of Lagrange multipliers p; € R™ in the cost function and
the Problem 9.1 is reformulated as a distributed NMPC problem [11]:

Problem 9.2 (Distributed NMPC):

VOP(x) =
N-1 M . M
max min 2 Z[Ii(xi,t+k\tv“i,t+k) +pi,t+k(ViJ+k - 2 Aijxj,t+k|t)] =
PUXYV 2o =1
J#i
M N-1 . A
max Y ( min (1 (Xt ks Ui gk) + PiakVierk — X gk > A jiPjavk]) (9.18)
P UKV D ’ j=1
Vial
- ~ -

1P (X kg Ui+ Vig 4k P)
subject to x,; = x, constraints ©.7)-(9.8) and:

xi,t+k+l\t :ﬁ(xi,t+k\taui,t+k)+Vi,t+ka = 17 "'aMa k= Oa 17 "'aN72 (919)

Prin-1 =0 (9.20)
Here:
P =[pi, Pty ooy Pran—1] With pyi = [P1isks P2atks - PMi+k] 5
k=0,1,...,N—1
U= [M;, Uty ey ut-‘rN—l] ) Ui = [ui,h Uit41y -, ui,t-‘rN—l]
X= [xt|ta Xef1ley s xt+N—l\z]a Xi= [xi,t|t7 Xig1ts -+ xi,t+N71\t] 9.21)
V= [Vta Vidly ooey VH»N*I] ) Vl = [vi,tv Vit41y -y vi,lJrN*l]

with v, = [V1’,+k, V2ttky s VM,t+k] ,k=0,1,....,N—1

The Lagrange multipliers P are also referred to as prices [18] and the Problem 9.2
can be interpreted as a game with two players for each subsystem. Given the prices,
the objective of the first player for the i-th subsystem is to select the inputs U; =
[Uirs Wigg1, -, Wiryn—1] to minimize the local cost ZkN;()l ¥ (Xi ke Wisd+ks Vigrks P)-
The other player for the i-th subsystem chooses P; = [pis, Pis+1; ---s Pig+N—1] With
the objective to maximize Y3~ pl,  (Vispk = Z101 j2iA1X ke

The inner decoupled optimization problems in Problem 9.2 represent Nonlinear
Programming (NLP) sub-problems corresponding to the NMPC of the i-th
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subsystem, since the constraints (9.19) are nonlinear in the optimization variables.
Each NLP sub-problem is presented as follows [11]:

Problem 9.3’ (-th NLP sub-problem):

N—1
¢ . P
VP (Pxi) = min 3 1L (ke Ui gtk Vi P) 9.22)
UiXiVi (2
subject to x; |, = x; and:
Xippkp € Zis k=1, ,N—1 (9.23)
ui,l+k602/i7k:()717"'7N_1 (9.24)
Xigtk41)t = fi(xi,t+k\tvui,t+k) +Vittks k=0,1,...,N=2 (9.25)
D ith Uopt __q,.opt opt opt Xopt __r.opt _opt opt
enote with U;/" = [”i,t Uy gy e Mi,H»Nfl]’ = [xi’t‘t,xiﬁl‘t, ""xi,t+1v—1|t]
and V7' = viv ' v;’fi“ s vZﬁNfl] the optimal solution of Problem 9.3'.

9.3.2 Local QP Approximations of the NLP Sub-problems

The cost functions Zf{v:_()l ¥ (Xi4+kjes Wis+ks Vigrk, P) in the Problems 9.3, i =
1,2, ..., M are convex, however the constraints may be non-convex in the
general case. In [11], the constraints are locally approximated by linear con-
straints, leading to a quasi-nonlinear approach. Let x; |, = x? € Z; be arbitrary and
denote the corresponding optimal solution to the sub-problem 9.3/ with:

0 0 0 0 0
Ui = Uiom(xi) = [”i,m Uitg1s s ”i,t+N71]

0 __ yopty 0\ __ 1.0 0 0
Xi =X (5) = Xy Xt -+ Xigen—1)e) (9.26)

0 ‘0 0 .0 0
‘/i = ‘/iop (xi) = [Vi7t7 Vi,H—l’ L) Vi,t-‘rN—l]

The optimal solution depends on the values of the prices P. In Section[9.3.3]
it is described how P and the solution are updated iteratively. Further, a first
order truncated Taylor series expansions of the right-hand side of constraints
around the point (Ulp7 Xl-o7 Vio7 x?) lead to the locally linear constraints [11]:

X =8x, (X — X°) + S, (U; — O0) + (V; — VO) +- E? (9.27)

where:

X

_ 0_r1,0 0
i = [xi,t\h s xi,t+N—2|t]7 Xi = [xi,t\ﬂ e xi,t+N72|t]

~i - [ui,H ceey ui,H—N—Z] 5 Uio = [Mgm sy ugt+N—2]
~l' = [Vi.,tv ) Vi,t+N72]; ‘71‘0 = [V?,ta R V2t+N—2]

1]

+ _
i = [xi,t+l|t7 "'7xi,t+N—1\t]
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Here, the matrices Sy;, Sy,, and E? are given by:

_inﬁ(xgt‘t,ugt) (I (I
Sx, = : (9.28)
O, Oy - sz'ﬁ(xng\rfzp’”ngfz)
v, i) Onmy (-
Sy, = : (9.29)
L O O o ViiO0 oy oty o)
filx) Xitles 1t)+vtt
E) = : (9.30)

(0 0 0
Jixn o Mipen—2) T Vien—2

where 0,, is the n;-dimensional square zero matrix and Oy, , is the n; X m;-
dimensional zero matrix. It can be observed that ( is a linear time-varying
approximation of the constraints . Then, the NLP sub-problems 9.3 for the
subsystems are approximated with the QP sub-problems [11]:

Problem 9.4 (i-th QP sub-problem):

N-1
‘/i*(in) = Uman 2 l xl t+k|t7ult+k7vlt+k7p) (931)
Iy 17 lk
subject to x; |, = X, ,and ©
Denote with U;* = [ l*t, e U N 1] X :[ X ...7xit+N_1|t] and V" =[v,, ...,

Vi, i14n_1) the optimal solutlon of Problem 9.4/, Then, the following centralized
NMPC problem with linearized constraints is formulated [11]:

Problem 9.5 (Centralized NMPC with linearized constraints):
V*(x) :rrbin J(U,x) (9.32)
subject to x,|; = x, constraints {©.7), (©-8), and:
Xig+k+1lr = inﬁ(x2,+k‘,, u?,t+k)(xi 14kt —x?,+k\z) +

0 0
Vu;fi(xi,mk\tv”i,t+k)(“i,t+k tt+k + Z Aij (X gkl — ]H—k\t)
J=1j#

M
0 0 0
+fi(xi,t+k\tv"‘i,t+k) + Z A ke
j=1,j#i
i=1,.. M, k=0,1,...,N—2 (9.33)
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where the cost function J(U,x) is given by (9.12). Here, (@33 includes the
constraints due to the linearized dynamics for all subsystems.

Then, the distributed NMPC problem with linearized dynamic constraints is as
follows [11]:

Problem 9.6 (Distributed NMPC with linearized constraints):
M
mIE‘X 2 Vi (Pxi) maX Z mlnv 2 l zz+k\zvui,t+k7 Vistk, P) (9.34)
i=1 Ui Xi,Vi k=
subject to x,, = x, constraints (9.7), (©.8), and:
T =Sx, (X — X))+ Su (U~ O+ (Vi =V +E?i=1,..,M (9.35)
Pr+n-1=0 (9.36)

Then, the decomposition of the optimization Problem 9.5 is given by the following
proposition [11]:

Proposition 9.1. Suppose that x = [x1, x3, ..., xm]| is a feasible point for Problem
9.5. Then:

M
Vi(x) = V(P x; 9.37
() mgxi:Zl ©(Pxi) (9.37)
where maximization is subject to p;n—1 = 0.

Proof. [11] The proof follows similar arguments as in [9]. Since the stage cost
functions (x4 x,Uig+k), 1 = 1,2, ..., M are convex, from the duality theory [2]
it follows that there is no duality gap between the dual Problem 9.6 and the Prob-
lem 9.5. The requirement p,,y_; = O follows from the optimality conditions of
Pontryagin’s maximum-principle for discrete-time systems [3] and the fact that
the state is not specified at the terminal time t + N — 1. Therefore, holds.
Further, the maximum in ( is attained when all elements of the gradient
of M, V¥ (P,x;) with respect to P are zero, i.e. Vi, Z/}”:L#l ,]x] ik = 0
i= 17 . M k=0,1,...,N — 1. This means that the constraints (© are satis-
fied at the optimum.

Proposition shows that the computation of U/, X;* and V;* for given prices
P is completely decentralized. However, as described in [9], finding the opti-
mal prices requires coordination. According to the duality theory [2], V*(P,x;),
i=1,...,M are concave functions of P. Therefore, the optimal price sequence
P* = [p;, P/ 1> P/yn_1) can be found as the limits of a gradient iteration [9].
Given a price prediction sequence P/ = [p,’ TR Piyin—1] for the r-th 1terat10n the
corresponding sequences U;" = [uj7, .., U1 n_ l], X" = [xj‘tlt7 e XN 1|t] and
V"= [vil, s Vil n—1] are computed locally by solving Problem 9.41. Then, the
prices can be updated distributedly by a gradient step:
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pl t+k p”+k+,yr< it+k ZAUX] t+k|t) k= 0 1 N-2
/#l
with pi iy = ply =0 (9.38)

It should be noted that Proposition holds only locally due to linearization,
in a neighborhood of the optimal solution Ul-o7 Xio7 VZ-O to sub-problems 9.3/, i =
1,2, ..., M, where the linear constraints can sufficiently accurately approx-
imate the nonlinear constraints Therefore it would be necessary to period—
ically update the linear constraints and then to apply formula @.38) for a
number of steps.

9.3.3 A Suboptimal Approach to Distributed NMPC Based on
On-Line Optimization

In [9], an approach to distributed MPC for linear systems in the absence of dis-
turbances has been suggested, where the prices are updated according to (9.38).
In [11], a suboptimal algorithm to distributed quasi-NMPC is proposed that con-
siders a more general class of systems, since it refers to nonlinear systems with
linear couplings in the presence of bounded disturbances (see Section [0.2)). The
suggested algorithm includes two loops. In the outer loop, the NLP sub-problems
9.3, i=1,2,..., M, are solved and the matrices of the linear constraints of the ap-
proximating QP sub-problems 9.4',i = 1,2, ..., M are computed. Then, in the inner
loop, the price sequences and solution are updated based on Proposition and
applying formula for a given number of steps. The algorithm is described by
[11]:

Algorithm 9.1. Distributed quasi-NMPC by on-line optimization.

1. Given numbers Q and L, step sizes ¥;, i = 1, 2, ..., M and arbitrary guesses PiO,
i=1,2,..., M for the price sequences. Let r = 0.

2. Let the state at time 7 be x(f) = x = [x1, ..., Xp].

3.forg=1,2,...,0do

4.  Forx;,, = x; compute distributedly the optimal solutions U = U™ (x;),
X? = X" (x;), V¥ = VP (x;) to the NLP sub-problems 9.3", i = 1,2, ..., M
correspondlng to the price sequences P0 [pl PRI pgl +n—1)- Compute the
matrices Sy;, Sy;, and E; associated to the approximating QP sub-problems
941 i=1,2,...M

5. forr=0,1,...,L—1do

6. For i-th subsystem, i = 1, 2, ..., M, communicate the price sequences
Pl = il’]m . .7p§-7t+N_1], j=1,..., M, j #iof the interconnected
subsystems

7. Compute the sequences U;” = [u;7, ..., ujr y 1], X[ = [x;t;lﬂ s XZ;+N—1\1]



218 9 Semi-explicit Distributed NMPC

and V;*" = [vi7, ..., V{7, y_,] corresponding to the price sequence
P"=[p], ..., p{ n_1] by solving distributedly the QP sub-problems 9.4/,
i=1,2,..., M.

8. For i-th subsystem, i = 1, 2, ..., M, communicate the state trajectories
X = [xjglt,x;;+l‘t, ...,x;’HN_W], j=1,....,M, j#iof the interconnected
subsystems.

9. Compute distributedly the updates P/ '= [p{;“l, . pf;iNfl], i=1,2,..,.M
of the price sequences by applying fory =v,i=1,2,....M.

10. end

11. LetP’=PLi=1,2,.., M.

12. end

13. Apply to the overall system the control inputs u;(t) = u?tl‘_l, i=1,2,.... M.

14.Lett =1+ 1 and go to step 2.

The steps 4 to 11 in Algorithm 9.1 include an iterative solution of the NLP sub-
problems 9.3/, approximating them with the QP sub-problems 9.4, and then updat-
ing the prices by utilizing Proposition[9.1]

It should be noted that alternatively, an approach similar to [14, 16] can be ap-
plied, where the idea would be to avoid solving the NLP sub-problems 9.3 in step
4 and to formulate the approximating QP sub-problems 9.4’ by using the optimal
sequences U/, X/ and V;*, computed in the previous time instant.

9.4 A Semi-explicit Approach to Efficient Distributed NMPC
for Interconnected Systems with Linear Couplings

Although the original centralized NMPC problem (Problem 9.1) has been repre-
sented as a distributed quasi-NMPC problem (Problem 9.6), its approximate solu-
tion with Algorithm 9.1 may still require significant computational efforts. This is
mainly due to step 4, where the NLP sub-problems 9.3/, i = 1, 2, ..., M are solved
and approximated with QP sub-problems. Therefore, there is a motivation to pre-
compute off-line the optimal price sequence P* = [p/, p/,, ..., Py, y_1] as an ex-
plicit function of the overall state x by applying a parametric programming ap-
proach. However, it is known that the off-line computational complexity with the
explicit approach tends to increase rapidly with the number of states and thus they
can be applied only to small-scale processes. Therefore, the use of a semi-explicit
approach to efficiently solve distributed NMPC problems for interconnected non-
linear systems (which are supposed to be of medium-scale) is more appropriate.
The idea of the semi-explicit approaches has been used in [21] to solve central-
ized linear MPC problems and later applied to nonlinear MPC formulations [10].
The semi-explicit approaches [21, 10] combine the two paradigms of explicit and
on-line MPC in order to overcome their individual limitations. They consist in us-
ing a piecewise linear (PWL) approximation of the optimal control law (which is
computed off-line) to warm-start the on-line optimization.
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9.4.1 Formulation of the Distributed NMPC Problem as an
mp-NLP Problem

Here, a semi-explicit NMPC approach to efficiently solve the distributed NMPC
problem (Problem 9.2) is proposed. With off-line computations, an approximate ex-
plicit solution P(x) for the price sequences is obtained. Then, on-line, this solution
is used as an initial guess (warm start) for a gradient iterations algorithm, similar to
Algorithm 9.1. The expected result would be a decrease of the number of iterations
in the gradient algorithm and thus of the on-line computational efforts. The follow-
ing multi-parametric Nonlinear Programming (mp-NLP) problem is solved:

Problem 9.7 (mp-NLP):
M
VP (x) = max D VP (P.x;) subject to pin—1 =0 (9.39)
i=1

In general, V" '(P,x;) are nonlinear functions of the initial state x; because they are
obtained by solving the NLP sub-problems 9.3/, i = 1, 2, ..., M where the dynamic
equality constraints are eliminated using direct single shooting. Thus, the Problem
9.7 is a mp-NLP problem since it is a NLP problem in P parameterized by x [8].
Define the set of N-step feasible initial states as follows:

X; = {x € R"|Problems 9.3, i = 1, ..., M are feasible for some P € R""} (9.40)

If Problem 9.2 is feasible, then Xy is a non-empty set. The purpose of the semi-
explicit approach is to obtain first an approximate explicit solution f’(x) to Problem
9.7 in some set X C Xy C R" by applying an approximate mp-NLP method.

9.4.2 Approximate mp-NLP Approach to Semi-explicit
Distributed NMPC

Let X C R" be a hyper-rectangle where we seek to approximate the optimal solu-
tion P°P'(x) to the Problem 9.7. The approximate solution P(x) to P°7'(x) is found
by applying the approximate mp-NLP approach, described in Chapter [[1Thus, it
is required that the state space partition is orthogonal and can be represented as a
k — d tree. The idea is to construct a piecewise linear (PWL) approximation P(x) to
P°P'(x) on X, where the constituent affine functions are defined on hyper-rectangles
covering X. The computation of an affine approximation Py(x) = Kox + go, associ-
ated to a given region X, includes the following steps. First, the optimal solution of
Problem 9.7 is computed at the vertices and the center point of Xy. Then, based on
the solutions at these points, a local linear approximation £y(x) to the optimal so-
lution P°”'(x), valid in the whole hyper-rectangle Xy, is determined. By taking into
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account that the constraint p,;y_; = 0 should be satisfied, Ky and g( should have

the form: 5
_ | Ko _ &0

where 01, is a zero vector with dimension 1 x n. Then, Koy and gg are determined
by applying the following procedure:

Procedure 9.1 (Computation of explicit approximate solution). Consider any
hyper-rectangle Xo C X with center point wy and vertices {wi, wy, ..., won }. Com-
pute Ko and gg by solving the following NLP:

2" M
min D (VI (Kowg +80,wh) = VP (wy) + || Kowg + 80— PP (wg)[[3) (9.42)
0:80 =0 i=1

subject to (9.41).
In ©.42), w, is the value of the overall state, i.e. wy, = [wfli, wi ...7wi1w |, while

wfl is the value of the state associated to the i-th subsystem. Also in (9.42),

VP (Kowg + go,w)) is the i-th optimal local cost obtained by solving the local
NLP Problem 9.3' for P = Kow, + g0, VP (w,) denotes the optimal cost asso-
ciated to the whole system, corresponding to the optimal solution P°”'(wy), i.e.
VP (wy) = XL, VP (PP (wy),wi), and the parameter 1 > 0 is a weighting co-
efficient.

After a linear approximation Py (x) = Kox + go has been determined, an estimate

& of the maximal cost function approximation error & in X is computed as follows:

M
o V‘OPI K + g0, iy Vop[ 9.43
€ qe{O,rlr,lg,).(..,zn} (; i (Kowg +80,wg) (wg)) (9.43)

If the maximal cost function approximation error &) in X is greater than a specified
tolerance € > 0, the region Xj is split and the above procedure is repeated for the
new regions, as described in Chapter[]l

After an approximate PWL solution P(x) for the price sequences has been found,
the control inputs are determined on-line by applying a modification of Algorithm
9.1 (where the approximate solution P(x) is used as a warm start). It should be noted
that with the semi-explicit approach the number of gradient iterations at which the
NLP Problems 9.3/, i = 1,2, ..., M are solved can be smaller than that with the ap-
proach based entirely on on-line optimization.

Although the semi-explicit approach is characterized with less off-line computa-
tional complexity compared to the purely explicit approach, the complexity would
increase with the number of the parameters in the mp-NLP problem [10]. There-
fore, the application of the proposed semi-explicit approach is restricted to small-
and medium-scale systems.
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9.5 Application: Distributed NMPC of a Nonlinear System
Consisting of Two Sub-systems

Consider the following second order system composed of two subsystems S; and S
[15]:

Sis a4 1) =+ () L o) +di) ©0.44)
Syt xp(t+1) = e S20) s (1) — 14 moxy (1) + da (1) (9.45)

Thus, the functions f;, g;, i = 1, 2 in the formulation (9.1)) are:

it (On()) = \xi (02 + 1) -1 (9.46)
fo(xa(t),uz(2)) = e 520 4y (1) — 1 (9.47)
g1(x(1)) = mxa(t), g2(x(2)) = M1 (1) (9.48)

The functions g; satisfy Assumption and they describe the mutual influence of
the two subsystems. The disturbances are assumed to be the states of the following
asymptotically stable first order systems [15]:

di(t+1)=0.9d;(t), i=1,2 (9.49)

and they are bounded by:
i) <1, i=1,2 (9.50)

The following constraints are imposed on the system (9.44)—(9.45)):

—03<u(1)<05,i=1,2 (9.51)
—2<x(1)<2, —15< ()< 1.5 (9.52)

It should be noted that here the input constraints are different from those in [15].
Also in addition, state constraints are imposed on the system (while in [15] only
input constraints are considered). The coefficients related to the couplings between
the two subsystems are 1) = 1, = 0.4. The prediction horizon in the centralized
NMPC problem (Problem 9.1) is N = 5 and the weighting matrices are Q; = R; = 1,
i=1,2.

9.5.1 Results with the Distributed NMPC Based on On-Line
Optimization

The centralized NMPC problem is represented as a distributed NMPC problem
(Problem 9.6) by applying the dual decomposition approach. Then, Algorithm 9.1
with parameters Q =5, L =3, 7, =0.3,i =1, 2 is used to generate the two control
inputs for an initial state x(0) = [0.3 0.3] and initial disturbances d(0) = [1 1]. The
corresponding trajectories of the prices py, p», the control inputs uy, uy, the states
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X1, X2 and the disturbances d, d> associated to the two subsystems are depicted in
Fig. to Fig. The trajectories obtained with the following approaches are
compared:

— The suboptimal distributed NMPC approach with linearization of the nonlinear
constraints (described in Section[0.3));

— A suboptimal distributed NMPC approach without linearization of the nonlinear
constraints (9.23). In this case, a modification of Algorithm 9.1 is used for the
on-line computation of the control inputs. It has only one loop, where the optimal
solutions of the NLP sub-problems 9.3/, i = 1,2, ..., M are computed distribut-
edly, and then the price sequences are updated by applying by using the
computed optimal solutions. The loop is repeated Q = 5 times and the step size
in @38)is 5, =0.3,i=1,2.

— The exact distributed NMPC approach, which solves Problem 9.6 at each time
instant.

— The centralized NMPC approach, which solves Problem 9.1 at each time instant.

The computational complexity of both suboptimal distributed NMPC approaches
is compared to that of the exact distributed NMPC approach and the centralized
NMPC approach. For this aim, the respective trajectories are determined for 100
initial states, obtained by gridding the state space [—1, 1] x [—1, 1]. The results are
presented in Table[0.1] where also the possibility of these approaches to find a fea-
sible solution is compared and expressed in terms of percentage from the total num-
ber of initial states. The computations are performed on a 3 GHz Intel Core 2 Duo
processor.

Table 9.1 Comparison of different NMPC approaches

Method Percentage of Average Maximal
feasible solutions CPU time [s] CPU time [s]

Suboptimal distributed NMPC 79 % 0.66 0.74
without linearization

Suboptimal distributed NMPC 79 % 1.81 1.86

with linearization
Exact distributed NMPC 79 % 10.28 14.86
Centralized NMPC 28 % 0.66 2.30

It can be seen from Table that the suboptimal distributed NMPC approach
without linearization of the nonlinear constraints is the most computationally effi-
cient approach. Both suboptimal approaches are more efficient in comparison to the
exact distributed NMPC approach. A disadvantage of the centralized approach is
that it fails to find a feasible solution for a significant number of initial states (in this
sense it is about three times less efficient than the distributed NMPC approaches).
A possible reason for this is the fact that in the presence of disturbances, the worst-
case state constraints related to both subsystems (constraints (9.7) in the Problem
9.1) can be difficult to be satisfied at the same time for some of the initial states.
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In contrast, the distributed NMPC approaches lead to two completely decentralized
NMPC problems, where worst-case disturbance assumptions of only the individual
subsystems are made (not simultaneously).

9.5.2 Results with the Semi-explicit Distributed NMPC

The semi-explicit approach from Section[9.4]is used to obtain an approximate PWL
solution P(x) for the price sequences. The state space partition of this solution is
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Fig. 9.3 The control inputs #; and u; for subsystems S and S,.

shown in Fig. Then on-line, a modified version of Algorithm 9.1 is used to
generate the two control inputs for the initial state x(0) = [0.3 0.3] and initial dis-
turbances d(0) = [1 1]. In the modified Algorithm 9.1, the number of gradient it-
erations, performed on-line is Q = 3 and the step sizes are y; = 0.3,7 = 1, 2. The
corresponding trajectories of the prices py, p», the control inputs u;, uy, and the
states x1, x, associated to the two subsystems, are depicted in Fig.[0.7] to Fig.
For comparison, in Fig.[0.7]to Fig. the trajectories, obtained with the distributed
NMPC approach, based entirely on on-line optimization (with number of gradient
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iterations Q = 5 and step sizes ¥ = 0.3, = 1, 2) and those, obtained with the exact
distributed NMPC are also shown.

In Table the computational complexity of the semi-explicit suboptimal dis-
tributed NMPC and the on-line optimization-based distributed NMPC is compared,
as well as their possibility to find a feasible solution and the average accumulated
cost function value. For this aim, the respective trajectories are determined for 100
initial states, obtained by gridding the state space [—1, 1] x [—1, 1]. The computa-
tions are performed on a 3 GHz Intel Core 2 Duo processor.
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time steps

Fig. 9.5 The disturbances d, d5.
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Fig. 9.6 State space partition associated to P(x) and state trajectories obtained with the semi-

explicit distributed NMPC with number of gradient iterations Q = 3 (the solid curve) and
with the exact distributed NMPC (the dashed curve).
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Table 9.2 Comparison of the semi-explicit distributed NMPC approach (with number of
gradient iterations Q = 3) and the on-line optimization-based distributed NMPC approach
(with number of gradient iterations Q = 5)

Method Percentage of Average accumulated — Average Maximal
feasible solutions cost function value CPU time [s] CPU time [s]
Semi-explicit

distributed NMPC 74 % 25.31 0.39 0.46
with Q=3
On-line optimization
-based distributed NMPC 79 % 25.35 0.66 0.74
withQ =5

It can be seen from Table[9.2]that the semi-explicit suboptimal distributed NMPC
approach allows to use less number of gradient iterations in comparison to the dis-
tributed NMPC approach based entirely on on-line optimization. Thus, it leads to
a decrease in the on-line computational complexity, while keeping nearly the same
ability to find a feasible solution and control quality (in terms of the average accu-
mulated cost function value).
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Nonlinear programming methods, [
direct search, [7]
DIRECT method, [§]
method of Box, [§]
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Numerical linear algebra,

Index
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Piecewise linear (PWL) solution
approximate, [[3 201 [T92]
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