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Abstract. Runtime verification of temporal logic properties requires a
definition of the truth value of these properties on the finite paths that
are observed at runtime. However, while the semantics of temporal logic
on infinite paths has been precisely defined, there is not yet an agreement
on the definition of the semantics on finite paths. Recently, it has been
observed that the accuracy of runtime verification can be improved by
a 4-valued semantics of temporal logic on finite paths. However, as we
argue in this paper, even a 4-valued semantics is not sufficient to achieve
a semantics on finite paths that converges to the semantics on infinite
paths. To overcome this deficiency, we consider in this paper Manna
and Pnueli’s temporal logic hierarchy consisting of safety, liveness (guar-
antee), co-Biichi (persistence), and Biichi (recurrence) properties. We
propose the use of specialized semantics for each of these subclasses to
improve the accuracy of runtime verification. In particular, we prove that
our new semantics converges to the infinite path semantics which is an
important property that has not been achieved by previous approaches.

1 Introduction

Runtime verification aims at detecting faults of a system by monitoring its
input/output behavior during runtime. For the specification of the desired be-
havior, temporal logics in general, and linear temporal logic (LTL) in particu-
lar, proved to be convenient formalisms to precisely and conveniently determine
complex temporal properties. During the last two decades, many model-checking
procedures for temporal logics have been developed that improved the efficiency
to become interesting for practical use. As a consequence, the PSL logic (ex-
tending LTL) became now an industry standard that is used by many tools and
programming languages. Since temporal logics are therefore well-established, it
is natural to use them also for runtime verification.

However, while the tools used to solve the model-checking problem refer to
the original LTL semantics that is given for infinite behaviors, runtime verifica-
tion can only reason about the finite behavior that has been observed up to a
considered point of time. Whether a fault occurred at runtime can therefore not
be decided by the existing LTL semantics, and instead one has to consider the
meaning of LTL formulas on finite paths.
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While the semantics of LTL on infinite paths has been precisely defined in
the literature (without producing alternatives), there is not yet such a consensus
on the meaning of LTL properties on finite paths. Several two-valued semantics
for LTL on finite paths have been proposed [6] that are well-suited for safety
properties. In [I], special reset and abort operators have been added to LTL to
cope with finite path semantics, but these do not solve the problem for the other
operators. Recently, it has been observed that at least a three-valued semantics
is necessary to give informative results [T4J2IT3]. Using three-valued semantics, a
property evaluates to true or false whenever the truth value defined by the LTL
semantics on infinite paths is already determined by its finite prefix. If the finite
prefix does not determine the truth value, an inconclusive result is obtained by
a third truth value. In the first case, the considered prefix is called a good prefix,
otherwise it is called a bad prefix. This scheme is well-suited for pure safety
properties like Gp and simple liveness (guarantee) properties like Fp. Indeed,
it has been observed in [8] that the only properties for which a three-valued
semantics gives satisfactory results consists of boolean combinations of safety
and guarantee properties which form the obligation properties in the temporal
logic hierarchy of Manna and Pnueli [5]. For this reason, the formulas in this
class have been already called prefix properties in [I5/I6].

However, there are many properties which can not be dealt with such a three-
valued semantics: consider e.g. the request/acknowledge property G (r — Fa)
taken from [2] that states that every request is finally acknowledged. Finite
paths cannot decide the truth of this property since it belongs to the Biichi
(recurrence) class, but not to the prefix (obligation) class. Hence a three-valued
logic will always evaluate to an inconclusive result. In [3], previously proposed
semantics for LTL are compared with each other and a new four-valued semantics
for LTL on finite paths was proposed that is argued to overcome these problems.
For the request/acknowledge property, the proposed RV-LTL semantics yields
value T p (meaning ‘presumable good’) whenever the so-far read finite input path
ends at a point of time where a holds. The value L p (meaning ‘presumably bad’)
is used whenever the so-far read finite input path ends at a point of time where
r holds, indicating that is is likely that the specification remains unsatisfied.

While the proposed solution gives a reasonable result for the above mentioned
request/acknowledge property, we argue that for other interesting properties,
the proposed RV-LTL semantics gives misleading results: For example, consider
the property FGp; V FGps. This property states that from a certain point on,
either always p; or always ps holds (note its equivalence to F(Gpy V Gpz)). For
the behavior pi,ps,p1,p2,..., RV-LTL determines the value Tp (presumably
good) for every finite prefix, indicating the misleading result that the property
is ‘presumably true’ while the property is not satisfied on the infinite behavior.

In this paper, we therefore define a new semantics of LTL on finite paths to
improve the previously proposed semantics so that the definition on finite paths
converges to the definition of infinite paths. To this end, we consider the temporal
logic hierarchy of Manna and Pnueli [5I6]. Instead of distinguishing between
presumably good and presumably bad in case no definitive answer is possible,
we use truth values that are more specialized to the unknown infinite suffix.
For example, a persistence (co-Biichi) property like FGp; V FGps is evaluated
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over a four-valued semantics with the truth values {true, false, Trg, Lrc} with
the intuition that whenever an infinite path satisfies the property from a certain
point of time on, we assign Tgg for the corresponding prefixes of that path from
that point on. On the other hand, output Lgg is used whenever the system has
not yet stabilized; and outputs true and false are used whenever a definite answer
is possible.

While this modification of the many-valued semantics seems to be only a
notational change, it already improves the evaluation of the above example:
FGpy V FGps is evaluated on every finite prefix of even length of p1,p2, p1,p2 to
LFrg so that a verification engineer considering the results during simulation or
runtime verification will see that either the system has not yet stabilized or that
something is wrong in the system. Indeed, we prove that our new semantics is
asymptotically correct for persistence properties in the sense that only finitely
many prefixes of a satisfying infinite path of a persistence property yield the
wrong result | gg.

Recurrence properties like the request/response property are evaluated over
a different four-valued set of truth values {true, false, Tgr, Lgr}. For the prefixes
of a satisfying infinite path of a recurrence property, infinitely often the right
result T g is obtained so that we again obtain an asymptotically correct seman-
tics for recurrence properties. For the simpler classes of safety, guarantee and
prefix (boolean combination of safety and guarantee) properties that can be al-
ready evaluated on a three-valued semantics, we obtain the same semantics as
in RV-LTL (and LTL3). Our improvements are based on a new definition of the
disjunction operator which also considers the prefix of a path, and a context-
dependent interpretation of the next operator.

While we ultimately fail to give a finite path semantics for full LTL, we are
able to provide a solution for all classes of the temporal logic hierarchy. In prac-
tice, this is no restriction: nearly all formulas belong (syntactically) to the most
powerful class of the hierarchy and for others, it is typically not difficult to find
an equivalent formula in that class [II]. This is due to the fact that this class
contains an (semantically) equivalent formula for every LTL formula [16].

The outline of this paper is as follows: In Section 2] the syntax and semantics
of LTL over infinite words and Manna and Pnueli’s temporal logic hierarchy are
reviewed. We reconsider the definition of two previously published definitions
of LTL on finite words in Section Bl namely LTLs [4] which is essentially the
same as [I3] and the four-valued semantics of RV-LTL [3] which is essentially the
logic-based variant of [8]. Since both logics produce misleading results on certain
properties, we present a new semantics of LTL on finite paths in Section @ We
prove that our new semantics is asymptotically correct in Section 3] and add
concluding remarks in Section [Bl

2 Syntax and Semantics of LTL

Linear Temporal Logic (LTL) [I2/[7] is a popular formalism for the specification
of temporal properties. For a given set of boolean variables (propositions) V, we
define the set of LTL formulas by the following grammar: ¢ :=V | =p | ¢ V ¢ |
Xe | [¢ U ¢]. Additionally, we define ¢ A1), Fp, Gp, and [¢ U 1] as abbreviations
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for =(—=¢p vV =), [L U @], =F=¢p, and [p U ¢] V Gy, respectively. The semantics
of LTL is usually given with respect to an infinite path through a transition
system. These infinite paths are nothing else than infinite sequences of boolean
assignments to the variables V:

Definition 1 (Infinite Words). Given a set of atomic propositions V, an in-
finite word is a function v : N — ©(V). For reasons of simplicity, v(i) is often
denoted by v for i € N. Using this notation, words are often given in the

form 0©@oM) | The suffiz starting at t is written as : o) = pWpt+D)
For a € V, we define v = a* as v = aDaMa® ... Given an infinite word
o =0a@a® . we define v as the finite word u = v+t | p®),

The semantics of LTL is typically defined as follows [7UT6]:

Definition 2 (Semantics of LTL). Given an infinite word v, the following
rules define the semantics of LTL:

[0 =opl iff peol® forpeV

[0 = ] iff [0 I ¢
[0 Fw @ A Y] iff [0 Fu @] and [o = 9]

- P’ Fo @ VY] iff [0 fFw @] or [b Fuw ]
|J
[0

Fo Xl iff [U(l'“) Fuw ©]
= [@ U] iff there is a & such that [0©) =, ] and for all t witht < &,
we have [0+ =, o]

In [BYI510], a temporal logic hierarchy has been defined in analogy to the hierar-
chy of w-automata. Following [I5], we define the hierarchy of temporal formulas
by the grammar rules of Figure [Tk

Pgi:=V|—|PF |PG/\PG |PG\/PG Pr :::V|_‘PG |PF/\PF|PF\/PF
| XPe | [Pe U Py | XPe | [Pr U Pr]
Prrefix ::= Pg | Pr | = Pprefix | Pprefix A\ Prrefix | Perefix V Prrefix
Por ::= Prprefix Prg 1= Prrefix
| =Prc | Por A Per | Por V Por | =Pcr | Prc A Prc | Prc V Prg
| XPgr | [Per U Per] | [Per U Fr] | XPrq | [Pre U Prg] | [Ps U Prg]

Pstreett := Por | Pre | 1 Pstreett | Pstreett A Pstreett | Pstreett V Pstreett
Fig. 1. Classes of the Temporal Logic Hierarchy

Definition 3 (Temporal Logic Classes). We define the logics TL, for k €
{G, F, Prefix, FG, GF, Streett} by the grammar rules given in Figure [, where
TL, is the set of formulas that can be derived from the non-terminal P, (V
represents any variable v € V).

TLg is the set of formulas where each occurrence of a weak/strong temporal
operator is positive/negative, and similarly, each occurrence of a weak/strong
temporal operator in TLg is negative/positive. Hence, both logics are dual to
each other, which means that one contains the negations of the other one. TLpyefix
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is the boolean closure of TLg and TLg. The logics TLgr and TLgg are constructed
in the same way as TLg and TLg; however, there are two differences: (1) these
logics allow occurrences of TLpfix Wwhere otherwise variables would have been
required in TLg and TLg, and (2) there are additional ‘asymmetric’ grammar
rules. It can be easily proved that TLgr and TLgg are also dual to each other,
and their intersection strictly contains TLpefix. Finally, TLsireett is the boolean
closure of TLgr and TLgg. While there are syntactic restrictions on TLstreett,
i.e. not every LTL formula is a Tlggeett formula, Tlsreert contains for each LTL
formula an equivalent formula, and nearly all formulas used in practice belong
t0 Tlstreett [I1]. Moreover, for those formulas not in Tlsireett, it is typically not
difficult to find an equivalent one in TLsieett-

3 Previous Definitions of LTL on Finite Paths

In the following, we consider the recently proposed semantics for LTL on finite
paths as given in [3]. We also show that this definition has certain deficiencies.

3.1 LTLj;

In [2], LTLs was introduced as an extension of LTL to finite paths which follows
the idea that a finite path is a prefix of a so-far unknown infinite path. LTL3
uses three-valued truth values Bs = {1,0, ?}. While the syntax of LTL3 coincides
with that of LTL, its semantics is defined on finite words:

Definition 4 (Semantics of LTL3). Let u = uOu®) . u( ¢ ¥* denote a
finite path of length n+ 1. The truth value of a LTLs formula ¢ w.r.t. u, denoted
by [u =3 @] is defined as follows:

1 fYweX¥: uwp, @
UEs @] =<0 ifVoe X¥: uw &, ¢
7 else

The intuition behind LTLg is clear: whenever all infinite words obtained by con-
catenating the finite word with an infinite suffix agree on the truth value of ¢,
this truth value is used also for the prefix. Otherwise, the value 7 is used. As
argued in [3], LTLs can never give a result other than ? for request-response
properties like G(r — Fa) since every prefix of an infinite accepted word can be
both a good or a bad prefix. Hence the authors propose to combine LTL3 with
another logic called FLTL.

3.2 FLTL

In [9)3] it is argued that there is a need to distinguish between a strong (X) and
a weak (X) next operator when interpreting LTL over finite paths. While a weak
next operator should be satisfied whenever no next position exists, a strong next
operator should be evaluated to false in that case. This leads to the following
definition of FLTL:
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Definition 5 (FLTL). Let u = u®u® . u(™ ¢ ¥* denote a finite path of
length n 4+ 1 with u # €. The truth value of a FLTL formula @ wrt. u, denoted

s [u ErLTL @], is an element of B = {1, T} and is inductively defined as
follows: While atomic propositions and boolean operators are defined as for LTL,
the temporal operators are defined as follows:

W' Erprr ] iful £e
-

X =
W FrLre Xe) else

ulErrTL X¢] = { u Errrr el iful #£e

[

1 else

T Hk‘e{l,...n}:[uk ):FLTL ¢]=—|—/\
ubErLrn [p UY)) = Vi<i<k:[ullrrrr ¢)=T

1 else

T Vi<i<n:[uErrrr ol =TV
Ik e {1,...n}: Wk ErrrL ] =
Vi<I<k:[ulprrr o =T

1L else

wEFrLTL [P U Y]] =

n [3], the two definitions of LTLs and FLTL are combined in a logic called RV-
LTL. This logic is evaluated over a four-valued de Morgan lattice 0 C Lp C
Tp C 1 to express false, presumably false, presumably true and true. To obtain
a de Morgan lattice and thus a truth domain, the operators M and LI are defined
as expected and 1/0 and T p/L p, respectively, are defined to be complementary
to each other. Note that the thereby obtained truth domain B, is not a boolean
lattice.

RV-LTL is now defined such that the truth value of LTL3 is used whenever it
is conclusive, i.e. gives 1 or 0. If LTL3 provides the inconclusive result (?), the
definition of FLTL is used instead:

Definition 6 (RV-LTL). Let u = u@u® u( ¢ * denote a finite path of
length n+1 with u # €. The truth value of an RV-LTL formula @ wrt. u, denoted
as [uE=rpLrL @], is an element of By and is defined as follows:

1 f [uo =3 0] =
0 if [uw =3 =
Tp if luw 3¢ =7A [um Frore @] =
Lp if [uw =5 0] =7 A Juw Epprr ] =

b ¢l = .
1
3.3 Problems with RV-LTL

In the following, we consider some examples to show unsatisfactory results of
the RV-LTL semantics.
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Request/Acknowledge Properties: In [3], it has been shown that Fo =gy
© V XFp holds, satisfying the intuitive meaning that Fe holds, iff either ¢ holds
immediately or there must be a future state satisfying . If no such future state
exists, the formula evaluates to L p, unless the formula evaluates to one of {1, 0},
in which case the future is not important. Similarly, we have Gy =gy © A XGyp
which shows that ¢ must be satisfied in the current state and in all observable
future states. Hence, if there is no future state, the formula evaluates to T p,
unless the formula evaluates to one of {1,0}. Hence, the request/acknowledge
property is evaluated as follows:

G (r = Fa) =grv (r = Fa) AXG (r — Fa)
=prv (-rVaV XFa) AXG(r — Fa)

This formula evaluates to L p under RV-LTL if the path contains an r but
ends before a occurs and evaluates to Tp in all other cases. Thus, its se-
mantics seems to be reasonable. However, consider the following generalized
request/acknowledge property:

G (Tl — Fal) NG (7‘2 — FG,Q) =RV
(—\7‘1 VaV XFal) A XG (Tl — Fal) N (ﬂ’l“g V as V XFG,Q) A XG (’I“Q — FG,Q)

According to the previous discussion, a finite word that satisfies 1 A as on odd
positions and 79 Aaq on even positions (the others being false) will be evaluated to
1L p in all states. This is unfortunate because the infinite word that is obtained
by an infinite concatenation of those odd/even positions clearly satisfies the
specification under the infinite semantics

Stabilization Properties: While having a semantics that evaluates to a ‘bad’
value even if we read a ‘good’ word may be acceptable, the following example
demonstrates that RV-LTL even has the undesirable property that for a non-
accepted word of a LTL property, each finite prefix may be evaluated to T p. To
this end, consider the following RV-LTL equivalence:

FGa V FG—a =gy F (a A XGa) VvV F (—|a A XG—|a)

Since XGa is evaluated weakly and FGa may start the evaluation of XGa at an
arbitrary position (for example, the last position of the finite word read so far),
every finite word that ends with a evaluates to true. However, with the same
argument, every finite word that ends with —a is evaluated to true, too. Hence,
the word with a on even positions and —a on odd positions will be evaluated to
T p on each position. Nevertheless, the thereby constructed infinite word is not
accepted by the infinite semantics of LTL. The problem is that the evaluation
of ¢ V1 in RV-LTL does not consider which property has been responsible for
the satisfaction in previous steps and hence such an infinite shift between good
and bad prefixes for ¢ and 9 is possible. We will later see that this problem can
be fixed by an improved semantics for the disjunction.
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The Problem with Two Next-Operators: While having weak/strong next
operators may seem plausible at first sight, we argue that it leads to problems
when one is interested in an asymptotically correct semantics for LTL. One might
expect that both X and X will behave asymptotically like the original X operator.
However, this may not hold: Consider e.g. the property GXa. This property is
evaluated to L on every input at every step. However, since the formula GXa
holds on the word a* with the infinite semantics, one might expect that at
least at some point, GXa yields T, which is however not the case. Moreover, the
intuitive meaning of G should be that it is evaluated to T as long as we have
not detected that the property is violated. This intuitive interpretation does no
longer hold if we allow a X inside a G. A similar problem occurs with FXa. One
might expect that in the limit, this formula behaves like FXa. However, since
Xa is evaluated weak, it is not hard to see that this formula evaluates to T, no
matter which input is read.

To circumvent those problems, we refrain therefore from two different next
operators and evaluate the next operator depending on the context of a formula.
The intuitive idea behind our construction is that if X¢ is in the scope of a weak
temporal operator, it is evaluated weakly, otherwise it is evaluated strongly.
Hence, for TLg formulas, we evaluate the formula always weakly in accordance
to the intuitive meaning that a safety formula should be evaluated to T as long
as nothing bad happened. Analogously, we evaluate a X operator in the scope of
a strong until operator strongly, as e.g. in F(a A Xb). This supports the intuitive
meaning that a guarantee property should be evaluated to L as long as it has
not definitely been satisfied.

4 Asymptotic Finite Linear Temporal Logic (RV>°-LTL)

In this section, we define for each k € {G, F, Prefix, FG, GF, Streett} specialized
semantics that are intended to replace the FLTL semantics in the definition of
RV-LTL. We call the resulting logics RV*°-TL,. For better readability of the
following definitions, we assume that the case conditions are evaluated in a top-
down manner, i.e, if the first satisfied case is used (ignoring all remaining ones,
including also possibly satisfied cases).

4.1 The Temporal Logic Classes RV*°-TLg and RV*°-TLg
We start by defining the base class RV>*-TLg:

Definition 7 (Semantics of Linear Temporal Logic RV>°-TLg). Let u =
uOu®  u() e X% denote a finite path of length n + 1. The truth value of
an TlLg formula ¢ wrt. u, denoted with [u =g @], is an element of B3 and is
inductively defined as follows:

—lekFcyl = Tc
if a ©)
_[M:Ga]:{l fa€cu

, for everya €V
0 else
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1 ifVio e X¥ tumw =, o A
—wEceAY]=1Te iflufcyl=Tecand [ulcy]=Te
0, otherwise
1 ifVioe X¢ turo |y, o VO
—lukEceVYl={Te iflulcy]=Te oruley]=Te
0, otherwise
= [ e Xg] = [um) =g ¢
—ukclpUY]l=[ulc (¥ V(e AX[p Uy))]

Taking into account that the X operator is evaluated weakly in a TLg formula,
the definition of [ U 9] is exactly the fixpoint evaluation of [p U ¢]. Hence, it
is not hard to see that FLTL and RV°°—LTL are evaluated in the same manner:

Proposition 1. Let ¢ be a TlLg formula and uw # ¢ be a finite word. Let ¢'
be obtained from ¢ by replacing each X operator by a X operator. Then, the
following holds: uw =g ¢] = Te iff [uErLrL ¢']=T.

Since the negations of safety properties are guarantee properties, we define:

Definition 8 (Semantics of Linear Temporal Logic RV>®-TLf). Given a
finite prefic u = u@u®  u of an infinite word us, the the semantics of
1L iflule el =0
RV>°-TLE is defined by [u = ] = ¢ Le, if ulEG —9] = Tg
0, otherwise

Hence, the following is also obvious:

Proposition 2. Let ¢ be a TLg formula and u # € be a finite word. Let ¢'
be obtained from ¢ by replacing each X operator by a X operator. Then, the
following holds: wl=r | =1 iff w Errrr ] =T.

4.2 The Temporal Logic RV°-TLgg

In the following, we will use u |=rg ¢ as shorthand for [u =r¢ ¢] € {1, Trc} and
u ~rG ¢ as a shorthand for [u =r¢ ¢] € {0, Lrc}

Definition 9 (Semantics of Linear Temporal Logic RV®°-TLgg). Let u =
u@u®  u) e I* denote a finite path of length n + 1. The truth value of
a TLrg formula ¢ wrt. u, denoted with [u =re @], is an element of By and is
recursively defined as follows:

1 ifVioe X¥ uw =, ¢
_Jo if Yio € X s uro [, @
[ F=re o] = Trct if o € TLG2 and u =g ¢

[uEre @] otherwise
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where we define [u = o] by: B

— e Frer ¢l = Lrg
Tre, ifu and u
N L f ):F‘G ® Fre ¥
1lrg, otherwise
Tre, i 3t (WO Porg oV 9) and
= [u Frer VY= (( Z:Hlu(omm Fre ‘P) or (VZ:tJrlu(Omk) Fre 7/’))
Llrg, otherwise
Tre, if 3t (ul®Y) g [p UY]) and

— ukre [p U] = Jj < tul Epg o AVE < jaulm) =i @
Lrg, otherwise
Tre, if (Vk < nu®-n =g o) (*)
or

— ulre [p VY]] = 3t (u®D g [ U o)) and

d5 < tuld-n) ):FG P AVE < j.u(k“'”) ):FG 0
Lrg, otherwise

Before presenting the proof of asymptotic correctness, we would like to emphasize
the strength of our definition which is the consideration of breakpoints in the
definition of the V and the two until operators. This breakpoint is a point of time
where the currently evaluated formula has evaluated to Lgg for the last time. In
case of a disjunction, the evaluation of a finite word u of length n + 1 evaluates
to Trg if and only if after a breakpoint (which can be also at position -1 where
we evaluate the empty word) one of the two formulas invariantly evaluates to
Tgg. This ensures that we can not jump freely from evaluating once ¢ and once
1, but must instead stick to one particular subformula.

A similar trick is used in the definition of the strong until operator. Here, we
demand that the starting point j from where on ¢ holds does not cross the last
breakpoint. This ensures that we can not freely jump to an arbitrary position and
restart the evaluation of ¢ in each step in an RV-context. Consider for example
the formula [a U (FGb Vv FGc)] and the following path for runtime verification: a
holds in every step while in an even step b holds and in an odd step ¢ holds. If
we remove the t-breakpoint from the definition, we would have the unpleasant
behavior that this formula evaluates to Tgg in every step which is however not
true. Having the breakpoint ensures that this can not happen.

! The value Tg is also reasonable here.

% Notice that the case ¢ € TL is already contained in the first case, because u = ¢
is defined as [u |=F ¢] = 1, which means that once we found that a TLf is satisfied,
it is satisfied for all suffixes.

3 Notice that the case of propositional variables is handled by the RV*°~TL¢ evaluation.

* Readers familiar with Miyano and Hayashi’s breakpoint construction [10] for the non-
determinization of alternating Biichi automata or the closely related determinization
procedure for co-Biichi automata [I6] might notice the similarity: in their construc-
tion a set is filled with a new set of states whenever it is discovered that the co-Biichi
condition is falsified.
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4.3 Asymptotic Correctness

We will now turn to the proof of asymptotic correctness. To this end, we show
that an (infinite) word u is accepted by a TLgg formula if and only if there is
a definitive last breakpoint, called the rv-threshold, so that after this point, the
RV°—TLgg-definition invariantly evaluates to Tgg.

Lemma 1. Let u be an infinite word, and @ be an TLgg formula. Then, the
following holds: If u |=,, @, there exists a rv-threshold t € N such that for every
k >t we have u®--k) Erc 2.

Proof. We neglect the case that at some point the whole formula evaluates to 1
since in that case the claim trivially holds. We prove this lemma by induction
on the formula length. Clearly, if the length is 1, we have a constant value and
our rv-threshold is 1 so that the proof is obtained. Assume now that the claim
holds for every formula of length I. We show that it also holds for formula of
length [ 4+ 1. To this end, we split the proof into different cases, depending on
the top-level operator &:

© V1p: According to the definition of LTL, we must have that u =, ¢ or u =4, ¥
holds. W.l.o.g. assume that u =, ¢ holds. Thus, we must have a rv-threshold
t for ¢ according to our induction hypothesis. Now assume that we have
infinitely often that u(®+*) Frg & holds. Thus, we must have a position
t' > t such that u(®*) Frc @ V4 holds. However, according to the rv-
threshold, we have that u(%-*) Erc ¢ holds for every k > t. It is not hard
to see that this ensures that ¢ V 1) is evaluated to Tgg from that point on.

[ U ]: According to the definition of LTL, there must exist a position j such
that u~) =, ¢ and for all k¥ < j we have ul*) =, ¢. According to
the induction hypothesis, there must exists a rv-threshold ¢, and for each
k < j a rv-threshold tj such that u(®-t) Erc ¢ for every t' > t,; and
ulk--t) E=rc ¢ for every t' > t;. Thus, the maximum of ty,%y...¢;—1 is our
desired rv-threshold.

[¢ U 4]: We can distinguish two cases: if u also satisfies the strong until operator,
we can use the same proof as above. For the second case, notice that ¢ is a
TL¢ formula (see Figure[I]). Since ¢ is satisfied by u, the evaluation function
for RV*°-TL¢g will always be evaluated to Tg. Thus, the claim holds.

Xtp: = According to the definition of LTL, we have u*) =, v and we can apply
the induction hypothesis on u(*) to proof the claim.

@ A According to the definition of LTL, u =, ¢ and u |, v holds. Thus,
according to the induction hypothesis, there must exist ¢, and ty as rv-
thresholds. The maximum of them is the rv-threshold for ¢ A .

The opposite direction is shown in a similar manner:

Lemma 2. Let u be an infinite word, and & be an TLgg formula. Then, the
following holds: If there exists a rv-threshold t € N such that for every k >t we
have u(%F) \=pc @. Then, u =, .
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Proof. Again, we neglect the case that at some point u(®*) evaluates to 1 in a
rv-context. We prove this lemma by induction on the formula length. Clearly, if
the length is 1, we have a constant value and our rv-threshold is 1 and the proof
is obtained. Assume now that the claim holds for every formula of length I. We
show that it also holds for formula of length [+ 1. To this end, we split the proof
into different cases, depending on the top-level operator:

p V1: According to our assumption we have a minimal rv-threshold ¢ such
that for every t' > t ul®*) =rc ¢ V ¢ holds. Since t is minimal, we
have u(%*=1 [Lee o v 1h. According to the definition of [u e o V 1],

this means that either (ngtu(o'“k) Erc gp) or (ngtu(o'“k) Erc ¢) holds.

In other words, we can not freely switch between evaluating either ¢ or v,
but one of the two formulas must be evaluated to Tgg in all places after ¢.
This means that we can apply the induction hypothesis and can conclude
that either u =, ¢ or u =, 9 holds. Hence, u =, ¢ V ¢ holds trivially.

[¢ U]: According to our assumption, a rv-threshold ¢ exists such that for every
t' >t we have u(®*) |=r¢ [¢ U ¢]. This means that for every ¢’ there must
exist a jy < t such that u@vt) =eg ¢ and Vk < jpeul) =r¢ ¢ holds.
Now, notice that although we might have different j; for each t’, there can
be only finitely many of them (namely those less or equal t). Hence We must
have a minimal j such that for every ¢’ > t the following holds: ut ):FG
and Vk < j.ulk- ) Erc . Hence, according to our induction hypothesis, we
must have uU) =, o and Vk < j. ul*) =, .

[¢ U ]: The first case is that for every n € N and every n’ > n.u(™ ") |=r¢ .
This means that for every n € N the rv-threshold for u(™- ) is one. But
this implies that we can use our induction hypothesis to show that for every
n € N, we have u(™) |=, ¢. Thus u |=, [¢ U] holds. Assume now that
this property does not hold, i.e. for some n € N and some n < n’ € N, we
have that u(m-n’ [;EFG ©. Accordlng to the grammar of TLgg, ¢ is a TlLg
formula, thus u(®-" ) 4G o holds also. However, the safety formula of Tlg
are evaluated in a way such that if they are evaluated to 0 for a finite prefix
v, they are evaluated to 0 for every suffix of w. Hence, after position n’, the
first case (*) in the RV>®—TLgg definition of [p U ¢] is never again satisfied.
This means that the second condition must be satisfied from that point on
which is exactly the same as the condition used for defining [¢ U v]. Hence
we can use the same proof as for [¢ U ¢].

X, @ Atp: are trivial and omitted here.

Remark 1. The proof for the weak until operator [¢ U 1] shows why we restricted
our attention to TLgg formula: we can guarantee that ¢ is evaluated to Lgg
whenever a prefix is evaluated to Lgg only due the special syntactic requirement
that ¢ is a safety formula, something that is missing in arbitrary LTL formulas.

Remark 2. An alternative definition for the [¢ U 1] operator would be based on
the fixpoint iteration scheme known from translating LTL to Biichi automata:
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[ure [ UY]] = [u re (¥ V (@ AX[p U))]. Here, the V-operator is eval-
uated according to our breakpoint-definition. The two definitions are indeed
equivalent as one can check by an induction on n. Nevertheless we preferred the
one given above since it simplifies the correctness proof.

The following theorem is therefore our main result:

Theorem 1. Given a finite prefic u = uOu® ) of an infinite word us,
we have [us Eu @] iff Ao o u(0--F) rG @ for every RV®=TLgg formula ¢.

Hence, [too o @] iff lim [u®™) Epg @] = Teg.
n—oo

4.4 The Temporal Logic RV°-TLge

Since TLgr is the dual class of TLgg, the following definition together with the
corresponding theorem is rather straightforward:

Definition 10 (Semantics of RV>*-TLcgf).
Given a finite prefiz u = u@u®  u™ of an infinite word us, the semantics
of RV>®°=TLgr is defined by

1, Zf [u ':FG _‘()0] =0

_JTer  if [uFre ~¢] = Lrc

b Fer ol = Ler, if uEre 9] = Tre
0, if [uEre @) =1

Theorem 2. Given a finite prefiz u = uQOu® . u of an infinite word us,
we have (o =o @] iff 3°kul0F) ¢k o for every RVC=TLgr formula .

Hence, [Uoo Fu ¢ iff li_>m u™ =g ¢] & {Lcr,0}. This means, that either
n—oo

(1) no limit exists or (2) the limit exists and is neither Lgr nor 0. In case (1)
holds, the result of the evaluation must oscillate between the two possible truth
values, hence Tgr holds infinitely often (note that 1 is a limit of the evaluation).
If (2) holds, the limit exists and is neither Lgr nor 0, hence either Tgr must
hold infinitely often or 1 holds from a certain point on.

4.5 The Temporal Logic RV®—-TLgyreett

We now consider the most expressive logic RV>°—T Lsteett that is obtained from
TLstreett- Looking at the grammar of TLsyeett, One sees that this logic is a positive
boolean combination of TLgg and TLgg formulas. Hence, in the following we
assume that our formula is given in conjunctive normal form, meaning that we
have a formula of the following form:

k m n
ALV e vV v
=0

i=0 \j=0
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where every ¢; € TLrg and every 9; € TLgr. This means that for every ¢ we
have (\/;n:O cpi,j) € TLrg and (\/?:O ¢i,j) € TLgr. Thus, we may even assume

that our formula has the form: /\f:O i V 1; where ¢; € TLgg and 9; € Tlgg.
Hence, we can restrict ourself to formulae of that type, since every formula from
TLstreett can be brought into the desired form. To formally define a semantics
for these formulae, we introduce first the Streett-k class:

Definition 11. A TLlsireetrk formula is a formula of the form /\f:O piV;, where
each ¢; € TLgg and each 1; € TLgg.

Restricting our attention first to TLsireett-1-formulas, a straightforward definition
for their runtime semantics is given as follows:

Definition 12 (Semantics of RV®-TLsyeetr1). Let u = uOul) (™ ¢ 2+
denote a finite path of length n+ 1. The truth value of a Tlstreett-1 formula oV
wrt. u, denoted with [U FEstreet-1 @], i defined as follows:

1 ifVio e X¥ tuw =, p VO
0 if Vo € X¥ tuo A, oV
Tre i [uFre )
[U Estreet-1 @ V] = < TarF if [u rG ] and
3t <. <”(O”’t) Fer ¢ and )
Vit <t <. [u FEstreet1 @ VY] # TerF
1L else

Hence, if from a certain point on the so-far read prefix invariantly evaluates to
TEG, we can be sure that the corresponding ¢-formula from TLgg is invariantly
satisfied. If, on the other hand, this does not hold, and we have detected that at
some point ¢ < n the following holds: u(0--*) cr ¢ and this 'good’ event has not
been registered, i.e. for all values between ¢t and n we have [u Esireet1 ¢ V ¢] #
TGF, then this 'good’ event must be reported in the current step. Accordingly,
if Tgr holds infinitely often, ¢ need not hold, but we know from Theorem
that in that case ¥ holds in the limit. Hence, the following theorem immediately
follows:

Theorem 3. Given a finite prefic u = uOu® . u of an infinite word us,
the following holds for the semantics of RV™—=T Lstreett-1-

e (3K [u0 ) egyeet o] = TeF or )
oo Fu ] iff (E‘X’k;.[u(o“‘k) Fstreet-1 ¢] & { T, 1}

Hence, (U Fu @] holds iff li_>m O =gieert @] € {L,0} holds which means
n oo

that either no limit exists (i.e., Tgr holds infinitely often), or the limit is in
{1, Tre, Ter}-
Finally, we can easily generalize this result to RV°—T Lstreett-k:
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Definition 13 (Semantics of RV™—TLsreettk). Let u = MCUTIONSTIONTE yio
denote a finite path of length n + 1. The truth value of a Tlsyeetrk formula
/\f;o1 ©i Vb wrt. u, denoted with [u Esteetk ], is a truth value from the domain

(B5)k given by:

[U Estreet-k @ V Y] = [U FEstreet-1 90 V Po] X -+ X [U Estreet-1 Ph—1 V Yk—1]

5 Conclusion

In this paper, we show that the semantics for LTL on finite paths used in run-
time verification so-far have certain deficiencies, in particular, they do not always
converge to the truth values of infinite paths. Therefore, we defined a new se-
mantics for LTL on finite paths that is asymptotically correct in this sense. To
this end, we considered the temporal logic hierarchy of Manna and Pnueli [5/16]
and developed specialized semantics for each temporal logic of this hierarchy.
All classes are evaluated over a different set of truth values which leads to the
surprising result that for the most expressive logic TLstreett Of the hierarchy, we
need a n-tuple of five-valued truth values where n is the number of clauses in the
conjunctive normal form of the formula. It would be interesting to investigate
whether this is unavoidable. More precisely: are there formulas in TLgeett Such
that an asymptotically correct semantics will need at least 5™ different truth
values? We speculate that this is the case and that this question is related to
the Rabin/Streett index of the formula.
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