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Implementation of the Unified Strength Theory 
into FEM Codes 

6.1 Introduction 

The yield criteria and various material models have been implemented into 
elasto-plastic programs and most current commercial FEM systems. In some 
systems, only the Huber-von Mises criterion, Drucker-Prager criterion and the 
Mohr-Coulomb criterion were implemented. Sometimes, the multi-parameters 
criteria for geomaterials and concrete structures are also used. The twin-shear 
strength theory has been implemented into special finite element programs since 
1990 (Yu and Meng, 1990; Yu and Li, 1991; Yu, 1992; Yu et al., 1992). Only some 
single models, however, are used in several programs, and only one result can be 
obtained by using the single material model, which can be adopted only for one 
kind of material. Such models as the Tresca model can be used only for non-SD 
materials (those materials with the same strength both in tension and in 
compression), and the shear strength equals half of the tensile strength �y =0.5�y. 
The Huber-von Mises model can be used for non-SD materials with the shear 
strength �y=0.577�y. The twin-shear yield criterion (Yu, 1961) or the maximum 
deviatoric stress criterion (Haythornthwaite, 1961), the shape distortion criterion 
(Schmidt-Ishilinsky, 1932-1940), or the matched circular criterion (Hill, 1950) can 
be used only for non-SD materials, and with the shear strength �y =0.667�y. There 
is no relationship between these material models. 

The unified yield criterion and the unified strength theory have been 
implemented and applied to several  plasticity and engineering problems (Yu et 
al., 1992; Yu et al., 1993; Yu and Zeng, 1994; Yu et al., 1997; 1999). The 
singularities at the corners of the single-shear series of strength theory, twin-shear 
series of strength theory and the singularity of the unified strength theory have 
been overcome by using a unified numerical procedure.  
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Yu and his research group wrote a special elasto-plastic FEM program. It is 
called the UEPP-Unified Elasto-Plastic Program (Yu et al., 1993; Yu et al., 1992; 
Yu and Zeng, 1994; Yu and Lu, 1994; Yu and Yang, 1997; Yu et al., 1999). The 
feature of the UEPP is that the unified strength theory was implemented into the 
finite element method code. UEPP includes two codes, i.e. UEPP-2D for plane 
stress, plane strain and axial-symmetric problems and UEPP-3D for 
three-dimensional problems. The material models are increasing and forming a 
series of systematical and effective constitutive relations for practical use. A 
detailed description of the unified strength theory and UEPP can be seen in the 
books “New System of Strength Theory” (Yu, 1992, in Chinese) and “Twin-Shear 
Theory and its Applications” (Yu, 1998, in Chinese).  Some examples can be 
found in the papers in English (Yu et al., 1992; Yu and Zeng, 1993; Yu et al., 1994, 
Yu et al., 1999; Yu, 2001; Yu et al., 2001) and Chinese papers (Yu and Zeng, 1994; 
Yu and Lu, 1994; Yu et al., 1997). 

Recently, the unified strength theory was also implemented into the general 
FEM code, such as ABAQUS, AutDYN and FLAC-3D at Nangyang 
Technological University, Singapore; Griffith University in Australia, the National 
Key Laboratory of Geomechanics and Geotechnical Engineering, Institute of Rock 
and Soil Mechanics, Chinese Academy of Science; Beijing Sci. and Tech. 
University, Sichuan University, Jinan University in China. The work was 
conducted by Shen (1993), Quint Co. (1993; 1994), Li and Ishii (1994; 1998), Liu 
et al. (1994), Wang (1998), Fan and Qiang (2001), Zhang et al. (2001), Zhou 
(2002), Zhang CQ (2005), Shao and Qian (2007), Shao et al. (2007), Yang (2008), 
Li et al. (2008), Li (2008), Wang et al. (2008), Zhang et al. (2008). The details can 
be seen in chapter 1. Table 1.1 gives some cases of yield criteria in FEM codes 

The unified strength theory can be applied and implemented into various 
elasto-plastic programs. It is worth showing that most parts of the elasto-plastic 
program are the same as the conventional program, only the subroutine of yield 
criteria (subroutine “INVAR” to calculate equivalent stresses), the subroutine of 
flow vector and the subroutine of the corner (subroutine “YIELD” and 
“FOLWPL” to calculate flow vector) are different. The details of the finite 
element method in plasticity can be seen in Hinton and Owen (1977), Owen and 
Hinton (1980), Lewis and Schrefler (1987), Owen et al., (1989), Smith and 
Griffiths (2004). An elasto-plastic program in 2D and an elasto-viscoplastic 
program in 2D are presented in chapter 7 and chapter 8 of the book by Owen and 
Hinton (1980). A 2D non-linear thermo-elastoplastic consolidation program, 
PLASCON, is described in detail in chapter 9 by Majorana in the book of Lewis 
and Schrefler (1987). The unified strength theory is easy to implement in these 
programs.    

A series of results can be obtained by using the unified strength theory for 
various problems. It can be applied in various materials such as metal, plastic,rock, 
soil and concrete. Therefore, it can not only be employed in strength calculation of 
metal structures and machine parts in mechanical engineering, electrical 
engineering, chemical engineering, aeronautical engineering and railway 
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engineering, but can also be used in elastic and plastic analysis of geological and 
concrete structures in civil engineering, geological engineering and hydraulic 
engineering. In the meantime, it can be applied in the computer-aided teaching of 
courses such as mechanics of materials, plasticity, plastic ultimate analysis of 
structures, finite element methods and geomechanics.  

It contains: 
1) Elastic limit analysis; 
2) Elasto-plastic analysis of structures; 
3) Plastic limit analysis of structures  
4) Elasto-visco-plastic analysis  
5) Eigenvalue analysis  
6) Elasto-plastic transient analysis  
7) Earthquake response analysis. 

6.2 Bounds of the Single Criteria for Non-SD Materials 

The stress state of an arbitrary infinitesimal element can be described in three 
principal stresses. We call the two or three principle stresses state the complex 
stress state. The strength of material under the complex stress state is an important 
and complicated problem. A large amount of research was conducted by 
researchers all over the world, and various yield or failure criteria were proposed. 
The three main yield criteria for metal materials with the same tensile and 
compressive strength are: 

1). Single-shear yield criterion (Tresca, 1864) used for those materials: �y 
=0.5�y;  

2). Three-shear yield criterion (Huber-von Mises, 1904-1913), used for those 
materials: �y=0.577�y; 

3). Twin-shear yield criterion (Yu, 1961) or maximum deviatoric stress 
criterion (Haythornthwaite, 1961) used for those materials: �y=0.667�y  

These three yield loci in  -plane are shown in Fig. 6.1. 
The intermediate principle stress �2 was not taken into account in the Tresca 

yield criterion. Many studies were devoted to the research of the effect of the 
intermediate principle stress. The intermediate principle stress �2 was taken into 
account through the consideration of the intermediate principle shear stress by Yu 
Maohong in 1961. The mathematical modeling of the twin-shear stress yield 
criterion is as follows: 

 
Cf ��� 1213 ��         when  2312 �� �               (6.1a) 
Cf ���
 2313 ��          when 12 23� ��                 (6.1b) 
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Fig. 6.1  Three yield loci in   plane (for non-SD materials) 
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The twin shear yield criteria can be represented in principal stresses �1,�2,�3: 
 

! "1 2 3 y
1
2

f � � � �� � � �      when ! "312 2
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! "1 2 3 y
1
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 � � � �      when ! "312 2
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Here �y is the yield stress under tension and compression. Single-shear yield 
criterion, three-shear yield criterion and the twin-shear yield criterion are suitable 
for materials with the same strength both in tension and in compression. Only one 
parameter is needed for such materials. 

6.3 Bounds of the Failure Criteria for SD Materials 

There are four kinds of failure criteria for SD materials. They are suitable for 
materials with different strengths in tension and in compression such as rocks and 
concrete. i.e. 

(1) Single-shear failure criterion (Mohr, 1900; Coulomb, 1773) is the lower 
bound of the convex criteria. 

(2) Twin-shear failure criterion (Yu, 1983) is the upper bound of the convex 
criteria. 

(3) Drucker-Prager criterion (1952) is a circle.  
(4) Curved criteria.  
Actually, Mohr-Coulomb’s single-shear criterion and the Drucker-Prager 



6.3  Bounds of the Failure Criteria for SD Materials  

 

167 

criterion are the generalizations of the Tresca criterion and Huber-von Mises 
criterion. It is shown that the Mohr-Coulomb single-shear criterion only considers 
two principle stresses �1 and �3, the intermediate principle stress �2 is not taken 
into account. In the meantime, the Drucker-Prager criterion is not in good 
agreement with experiments for geomaterials. Yu (1983) generalized Eq. (6.1a) 
and (6.1b) and applied them to SD materials. The mathematical modeling of the 
generalized twin-shear criterion is 

 
! "13 12 13 12 ,F C� � � � �� � � � �  when 12 12 23 23� �� � ��� � �     (6.3a) 

13 23 13 23( ) ,F C� � � � �
 � � � � �  when 23 23 23 23� �� � ��� � �    (6.3b) 
 
The mathematical formulae in terms of the three principal stresses are 
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where 1 3
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2
� �

�
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2
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�

� �  and C are material 

constants. The comparison of failure loci in the   plane of twin-shear strength 
theory (TS theory) and Mohr-Coulomb criterion (Single-shear strength theory, SS 
theory), three-shear theory (Octahedral-shear theory, OS theory) is shown in 
Fig. 6.2.  
 

 
Fig. 6.2  Yield loci of three main theories in   plane (SD materials) 

 
It can be seen that two parameters are needed for the SD material. It is noted 

that only some materials can be applied for each of the yield criteria. 
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6.4 Unification of the Yield Criteria for Non-SD Materials and 
SD Materials 

The mathematical modeling of the unified strength theory can be expressed as 
follows: 
 

! "13 12 13 12 ,F b b C� � � � �� � � � �  when 23231212 ������ ���    (6.5a) 

! "13 23 13 23 ,F b b C� � � � �
 � � � � �  when 12 12 23 23� �� � ��� � �     (6.5b) 
 

The mathematical expression of the unified strength theory in terms of 
principal stresses �1, �2 and �3 is: 
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where b is the unified strength theory parameter, the limit loci of the unified 
strength theory in the   plane is shown in Fig. 6.3. The figure of the yield loci 
shows the eleven special cases of the unified yield criterion. 

There are some special cases of Eqs. (8.5) and (8.5') as follows: 
(a) 1, 0 ( 1)b � �� / / , Yu twin-shear strength theory (1983); 
(b) 0, 0 ( 1),b � �� / /  Mohr-Coulomb single-shear strength theory (1900); 
(c) 1, 0 ( 1)b � �� � � , Twin-shear yield criterion (Yu, 1961), or the 

maximum deviatoric stress criterion (Haythornthwaite, 1961), or the sharp 
distortion criterion (Schmidt, 1932; Ishilinski, 1940); 

(d) 0, 0 ( 1)b � �� � � , Tresca single-shear yield criterion (1864); 

(e) 3 1 / 2, 0 ( 1)b � �� � � � , Approximated Huber-von Mises criterion 
(1913). 

It can be seen that all the commonly used strength criteria are special cases of 
the unified strength theory. There is a series of yield criteria suitable for non-SD 
materials when b varies from 0 to 1. These criteria lie between the Mohr-Coulomb 
single-shear theory and Yu Mao-hong (1985) twin-shear strength theory.  
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(a) �/1 (�t / �c)                         (b) �=1 (�t=�c)  

Fig. 6.3  Limit loci of unified strength theory in  -plane 
 

Yield loci of the unified strength theory in the plane stress state (�1-�2 plane) 
are shown in Fig. 6.4. 

 

 
(a) �/1 (�t /�c)               (b) �=1 (�t=�c) 

Fig. 6.4  Limiting loci of the unified strength theory in plane stress state (�1-�2 plane) 
 

It is shown that the unified strength theory has a relatively clear physical 
meaning and simple mathematical formulae. The frequently used criteria are its 
special cases or approximation forms. The theory is suitable for most material and 
is readily used in engineering. The material models of unified strength 
elasto-plastic programs are based on the unified strength theory.
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6.5 Material Models  

The material models can be implemented and used as follows. 
1) Tresca yield criterion (single-shear criterion) is equal to the unified yield 

criterion with b=0.  
2) Huber-von Mises yield criterion (three-shear criterion) is equivalent to the 

unified yield criterion with �=1 and b=0.366. 
3) Twin-shear yield criterion (twin-shear criterion) is equal to the unified yield 

criterion with b=1. 
4) Mohr-Coulomb failure criterion (single-shear theory) is equal to the unified 

strength theory with b=0. 
5) Drucker-Prager failure criterion (three-shear theory) 
6) Twin-shear failure criterion (twin-shear theory) is equal to the unified 

strength theory with b=1. 
7) UST (unified strength theory) with any �, b, 0 � 1, 0 b 1. 
8) UST with �=1, b=0 is equal to the Tresca criterion. 
9) UST with �=1, b=0.25 is a new one. 
10) UST with 1, ( 3 1) / 2b� � � � is equal to the Huber-von Mises criterion. 
11) UST with �=1, b=0.5 is equivalent to the Huber-von Mises criterion. 
12) UST with �=1, b=0.75 is a new one.  
13) UST with �=1, b=1 is equal to the twin-shear yield criterion, or maximum 

deviatoric stress yield criterion. 
14) UST with any � and b=0 is equal to the single-shear theory (the 

Mohr-Coulomb theory). 
15) UST with any � and b=1/4 is a new one.  
16) UST with any � and b=1/2 is a new one. 
17) UST with any � and b=3/4 is a new one.  
18) UST with any � and b=1 is equal to the twin-shear strength theory. 
19) Twin-shear three parameter criterion. 
20) Three parameter unified strength theory. 
21) Others. 
The yield loci of the five typical criteria of the unified yield criterion with �=1 

and b=0, b=1/4, b=1/2, b=3/4 and b=1 for non-SD materials (material models 8, 9, 
11, 12 and 13) are illustrated in Fig. 6.5. The yield loci of the five typical criteria 
of the unified strength theory with b=0, b=1/4, b=1/2, b=3/4 and b=1 for SD 
materials (material models 14 to 18) are illustrated in Fig. 6.6. 
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Fig. 6.5  Yield loci of the five typical criteria of the unified yield criterion for non-SD materials 

    
Fig. 6.6  Yield loci of five typical criteria of the unified strength theory for SD materials 

 

 

      
Fig. 6.7  Convex yield loci extend to non-convex yield loci of the unified strength theory
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6.6  Program Structure and its Subroutines Relating to the 
Unified Strength Theory: INVARY, YIELDY, FLOWVP 

The flow chart for calculating the elasto-plastic problems is shown in Fig. 6.8. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     
 
 
 
 
 
 
 
 

Fig. 6.8  The flow chart for calculating the elasto-plastic problems 
 

Several subroutines about the unified strength theory and its flow vector will 
be introduced in this section, including INVAR, INVARY, YIELDY and CRITEN. 
When these subroutines are implemented in any elasto-plastic programs, the 
unified strength elasto-plastic analysis can be conducted. Therefore, a series of 
ordered results can be obtained. 

6.6.1 Subroutine “Invar” 

The purpose of this subroutine is to calculate the stress functions which indicate 
whether it is the initial or succeeding plastic deformation when considering 

Start 

INPUT input the given physical dimension, external condition and material perform data 

LOAD calculate the equivalent nodal force caused by external load and gravity load

ZERO set the accumulated digit group to be zero

INCREM add load according to the given load factor increment

ALGOR set indicating variable to identify the type of solution, 
such as initial stiffness method, tangent stiffness method 

STIEEP calculate the element stiffness of elastic and elasto-plastic material 

FRONT solve the simultaneous equations by using the wave front method 

INVAR calculate the dimensions of equivalent stress 

YIELD and FOLWPL calculate the flow vector 

 
RESIDU calculate residual
force vector 

OUTPUT print the result of this load increment 

CONVER check the solve course is convergent or not
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various yield criteria. The yield criteria include various criteria such as Huber-von 
Mises, Drucker-Prager, Tresca, Mohr-Coulomb and a series of the yield criteria 
introduced from the unified strength theory. 

 
SUBROUTINE  “INVAR” (LPROP,NCRIT,PROPS,STEFF,SMEAN,NPROP,THETA, 
VARJ2,VARJ3,YIELD,IND,IELEM,GASH,MATNO) 
C*************************************************************** 
C***  EVALUATES THE STRESS INVARIANTS AND THE CURRENT VALUE 
C*************************************************************** 
IMPLICIT REAL*8(A-H,O-Z) 
COMMON/CMN01/NELEM,NPOIN,NVFIX,NMATS,NDOFN, 
.               NGAUS, NGAS2,NALGO,NINCS,NTOTV, 
.               NTOTG,NSTRE, NSTR1,NTYPE,NREST 
COMMON/CMN06/FACTDP 
DIMENSION NCRIT(NMATS),PROPS(NMATS,NPROP),MATNO(NELEM,3) 
PI=3.1415926535 
ROOT3=1.73205080757 
STEFF=DSQRT(VARJ2) 
IF(STEFF.EQ.0.0) GO TO 31 
COST3=3.0*ROOT3*VARJ3/(2.0*VARJ2*STEFF) 
GO TO 20 
31     COST3=0.0 
20     CONTINUE 
IF(COST3.LT.-1.0) COST3=-1.0 
IF(COST3.GT.1.0) COST3=1.0 
THETA=DACOS(COST3)/3.0 
NCRT1=NCRIT(LPROP) 
NTMP=MATNO(IELEM,2)/10 
IF((NTMP.EQ.3).OR.(NTMP.EQ.4)) GO TO 1 
YIELD=DSQRT(GASH) 
RETURN 
C 
C*** VON MISES 
C 
1      IF(NCRT1.EQ.2) THEN 
YIELD=ROOT3*STEFF 
RETURN 
ENDIF 
C 
C*** DRUCKER-PRAGER 
C 
IF(NCRT1.EQ.5) THEN 
PHIRA=PROPS(LPROP,7)*0.017453292 
SNPHI=DSIN(PHIRA) 
C*** COMPRESSIVE CONE 
C         YIELD=6.0*SMEAN*SNPHI/(ROOT3*(3.0-SNPHI))+STEFF 
C*** TENSILE CONE 
YIELD=6.0*SMEAN*SNPHI/(ROOT3*(3.0+FACTDP*SNPHI))+STEFF 
RETURN 
ENDIF 
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C 
C*** CALL UNIFIED TWINSHEAR STRESS CRITERION 
C 
IF(NCRT1.LE.18) THEN 
BTWIN=PROPS(LPROP,8) 
ARLFA=PROPS(LPROP,7)/PROPS(LPROP,5) 
SMEAM=SMEAN*(1.0-ARLFA) 
CALL INVARY(SMEAM,ARLFA,STEFF,THETA,BTWIN,IND,YIELD) 
RETURN 
ENDIF 
IF(NCRT1.EQ.19) THEN 
BTWIN=PROPS(LPROP,8) 
CTWIN=(1.0+BTWIN)*PROPS(LPROP,5)*PROPS(LPROP,7)/ 
.    (PROPS(LPROP,5)+PROPS(LPROP,7)) 
ATWIN=CTWIN*(PROPS(LPROP,9)-PROPS(LPROP,5))/(PROPS(LPROP,5)* 
.    PROPS(LPROP,9)) 
BEITA=2.0*(CTWIN/PROPS(LPROP,7)-ATWIN)/(1.0+BTWIN)-1.0 
ARLFA=(1.0-BEITA)/(1.0+BEITA) 
SMEAM=((1.0-ARLFA)+3.0*(1.0+ARLFA)*ATWIN/(1.0+BTWIN))*SMEAN 
CALL INVARY(SMEAM,ARLFA,STEFF,THETA,BTWIN,IND,YIELD) 
RETURN 
ENDIF 
IF(NCRT1.GE.20) CALL USERINVR(LPROP,NCRIT,PROPS,SMEAN, 
.                  NPROP,NMATS,THETA,VARJ2,VARJ3,YIELD,IND) 
END 

6.6.2 Subroutine “Invary” 

The aim of this subroutine is to calculate the invariants of the unified strength 
theory. 
 
SUBROUTINE INVARY(SMEAM,ARLFA,STEFF,THETA,BTWIN,IND,YIELD) 
C*************************************************************** 
C 
C***  EVALUATES THE STRESS INVARIANTS AND THE CURRENT VALUE OF 
C***  THE UNIFIED STRENGTH THEORY 
C 
C*************************************************************** 
IMPLICIT REAL*8(A-H,O-Z) 
PI=3.1415926535 
ROOT3=1.73205080757 
TWINB=1.0/(1.0+BTWIN) 
VARJA=2.0*STEFF/ROOT3 
F1=SMEAM+VARJA*(DCOS(THETA)-ARLFA*TWINB*BTWIN*DCOS(THETA-2.0*P
I/3.0)-ARLFA*TWINB*DCOS(THETA+2.0*PI/3.0)) 
F2=SMEAM+VARJA*(TWINB*DCOS(THETA)+TWINB*BTWIN*DCOS(THETA-2.0*
PI/3.0)-ARLFA*DCOS(THETA+2.0*PI/3.0)) 
YIELD=F1 
IND=1 
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IF(F1.LT.F2) YIELD=F2 
IF(F1.LT.F2) IND=2 
IF(DABS(F1-F2).LE.1.0E-6) IND=3 
RETURN 
END 

6.6.3 Subroutine “Yieldy” 

The aim of this subroutine is to conduct the corner point process for the Tresca 
criterion, the Mohr-Coulomb criterion and the unified strength theory. 

 
SUBROUTINE YIELDY(THETA,IND,ARLFA,VARJ2,LPROP,PROPS,CONS2,CONS3) 
C*************************************************************** 
C 
C***  EVALUATES CONSTANTS OF FLOW VECTORS OF UNIFIED STRENGTH 
THEORY 
C 
C*************************************************************** 
IMPLICIT REAL*8(A-H,O-Z) 
COMMON/CMN01/NELEM,NPOIN,NVFIX,NMATS,NDOFN, 
.               NGAUS, NGAS2,NALGO,NINCS,NTOTV, 
.               NTOTG,NSTRE, NSTR1,NTYPE,NREST 
COMMON/CMN02/MBUFA,MFRON,MSTIF,NPROP 
DIMENSION PROPS(NMATS,NPROP) 
ROOT3=1.73205080757 
PI=3.1415926535 
BTWIN=PROPS(LPROP,8) 
TWINB=1.0/(1.0+BTWIN) 
ATATH=1.0/DTAN(THETA) 
SINTH=DSIN(THETA) 
COSTH=DCOS(THETA) 
SINT3=DSIN(3.0*THETA) 
IF(IND.EQ.1.OR.IND.EQ.3) THEN 
ABTHE=THETA*57.29577951308 
IF(ABTHE.LT.0.1) THEN 
CONA3=(1.0+0.5*ARLFA)/VARJ2 
CONA2=4.0*(1.0+0.5*ARLFA)/3.0/ROOT3 
ELSE 
ATAT3=1.0/DTAN(3.0*THETA) 
C1=2.0*(1.0+0.5*ARLFA)/ROOT3 
C2=ARLFA*(1-BTWIN)/(1.0+BTWIN) 
CONA2=C1*COSTH+C2*SINTH+ATAT3*(-C1*SINTH+C2*COSTH) 
CONA3=-0.5*ROOT3*(-C1*SINTH+C2*COSTH)/(VARJ2*SINT3) 
ENDIF 
ENDIF 
IF(IND.EQ.2.OR.IND.EQ.3) THEN 
ABTHE=THETA*57.29577951308 
IF(ABTHE.GT.59.9) THEN 
CONA3=(0.5+ARLFA)/VARJ2 
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CONA2=4.0*(0.5+ARLFA)/3.0/ROOT3 
ELSE 
ATAT3=1.0/DTAN(3.0*THETA) 
C1=(ARLFA+(2.0-BTWIN)/(1.0+BTWIN))/ROOT3 
C2=(ARLFA+BTWIN/(1.0+BTWIN)) 
CONB2=C1*COSTH+C2*SINTH+ATAT3*(-C1*SINTH+C2*COSTH) 
CONB3=-0.5*ROOT3*(-C1*SINTH+C2*COSTH)/(SINT3*VARJ2) 
ENDIF 
ENDIF 
IF(IND.EQ.1) THEN 
CONS2=CONA2 
CONS3=CONA3 
ELSE IF(IND.EQ.2) THEN 
CONS2=CONB2 
CONS3=CONB3 
ELSE 
CONS2=(CONA2+CONB2)/2.0 
CONS3=(CONA3+CONB3)/2.0 
ENDIF 
RETURN 
END 

6.6.4 Subroutine “Criten” 

The aim of this subroutine is to calculate the flow vectors for various yield criteria. 
For Tresca, Mohr-Coulomb and unified strength theories, invoke YIELDY to 
conduct the corner point process. 
 
SUBROUTINE CRITEN(LPROP,NCRIT,PROPS,THETA,SMEAN,VARJ2, 
.                    VARJ3,CONS1,CONS2,CONS3,IND) 
C*************************************************************** 
C 
C**** THIS SUBROUTINE EVALUATES THE FLOW VECTOR 
C 
C*************************************************************** 
IMPLICIT REAL*8(A-H,O-Z) 
COMMON/CMN01/NELEM,NPOIN,NVFIX,NMATS,NDOFN, 
.               NGAUS, NGAS2,NALGO,NINCS,NTOTV, 
.               NTOTG,NSTRE, NSTR1,NTYPE,NREST 
COMMON/CMN02/MBUFA,MFRON,MSTIF,NPROP 
COMMON/CMN06/FACTDP 
DIMENSION PROPS(NMATS,NPROP),NCRIT(NMATS) 
ROOT3=1.73205080757 
NCRT1=NCRIT(LPROP) 
FRICT=PROPS(LPROP,7) 
C 
C*** VON MISES 
C 
IF(NCRT1.EQ.2) THEN 
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CONS1=0.0 
CONS2=ROOT3 
CONS3=0.0 
GO TO 40 
ENDIF  
C 
C*** DRUCKER-PRAGER 
C 
IF(NCRT1.EQ.5) THEN 
SNPHI=DSIN(FRICT*0.017453292) 
C*** COMPRESSIVE CONE 
C         CONS1=2.0*SNPHI/(ROOT3*(3.0-SNPHI)) 
C*** TENSILE CONE 
CONS1=2.0*SNPHI/(ROOT3*(3.0+FACTDP*SNPHI)) 
CONS2=1.0 
CONS3=0.0 
GO TO 40 
ENDIF 
C 
C*** TWIN SHEAR STRESS ALSO TRESCA MOHR-COULOMB 
C 
IF(NCRT1.LE.18) THEN ARLFA=PROPS(LPROP,7)/PROPS(LPROP,5) 
CONS1=(1.0-ARLFA)/3.0 
CALL YIELDY(THETA,IND,ARLFA,VARJ2,LPROP,PROPS,CONS2,CONS3) 
GO TO 40 
ENDIF 
C 
C***  TWIN SHEAR 
C 
IF(NCRT1.EQ.19) THEN 
BTWIN=PROPS(LPROP,8) 
CTWIN=(1.0+BTWIN)*PROPS(LPROP,5)*PROPS(LPROP,7)/ 
.          (PROPS(LPROP,5)+PROPS(LPROP,7)) 
ATWIN=CTWIN*(PROPS(LPROP,9)-PROPS(LPROP,5))/(PROPS(LPROP,5)* 
.          PROPS(LPROP,9)) 
BEITA=2.0*(CTWIN/PROPS(LPROP,7)-ATWIN)/(1.0+BTWIN)-1.0 
ARLFA=(1.0-BEITA)/(1.0+BEITA) 
CONS1=(1.0+ARLFA)*ATWIN/(1.0+BTWIN)+(1.0-ARLFA)/3.0 
CALL YIELDY(THETA,IND,ARLFA,VARJ2,LPROP,PROPS,CONS2,CONS3) 
GO TO 40 
ENDIF 
IF(NCRT1.GE.20) CALL USERCRIT(LPROP,NCRT1,PROPS,THETA,SMEAN, 
VARJ2,VARJ3,NPROP,NMATS,CONS1,CONS2,CONS3,IND) 
40     CONTINUE 
RETURN 
END 
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6.7 Brief Summary 

The unified strength theory and its associated flow rule are implemented in finite 
element codes UEPP, which are described in this chapter. Most parts of the 
elasto-plastic program are the same as the conventional elasto-plastic program, 
only the subroutine of yield criteria (subroutine “INVAR” to calculate equivalent 
stresses), subroutine flow vector and the subroutine of the corner (subroutine 
“YIELD” and “FOLWPL” to calculate flow vector) are different. Several 
subroutines for the unified strength theory and its flow vector are given, including 
INVAR, INVARY, YIELDY and CRITEN. When these subroutines are 
implemented in any elasto-plastic programs, the unified strength elasto-plastic 
analysis can be conducted. Therefore, a series of ordered results for elasto-plastic 
analysis of structures can be obtained.  

The unified strength theory is also implemented into several commercial FEM 
codes, and used for engineering problems (Shen, 1993; Quint Co., 1993; 1994; Li 
and Ishii, 1994; 1998; Liu et al., 1994; Wang, 1998; Fan and Qiang, 2001; Zhang 
et al., 2001; Zhou, 2002; Sun et al., 2004a; 2004b; Liu and Wang, 2004; Zhang et 
al., 2005; Shao and Qian, 2007; Shao et al., 2007; Yang, 2008; Li et al., 2008; Li, 
2008; Wang et al., 2008; Zhang et al., 2008; Yang and Zhang, 2008; 2009; Wang 
and Lu, 2009; Fen and Du, 2010; Li and Chen, 2010; Li and Qiao, 2010; Ma and 
Liao, 2010; Pan et al., 2010). Serial results are obtained that can be adapted for 
more materials and structures. 
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