The Rationality Properties of Three Preference-Based
Fuzzy Choice Functions’

Xue Na,Yixuan Ma"™ and Yonghua Hao

Department of Mathematics of TUT, Taiyuan 030024
xuena03@163.com

Abstract. In this paper, three PFCFsare selected and whether they satisfies the
rationality properties such as Fa, F , Fy , WFCA is investigated, then the
satisfaction of preference-based fuzzy choice functions is obtained as a
consequence.
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1 Introduction

In the research on choice functions, there is lots of literature in which the relationships
between rationality conditions and the characterization of the rationalization of choice
functions are discussed whereas little attention is paid to the rationality of some specific
choice functions. The rationality of some specific choice functions include: Barrett [1]
proposed nine preference-based non-fuzzy choice functions and assess whether those
satisfy RPWD . RPSD . SREJ. WREJ . UF . LF ;Roubens [2] defined three
preference-based fuzzy choice functions and analyzed some properties of these choice
functions. Based on them, in this paper we select three preference-based fuzzy choice
functions and assess these preference-based fuzzy choice functions selected in terms of
some usual rationality conditions in fuzzy case.

2  Preliminaries

Let X denote a finite set of alternatives, P(X ) the set of all non-empty crisp subsets
of X , and F'(X ) the set of all non-empty fuzzy subsets of X .

Definition 1 [1]: A fuzzy binary preference relation ( FBPR ) is a function
R:XxX —(0)]).
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Remark 1. An FBPR R satisfies transitivity iff
forallx,y,ze X,R(x,z) = R(x,y) A R(y,2).
Remark 2. G denotes the non-empty set of all FBPRs .

Definition 2 [1]: A fuzzy choice function is a function
C:P(X)— F(X)suchthatVSe P(X),sup pC(S)c S,
where sup pS denotes the support of § for all § € F(X).We denote it as C(-) .

Remark 3. A fuzzy choice function C(-) is called a preference-based fuzzy choice
function( PFCF ) iff C(-)is determined by a fuzzy relation Q. We denote it as

(NP
The choice set C(S) is normal iff VS € P(X), dxe S, such that C(S) =1.

Definition 3 [3]: Let C(-) be a fuzzy choice function, the fuzzy preference relation
revealed by C(-) is defined by

Vx,ye X ,VSe P(X), R(x,y):{s‘\( S)C(S)(x)-

Remark 4. It is clear that Vxe X, R(x, y) 2 C(S)(x) (Vye §).

In this section we select three PFCF's as follows:
LetQisa FBPR ,Vx,ye X ,VS € P(X), then we denote

(DC,($.Q)(x) = A Q(x.)-
2 C,(5,.0)x)=1- v P(y,x)such that P(y,x)=(0(y,x) - Q(x,))v 0.

Obviously P(x,x)=0.
()C,(5,0)(x) = v P(x,y)-

Remark 5. In general, the three functions above may not be non-empty, so we cannot
assure those are choice functions. The following results are based on the hypothesis that
those three PFCF's are all choice functions.

Remark 6. C,(S,Q)(x) is the same as D?(x)[2], it means the degree to which X is

preferred to any element of § in terms of 0 ; C,(S,Q)(x)is the same as N2 (x)[2], it
means the degree to which any element of S is not preferred to X in terms of Q ;

C,(S,0)(x) is different from SD?(x)[2], it means the degree to which X is strictly

preferred to any element of S in terms of O .
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3 Some Rationality Properties of Preference-Based Choice
Functions

In this section we consider some restrictions on PFCFs , which may be viewed as
representing different aspects of rationality. Some of these properties have very well
known counterparts in the vast literature [3,4,5] and we examine, in terms of these
properties, the performance of the different PFCFs defined in section 2. Now we list
these properties as follows:

Fa:VS§,,S,e P(X),Vxe §,,5, S, = C(S,)(x) <C(S)(x).
Fp:VS,,S,€ P(X),Vx,ye S,

S, €S, = C(S,)(0) A C(S)() A C(S,)(x0) £ C(S,)().
Fy:¥S,,S,e P(X),Vxe §,NS,, C(S)x)AC(S,)(x) < C(S,US,)(x).
FB* : VS,,S,€ P(X),Vx,ye S, S,S,=C(S)x)AC(S,)(y)<C(S,)(x) .
FA1:VYA,Be P(X), xe AnB, then C(A)(x) AC(B)(x)=C(AUB)(x),
[S] pointout: FAl & Fa+ Fy.
FA2:YA,Be P(X),if BC A—sup pC(A) ,then C(A—B)c C(A).
Obviously , FA2 is satisfied iff Vxe B,C(A)(x)=0for VA,Be P(X),

then C(A— B)(x) < C(A)(x) for Vxe A—B.
WFCA:VSe P(X),Vx,ye S, R(x,y) AC(S)(y) £C(S)(x).
FC1:VSe P(X),Vx,ye S .{yisdominant in S} = C(S)(x) = R(x, y).
FC2:¥Se P(X),Vx,ye S,
{y isdominant in S and R(x, y) = R(y, x)} = xis dominant in § .
FC3: VSe P(X) , Vx,ye S and all real numbers k such that 0<k <1 ,
{C(S)(y) 2kandR(x,y) 2k} = C(S)(x) 2k

4 Result
Proposition 1. (1) C,(-,Q)and C, (-, Q) satisfy Fo .

(2)C, (-, Q) violates Fox.
Proof
(1) LetVS,S,e P(X).S5,cS,.5,c8,.V0e G,Vxe §,

C($,,0)x) = A O(x.2) € A Q(x,2)=C,(S,,0)(x)
C,(8,, Q)0 =1 v P(z,x) 1= v P(2,0)=C,(S,,Q)(x)

soC,(-,Q)and C, (-, Q) satisfy For.
(2) The proof consists of counterexamples.
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1 06 0.6
LetX:{x,y,z},Sl={x,y},Sz=X,Q= 021 02}
0.1 03 1

Then Cy(S,,0)(x) > C;(S,.0)(x).
But §, c §,,s0C,(-,Q)violates Fer .

Proposition 2. (1) C,(,Q) satisfies F3*.

(2)C,(-,@)and C, (-, Q) violate F/3 .
Proof
(1) LetVS,,S, e P(X),Vx,ye §,,5,cS,.V0e G,

Ci(S,,0)(x) A Ci(S,,0)(v) =1 v, P(x.2)IAl v P(y.2)]
< E\g P(x9z):C3(Sz9Q)(x)’

so C,(-,Q)satisfies F3".
2)LetX = {x, y,z}, S, z{x, y}, S, =X,

1 06 04 1 08 02
Consider 0,0, suchthatQ, =108 1 03[.0=|061 03]
0.6 03 1 04 0.6 1

By computing , we have

C,(0),C,(-,Q,) violates F3 .

Remark 7. ()By FB* = Ff3,C,(-,Q)satisfies F/3 .
(2) FB" is stronger than F3so C, (-,Q) and C, (-, Q) violate F3" .

Proposition 3. C,(-,0),C,(-,Q)and C, (~,Q)all satisfy Fy .

Proof LetVS,,S,e P(X),Vxe S NS,, VQeG,
(DC(S, D) AC(S5, Q) =[ A Q(x, )AL A Q(x,2)]

= A Q)=C/(S5,vS,.0)(x),

€8,US,
so C, (-, Q) satisfies F'y .
@ v s Pz =1 v Pz, 0lAl v P(z,2)]

e8| US,

suppose \/S P(z,x)2 \/S P(z,x)

then C,(S,,Q)(0) A C(S,,Q)(0) =[1= v P(z,0]A[l= v P(z,0)]
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=l1= v Peol=l-_v  PEx]= G US,00
s0 C, (-, Q) satisfies Fy .
() C5(S,,0)(x) A C5(S,,0)(x) = [Z;/S1 P(x,2)]IA [ZZSZ P(x,2)]
< z;/Sl P(x,2)]< ZES\I/US2 P(x,z) =C5(5,0S,,0)(x)
s0C,(,, Q) satisfies F'y . m
By [5], FAl & Fa+ Fy , then the following proposition is satisfied.

Proposition 4. C,(-,Q)and C, (-, Q) satisfy FAI.

Remark 8. By C, (-, Q)Violates Fao , soitviolates FAI (See the proof of proposition(2) ).

Proposition 5. (1) C,(,Q)satisfies FA2 .

(2) C,(,Q)and C,(-,Q) violate FA2 .
Proof
(1) LetVA,Be P(X),Bc A—sup pC(A), Vxe A—B,VQeG,

enC,(4-B.0)e) =y P(52) < v Plr.2)=C,(4.0)e)

so FA2 is satisfied.

(2) We only proof C,(:,Q) violate FA2 , the proof of C, (-, Q) is similar.
1 1 0.8

Let X ={x,y,z},A={x,y,2},B={y}.0=|0 1 09|
02 02 1

then A—sup pC,(A,0)={y}, B< A-sup pC,(A,Q),
But C,(A-B,0)(2)>C,(A,0)(2).
so C, (-, Q) violates FA2 . o

Proposition 6. (1) If O satisfies transitivity then C, (-, Q) satisfies WFCA .

) C,(,Q).C,(-Q)violate WFCA .
Proof
(1) LetVS e P(X), Vx,ye S,VQ e G and Q satisfies transitivity ,

R(x.y) A G (S.0)(y)=Q(x.y) Al A 0. )] = A[O(x.7) A Q(y.2)]
< A 0(x,2)=C/(5,0)(x)

then WFCA is satisfied.
(2) We only proof C, (-, Q) violate WFCA , the proof of C, (-, Q) is similar.
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1 0.3 0.1
LetX ={x,y,2z},0=0.8 1 0.3 |, thenC, (-, Q) violates WFCA . m
0.8 07 1

In the literature [6], Guo proposed WFCA < FC3 & Foa+ Ffin the hypothesis

thatT = A and the choice set is normal; by [7], we have FC3 = F(C2, so the following
notation is hold

Remark 9. 1f the choice set is normal and Q satisfies transitivity then C, (,Q)
satisfiess WFCA , FC3 and FC2.

5 Conclusions

In this paper, we have investigated the rationality properties of three preference-based
choice functions, our main results are summarized in the following table.

Table 1. The rationality of preference-based fuzzy choice functions

(.0 | GGO | GO

Fo % *

FB | % -

Fp* -

Fy * * *

FAl

FA2 *

WFCA | %

In the table, * indicates that the PFCF satisfies the property under consideration;
* indicates that when (Q satisfies transitivity the PFCF satisfies the property;

*” indicates that the PFCF satisfies the property under the condition that the choice set
is normal and Q satisfies transitivity.

Remark 10. In addition, C, (-, Q) satisfies F'C3 and FC2 under the condition that the
choice set is normal and Q satisfies transitivity.

As is clear from the table, C, (-, Q)performs better than C, (-, Q) and C, (-, Q) if the fuzzy

preferences are constrained; C, (-, Q) and C,(-,Q) perform better than C, (,Q) if the

fuzzy preferences are not constrained. Through our comparative study, the rationality
properties of some specific preference-based fuzzy choice functions are further
understood and thus the research is of significance without doubt to the selection of
choice functions in practice.



The Rationality Properties of Three Preference-Based Fuzzy Choice Functions 119

References

1. Barrett, C.R., Pattanaik, P.K., Salles, M.: On choosing rationally when preference are fuzzy.
J. Fuzzy Sets and Systems 34, 197-212 (1990)

2. Roubens, M.: Some properties of choice functions based on valued binary relations. J.
European Journal of Operation Research 40, 309-321 (1989)

3. Banerjee, A.: Fuzzy choice functions, revealed preference and rationality. J. Fuzzy Sets and
Systems 70, 31-43 (1995)

4. Zhang, HJ.: A study on the fuzzification of Schwartz’s theory, MA Thesis, Taiyuan
University of Technology,Taiyuan (2006)

5. Guo, Y.C.: A study on rationality conditions of fuzzy choice functions, MA Thesis, Taiyuan
University of Technology,Taiyuan (2005)

6. Wang, X.: A note on congruence condition of fuzzy choice functions. J. Fuzzy Sets and
Systems 145, 355-358 (2004)



	The Rationality Properties of Three Preference-Based Fuzzy Choice Functions
	Introduction
	Preliminaries
	Some Rationality Properties of Preference-Based Choice Functions
	Result
	Conclusions
	References




