2 Systems of Equations: Local Newton
Methods

This chapter deals with the numerical solution of systems of nonlinear equa-
tions with finite, possibly large dimension n. The term local Newton meth-
ods refers to the situation that—only throughout this chapter—‘sufficiently
good’ initial guesses of the solution are assumed to be at hand. Special at-
tention is paid to the issue of how to recognize—in a computationally cheap
way—whether a given initial guess 20 is ‘sufficiently good’. As it turns out,
different affine invariant Lipschitz conditions, which have been introduced in
Section 1.2.2, lead to different characterizations of local convergence domains
in terms of error oriented norms, residual norms, or energy norms and con-
vex functionals, which, in turn, give rise to corresponding variants of Newton
algorithms.

We give three different, strictly affine invariant convergence analyses for the
cases of affine covariant (error oriented) Newton methods (Section 2.1), affine
contravariant (residual based) Newton methods (Section 2.2), and affine con-
jugate Newton methods for convex optimization (Section 2.3). Details are
worked out for ordinary Newton algorithms, simplified Newton algorithms,
and inexact Newton algorithms—synoptically for the three affine invariance
classes. Moreover, affine covariance appears as associated with Broyden’s
‘good’ quasi-Newton method, whereas affine contravariance corresponds to
Broyden’s ‘bad’ quasi-Newton method.

2.1 Error Oriented Algorithms

A convergence analysis for any error oriented algorithm of Newton type will
start from affine covariant Lipschitz conditions of the kind (1.7) and lead to
results in the space of the iterates only. The behavior of the residuals will
be ignored. For actual computation, scaling of any arising norms of Newton
corrections is tacitly assumed.

2.1.1 Ordinary Newton method

Consider the ordinary Newton method in the notation
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F'(z")Azk = —F(a%), o5 = 2% + AzF ) k=0,1,.... (2.1)

Convergence analysis. Because of its fundamental importance, we begin
with an affine covariant version of the classical ‘Newton-Kantorovich theo-
rem’. Only at this early stage we state the theorem in Banach spaces—well
aware of the fact that a Banach space formulation is not directly applicable to
numerical methods: in the numerical solution of nonlinear operator equations
both function and derivative approximations must be taken into account. As
a consequence, ineract Newton methods in Banach spaces are the correct
theoretical frame to study convergence of algorithms—to be treated below in
Sections 7.4, 8.1, and 8.3.

Theorem 2.1 Let F: D — Y be a continuously Fréchet differentiable map-
ping with D C X open and convex. For a starting point 2° € D let F'(2°) be
invertible. Assume that

IF" (%) F ()| < o,

| F'(®) 7 (F'(y) = F'(2)) | wolly — 2l 2,y D, (2.2)
ho == awo < § , (2.3)
Sz p_) C D, p_ = (1—\/1—2h0)/w0.
Then the sequence {z*} obtained from the ordinary Newton iteration is well-
defined, remains in S(x°,p_), and converges to some z* with F(z*) = 0.

For hy < é, the convergence is quadratic.

Proof. Rather than giving the classical 1948 proof [126] of L.V. Kantorovich,
we here sketch an alternative affine covariant proof, which dates back to
T. Yamamoto [202] in 1985.

The proof is by induction starting with k = 0. At iterate ¥, let the Fréchet
derivative F’(z*) be invertible. Hence we may require the affine covariant
Lipschitz condition

| F' ()" (F'(y) = F'(2)) ||< wklly — ||
and define an associated first majorant
w||Azk|| < Ry

As a preparation to show that with F'(z*) also the Fréchet derivative
F'(x**1) is invertible, we define the operators

Bk+1 — F/($k)_1F/($k+1)

and the associated second majorant
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1B ll < Brsa -
Consequently, for k£ > 0 we have the upper bound
wi < Brwg—1 -
By means of the operator perturbation lemma, we easily obtain
Br+1=1/(1 = hy). (2.4)

Next, in order to exploit the above Lipschitz condition, we apply standard
analytical techniques to obtain

1
||.’17k+1 |F/ 1/ k 1+SAJ}k 1)_F/(xk71)]
s=0

which implies
wllg" T — 2| < 18R =t hy. (2.5)

Combination of the two relations (2.5) and (2.4) then yields the single recur-
sive equation

1
(1 — hk_1)2
Herein contraction occurs, if
1
ho
2
<1
(1 — ho)? ’
which directly leads to hy < ; Under this assumption, the convergence is
quadratic.
Things are more complicated for the limiting case hg = 2, which requires
extra consideration. In this case, we obtain hy = é, k = 1,2,..., which
implies

Br=2, wy<2kwg.
Insertion into the majorant inequality (2.5) then leads to

lim wy||2F — 2% < lim 2Fwolz" T —2F || < 1,
—00 k—oo

which verifies that

1
lim [[2*+! — 2F|| < hm =0
Jim | | 0 k10,
In the latter case, the convergence is linear. O

Remark 2.1 If we define t** =1+ V1= 2hg, py = t**/wo, and assume
that S(2°, po) C D, the solution x* can be shown to be unique in S(z°, p).
The corresponding proof is omitted here.
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BiBLIOGRAPHICAL NOTE. The name ‘Newton-Kantorovich theorem’ has
been coined, since historically L.V. Kantorovich was probably the first to
prove convergence for Newton’s method in Banach spaces. In 1939, he actu-
ally showed linear convergence (see [125]), but not earlier than 1948 he pub-
lished his famous proof of quadratic convergence (see [126]). Even though this
early theorem has already been phrased in affine covariant terms, nearly all
(with few exceptions) of his later published versions lack this desirable prop-
erty (see, e.g., the book by L.V. Kantorovich and G. Akhilov [127]). In 1949,
I. Mysovskikh [155] presented an alternative meanwhile classical convergence
theorem, which today is called ‘Newton-Mysovskikh theorem’. That theorem
was not affine invariant in any sense; the following Theorem 2.2 is an affine
covariant version of it. In 1970, an interesting theorem for local convergence
of Newton’s method, already in affine covariant formulation, has been proved
by H.B. Keller in [129], under the relaxed assumption of Holder continuity
of F'(x)—see Exercise 2.4. Since then a huge literature concerning different
aspects of the classical theorems has unfolded, typically in not affine invariant
form—compare, e.g., the monograph of F.A. Potra and V. Ptdk [171].

Not earlier than 1979, affine invariance as a subject of its own right within
convergence analysis has been emphasized by P. Deuflhard and G. Heindl
in [76]; this paper included an affine covariant (then called affine invari-
ant) rephrasing of the classical Newton-Kantorovich and Newton-Mysovskikh
theorem and permitted a new local convergence theorem for Gauss-Newton
methods for nonlinear least squares problems—see Section 4.3.1. Also around
that time H.G. Bock [29, 31, 32] adopted affine invariance and slightly weak-
ened the Lipschitz condition in the affine covariant Newton-Mysovskikh the-
orem that had been given in [76]. Following the affine invariance message of
[76], T. Yamamoto has introduced affine covariance into his subtle conver-
gence estimates for Newton’s method—see, e.g., his starting paper [202] and
work thereafter. Later on, the earlier convergence theorem due to L.B. Rall
[174], proved under the assumptions

I/ (2) M < Bos I1F'(2) = F' ()l < 7vll= =y

has been put into an affine covariant form by G. Bader [15]. For the improved
variant of Rall’s theorem due to W.C. Rheinboldt [176] see Exercise 2.5.

Throughout the subsequent convergence analysis for local Newton-type meth-
ods, we will mostly study extensions of the Newton-Mysovskikh theorem
[155], which have turned out to be an extremely useful basis for the con-
struction of algorithms. The subsequent Theorem 2.3 is the ‘refined Newton-
Mysovskikh theorem’ due to P. Deuflhard and F.A. Potra [82], which has no
classical predecessor, since it relies on affine covariance in its proof.

Next, we present an affine covariant Newton-Mysovskikh theorem. In what
follows, we will return to the case of finite dimensional nonlinear equations,
ie.to FF: D CR" — R".
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Theorem 2.2 Let F': D — R"™ be a continuously differentiable mapping with
D C R™ convex. Suppose that F'(x) is invertible for each x € D. Assume that
the following affine covariant Lipschitz condition holds:

[F'(2)7H(F'(y) = F'(2)) (y — @) || < wlly — =]

for collinear x, y, z € D. For the initial guess x° assume that
ho = w||Az?|| < 2 (2.6)
_ Ax?
and that S(z°,p) C D for p= I gi I .
1-— Qho

Then the sequence {z*} of ordinary Newton iterates remains in S(x°, p) and
converges to a solution x* € S(x°, p). Moreover, the following error estimates
hold

l2*+ — 2¥]| < jwlla® — 2P 12, (2.7)

lo* — 2* 1

éw”xk gk (2.8)

% — 2*|| <
1—

Proof. First, the ordinary Newton iteration is used for k£ and k — 1:
1428 = [|F" @)~ [F") = (F@E*) + F/@@H A ]|
Application of the above Lipschitz condition yields
[Az®] < jwlAzH)2,

which is (2.7). For the purpose of repeated induction, introduce the following

notation:
hp = w ||A:vk|| .

Multiplication of (2.7) by w then leads to
hi < Shi_y.

Contraction of the {hs} is obtained, if hy < 2 is assumed, which is just (2.6).
From this, as in the proofs of the preceding theorems, we have hy < hgx—1 <
hg < 2 so that there exists

lim hy =0.

k—o0
A straightforward induction argument shows that

|At| < (Lhe)' ™" Ak for 1 > k.

Hence
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| Az

o0
J
||:El+1 7xk|| < ||A$l|| 4+t ||A(Z?k|| < ||A;1;k||z (%hk) = 1— lhk .
2

Jj=0

The special case k = 0 implies that all Newton iterates remain in S(2?, p).
Moreover, the results above show that {z*} is a Cauchy sequence, so it con-
verges to some z* € S(z°, p). Taking the limit [ — oo on the previous estimate
yields (2.8). Finally, with w < oo from (2.6) we have that x* is a solution
point. O

The following theorem has been named ‘refined Newton-Mysovskikh theorem’
in [82].

Theorem 2.3 Let F': D — R"™ be a continuously differentiable mapping with
D C R™ open and convez. Suppose that F'(x) is invertible for each x € D.
Assume that the following affine covariant Lipschitz condition holds

[F/ ()7 (F'(y) = F'(2)) (y — )| < wlly — 2|

forx,y, € D. Let F(x) = 0 have a solution x*.
For the initial guess x° assume that S(x*, |z — z*||) C D and that

wlz® —z*|| < 2. (2.9)

Then the ordinary Newton iterates defined by (2.1) remain in the open ball
S(z*, ||z — z*||) and converge to z* at an estimated rate

||:v’€+1 —z¥|| < %w”xk — :v*||2 (2.10)

Moreover, the solution x* is unique in the open ball S(x*,2/w).

Proof. We define ej, := ¥ — 2* and proceed for A € [0,1] as follows:

|a* + AAz® — a*||=|ler, — AF' ()~ (F(2%) — F(2*)) ||
= F' (@)~ (A (F(a*) = F(z%)) + F'(a")ex )|
=|[(1 = Nex + AF' (zF)~1 } (F'(z* + sex) — F' (2%))exds||
<= Nlesl+ Jollent.

For the purpose of repeated induction assume that wlex| < wlleo| < 2 so
that ¥ € D is guaranteed. Then the above estimate can be continued to

supply
& + AAz* — 2*|| < (1= A)[lexll + Alerll = [lexll < [leoll -

From this, any statement ¥ + AAz*¢S(x*,||2° — 2*||) would lead to a con-
tradiction. Hence, ! € D and
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et < Swller]|?,

which is just (2.10). In order to prove uniqueness in S(z*,2/w), let 2% := z**
for some x** # x* with F(2**) = 0, which implies 2! = 2** as well. Insertion
into (2.10) finally yields the contradiction

Iz — 2| < w/2 2™ — 2" < [|l2™ — 27 .

This completes the proof. O

In view of actual computation, we may combine the results of Theorem 2.2
and 2.3: if we require hy < 1, then contraction towards x* shows up, since

Convergence monitor. We are now ready to exploit both convergence
theorems for actual implementation of Newton’s method. First, we define the
contraction factors

o, . 14251
[ Az®||
which in terms of the unknown theoretical quantities hy are known to satisfy
h
O = }’:1 < lhp<1. (2.11)

Whenever O > 1, then the ordinary Newton iteration is classified as ‘not
convergent’.

Computational Kantorovich estimates. Obviously, the assumption hy <
1 implies Oy < 1/2. We define the computationally available a-posteriori
estimates

[hi]l1 =20, < hp, k=0,1,...
and, recalling hry1 = Orhy and shifting the index k + 1 — k, also corre-
sponding a-priori estimates

[hi] == Ok—1[hr—1]1 = 2@%71 <hg,, k=1,2,....

Bit counting lemma. The relative accuracy of these estimates is considered
in the following lemma, the type of which will appear repeatedly in different
context.

Lemma 2.4 Assume that the just introduced Kantorovich estimates [hy] sat-
isfy the relative accuracy requirement

ogh’“*[h’“] <o<1,k=0,1,....
[k

Then
Or1 < (14+0)07, k=0,1,....
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Proof. We collect the above relations to obtain

Okt1 < Shipr < L1+ 0)[hyer1] = (1 +0)OF.

O
Restricted convergence monitor. With ¢ — 1 we then end up with
O <267 |, k=0,1,...,
which leads us to the requirement
Okgé, k=0,1,..., (2.12)

a convergence criterion more restrictive than (2.11) above. Otherwise we di-
agnose divergence of the ordinary Newton iteration.

Termination criterion. A desirable criterion to terminate the iteration
would be
|* — 2*|| < XTOL, (2.13)

with XTOL a user prescribed error tolerance. In view of (2.8) and with
hi — [hi] = 29,%_1 we will replace this condition by its cheaply computable
substitute

| A

< XTOL . 2.14
1-63 |, ~ © (2.14)

Note that XTOL can be chosen quite relaxed here, since 251 = 2% + Az* is
cheaply available with an accuracy of O(XTOL?).

2.1.2 Simplified Newton method
Consider the simplified Newton iteration as introduced above:
F/a®)Az" = —F(z), o" =2 + A", k=0,1,.... (2.15)

Convergence analysis. We study the influence of the fixed initial Jaco-
bian on the convergence behavior. The theorems to be derived are slight im-
provements of well-known theorems of J.M. Ortega and W.C. Rheinboldt—
see [163].

Theorem 2.5 Let F : D — R™ be a continuously differentiable mapping
with D C R™ open and conver. Let 2° € D denote a given starting point so
that F'(2°) is invertible. Assume the affine covariant Lipschitz condition

1F" (@)~ (F' () = F' (%)) | < wollz — 2| (2.16)
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forallz € D. Let
0
ho == wollAz || < ) (2.17)
and define

*

t
t*=1—+/1—-2hg, p=
wo

Moreover, assume that S(mo,p) C D. Then the simplified Newton iterates
(2.15) remain in S(z%,p) and converge to some x* with F(z*) = 0. The
convergence rate can be estimated by

ot =4
|k — zh=1| <otk +tr), k=1,2,... (2.18)
and .
* — Uk
Ja¥ — z*|| < , E=0,1,... (2.19)
wo

with to = 0 and
teer =ho+ 5th, k=0,1,....

Proof. We follow the line of the proofs in [163] and use (2.16) to obtain
o5t — 2®|| < Jwolla® — 2| (|2t — 2O 4 [la* — %) (2.20)

The result is slightly more complicated than for the ordinary Newton itera-
tion. We therefore turn to a slightly more sophisticated proof technique by
introducing the majorants

woll 2" — 2¥|| < hi, wolle® —2°| <ty
with initial values tg = 0, hg < % Because of
[t — 2| < fla® — 2O + [l — 2|

and
wollz™ Tt — ¥ < Shie—1(ti + tr—1) =: hy,

we select the two majorant equations
terr =t + hie, hie = yhe—1(te + tee1)
which can be combined to a single equation of the form
topr — te = (t — toe1) (b1 + 5 (e — teo1)) = S(t8 — th_q) -
Rearrangement of this equation leads to

142 1,2
tk‘Jrl - th = tk; - th—l .
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Since here the right hand side is just an index shift (downward) of the left
hand side, we can apply the so-called Ortega trick to obtain

th1 — %ti =t — ;tﬁ = hg,
which may be rewritten as the simplified Newton iteration
U1 —te = — = g(tk
+ g’(to) ( )

for the scalar equation

g(t) =ho—t+ 1t*=0.

ho

Fig. 2.1. Ortega trick: simplified Newton iteration.

As can be seen from Figure 2.1, the iteration starting at ¢ = 0 will converge to
the root t*, which exists, if the above quadratic equation has two real roots.
This implies the necessary condition hy < 1/2, which has been imposed
above. Also from Figure 2.1 we immediately see that g(tx+1) < g(tx), which
is equivalent to hx41 < hy. Moreover with

te <t =1-—+/1-2hg,

we immediately have -
a2 € §(2° p) c D.

Hence, for the solution z* we also get x* € S(2°, p). As for the convergence
rates, just observe that

o0
wollzk — z*|| < Zhi =t" —t
i=k

and use (2.20) to verify the remaining statements of the theorem. U
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Convergence monitor. From Theorem 2.5 we derive that

k+1
1A b

< = L(thr +tr).
laz T e

With tg = 0,¢1 = hg, the condition hy < 1/2 induces the condition

1
_ gty

<
Az’

sho <}, (2.21)

which characterizes the local convergence domain of the simplified Newton
method. In comparison with ©¢ < 1 for the ordinary Newton method, where
a new Jacobian is used at each step, this is a clear reduction. The above
result also shows that the convergence rate may slow down to

Or <t*=1—1/1-2hg.

We may replace the theoretical quantity t* by its computationally available
bounds

() =1-1-46p <1-\/1-2hg=t"<1.
Then divergence of the simplified Newton iteration will be defined to occur

when Oy > [t*].

Termination criterion. From (2.19) we may derive the upper bound

t* —

l2* — 2| <
wo

This line is just a different form of the repeated triangle inequality used in
the proof so that

o0
J
lz* — 2| <Y A
j=k
This gives rise to the upper bound

k
. . Az
o =) < 4" 1+ 6+ OrnEr +.. < |2 ]

Upon insertion of the estimate [t*] < ¢* from above, we are led to the ap-
prorimate termination criterion

k
Az

< XTOL,
V1—-46y ~

where XTOL is the user prescribed final error tolerance. Of course, the ap-
plication of such a criterion will require to start with some @y < i.
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2.1.3 Newton-like methods

Consider a rather general Newton-like iteration of the form
M(z*)6zk = —F(a%), 2" =ab +62F ) k=0,1,.... (2.22)

Convergence analysis. From the basic construction idea, such an iteration
will converge, if M (z) is a ‘sufficiently accurate’ approximation of F'(x). The
question will be how to measure the approximation quality and to quantify
the vague term ‘sufficiently accurate’.

Theorem 2.6 Let F': D — R" be a continuously differentiable mapping with
D c R"™ open and convex. Let M denote an approzimation of F'. Assume
that one can find a starting point 2° € D with M (x°) invertible and constants
«, wg, 9o, 01, 02 > 0 such that for all x,y € D

M (%) F(a0)]| < a,

M) (F' (y) = F'(@))]| < wolly — =],

M ()" (F'(z) = M () || < 6o+ 01| — 2],
M ()7t (M (2) = M(2°)) || < 8ol = 2° ,

2a0
do < 1, o:= max(wo,él +52), h = (1 B 50)2 <1, (223)

0 . 2« -
S(z°,p) € D with p.fl_éo/(1+\/1 h)

Then the sequence {x*} generated from the Newton-like iteration (2.22) is
well-defined, remains in S(z°, p) and converges to a solution point x* with
F(z*) = 0. With the notation

.7(4)0 o 2 .
hi="“Ch, pifl_éo/@?\/l h)

the solution z* € S(z%, p_) is unique in

S(a® p) U (DN S py)) -

Proof. For the usual induction proof, the following majorants are convenient

wolldz*|| < hg, ho = awp,
wollzk — 20| < tp, to = 0,

together with
tot1 =tk + hi (2.24)
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Proceeding as in the proofs of the preceding theorems, one obtains
[aF = a*|| = | M (%)~ F (2"))
= ([ [Plab) = (Pt + M) ek =k )]
< ||M(:vk)’1 [F(xk) — F(ak=1) — F'(2F 1) (aF — xk’l)] ||
+ HM(xk)’1 [F’(xkfl) — M(xk’l)} (xF — xk’l)H )
The perturbation lemma yields:
1M (@) M () <1/ (1 = dafja® — %)

Combining these intermediate results and using §; := §;/wg, @ = 1,2, then
supplies

1

ol — o) <
1 — daty,

[;hi_l + (50 + 51tk71) hkfl} .

Thus one ends up with the second majorant equation
hi = [(0 + 1tk1) by + 3R3_1] /(1= dat) -

Reformulation in view of a possible application of the Ortega technique leads
to

(1= bat) b — (1 = batp—1) hi—s
= 3 (B~ B0) — (1= 80) (1 — ta ) (2.25)
+ (61402 — 1) (trte—1 —t3_,)
Obviously, this technique is only applicable, if one requires that
01 +d2=1,1ie., 6+ 02 =wp,

which will not be the case in general. However, by defining ¢ as in assumption
(2.23) and redefining

ollozk|| < hg, ho == ao,
ollz® — 2 < g, to:=0,
57; = (57;/0', 1= 1,2

the disturbing term in (2.25) will vanish. Insertion of (2.24) then gives
(1= 6aty) (trgr — te) + (1 — 8o) ti — éti =t = ao,

which can be rewritten in the form
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ho — (1 — 6o)t + 317

tea1 —tp = 1ot
— 02tk

This iteration can be interpreted as a Newton-like iteration in R! for the
solution of
g(t) :=ho— (1 — o)t + 3t =0.

The associated two roots

P (150)<1\/1(12_a:;0)2>7
(1 — &) <1+\/1—(12_O‘Z))2>

2a0 <1
(1 — 50)2 -

This is just assumption (2.23). The remaining part of the proof essentially
follows the lines of the proof of Theorem 2.5 and is therefore omitted here. [J

t**

are real if

The above theorem does not supply any direct advice towards algorithmic
realization. In practical applications, however, additional structure on the
approximations M (z) will be given—often as a dependence on an additional
parameter, which can be manipulated in such a way that convergence crite-
ria can be met. A typical version of Newton-like methods is the deliberate
dropping of ‘weak couplings’ in the derivative, which can be neglected on
the basis of insight into the specific underlying problem. In finite dimensions,
deliberate ‘sparsing’ can be used, which means dropping of ‘small’ entries in
a large Jacobian matrix; this technique works efficiently, if the vague term
‘small’ can be made sufficiently precise from the application context. Needless
to say that ‘sparsing’ nicely goes with sparse matrix techniques.

2.1.4 Broyden’s ‘good’ rank-1 updates

In order to derive an error oriented quasi-Newton method, we start by rewrit-
ing the secant condition (1.17) strictly in affine covariant terms of quantities
in the domain space of F'. This leads to

Ek(J) 5xk = 5$k+1 = 7J]€_1Fk+1
in terms of the affine covariant update change matrix
Ep(J):=1-J."J.

Any Jacobian rank-1 update of the kind
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dxppvl

ijJk(I >,v€R",v7é0

vT dxy,

with v some vector in the domain space of F' will both satisfy the secant
condition and exhibit the here desired affine covariance property. The update
with v = dxy, is known in the literature as ‘good Broyden update’ [40].

Auxiliary results. The following theorem will collect a bunch of useful
results for a single iterative step of the thus defined quasi-Newton method.

Theorem 2.7 In the notation just introduced, let

5:vk+15xz>

(2.26)
[LEA

Jrt1 = J (I —

denote an affine covariant Jacobian rank-1 update and assume the local con-
traction condition
o, = 0@kl _
[[0k|2

Then:
(I) The update matriz Jiy1 is a least change update in the sense that

1Ek(Jkt1)ll2 < [[Ex(Dl2, V J € Sk,
| Er (1) 2 O -

IN

(IT) The update matriz Jiy1 is nonsingular whenever Jy, is nonsingular, and
its inverse can be represented in the form

dxr10xt
=1 SR - 2.2
G (*(1—ak+l>naxkn§ T (2.27)
with
5x£6xk+1 1

T sm)z T2

(III) The next quasi-Newton correction is

ox
—1 k+1
0kt1 = =S For = 1—agr

(IV) Iterative contraction in terms of quasi-Newton corrections shows up as

[6zk41llz Ok

= <1.
[6zkll2 1 — gt
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Proof. For the rank-1 update we directly have

T
0z 4107,

BulJert) = sl

= || Ex(Jr+t1)|l2 < Ok

As for the least change update property, we obtain

5:vk5x£
l[0k|3

T
0xp110y,

Ex(J)
[0k 15

< [IEk(I)l2

1 Ee(ss)lls = \
2

|
which confirms statement I. By application of the Sherman-Morrison formula
(see, for instance, the book of A.S. Householder [121]), we directly verify the

statements II and III. In order to show IV, we apply the Cauchy-Schwarz
inequality to see that

loagy1] < O,
which, for @y < 1/2, implies
5
el O Ok
||(5mk|| 1-— Q41 1-— @k

Algorithmic realization. The result (2.27) may be rewritten as
§Tpr10wL )
1 k+1 k —1
=1+ J. .
e ( lozell3 ) 7*

This recursion cannot be used directly for the computation of §zj 1. However,
the product representation

Szpoxt Sz16xl
J71: I+ k—1 L <I+ 0)]1.
¥ ( [02k—13 1620ll3 ) ~°

can be applied up to the correction dx. This consideration leads to a rather
economic recursive ‘good’ Broyden algorithm, which has been used for quite
a while in the public domain code NLEQ1 [161]. It essentially requires the
kmax + 1 quasi-Newton corrections dxg, ..., 0z, as extra array storage.

Discrete norms for differential equations. Inner products (u,v) other
than the Euclidean inner product u” v may be used in view of the underlying
problem—such as (discrete) Sobolev inner products for discretized differential
equations. By all means, scaling in the domain space of F' should be carefully
considered. This means that any corrections §z arising in the above inner
products should actually be implemented as D~'§z with appropriate diagonal
scaling matrix D. If D is chosen in agreement with a relative error concept,
then in this way scaling invariance of the algorithm can be assured.
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Condition number monitor. Recursive implementations based on the
above rank-1 factorization have often been outruled with the argument that
some hidden ill-conditioning in the arising Jacobian updates might occur. In
order to derive a some monitor, we may use

) SxT
conda(Jx+1) < conds <I+ Thtt Zk ) conda(Jx) .
[[6zk3

In this context, the following technical lemma may be helpful.

Lemma 2.8 Given a rank-1 matriz

T

A=1-" withe.= "2 o,
vTv [ll2
its condition number can be bounded as
1406
da(A) < .
condz(A) < _p
Proof. We just use the two bounds
wvT wT |\ 7! 1
Al <1 <1+0, |A'<(1- <(1-o©
lar< i+t <o < (-5 ) <a-e
and insert into the definition condy(A) = ||A| [|[A7Y| . O

With this result and O < 1/2 we are certainly able to assure that

1+6
conds (J4+1) < 1 9]1:

conda(Jx) < 3 condz(Jy) .
Convergence monitor. In accordance with the above theoretical results,
we impose the condition @) < 1/2 throughout the whole iteration. Note
that this is an extension of the local convergence domain compared with the
simplified Newton method where ©y < 1/4 has to be required. With these
preparations we are now ready to state the ‘good Broyden algorithm’ QNERR
(for ERRor oriented Quasi-Newton method) in the usual informal manner.

Algorithm QNERR.
For given 2% Fy = F(2)  evaluation and store
Jodxg = —Fy linear system solve

og = ||5IZ’()||§ store 51’0,0’0
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For k=0, ..., kpaxt
1. oFtt = 2F + Sz, new iterate
Fypp1 = F(zkth) evaluation
Jov = —Fi41 linear system solve

II. Ifk>0:fori=1,...,k
’UT&Z’Z',l
= s
Oi—1

vi= v+ adz;

III.  Compute
T T\ 1/2
v dx vio
Qpp1 = k , O = ( ) store
Ok Ok

If O > é: stop, no convergence

v

v. ¢ = t
Tk+1 1— aper store
Okr1 = ||02k41]3 store

If Vok+1 < XTOL:
solution z* = 2**! 4§z 4
Else: no convergence within k., iterations.

Convergence analysis. The above Theorem 2.7 does not give conditions,
under which the contraction condition ) < 1/2 is assured throughout the
whole iteration. This will be the topic of the next theorem.

Theorem 2.9 For F : D — R" be a continuously differentiable mapping
with D open and conver. Let x* € D denote a unique solution point of F
with F'(x*) nonsingular. Assume that the following affine covariant Lipschitz
condition holds:

1F" (@)~ (F' () = F'(@"))v]| < wllz — 2] - [lv]

forxz, x+v €D and 0 < w < co. Consider the quasi-Newton iteration as
defined in Theorem 2.7. For some © in the range 0 < © < 1 assume that:

(I) the initial approximate Jacobian Jo satisfies

5o = HFI(JJ*)_I(JO—FI(xO))H <6/(1+06), (2.28)
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(I)  the initial guess z° satisfies

1-6 O
to == wllz? — z*| < — 6o |- 2.29
pimule® -~ < )70 (|0 ) (229

Then the quasi-Newton iterates {z*} converge to x* in terms of errors as
|z*H — 2| < OzF — ¥, (2.30)
or, in terms of corrections as
|6z Y| < Ol6z"| . (2.31)
The convergence is superlinear with

K k+1
Joak | _

i
Koo ||8k |

As for the Jacobian rank-1 updates, the ‘bounded deterioration property’ holds
in the form

(C]
Eil| == ||F'(z*) " — I < <! 2.32
1Bl = NP @) =1 < 0 o< (232)
together with the asymptotic property
[ Exday]|
lim = 2.33
Proof. Let | - || be || - |2 throughout. For ease of writing we characterize the
Jacobian update approximation by
(1)
| Exdy|| T 1B vll
= = ||Ek|| = | F; || = max
||(5$k|| > Tk || || || k || 00 ||U||

By definition, n, < ;. For the convergence analysis we introduce
tr = wller|, er:=a* —z*.

As usual [57], the proof is performed in two basic steps: first linear conver-
gence, then superlinear convergence.

I. To begin with, exploit the Lipschitz condition in the form
1
[F/(z*) (M) < [ ||F/(a*) 7 (F (2F + soxp) — F' (%)) 0wy || ds
s=0

+| kb |

IN

(5trer +tr) +mi) |0z -
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Under the assumption 7541 < 1 we may estimate
1F" (") T F @D = 1+ Bia)dziill = (1= i) |04

so that
16zkrall e+t

10zk] — 1 —nrsr

As for the iterative errors eg, we may derive the relation

, Where tf:= é(tk + tk+1). (234)

TR ekaglF(xk)

= (I+Ep)! (Ekek — F'(z*)7! f (F'(z* + sex) — F’(m*))ekds> )

s=0
from which we obtain the estimate (let 7, < 1)

t . (2.35)

Upon comparing the right hand upper bounds in (2.35) and (2.34) we are led
to define the majorant

t
o=t (2.36)
L=y
which implies that
tey1 < Oty (2.37)

II. Next, we study the approzimation properties of the Jacobian updates.
With Ej as defined, the above rank-1 update may be rewritten in the form

T
1 Fk+16xk

Epy1 = Ep + F'(2") [0xkll5
2

If we insert
F'(2*) ' Fyy1 = (Dit1 — Ex)oxs,

wherein
1

Dyyq = F'(z*)7! / (F'(a" + sdxi) — F'(2*))ds
s=0
and introduce the orthogonal projections
B &L’k&vf
6k’

Qv =1—Qx
then we arrive at the decomposition

Eri1 = ErQp + Dis1Qif
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and its transpose (v # 0 arbitrary)

Bl v=QwEfv+QiD} v. (2.38)
Note that | B | Dor b |
k+10Tk k+10Tk
= <t (2.39)
[0 [0

IIT. In order to prove linear convergence, equation (2.38) is used for the quite
rough estimate

ET v ET Dy 16
N1 = Max I k1 I < max 15 o] +max (D410, v} <+t . (2.40)

I vA0 lof| - ezo [0l
Assume now that we have uniform upper bounds
O<O<l, n<n<l.
Then (2.37) can be replaced by
tot1 < Ot < tg
and (2.36) leads to the natural definition

< 1+ to

o< -

=:0. (2.41)
As for the definition of 7, we apply (2.40) to obtain

k
to
Mhe+1 <770+§ tl<770+1_@=177- (2.42)
1=0

Insertion of 1 into (2.41) then eventually yields after some calculation:

(C]
to<(1-6 - , 2.43
0 <( ) (1 Lo 770) ( )
which obviously requires
] 1
< <, for ©<1.
T=y,9%2

Observe now that by mere triangle inequality, with d as defined in (2.28), we
have 1, < tg + dp. Therefore, the assumption (2.43) can finally be replaced
by the above two assumptions (2.28) and (2.29). Once such a © < 1 exists,
we have (2.30) directly from ¢x1; < Ot and (2.31) from inserting 7 into
(2.34). The bounded deterioration property (2.32) follows by construction
and insertion of (2.29) into (2.42).
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IV. In order to show superlinear convergence, we use (2.38) in a more subtle
manner. In terms of the Fuclidean inner product (-, -), some short calculation
supplies the equation

<Ek(5$k7 ’U>2 <Dk+16$k7 U>2

ET w2 = IETo||2 —
|| k+1 || || k || ||(5$k||2 ||(5$k||2

Summing over the indices k, we arrive at
l l
Z Ekérz:k, 2 _ ||Egv||2 B ||El+1v||2 +Z Dk+15$ka
— Ilvl? ||5961f||2 ]2 ol = 0wkl ||v||2
Upon dropping the negative right hand term, letting I — oo, and using (2.39)
with tx11 < O - tg, we end up with the estimate

oo

Z Eké‘rka 1 + @
k=0

<ng+ t2.
]2 ||5f€k||2 ™ T

Since the right hand side is bounded, we immediately conclude that

<Ek6$k; U>2

lim =0 VveR"™.
koo [|zk?]|v]|?
As a consequence, with
6xk
&k = sl
[0zl

we must have
lim Ep&, =0
k—oo

from which statement (2.33) follows. Finally, with (2.34), we have proved
superlinear convergence. O

BIBLIOGRAPHICAL NOTE. Quasi-Newton methods are described, e.g., in the
classical optimization book [57] by J.E. Dennis and R.B. Schnabel or, more
recently, in the textbook [132] by C.T. Kelley. These methods essentially
started with the pioneering paper [40] by C.G. Broyden. For quite a time,
the convergence of the ‘good’ Broyden method was not at all clear. A break-
through in its convergence analysis came by the paper [41] of C.G. Broyden,
J.E. Dennis, and J.J. Moré, where local and superlinear convergence has been
shown on the basis of condition (2.33), the meanwhile so-called Dennis-Moré
condition (see [55]). To the most part, the present section is an affine covari-
ant reformulation of well-known material spread over a huge literature—see,
e.g., the original papers [56] by J.E. Dennis and R.B. Schnabel or [58] by
J.E. Dennis and H.F. Walker.

The above quasi—-Newton algorithm is realized within the earlier code NLEQ1
and its update NLEQ-ERR.
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2.1.5 Inexact Newton-ERR methods

Inexact Newton methods consist of a combination of an outer iteration, the
Newton iteration, and an inner iteration such that (dropping the inner iter-
ation index 1)

F'(a®)(6ab — Axk)y =k | ot =2k 4627 k=0,1,....

Here the inner residual 7* gives rise to the difference between the exact New-
ton correction Az* and the inexact Newton correction dz*. Among the pos-
sible inner iterative solvers we will concentrate on those that reduce the Fu-
clidean error morms ||0z* — Az*||, which leads us to CGNE (compare Section
1.4.3) and to GBIT (compare Section 1.4.4). In both cases, the perturbation
will be measured by the relative difference between the exact Newton correc-
tion Az* and the inexact Newton correction dz* via

|6xF — Azk||

N
%= ok

, E=0,1,.... (2.44)
As a guiding principle for convergence, we will focus on contraction in terms
of the (not actually computed) exact Newton corrections

A k+1
o = 14221
| Az®]|

subject to the perturbation coming from the truncation of the inner iteration.

Convergence analysis—CGNE. First we work out details for the error min-
imizing case, exemplified by CGNE specifying the norm ||| to be the Euclidean
norm || - [|2. Upon recalling (1.28), the starting value dzf = 0 for the CGNE
iteration implies that

A2 | = (52l /1 + 07 = 62"

Moreover, from (1.29) and (1.30) we conclude that J; is monotonically de-
creasing in the course of the inner iteration so that eventually any threshold
condition of the type 6 < 6 can be met. With this preparation, we are now
ready to state our convergence result.

Theorem 2.10 Let F: D — R"™ be a continuously differentiable mapping
with D C R™ open, convex, and sufficiently large. Suppose that F'(z) is
invertible for each x € D. Assume that the following affine covariant Lipschitz
condition holds:

15 (2) " (F' () = F(2))vll < wlly — ]| - [Jv]

for collinear x, vy, z € D.
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Let 2° € D denote a given starting point for a Newton-CGNE iteration. At an
iterate x*, let 6y as defined in (2.44) denote the relative error of the inevact
Newton correction dz*. Let the inner CGNE dteration be started with éxf =0,
which gives rise to the following relations between the Kantorovich quantities

hi

hy = wl|| Az and RS := wl||éx"| = .
= wlAct| o= )%

Let z* € D be the unique solution point.

I. Linear convergence mode. Assume that an initial guess x° has been
chosen such that
hog <20 <2

for some © < 1. Let §i11 > Ok be realized throughout the inexact Newton
iteration and control the inner iteration such that

3he + 6, (1+hY)

3(h ,6 == = ’
(hu, Or,) 1482
which assures that
(C]
5k < . (2.45)
Ji-e’
Then this implies the exact monotonicity
| Ak
<6
[ Az®||

and the inexact monotonicity

lo* ) _ [ 1+ o g
16z~ '

The iterates {z*} remain in S(z°, p) with p = ||62°]|/(1 — ©) and converge
at least linearly to x*.

IT. Quadratic convergence mode. For some p > 0, let the initial guess
x0 satisfy

2
ho < 2.46
o<, (2.46)
and control the inner iteration such that
5
P hy
o < , 2.47
"So14ng (247)

which requires that
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. 36
=6,

be chosen. Then the inexact Newton iterates remain in S(z°, p) with

1+
p= 16/ (1— ! Pho)

and converge quadratically to x* with

(2.48)

1
Jazst < 7 Pl acky?

and -
loak ) < = Pwllaat?.

Proof. First we show that

1

|Az* | < /||F'($k+1)71(F'(Jkartchk)fF’(xk))é:vkHdt+||F'(:z:k+1)’1rk||.
t=0

For the first term we just apply the Lipschitz condition in standard form. For

the second term we may use the same condition plus the triangle inequality
to obtain

|F" (@) Tk || = (| F (@) TR (a8) (02 = Aak) | < (14 hg)[[2* — At
With definition (2.44), this gives

| Azt 176 s
| e LY+ 6,1+ D). (2.49)

With h§ = hy/\/1 + 67 we then arrive at

1Az

shy +6,(1+hY)
| Azk || '

V1+ 62

In order to prove linear convergence, we might require ¥(hy, ) = O < 1,
which implies that d; monotonically increases as hy, monotonically decreases—
which would automatically lead to di+1 > 0k when hg1 < hi. However, since
strict equality cannot be realized within CGNE, we have to assume the two
separate inequalities ¥ < © and dky1 > Ik, as done in the theorem. Note that
a necessary condition for ¥(hk, d) < @ with some d; > 0 is that it holds at
least for d; = 0, which yields hg < 26, the assumption made in the theorem.

< O(hg, k) =

As for the contraction in terms of the inexact Newton corrections, we then
obtain
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k+1 2 k+1 2
R R i U R, N
loxk| =\ 1oz, lAck] S\ 146z,

k+1
Usual linear convergence results then imply that {z*} remains in S(2, p)
with p = [|62°]|/(1 — ©), if only S(z, p) C D, which we assumed by D to be
‘sufficiently large’. Asymptotically we thus assure that 9(0, dx) < ©, which is
equivalent to (2.45).

For the quadratic convergence case we require that the first term in 9(hy, o)
originating from the outer iteration exceeds the second term, which brings
us to (2.47). Note that now hg41 < hg implies dx+1 < 0 and hy — 0 also

0, — 0—a behavior that differs from the linear convergence case. Insertion
of (2.47) into ¥(hg, d) then directly leads to

JAZ ) T 4p e _14p,
|Azk)| = 2 1462~ 2 F

and to . s
P B 1t
||ox*|] 2 \/1+5’%+1 2

Upon applying the usual quadratic convergence results, we have to require
the sufficient condition

he .

1+p

14p
9 hgg 9 hog <1

and then, assuming that D is ‘sufficiently large’, obtain convergence within
the ball

520
S p). p= |u+”
p
@ m)
2
as stated above. Finally, upon inserting (2.46) into (2.47) and using hj < hy,
the result (2.48) is readily confirmed. O

Convergence analysis—GBIT. By a slight modification of Theorem 2.10,
the Newton-GBIT iteration can also be shown to converge.

Theorem 2.11 Let §, < ; in (2.44) and replace the Kantorovich quantities
hz in Theorem 2.10 by their upper bounds such that

hi
hS = .
k 1— 0

Then we obtain the results:
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I. Linear convergence mode. Let §; in each inner iteration be controlled
such that s s
oy, + Ok (1 + hiy)

I(hy, 0) = <6,
(i, 3) e s
which assures that
o < . 2.50
"Z1+e (2:50)
Then this implies the inexact monotonicity test
S k+1 1—-9§
loz™ | k (2.51)

[0 = 1 = bpsa
and the exact monotonicity test
A k+1
A g
| Az®]|

IT. Quadratic convergence mode. Let the inner iteration be controlled
according to (2.47) and

2(1 —6p)?
h . 2.52
0 < 1+ (2.52)
Then (2.48) needs to be replaced by
d0(3 — 2d0)
2.
1 - 26 (2:53)

The exact Newton corrections behave like
1+p
(1 — 6k)2

and the inexact Newton corrections like

A" < 5 w]| Azk||?

Iz < 5

k||2'
= 21— 0k

w||éx

Proof. The main difference to the previous theorem is that now we can only
apply the triangle inequality

| 1A®] — [l65* — Az* || < 62" < [l6* — A* | + | Az*] .
Assuming dj < 1 in definition (2.44), we obtain

1Az"|

|Az*]|
14 o ’

< |6k <|
<ot < 17

which motivates the majorant w||dz*| < h{ as stated in the theorem. Upon
revisiting the proof of Theorem 2.10, the result (2.49) is seen to still hold,
which is
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[Azk+L
15l

From this, we obtain the modified estimate for the exact Newton corrections

< IhY +0k(1+1hY). (2.54)

IAZHH - yhg 4 0e(1 4 hR) _ phu+ 0k(1 = 0 + i)

|Azk|| — 1-— 6y o (1—6;)2 = V(h, 0x) -

In a similar way, we obtain for the inexact Newton corrections

62+ _ ok 40k hR) 1=

= I(hi, 0k) .
[62% = 1= 1— 6yt (T, )

For the linear convergence mode, we adapt §; such that
I(hg,o0x) < 6.

Asymptotically we thus assure that ¢(0, ;) < ©, equivalent to (2.50).

For the quadratic convergence mode, we again require (2.47) (with h$ in the
present meaning, of course), i.e.

With this choice we arrive at

JAZ 1

h5:1 1+p
Ak < 21—, ‘

Ak
o aeladt]

for the exact Newton contraction, which requires (2.52) as a necessary con-
dition. Upon combining (2.47) and (2.52), we obtain

hg p(1 —do)

5y < 1 < )
0=2P L S 14 p+2(1— o)

Given p, this condition would lead to some uneasy quadratic root. Given dy,
we merely have the linear inequality
50(3 — 250)
1—-260
which is (2.53); it necessarily requires dp < 1/2 in agreement with the as-
sumption d < 1/2 of the theorem.

The corresponding bound for the inexact Newton corrections is

1o _y 1+4p

5 k
|62k — 2175]6“”” z"||

which completes the proof. O
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Convergence monitor. Assume that the quantity © < 1 in the linear
convergence mode or the quadratic convergence mode have been specified;
in view of (2.12), we may require that © < 1/2. The desirable convergence

criterion would be

_ Az

O = <6.

[Azk]ly
Since this criterion cannot be directly implemented, O needs to be substi-
tuted by a computationally available Oy =~ O.

For CGNE with dzf = 0, this leads to the inexact monotonicity test

= L4070, [[62h41,
O, = il <6, 2.55
F \/1+5,3 |6zk]s = (2.55)

where the quantities 0y, 0x41 are the computationally available estimates for
the otherwise unavailable quantities 0y, dx4+1 as given in (1.32).

For GBIT, the result (2.51) suggests the following inexact monotonicity test

5 _ 1= 0k [0z

O = <0O. (2.56)

1—dop oz =
As an alternative, we may also consider the weaker necessary condition
5 _ 1= 0upn [loz |
O, = b+ X
1+ 6% [[6a*|]
or the stronger sufficient condition

. 1 g 5k+1
o,<8, -t [EST CEcand|

<L <6 (2.57)

o < e 2.58
R PRI (2.58)

for use within the convergence monitor.

Preconditioning. In order to speed up the inner iteration, preconditioning
from the left or/and from the right may be used. This means solving

(CLF'(2%)CR) CR* (62% — Az¥) = O .
In such a case, we will define
_ IO (At — )|
= -1
|Cx ]|
Of course, in this case the preconditioned error norm is reduced by the inner
iteration, whereas Cp, only affects its rate of convergence. Consequently, any

adaptive strategy should then, in principle, be based upon the contraction
factors

Ok

o, _ 07" A1)
IC7" Aa¥|

and its corresponding scaled estimate ék /2 O as in (2.55) for CGNE or any
choice between (2.56), (2.57), and (2.58) for GBIT.
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Termination criterion. In the same spirit as above, we mimic the termi-
nation criterion (2.14) for the exact Newton iteration by requiring for CGNE
the substitute condition

\/1 + 62
. [6z"]2 < XTOL
1-67_,

and for GBIT the sufficient condition

1446
T 62t < XTOL,
1- 9%—1

each for the finally accepted iterate zF*1, where XTOL is a user prescribed
absolute error tolerance (to be replaced by some relative or some scaled error
criterion).

Estimation of Kantorovich quantities. In order to deal successfully with
the question of how to match inner and outer iterations, the above theory
obviously requires the theoretical quantities h? = w||dz*||—which, however,
are not directly available. In the spirit of the whole book we aim at replacing
these quantities by computational estimates [hi] Recalling Section 2.1.1, we
aim at estimating the a-priori estimates [hy] = 29,%_1 < hy, for k> 1.

For CGNE with initial correction dzf = 0, we replace the relative errors §;, by
their estimates 0 from Section 1.4.3 and thus arrive at the a-priori estimates

W =1+ 5, ) =200 <hi, k=12...,  (259)

where ©,_; from (2.55) is inserted.
For GBIT, we get the a-priori estimates

(A

15’ [he] =207, <h,, k=1,2,..., (2.60)

[ni] =

where O_; from (2.57) is inserted.

In both CGNE and GBIT, we may alternatively use the a-posteriori estimates
[Pr—1]1 = 2611

and insert them either into (2.59) or into (2.60), respectively, to obtain
[A2_,]1. From this, we may construct the a-priori estimates (for k > 1)

|

T

[ k] [ k—l]l ||(Sf1?k71||

Note that in CGNE this formula inherits the saturation property.

For k = 0, we cannot but choose any ‘sufficiently small’ dg—as stated in the
quadratic convergence mode to follow next.
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Standard convergence mode. In this mode the inner iteration is termi-
nated whenever -
0 <9 (2.61)

for some default value § < 1 to be chosen. In this case, asymptotic linear
convergence is obtained.

For CGNE, Theorem 2.10 requires

5/V1+382 <06,

which for © = 1 leads to the restriction § < v/3/3 ~ 0.577. For GBIT,
Theorem 2.11 requires

§/(1-6) <06,

which leads to § < 1/3. In any case, we recommend to choose § < 1/4 to
assure at least two binary digits.

Quadratic convergence mode. In CGNE, we set §y = i in (2.48) and
obtain p > 1—thus assuring at least the first binary digit. In GBIT, we also
set g = 1 and apply the inequality (2.53) thus arriving at p > Z.

As for the adaptive termination of the inner iteration, we want to satisfy
condition (2.47) for k > 1. Following our paradigm, we will replace the com-
putationally unavailable quantity hz therein by its computational estimate
[h], which yields, for both CGNE and GBIT, the substitute condition

(2]

o < lp. .
R

(2.62)
Whenever §;, < 6, the above monotone increasing right side as a function of
[h{] and the relation [h$] < h? imply that the theoretical condition (2.47) is
actually assured with (2.62). Based on the a-priori estimates (2.59) or (2.60),

respectively, we obtain a simple nonlinear scalar equation for an upper bound
of 5]@-

Note that d; — 0 is enforced when k — oo, which means: the closer the
iterates come to the solution point, the more work needs to be done in the
inner iteration to assure quadratic convergence of the outer iteration.

Linear convergence mode. Once the approximated contraction factor ék
is sufficiently below some prescribed threshold value © < 1/2, we may switch
to the linear convergence mode described in either of the above two conver-
gence theorems. As for the termination of the inner iteration, we recall the
theoretical condition

I(hg,0k) < 6.

Since the quantity 1 is unavailable, we will replace it by the computationally
available estimate
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[0 (A, 0k)] = F([hw], 6) < (i, Ok) -

As this mode occurs only for k£ > 0, we can just insert the a-priori estimates
(2.59) or (2.60), respectively. Since the above right hand side is a monotone
increasing function of hy and [hi] < hyg, this estimate may be ‘too small’
and therefore lead to some 0, which is ‘too large’. Fortunately, the differ-
ence between computational estimate and theoretical quantity can be ignored
asymptotically. In any case, we require the monotonicity (2.55) for CGNE or
(2.56), (2.57), or (2.58) for GBIT and run the inner iteration at each step k
until either the actual value of §;, obtained in the course of the inner iteration
satisfies the condition above or divergence occurs with @ > 26.

In CGNE, we observe that in this mode the closer the iterates come to the
solution point, the less work is necessary within the inner iteration to assure
linear convergence of the outer iteration. In GBIT, this process continues only
until the upper bound (2.50) for d; has been reached.

The here described error oriented local inexact Newton algorithms are self-
contained and similar in spirit, but not identical with the local parts of the
global inexact Newton codes GIANT-CGNE and GIANT-GBIT, which are worked
out in detail in Section 3.3.4 below.

BIBLIOGRAPHICAL NOTE. A first affine covariant convergence analysis of
a local inexact Newton method has been given by T.J. Ypma [203]. The
first affine covariant inexact Newton code has been GIANT, developed by
P. Deuflhard and U. Nowak [67, 160] in 1990. That code had also used a
former version of GBIT for the inner iteration.

2.2 Residual Based Algorithms

In most algorithmic realizations of Newton’s method iterative values of the
residual norms are used for a check of convergence. An associated convergence
analysis will start from affine contravariant Lipschitz conditions of the type
(1.8) and lead to results in terms of residual norms only, which are tacitly
assumed to be scaled. As explained in Section 1.2.2 above, such an analysis
will not touch upon the question of local uniqueness of the solution.

2.2.1 Ordinary Newton method

Recall the notation of the ordinary Newton method

F'(z")Axk = —F(2%), o =ab + Az, k=0,1,.... (2.63)
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Convergence analysis. Analyzing the iterative residuals leads to an affine
contravariant version of the well-known Newton-Mysovskikh theorem.

Theorem 2.12 Let F : D — R" be a differentiable mapping with D C R™
open and convex. Let F'(x) be invertible for all x € D. Assume that the
following affine contravariant Lipschitz condition holds:

[(F'(y) = F'(2)) (y — 2)|| < w[|[F'(2)(y - )||* for 2,y € D.

Define the open level set L, = {x € D| ||[F(z)|| < 2} and let L, C D be
bounded. For a given initial guess x° of an unknown solution x* let

ho :=w||F(2")|| <2, ie. 2 € L, . (2.64)

Then the ordinary Newton iterates {z*} defined by (2.63) remain in L, and

converge to some solution point z* € L, with F(z*) = 0. The iterative
residuals {F(x*)} converge to zero at an estimated rate

IF (D] < Swll B2 (2.65)

Proof. To show that 2**! € D we apply the integral form of the mean value
theorem and the above Lipschitz condition and obtain

A
IF(* + \AZh)| = ||F(@*) + [ F'(a* +tAk) Ak b
=0
A
= | f (F’(mk + tAzF) —F’(xk))Axk
t=0

+(1— N F(z") dt|

IN

j [(F'(a* + tAzk) — F'(a%)) Aak | dt
(1= NIF@)]

A
< w [ IF (@) Ak Pt dt + (1= V)| F(ab)]]

= (1t L FER) [FER)

for each X € [0,1] such that z* 4+ tAz* € L, for t € [0, A]. Now assume that
2?1 ¢ L. Then there exists a minimal X € ]0,1] with z¥ + XAz* € L,
and ||F(zF + MAz?)|| < (1 =X+ A?)||F(2%)|| < 2/w, which is a contradiction.
For A = 1 we get relation (2.65). In terms of the residual oriented so-called
Kantorovich quantities

hy := w||F ()| (2.66)
we may obtain the quadratic recursion

hiyr < 5h3 = (Shw)hi . (2.67)
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With assumption (2.64), ho < 2, we obtain h; < hg < 2 for k = 0 and, by
repeated induction over k, then

ht1 < hp <2, k=0,1,... = lim hp =0.
k—oo

This can be also written in terms of the residuals as

2

[F@* D[ < [|F ")) < = lim ||[F(z")] =0,

w k—oo

In terms of the iterates we have
{«*}yc L, CD.

Since £, is bounded, there exists an accumulation point z* of {z*} with

F(z*) =0, i.e. * is a solution point, but not necessarily unique in £,,. O

This theorem also holds for underdetermined nonlinear systems—compare
Exercise 4.10.

Convergence monitor. We now want to exploit Theorem 2.12 for actual
computation. For this purpose, we introduce the contraction factors

FE)
O = P

and write (2.67) in the equivalent form

hk+1 1
O = < Shg. 2.68
k by = o Nk ( )

For k = 0, assumption (2.64) assures residual monotonicity
Oy < 1. (269)

Whenever Oy > 1, the assumption (2.64) is certainly violated, which means
that the initial guess 2° is not ‘sufficiently close’ to the solution point x*
in the sense of the above theorem. Suppose now that the test @y < 1 has
been passed. For the construction of a quadratic convergence monitor we in-
troduce computationally available estimates [hy] for the unknown theoretical
quantities hy from (2.66). In view of (2.68) we may define the computational

a-posteriort estimate
[hi]1 = 20 < hy,

and, since hg11 = Oihy, also the a-priori estimate

[hi1] = Olhi]r = 207 < hyys -



2.2 Residual Based Algorithms 79

Upon roughly identifying [hxy1]1 = [hg+1], we arrive at the approximate
recursion (k =0,1,...):

Or1 O <6y < 1.
Violation of this recursion at least in the mild sense
Oky1 > O

or the stricter sense
Opy41 > 203

may be used to terminate the ordinary Newton iteration as ‘not convergent’.

Termination criterion. This affine contravariant theory agrees with a ter-
mination criterion of the form

|F(2)|| < FTOL, (2.70)

where FTOL is a user prescribed residual error tolerance.

Computational complexity. A short calculation shows that, for a given
starting point z°, the number ¢ of iterations such that & = 27! meets the
above termination requirement satisfies roughly

0
1 BETOL /() o)
log ©g
The proof is left as Exercise 2.1. In other words, with ‘sufficiently good’ initial
guesses z¥ of the solution z* at hand, the computational complexity of the
nonlinear problem is comparable to the one of the linearized problem. Such
problems are sometimes called mildly nonlinear.

2.2.2 Simplified Newton method
Recall the notation of the simplified Newton iteration
F/a®)Az" = —F(z), 2" =2 + A", k=0,1,.... (2.72)

Convergence analysis. Here we study convergence in terms of iterative
residuals obtaining an affine contravariant variant of the Newton-Kantorovich
theorem—without any uniqueness results, of course.

Theorem 2.13 Let F : D — R™ be C*(D) for D C R™ convex. Moreover,
let 2° € D denote a given starting point for the simplified Newton iteration

(2.72). Assume that the following affine contravariant Lipschitz condition
holds:
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[(F (@) = F'(2%))v]| < 0| F' (@) (& — )| - [|F' (=)ol (2.73)
forxz, 29 € D, v € R™ and 0 < w < 0o. Define the level set

n 1
Lo={z eRY|F(@)ll <, }

and let L, C D be bounded. Assume that z° € L., which is
ho == w|F(°)|| < 3. (2.74)

Then the iterates remain in L, and converge to a solution point x*. The
iterative residual norms converge to zero at an estimated rate

(PGl

< g+t 1—+/1—2h,
||F($k)|| = 2( kTt k+1) < \/ )

wherein the {ty} are defined by to =0 and

teer =ho+ 3tp, k=0,1,....
Proof. We apply the Lipschitz condition (2.73) to obtain
|F(@1)| = H (F'(a* +tAz") — F'(a0)) AxkdtH

w||F’( )Az" || - f |F'(a0) (2% — 20 + tAz")||dt

IN

and, by triangle inequality:
IF @] < W F@)(1F (%)@ = 2) + S F@EM)]) - (2.75)
We therefore introduce the majorants

W[ F"(2°)(a* — 2%)|| <ty
W[ F" (@) (25 — 2| = w|| F@@M)|] < b

with initial values tg = 0, hg < % Because of

|F@0) @ = O] < I/ (a0)(a* = )] + [ (0) = )]

and the above relation (2.75), we obtain the same two majorant equations as
in Section 2.1.2

toa1 =i+ hie, i = hi—1 (te—1 + yhi—1)

and from these a single equation of the form
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tropr — ti = (te — toe1) (to—1 + 3 (te — tr1)) = 5(t7 — th_y) -
Rearrangement of this equation permits the application of the Ortega trick
thi1 — sth =t — 33 = ho,

which once again may be interpreted as the simplified Newton iteration

thr1 —tp = —5,((7:;)) = g(tx)

for the scalar equation
g(t) =ho—t+ 3> =0.

As can be seen from the above Figure 2.1, here also we obtain g(tx4+1) < g(tx),
which is equivalent to hg41 < hg and therefore

1
F(zgFt? F(zM) < = .
P < IFEHI <

This assures that all simplified Newton iterates remain in £, C D. As for the
convergence to some (not necessarily unique) solution point z* € £, C D,
arguments similar to the ones used for Theorem 2.12 can be applied. As for
the convergence rate, we go back to (2.75) and derive

[F @) 1 1
<ty + 5h; = (tk+tk+1)<t*:17\/172h0,
[1E ()] 2 2
which completes the proof. O

Convergence monitor. In order to exploit this theorem for actual imple-
mentation, we define the residual contraction factors (k=0,1,...)

_ @R

O = < Ytp 4+ tpaq).
|F(ry) S 20t )

For k = 0, the local convergence domain is characterized by
G < 3ho <}, (2.76)

which is clearly more restrictive than the comparable condition @y < 1 for
the ordinary Newton method—compare (2.69).

2.2.3 Broyden’s ‘bad’ rank-1 updates

In this section, we deal with a quasi-Newton update already discussed by
C.G. Broyden in his seminal paper [40] and classified there, on the basis
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of his numerical experiments, as being ‘bad’. This method can actually be
derived in terms of affine contravariance. As stated before, only image space
quantities like the residuals Fy, := F(x*) are of interest in this frame. With
dFg+1 = Fi41 — Fk, we rewrite the secant condition (1.17) here as

Ey(J)0Fii1 = Fra (2.77)
in terms of the affine contravariant update change matrix
En(J):=1—J,J .

Any Jacobian rank-1 update satisfying

gt =g (g Bt R" 0
k+1 — Yk _UTéFk,‘+1 , U E 7’075

with v some vector in the image space of F will both satisfy the secant
condition and reflect affine contravariance. As an example, the so-called ‘bad’
Broyden method is characterized by setting v = §Fj1.

Convergence analysis. We start with an analysis of one quasi-Newton
step of this kind.

Theorem 2.14 Let

_ _ Fip10FL
L=J | 1- Rt 2.
Jk}+1 Jk ( ||6Fk+1||2 ( 78)

denote the affine contravariant ‘bad’ Broyden rank-1 update and assume resid-
ual contraction
_ [ Feqal]

O = <1.
([ |

Then:

1. The update matriz Jiy1 is a least change update in the sense that

1Ex(Je+)ll < [1ER( VJ € Sy
O

E < .

| Ex(Jrr1)| < 1- 6,

2. The update matrix Ji4+1 is nonsingular whenever Jy is nonsingular and
can be represented by

Fu10FT
Jep1 = <I il ’f“) T -

OFy 1 P
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3. With dxgq1 = ka_leH, the next quasi-Newton correction is
SFL  Fria
0Ty 1=—J_1Fk 1=11- k11 0L g1 -
+ k+1+ kE+ ||(5Fk+1||2 +

Proof. For the above rank-1 update we have

Fk-i—l(stT1
Ep(Jei1) = +
) = s
and therefore
1Bk (Jkt1)0Ftall _ 1 Fesrll _ 1ER(T)0Fksa |
| Bk (k1) = = = < [[Ex(I
" [0 1| ([0 1| [0 Fet1 |

for all J satisfying the secant condition (2.77). Further, for ©), < 1, we obtain

[Py Ok
E J = )
|| k( k+1)|| ||5Fk+1|| “1-6,

which confirms the above statement 1. Statements 2 and 3 are direct conse-
quences of the Sherman-Morrison formula.
O

The above Theorem 2.14 only deals with the situation within one iterative
step. The iteration as a whole is studied next.

Theorem 2.15 For F € CY(D), F: D C R* — R", D convexz, let z* denote
a unique solution point of F' with F'(x*) nonsingular. Assume that for some
w < oo the affine contravariant Lipschitz condition

I(F'(2) = F'(&")(y — 2)l| <w [F'(a")(z =) |[F'(2")(y —2)|  (2.79)

holds for x,y € D. Consider the quasi-Newton iteration as defined in Theo-
rem 2.14. For some © in the range 0 < © < 1 assume that:

1. in terms of the affine contravariant deterioration matrix
Ep:=1—F(2*)J !
the initial approzimate Jacobian satisfies
1o = [ Eoll < ©,
2. the initial guess 20 satisfies

O —ny

to :=w ||[F'(z*)(z° — 2*)|| < )
omelFE@ —es T
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Then the quasi-Newton iterates ¥ converge to x* in terms of errors as
IF" (@) (=" —2*)|| < © || F'(a*)(a* — )|
or, in terms of residuals as
[Fresrll < O [ Fill-

The convergence is superlinear with

I Fl
lim =0. (2.80)
koo || |

As for the Jacobian rank-1 updates, the ‘bounded deterioration property’ holds
in the form

to
Exl <ng + <O
together with the asymptotic property
- NERG gl _

lim
k—oo |6 Fjtr |

=0.
Proof. For ease of writing we characterize the Jacobian update approxima-

tion by
_ Bk Fppa|

Nk =
[0 Fo1]|

For the convergence analysis we introduce

s Mg = 1Bkl > -

fr o= F'(x) (2" — %) and t}, := w || fi]| -

I. To begin with, we analyze the behavior of the iterative residuals:

1
Frow = Fk+/F’(xk+55xk)5xk ds
s=0

(F' (2 4 sbxy,) — F'(x*))0xy, ds + (F'(z%) — Jp)dxy, .

Il
L— -

S

Applying the Lipschitz condition (2.79) yields
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[kl < I(F" (2" + s0wy) — F'(@"))dak|| ds + [|(F' (") ;" = D) Fy|

WIF' (@) (a* + soay — o) | | F'(@*)ay]| ds + | EL il

IN

IN
Do e I

w([F' (@)1 = s)(z" — 27|
HIF (%)@ — a*)||) | F' () dx|| ds + ny|| Fi

S

= otk + trs) [|F" (@)0m ]| + gl Pkl
Defining ¢ := 5 (t + trt1), we get

[ e Eell (B — D E]| 4[| Fe

<
< (T k) + 1) 13- (2.81)

As for the iterative errors fj, we may derive the relation

feri = o= F'@)J B = F'(a) (@ = 2%) = Fy + EpFy
1
/ (F'(z*) = F'(z* + s(z* — 2%))) (2" — 2*) ds + B, Fy,,

s=0

from which we obtain the estimate

1

el < /szIF'(m*)(x'“—m*)ll IF" (@) (z" —2*)|| ds + || Fx|
s=0

< AP el = Bl + 11l

By multiplication with w and proceeding as above, this can be further reduced
to yield

1+
teyr < 22+ (5t +te) = (nk + 2”%) tr . (2.82)

IT. Next, we study the approximation properties of the Jacobian updates.
Introducing the orthogonal projection

01 §Fy10F7, |
16 F 4112

onto the secant direction dFj1, the deterioration matrix may be written as

Ejp1 = ExQi + Exs1Qr (2.83)
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yielding, as in the ‘good’ Broyden proof,

| Eky10 Frqa ||

M1 = [ Brrrll < |1ExQi || + | Ersr Qull < | Exll + SF
16 et |

Using the secant condition (2.77), we get for the numerator of the second
right hand term:

Epi16Fepr = O0Fps1 — F'(2%)J, 1 6Fqr = 0Fpy1 — F'(2*)day,

= / (F'(zF 4 s6xp,) — F'(z*))dxy, .
s=0

This can be estimated as above as follows

[Ep10Fkial < Tl F'(z")0m]|
= || Ert10Fks1 — 0Fpqa |
< (| Exr10Fisall + 0 Fta )
in order to get B
t
1BiidFeall < | 75 16Fkil]- (2:84)

Inserting this estimate into (2.83) yields the quite rough estimate

< + t
M+1 = M 1— 1,

ITI. For the purpose of repeated induction assume that we have

k—1 i
N < Mo+ Zil:gito S
with
=19+ fo
(1—to)(1—-9)
and .
t, <O tg.

Then by (2.82) and by the subsequent technical Lemma 2.16 below

k+1
thrr < (n+ (L+n)to)tr < O, < 0" 't

and thus
k—1 7 k+1 k i
t SOty 0 20 @ to
< < i=0 1=0 <
77k+1—77k+1_t0—770+ 1— ¢ +1_t0 S ot 1—ty —
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By induction we have the ‘bounded deterioration property’

N <1

and the error contraction
tr+1 < g

for any k. Obviously, by (2.81) and the subsequent technical Lemma 2.16 we
also have contraction of the residuals:

[Fira|l < O Fi|

IV. In order to show superlinear convergence, we use the orthogonal splitting

provided by (2.83) in a more subtle manner. Since

<5Fk+1, EkTv>
16 Fy41]12

<Ek5Fk+1, 1)>

Ely=6F
Qk k k+1 ||6Fk+1||2

= 0Fq1

some short calculation supplies the equation

Q% B vl* + 1Qu By v

1B w1 = @k Eg vl* + |Qk By v

<Ek(5Fk+1,’U>2 <Ek+15Fk+1,’U>2
16 Fr ]2 16 Fr |2

1B 1ol

= |Bo)? -

Summing over the indices k, we arrive at

l l
(BpdFpyr,v)?  ||ETo)|?>  |EL v (Eri10F)y1,
Z | 50 F k1 _|[Eg vl I £ v +Z k10 Fp11,v)2
k=0

OFy 4112 ||v||2 ol [0l [0 Fkra[2][0]2

k=

Upon dropping the negative right hand term, letting I — oo, and using (2.84),
we end up with the estimate

l
(Ex0Fgq1,v) ( ) 2 to
<mns+ <ny+ .
k; 16 F41]2 ||v||2 o Z "1 —t2(1- 6

Since the right hand side is bounded, we immediately conclude that

hm <Ek'5Fk+17 >2

=0
ko0 [0 Fi1 [[2]0]12

for all v € R™. As a consequence, we must have
lim n, =0.
k—o0

In order to prove the superlinear convergence statement (2.80), we may collect
some estimates from above and proceed as
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| F'(2*) ] " Foga | | Ext10Fiqp1 — ErdFpqq||

< (A ) [Fkll + mill0Fkqa |
< (G4 m) + (1 + O Frll-
Finally, with
|l = 1F @) T Fopall < [ BeFrsa | < il P
F'(z*)J ' Fy
= ||Fk+1|| < || ( 1) k +1|| ’
— Nk
we get
tr(1+n;) + (1 +0)
[Feall < 1 1|l -
Mk
Since t; — 0 and n; — 0, superlinear convergence is easily verified. O

For ease of the above derivation, the following technical lemma has been
postponed.

Lemma 2.16 Assume 0 < O <1,0<1n9 <6 and

t< & o .
L+n+3(1-0)"1
Then, with + t we have
7 =

n+(l+n)t<o.

Proof. Under the given assumptions, a short calculation shows that ¢t < %
Therefore we can proceed as

e

Y

mo+(1+n+21-6)")t
7
= 770+1i9+(1+770+é(1*9)_1)t

t t
S m*uwu&*(“”“wltmeﬂt

n+(L+n)t.
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Algorithmic realization. From representation (2.78) we again have a prod-
uct form for the Jacobian update inverses. As a condition number monitor
for the possible occurrence of ill-conditioning of the recursive Jacobian rank-1
updates, Lemma 2.8 may once more be applied, here to:

Fk+15FkT+1

da(J] < do | I —
condelin) = con ( I6Fic?

) conda (Jg).
In the present context, we obtain for @) < 1/2:

conds(Jx+1) conda(Jy) .

1
<
1—26;
As a consequence, a restriction such as
1
Ok S 8maux < 2

with, say Omax = 1/4, will be necessary. With these preparations, we are now
ready to present the ‘bad Broyden’ algorithm QNRES (the acronym stands for
RESidual based Quasi-Newton algorithm).

Algorithm QNRES.

Fy := F(2°) evaluation and store
oo = || Fpl|? store

Jodxg = —F) linear system solve
Ki=1

For k:=0,1,..., knax:
oF = gk 4 5ok
Fyyq = F(2FH)
0Fiq1 := Frqp1 — Fy
O = || Frgr [
If 041 < FTOL?:
solution found: z* =z
O = \/O-k+1/0-k-
If O > Omax:

StOp! no convergence

k+1

w = 6F 1
T o= [lw]?
k:=r/(1—26y)
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If kK > Kmax:
stop: ill-conditioned update

v = (1= (w, Fi41) /) Fitr
Forj=k—1,...,0:

B = (0Fj1,v)/;
v=uv-—[BFj1

Jo(s.%‘k_;,_l = —v

stop: no convergence within k., iterations

The above algorithm merely requires to store the residuals Fy, ..., Fixy1, and
the differences 0Fy,...,0Fk11, which means an extra array storage of up
t0 2(kmax + 2) vectors of length n. Note that there is a probably machine-
dependent tradeoff between computation and storage: the vectors 6 F}41 can
be either stored or recomputed. Moreover, careful considerations about resid-
ual scaling in the inner product (-, ) are recommended.

2.2.4 Inexact Newton-RES method

Recall inexact Newton methods with inner and outer iteration formally writ-
ten as (dropping the inner iteration index i)

F'(2®)oak = —F(a®) + %, 2" =ab 628 k=0,1,.... (2.85)

In what follows, we will work out details for GMRES as inner iteration (see
Section 1.4.1). For ease of presentation, we fix the initial values

Sk =0 and 7k =F(2"),

which, during the inner iteration (¢ = 0,1,...), implies in the generic case
that {

(Eg

;= <1 and ny1 <mn;, ifn #0.
77z ||F(I’k)|| — 771+1 ’rll ’r]l #
In what follows, we will denote the final value obtained from the inner itera-
tion in each outer iteration step k by 7, again dropping the inner iteration
index 1.

Convergence analysis. For the inexact Newton-GMRES iteration, we may
state the following convergence theorem.

Theorem 2.17 Let F : D — R", F € C*(D), D C R" convex. Let 2° € D
denote a given starting point for an inexact Newton iteration (2.85). Assume
the affine contravariant Lipschitz condition
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[(F'(y) = F'(2)) (y = )| < wllF'(z)(y — )|
for0<w< oo, andz,y€D.
Let the level set Lo := {z € R"|||[F(z)|| < |F(z°)||} € D be compact. For

each well-defined iterate x* € D define hy := w|F(z*)||. Then the outer
residual norms can be bounded as

IF @] < (e + 5 (1= ni)h) [|F (")) (2.86)
The convergence rate can be estimated as follows:

I. Linear convergence mode. Assume that the initial guess x° gives rise
to
hg < 2.

Then some O in the range ho/2 < © < 1 can be chosen. Let the inner GMRES
iteration be controlled such that

m <O — yhy. (2.87)

Then the Newton-GMRES iterates {x*} converge at least linearly to some so-
lution point x* € Ly at an estimated rate

IF )] < O F (")

II. Quadratic convergence mode. If, for some p > 0, the initial guess z°

guarantees that
ho < 2/(1 + ,0)

and the inner iteration is controlled such that

Mk 1
< . ph 2.
1_77]% = 5PNk, ( 88)

then the convergence is quadratic at an estimated rate
[F (") < e+ p) (A —ni) [ F ()2 (2.89)

Proof. Proceeding as in earlier proofs, we obtain

1
IF@ED] = | J(F' (" +toa®) — F'(a%))oxdt + ¥
0

<

1
< f“(F’(mk + tozk) — F’(mk))&ck”dt + |I7%||
0
W[ F (@) — |2 + |Ir¥] .

By use of (1.20), this is seen to be just (2.86). Under the assumption (2.87)
with © < 1 and 7, < 1 from GMRES, we obtain
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IF ()] < O F ()]
and by repeated induction
{xk} cLyCD,

from which the convergence to z* € L is concluded. Quadratic convergence
as in (2.89) is shown by mere insertion of (2.88) into (2.86). O

Convergence monitor. Throughout the inexact Newton iteration we will
check for residual monotonicity

_ IFEMY

O = <O<1,k=0,1,...,
[ F'(z)]]

introducing certain default parameters © in accordance with the above The-
orem 2.17. We will regard an iteration as divergent, whenever @ > © holds.

Termination criterion. As in the exact Newton iteration, the finally ac-
cepted iterate & is required to satisfy

|1F(2)] < FTOL

with FTOL a user prescribed residual error tolerance.

Standard convergence mode. If i, < 77 < 1 is prescribed by the user,
then (2.86) implies that @, — 7 and asymptotic linear convergence occurs—
as already shown in the early pioneering paper [51].

Quadratic convergence mode. Assume that for £k = 0 some value 7y is
prescribed; from numerical experiments, we know that this value should be
sufficiently small-—compare, e.g., Table 8.3 in Section 8.2 below. For k > 0,
(2.89) suggests the a-posteriori estimate

20,
< hg
(L+p)(1 —np)
and, since hiy1 = Ophg, also the a-priori estimate:
[hit1] = Ok[hi]2 < hpqa
For k > 0, shifting the index k + 1 now back to k, we therefore require that

Nk
o, < splhi] < §phi, (2.90)
1-— i

[hk]g =

which can be assured in the course of the iterative computation of 6z* and
r*. For the parameter p some value p ~ 1 seems to be appropriate. Note that
asymptotically this choice leads to nx — plhi] — 0.
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Linear convergence mode. Once the local contraction factor @y, is suffi-
ciently below some prescribed value @, we may switch to the linear conver-
gence mode described in the above Theorem 2.17. Careful examination of the
proof shows that

w
1) =¥ < IF@ER) = 82 = 5 (1= n)hal|F(25)]]-

From this we may derive the a-posteriori estimate

_ 2P (M) =k

[hk]l = < hy

(=) F @)~

and, since hiy1 = Ophg, also the a-priori estimate
[hit1] = Ok[hi]1 < higa

As a preparation of the next Newton step, we define

M1 = O — 5 [het1]

in terms of the above a-priori estimate. If this value is smaller than the
value obtained from (2.90), then we continue the iteration in the quadratic
convergence mode. Else, we realize the linear convergence mode in Newton
step k + 1 with some

M1 < Miegq -
Asymptotically, this strategy leads to ng4+1 — O.

Preconditioning. In order to speed up the inner iteration, preconditioning
from the left or/and from the right may be used. This means solving

(CLF'(a")Cr) (Cgoc*) = Cu (~F(a*) 4 1)

instead of (2.85). In such a case, the norm of the preconditioned residuals 7* =
Crr* is minimized in GMRES, whereas Cr only affects the rate of convergence
via the Krylov subspace

Ki(Fo, A) with A = CLF'(2")Cr.
Consequently, the above strategy should be based on the contraction factors

ICLF (" )]l

@ p—
P loLE(aR)2

for the outer iteration. Note, however, that Cy should not depend on the
iterate z* in this theoretical setting.

If strict residual minimization is aimed at, then only right preconditioning
should be implemented (i.e., Cr = I).
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The here described local Newton-GMRES algorithm is part of the global New-
ton code GIANT-GMRES, which will be described in Section 3.2.3 below.

Remark 2.2 If GMRES were replaced by some other residual norm reducing
(but not minimizing) iterative linear solver, then a similar accuracy matching
strategy can be worked out (left as Exercise 2.9).

BIBLIOGRAPHICAL NOTE. The concept of local inexact Newton methods—
sometimes also called truncated Newton methods—seems to have first been
published in 1982 by R.S. Dembo, S.C. Eisenstat, and T. Steihaug [51]; they
presented an asymptotic analysis in terms of the residuals. In 1981, R.E. Bank
and D.J. Rose [19] worked out details of an inexact Newton algorithm on the
basis of residual control including certain algorithmic heuristics. In 1996,
S.C. Eisenstat and H.F. Walker [91] suggested a further strategy to choose
the ng, which they call ‘forcing terms’; their strategy is also based on conver-
gence analysis results, but different from the one presented here.

2.3 Convex Optimization

In this section we consider the problem of minimizing a strictly convex func-
tional f : D C R® — R!. Then F(z) = f’(z)” is a gradient mapping and
F'(z) = f"(x) is symmetric positive definite. We want to solve F'(z) =0, a
system of n nonlinear equations, by local Newton methods. The convergence
analysis will start from affine conjugate Lipschitz conditions of the type (1.9)
and lead to results in terms of iterative functional values and energy norms
of corrections or errors.

2.3.1 Ordinary Newton method

Recall the ordinary Newton method in the notation (k =0,1,...)
F'(a")Azk = —F(a%), 281 = 2F + Azk .

Convergence analysis. We analyze its convergence behavior in terms of
iterative values of the functional to be minimized and energy norms of the
Newton corrections. Thus we arrive at an affine conjugate variant of the
Newton-Mysovskikh theorem.

Theorem 2.18 Let f : D — R! be a strictly convexr C?-functional to be
minimized over some open and convex domain D C R™. Let F(x) = f'(x)T
and F'(x) = f"(x), which is symmetric and assumed to be strictly positive
definite. Assume that the following affine conjugate Lipschitz condition holds:
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[F/(z) 72 (F' (y) = F' () (y = 2) || < w0l F' (@) (y — 2)|I? (2.91)

for collinear z, y, z € D with 0 < w < oo. For the initial guess 20 assume

that
ho = wl||F'(z°)/2 Az°| < 2 (2.92)

and that the level set Lo := {x € D |f(z) < f(2°)} is compact. Then the
ordinary Newton iterates remain in Ly and converge to the minimum point
x* at a rate estimated by

”F/(karl)l/QAkarl” S §w||F'(xk)1/2Axk||2 (2'93)
or, with ey := ||[F' ()2 Az*||? and hy = w||F'(z*)/2 Az*||, by

—sheer < fah) = f@@FT) = la < fhier
(2.94)
bew < fEN) - f@MY) < Se

The distance to the minimum can be bounded as

5

0 * 660
(R CO RN

Proof. With the Lipschitz condition (2.91) for z = 2! ¢y = 2% + tAxF,
x = x*, the result (2.93), which is equivalent to hyy1 < h3 /2, is proven just
as before in Theorem 2.2. The fact that ¥t € Ly can be seen by applying
the same technique as in the proof of Theorem 2.12 above. To derive (2.94),
we verify that

1 1
F@rY) = f(@F) + L F/(@®) V2 A8 |2 = [ s [ (Ad® w)dtds,
s=0 t=0 (2.95)
where w = (F/(zF + stAz®) — F'(2%)) Az*
with (-, ) the Euclidean inner product. The integrand term is estimated as

(Aak | w)

IN

(7 (k)2 A | F (ah) =120 )
<[P Ak wst| Y (14) 2 Ak P

by the Cauchy-Schwarz inequality and (2.91) with 2 = z = 2%, y = 2F +
stAx®. With hy < 2 this is the left side of (2.94). Consequently, the iterates
converge to z*. Note that x* is anyway unique in D under the assumptions
made.

In order to obtain the right hand side of (2.94), we go up to (2.95), but this
time apply Cauchy-Schwarz in the other direction, which yields:

0< Fa®) — f@™) < (3 + bhe) [ F/ ()2 Ak < G
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Summing over all £ =0,1,... we get

(oo} oo
0 <w?(f(z%) = f() <D Gk + ghi) < § D_hi-
k=0 k=0
By using
2
shiev1 < (5hk)” < Jhr <1
the right hand upper bound can be further treated to obtain

(;h())2+(éh1)2+"’ < (;ho)2+(ého)4+(;h1)4+"‘

B TR
4 2 = 13
k=0 1= 5ho
so that
. ol
PP - @) < P
)

This is the last statement of the theorem. O

Convergence monitor. We now study the consequences of the above con-
vergence theorem for actual implementation. Let €, ©) be defined as

1/2
€
6 = /()2 A0t = (F), A e = (4

Then the basic convergence result is

O = h;:l <lnp<1
and
P — f(*) < ~ b
For k = 0, we must have
6Oy <1

to assure that x° is within the local convergence domain. For & > 0, in a

similar way as in the two cases before, we derive the approximate recursion
(k=0,1,...)
Ok-Jrl %9% <60 <1.

From this, we may terminate the iteration as ‘divergent’ whenever
k k
F@ ) = f(@*) = —gen
or, since this criterion is prone to suffer from rounding errors, either
Or>6y (k>0),

or
2

Opi1 > F.
k+1_90
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Termination criterion. We may terminate the iteration whenever either
e < ETOL?
or, recalling that asymptotically
Fah) = fa*) = = Jer,

whenever

f(z*) = f(z) < J ETOL?

with ETOL a user prescribed energy error tolerance.

2.3.2 Simplified Newton method

Recall the notation of the simplified Newton iteration
F’(xO)Axk = —F(2%), o =2k 4 A" , k=0,1,....

Convergence analysis. We now want to study its functional minimiza-
tion properties, when the Jacobian matrix is kept throughout the Newton
iteration.

Theorem 2.19 Let f : D — R! be a strictly convexr C?-functional to be
minimized over some conver domain D C R"™. Let F(z) = f'(z)T and
F'(x) = f"(x), which is then symmetric positive definite. Let z° € D be
some given starting point for a simplified Newton iteration. Assume that the
following affine conjugate Lipschitz condition holds:

1E" (2°) V2 (F" () = F'(2))o]| < wl|F"(2°)2 (2 = 2®)| - | F'(a%) /20|

for z € D. Let
ho = w|| F'(a°)/2 Az’ <

and define t* = 1 — \/1 — 2hg. Then, with ¢ := ||F’(x0)1/2Axk||2, the sim-
plified Newton iteration converges to some x* with

wlz* — 20| <t*.
The convergence rate can be estimated in terms of the functional by
*éek(tIH»l + th) < f(xk) - f(karl) - éek < éek(tIH»l + th) (296)

or in terms of energy norms of the simplified Newton corrections by

e 1/2
1
@k:< 6: ) < 2tk +te),

wherein {ty} is defined from to = 0 and
tesr = ho+ 35 <t*, k=0,1, ....
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Proof. The proof is similar to the previous proofs of Theorem 2.5 and The-
orem 2.13 and will therefore only be sketched here. With the definition for
€ and the majorants
W|[F' (@)Y (2% — 20| < ti, w|[F'(2°)1/% Ax®|| < By,
we obtain for the functional decrease
F@h) — f@*) + ye =

1 1
= [ s [ <Axk , (F’(mk + tsA:vk) - F’(xo)) Amk> dtds
0 t=0

S

1 1
<wep, [ s [ ((1 — ts)||F(z2)Y/2(z* — 20)|| +
s=0  t=0

+ ts|| F(20)Y/2 (2" — 20)|) dtds

S éek(tk+1 + th) .
This is the basis for (2.96). The energy norm contraction factor arises as
1/2
€k+1 1 Pyt
O, = < J(tp +1 =: .
= (M) b ="

With ¢y = 0, tx+1 = tr + hgx and the usual ‘Ortega trick’ the results above
are essentially established. O

Convergence monitor. For actual computation, we also have
1 1
90 S 2h0 S 4"

Note that for the simplified Newton iteration, the asymptotic property
f(@*) = f(z*) = Le, does not hold—compare (2.96). Mutatis mutandis, es-
sentially just replacing norms by energy norms in the contraction factors Oy,
the techniques already worked out in Section 2.1.2 carry over.

Termination criterion. This also can be directly copied from Section 2.1.2
with the proper replacement of norms by energy norms.

2.3.3 Inexact Newton-PCG method

We next study inezact Newton methods (dropping, as usual, the inner iter-
ation index ¢)

F'(z®) (02" — Axy) =7F | oF T =ab 1628 k=0,1,.... (2.97)

In the context of (strictly) convex optimization the Jacobian matrices can be
assumed to be symmetric positive definite, so that the outstanding candidate
for an inner iteration will be the preconditioned conjugate gradient (PCG).
Throughout this section we set dzf§ = 0.
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Convergence analysis. For the purpose of our analysis below, we recall
the following orthogonality condition, which is equivalent to condition (1.21)
independent of the selected preconditioner:

(6xF, F'(a*)(02F — Axy)) = (52" ,7%) = 0. (2.98)

As before, Az* denotes the associated exact Newton correction. After these
preparations, we are now ready to derive a Newton-Mysovskikh type theorem,
which meets our above affine conjugacy requirements.

Theorem 2.20 Let f : D — R be a strictly convexr C?-functional to be
minimized over some open and conver domain D C R™. Let F'(z) := f"(x)
be symmetric positive definite and let || - || denote the Euclidean vector norm.
In the above introduced notation assume the existence of some w < oo such
that the following affine conjugate Lipschitz condition holds for collinear x,
Yy, 2 € D:

1922 (F )~ P )o]) < ol @) 2y - ) )]

Consider an inexact Newton-PCG iteration (2.97) satisfying (2.98) and started
with 6xk = 0. At any well-defined iterate z*, define the exact Newton terms

e = | F'(2") 2 Ac*|? and hy == w||F'(a*)'/? Az
and, subject to inner iteration errors characterized by

IF" (a*)1/2 (02 — Aak)|

O =
* |F/ (k)1 250
the associated inexact Newton terms
5 o\t k125 k2 €k 5. 1o kN1/25 Kk hi
e = ||F'(x ox = and hy == w || F'(x ox®|| = .
e R e e B

For a given initial guess 2 € D assume that the level set Ly :=
{x € D| f(z) < f(2°)} is closed and bounded. Then the following results
hold:

I. Linear convergence mode. Assume that 2° satisfies
ho <20 <2 (2.99)

for some © < 1. Let 041 > O throughout the inexact Newton iteration.
Moreover, let the inner iteration be controlled such that

i+ O (hz - \/4 - (hi)?) <O (2.100)

9(he,8;) =
(P, Ok) 2/1+ 82 <
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which assures that
5 < (9/\/1 —e’. (2.101)

Then the iterates ¥ remain in Lo and converge at least linearly to the min-
mmum point x* € Lo such that

||F/($k+1)1/2Al‘k+1|| < fa) ||F/($k)1/2Aa'}k|| (2.102)

and
||F/(xk+1)1/25xk+1” < o) ||F'(xk)1/25xk|| )

II. Quadratic convergence mode. Let for some p > 0 the initial iterate

20 satisfy
2
hd < 2.103
<1t (2103)
and the inner iteration be controlled such that
h6
dk < Pk , (2.104)
B+ 4+ (1)
which requires that
8o p . (2.105)

<
1+ /1+ (14 p)>

Then the inexact Newton iterates x* remain in Lo and converge quadratically
to the minimum point x* € Ly such that

w
IF/ (@ ) 2 AR < (14 p) 1P ()2 Aa|? (2.106)

and

|F (@) 22 < (1 + P)z | F" (@*) 2] (2.107)
ITI. Functional descent. The convergence in terms of the functional can
be estimated by

—ghier < f(a") = f(@*T) = Je) < ghier. (2.108)

Proof. For the purpose of repeated induction, let £; denote the level set
defined in analogy to L. First, in order to show that z**! € L, we start
from the identity

fla® + 22" — f(2F) + (A — 32 €

A
:/5
s=0

A
/ (02F, (F' (2% + stéz®) — F'(z")) 62) dtds + (5%, rF).
2o

t
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The second right hand term vanishes due to (2.98). The energy product in
the first term can be bounded as

(6xF,...) < ||F'(z®) /262" | wst||F'(zF)1/262%||? = sthiel .

For the purpose of repeated induction, let hy < 2 and €, # 0, which then
implies that

Fla® +262%) < fa®) + (N3 4+ NP = X) € < f(a*) for X €]0,1].
Therefore, the assumption ¥ + §z* ¢ L) would lead to a contradiction for
some A €]0,1].

For A = 1, we get the left hand side of (2.108). Applying the Cauchy-Schwarz
inequality in the other direction also yields the right hand side.

In order to monitor the behavior of the Kantorovich type quantities hg, we
estimate the local energy norms as

||F/(xk‘+1)1/2Axk'+1 ”
1

P2 ([ (P o) - Pab)cti )|

t=0
< S| [B (@) 280K 2 4 B (k) 2k

<

With z = dzF — Az*, the second right hand term can be estimated implicitly
by

LEY (&) 72K 2 < (FY ()220 hg|FY ()22 | FY () 2k

which leads to the explicit bound
| F (zh 1) =12k | < : (hi + \/4+ (hi)2> | (z%)1/22]| .

Summarizing, we obtain the contraction factor bound

- ||F'(9L‘k+1)1/2A3;‘k+1||

. 5
O = ||F’(xk)1/2Axk|| < ﬁ(hk, 5k) . (2.109)

Herein linear convergence shows up via (2.100) and (2.102). The result (2.101)
is obtained with hjx = 0. Obviously, hr < 26 is necessary to obtain O, < @
for some @ < 1. As for the contraction of the inexact corrections, we apply
dk+1 > 0k and (1.26) to show that

||F/(xk+1)1/25xk+1” 1—&-5%
= O, <O,<6.
|7 ()20 | Loz, "o

Hence, we may complete the induction and conclude that the iterates x*

converge to x*.
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As for quadratic convergence, we impose condition (2.104) within (2.109) to
obtain

| (@) 2 Akt 1 ) s s
LF/ (@)1 /2 Agh| < 2/1 48 hy, + 0k (hy, + \/4 + (hg)?

y(1+p)hy

IN

which, for hi < hy < hg assures the convergence relations (2.106) under the
assumption (2.99). Upon inserting (2.103) into (2.104) we immediately verify
(2.105). For the inexact corrections, we have equivalently

||F($k+1)1/25xk+1|| 1
[F' (k) 26k~ 2\/1+5

< SA+phg <1,

2 (hz +Ok(h + 4+ (h2)2>

which then assures the convergence relations (2.107). This finally completes
the proof. 0

Convergence monitor. Assume now that we have a reasonable (and cheap)
estimate of the relative energy norm errors J available from the inner PCG
iteration. A new iterate z**! might be accepted whenever either

FaP ) = fah) < —lep = —L(1+62)ed.

or, as a slight generalization of the situation of Theorem 2.20, the inezact
monotonicity criterion

1/2
O, — [ &+ 12 _ (1+ 51%-5—1)624-1 <O, <1
T e (14 062)ed =k

holds. We will regard the outer iteration as divergent, if none of the above
criteria is met.

Termination criteria. We will terminate the iteration whenever
er = (1+67)ep <ETOL® or f(z") - f(2*) < JETOL®. (2.110)

Standard convergence mode. If we just impose the inner iteration termi-
nation criterion & < ¢ for some fixed default value §, we obtain asymptotic
linear convergence. If we set © = 3, then (2.101) induces § < V/3/3. As in the
other two cases, we recommend § = 1/4 to assure at least two binary digits.
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Quadratic convergence mode. Assume that [hg] < 2/(1+ p) for p = 1.
Let &g be given, say dp = 1/4 in agreement with (2.105). As for the adaptive
termination of the inner iteration within the inexact local Newton method,
we want to satisfy condition (2.104). Following our general paradigm, we will
replace the unavailable upper bound therein by the computationally available
condition in terms of computational estimates [hx] such that

5
5 < P [hk]

< . (2.111)
(1] + /4 + (B2
Since the above right hand side is a monotone increasing function of [hy], the
relation [hy] < hj implies that the theoretical condition (2.104) is actually as-
sured whenever (2.111) holds. Following our basic paradigm (compare Section
1.2), we apply (2.108) and define the computational a-posteriori estimates

s = L1 = 56+ 3ell, Dl =1+ 30

From this, shifting the index k + 1 back to k, we may define the a-priori
estimate
[hi] = Or—1[hk—1]2, (2.112)

which we insert into (2.111) to obtain a simple implicit scalar equation for
Ok -

Note that d; — 0 is forced when k& — oo. In words: the closer the iterates come
to the solution point, the more work needs to be done in the inner iteration
to assure quadratic convergence of the outer iteration.

Linear convergence mode. Once the local contraction factor @y, is suffi-
ciently below some prescribed value @, we may switch to the linear conver-
gence mode described by the above Theorem 2.20. As for the termination of
the inner iteration, we would like to assure condition (2.100), briefly recalled
as

JI(hd,01) < O.

Since the above quantity 1 is unavailable, we will replace it by the computa-
tionally available estimate

[9(R3., )] = O([1}], 0k) < O(,, bx) -

For k > 0, we may again insert the a-priori estimate (2.112) above. In any
case, we will run the inner iteration until the actual §; satisfies either con-
dition (2.100) for the linear convergence mode or condition (2.111) for the
quadratic convergence mode. Whenever @; > 1 occurs, then we switch to
some global variant of this local inexact Newton method—see Section 3.4.3.
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Note that asymptotically

6k—>@/\/l—@2 as  k— oo. (2.113)

In other words: the closer the iterates come to the solution point, the less
work is necessary within the inner iteration to assure linear convergence of
the outer iteration.

The here described local inexact Newton algorithm for convex optimization
is part of the global inexact Newton code GIANT-PCG worked out in detail in
Section 3.4.3 below.

BiBLIOGRAPHICAL NOTE. The presentation in this chapter is a finite di-
mensional restriction of the affine conjugate convergence theory and the cor-
responding algorithmic concepts given by P. Deuflhard and M. Weiser [84]
for nonlinear elliptic PDEs. Our here developed inexact Newton-PCG algo-
rithm may be regarded as a competitor to nonlinear CG methods—both to
the variant [93] due to R. Fletcher and C.M. Reeves and to the one due to
E. Polak and R. Ribiere [169, Section 2.3]. For the application of nonlinear
CG to discrete partial differential equations see, e.g., the lecture notes [102] by
R. Glowinski; from this perspective, our Newton-PCG method may be viewed
as a nonlinear CG variant with Jacobian savings in a firm theoretical frame.

Exercises

Exercise 2.1 Derive the computational complexity bounds (2.71) in terms
of number of iterations from Theorem 2.12.

Exercise 2.2 Let M(z) denote a perturbed Jacobian matrix of the form
M (z%) = F'(2*) + 6 M (2*). Derive a convergence theorem for a Newton-like
method based on Theorem 2.10.

Exercise 2.3 As an illustration of the not affine covariant classical Newton-
Mysovskikh theorem take X = Y = R? and define

L r1 — X2
F(z):= < (1 — 8)as ) .
Verify that here hp = apBryr < 2. The simple affine transformation
F—G:= ( 1 1 )F
0
2

induces the associated quantities aa, Bg, Yo, hg- Once more, give best possi-
ble bounds and verify that now hg > 2! Finally, prove that the affine invariant
characterization from Theorem 2.2 yields hg = aw < 2. Interpretation?
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Hint: One obtains hrp = 0.762, hg = 2.159, hg = 0.127.

Exercise 2.4 Theorem of H.B. Keller. Let F': D — R"™ be a continuously
differentiable mapping with D C R™ convex. Suppose that F'(z) is invertible
for each x € D and satisfies the affine invariant Holder continuity

[F/ ()7 (F'(y) = F'(@))[| < wlly — I,
where 0 < v < 1.

a) Prove a variant of the affine covariant Newton-Mysovskikh theorem
(Theorem 2.2).

b) Prove a variant of the affine covariant Newton-Kantorovich theorem
(Theorem 2.1).

Exercise 2.5 Theorem of L.B. Rall (improved by W.C. Rheinboldt). Let
F: D CR" — R™ D open convex. Assume that there exists a unique
solution z* € D and that F'(z*) is invertible. Let

| (@)1 (F'(y) = F'(@)) || < w.lly ] for @, ye D
denote a special affine covariant Lipschitz condition. Let
S(*p)i={r e X||lz -z <p}CD.

By introduction of the majorants

Wa ka f:v*| <t

prove that for any starting point 2° € S(z*, p) with p := , the ordinary

3wy
Newton iteration remains in S and converges to z*. Give a convergence rate

estimate.

Exercise 2.6 For convex optimization there are three popular symmetric
Jacobian rank-2 updates

e Broyden-Fletcher-Goldfarb-Shanno (BFGS):

FF (Fit1 — Fi) (Fip — Fi)"

Josr = Jy —
kol k daf Jrdxy (Fy1 — Fy)Tomy,

e Davidon-Fletcher-Powell (DFP):
Fios1(Firr — Fi)" + (Fir — Fi)Filyy
(Frt1 — Fi)T oy
FkTH(Sxk

a - _ T
((FkH_Fk)T(;xk)Q(FkH F)(Fry1 — F)T,

Jr1 = T+



106 2 Systems of Equations: Local Newton Methods

e Powell’s symmetric Broyden (PSB):

Fr10xT + 6xp FL FL  6x
Jogr = J TR D TR R Sebal
dxi oy, (0zf 0z, )?
a) Show that all updates satisfy the classical secant condition.

b) Which of these updates are defined in an affine conjugate way? For not
affine conjugate updates: design an appropriate scaling so that at least
scaling invariance is achieved.

¢) Which of these updates can be interpreted as a least change secant up-
date? Derive the associated error concept.

Exercise 2.7 Rank-2 update formulas for convex optimization. We consider
several update formulas for convex optimization. Common basis for all these
updates is the classical secant condition

Jéxy, = F(zF + 6xp) — F(x) = Frp1 — Fr = 6Fjy1 .

a) Show that u and v in the general symmetric positive definite update

formula

J =T —w") J (I —vu™)
cannot be specified such that both the secant condition is satisfied and
the update is of full rank 2.

b) Verify that this can be achieved by the comparable representation, the
DFP update:

6F]€+1(5$£ Jk I_ 51’]@5F]€T+1 5Fk+15FkT+1
) (

Jaq =T = .
bt ( (6FL, by, SFL 6x1) | (OFF, 6x)

¢) Verify that this can be also achieved by the inverse representation, the
BFGS update:

e SxpdFy 17— 6 Fjq10af N Sxdzi
k1 (5FE+15$k) k (5FE+15$k) 5Fg+15$k '

Exercise 2.8 Recall the notation for quasi-Newton methods as given in
Section 2.1.4. With the majorant definitions

[ Az ]|

<O <l Az < e
o L Aa < e,

I e - Bl < s

[T P () — F')]]] < we llu—ull,
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verify the following set of recursions:

Skr1 = [0k + Ok +wrer] / (1—6),
O,

Ck+1 1_ @k €k,
W

Wk 1-6;’

Okl = Okl + sWht1€k+1-

Under the additional assumption of ‘bounded deterioration’ in the form
o0 <9

derive a Kantorovich-type local convergence theorem. Why is such a theorem
unsatisfactory?

Exercise 2.9 Consider a residual based inexact Newton method, where the
inner iteration is done by some residual norm reducing, but not minimizing,
iterative solver—Ilike the ‘bad’ Broyden algorithm BB for linear systems as
described in [74]. Then the contraction results (2.86), which hold for the
residual minimizer GMRES, must be replaced.

a) Show the alternative contraction result

Ok <+ 5(1+ )Ry

b) For the Kantorovich quantities hy, find cheap and reliable a-posteriori
and a-priori computational estimates [hy] < hy.

¢) Design accuracy matching strategies (standard, linear, and quadratic con-
vergence mode) similar to those worked out for GMRES in Section 2.2.4.

Exercise 2.10 Consider two Newton sequences {z*}, {y*} starting at dif-
ferent initial guesses x°,y° and continuing as

R = gF p Agk R = gk Ay

where Az*, Ay* are the corresponding ordinary Newton corrections. Upon
using the affine covariant Lipschitz condition

1" (w) ™! (F' (v) = F'(w)) ull < wljo — w]|[u]
verify the nonlinear perturbation result
2+ — " < w (Glla® = y* [+ 1AZk]]) [l2* — o) -

Is the result invariant under x < y?



	2 Systems of Equations: Local Newton Methods
	2.1 Error Oriented Algorithms
	2.1.1 Ordinary Newton method
	2.1.2 Simplified Newton method
	2.1.3 Newton-like methods
	2.1.4 Broyden’s ‘good’ rank-1 updates
	2.1.5 Inexact Newton-ERR methods

	2.2 Residual Based Algorithms
	2.2.1 Ordinary Newton method
	2.2.2 Simplified Newton method
	2.2.3 Broyden’s ‘bad’ rank-1 updates
	2.2.4 Inexact Newton-RES method

	2.3 Convex Optimization
	2.3.1 Ordinary Newton method
	2.3.2 Simplified Newton method
	2.3.3 Inexact Newton-PCG method

	Exercises


