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Abstract. Self-indexes can represent a text in asymptotically optimal
space under the k-th order entropy model, give access to text substrings,
and support indexed pattern searches. Their time complexities are not
optimal, however: they always depend on the alphabet size. In this pa-
per we achieve, for the first time, full alphabet-independence in the time
complexities of self-indexes, while retaining space optimality. We obtain
also some relevant byproducts on compressed suffix trees.

1 Introduction

Text indexes, like the suffix tree [1] and the suffix array [18], can count the
occurrences of a pattern P [1, m] in a text T [1, n] over alphabet [1, σ] in time
tcount = O(m) or even tcount = O(m/ lgσ n) (suffix trees), or tcount = O(m + lg n)
(suffix arrays). Afterwards, they can locate the position of any such occurrence
in T in time tlocate = O(1). As the text is available, one can extract any substring
T [i, i+ �− 1] in optimal time textract = O(�/ lgσ n). Yet, their O(n lg n)-bit space
complexity renders these structures unapplicable for large text collections.

Compressed text self-indexes [21] represent a text T [1, n] over alphabet [1, σ]
within compressed space and allow not only extracting any substring of T , but
also counting and locating the occurrences of patterns.

A popular model to measure text compressibility is the k-th order empirical
entropy [19], Hk(T ). This is a lower bound to the bits per symbol emitted by any
statistical compressor that models T considering the context of k symbols that
precede (or follow) the symbol to encode. It holds 0 ≤ Hk(T ) ≤ Hk−1(T ) ≤ lg σ.

Starting with the FM-index [9] and the Compressed Suffix Array [16,23], self-
indexes have evolved up to a point where they have reached asymptotically
optimal space within the k-th order entropy model, that is, nHk(T ) + o(n lg σ)
bits [24,14,10,21,11,3,2]. While remarkable in terms of space, self-indexes have
not retained the time complexities of the classical suffix trees and arrays.
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C. Demetrescu and M.M. Halldórsson (Eds.): ESA 2011, LNCS 6942, pp. 748–759, 2011.
� Springer-Verlag Berlin Heidelberg 2011



Alphabet-Independent Compressed Text Indexing 749

Table 1 lists the current space-optimal self-indexes. All follow a model where
a sampling step s is chosen (which costs O((n lg n)/s) bits, so at least we have
s = ω(lgσ n) for asymptotic space optimality), and then locating an occurrence
costs s multiplied by some factor that depends on the alphabet size σ. The
time for extracting is linear in s + �, and is also multiplied by the same factor.
There are some recent results [2] where the concept of asymptotic optimality is
carried out one step further, achieving o(nHk(T ))+o(n) ⊆ o(n lg σ) extra space.
The only structure achieving locating and extracting times independent of σ is
Sadakane’s [24], yet its counting time is the worst. Note that a recent FM-index
[11] achieves O(m) counting, O(s) locating, and O(s + �) extraction time when
the alphabet is polylogarithmic in the text size, σ = O(polylog(n)).

Only the structures of Grossi et al. [14] escape from this general scheme, how-
ever they need to use more than the optimal space in order to achieve alphabet
independent times. By using (2 + ε)nHk(T ) + o(n lg σ) bits, for any ε > 0, they
achieve the optimal O(m/ lgσ n) counting time, albeit with an additive poly-
logarithmic penalty of p(n) = O(lg(3+ε)/(1+ε)

σ n lg2 σ). They can also achieve
sublogarithmic locating time, O(lg1/(1+ε) n). Finally the extraction time is also
optimal plus the polylogarithmic penalty, O(�/ lgσ n + p(n)).

Table 1. Current and our new complexities for self-indexes, for the case lg σ =
ω(lg lg n). The space results (in bits) hold for any k ≤ α lgσ(n) − 1 and constant
0 < α < 1, and any sampling parameter s. The counting time is for a pattern
of length m and the extracting time for � consecutive symbols of T . The space for
Sadakane’s structure [24] refers to a more recent analysis [21]; see also the clarifica-
tions in www.dcc.uchile.cl/gnavarro/fixes/acmcs06.html.

Source Space (+O((n lg n)/s)) Counting Locating Extracting

[14] nHk + o(n lg σ) O(m lg σ + lg4 n) O(s lg σ) O((s + �) lg σ)
[24] nHk + o(n lg σ) O(m lg n) O(s) O(s + �)

[11] nHk + o(n lg σ) O(m lg σ
lg lg n

) O(s lg σ
lg lg n

) O((s + �) lg σ
lg lg n

)

[3] nHk + o(n lg σ) O(m lg lg σ) O(s lg lg σ) O((s + �) lg lg σ)

[2] nHk + o(nHk) + o(n) O(m lg σ
lg lg n

) O(s lg σ
lg lg n

) O((s + �) lg σ
lg lg n

)

[2] nHk + o(nHk) + o(n) O(m lg lg σ) O(s lg lg σ) O((s + �) lg lg σ)

Ours nHk + o(nHk) + O(n) O(m) O(s) O(s + �)

Our main result in this paper is the last row of Table 1. We achieve for the first
time full alphabet independence for all alphabet sizes, at the price of converting
an o(n)-bit redundancy into O(n). This is an important step towards leveraging
the time penalties incurred by asymptotically optimal space indexes.

We apply various techniques to achieve our result. The general strategy is
to find an alternative to the use of rank operation on sequences, on which all
FM-based indexes build, and for which no constant-time solution is known. We
combine FM-indexes with concepts of Compressed Suffix Arrays, monotone min-
imum perfect hash functions, and compressed suffix trees. As a byproduct we
enhance Sadakane’s compressed suffix tree [25], which uses O(n) bits on top
of an underlying self-index, with a data structure using O(n lg lg σ) bits that



750 D. Belazzougui and G. Navarro

speeds up the important child operation; the only one that still depended on the
alphabet size and now is also freed from that dependence.

Sections 2 and 3 give the necessary background on self-indexes and monotone
minimal perfect hash functions (mmphfs). The latter section finishes with a
simple illustration of the power of mmphfs to achieve alphabet independence
on locating and extracting time on FM-indexes. This is not in the main path
to achieve alphabet independence on counting as well, however, so in Section 4
we reimplement locating and extracting using constant-time select operations.
Section 5 shows how to use mmphfs to improve the child operation on suffix
trees, and this is used in Section 6 to reduce the search time on suffix trees.
These results are of general interest, but are not used in Section 7, where we
use (compressed) suffix trees in a different way to finally achieve linear counting
time (in combination with the results of Section 4).

2 Compressed Self-indexes

An important subproblem that arises in self-indexing is that of representing a
sequence S[1, n] over an alphabet [1, σ], supporting the following operations:

– access(S, i) = S[i], in time taccess.
– rankc(S, i) is the number of times symbol c appears in S[1, i], in time trank.
– selectc(S, i) is the position in S of the ith occurrence of c, in time tselect.

For the particular case of bitmaps, constant-time operations can be achieved
using n + o(n) bits [20], or lg

(
n
m

)
+ O(lg lg m) + o(n) = nH0(S) + O(m) + o(n)

bits, where m is the number of 1s (or 0s) in S [22]. General sequences can
also be represented within asympotically zero-order entropy space nH0(S) =∑

c∈[1,σ] nc lg n
nc

, where nc is the number of times c occurs in S. Among the many
compressed sequence representations [13,11,3,2,15], we emphasize two results for
this paper. The first corresponds to Thm. 1, variant (i), of Barbay et al.’s recent
result [2]. The second is obtained by using the same theorem, yet replacing
Golynski et al.’s representation [13] for the sequences of similar frequency, by
another recent result of Grossi et al. [15] (the scheme compresses itself to Hk(S)+
o(|S| lg σ) bits, but with more restrictions; when combining with Barbay et al.
we only need that it takes |S| lg σ + o(|S| lg σ) bits).

Lemma 1 ([2,15]). A sequence S[1, n] over alphabet [1, σ] can be represented
within nH0(S)+o(n(H0(S)+1))+O(σ lg n) bits of space, so that the operations
are supported in times either (1) taccess = trank = O(lg lg σ) and tselect = O(1), or
(2) tselect = trank = O(lg lg σ) and taccess = O(1).

The FM-index [10] is a compressed self-index built on such sequence representa-
tions. In its modern form [11], the index computes the Burrows-Wheeler trans-
form [6] of a text T [1, n], T bwt[1, n], then cuts it into O(σk) partitions, and
represents each partition as a sequence supporting rank and access operations.
From their analysis [11] it follows that if each such sequence S is represented
within |S|H0(S)+o(|S|H0(S))+o(|S|)+O(σ lg n) bits of space, then the overall
space of the index is nHk(T )+o(nHk(T ))+o(n)+O(σk+1 lg n). The latter term
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is usually removed by assuming k ≤ α lgσ(n)−1 and constant 0 < α < 1. This is
precisely the space Barbay et al. [2] achieve, and the best space reported so far
for compressed text indexes under the k-th order entropy model (see Table 1).

A fundamental operation of the FM-index is the so-called LF-mapping LF (i) =
C[c] + rankc(T bwt, i), where c = T bwt[i]. Here C is a small array storing in C[c]
the number of occurrences in T of symbols < c. The LF-mapping is used with
various purposes. The BWT T bwt is actually aligned with the suffix array [18]
A[1, n] of T [1, n], so that T bwt[i] = T [A[i] − 1]. The suffix array points to all
the suffixes of T in lexicographic order, and thus the occurrences of any pattern
P [1, m] in T appear in a range of A[sp, ep]. The meaning of the LF-mapping is
that, if A[i] = j, then A[LF (i)] = j − 1, that is, it lets us move virtually back-
wards in T , while using suffix array positions. The FM-index marks the partitions
of the BWT in a sparse bitmap P that is represented within O(σk lg n) + o(n)
bits and offers constant-time rank and select [22]. Therefore the time to com-
pute the LF-mapping is tLF = O(taccess + trank), where taccess and trank refer to the
times in the representation of the partitions.

The time to compute LF impacts all the times of the FM-index. By using a
sampling step s, which yields extra space O((n lg n)/s) bits, any cell A[i] can be
computed in time O(s·tLF), and any substring of T of length � can be extracted in
time O((s+�) ·tLF). As no known solution offers trank = O(1), we will circumvent
the dependence on trank in order to achieve tLF = O(1).

The remaining operation offered by the FM-index is counting, that is, deter-
mining the area A[sp, ep] where pattern P occurs, so that its occurrences can be
counted as ep−sp+1 and each occurrence position can be located using A[i], for
sp ≤ i ≤ ep. Counting is done via the so-called backward search, which processes
the pattern in reverse order. Let A[sp, ep] be the interval for P [i + 1, m], then
the interval for P [i, m] is A[sp′, ep′], where sp′ = C[c] + rankc(T bwt, sp − 1) + 1
and ep′ = C[c]+rankc(T bwt, ep), where c = P [i]. This requires computing O(m)
times operation rank, yet this rank operation is of a more general type than for
LF (i.e., it does not hold T bwt[i] = c for rankc(T bwt, i)), and therefore achieving
linear time for it will require a more elaborate technique.

The other family of self-indexes are Compressed Suffix Arrays (CSAs)
[16,24,14]. Here the main component is function Ψ(i) = A−1[A[i] + 1], which
is the inverse of function LF . The array Ψ is represented directly within com-
pressed space and giving constant access time to any value. A sparse bitmap
D[1, n] is stored, so that we mark positions i = 1 and the positions i such that
T [A[i]] �= T [A[i−1]]. In addition, the distinct symbols of T are stored in a string
Q[1, σ], in lexicographic order. By storing D in compressed form [22], D and Q
occupy O(σ lg n) + o(n) bits and we have constant time rank and select on D.
Then we have T [A[i]] = Q[rank1(D, i)]. Moreover, T [A[i] + k] = T [A[Ψk(i)]],
which gives any string T [A[i], A[i] + � − 1] in time O(�).

This enables a simple binary-search-based suffix array searching for P [1, m]
in time O(m lg n). By using the same sampling mechanism mentioned for the
FM-index, and considering that this time Ψ virtually moves forwards instead of
backwards in T , we achieve O(s) locating time and O(s + �) extracting time.
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For completeness we describe the sampling for the CSA. For locating, sample
T regularly every s positions by setting up a bitmap V [1, n] where V [j] = 1
iff A[j] mod s = 0 plus an array SA[rank1(V, j)] = A[j]/s for those j where
V [j] = 1. To compute A[i], compute successively j = Ψk(j) for k = 0, 1, . . . , s−1
until V [j] = 1; then A[i] = SA[rank1(V, j)] · s + k. For extracting simply store
ST [j] = A−1[1 + s · j] for j = 0, 1, . . . , n/s, then to extract T [i, i + � − 1],
compute j = �(i − 1)/s� and extract the longer substring T [j · s + 1, i + � − 1].
Since the extraction starts from A[ST [j]] we obtain the first character as c =
T [A[ST [j]]] = rank1(D, ST [j]), and we use Ψ to find the positions in A pointing
to the consecutive characters to extract.

3 Monotone Minimal Perfect Hash Functions

A monotone minimal perfect hash function (mmphf) [4,5] f : [1, u] → [1, n], for
n ≤ u, assigns consecutive values 1, 2, . . . , n to domain values u1 < u2 < . . . <
un, and arbitrary values to the rest. Seen another way, it maps the elements of
a set {u1, u2, . . . , un} ⊆ [1, u] into consecutive values in [1, n]. Yet a third view
is a bitmap B[1, u] with n bits set; then f(i) = rank1(B, i) where B[i] = 1 and
f(i) is arbitrary where B[i] = 0.

A mmphf on B does not give sufficient information to reconstruct B, and thus
it can be stored within less than lg

(
u
n

)
bits, more precisely O(n lg lg u

n + n) bits.
This allows using it to speed up operations while adding an extra space that is
asymptotically negligible.

As a simple application of mmphfs, we show how to compute the LF-mapping
on a sequence S[1, n] within time O(taccess), by using additional O(n(lg H0 + 1))
bits of space. For each character c appearing in the sequence we build a mmphf fc

which records all the positions at which the character c appears in the sequence.
This hash function occupies O(nc(lg lg n

nc
+ 1)) bits, where nc is the number of

occurrences of c in S. Summing up over all characters we get additional space
usage O(n(lg H0 + 1)) bits by using the log-sum inequality1.

The LF-mapping can now be easily computed in time O(taccess) as LF (i) =
C[c] + fc(i), where c = T bwt[i], since we know that fc is well-defined at c.
Therefore the time of the LF function becomes O(1) if we have constant access
time to the BWT. Consider now partitioning the BWT as in the FM-index [11].
Our extra space is O(|S|(lg H0(S)+1)) within each partition S of the BWT. By
the log-sum inequality again2 we get total space O(n(lg Hk(T ) + 1)). We obtain
the following result.

Lemma 2. By adding O(n(lg Hk(T ) + 1)) bits to an FM-index built on text
T [1, n] over alphabet [1, σ], one can compute the LF-mapping in time tLF =
O(taccess), where taccess is the time needed to access any element in T bwt.

1 Given n pairs of numbers ai, bi > 0, it holds
∑

ai lg ai
bi

≥ (
∑

ai) lg
∑

ai∑
bi

. Use ai =

nc/n and bi = −ai lg ai to obtain the claim.
2 This time using ai = |Si| and bi = |Si| lg H0(Si).
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We choose the sequence representation (2) of Lemma 1, so that taccess = O(1).
Thus we achieve constant-time LF-mapping (Lemma 2) and, consequently, locate
time O(s) and extract time O(s + �), at the cost of O((n lg n)/s) extra bits.

The sequence representation for each partition S takes |S|H0(S)+o(|S|H0(S))
+ o(|S|) + O(σ lg n) bits. Added over all the partitions [11], this gives the main
space term nHk(T ) + o(nHk(T )) + o(n) + O(σk+1 lg n), as explained. On top of
this, Lemma 2 requires O(n(lg Hk(T ) + 1)) bits. This is o(nHk(T )) + O(n) if
Hk(T ) = ω(1), and O(n) otherwise.

Theorem 1. Given a text T [1, n] over alphabet [1, σ], one can build an FM-index
occupying nHk(T )+o(nHk(T ))+O(n+(n lg n)/s+σk+1 lg n) bits of space for any
k ≥ 0 and s > 0, such that counting is supported in time tcount = O(m lg lg σ),
locating is supported in time tlocate = O(s) and extraction of a substring of T of
length � in time textract = O(s + �).

In order to improve counting time to O(m), however, we will need a much more
sophisticated approach that cannot be combined with this first simple result.
This is what the rest of the paper is about.

4 Fast Locating and Extracting Using Select

Our strategies for achieving O(m) counting time make use of constant-time select
operation on the sequences, and therefore will be incompatible with Thm. 1.
In this section we develop a new technique that achieves linear locating and
extracting time using constant-time select operations.

Consider the O(σk) partitions of T bwt. This time we represent each partition
using variant (1) of Lemma 1, so the total space is nHk(T )+o(nHk(T ))+o(n)+
O(σk+1 lg n) bits. Unlike the case of access, the use of bitmap P to mark the
beginnings of the partitions and the support for local select in the partitions is
not sufficient to achieve global select on T bwt.

Following Golynski et al.’s idea [13] we set up σ bitmaps Bc, c ∈ [1, σ], of
total length n + o(n), as Bc = 01n(c,1)01n(c,2) . . . 01n(c,�n/b�), where n(c, i) is
the number of occurrences of symbol c in partition Si. So there are overall
n 1s and O(σk+1) 0s across all the Bc bitmaps, and thus all of them can be
represented in compressed form [22] using O(σk+1 lg n) bits, answering rank and
select queries in constant time. Now q = rank0(select1(Bc, j)) = select1(Bc, j)−
j tells us the block number where the jth occurrence of c lies in T bwt, and it is
the rth occurrence within Sq, where r = select1(Bc, j)− select0(Bc, q). Thus we
can implement in constant time operation selectc(T bwt, j) = select1(P, q) − 1 +
selectc(Sq, r), since the local select operation in Sq takes constant time.

It is known [17] that the Ψ function can be simulated on top of T bwt as
Ψ(i) = selectc(T bwt, j), where c = T [A[i]] and i is the j-th suffix in A starting
with c. Therefore we can use bitmap D and string Q so as to compute in constant
time r = rank1(D, i), c = Q[r], and j = i − select1(D, r) + 1.

With this representation we have a constant-time simulation of Ψ using an
FM-index, and hence we can locate in time tlocate = O(s) and extract a substring
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of length � of T in time textract = O(s + �) using O((n lg n)/s) extra space, as
explained in Section 2. This representation is compatible with the linear-time
counting data structures that are presented next.

5 Improving Child Operation in Suffix Trees

We now give a result that has independent interest. One of the most important
and frequently used operations in compressed suffix trees (CSTs) is also usually
the slowest: operation child (v, c) gives the node that descends from node v by
symbol c, if it exists. For example, if tSA is the time to compute a cell of the
underlying suffix array or of its inverse permutation,3 then operation child costs
time O(tSA lg σ) in Sadakane’s CST [25].

We improve the operation as follows. Given any node of degree d whose d
children are labeled with characters c1, c2, . . . , cd, we store all of them in a mmphf
fv occupying O(d lg lg σ) bits. As the sum of the degrees of all of the nodes in
the suffix tree is at most 2n − 1, the total space usage is O(n lg lg σ) bits.

To answer child(v, c) we compute fv(c) = i and verify that the ith child
of v, u, descends by symbol c. If so, then u = child(v, c), else v has no child
labeled c.

Lemma 3. Given a suffix tree we can build an additional data structure that
occupies O(n lg lg σ) bits, so as to support operation child (v, c) in the time re-
quired by computing the ith child of v, u, for any given i, plus the time to extract
the first letter of edge (v, u).

Sadakane’s CST represents the tree topology using balanced parentheses. If we
use Sadakane and Navarro’s parentheses representation [26], then the ith child
of node v is computed in constant time, as well as all the other operations
used in Sadakane’s CST. Moreovoer, computing the first letter of the edge (v, u)
takes time O(tSA). Therefore, we reduce the time for operation child(v, c) from
O(tSA lg σ) to O(tSA) at the price of O(n lg lg σ) extra bits. Sadakane’s CST space
is |CSA|+O(n) bits, where |CSA| is the size of the underlying self-index. While
this new variant raises the space to |CSA| + O(n lg lg σ), it turns out that, for
σ = ω(1), the new extra space is within the usual o(n lg σ) bits of redundancy
of most underlying CSAs (though not all of them [2]).

We note that Sadakane [25] also shows how to achieve time complexity O(tSA)
for child , but at the much heavier expense of using O(n lg σ) extra space.

6 Improving Counting Time in Compressed Suffix Trees

Using the encoding of the child operation as described in the previous section
we can find the suffix array interval A[sp, ep] corresponding to a pattern P [1, m]
in time O(m · tSA). We show now how to enhance the suffix tree structure with

3 In compressed text indexes it usually holds tSA = tlocate. This holds in particular with
the sampling scheme described in Section 2.
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O(n lg tSA) extra bits of space so that this operation requires just O(m) time in
addition to that for extracting m symbols from T given its pointer from A.

We use a blind search strategy [8]. We first traverse the trie considering only
the characters at branching nodes (moreover we can make mistakes, as seen
soon). This returns an interval A[sp, ep] whose correctness is then checked at
the end. We store, in addition to the tree topology and to the data structure of
Section 5, the number of skipped characters at each node whenever this number
is smaller than tSA − 1. If it is larger than that, then we store a special marker.
Then, given a pattern P , we traverse the suffix tree top-down and each time
we have a branching node and we are at character c in the pattern, we use
the result of Section 5 to find the child labeled by c (yet we do not spend
time in verifying it) and continue the traversal from that child. For skipping
the characters during the top-down traversal, we notice that whenever the skip
count of a node is below tSA, we can get it from the node, otherwise we get
it in O(tSA) time using Sadakane’s CST [25], as the string depth of the node
minus that of its parent, depth(v)− depth(parent(v)). Note that because we are
skipping at least tSA characters, the total time to traverse the trie is O(m) (this
is true even if m < tSA since we know in constant time whether the next skip
surpasses the remaining pattern). Finally, after we have finished the traversal,
we need to check whether the obtained result was right or not. For that we need
to extract the first m characters of any of the suffixes below the node arrived
at, and compare them with P . If they match, we return the computed range,
otherwise P does not occur in T .

Lemma 4. Given a text T [1, n] we can add a data structure occupying O(n lg tSA)
bits on top of its CST, so that the suffix array range corresponding to a pattern
P [1, m] can be determined within O(m) time plus the time to extract a substring
of length m from T whose position in the suffix array is known.

This gives us a first alphabet-independent FM-index. We can choose any s =
O(polylog(n)), so that lg tSA = O(lg lg n) ⊂ o(lg σ) whenever lg σ = ω(lg lg n)
(recall that the other case is already solved [11]).

Theorem 2. Given a text T [1, n] over alphabet [1, σ], one can build an FM-
index occupying nHk(T ) + o(n lg σ) + O((n lg n)/s + σk+1 lg n) bits of space for
any k ≥ 0 and 0 < s = O(polylog(n)), such that counting is supported in time
tcount = O(m), locating is supported in time tlocate = O(s) and extraction of a
substring of T of length � in time textract = O(s + �).
An unsatisfactory aspect of this theorem is that we have increased the redun-
dancy from o(nHk(T ))+O(n) to o(n lg σ). In the next section we present a more
sophisticated approach that recovers the original redundancy.

7 Backward Search in O(m) Time

We can achieve O(m) time and compressed redundancy by using the suffix tree to
do backward search instead of descending in the tree. As explained in Section 2,
backward search requires carrying out O(m) rank operations. We will manage
to simulate the backward search with operations select instead of rank. We will
make use of mmphfs to aid in this simulation.
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Weiner links. The backward step on the suffix array range for X = P [i + 1, m]
leads to the suffix array range for cX = P [i, m]. When cX corresponds to an
explicit (i.e., branching) suffix tree node (and hence that of X is explicit too),
this operation corresponds to taking a Weiner link [27] on character c = P [i]
from the suffix tree node corresponding to X = P [i + 1, m]. Weiner links are
in some sense the inverses of suffix links, which lead from the suffix tree node
u representing string cX to the node v representing string X , slink(u) = v; the
Weiner link by c at node v is u, wlink (v, c) = u. If cX is not explicit but descends
by string aW from its parent u′, then X descends by aW from a node v′ such
that wlink (v′, c) = u′, and v′ is the closest ancestor of v with wlink (·, c) defined.

We use the CST of T [25], so that each node is identified by its preorder value
in the parentheses sequence. We use mmphfs to represent the Weiner links. For
each symbol c ∈ [1, σ] we create a mmphf wc and traverse the subtree Tc rooted
at child(root, c). As we traverse the nodes of Tc in preorder, the suffix links lead
us to suffix tree nodes also in preorder (as the strings remain lexicographically
sorted after removing their first c). By storing all those suffix link preorders in
function wc, we have that wc(v) gives in constant time wlink (v, c) if it exists, and
an arbitrary value otherwise. More precisely wc gives preorder numbers within
Tc; it is very easy to convert it to global preorder numbers.

Assume now we are in a suffix tree node v corresponding to suffix array interval
A[sp, ep] and pattern suffix X = P [i+1, m]. We wish to determine if the Weiner
link wlink (v, c) exists for c = P [i]. We can compute wc(v) = u, so that if the
Weiner link exists, then it leads to node u.

We can determine whether u is the correct Weiner link as follows. First, and
assuming the preorder of u is within the bounds corresponding to Tc, we use
the CST to obtain the range A[sp′, ep′] corresponding to u [25]. Now we want
to determine if the backward step with P [i] from A[sp, ep] leads us to A[sp′, ep′]
or not. Lemma 5 shows how this can be done using four select operations.

Lemma 5. Let A[sp, ep] be the suffix array interval for string X, then A[sp′, ep′]
is the suffix array interval for string cX iff

selectc(T bwt, i − 1) < sp ∧ selectc(T bwt, i) ≥ sp, and
selectc(T bwt, j) ≤ ep ∧ selectc(T bwt, j + 1) > ep,

where i = sp′−C[c], j = ep′−C[c], C[c] is the number of occurrences of symbols
< c in the text T , and T bwt is the BWT of T .

Proof. Note that the range of A for the suffixes that start with symbol c begins
at A[C[c]+1]. Then A[sp′] is the ith suffix starting with c, and A[ep′] is the jth.
The classical backward search formula (Section 2) for sp′ is given next; then we
transform it using rank/select inequalities. The formula for ep′ is similar.

sp′ = C[c] + rankc(T bwt, sp − 1) + 1 ⇔ i − 1 = rankc(T bwt, sp − 1)
⇔ selectc(T bwt, i − 1) ≤ sp − 1 ∧ selectc(T bwt, i) ≥ sp. 
�
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Thus we have shown how, given a CST node v, compute wlink (v, c) or determine
it does not exists in time O(tselect).4 Now we describe a backward search process
on the suffix tree instead of on the suffix array ranges.

The traversal. We start at the tree root with the empty suffix P [m + 1, m]. In
general, being at tree node v corresponding to suffix X = P [i + 1, m], we look
for u = wlink(v, c) for symbol c = P [i]. If it exists, then we have found node u
corresponding to pattern suffix cX = P [i, m] and we are done for that iteration.

If there is no Weiner link from v, it might be that cX is not a substring of T and
the search should terminate. However, as explained, it might also be that there
is no explicit suffix tree node for cX , but it falls between node u′ representing
a prefix Y of cX (cX = Y aW ) and node u = child (u′, a) representing string Z,
of which cX is a prefix.

Our goal is to find node u, which corresponds to the same suffix array interval
of cX . For this sake we consider the parent of v, its parent, and so on, until
finding the nearest ancestor v′ such that u′ = wlink (v′, c) exists. If we reach the
root without finding a Weiner link, then c is not in T , and neither is P . Once
we have found u′ we compute u = child(u′, a) and we finish.

However, computing child would be too slow for our purposes. Instead, we
precompute it using a new mmphf w′

c, as follows. For each node u = child (u′, a)
in Tc, store v = child (slink(u′), a) in w′

c; note each v in Tc is stored exactly once.
The preorders of v follow the same order of u, and thus if we call u′ = wlink (v′, c)
(or v′ = slink(u′)), we have the desired child in w′

c(child (v′, a)) = u.
Now, if wlink (v, c) does not exist, we traverse v and its successive ancestors v′

looking for w′
c(v

′). This will eventually reach node u, so we verify correctness of
the mmphf values by comparing (using Lemma 5) the resulting interval directly
with the suffix array interval of v. Note this test also establishes that cX is a
prefix of Z. Only the suffix tree root cannot be dealt with w′

c, but we can easily
precompute the σ nodes child(root, c).

Actually only function w′
c is sufficient. Assume wlink(v, c) = u exists. Then

consider u′, the parent of u. There will also be a Weiner link from an ancestor
v′ of v to u′. This ancestor will have a child v′′ that points to w′

c(v′′) = u, and
either v′′ = v or v′′ is an ancestor of v. So we do not check for wlink (v, c) but
directly v and its ancestors using w′

c.

Time and space. The total number of steps amortizes to O(m): Each time we
go to the parent the depth of our node in the suffix tree decreases. Each time we
move by a Weiner link, the depth increases at most by 1, since for any branching
node in the path to u′ = wlink (v′, c) there is a branching node in the path to v′.
Since we compute m Weiner links, the total number of operations is O(m). All
the operations in the CST tree topology take constant time, and therefore the
time tselect dominates. Hence the overall time is O(m · tselect).

As for the space, the subtree Tc contains nc leaves and at most 2nc nodes;
therefore mmphf w′

c stores at most 2nc values in the range [1, 2n]. Therefore it

4 Actually we could by chance get the right range A[sp′, ep′] from an incorrect node,
but this would just speed up the algorithm by finding u ahead of time.
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requires space O(nc(lg lg n
nc

+ 1)) bits, which added over all c ∈ [1, σ] gives a
total of O(n(lg H0(T ) + 1)), as in Section 3.

In order to reduce this space we partition the mmphfs according to the O(σk)
partitions of the BWT. Consider all the possible context strings Ci of length k,5

their suffix tree node vi, and their corresponding suffix array interval A[spi, epi].
The corresponding BWT partition is thus Si = T bwt[spi, epi], of length ni =
|Si| = epi − spi + 1. We split each function w′

c into O(σk) subfunctions wi
c,

each of which will only store the suffix tree preorders that correspond to nodes
descending from vi. There are at most 2ni consecutive preorder values below
node vi, thus the universe of the mmphf wi

c is of size O(ni). Moreover, the links
stored at wi

c depart from the subtree that descends from string c C[i], whose
number of leaves is the number of occurrences of c in Si, n(c, i). Thus the total
space of all the mmphfs is

∑
c,i O(n(c, i)(lg lg ni

n(c,i) + 1)) = O(n(lg Hk(T ) + 1))
by the log-sum inequality (recall Section 3), as nHk(T ) =

∑
c,i n(c, i) lg ni

n(c,i) .
Note there are O(σk) nodes with context shorter than k. A simple solution is

to make a “partition” for each such node, increasing the space by O(σk lg n). It
is easy, along our backward search, to know the context Ci we are in, and thus
know which mmphf to query.

By combining the results of Section 4, using a sequence representation with
tselect = O(1), with our backward counting algorithm, we have the final result.

Theorem 3. Given a text T [1, n] over alphabet [1, σ], one can build an FM-index
occupying nHk(T ) + o(nHk(T )) + O(n + (n lg n)/s + σk+1 lg n) bits of space for
any k ≥ 0 and s > 0, such that counting is supported in time tcount = O(m),
locating is supported in time tlocate = O(s) and extraction of a substring of T of
length � in time textract = O(s + �).

8 Final Remarks

We have achieved alphabet independence on compressed self-indexes. This refers
not only to time complexities: Even the space usage is independent of σ. The
exception is the extra term O(σk+1 lg n), but it rather limits k and it is essentially
unavoidable under the k-th order empirical entropy model [12].

It is open whether we can reduce the O(n) term to o(n), as in the best current
space result [2]. More ambitious is to achieve optimal times within optimal space,
as already (partially) achieved when using cnHk(T ) bits for c > 2 [14].
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