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Abstract

Characterizing the spatial structure of variables in the regional sciences is
important for several reasons. Firstly, the spatial structure may itself be of
interest. The structure of a population variable tells us something about how
the population is configured spatially. For example, is the population clustered
by some properties, but not others? Secondly, mapping variables from sparse
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sample observations or transferring values between areal units requires knowl-
edge of how the property of interest varies spatially. Thirdly, we require
knowledge of spatial variation in order to design sampling strategies which
make the most of the effort, time, and money expended in sampling.
Geostatistics comprises a set of principles and tools which can be applied to
characterize or model spatial variation and use that model to optimize the
mapping, simulation, and sampling of spatial properties. This chapter provides
an introduction to some key ideas in geostatistics, with a particular focus on the
kinds of applications which may be of interest for regional scientists.

74.1 Introduction

Geostatistics provides a body of techniques which can be used to characterize
spatial variation, interpolate and simulate spatial variables, and design optimal
spatial sampling strategies (Journel and Huijbregts 1978; Goovaerts 1997; Haining
et al. 2010). To date, most applications of geostatistics have been in the physical
sciences. However, there is an increasing diversity of research in the social sciences
which makes use of geostatistical methods. This chapter reviews some of the key
principles underlying geostatistics and considers the contributions these approaches
may make in a regional science context.

Underlying classical geostatistics is the random function (RF) model (Journel
and Huijbregts 1978; Chilés and Delfiner 1999). A RF is a set of random variables
(RVs) which vary as a function of location x. A RV is a stochastic process, a simple
discrete example of which is the rolling of a die with the outcome being a value
between one and six. Each outcome of this process is termed a realization. In most
practical applications of geostatistics, variables are continuous. As an example, in
a geostatistical framework, population density z at location x is considered a RV,
and the set of RVs at locations z(x;) i = 1,. . ., nis a RF, or more precisely, since 7 is
finite, a random vector. Observations of population densities are termed regional-
ized variables (ReVs), and they are treated as stochastic realizations of an under-
lying RF.

In geostatistics, it is common to fit a stationary RF model (Journel and
Huijbregts 1978; Chileés and Delfiner 1999). First, a spatially stationary (i.e.,
constant) mean parameter is usually defined. However, various alternatives are
common in which the mean is allowed to vary across space (Goovaerts 1997)
including those RF models that include a spatially varying “trend” (e.g., a two-
dimensional polynomial or some spatially varying function of covariates; Hudson
and Wackernagel 1994). A second parameter (more strictly a model comprising
several parameters) that is usually defined is the stationary spatial covariance
function (which implies second-order stationarity; see Journel and Huijbregts
1978) or variogram (defined further below, which implies intrinsic stationarity),
either of which can be used to represent the “character” of spatial variation. Since
the variogram function is more widely applicable than the spatial covariance
function, we will refer to it here and in the remainder of the text. The mean and
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variogram are, thus, the parameters that define the RF, and, thus, it is these
parameters that need to be estimated to provide a useful model for geostatistical
inference (e.g., prediction of the value of the property of interest at some
unobserved location).

One might be wondering what utility the variogram brings and why stationarity
is required as a modeling decision. We offer the following lay person explanation.
In geostatistics, the central modeling decision is that the character of spatial
variation can be treated as “stationary” (i.e., independent of location). This decision
to fit a RF model that is parameterized by a stationary function representing the
character of spatial variation is crucial to geostatistical inference. It means that it is
possible to (i) lump together the observed spatial variation from different pairs of
locations separated by specific distances, and possibly directions (this is essentially
what the variogram does); (ii) use that information to infer the character of spatial
variation at new pairs of locations; and (iii) crucially, given an observation
representing one of a new pair of locations, predict at the other unobserved location
based on the imputed character of spatial variation and, thus, how related we expect
the two locations to be.

We now show (i) how the RF model can be estimated through calculation of the
empirical or experimental variogram and the fitting of mathematical models with
parameters and (ii) how the parameterized RF model can be used for spatial
prediction through a technique known as Kriging and in other geostatistical
operations.

74.2 Characterizing Spatial Variation

Most geostatistical analyses proceed with a summary of the properties of the data,
and this is generally regarded as good practice. As in any statistical analysis,
summary statistics and the histogram may suggest that the data should be
transformed in some way (e.g., taking a logarithm so that the transformed distri-
bution is approximately normal).

The spatial structure of a variable can be characterized with several structure
functions, most commonly the variogram (outlined below).

74.2.1 The Experimental Variogram

The variogram cloud relates (half the) the squared differences (i.e., the
semivariances) between paired data values to the distance (and possibly direction)
by which they are separated, and it, thus, provides a summary of how different
observations are as a function of distance.

The variogram (or, more properly, semivariogram) collapses the information
contained in the variogram cloud; the semivariances within distance bands are
averaged, and so, for example, there is an average semivariance for data pairs
separated by 0—10 m, 10-20 m, and so on. The plot of average semivariance against
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distance band indicates how spatially dependent the variable is. In practice, many
properties tend to become more dissimilar as the separation distance increases.

The experimental variogram, 7(h), is estimated from p(h) paired observations,
72(X,), z(X, + h), a = 1, 2,.. ., p(h) with:

1 p(h)

5(h) = 20(0) 2 {z(x,) — z(x, + h)}* (74.1)

||
—

Semivariances can be computed within particular directional tolerances. For
example, only data pairs which are aligned approximately north—south could be
included in Eq. (74.1). In this way, it is possible to assess how spatial variation
differs as a function of direction.

Where the variable of interest is a rate calculated from a numerator and
a population-based denominator (e.g., as for disease rate), the standard experimen-
tal variogram can be modified easily to account for spatially varying underlying
populations. That is, greater weight can be given to zones with large populations,
and thus, it is possible to account for spatially varying uncertainties in rates (see
Goovaerts 2005; Goovaerts et al. 2005).

74.2.2 Variogram Model Fitting

The variogram may be used as a means in itself to analyze the spatial structure of
a variable (e.g., Berberoglu et al. 2000; Lloyd et al. 2004). More commonly, it is the
first stage in Kriging-based spatial interpolation, as described below. A model can
be fitted to the variogram, for example, by weighted least squares (Cressie 1985;
McBratney and Webster 1986). Then the coefficients of the fitted model can be used
as an input to the Kriging process. In principle, the variogram model provides
information on how much weight is given to observations as a function of their
distance from prediction locations. This use of information on spatial structure
makes Kriging distinct from other commonly applied methods of interpolation such
as inverse distance weighting, whereby weights are a simple function of distance
and no account is taken of the specific spatial structure of the data being analyzed.
The most commonly used models are taken from a set of “permissible” or “autho-
rized” models.

Some of the most commonly used authorized models are detailed below. The
nugget effect model, which indicates measurement error and microscale variation
(variation at a distance smaller than the sample spacing), is given by:

Oforh=0
V() = {co for [h] > 0 (74.2)

Three of the most frequently used bounded models are the spherical model, the
exponential model, and the Gaussian model, and these are each defined below. Each
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Fig. 74.1 Bounded
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of these models is “bounded” in that each has a maximum value of semivariance
defined by a “sill” parameter. The exponential model is given by:

=i ewn(-1)] .

where c¢ is the sill of the exponential model and d is the non-linear distance
parameter. The exponential model reaches the sill asymptotically, and the practical
range is 3d (i.e., the separation at which approximately 95 % of the sill is reached).

The spherical model is a very widely used variogram model, and its form
corresponds well with what is often observed in real-world studies, with an almost
linear growth in semivariance to a particular separation and then stabilization
(Armstrong 1998). It is given by:

3
c[l.Sﬁ—O.S(ﬁ> 1 ith<a
y(h) = a a (74.4)

c if h >a

where a is the non-linear parameter, known as the range.
The Gaussian model is given by:

W) = ¢ [1 ~exp (- f;)} (74.5)

As for the exponential model, the Gaussian model does not reach a sill at a finite
distance, but rather approaches a defined sill asymptotically. The practical range is a X
/3 (Journel and Huijbregts 1978). Variograms with parabolic behavior at the origin,
as represented by the Gaussian model here, are indicative of very regular spatial
variation (Journel and Huijbregts 1978). Authorized models can be used in positive
linear combination where a single model is insufficient to represent well the form of
the variogram (Webster and McBratney 1989). Figure 74.1 depicts a variogram model
comprising the combination of a nugget effect and a spherical component. In practice,
the combination of the nugget effect and one or more permissible models is common.
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Where the experimental variogram does not reach a maximum, it may be
desirable to fit a trend model to the data and model the residuals with a bounded
model. In some circumstances, it may be desirable to select an unbounded
variogram model. The most widely used unbounded model is the power model:

y(h) = mh® (74.6)

where w is a power 0 < w < 2 with a positive slope, m (Deutsch and Journel 1998);
the linear model is a special case of the power model.

74.2.3 Example

The variogram characterizes the spatial structure in a variable. Where the variable
represents some characteristic of a population, the variogram captures information
on the dominant spatial scales of variation in that population property. Figure 74.3
shows variograms estimated from log-ratio transformed data on the percentage of
Catholics in Northern Ireland in 1971, 1991, and 2001 for 1-km-square cells. The
data are from the Census of Population, and the log ratios are computed with

1/ V2 x In(Catholics by religion (%)/mon-Catholics by religion (%)). The percent-
ages were computed with n; 4+ 1 and n, + 1, where n; is the number of Catholics
and n, is the number of non-Catholics for each 1-km cell; this avoids logging zeros
and reflects uncertainties in small counts. The data and transformation rationale are
described in Lloyd (2010). Briefly, where the variables used sum to a constant (e.g.,
percentages sum to 100), use of raw values may be problematic, and Aitchison
(1986) suggests that use of log ratios is a suitable approach; most applications of
such approaches are with respect to analysis of compositions with multiple parts.
The present analysis is based on only one variable (religion or community back-
ground) with only two groups (Catholic or non-Catholic), which can, thus, be
expressed as a single ratio. However, Filzmoser et al. (2009) show that univariate
statistical methods should not be applied directly to (raw) compositional data.
Furthermore, Pawlowsky and Burger (1992) argue that structural analysis should
not be conducted using raw proportions or percentages as the constant-sum con-
straint may lead to a distorted picture of the spatial covariance structure and
possibly erroneous interpretations.

The variograms in Fig. 74.2 were fitted with a nugget effect and two spherical
components. This combination of models reflects nested spatial structures. That is,
the variogram models exhibit two breaks corresponding to distances of approxi-
mately 5 and 30 km, and these spatial scales are represented by the two model
ranges. The ranges and the nugget effects are similar for each of the 3 census years,
while the total sill, which represents the magnitude of variation, for 1971 is much
smaller than the sills for 1991 and 2001. These results suggest that the major scales
of variation did not change between 1971 and 2001 — the areas which were
dominated by Catholics or Protestants were broadly similar. What did change
was the magnitude of differences between places. In support of previous studies



74 Geostatistical Models and Spatial Interpolation 1467

Semivariance

i 1971 +
0.5+ 1991 x
2001 x
0 T T T T T T T
0 5000 10000 15000 20000 25000 30000 35000

Lag (m)

Fig. 74.2 Variogram of religion log ratios for 1971, 1991, and 2001 in Northern Ireland
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Fig. 74.3 Variogram of deaths/1,000 persons for SOAs with fitted model and deconvolved model
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of residential segregation in Northern Ireland, the variograms suggest that the
concentrations of Catholics and Protestants increased between 1971 and 1991,
but there was little change (at the Northern Ireland (NI) scale at least) between
1991 and 2001. In other words, in 1991 Catholic areas were more Catholic than they
had been in 1971, while Protestant areas had also become more Protestant. Lloyd
(2012) discussed these results in more depth and also estimates variograms locally
to enable assessment of how population spatial structures vary across NI. The
derivation of local variograms is discussed by Lloyd (2011).

74.3 Spatial Interpolation with Kriging
74.3.1 Simple and Ordinary Kriging
Ordinary Kriging (OK) predictions are weighted averages of the n locally available

data. The OK weights define the best linear unbiased predictor (BLUP). The OK
prediction, Zok (Xo), is defined as:

ZOK XO Z)&OK Xy (747)
with the constraint that the weights, XSK , sum to one to ensure an unbiased
prediction:

> =1 (74.8)

o=1

Using the Kriging system, appropriate weights can be determined, and these are
multiplied by the available observations before summing the products to obtain the
predicted value. These weights are derived given the coefficients of a model fitted to
the variogram (or another function such as the covariance function) (Oliver 2010).

The Kriging prediction error must have an expected value of zero:

E{Zok (%) — Z(x0)} =0 (74.9)
The Kriging (or prediction) variance, 63y, is expressed as:

&2y (x0) = E[{Zok (X0) — Z(x0)}]

~ ok " O LOK - (74.10)
=23 (= x0) = 3 Y A% — xp)
a=1 a=1 f=1
That is, we seek the values of Ai,..., 4, (the weights) that minimize this

expression with the constraint that the weights sum to one [Eq. (74.8)].
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This minimization is achieved through Lagrange multipliers. The conditions for the
minimization are given by the OK system comprising n + 1 equations and n + 1
unknowns:

Z’ng”/(Xa —Xp) +Yox =7(Xa —Xo)a=1,...,n
p=1 (74.11)

n

Zingl

=1

where ok is a Lagrange multiplier. Given ¥k, the prediction variance of OK can
be derived with:

n
Gox = 3 A% (Xy — X0) + ok (74.12)
a=1

The Kriging variance estimates the prediction variance (i.e., the square of the
prediction error) based on the linear algebra given above. It is, thus, a measure of
confidence in predictions and is a function of the form of the variogram, the sample
configuration, and the sample support (Journel and Huijbregts 1978). The Kriging
variance is, however, not conditional on the data values locally, and this has led
some researchers to use alternative approaches such as conditional simulation
(discussed in the next section) to build models of “spatial” uncertainty (Goovaerts
1997).

There are two standard varieties of OK: punctual OK and block OK. With
punctual OK the predictions cover the same area or volume (the support, v; see
Atkinson and Tate 2000) as the observations. For example, if observations of some
property of a population are made through a grid-based census with a grid cell size
of 1 km, as in NI, then predictions made from those data will also have a support of
(i.e., represent) 1-km cells. In block OK, the predictions are made to a larger
support than the observations. With punctual OK the original observation data are
honored. That is, they are retained in the output map. Block OK predictions are
averages over areas (i.e., the support has increased). Thus, at X, the prediction is not
the same as an observation and does not need to honor it. In regional science
contexts, data are rarely available on point supports, and often a concern may be
how to predict from areas to points, a topic discussed below.

The choice of variogram model affects the Kriging weights and, therefore, the
predictions. However, if the form of two models is similar at the origin of the
variogram, then the two sets of results may be similar (Armstrong 1998). The
choice of nugget effect may have marked implications for both the predictions
and the Kriging variance. As the nugget effect is increased, the predictions become
closer to the global average (Isaaks and Srivastava 1989).

Poisson Kriging provides an appropriate means to interpolate rare events such as
mortality. The Poisson Kriging system incorporates the population-weighted mean
of the rates (Goovaerts 2005) which accounts for the variability due to population
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size, with larger weights where the population size is larger and, therefore, where
the data may be considered more reliable.

Other forms of Kriging include Kriging with a trend model (where large-scale
trends in the data are explicitly taken into account), cokriging (where information
on secondary variables is used in the prediction process) (Wackernagel 2003), and
indicator Kriging (where the data are transformed into a set of thresholds and the
probability of exceeding thresholds is estimated) (Goovaerts, 1997).

74.3.2 Simulation

Kriging predictions are weighted moving averages, and thus, Kriging is
a smoothing interpolator. In block Kriging, some amount of smoothing happens
naturally through averaging over the larger support, but some occur due to the
interpolation process itself, which effectively extends the support out to include the
observations. The latter smoothing is an unwanted artifact of the interpolation
process. A means of overcoming this unwanted smoothing is conditional simulation
(Journel 1996; Goovaerts 1997; Dungan 1999). With conditional simulation, pre-
dictions are drawn from equally probable joint realizations of the RVs which
comprise a RF model (Deutsch and Journel 1998). The simulated values are not
the expected values (as in Kriging), but rather they are drawn from the conditional
cumulative distribution function (ccdf), as a function of the available data, includ-
ing both the observations and previously simulated data, and the (modeled) spatial
variation. Since the approach is stochastic, multiple simulated realizations can be
obtained. The range of values obtained represents the “spatial” uncertainty.

74.4 The Change of Support Problem

In regional science contexts, data are often available for zones rather than points.
While individual or household level data are available in some contexts, these are
usually provided without detailed spatial information, and spatially aggregated data
usually offer the only means of exploring detailed spatial patterns. The data support,
v, is defined as the geometrical size, shape, and orientation of the units associated
with the measurements (Atkinson and Tate 2000). Thus, making predictions from
areas to points corresponds to a change of support. Geostatistics offers the means to
(i) explore how the spatial structure of a variable changes with change of support
and (ii) change the support by interpolation to an alternative zonal system or to
a quasi-point support (Schabenberger and Gotway 2005).

74.4.1 Regularization

For many applications, the variogram defined on a point support is not available.
Indeed, it is physically impossible to measure on a point support given that all
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measurements are integrals over a positive finite support. Thus, only values over
a positive support (area) may be available. The variogram of such aggregated data
is termed the regularized or areal variogram (Goovaerts 2008).

74.4.2 Variogram Deconvolution

Theoretically, given the point support variogram, it is possible to estimate the
variogram for any support. Through variogram deconvolution, the point support
variogram can be estimated from the variogram estimated from areal data. Atkinson
and Curran (1995) derived the point support variogram from the areal support
variogram, with the areas defined as regular grids, following an iterative procedure.
Of greater relevance for many regional science applications is variogram
deconvolution for irregular supports, that is, those cases where the data are avail-
able on irregular zones (such as census or administrative zones) rather than regular
cells. Goovaerts (2008) presents a procedure for variogram deconvolution given
irregular zones, and this method is implemented in the STIS software (see http://
www.biomedware.com/).

The above deconvolution method is illustrated here through an example.
The case study makes use of data on deaths per 1,000 of the population in Northern
Ireland (NI). The death data are counts for 2008, and the denominator is given as
the midyear estimates of total population in 2008 for super output areas (SOAS).
Figure 74.3 gives the variogram estimated from deaths/1,000 persons over
SOAs. The deconvolved model, derived using the method of Goovaerts (2008), is
also given. The application of the deconvolved model for Kriging is illustrated
below.

74.4.3 Area-to-Point Kriging

Given the deconvolution procedures outlined above, it is possible to make pre-
dictions at point locations given data defined on areal supports. Kyriakidis (2004)
and Goovaerts (2008) show how the Kriging system is adapted in the case of areal
data supports and point prediction locations.

Area-to-point Kriging is illustrated given the death rate data and the
deconvolved variogram detailed in the previous section. Ordinary Kriging with
Poisson population (2008 midyear estimates for each SOA) adjustment was applied
with a population denominator of 1,000 (i.e., the deaths are rates per 1,000 of the
population). The discretization geography was 1-km cells populated in 2001 (from
2001 Census of Population), with numbers of persons per cell (2001 Census counts)
as weights. The destination geography (locations where estimates are required) was
1-km cells (as for the discretization geography). Figure 74.4 shows deaths/1,000
persons (A) for SOAs and (B) derived using area-to-point Kriging at 1-km cells. In
areas covered by large SOAs (with lower density populations), the increased detail
is particularly apparent.
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copyright 2003
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74.5 Geostatistics and Regional Science

Geostatistics originated in the mining industry through the work of Danie Krige in
the 1950s and particularly through Georges Matheron who developed the Theory of
Regionalized Variables in the 1960s and 1970s. From the original mining geology
application, domain geostatistics found further application in the dominant field of
petroleum geology, particularly through the Stanford Center for Reservoir Fore-
casting (SCRF) led by Andre Journel, but also in hydrogeology led by researchers
such as Jaime Goémez-Hernandez, in soil science led by the work of Richard
Webster (see Webster and Oliver 2000) and Alex McBratney and subsequently
Pierre Goovaerts, and in remote sensing and environmental science more generally.
Thus, most applications of geostatistics can be divided into mining, petroleum, and
“environmental”, and indeed, many conferences such as GeoENV organized them-
selves in this way for many years. However, the potential of geostatistics in the
social sciences has been highlighted in recent research.

Much interest has been generated in the use of geostatistics to study a range
of population-based properties, including rates based on census attributes as exem-
plified in this chapter and disease outcomes. This has been enabled by two key
developments: (i) the pioneering work of Pascal Monestiez and Pierre Goovaerts on
Poisson Kriging (Goovaerts 2005; Monestiez 2006), which enables the prediction
of counts (e.g., mortality or morbidity) given an underlying population (e.g., at-risk
population), and (ii) the parallel development in statistics of what has become
known as model-based geostatistics. For example, in relation to the former, popu-
lation-weighted variograms enable robust estimation in cases where the population
underlying the observations is variable in magnitude. Moreover, Poisson Kriging
allows the spatial interpolation of variables representing “rare” events, such as
mortality.

Model-based geostatistics deserves special mention here as it represents an
alternative Bayesian approach to geostatistics that has been made popular by
statisticians such as Peter Diggle and is favored by the epidemiological community.
Model-based geostatistics differs from the classical approach presented in this
chapter in that the parameters of the RF model are regarded as uncertain, whereas
in the classical approach these parameters are estimated through variogram model
fitting and then regarded as “fixed” for the purposes of Kriging. As a result, model-
based geostatistics conveys naturally the uncertainty in parameter estimation
through to the prediction, resulting in a more complete description of prediction
uncertainty. The general approach advocated by Diggle and others is two staged:
(i) regression is used to predict the variable of interest from covariates, and
(i1) geostatistics is used to predict the residuals at unobserved locations based on
spatial dependence in those residuals. Since model-based geostatistics naturally
allows for the adoption of a range of regression link functions (including the
Poisson and logistic functions), the framework is general and can be applied readily
to the population-based prediction problems described above. Thus, the develop-
ment of new approaches, or adaptations of existing methods, has made the potential
range of applications of geostatistical methods in regional science much wider.
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The utility of area-to-point Kriging is much greater than may at first seem the
case. Censuses are the primary means of enumerating the populations of the world’s
nations. However, the majority of them use arbitrary areal units to convey the
original data, which were measured at the individual level, to the public (e.g., for
reasons of preventing disclosure of personal information). Consequently, key vari-
ables relating to the world’s population are obscured by (i) the aggregation effect
which is effectively the convolution discussed above and (ii) the zonation effect
which means that alternative realizations of the set of arbitrary boundaries may lead
to very different realizations. This is the well-known modifiable areal unit problem
(MAUP) which has dogged census analysis for decades. Area-to-point Kriging
tackles the MAUP head on allowing researchers to bypass the sampling frame
imposed by a particular set of areal units and re-present the census data on any
support. While there are obvious limits to what can be achieved (it is not possible to
generate more information than one started with), the results are visually stunning
and do represent an optimal linear solution to the problem (Kyriakidis 2004;
Goovaerts 2008). Additionally, applications that require common supports for
multiple time periods (e.g., for which zonal systems may differ) may also benefit
from recent developments in variogram deconvolution and area-to-point Kriging.

74.6 Conclusions

This chapter has introduced classical geostatistics and emphasized the advances
that have been made in recent years that have opened up the possibility of applying
geostatistics in social science and regional science. The ease of access to software
which implements modern geostatistical methods means that researchers are
increasingly likely to be held back only by their knowledge, rather than appropriate
tools. It is hoped that this chapter will provide a useful starting point for those who
wish to explore geostatistical methods in the context of regional science.
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