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Abstract. Prognostic models are often designed on the basis of learning sets in
accordance with multivariate regression methods. Recently, the interval regres-
sion and the ranked regression methods have been developed. Both these
methods are useful in modeling censored data used in survival analysis. De-
signing the interval regression models as well as the ranked regression models
can be treated similarly as the problem of linear classifier designing and linked to
the concept of linear separability used in pattern recognition. The term linear
separability refers to the examination of separation of two sets by a hyperplane in
a given feature space.

Keywords: linear prognostic models, interval regression, ranked regression,
CPL criterion functions.

1 Introduction

We are considering prognostic models based on linear multivariate regression models
[1], [2]. In this case, the value of dependent (target) variable is predicted on the basis of
linear combination of some independent variables. Problems of regression models
designing on the basis of data sets are considered in the paper. The term designing
means here a computation of parameters of the considered linear combination from
available data (learning) set.

The classical and commonly used the last-square linear regression models are es-
timated on the basis of learning sequence in the form of feature vectors combined with
exact values of the dependent (target) variable [1]. The exact value of target variable
can be treated as an additional knowledge about a particular object represented by a
given feature vector. The logistic regression is typically used when the target variable is
a categorical one. If the target variable is a binary one, the logistic regression model is
linked to a linear division of a given set of feature vectors [2].

The ranked regression models are designed on the basis of a set of feature vectors
with an additional knowledge (information) in the form of an ordering relation in se-
lected pairs of these vectors [3]. The ranked model is the linear transformation (pro-
jection) of multidimensional feature vectors on such a line which preserves the ordering
relations in selected pairs as precisely as possible.
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The interval regression models are designed on the basis of a set of feature vectors
with an additional knowledge about predicted (dependent) variable in the form of
intervals [4]. Each interval determines the minimal and the maximal value of the de-
pendent variable which is linked to the given feature vector. The exact values of the
predicted variable is a missing information in this case.

Prognostic models developed in the framework of the survival analysis are impor-
tant in many biomedical applications. Such models are designed on the basis of the so
called censored data sets. The Cox model plays a basic role in the survival analysis [5].
In the case of censored data sets, an additional information can be represented by in-
tervals with only one constraint (border). It can mean the infinite minimal value (left
censoring) or the infinite maximal value (right censoring) of the target variable interval
linked to selected feature vectors.

Censored data set could be treated as a special case of interval data set. In conse-
quence, the interval regression models can be designed also on the basis of censored
data sets by using the convex and piecewise linear (CPL) criterion functions [6]. An
ordering relation in selected pairs of feature vectors can be determined also on the basis
of the censored data sets [7]. So, also the ranked regression models can be designed on
the basis of censored data sets.

The concept of linear separability is used in theory of neural networks or in pattern
recognition methods [2], [8]. The term linear separability is referring to exploration of
two sets separation by a hyperplane in a given feature space. It has been shown that the
problem of designing of both ranked models as well as interval regression models can
be represented and solved as the problem of examination of linear separability. Con-
sequences of this property are analyzed in the presented paper.

2 Linear Regression Models and Learning Sets with Different
Structure

We take into considerations a set of m feature vectors x;[n] = [xj,.. .,xin]Tbelonging toa
given n-dimensional feature space F[n] (x;[n]e F[n]). Feature vectors x;[n] represent a
family of m objects (events, patients) O, (j = 1,...,m). Components X;; of the vector x;[n]
could be treated as the numerical results of n standardized examinations of the given
object O; (x; € {0,1} or x; € R"). Each vector xj[n] can be treated also as a point in the
n-dimensional feature space F[n].

We are considering regression models based on linear (affine) transformations of
n-dimensional feature vectors x[n] (x[n]e F[n]) on the points y of the line (ye Rl):

y(x) = w[n]'x[n] + 0 ¢))

where w[n] = [wy,..., WH]TG R" is the parameters (weight) vector and 0 is the
threshold (6 € RY).

Properties of the model (1) depend on the choice of the parameters w[n] and 6. The
weights w; and the threshold 6 are usually computed on the basis of the available data
(learning) sets. In the classical regression analysis the learning sets have the below
structure [1]:
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C = {x[nl; yi} = {Xji,---0» Xjns3 ¥}, where j=1,.....m 2)

Each of m objects O;is characterized in the set C; by values x; of n independent
variables (features) X;, and by the observed value y; (y; € R") of the dependent (targer)
variable Y.

In the case of classical regression, the parameters w[n] and 6 are chosen in such a
manner that the sum of the squared differences (y; - y)* between the observed target
variable y; and the modeled variable y; = w[n]ij[n] + 0 (1) is minimal [1].

In the case of interval regression, an additional knowledge about particular objects O;
is represented by the intervals [y, yj+] Oy < yj+) instead of the exact values y; (2) [4], [5]:

Gy = {xi[n], [y, yi'1}, where j=1,.....m 3)

where y; is the lower bound (y;'e R") and y;" is the upper bound (yi'e R") of unknown
value y of the target variable Y (y; <y < y;").

Let us remark, the classical learning set C; (2) can be transformed into the interval
learning set C, (3) by introducing the boundary values y; = y; - € and y;" = y; + €, where
€ is a small positive parameter (€ > 0). Imprecise measurements of dependent variable y
can be represented in such a manner.

Definition 1. The transformation (1) constitutes the interval regression model if the
below linear inequalities are fulfilled in the best way possible for feature vectors x;[n]
from the set C, (3):

v <wlnl'x[n]+6< y* 4)

In the case of ranked regression, additional knowledge about particular objects O; and
O (j # k) represented by feature vectors xj[n] and x,[n] is given in the form of ordering
relation “x;[n]<x,[n]”, which could be read as "x;[n] is before x,[n]”. For example, the
relation “x;[n]<x[n]” could mean that the event O; represented by the feature vector
xj[n] has occurred earlier, before the event Oy represented by the feature vector xy[n].
The relation "x;[n] <x,[n]” between the feature vectors x;[#] and x,[#] mans that the pair
{xj[n], x([n]} has been ranked. It is natural to assume that the ordering relation
”x;[n]<x[n]” should be transitive:

(xi[n]<xy[n]) and (x[n]<xi[n]) = (x;[n]<xi[n]) &)

Example 1. Let us consider the relation O is less risky than O,” between selected
patients O; and Oy represented by the feature vectors xj[n] and x[n]. Such relation
between patients O; and Oy, may reflect, for example, knowledge of medical experts.
This relation between patients O; and O;can implicate the ranked relation "x;[n]<x[n]”
between adequate feature vectors xj[n] and x,[n].

(Oj is less risky than Oy) = (xj[n] < xi[n]) (6)
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The ranked learning set C; is constituted from the set {x;[n]} of feature vectors xj[n] (j =
1,.....,m), and the set {x;[n]<x\[n]} of ranked pairs {x;[n], Xi[n]}:

G = {{xjlnl}, {xj[n]<xi[nl}}, G, k) € I (N

where I is the set of indices (j, k) of the ranked pairs {x;[n], xi[n]}.
We can remark that usually not all the pairs {xj[n], x,[n]} are ranked and can be used
in regression model designing.

Definition 2. The transformation y(x) = w[n]"x[n] (1) constitutes the ranked regression
model if exists such weight vector w’[n], that the below implication is fulfilled in the
best way possible for ranked pairs {x;[n]<xy[n]} from the set C; (7):

(xj[n1<xi[n]) = (W[n]"xi[n] < W'[n]"x[n]) (8)

The above implication means that the feature vectors x;[n] preserve the ranked relations
"x;[n]<x[n]” also after their projection w'[n]ij[n] on the line y(x) = w'[n]"x[n] (1),
where llw'[n]ll = 1.

3 Learning Sets in Survival Analysis

Traditionally, the survival analysis data sets C; have the below structure [5]:
Co={xjnl, %, 8} (G = l,....,m) )

where 1 is the observed survival time between the entry of the j-th patient O; into the
study and the end of the observation, §; is an indicator of failure of this patient
(8;€{0,1}): §=1 - means the end of observation in the event of interest (failure), ;=
0 - means that the follow-up on the j-th patient ended before the event (the right cen-
sored observation). In this case (§; = 0) information about survival time # is not
complete. The real survival time T; can be defined in the below manner on the basis of
the set C, (9):

~j=1,... ) if 6 =1, then T,=t, and
] J ] (10)
if 6 =0, then T, >t

Assumption: If the survival time Tj of the j-th patients O; is longer then the time Tj of
the k-th patients Oy, then the patients O; was less risky then the patients O\ [7]:

(T; > T) = (0;is less risky than Oy) = (xi[n] < x[n]) arn
This implication can be expressed also by using the observed survival times # and # :

(t; >t and & = 1) = (O; s less risky than Oy) = (x[n] < xy[n]) (12)
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The right censoring means that an unknown survival time T; of the of the j-th patient
O; is longer than the observed time t;. The left censoring means that an unknown sur-
vival time Tj of the j-th patient O; is shorter than the observed time t;.

The censored survival times 7; can be represented also by intervals (3) through in-
troducing two numbers (parameters) — the lower bound t; (t{e R") and the upper bound
4 (/e R"), where # < . These parameters define the time interval [#, #"] for an
unknown survival time T; (Tie [, tj+] (3)). In the case of the right censoring, an un-
known survival time 7j is greater than the given (known) lower bound # (T > ). It
could mean, that Tj e [f, +o0). In the case of the left censoring, an unknown survival
time 7j is less than the given (known) upper bound tj+ (T; < tj+). It could mean, that T;
€ (—oo, ;']. In accordance with such data representation, the right censoring means the
replacement of the upper bound 7" by the positive infinity +eo. Similarly, the left cen-
soring means the replacement of the lower bound #; by the negative infinity —o. In the
context of the survival time #;* meaning, the more reasonable representation of the left
censoring could be [0, '] (T} [0, ']).

Both the right censored and the left censored times 7; can be represented by using the
interval data set C, (3) with the below structure:

Cy={xnl, [, 61, &) =1,y m) (13)

where & is the indicator of censoring of the survival time T; of the patient O;
(8'€{-1,0,1}): ;= -1 means the left censoring (7} € [0, ']), § = 1 means the right
censoring (Ti€ [f,+o°)), and &;= 0 means that Ti€ [f;, f;'], where 0 <# < ;" <eo.

Let us assume, that the prognostic model T(x) of an unknown survival time T is
linear (1):

T(x) = wn]'x[n] + 0 (14)

In this case we can use the below linear inequalities for the purpose of the model (14)
designing from the censored data C4 (13):

if 8="-1,then wln]'x[n] +0 <" (15)
if 8= 1,then winl'x[n] +0> ¢ (16)
if 8=0,then t; <w[n]'xj[n] +0 <" (17)

The term model (14) designing means finding such parameters w[n] and 0 that the
above linear inequalities are fulfilled in the best way possible for feature vectors xj[rn]
from the set C, (13).

The parameters w[n] and 0 of the interval regression model (14) are typically esti-
mated from the data set C, (9) by using the Expectation Maximization (EM) algorithms
[4]. There are rather troublesome procedures with serious drawbacks concerning
among others a low efficiency, particularly in the case of high dimensional feature
space F[n].
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In the next section we examine the problem of prognostic models designing on the
basis of the data set C, (13) by using the concept of the linear separability [2]. The
linear separability of two data sets is evaluated through the minimisation of the convex
and piecewise linear (CPL) criterion functions defined on these sets [8].

4 Linear Separability of Two Data Sets

Let us take into considerations two data sets: the positive set G* and the negative set G
which are composed of n-dimensional feature vectors x;[n] (xj[n]e F[n]):

G*={x[nl:je J}and G = {(x{nl:je J} (18)
where J* and J are disjoined sets (J* ™ J = &) of indices j.

Definition 3. The data sets G* and G~ (19) are linearly separable, if and only if there
exists such a weight vector w[n] (w[n]e R") and a threshold 0 (6 € R), that all the below
inequalities with the inner products w[n]ij[n] are fulfilled:

Awlnl, 8) (Vx[n]€ G wlnl'x[n] > 6
(19)

and (Vx[n]€ G) winl'x[n] < 0

The parameters w[n] and @ define the below hyperplane H(w[n],0) in the feature space
F[n] (X[n] € F[n]):

H(w[n],0) = {x[n]: win]"x[n] = 0} (20)

If all the inequalities (19) are fulfilled, then each feature vector x;[n] from the set G*
is situated on the positive side (w[n]ij[n] > 0) of the hyperplane H(w[n],0) (20) and
each vector from the set G is situated on the negative side (w[n]ij[n] < 0) of this
hyperplane.

The concept of linear separability is used from many years in the theory of neural
networks and in pattern recognition methods [2]. Among others, the linear separability
has been used in the proof of the convergence of the error-correction algorithm — classic
learning algorithm of neural networks. The linear classifiers can be designed through
exploration of the linear separability of the data sets G* and G~ (19) [8].

The augmented vectors zj+[n+2] and z; [n+2] have been introduced for the purpose of
interval regression [6]:

(Vje {1,....m})
if (yj>- o), then z'[n+2] = [xi[n]", 1, -y{1" else z;'[n+2] =0, 21

and

if (" <+o0), then z;[n+2] = [xj[n]", 1, -y"]" else z;[n+2]=0
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and
V[n+2] = [Vi,.... Va2l = [winl', 6, B (22)

where B is the interval weight (B € R").
The linear separability of the augmented vectors zj+[n+2] and z; [n+2] means, that

@vin+2]) (Vje {1,....m})

(Vz [n+2] #0) v[n+2] 7' [n+2] >0, and (23)
(Vz[n+2] £ 0) v[n+2]" z][n+2] < 0
or (23)

@vin+2]) (Vje {1,....,m)})

(Vz'[n+2] #0) V'[n+2]" 2 [n+2]> 1, and (24
(Vz;[n+2] #0) v[n+2]" z[n+2] < -1

Let us introduce the positive set H' and the negative set H composed of such vectors
zj+[n+2] and z;[n+2] (21) which are different from zero:

H' = {z"[n+2]} and H = {z[n+2]} (25)

The positive set H' is composed of m" augmented vectors z;"[n+2] (z;"[n+2] #0) and
the negative set H is composed of m” augmented vectors zj [n+2] (z; [n+2] # 0).

Definition 4. The sets H" and H (25) of the augmented feature vectors z;"[n+2] and
zj [n+2] are linearly separable, if and only if there exists such augmented vector of
parameters v’[n+2], that all the inequalities (24) are fulfilled.

Lemma 1. All the interval inequalities y; < w’[n]"x;[n] + 8’ < i (4) can be fulfilled by
some parameters vector v'[n+2] = [w'[n]", 6’,1] (25) if and only if the sets H" and H"
(25) are linearly separable (24).

The ranked regression models (Definition 2) can be designed by using the ranked
learning set C; (7). The expected implications (8) allows to transform the set
{(xj[n]<xy[n])} of ranked pairs {x;[n], x[n]} into the below set of desired linear ine-
qualities:

@Aw'lnl) (YG, k) e L) (xn]<xi[n]) = W'[n]"x[n] < W'[n]"x[n] (26)
or

@Aw'lnl) (Y(, k) e L) (xn]<xy[n]) = w'[n]"(xj[n] - x[n]) <O 27)

Let us introduce the differential vectors tj[n] for all the ranked pairs

{xjln]<xy[n]} (7):
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VG, ke I (Xj[n]<xk[n]) = rin] = xi[n] - xj[n] (28)
The differential vectors rj[n] can be divided in the below sets R and R:
R'={ryl[nl: j<k} and R = {ry[n]:j>k} 29)

We can remark that one of the sets R" or R can be empty. The following Lemma has
been proved [3].

Lemma 2. All the ranked relations "x;[n]<x[n1” ((j, k) € I,) (7) can be preserved (8) by
a linear model y(x) = w[n]"x[n] (1) defined by a parameter vector w’[n], if and only if
the sets R" and R™ (29) are linearly separable (24).

We can infer from the Lemma 1 and the Lemma 2 that the linear separability of two sets
constitutes a basis both for the interval regression models as well as for the ranked
regression models.

S CPL Penalty and Criterion Functions for Interval and Ranked
Regression

The augmented feature vectors z;"[n+2] and z[n+2] (21) and the augmented weight
vector v[n+2] (22) have been introduced for the case of the interval regression model.
The family of linear inequalities (24) represents the concept of linear separability of the
sets H" and H (25).

The convex and piecewise-linear (CPL) penalty functions (ij+(v[n+2]) and
@yj (v[n+2]) defined on the vectors (21) are linked to the expected inequalities (24).

(Vzj'[n+2] #0)
if v[n+21'z'[n+2] < 1, then @u'(v[n+2]) = 1 - v[n+2]'z'[n+2], else  (30)
(ij+(V[n+2]) =0

(Vz;[n+2] £ 0)
if v[n+2]'z[n+2] > -1, then @y (v[n+2]) = 1 + v[n+2]'zj[n+2], else  (31)
Quj (V[n+2]) =0

The CPL criterion function ®y(v[n+2]) is defined as the weighted sum of the penalty
functions (ij+(v[n+2]) (30) and @y (v[n+2]) (31) [8]:

Qu(v[n+2]) = Z B @i (VIn+2]) + Z S @y (VIn+21]) (32)
J J
where positive parameters 5 (8 = 0) determine an importance of the particular
vectors z;'[n+2] or z[n+2] (21).

The vector VH*[I’H-Z] constitutes the minimum of the criterion function ®y(v[n+2]):

(VV[n+2]) ®y(v[n+2]) = Py(vy [n+2]) =Py =0 (33)
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where vy [n+2] = v [n+2] = [w' [1]", 07, B 1", and w'[n] = [w; ,...., wa 1" (22).
The below theorem can be proved [8]:

Theorem 1. The minimal value <I)H* = CDH(VH*[I’H-Z]) (33) of the non-negative criterion
function ®y(v[n+2]) (32) is equal to zero (dDH* = 0) and the sets H* and H (25) are
linearly separable (24) if and only if there exists such weight vector w’[n] and the
threshold €', that the inequalities y; < wn]"x[n] + 0" < yi" (4) are fulfilled for each
ranked pairs {Xj[n]<x[n]} from the learning set C; (7).

Remark 1.1f the minimal value @y = @y(v [1+2]) (33) is equal to zero (®y” = 0) in the
point v [n+2] = [w'[n]", 8", B"]" with B” > 0, then the optimal model y=
(W'n]/B)" x[n] + 6"/ B fulfils all the constraints (4):

(Vje {1,om)) y< Winl/B) x[nl+07p < y' (34)

If the minimal value dDH* (42) is greater than zero (dDH* > 0) in the point V*[n+2], then
the optimal model does not fulfil all the above inequalities.

In the case of the ranked models (Definition 2), the set of the expected linear ine-
qualities (27) has been defined by using the differential vectors ry[n] = x,[n] - xj[n] (28)
representing the ranked pairs {xj[n]<xi[n]} (8). The positive set R" and the negative set
R (29) has been defined on the basis of the lexicographical order of the indices j and k&
in the ranked pairs {xi[n]<x[n]} (7).

The sets R and R™ (29) of the differential vectors ri[n] are linearly separable, if and
only if there exists such vector of parameters w’[n1], that all the below inequalities are

fulfilled:
@w'[n]) (Vrylnl e RY) wn]'rpln] > 1 as)
and (Vry[nle R) w[n]'ryp[n] <-1

The below CPL penalty functions (pjk+(w[n]) and (pjk+(w[n]) are linked to the above
inequalities:

(Vrjk[n] € R+) (36)
if winl'ryln] <1, then ¢ (win]) = 1 - win]'ry[n], else @) (wln]) =0
(Vryln] € R)

if winl'rylnl > -1, then oy (win]) = 1+ win]'rylnl, else oy (wln]) =0 37

The CPL criterion function ®g(w[n]) is defined as the weighted sum of the penalty
functions ¢jk+(w[n]) (36) and ¢y (w[n]) (37) [3]:

Dr(wWlnl) = Z Vi @ (Winl) + Z i @ (Wlnl) (38)
R R

where positive parameters Yy (Y = 0) determine an importance of particular ranked
relations {x;[n]<xy[n]} (7).
The optimal vector WR*[n] constitutes the minimum of the function ®x(w[n)):
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(Ywn]) @(wln]) = Og(wg'[n]) =@ 20 (39
The optimal vector wg *[n] (39) defines the ranked model:

Yr=wg [1]" x[n] . (40)

Theorem 2. The minimal value dDR* = @R(WR*[H]) (39) of the criterion function
Dr(w[n]) (38) is equal to zero (qDR* = 0) and the sets R and R (29) are linearly sepa-
rable (33) if and only if there exists such weight vector w’[n], that the inequalities
W'[n]Txi[n] < W’[n]Txk[n] (8) are fulfilled for each ranked pair {xi[n]<x[r]} from the
learning set Cs (7) ([3], [9D).

Remark 2. If the minimal value @y = ®g(wg [1]) (39) is equal to zero (®g" = 0), then
the inequalities WR*[n]Txi[n] < WR*[n]Txk[n] (8) are fulfilled for each ranked pair
{x;[n]<x([n]} from the learning set C; (7). If the minimal value dDR* (39) is greater than
Zero (dDR* > () in the point WR*[n], then the ranked model does not fulfil all the ine-
qualities (8).

6 Relaxed Linear Separability (RLS) Method of Feature Selection
for Prognostic Models

The feature selection process could mean a reduction as large amount of features x; as
possibly while assuring a high quality of the designed model (Remark 1).

For the purpose of feature selection in the interval regression the CPL criterion
function ®y(v[n+2]) (32) has been modified by inclusion of feature penalty functions
0;(v[n+2]) and the costs 7y; (y; > 0) related to particular features x; [10]:

(Vie {1,....n}) o:(v[n+2]) = le[n+2]"v[n+2]l = Iwil 41)

where e;[n+2] are the unit vectors and v[n+2] = [W[n]T, 0, B]T.
The modified CPL criterion function Wy(v[n+1]) has the below form [9]:

Wn(v[n+2]) = @u(vin+2]) + 7{»12 ’Yi)(l)i (v[n+2]) (42)

where A (A 2 0) is the cost level and the feature costs 7y, are typically equal to one.

The criterion function Wy(v[n+2) (42) similarly to the function ®y(v[n+2]) (32) is
convex and piecewise-linear (CPL). The basis exchange algorithms allow to find effi-
ciently the optimal vector of parameters (vertex) vH;L*[n+2] of the criterion function
Wu(v[n+2]) (42) with different values of the cost level A [10]:

@Av[n+ 2] (YV[nr+2]) Pu(v[n+2]) = Pu(vy, [n+2]) (43)

where v, [n+2] = [wy, [n]", 6,, B.1", and wy, [1] = [Wi, ..., win 1T (22).
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The optimal vector V;L* [n+2] (43) allows to define both the interval regression model
(4) as well as the below decision rule of the linear classifier which operates on elements
of the sets H' or H (25) (z[n+2] = z;"[n+2] or z[n+2] = z;[n+2] (21)).

if V;L*[n+2]Tz[n+2] > 0, then z[n+2] is allocated to the category o'

44
else z[n+2] is allocated to the category o “44)

The element z[n+2] = z;"[n+2] is wrongly classified by the rule (44) if it is allocated
to the category . Similarly, the element z[n+2] = z; [n+2] is wrongly classified if it is
allocated to the category o".

The quality of the linear classifier (44) can be evaluated by using the error estimator

(apparent error rate) ea(v;h*[n+2]) as the fraction of wrongly classified elements z[n+2]
of the sets H"and H (25):

ea(vy [n+2]) = my(vy [n+2]) / my (45)

where my is the number of all elements z[n+2] of the sets H* and H (25), and
ma(v;f [1+2]) is the number of such elements z[n+2] which are wrongly allocated by the
rule (44).

The parameters vk*[n+2] of the linear classifier (44) are estimated from the sets H*
and H (25) through minimization of the CPL criterion function Wy(v[n+2]) (42) de-
fined on all elements z[n+2] of these sets. It is known that if the same vectors z[n+2] are
used for classifier designing and classifier evaluation, then the evaluation results are too
optimistic (biased).

For the purpose of the bias reduction of the apparent error rate estimator ea(vf [n+2])
(45), the cross validation procedures are applied [2]. The term p-fold cross validation
means that data sets H"and H (25) have been divided into p parts P;, where i = 1,..., p
(for example p = 10). The vectors z[n+2] contained in p — 1 parts P; are used for the
definition of the criterion function Wy(v[n+2]) (42) and for finding (43) the parameters
V)L*[I’H-Z]. The remaining vectors z[n+2] are used as the test set (one part Py) for
computing (evaluation) of the error rate ei/(v;f [1+2]) (45). Such evaluation is repeated p
times, and each time different part Py is used as the test set. The cross-validation error
rate eCVE(V;L*[n+2]) (45) is estimated in the cross validation procedure as the mean
value of the error rates e;/( vk*[n+2]) evaluated on various parts (test sets) Py. The cross
validation procedure uses different vectors z[n+2] for the classifier designing and
evaluation. In result, the bias of the error rate estimation (45) can be reduced.

For the purpose of feature selection in the interval regression the CPL criterion
function ®g(w[n]) (38) has been modified in a similar manner to (42):

Wr(wln]) = Or(wlnD) + AZ vy, ¢}1(W[n]) = Op(w[n]) + A Z vy, Iwil (46)

ief{l,..., ie{l,...n)

The minimization of the CPL criterion functionl Yr(w[n]) (45) with the cost level A
allows to find the optimal vector of parameters w,, [n]:

@Aw, [n]) (VYwln]) Pr(Wln]) = Pr(w, [1]) (47)
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The optimal vector w; [n] (46) defines both the ranked model jr = w; [1n]"x[1] (40)
as well as the below decision rule of the linear classifier which operates on elements
r[n] of the sets R or R (29) (r[n] = ry[n]).

if w; [n]'r[n] = 0, then r[n) is allocated to the category o',

48
else r[n] is allocated to the category (48)

The quality of the linear classifier (47) can be evaluated by using the error estimator

(apparent error rate) ea(wx*[n]) as the fraction of wrongly classified elements r[n] of
the sets R* and R™ (29):

ea(wy [n]) = my(wy[n]) / mg (49)

where my is the number of all elements r[#] of the sets R* and R (29), and ma(wk*[n]) is
the number of such elements r[n] which are wrongly allocated by the rule (47).

We can remark, that such features x; which have the weights WM* equal to zero (WM*
= 0) in the optimal vector vf[n+2] (43) can be reduced without changing the decision
rule (44). The weights WM* equal to zero (WM* = 0) does not change also the decision
rule (47. The below feature reduction rule has been proposed basing on this property
[10]:

(WM* = 0) = (the feature x; is reduced) (50)

In accordance with the relaxed linear separability (RLS) method of feature subsets
selection, a successive increase of the cost level A in the minimized criterion function
Wy(v[n+2) (42) or the criterion function Wr(w[n]) (45) reduces more weights WM* to
Zero (WM* = 0) and, in result, reduces additional features x; (49). In this way, the less
important features x; are eliminated and the descending sequence of feature subspaces
Filny] (ny > ny,y) is generated. Each feature subspace Fi[n,] in the below sequence can
be linked to some value Ay of the cost level A in the criterion function Wy(v[n+2) (42) or
the criterion function Wr(w[n]) (45):

Fln] o Fi[m] D ... D Fi[ny], where OS}\,Q< }\,1<...<7\,k (20

Particular feature subspaces Fy[ny] in the sequence (50) can be evaluated by using
the cross-validation error rate (CVE) of the optimal linear classifier (44) or (47)
designed in a given subspace Fy[n,] [10]. Such subspace F ki*[nk] which is characterized
by the lowest cross-validation error rate (CVE) is treated as the optimal subspace in
accordance with the RLS approach.

7 Concluding Remarks

Designing linear prognostic models (1) on the basis of the interval learning set C, (3) or
the ranked learning set C; (7) has been considered in the paper. It was pointed out, that
designing the interval prognostic model (4) can be based on exploration of the linear
separability of the data sets H and H (25). Similarly, designing the ranked prognostic
model (8) can be based on the exploration of the linear separability of the data sets R*
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and R (29). The linear separability of the data sets H* and H (25) appears if and only if
the minimal values @H(VH*[n+2]) (33) of the CPL criterion function ®@y(v[n+2]) (32) is
equal to zero. The linear separability of the data sets R* and R™ (29) appears if and only
if the minimal value @R(WR*[n]) (39) of the CPL criterion function ®gr(w[n]) (38) is
equal to zero. It can be assumed, that the vector VH*[n+2] (33) defines the optimal
interval model (34) both in the case of linearly separable data sets H" and H (25), as
well as in the case when these sets are not linearly separable (@H(VH*[n+2]) > 0).
Similarly, the vector WR*[n] (40) defines the optimal ranked model (40) both in the case
of linearly separable data sets R* and R™ (35), as well as in the case when these sets are
not linearly separable (®g(w R*[n]) > 0).

Exploration of the linear separability can be carried out through minimization of the
convex and piecewise-linear (CPL) criterion functions defined on a given pair of
data sets. The minimal value and the optimal vector of particular CPL criterion
functions can be computed efficiently even in the case of large high-dimensional data
sets by applying the basis exchange algorithms, which are similar to the linear
programming [10].

The designing process based on the linear separability allows to apply the relaxed
linear separability (RLS) method of feature subset selection to the interval prognostic
models (34) or to the ranked prognostic models (40) [10]. This possibility indicates
practical significance as it allows to identify the most influential input patterns.
For example, the identification of such subset of genes of a given patient which
increase the risk of a cancer disease could be performed by using the methods described
in the paper.

More generally, choosing a subset of variables is a crucial step in designing prog-
nostic models. It is particularly important, when the number n of variables (features) X;
is high in comparison to the number m of objects O;. Typically such situation occurs in
the case of bioinformatics data sets.
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