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Abstract. Traditional statistical models for remote sensing data have
mainly focused on the magnitude of feature vectors. To perform clus-
tering with directional properties of feature vectors, other valid models
need to be developed. Here we first describe the transformation of hyper-
spectral images onto a unit hyperspherical manifold using the recently
proposed spherical local embedding approach. Spherical local embedding
is a method that computes high-dimensional local neighborhood preserv-
ing coordinates of data on constant curvature manifolds. We then pro-
pose a novel von Mises-Fisher (vMF) distribution based approach for
unsupervised classification of hyperspectral images on the established
spherical manifold. A vMF distribution is a natural model for multivari-
ate data on a unit hypersphere. Parameters for the model are estimated
using the Expectation-Maximization procedure. A set of experimental
results on modeling hyperspectral images as vMF mixture distributions
demonstrate the advantages.

Keywords: spherical manifolds, mixture models, directional data, hy-
perspectral image clustering.

1 Introduction

For several years, spectral unmixing techniques have been widely used for hy-
perspectral data analysis and quantification. Many novel applications have been
developed from the unmixing point of view, including surface constituent identi-
fication for land use mapping, geology and biological process analysis[1]. Feature
extraction methods in the form of best band combinations have been the most ap-
plied standards in such analysis. The best band approach relies on the presence
of narrowband features which may be the characteristic of a particular category
of interest or on known physical characteristics of broad classes of data, e.g.,
vegetation indices [2]. On the other hand, the underlying assumptions of fea-
ture extraction methods are that: each pixel in a scene may be decomposed into
a finite number of constituent endmembers, which represent the purest pixels
in the scene. A number of algorithms have been developed and have become
standards; these include the pixel purity index and iterative spectral unmixing
[3]. Although the use of endmembers and indexes based on narrowband features
have yielded very useful results, these approaches largely ignore the inherent
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nonlinear characteristics of hyperspectral data. There are multiple sources of
nonlinearity. One of the more significant sources, especially in land-cover classi-
fication applications, stems from the nonlinear nature of scattering as described
in the bidirectional reflectance distribution function [4]. In land-cover applica-
tions, bidirectional reflectance distribution function effects lead to variations in
the spectral reflectance of a particular category as a function of position in the
landscape, depending on the local geometry. Factors that play a role in deter-
mining bidirectional reflectance distribution function effects include the optical
characteristics of the canopy, canopy gap function, leaf area index, and leaf an-
gle distribution [4]. It also has been observed that wavelengths with the smallest
reflectance exhibit the largest nonlinear variations [4]. Another source of nonlin-
earity, especially in coastal environments such as coastal wetlands, arises from
the variable presence of water in pixels as a function of position in the land-
scape. Water is an inherently nonlinear attenuating medium. Classification of
hyperspectral image data that exhibits these non-linearities poses a huge chal-
lenge to linear methods. Therefore increased better modeling of such data can be
aided by use of better transformation methods. Recently, there has been ongoing
work in the field of manifold learning to develop methods that capture the low
dimensional embedding of high-dimensional data from which the non-linearity
properties of observed data can easily be captured and incorporated into the
model with all the redundant information eliminated.

Many of the manifold learning methods embed objects into a lower dimen-
sional vector-space using techniques such as Multidimensional Scaling[5], Diffu-
sion Maps [7], Locally Linear Embedding [8], or Principal Component Analysis
[10]. Recently, a new method for embedding data onto a spherical manifold was
proposed in [11]. The spherical embedding approach maps the dissimilarity of
shape objects onto a constant curvature spherical manifold. It embeds data onto
a metric space while optimizing over the kernel distance matrix of positional
vectors. Each of these approaches represents an attempt to derive a coordinate
system that resides on (parameterizes) the nonlinear data manifold itself. The
methods represent a very powerful new class of algorithms that can be brought
to bear on many high-dimensional applications that exhibit nonlinear structure,
e.g., the analysis of remote sensing imagery. Once embedded in such a space, the
data points can be characterized by their embedding co-ordinate vectors, and
analyzed in a conventional manner using traditional tools. Models can be devel-
oped for the low dimensional embedded data. However, the challenge remains on
how to interpret the geometrical characteristics of the new space so that decision
making tools can take advantage of these properties.

In this paper we exploit the nonlinear structure of hyperspectral imagery us-
ing the spherical embedding method as a feature transformational tool. The
approach seeks a constant curvature coordinate system that preserves geodesic
distances in high-dimensional hyperspectral feature spaces. A With data em-
bedded onto a spherical manifold, modeling techniques can now be developed.
We first outline the intuition and motivation explaining why a spherical mani-
fold is relevant for remote sensing data. Traditional supervised and unsupervised
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classification algorithms involve multivariate data that is drawn from R
d with all

emphasis attached to the magnitude of the feature vectors while the directional
element of the feature vectors is usually not considered. For some non-linearities
observed in remote sensing imagery data,e.g. presence of water in pixels viewed as
a function of position in the landscape, it makes sense to transform the observed
data onto manifolds on which the coordinate system allows for the directional
nature of the features to be significant. It has been observed that for most high-
dimensional remote sensing feature vectors, the cosine similarity measure which
is a function of an angle between a pair of vectors, performs better than the Eu-
clidean distance metric [13]. Such an observation suggests pursuing a directional
model for hyperspectral images. With the above insight, we develop a novel von
Mises-Fisher (vMF) distribution based approach for unsupervised classification
of hyperspectral images on spherical manifolds. This is an approach for unsuper-
vised classification of embedded hyperspectral data based on a mixture model,
where the distribution of the entire data is considered to be a weighted summa-
tion of the von-Mises Fisher class conditional densities. The vMF distribution is
a generalization of the von Mises distribution to higher dimensions [15,16]. This
distribution arises naturally for directional data with few parameters requiring
estimation.

The main aim of this study is to introduce spherical manifolds to remote sens-
ing data using the spherical embedding approach and also to propose a model
for identifying cluster components of similar land cover usage. Unsupervised
classification of AVIRIS data is performed with each pixel allocated a class la-
bel with the highest posterior probability. Cluster components are mapped to
corresponding classes using the best permutation mapping obtained from the
Kuhn-Munkres algorithm [6]. In the next section, we first discuss the embed-
ding space and the method of transforming hyperspectral images to a constant
curvature manifold. We then present the model based clustering on a spherical
manifold. Experimental results are provided with discussions on why spherical
manifolds with neighborhood preserving properties have a potential impact on
future models for hyperspectral images. The last section concludes with a brief
discussion and ideas future work.

2 Spherical Embedding of Image Pixels

A spherical manifold defines the geometry of a constant curvature surface. The
spherical embedding procedure we apply has neighborhood preserving properties
meaning that transformed feature vectors of similar pixel vectors are embedded
in the neighborhood of each other. The outline of the embedding algorithm as
recently proposed in [11], is shown in Figure 1. In the following sections, we
first set up the Bayes rule for a single component model based approach for
classifying image pixels on a spherical surface and then we will apply the same
rule to a spherical mixture model for image pixels.
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Input: Dissimilarity matrix Dn×n, where n is the number of pixels.
Output: X�, whose rows are pixel coordinates and whose inner-product
X�X�T has the same neighborhood as D. Procedure:

1. If the spherical point positions are given by Xi, i = 1, · · · , n, then
〈Xi, Xj〉 = r2 cos βij , with βij =

dij

r
.

2. If X in unknown, compute for X such that XXT = Z, where Zij =
r2 cos βij and dij ∈ D. Find the radius of sphere as r� = arg minr λ1{Z(r)}.
λ1 is the smallest eigenvalue of Z(r).

3. Set Ẑ = Z
r� and X� = arg minX,xT x=1 ‖XXT = Ẑ‖

4. Decompose Ẑ, Ẑ = UΛUT . Set the embedding positional matrix to be X� =
Un×kΛ

1/2
k×k, where k is chosen such that the elements of Un×k corresponds

to the largest k eigenvalues of Λk×k.

Fig. 1. Outline of Spherical Embedding

3 von Mises-Fisher Model and Bayes Rule

The Bayes rule approach to supervised classification is a fundamental technique,
and it is recommended as a starting point for most pattern recognition appli-
cations. The rule bases its classification in terms of probabilities. As such all
probabilities must be known or estimated from the data. We adapt this rule
and apply it on data that has been mapped to a spherical manifold. Traditional
Gaussian models cannot be applied on spherical manifolds as the properties of
the data have been manipulated to have a unit magnitude while the feature
angles are different. The analysis of such data will require models that can only
depend on the direction of the vectors and not their magnitudes. Such models
for handling directional data have been used in literature [15]. We assume that
each embedded pixel vector was generated from a von Mises-Fisher distribution.

Given directional data sample {xi}n
i=1 such that each xi has the property,

‖x‖ = 1, that is, xi ∈ S
d−1, with S a unit hypersphere of dimension (d − 1), the

assumed corresponding von Mises-Fisher density is defined by

f(x|μ, κ) =
κ

d
2−1

(2π)
d
2 I d

2−1(κ)
exp{κμT x} (1)

where Ir(·) denotes the modified Bessel function of the first kind and order r.
The parameters μ and κ, denotes the mean direction and concentration param-
eter of the distribution, respectively. The greater the value of κ, the higher the
concentration of the distribution around the mean direction μ. The distribution
is uni-modal for κ > 0, and is uniform on the sphere for κ = 0. The posterior
probability for choosing class membership is defined by

P (cj |x0), j = 1, . . . , J (2)
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The above equation describes the probability that the test vector belongs to the
j-th class given the observed feature vector x. Making use of the Bayes’ Theorem
we can find the posterior probabilities by

P (cj |x0) =
P (cj)P (x0|cj)

P (x0)
(3)

where P (x0) =
∑J

j=1 P (cj)P (x0|cj). P (cj) can be inferred from prior knowledge
of the application, estimated from the data by defining it to be P (cj) = Nj

N ,
where Nj is the number of training samples with class label j and N is the
total number of training samples. The class conditional P (x0|cj) represents the
probability distribution of the features of each class. Thus, for parametric density
estimation, one has to assume a form of distribution for the class conditionals and
then proceed to estimate the parameters for that distribution. As noted above,
we have made the assumption that the feature vectors were generated from a
von Mises-Fisher distribution. The next task is then to estimate the parameters
of a von Mises-Fisher distribution for each class of the labeled data.

3.1 Maximum Likelihood Estimation

Maximum likelihood estimation on a spherical manifold is simply carried out in
a conventional manner, i.e given a sample space X of unit random pixel vectors
drawn independently according to f(x|μ, κ), the likelihood of the sample space
is given by

L(X|μ, κ) =
n∏

i=1

f(xi|μ, κ) (4)

We can write the above in the log-likelihood form to get

log L(X|μ, κ) = n log cdκ + nκμx̄ (5)

where x̄ = 1
n

∑n
i=1 xi and cdκ = κd/2−1

(2π)d/2Id/2−1(κ)
. To obtain the maximum likeli-

hood estimates of μ and κ, we maximize equation (5) subject to the constraint
μT μ = 1 and κ ≥ 0. For a classification task, we consider the training instances
of each class separately in estimating the model parameters. Given j = 1, . . . , J
classes, the derivations of the MLE solutions μ̂j and κ̂j for each class conditional
are given by

μ̂j =
x̄j

‖x̄j‖ (6)

and

A(κ̂j) =
Id/2(κ̂j)

Id/2−1(κ̂j)
= x̄j (7)
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where x̄j =
∑

xi∈Cj
xi and ‖x̄j‖ is the length of the average resultant vector

for class j. A closed form solution of equation (7) is not possible and one can
use numerical techniques to solve for κ̂j . A reasonable approximation to the
solution is obtained by following the approach used in [16] from which κ̂j is set
to ‖x̄j‖d−‖x̄j‖3

1−‖x̄j‖2 .

Bayes Decision Rule: Given a feature vector x ∈ S
d−1, we assign it to class

cj if:

P (cj |x) > P (ck|x); k = 1, . . . , J ; k �= j. (8)

That is, we classify an observation x as belonging to the class that has the
highest posterior probability. In the next section, we consider a case where class
labels are not available for all sample observations.

4 Mixture of von Mises-Fisher Model

When the data sample space is considered to be incomplete due to the absence of
class labels, it is not so easy to make an assumption that each sample belongs to
a specific model. So a commonly used approach is to consider that the observed
samples, {xi}N

i=1, were generated from a mixture of J components and each
component corresponds to a class which is modeled by a probability distribution
that is a member to the assumed family of distributions. We make the assumption
that the directional data samples are generated from a mixture of von Mises-
Fisher models f(xi|θj), each with parameter vector θj = (μ, κ) for 1 ≤ j ≤ J . A
mixture of von Mises-Fisher has a joint density of the form

f(xi|Θ) =
J∑

j=1

αjfj(xi|θj) (9)

where Θ = {α1, . . . , αJ , θ1, . . . , θJ} and the αj ’s are constrained to
∑J

j=1 αj =
1. For a given embedded hyperspectral image we let X={x1, . . . , xn} be the
set of spherical pixel vectors, with each vector sampled according to equation
(9). Let Y={y1, . . . , yn} be the corresponding set of latent variables with each
yn ∈ {1, . . . , J}. For example, yi = j if xi is sampled from fj(·|θj). The log-
likelihood of the observed embedded pixel vectors is a random quantity given
by

log P (X ,Y|Θ) =
n∑

i=1

log αyifyi(xi|θyi) (10)

Obtaining the maximum likelihood parameters of the above expression would
have been easy if the values of yi were known just like in the case of supervised
classification of section 3.2. Since the label yi for each coordinate pixel xi is
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unknown, the solution to the derivatives of equation (10) can be found using the
expectation-maximization (EM) algorithm [14].

On the (t + 1)th iteration of the EM algorithm, the E step is equivalent to
replacing the unobserved random quantities in Y by their current conditional
expectations, which are the current conditional probabilities of Y = j given
X = xi:

p
(t)
ij =

α
(t)
j f(xi; θ

(t)
j )

∑J
k=1 π

(t)
k f(xi; θ

(t)
k )

= p(Y = j|X = xi; θ) (11)

with 1 ≤ i ≤ n; 1 ≤ j ≤ J .
The M step requires finding the value of Θ at the (t+1) iteration. Thus Θ(t+1)

would be the value that globally maximizes the objective function

Q(Θ, Θ(t)) =
∑

Y
p(Y|X , Θ(t)) ln p(X ,Y|Θ)

Thus, in the M step, the quantity that is being maximized is the expectation of
the complete-data log likelihood. This effectively requires the calculation of the
component distribution maximum likelihood estimates. The updated component
parameter estimates for the (t + 1) iteration, θ

(t+1)
j , are obtained by solving the

weighted log-likelihood equation

n∑

i=1

p
(t)
ij ∂ log f(xi; θj)/∂θj = 0. (12)

After applying calculus to this equation, we obtain the following required update
parameters for each cluster component distribution:

αj =
1
n

n∑

i=1

p(j|xi, Θ), μ̂j =
x̄j

‖x̄j‖ , (13)

A(κ̂j) =
Id/2(κ̂j)

Id/2−1(κ̂j)
⇒ κ̂j = A−1(‖x̄j‖) (14)

=
‖x̄j‖ d − ‖x̄j‖3

1 − ‖x̄j‖2 (15)

where

‖x̄j‖ =
‖∑n

i=1 xip(j|xi, Θ)‖
∑n

i=1 p(j|xi, Θ)
, p(j|xi, Θ) =

αjfjxi
∑K

k=1 αkfkxi

(16)

The maximum likelihood estimates ensure that the inequality

Q(Θ(t+1); Θ(t)) ≥ Q(Θ(t); Θ(t))

is true for each Θ(t+1). This is sufficient to ensure that the likelihood is not
decreased.
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5 Experiments

We consider a random unit vector X , whose elements are positional coordinates
of the intensity values (pixel bands values) of a pixel sample from the correspond-
ing spectral bands of a hyperspectral image. The randomness in the vector is
introduced by physical, scattering effects and atmospheric features. As such, it
makes sense to consider the physical properties of an area as being characterized
more by the distribution of the vector of directional positional intensities than
by the magnitude of the vector. We make the assumption that sample directional
unit pixel positional vectors were generated by selecting the class cj , with prior
probability αj and then selecting X , according to f(X |θj) so that the mixture
model derived in (9) can be applied.

5.1 Data

AVIRIS Hyperspectral West Lafayette 1992 Image:- To establish the
effectiveness of the proposed hyperspectral feature transformation onto spheri-
cal manifold, and the application of the proposed mixture model, we generate
results from the AVIRIS multispectral image. The West Lafayette image was
used in the experiments. This data is a multispectral image that was obtained
from the Airborne/Infrared Imaging Spectrometer that was built by Jet Propul-
sion Laboratory and flown by NASA/Ames on June 12, 1992 [12]. The scene is
over an area that is 6 miles west of West Lafayette. It contains a subset of 9
bands from a significantly larger image with 220 bands. The bands considered
have wavelengths 0.828− 0.838, 0.751− 0.761, and 0.663− 0.673 μm. The image
has 17 classes (background, alfalfa, corn-notill, corm-min,corn, grass/pasture,
grass/trees, grass/pasture-mowed, hay-windrowed, oats, soybeans-notill,
soybean-min, soybean-clean, wheat, woods, dldg-grass-tree-drives, and stone-
steel-towers). The image size is 145× 145 pixels. The pixel resolution is 16 bits,
corresponding to 65536 gray levels. 3403 pixels were selected to generate the
ground-reference data. For the experiments, each sample pixel is of dimension
81 consisting of the pixel’s values from the 9-bands and the 9-bands values for
each of its 8 neighbors. In Figure 2, we show the actual land cover usage from
the AVIRIS image together a subset of the land cover cosine coordinates for with
each pixel embedded onto a spherical manifold. Where we chose the embedding
space to be a 2-dimensional sphere for representational purposes.

AVIRIS Hyperspectral Tippecanoe County Image 1986:- This is a small
segment (169 lines x 169 columns of pixels) of a Thematic Mapper scene of
Tippecanoe County, Indiana gathered on July 17, 1986 [12]. The subset consist
of 7 bands of a significantly 220 bands. The image has 7 classes (background,
corn, soybean, wheat, alfalfa/oats, pasture, and sensor/distortion). Two thou-
sand pixels were selected to generate the ground-reference data. For the experi-
ments, each sample pixel is of dimension 63 consisting of the pixel’s values from
the 7-bands and the 7-bands values for each of its 8 neighbors. In Figure 3, we
show the actual land cover usage from the AVIRIS image and a subset of land
cover cosine coordinates for test pixel embedded onto a spherical manifold.
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Fig. 2. (Left)-AVIRIS 1992 West Lafayette land cover usage, color coded on ground
truth. (Right)-corresponding cosine pixel coordinates on a spherical manifold.
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Fig. 3. (Left)-AVIRIS 1986 Tippecanoe County land cover usage color coded on ground
truth. (Right)-corresponding cosine pixel coordinates on a spherical manifold.

5.2 Results

To evaluate the performance of the von Mises-Fisher mixture model on hyper-
spectral data clustering, we use a metric-accuracy proposed in [17]. The dataset
consist of N samples, all with labeled clusters. With each sample’s predicted
cluster label denoted ti and the corresponding ground truth labelled gi, the
clustering accuracy is defined by

accuracy =
∑N

i=1 δ(gi, map(ti))
N

(17)

where δ(gi, map(ti)) is a delta function equal to 1 if the label gi is equal to the
label ti, otherwise it is 0. The function map(ti) is the best permutation mapping
obtained from the Kuhn-Munkres algorithm [6]. The function maps the predicted
cluster labels to the corresponding best permuted representational cluster.

The clustering accuracy of the proposed von Mises-Fisher mixture model is
compared to the results obtained using the spherical K-means algorithm [18]. It
can be seen from Table 1 that both methods achieve above random guessing ac-
curacy when classes are well separated. This indicates that when a hyperspectral
image is embedded onto a spherical manifold, pixel vectors with similar prop-
erties tend to have directional properties that are related. The non-linearities
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observed in images with water medium results in pixel vectors following a par-
ticular directional distribution. For both methods higher accuracy was observed
for fewer cluster components. We make a note to compare our results with those
obtained in [9], from which the authors used an independent component mix-
ture model to study the same data set but for only four clusters. We applied
our proposed method to a small subset image with four clusters and observe the
clustering accuracy to be 67%. This value is 7% above the best accuracy value
which was reported in [9] for the same ground truth. This indicates that our pro-
posed method has additional capability to carry out better classification over an
independent component analysis(ICA) mixture model. In order to give a further
quantitative performance evaluation of the proposed model, we collected 2000
cosine pixel coordinates from the spherically mapped Tippecanoe County image.
With the selected pixels coordinates, confusion matrix was built based on the
relationship between the mapping obtained from the Kuhn-Munkres algorithm
[6] and the ground-truth labels shown in Figure 3. The statistical accuracies are
shown in Table 2. The mixture model exhibited better accuracy on clustering
the pixel coordinates.

The accuracy is however sensitive to an introduction of new sample points
from cluster components with overlapping structures. In Figure 4, we show a
result of AVIRIS-West Lafayette image clustering accuracy degrading with the
introduction of new cluster components. This artifact could be expected from
most unsupervised learning methods. The argument being that as more and more
overlapping structures are introduced, sample points that are located at the clus-
ter component boundaries are more likely to present more ambiguity as to which
cluster they belong to, as a result degrading the performance of the algorithm.
However, the results clearly supports a motivation for exploring a new coordi-

Table 1. Clustering accuracy(%)- AVIRIS 1992 Indian Pine Site

number of clusters spherical-Kmeans von Mises-Fisher mixture

2 55.10 ± 0.3 68.35 ± 0.1
3 68.72 ± 2.3 88.23 ± 3.2
4 58.06 ± 0.1 75.33 ± 1.8
5 46.52 ± 0.1 68.16 ± 0.6
6 49.77 ± 2.7 67.90 ± 1.6
7 51.19 ± 1.4 63.16 ± 1.89
8 49.05 ± 0.9 64.40± 2.06
9 50.95 ± 0.8 63.31 ± 3.8
10 50.57 ± 0.5 59.91 ± 2.4
11 48.20 ± 1.6 60.9 ± 2.8
12 48.10 ± 1.1 54.74 ± 0.8
13 48.96 ± 1.2 53.12 ± 0.4
14 47.66 ± 1.16 50.53 ± 0.1
15 45.35 ± 0.5 48.53 ± 0.8
16 45.37 ± 0.6 46.53 ± 0.7
17 43.88 ± 0.4 45.07 ± 0.5

Avg accuracy 50.25 61.38
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Table 2. Clustering accuracy(%)- AVIRIS 1986 Tippecanoe County

number of clusters spherical-Kmeans von Mises-Fisher mixture

2 77.46 ± 0.1 75.89 ± 0.3
3 73.77 ± 1.5 76.22 ± 1.7
4 54.65 ± 0.03 68.95 ± 3.1
5 44.77 ± 0.2 66.47 ± 0.7
6 39.33 ± 1.5 63.19 ± 2.3
7 38.13 ± 1.1 55.81 ± 1.0

Avg accuracy 46.87 58.08
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Fig. 4. Clustering accuracy on AVIRIS-West Lafayette Image

nate space from which to model hyperspectral images. As we mentioned earlier,
a von Mises-Fisher distribution is similar to a constrained covariance Gaussian
distribution. As such, all cluster components are constrained to have constant
concentric countour shapes. The overall result of modelling hyperspectral image
pixels as cosine spherical coordinates using a mixture of von Mises-Fisher model
appears to fit the clusters with an oval shape inaccurately. Elliptic or oval shaped
cosine coordinate data can be better modelled using Kent distributions [15]. The
advantage of the Kent distribution over the von Mises-Fisher distribution on a
spherical manifold is that the equal probability contours of the density are not
restricted to be circular, they can be elliptical as well. Our future goal is to
explore such models and their impact on spherically embedded remote sensing
images.

6 Conclusions

In this paper, we have discussed a constant curvature nonlinear coordinate
description of hyperspectral remote sensing data citing example data with a
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number of sources of nonlinearity such as subpixel heterogeneity and multiple
scattering, bidirectional reflectance distribution function effects and the presence
of nonlinear media such as water. The direct result of such non-linearities is a
fundamental limit on the ability to discriminate, for instance, spectrally similar
vegetation such as forests when a linear spectral coordinate system is assumed.
Our approach was to seek a constant curvature manifold on which hyperspectral
images could be represented by their angle information and proceed to develop
an unsupervised algorithm for analysis of the data. The motivation of using
cosine coordinates was due to observing the success of the cosine similarity met-
ric in image retrieval systems in Euclidean spaces. We have proposed a novel
approach derived from embedding hyperspectral images onto a spherical man-
ifold using the spherical embedding method. The approach models embedded
image pixels as random directional quantities generated from a mixture of von
Mises-Fisher distributions. The results presented indicate the benefits of seeking
spherical coordinates for analysis of hyperspectral images.
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