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Abstract. A new classification model called adaptive local hyperplane
(ALH) has been shown to outperform many state-of-the-arts classifiers
on benchmark data sets. By representing the data in a local subspace
spanned by samples carefully chosen by Fisher’s feature weighting
scheme, ALH attempts to search for optimal pruning parameters af-
ter large number of iterations. However, the feature weight scheme is
less accurate in quantifying multi-class problems and samples being rich
of redundance. It results in an unreliable selection of prototypes and
degrades the classification performance. In this paper, we propose im-
provement over standard ALH in two aspects. Firstly, we quantify and
demonstrate that feature weighting after mutual information is more ac-
curate and robust. Secondly, we propose an economical numerical algo-
rithm to facilitate the matrix inversion, which is a key step in hyperplane
construction. The proposed step could greatly low the computational cost
and is promising fast applications, such as on-line data mining. Exper-
imental results on both synthetic and real benchmarks data sets have
shown that the improvements achieved better performance.

Keywords: Classification, adaptive local hyperplane, feature weighting,
wrapper, mutual information, rank decomposition.

1 Introduction

Despite its age and simplicity, the Nearest Neighbor(NN) classification rule is
among the most successful and robust methods for many classification problems.
Many variations of this model have been reported by using various distance func-
tions. A very interesting revision was achieved by approximating each class with a
smooth locally linear manifold [20]. Recently, the authors [19] further generalized
this revision by considering the feature weighting in local manifold construction,
and the proposed model was called adaptive local hyperplane (ALH). The ALH
classifier[19,22] was compared with classical classifier in many real data sets. The
results were very promising.
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Feature weighting plays an important step in ALH classifer. In general, the
feature weights were obtained by assigning a continuous relevance value to each
feature in hoping to enhance the classification performance of a learning algo-
rithm by stressing on the context or domain knowledge. The feature weighting
procedure is particularly useful for in instance based learning models, which
usually construct the distance metrics by using all features [21]. Moreover, fea-
ture weighting could reduces the risk of over-fitting by removing noisy features
thereby improving the predictive accuracy. Existing feature selection methods
broadly fall into two categories, wrapper and filter methods. Wrapper methods
use the predictive accuracy of predetermined classification algorithms (called
base classifer), such as SVMs, as the criteria to determine the goodness of a sub-
set of features [5,9]. Filter methods select features based on discriminant criteria
that rely on the characteristics of data, independent of any classification algo-
rithm [4,10,12]. The commonly discriminant criteria includes entropy measure-
ment [13], Chi-squared measurement [15], correlation measurement [11], Fisher
ratio measurement [6], mutual information measurement[14], and RELIEF-based
measurement [18].

The key strength of the ALH classifier is in its incorporation of the feature
weighting method into its nearest neighbor selection and local hyperplane con-
struction. Thus, the data is represented in a weighted space by evaluating the fea-
ture importance in advance. However, the original feature weighting method in
ALH considers the class separation criteria for individual features independently
by using the ratio of between-group to within-group sum-of-squares (RBWSS).
This criterion is known for that it omits the dependence among the features, and
thus is less accurate when the tested data set being rich of redundant features.
Therefore, the classification performance of ALH will be degraded.

In this paper, we proposed improvement on the standard ALH model in two
aspects [19]. The first improvement is to evaluate the feature weighting scheme
by mutual information, which is shown to be more accurate and robust in multi-
classification problems [16,3]. The second improvement is to propose an econom-
ical numerical algorithm to low the computational cost during classification.

This paper is organized as follows. Sections 2 provides an introduction to
the basics of adaptive local hyperplane (ALH) method. The previous weighting
scheme was analyzed and replaced by new weighting function based on mutual
information. Section 3 proposed a correction of numerical algorithm to dramati-
cally low the computational cost during classification, thus facilitating its usage
in data of large dimension. Section 4 demonstrated the performance of proposed
method on benchmark data. Conclusion was presented in Section 5.

2 Adaptive Local Hyperplane and Feature Weighting
Scheme

Let {xi}l
i=1 be a d-dimensional training data set with known class label yi = c,

for i = 1, . . . , l and c = 1, . . . , J . In ALH algorithm, given a query sample, the
first step is to find for each class the training points nearest (called prototype)
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to the query. The metric between samples was defined dependent on the feature
weights. These selected prototype samples are then used to construct a local
linear manifold for each class in the training set. Finally the query sample is
assigned to the class associated with the closest manifold.

Adaptive Local Hyperplane. In the prototype selection stage, the feature
weight is estimated by the ratio of the between-group to within-group sums of
squares, called RBWSS scheme [19]:

rj =
∑

i

∑
c I(yi = c)(x̄cj − x̄j)2∑

i

∑
c I(yi = c)(xij − x̄cj)2

, (1)

where I(·) denotes the indicator function, x̄cj denotes the jth component of
class centroid of class c and x̄j denotes the jth component of the grand class
centroid. It is trivial to verify that the RBWSS weighting scheme ranks the fea-
ture importance by Fisher criterion, and thus is not accurate in multiple learning
problems. Given the ranked feature importance, one attempts to further amplify
their difference through an exponential normalization of the feature weights. This
Fisher’s method could rank the feature importance by a simple implementation
with economic computational cost [6]. However, it tends to outweight abundant
or easily separable classes if classes of the data sets are unevenly distributed [7].
To address this problem, the mutual information based criterion has been shown
to be an effective measurement [10].

Mutual Information. The relevant features contain important information
about the output whereas the irrelevant features contain little information re-
garding the output. Therefore, the task of feature weighting could be accom-
plished by measuring the “richness” of information concealed in data. For this
purpose entropy and mutual information are introduced in Shannon’s informa-
tion theory to measure the information of random variables [17].

Given a discrete random variable X with its probability density function de-
noted as p(x), the entropy of X can be defined as

H(X) = −
∑

p(x) log p(x) (2)

For the case of two discrete random variables, i.e., X and Y , the joint entropy
of X and Y is defined as follows:

H(X, Y ) = −
∑

x

∑

y

p(x, y) log p(x, y) (3)

where p(x, y denotes the joint probability density function of X and Y . The
common information of two random variables X and Y is defined as the mutual
information between them,

I(X ; Y ) =
∑

x

∑

y

p(x, y) log
p(x, y)

p(x)p(y)
(4)
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Quantitative measurement of feature importance for the classification task
based on mutual information is one of the most effective technique for feature
weighting. By resembling mutual information terms, one could obtain the quan-
tification of the features subsets, such as Redundancy and Relevance [16]. One
could use these terms to obtain features set catering to empirical needs. For in-
stance, the scheme based on minimal-redundancy-maximal-relevance (mRMR)
criterion has been developed to find a compact set of superior features at a low
computational cost [16].

In this paper, we adopt the feature weighting by the mutual information cri-
terion for the ALH classifier to overcome the limitations of the original RBWSS
scheme. Synthetic examples will be given later in Section 4 to support this cor-
rection.

In the second stage, the hyperplane of class c is constructed by:

LHc(q) = {s | s = V α}, (5)

where V is a d × n matrix composed by prototypes: V.i = pi, with pi being
the ith nearest neighbor (called prototype) of class c, The parameter of α =
(α1, . . . , αn)T are solved by minimizing the distance between training samples q
and the space of LHc(q) with regularization:

Jc(q) = min
α

(s − q)T W (s − q) + λαT α, (6)

where s ∈ LHc(q), W is the diagonal matrix with W (j, j) = wj and λ is the
regularization parameter.

The minimization of (7) could be achieved by solving a quadratic equation
for α:

(V T WV + λ In)α = V T Wq. (7)

At the last stage, the class label of the new comer is decided by the weighted
Euclidean distance between the new comer and the local hyperplane of each
class.

3 A Numerical Correction

The matrix in L.H.S of Eq. (7) is positively definite and thus classical algorithms
such as QR-decomposition could be employed to find its inverse matrix [8].
In order to obtain optimal pruning parameters, such as number of the proto-
types (nearest neighborhoods) and the regularizer λ, cross-validation scheme
was shown to be effective and fast, thus usually serving as top choice. However,
this incurs to large computation in ALH since many local hyperplane need to be
constructed in Eq. 5. This problem tends to be more worse if the sample feature
is in larger dimension as in many biomedical problems.

In this paper, we shall prove that the inverse matrix in L.H.S of Eq. (7)
could be obtained by series of matrix multiplication instead of inversing directly,
thus greatly saving the computational cost. In more details, we assume that we
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already derived the inverse matrix of V T
n WVn + λI, consisted by n prototypes.

By adding one more prototype, one is expecting to represent the local hyperplane
in a less biased way, hoping to enhance its discrimination power. It implies the
necessity of computing the inversion of matrix V T

n+1WVn+1 + λI. We will show
that the inversion of V T

n+1WVn+1 +λI could be updated consecutively by matrix
multiplication from V T

n WVn + λI. For clarity, we named this revised version as
MI-ALH.

Theorem 1. Suppose that An = V T
n WVn + λI, then the matrix of An+1 =

V T
n+1WVn+1 + λI could be formulated as:

An+1 =
(

l1 lT

l An

)

, (8)

and its inverse matrix is given by:

A−1
n+1 = Gn+1

(
l−1
1 0
0 A−1

n − A−1
n l̄lT A−1

n

1+lT A−1
n l̄

)

GT
n+1, (9)

where

l̄T = − lT

l1
(10)

Gn+1 =
(

1 l̄T

0 I

)

. (11)

The proof of this theorem is dependent on the following lemma and we would
like to prove it at first.

Lemma 1. Let An+1 be a symmetric positively definite matrix of order n + 1,
with form of:

An+1 =
(

l1 lT

l An

)

(12)

where l1 is a constant and lT1×n is a vector. An is a symmetric positively definite
matrix of order n. Then the inverse matrix of An+1 is given by:

A−1
n+1 = Gn+1

(
l−1
1 0
0 A−1

n − A−1
n l̄lT A−1

n

1+lT A−1
n l̄

)

GT
n+1 (13)

where l and Gn+1 are defined in Eq. (10-11).

Proof. Since the matrix An+1 is positively definite, it could be diagonalize by
series of Gaussian elimination. The permutation matrix G could be employed to
perform once Gaussian elimination. It is trivial to verify that

GT An+1G =
(

l1 0
0 l̄lT + An

)

. (14)
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According to the Sherman-Morrison-Woodbury formula [2], we know that

(An + l̄lT )−1 = A−1
n − A−1

n l̄lT A−1
n

1 + lT A−1
n l̄

. (15)

Therefore,

A−1
n = G

(
l−1
1 0
0 (l̄lT + An−1)−1

)

GT (16)

= G

(
l−1
1 0

0 A−1
n−1 −

A−1
n−1 l̄lT A−1

n−1

1+lT A−1
n−1 l̄

)

GT . (17)

Now we end the proof of the Lemma 1.

Given the Lemma 1, we now continue to prove the Theorem 1.

Proof. Let Vd = (P1, P2, · · · , Pn) denote the prototype matrix. Assuming that
one needs to add a new prototype P̄ to enhance the discrimination power, it will
result in a new prototype matrix Vn+1 = (P̄ , P1, P2, · · · , Pn).

It is trivial to verify that:

V T
n+1WVn+1 + λI (18)

=

⎛

⎜
⎜
⎜
⎝

P̄T WP̄ + λ P̄T WP1 · · · P̄T WPn

PT
1 WP̄ PT

1 WP1 + λ · · · PT
1 WPn

...
...

. . .
...s

PT
n WP̄ PT

n WP1 · · · PT
n WPn + λ

⎞

⎟
⎟
⎟
⎠

=
(

l1 lT

l V T
n WVn + λI

)

,

(19)

where l1 = P̄T WP̄ + λ and lT = (P̄T WP1, P̄
T WP2 · · · , P̄T WPn). Therefore,

the inversion of new prototype matrix could be obtained directly by Eq. (13),
and we have:

A−1
n+1 = (V T

n+1WVn+1 + λI)−1 = G

(
l−1
1 0
0 A−1

n − A−1
n l̄lT A−1

n

1+lT A−1
n l̄

)

GT . (20)

This concludes our proof.

In summary, better classification could be obtained by adding more prototypes.
However, the addition incurs to larger computational cost in solving the linear
equation of Eq. (7) through matrix inversion. We have shown that the inversion
of matrix could be updated directly from early inversion. This correction is fast
and efficient, thus is promising for classification, even for high dimensional data.
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4 Experimental Results

The mutual information based criteria has been widely applied in feature weight-
ing and feature selection, thus facilitating its usage in machine learning [6,7,10,3].
This criteria is more accurate than RBWSS in evaluating the feature importance
of multi-class data, or data being rich of redundance. We can show this by con-
structing a synthetic example.

In the first example, the tested data contains five feature variables in the
well-known diamond shape, shown in Fig. 1, and ten noise features following
standard normal distribution of N(0, 1). The class label Y is completely deter-
mined by variable X1 and X2, both following normal distribution of N(2, 1).
The variable X3 is dependent on X1 with noise degration, and X4 is dependent
solely on X2 with noise degration, X6, · · · , X15 are noise features. The vari-
able of X5 satisfies X5 = X3 + X4, thus contains more information on label Y
than X3 or X4, individually. The ideal order of the feature variable should be
X1 ≈ X2 > X3 ≈ X4 > X5 >> other noisy features. However, the top five fea-
tures ranked by RBWSS is X8, X12, X13, X10, X15, which are all noisy features.
In comparison, the top five features ranked by mutual information (Eq. (4))
is X1, X2, X3, X4, X5 with value of 1.0183, 0.9465, 0.7668, 0.6043, 0.4779, respec-
tively. The weighting scheme after mutual information demonstrate better accu-
racy and robustness to noises.

Fig. 1. A synthetic example having well-known diamond shape. The test data set is
consisted by fifteen features and its label is completely determined by feature X1 and
X2. The redundant feature X3 and X4 are s dependent on X2 and X1, respectively.
The fifth feature X5 is dependent on X3 and X4, degrated by noises. X6, · · · , X15 are
i.i.d noises following standard normal distribution.
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We further demonstrate the performance of the proposed MI-ALH in classifi-
cation by comparing it with ALH [19] on eleven real data sets. The tested nine
benchmark data sets were downloaded from the UCI Machine Learning Reposi-
tory [1], and they have been widely tested by various classification models. Three
validation procedures, including the leave-one-out(LOO), 10-folds, and 20-folds
cross validation, were carried out for hyperparameters estimation and accuracy
testing on each dataset.

The results were summarized in Table 1. If using LOOCV, the performance
of MI-ALH is slightly better than ALH. Moreover, with the decreasing of the
training sample size, the performance of MI-ALH tends to better. For example,
MI-ALH achieved higher classifications on 5 data sets vs lower classifications on
3 data sets under 10-fold cross validation, while 8 vs 3 in 20-fold cross valida-
tion. The outperformance obtained by MI-ALH was due to the accurate feature
weighting scheme.

Table 1. Classification accuracies (%) on 11 real data sets. The better results are high-
lighted in bold under three different cross-validation scheme. The MI-ALH outperforms
than standard one in most cases. Moreover, with the size of training sample decreasing
from LOOCV to 20-fold-CV, the performance of MI-ALH was better than standard
ALH, implying the accuracy and robustness of feature weighting scheme.

Validation Scheme LOOCV 10-fold CV 20-fold CV
Dataset ALH MI-ALH ALH MI-ALH ALH MI-ALH
Iris 98.00 97.33 96.00 96.00 96.52 95.90
Glass 75.23 76.64 57.40 58.36 61.45 63.18
Vote 96.98 96.98 96.56 96.56 96.52 96.93
Wine 98.88 99.44 96.63 97.75 98.83 98.89
Teach 75.50 74.83 68.00 66.71 70.23 70.00
Sonar 90.87 91.35 64.41 66.33 71.73 72.87
Cancer 82.83 82.32 80.21 79.71 81.56 81.06
Dermatology 97.27 97.81 97.00 97.54 96.18 96.74
Heart 60.27 59.60 57.92 57.92 57.31 57.95
Prokaryotic 91.68 91.68 81.153 81.35 88.36 88.47
Eukaryotic 85.08 85.50 75.33 75.37 80.31 80.60
Score 4 vs 5 3 vs 6 3 vs 8

5 Conclusion

The adaptive local hyperplane model has been shown to be a very effective clas-
sification model on various type of data sets. However, the feature weighting
scheme is less accurate in quantifying multi-class problems and samples being
rich of redundance. Therefore, it leads to less accurate prototypes selection and
unreliable local hyperplane construction. In this paper, we are proposing to two
improvements over the standard ALH model. The first improvement is to eval-
uate the feature weighting scheme through mutual information. Experimental
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results both on synthetic and real bench mark data sets have shown the revision
is more accurate and robust. The second improvement is to propose an econom-
ical numerical algorithm to facilitate the matrix inversion, which is a key step in
hyperplane construction. The proposed step could greatly low the computational
cost and is promising fast applications, such as on-line data mining.
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