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Abstract. A feedback vertex set (FVS) is a subset of vertices whose
removal renders the remaining graph a forest. We show that finding the
minimum FVS is tractable in the so-called triad convex bipartite graphs.

1 Introduction

A feedback verter set (FVS), sometimes also called loop cutset, in a graph is
a subset of vertices whose removal renders the remaining graph a forest. In
weighted graphs, the weight of a FVS is the summation of the weight of each
vertex in the F'VS, and the weight of each vertex is a positive integer. For non-
weighted graphs, we just assume that each vertex has a weight one. Finding
the minimum FVS (MFVS) even in non-weighted graphs is a classical N'P-
complete problem. In fact, it was among the twenty-one N'P-complete problems
in Karp’s list [T9]. MFVS has applications in deadlock prevention and recovery in
operating systems [28], information security [I5], VLSI chip design [10], artificial
intelligence [II30], etc.. Many algorithms have been developed for MFVS, which
are approximate [BI1I4U5127/33], randomized [2], parameterized [S89J6], exact [12],
polynomial in restricted graphs [221242T129T420], to enumerate and count the
number of MFVS [11], and to estimate the size of MFVS [26]. In this paper,
we show a tractable result about MFVS in some restricted bipartite graphs.
Namely, we show that MFVS is polynomial in restricted bipartite graphs which
are called triad convex.

A Bipartite graph G = (A4, B, E) is called tree convez, if there is a tree T =
(A, F), such that for all vertex b in B, the subset N(b) = {a € Al(a,b) € E}
(i.e. the neighborhood of b in A) is a connected subtree in T. When T is a star
(i.e. a bipartite complete graph K j4_1), G is called star conver. When T' is
a path, G is called path convex or just conver. When T is a triad (i.e. three
paths with a common end), G is called ¢riad convez. It was known that finding
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MFVS in non-weighted bipartite graphs is also NP-hard [31], but tractable in
weighted convex bipartite graphs and cocomparable graphs [22], interval graphs
[24], circle graphs [14], mesh and butterfly [7I25], hypercube [13], star graph [29],
rotator graph [I6J20], and shuffle-based interconnection networks [21], etc..

Recently, we generalized the notion of convex bipartite graphs to the notion
of tree convex bipartite graphs, and showed that finding MFVS in non-weighted
star convex bipartite graphs is also NP-hard [I7]. Thus the tractability result of
MFVS in convex bipartite graphs in [22] is unlikely extensible to all tree convex
bipartite graphs. Here in contrast to [I7], we show that finding MFVS in weighted
triad convex bipartite graphs is tractable. Therefore, the tractability result in
[22] on convex bipartite graphs is at least extensible to triad convex bipartite
graphs. In summary, the results in [I7] and here have refined the complexity
classification of MFVS in [31122] on various restricted bipartite graphs.

This paper is organized as follows. In Section [2, we recall some necessary
definitions and notations along with some known results on FVS and tree convex
bipartite graphs. In Section Bl we describe the details of an algorithm for finding
MFVS in weighted triad convex bipartite graphs, and also show its correctness.
In Section @] we give an explicit polynomial time bound for the algorithm and
remark some possible extension and limit of the algorithm. Finally, we discuss
some open problems.

2 Definitions

In this section, we recall some definitions and notations along with some known
results to be used in subsequent sections about FVS and convex bipartite graphs
as in [22] and about tree convex bipartite graphs as in [I7].

A Bipartite graph G = (A, B, E) is called tree convez, if there is a tree T' =
(A, F), such that for all vertex b in B, the subset N(b) = {a € Al(a,b) € E}
(i.e. the neighborhood of b in A) is a connected subtree in T [I7]. When T is a
triad (i.e. three paths with a common end), G is called triad convez [I7]. When
T is a path, G is called path convex or just convex [23]. For convex bipartite
graphs, we can equivalently assume that there is a linear ordering < on A, such
that each neighborhood of some b is an interval of A under <, see e.g. [22].

Although the notion of tree convex bipartite graphs was recently introduced
by us in [I7], from the results in [32] we can know that both convex bipartite
graphs and tree convex bipartite graphs are recognizable in linear time, and the
associated linear ordering < on A in convex bipartite graphs and the associated
tree T on A in tree convex bipartite graphs are both constructible in linear time.
Thus we can safely assume that they are parts of the inputs.

Assume a convex bipartite graph G = (A, B, E), A = {a1,...,a,}, B =
{b1,...,bn}, with a linear ordering a; < a; for i < j on A. For convenience, we
add two more vertices ag and an+1 to A [22]. The following notations are also
from [22]:
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— For a vertex v in a graph, N(v) denotes the set of all vertices adjacent to v.

— For every b € B in G, let L[b] and R[b] denote the smallest and largest
vertices, respectively, of A connected to b. Let B = {b1,...,b,} with R[b;] <
Rbjlfor1 <i<j<m.

— For a; € Awhere 0 <i<n+1,let A; ={ap:an € Aand 0 < h < i} and
Bi={b:b € Band R[] < a;}.

— For a;,aj,ar € A where 0 < i < j <k <n+1, define B;; ={b:b¢€
B and a; < Lb] < R[b] < a;}, and B; jr = {b: a; < L[b] and a; < R[b] <
ak}.

— For a;,a; € A where i < j, M(i,7) denotes a MCFS in A; + B; containing
{ai,a;}(ie. a;,a; € M(i,j)), where a; and a; are the largest two vertices
in AN M(i, j).

— For a;,aj,ar € Awhere 0 <i < j<k<n+1, M(i,j k) denotes a MCFS in
Ay + By, containing {a;, a;, ay }, where a;, a;, ax are the largest three vertices
in AN DM, k).

— For a;,a; € A and b, € B where 0 <i < j <n+1 and by € N(a;) N N(qa;),
My (i, 7, k) denotes a MCFS in A; + B; + {bx} containing {a;, a;, by}, where
a; and a; are the largest two vertices in A N M (3, j, k).

In [22], it was shown that all the M (i, 5), M(i, 7, k) and My(i, j, k) can be com-
puted in O(|A]?+|A|?|E|) time. A convex bipartite graph with the added vertices
ag and a1 is shown in figure [Il
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an ~O by

an+]

Fig. 1. A convex bipartite graph

Assume a triad convex bipartite graph G = (4, B, E) with a triad T = (A, F)
defined on A, such that every N(b) is a subtree of T for b € B [17]. To be specific,
let A= {ap}UA1UAsU As, such that for 1 <i <3, A; ={a;1,...,ain,} and
ap — @1 — ... — G, are three paths with a common end ag. The vertices of
a triad convex bipartite graph (without edges) are shown in figure 2

We can assume that the graphs are weighted with positive integers on their
vertices. For non-weighted graphs, these weights are assumed to be one. Recall
that removing a F'VS renders the remaining graph a forest, and the weight of a
FVS is the sum of weights of vertices in the FVS. Thus finding a minimum FVS
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Fig. 2. A triad convex bipartite graph (without edges)

(MFVS) in a graph is equivalent to finding a maximum cycle-free set (MCFS)
in the same graph [22]. Below we will give an algorithm to find a MCFS instead
of a MFVS in weighted triad convex bipartite graphs as in [22].

3 The Algorithm

In this section, we will describe an algorithm for MFVS in weighted triad convex
bipartite graphs. This algorithm is a natural extension of the known algorithm
n [22]. Along with the description, we will also show the correctness of the
algorithm.

Let U be the MCFS of G, we will consider the following two cases: ag ¢ U
and ag € U.

Case 1: ag ¢ U.

Let a1,;,a2,,a3 be the nearest vertices to ag in U on each path A, Ay, As
respectively. Some of them may not exist at all, that is, the corresponding whole
path may not intersect with U. we can divide A into four parts Sy, S1, 52, 53 as
follows:

So = {CLU?al,la sy @1,5-1,02 150+, A2,5-1,A315 - - a3,k71}7
Sl = {al,,», ey alml}’
SQ = {ag,j7 e ,G,Q,»,u},
53 = {a?,,k7 e 761,3,”3}.

An example is shown in figure Bl Note that if some vertices in {a1;, a2, ;, a3}
do not exist, then the corresponding sets in {51, S3, S5} will be empty, however
this will cause no harms to our algorithm but only helps.

We can put each v € B into one of the following six sets Bi, ..., Bg according
to the situation of v’s neighborhood:

By ={vl|ai,a2; € N(v),asr ¢ N(v)}.

By ={v|ai,a3r € N(v),az2; ¢ N(v)}.

Bs ={vl|as;,a3x € N(v),a1; ¢ N(v)}.
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Fig. 3. Divide A into four parts

By ={vl|ai,a2;,a3r € N(v)}.

Bs ={vl|aii,azj,a3x ¢ N(v),N(v) C So}.

Bs = {v||{a1,i,a2,;,a3,} N N(v)| <1, and N(v) N (S1 US2 U S3) #0}.

The following observations are easily seen.

(1) At most one vertex from B; is selected into U (similarly for Bg,Bsz,By).
Otherwise, if both b,,b; € U are from Bi, then U will contain a cycle b, —
ai; — by — az; — by. Let by, by, b3, by be the vertices possibly selected into U
from By, B2, B3, B4 respectively. Some of them may not exist, since they are not
selected into U at all, see below.

(2) At most two vertices in {b1,ba,b3} or at most one vertex in {bs} are
available in any MCFS, since {b1, b2, b3} will form a cycle by — a1,; — b2 —
ask — bs — azj — by, and for example {b1, b4} will form a cycle by — a1; —
b4 — a2 — bl.

(3) All the vertices from Bs should be in U, since obviously they are not
contained in any cycle.

(4) All the edges between Bg and Sy are removable, since they do not change
the result of MCFS.

Obviously, the selection of a1 ;,a2 ;,a3,% is done in at most O(|AJ?) time. Ac-
cording to the above observations (1) and (2), we can enumerate the vertices
by, bs, b3, by in O(|B|2) time.

After selecting ay 4,a2,;,a3,1 and by, by, bs, by as above, by the above observa-
tion (1), we can remove all vertices in B; \ {b;} from G. After the removing, we
define four induced subgraphs Go,G1,G2,G3 of G and find MCFS in G;,G2,G3
as follows (also see figure ). For any bipartite graph G = (A, B, E) and any
subsets C C A and D C B, denote by G[C, D] the subgraph of G induced by C
and D, which is the bipartite graph (C, D, EN(C&D)). Here C&D = {(¢,d)|c €
C and d € D} is the set of all unordered pairs of vertices in C and D. Let N(C) =
{b|b € B and b has a neighbor ¢ € C}. Then the graphs Gy, G1, G2, Gs are de-
fined as G[So, N (So)], G[S1, N(S1)], G[S2, N(S2)], G[S3, N(S3)] respectively. An
example of the vertex sets of subgraphs Go,G1,G2,G3 is shown in figure @l
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Fig. 4. The vertex sets (without edges) of subgraphs Go, G1, G2, Gs

Let U1,U3,Us be MCFS of G1,G2,G3 respectively. It is obvious that U =
U1 UU2UU3UBs. Let X1 = {v|v € {b1,ba,bs},v is actually selected into U}. By
above observation (2), we know that | X;| < 2. Below we will show how to find
the MCFS U; in G; conditioned on X3 (we can find Uy, Us in Gg, G5 similarly).

Assume that |S1| = n}. For convenience, we add two isolated vertices a, a!, (41
into S1 and make an ordering on N(S7) as in [22]. For the purposes to deal
with U, Us in a similar way to Uy and to use the algorithm in [22], we rename
the vertices in Sy as ay, al,--- ’a;z’1+1 and rename Sy, N(S1),G1,Ur, X1,n] as
A, B,H,U, X, nrespectively. Also for convenience, we will omit the primes in a}’s
and b}’s, and use a;’s and b;’s instead in the following lemma. This renaming
procedure is partially depicted in figure [Bl
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Fig. 5. Renaming vertices and finding U; in G
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Lemma 1. The MCFS U of H is computed in the following three cases
accordingly:

1. If X=0,U=M(mn,n+1)\{ao,ans+1}

2. If X = {x1}, U is one of the following candidates, whichever has mazimum
weight:
(a) Mb(ianaxl) U Bi,n,nJrl \ {GO}’ fOT some ia a; € N(xl)
(b) M(i,n,n+ 1)\ {ao}, for somei,a; € A\ N(x1) .

3. If X ={x1,22} and |N(z2) N A| > |N(xz1) N A, U is one of the following
candidates, whichever has mazimum weight:
(a) My(i,n,22) U B; 5 nt1 \ {ao}, for somei,a; € (N(x2) \ N(x1)).
(b) M(i,n,n+ 1)\ {ao}, for some i a; € A\ N(x2).

Proof. Consider the following three cases.

1. X=0.
U, is obviously M (n,n+1)\{ao, ant1} according to the definition of M (i, j).
If the largest three vertices is a;, an, ant1, both My(i,n,21) U B; 5 nt1 \ {ao}
(when a; € N(z1)) and M(i,n,n + 1)\ {ao} (when a; € A\ N(z1)) are
cycle-free, and one of them is the MCF'S of U according to the definitions of
M(i, 5, k), My(i, j, k) and B .

3. X ={x1,z2} and |[N(x2) N A| > |N(z1) NA|.
If the largest three vertices is a;, an,ant1, a; € |N(x1) N A|, otherwise U
contains a cycle x1 — a; — 3 — @, — 1. Both My (4,1, 22)UB; 5 nt1\{ao}
(when a; € N(z2)\ N(x1)) and M(i,n,n+1) —{ap} (when a; € A\ N(x2))
are cycle-free, and one of them is the MCF'S of U; according to the definitions
of M(i,j, k), My(i,j, k) and Bij k-

This finishes the proof. a

Fig. 6. Set S of Case 2
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Case 2: agp € U.

Similar to Case 1, let a1,; = ap and ay j, a3 be the nearest vertices to ag in U
on each path Ay, Az respectively. Some of as ;, as ; may not exist at all, that is,
the corresponding whole path may not intersect with U. We can also divide A
into four parts Sy, S1, S92, S5 as follows:

So ={az1,...,a25-1,a31,...,a3k-1},
Sy ={ao,ar1,.. . a1, },
Sy = {a2,j7 s 7@2,n2}7
Sg = {ag’k, [N ,CLg’nS}.
An example is shown in figure[fl Also note that some of S;’s maybe empty.
We can put each v € B into one of the following five sets Bj, ..., Bs according

to the situation of v’s neighborhood:

By ={vl|ag,a2,; € N(v),as3r ¢ N(v)}.

By ={v]ag,asx € N(v),a2,; ¢ N(v)}.

Bg = {U | ag, 1,4, @2 5 S N(U)}

By = {U | a1,i,Q2,5, 03,k ¢ N(”U), N(U) c SU}

Bs = {v|{ao,az,j,a3x} N N(v)| <1, and N(v) N (S1 U S2USs) # 0}

Then we will immediately get the similar observations and lemmas as in Case
1, so we omit the details here.

The main steps of the above algorithm are summarized as follows.

Input: A triad convex bipartite graph G = (A, B, E) with triad A = {ao}UA;1UA2UA3
Output: A MCFS U of G

1: U =0.

2: Enumerate a1,; € A1 U{ao}, az,; € A2 and a3 € As.

3: Assume that a1, a2,; and as ) are the nearest vertices to ag in U on paths {ao} U
A1, As, A3 respectively. Divide A into So, S1, S2, S3, divide B into By, ..., Bs (when
ai,; # ap) or By,...,Bs (when a1,; = aop) accordingly.

4: Enumerate by € B1,bs € Bs,bs € Bs,by € By (when a1 # ao) or by € By,bs €
Bs,bs € Bs (when ay; = ao).

5: Select at most two from {b1,b2,b3} or at most one from {bs} into U, and remove
all other vertices in Bi, ..., B4 (when a1,; # ag) or
select at most two from {b1,b2} or at most one from {b3} into U, and remove all
other vertices in By, ..., Bs (when a1,; = ag).

6: Put Bs into U and remove all edges between Sy and Bs (when a1,; # ag) or
put By into U and remove all edges between So and Bs (when a1,; = ao).

7: Define subgraphs Go,G1,G2,Gs accordingly and find the MCFS Uy, Us,Us in
G1, G2, G3 respectively. Update U by Uy UUz U Us U Bs (when aq,; # ao) or
by Uy UU2 UUs U By (whcn aii = ao).

8: If the enumeration in step 4 is unfinished then goto step 4, else if the enumeration
in step 2 is unfinished then goto step 2.

Algorithm 1. Finding MFVS in triad convex bipartite graphs
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4 The Analysis

In this section, we give an explicit polynomial time bound for the above algo-
rithm, and remark some possible extension and limit of the algorithm here.

Theorem 1. A MCFS in a triad convex bipartite graphs is found in O(|A]*| B|?
(|A]? + |A]2|E])) time.

Proof. Enumerate aj ;,as j,asy is done in O(|A]?) and enumerate by, ba, bs, by
is done in O(|B|?). So the total enumeration time is O(|A|?| B|?). According to
[22], all M (i, §), M (i, j, k) and My(i, j, k) are computed in O(|A|>+|A|?|E|) time.
Therefore, a MCFS in a triad convex bipartite graphs is found in O(|AJ*|B|?
(|A]? +|A]2|E])) time. |

Remark 1. A triad is a tree which is three paths with a common end. We can
also consider any k paths with a common end, where k is a constant. Although
we do not have a name for this kind of trees, it is not hard to see that, using
a similar algorithm as above, we can find MCFS in these tree convex bipartite
graphs in O(|A|¥|B|¥=1(|]A]>+|A|?|E|)) time, when the associated tree is k paths
with a common end for constant k.

Remark 2. Recently we show that the sum of degrees larger than two in the asso-
ciated tree T of tree convex bipartite graphs is an important quantity. Denote this
quantity as d. When d is bounded, using a similar algorithm as here, the MF'VS
in these tree convex bipartite graphs is solvable in O(|A|¢|B|*~1(|A]> + |A]?|E|))
time. When the number of vertices of degrees larger than two is unbounded but
each degrees are bounded (thus d is also unbounded), the MFVS in these tree
convex bipartite graphs is still N"P-hard [18].

5 Open Problem

It is unknown whether there are better algorithms than the algorithm presented
here for MFVS on restricted bipartite graphs. Also, a complete classification of
the complexity of finding MFVS on every kind of tree convex bipartite graphs
is unknown. What we can say is that even for bounded degrees tree 7', MFVS
is still AP-hard in these tree convex bipartite graphs [18].
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