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Abstract. This paper proposes new very effective methods for building 
nonparametric, multi-resolution models of 2D closed contours, based on 
Singular Spectrum Analysis (SSA). Representation, de-noising and change-
point detection to automate the landmark selection are simultaneously 
addressed in three different settings. The basic one is to apply SSA to a shape 
signature encoded by sampling a real-valued time series from a radius-vector 
contour function. However, this is only suited for star-shaped contours. A 
second setting is to generalize SSA so as to apply to a complex-valued 
trajectory matrix in order to directly represent the contour as a time series path 
in the complex plan, along with detecting change-points in a complex-valued 
time series. A third setting is to consider the pairs (x, y) of coordinates as a co-
movement of two real-valued time series and to apply SSA to a trajectory 
matrix defined in such a way to span both of them.  

Keywords: Statistical shape analysis, Transforming planar closed contours into 
time series, Singular-spectrum analysis, Real- and complex-valued trajectory 
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1   The Classical Computational Geometry Approach to Sampling 
Time Series from Planar Closed Contours 

Statistical Shape Analysis involves methods for the geometrical study of random 
objects where location, rotation and scale information can be removed. By contrast, 
time series analysis is a widely spread technique that takes into consideration the 
temporal nature of data. However, despite their differences in nature, statistical shape 
analysis may benefit from methods commonly used in time series analysis. Indeed, 
there are certain ways of transforming a closed planar contour into a shape signature, 
represented by a contour function, and subsequently it may be possible to sample a 
time series from the contour function. Such functions are defined with respect to 
either simple or complex geometrical considerations: from metrics induced by 
symmetry relationships or periodicity, to the formal study of shapes based on 
computational differential geometry, where the quantification of differences between 
shapes can be achieved via a Riemannian metric on a shape manifold (namely, a 
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finite-dimensional Riemannian manifold), and the interest naturally focuses on 
computing  geodesic distances and geodesic paths between shapes. 

Assuming that the contour has some desirable properties such as convexity or star-
shapedness (i.e., given a figure A , for each point Ayx ∈),( ,  the line segment 

connecting ),( yx  with the centroid is contained in A ), relatively simple contour 

functions, such as the radius-vector or support functions, can be introduced. 
Otherwise more complex contour functions should be considered, by representing the 
curves in a parameterized form. Their geometric properties and various quantities 
associated with them, such as the arc-length and the curvature, can then be expressed 
via derivatives and integrals using vector calculus. 

The radius-vector function )(θr  is the distance from the reference point O (usually 

the center of gravity) to the contour in the direction of the θ -ray where πθ 20 ≤≤ . 
An example of a star-shaped figure and its radius-vector function is given in Figure 1. 
If the shape is inferred from noisy data, as it is the case with the figure below, the 
availability of a de-noising method becomes important. Furthermore, a change-point 
detection algorithm to automate the selection of salient landmarks may be of great 
interest.  
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Fig. 1. A noisy star-shaped closed contour (left) and the radius-vector function )(θr  (right). 

The centroid has been used as the origin to generate the radius-vector function. 

One can now choose a discrete sequence of (equally-spaced) values in [ ]π2,0 , i.e., 

πθθθ 20 21 =<<<= N… .  The ordered sequence of radius-vector function values 

{ } Nttr ,,1 …= , with )( tt rr θ= ,  can be regarded as a “time series” sampled from the 

contour function. The radius-vector function )(θr  is called a continuous shape 

signature, whereas  { } Nttr ,,1 …=  is called a discrete shape signature. 

In the general case, however, description of a shape signature by the radius-vector 
function is not suitable for non-star-shaped contours (Figure 2). 

Alternatively, there are at least two ways of representing planar curves in a 
parameterized form: one is using the angle (direction) function and another is using  
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Fig. 2. Problems with the radius-vector function occur if the contour is not star-shaped 

the curvature function. These involve using differential geometry, which provides a 
set of powerful tools for shape analysis. However, from a practical viewpoint, it is 
difficult to infer planar contour representations in a parameterized form. 

The next section introduces a new approach to representation and de-noising of 
closed planar contours, along with a change-point detection algorithm to automate the 
selection of salient landmarks. It consists of a nonparametric, multi-resolution 
method, based on Singular-Spectrum Analysis. 

2   A Novel and Effective Approach to Shape Analysis: 
Nonparametric Representation, De-noising and Change-Point 
Detection, Based on Singular-Spectrum Analysis 

2.1   An overview of Singular-Spectrum Analysis 

Singular-Spectrum Analysis (SSA) is a nonparametric method for time series 
structure recognition and identification. It tries to overcome the problems of finite 
sample length and noisiness of sampled time series not by fitting an assumed model to 
the available series, but by using a data-adaptive basis set. 

The SSA algorithm has two basic stages: decomposition and reconstruction.  
The decomposition stage is carried out in two steps: 
(D1) The Embedding step maps the original one-dimensional time series 

{ }Nxxx ,,, 21 …  to a sequence of 1+−= MNK  lagged vectors of dimension M  

(where M  is called window length): 

( ) .1,,,1,,, 1 NMKixxX Miii <<=′= −+ ……  (1) 

This lagged vectors form the columns of the trajectory matrix X , which is 
actually a Hankel matrix (i.e., it has equal elements on the diagonals 1−+ ji =const.): 

[ ]KXXXX ::: 21 …= . 

(D2) The SVD step is the singular value decomposition of the trajectory matrix. 

Let XX
N

R ′⋅= 1
 be an MM ×  matrix, called lag-covariance matrix. Denote by 

Mλλ ,,1 …  the eigenvalues of R  taken in the decreasing order of magnitude  
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( )01 ≥≥≥ Mλλ …  and by MUU ,,1 …  the orthonormal system of the eigenvectors of 

the matrix R  corresponding to these eigenvalues. Let =d max{ i , such that 0>iλ }. 

If we denote iii UXV λ/′=  ( di ,,1 …= ), then the SVD of the trajectory matrix X 

can be written as dXXX ++= …1 , where iiii VUX ′⊗= λ  and ⊗  is the outer 

product. The matrices iX  are elementary matrices (have rank one).  

The reconstruction stage is also carried out in two steps: 
(R1) The grouping step consists of partitioning the set of indices },,1{ d…  into m  

disjoint subsets 1I , …, mI . The case of practical interest for our application is that of 

a dichotomic partitioning: split the set of indices into two groups, },,1{ d… = II + , 

where },,{ 1 … iiI =  and =I Id \},,1{ … , and sum the matrices iX  within each 

group: 

II XXX +=  (2) 

where ∑
∈

=
Ii

iI XX  and ∑
∈

=
Ii

iI XX . 

The choice of the  most contributing eigenvalues 
i

λ , Ii ∈ , and thus of the 

corresponding  eigenvectors is an appropriate way to control and reduce the distance 

between the M-dimensional vectors that form the columns of trajectory matrix and the 

-dimensional hyperplane determined by the  eigenvectors. For example, we can 

choose the index set I  such that 95.0
11

>∑∑
==

d

j
j

j
i j

λλ  corresponding to the set of 

eigenvalues whose cumulated contribution exceeds 95%.  
(R2) The last step transforms each matrix of the grouped decomposition (2) into a 

new series of length N , by diagonal averaging. It consists of averaging over the 
diagonals 1−+ ji =const. ( Mi ,,1 …= , Kj ,,1 …= ) of the matrices IX  and IX . 

Applying then twice the one-to-one correspondence between the series of length N  
and the Henkel matrices of size KM ×  (with 1+−= MNK ), we obtain the SSA 
decomposition of the original series }{ tx  into a sum of two series: ttt zx ε+= , 

Nt ,,1 …= . In this context, the series tz  (obtained from the diagonal averaging of 

IX ) can often be associated with signal and the residual series tε  with noise. 

2.2   The First Setting: Applying SSA to a Shape Signature Encoded by Sampling 
a Real-Valued Time Series from a Radius-Vector Contour Function 

This setting is well suited for star-shaped planar closed contours and starts with 
sampling a “time series” { } Nttr ,,1 …=  from the radius-vector contour function, i.e., 

)( tt rr θ= , πθθθ 20 21 =<<<= N… . The trajectory matrix X  is then constructed 
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by mapping the time series { } Nttr ,,1 …=  to a sequence of 1+−= MNK  lagged 

vectors of dimension M : 
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Noise reduction is attained by reducing the rank of the trajectory matrix. In the 
absence of noise one should be able to recover the data trajectory matrix with the first 
L singular vectors. Thus, the SVD reconstruction of the trajectory matrix X  can be 
truncated to obtain an estimate of the noise-reduced trajectory matrix, i.e., a reduced-
rank form: 

MLVUXXX iiii

L

i
i <′⊗==∑

=

,,ˆ

1

λ  (4) 

where ⊗  is the outer product and the matrices iX  are rank one matrices.  

It is important to stress that in the absence of noise, XX =ˆ . Thus, in the presence 
of noise the L strongest singular values and their associated singular vectors span the 
noise-free signal. It is clear that we are not interested in recovering the trajectory 
matrix but the signal itself. For this purpose we average the elements of the filtered 

trajectory matrix along the anti-diagonals of X̂  to obtain an estimate of the enhanced 
signal, denoted by { } Nttr ,,1

ˆ …= . 

Let us consider the time series { } Nttr ,,1 …=  corresponding to the noisy star-shaped 

closed contour depicted in Fig.1, where 1441=N , 54=M , 13881 =+−= MNK . 
Figure 3 shows the contribution of each of the 54 singular values.  
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Fig. 3. The contribution of each of the 54 singular values 

One can easily see that only the first two singular values have a significant 
contribution in recovering the smooth part of the signal (noise reduction). However, 
Figures 4 and 5 show that the signal can not be consistently recovered using only the 
first largest singular value. The second largest singular value is also needed. 
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Fig. 4. SSA-based reconstruction of time series { } Nttr ,,1
ˆ …=  using only the first largest 

singular value (left) and the corresponding residuals (right) 

 

-15 0 15
-15

0

15
SSA-based reconstruction

-5 0 5
-5

0

5
Residuals

 

Fig. 5. SSA-based reconstruction of the contour ( ) Nttt yx ,,1
ˆ,ˆ …=  using only the first largest 

singular value (left) and the corresponding residuals, at a scale magnified 3 times (right) 

Figures 6 and 7 show that the best choice for de-noising both the time series 
{ } Nttr ,,1
ˆ …=  and the planar contour ( ) Nttt yx ,,1

ˆ,ˆ …=  is to recover the data trajectory 

matrix with the first 2  singular vectors. This results in a smooth reconstruction. 
The exact reconstruction of the initial noisy closed contour can be also performed 

if all the singular vectors corresponding to non-zero singular values are used when 
recovering the trajectory matrix.  

In the final part of this section, a SSA-based change-point detection algorithm is 
presented, with the aim of automating the landmark selection. 
 
SSA-Based Change-Point Detection. A frequentist, non-parametric algorithm for 
multiple change-point detection in time series based on sequential application of the 
Singular Spectrum Analysis was developed in [5]. The idea behind the algorithm is to 
apply SSA to a windowed portion of the signal in order to pick up its structure through 
an -dimensional subspace spanned by the eigenvectors of the lag-covariance matrix, 
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computed in a sequence of moving time intervals [n+1; n+m] of a given length m, 
where n = 0, 1, ... is the iteration number. If at a certain time moment τ  the mechanism 
generating the time series tx  has changed then an increase in the distance between the 

-dimensional hyperplane and the M-lagged vectors ( 1+τx ,… , Mx +τ ) of trajectory 

matrix is to be expected. This increase will indicate the change. However, if the 
generating mechanism does not change further along the signal, then the corresponding 
lagged vectors will stay close to this hyperplane. 
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Fig. 6. SSA-based reconstruction of time series { } Nttr ,,1
ˆ …=  using the first two largest singular 

values (left) and the corresponding residuals (right) 
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Fig. 7. SSA-based reconstruction of the contour ( ) Nttt yx ,,1
ˆ,ˆ …=  using the first two largest 

singular values (left) and the corresponding residuals (right) 

Let { }Nxxx ,,, 21 …  be a time series, where N is large enough. Two parameters 

have to be chosen: the window width m (m < N), and the lag parameter M (M ≤  m/2). 
Define also K =  m − M + 1. 

For each n = 0, 1, ..., mN − , a three-stage procedure is executed: 
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Stage 1. Perform the SSA algorithm for the time interval [n + 1, n + m]. 

1. Construct the trajectory matrix )(nX  (here called base matrix), whose columns 

are the vectors )(n
jX : 
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2. Perform the SDV of the lag-covariance matrix ( )′⋅= )()(1 nn
n XXKR . This 

gives us a collection of M eigenvectors. 
3. Select a particular group I  of M<  of these eigenvectors; this determines an 

-dimensional subspace ,nS  in the M-dimensional space of vectors )(n
jX . Denote the 

 eigenvectors that determine the subspace ,nS  by 
1i

U , ..., iU . 

Stage 2. Construction of the test matrix.  
Denote pqQ −=  (thus Qpq += ) and construct the following QM ×  trajectory 

matrix (called test matrix): 
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(6) 

The part of sample 1+nx , ..., mnx +  that is used to construct the (base) trajectory 

matrix )(nX  will be called 'base sample', and another part, 1++ pnx , ..., 1−++ Mqnx , 

which is used to construct the vectors )(n
jX  ( )qpj ,,1 …+=  and thus to compute the 

sum of squared distances qpIn ,,,D  will be called “test sample”. 

Stage 3. Computation of the detection statistics 
The detection statistics are: 

qpIn ,,,D , the sum of squares of the (Euclidean) distances between the vectors 

)(n
jX  ( )qpj ,,1 …+=  and the -dimensional subspace ,nS . Since the eigenvectors 

are orthogonal, the square of the Euclidean distance between an M−vector ZY = )(n
jX  

and the subspace ,nS  spanned by the  eigenvectors P1, ..., P  , is just 

ZPPZZZZPZ ′′−′=′− 22
, where ⋅  is the Euclidean norm and P is the M× -

matrix with columns P1, ..., P . Therefore 
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The normalized sum of squared distances 

hqpnqpn ≥,,,,,, μD  (8) 

nqpInn vS ,,,D= . Here jv is an estimate of the sum of squared distances qpIn ,,,D  

at the time intervals [ 1+j , rj + ] where the hypothesis of no change can be 

accepted. Actually, ∑
−−

=−
=

12/

0
,,,2/

1 mn

i
qpInn mn

v D  or KIrnv ,0,,D=   can be two 

alternative choices for nv , where r  is the largest value of nr ≤  so that the 

hypothesis of no change is accepted. 
The decision rule in the algorithm, denoted by ( )hqpmMA ,,,,, , is to announce 

that a change in the mechanism generating tx  occurs at a certain point τ , if for a 

certain n 

hvnqpIn ≥,,,D  (9) 

where h is a fixed threshold. Then we would expect than the vectors )(n
njj XX −=  with 

τ>j  lie further away from the -dimensional subspace lnS ,  than the vectors jX  

with τ≤j . This means that the sequence qpInnD ,,,)( D= , considered as a function 

of n , is  expected to start growing somewhere around n̂ , such that τ=−++ 1ˆ Mqn . 

The value  1ˆ +−−= Mqn τ  is the first value of n  such that the test sample 

11 ,, −++++ Mqnpn xx …  contain the change point. 

In other words, 1−+ Mq  should be interpreted as a latency of test statistic in 

detecting change-points. Therefore, a corresponding backshift of the starting point on 
the contour with respect to the first position should be considered. Since closed 
contours are periodic in nature, such a task is easy to be done. For the time series 
{ } Nttr ,,1
ˆ …=  encoding the shape signature of our star-shaped contour, a backshift of 

1611 =−+ Mq  positions is required. The test statistic is depicted in Figure 8. 

Actually, the location of change-points is in the local minima of test statistic 
function.  

Figure 9 shows the landmark positions, automatically selected through change-
point detection. Here, the detection statistics have been computed as normalized  

sum of squares of the distances between the vectors )(n
jX  and the -dimensional 

subspace ,nS , assuming 1= . Increasing  results in an increasing number of 

change-points.  
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Fig. 8. Detecting change points from Distance detection statistic. The location of change points 
is in the local minima of test statistic function.  
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Fig. 9. Automatic selection of landmark positions through change-point detection 

2.3   The Second Setting: Applying SSA to a Shape Signature Encoded by 
Sampling a Complex-Valued Time Series from the Contour Itself, 
Represented in the Complex Plane 

For closed contours that are not star-shaped, a shape signature encoded by means of 
radius-vector function is inappropriate. In the general case, a complex-valued time 
series can be sampled from the contour itself, whose trace can be encoded as a 
sequence of complex numbers: { } Nttz ,,1 …= , where Cyixz ttt ∈+= . Now, the 

trajectory matrix has complex elements, too: 
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 (10) 

The generalization of SSA for this setting is founded on the ACM Algorithm 358 
for Singular Value Decomposition of a complex matrix. The decomposition theorem 
(Businger and Golub, [1]) can be stated as follows: each and every KM ×  complex-
valued matrix X  can be reduced to diagonal form by unitary transformations U  and 

V , H
K VdiagUX ],,[ 1 σσ …= , where 01 ≥≥≥ Kσσ …  are real-valued scalars, 
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called the singular values of X . Here U  is an KM ×  column orthogonal matrix, V  

an KK ×  unitary matrix and HV  is a Hermitian transpose of V . The columns of U  
and V  are called the left and right singular vectors of X , respectively. 

As concerning the SSA-based change point detection algorithm, the sum of 
squared distances in equation (7) changes accordingly: 
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n
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j
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1
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Figures 10 and 11 show that the SSA-based algorithm I proposed for complex-
valued trajectory matrices can be successfully applied to non star-shaped contours. 
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Fig. 10. Detecting change points from Distance detection statistic. The location of change 
points is in the local minima of test statistic function.  
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Fig. 11. Automatic selection of landmark positions through change-point detection  

2.4   The Third Setting: Applying SSA to a Shape Signature Encoded by 
Sampling Two Real-Valued Time Series from the x and y Coordinates 

Given the coordinate pairs ( ) Nttt yx ,,1, …= , the trajectory matrix can now be written as 

follows: 
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The generalization is straightforward; however, in my experiments, this version of 
the SSA-based change-point detection algorithm underperforms when comparing with 
that presented in section 2.3. A possible explanation is provided next. 

3   Conclusion 

For star-shaped contours the first and the second settings to my approach give 
identical and very accurate results, whereas the third setting produces comparable 
results when using for de-noising, but less accurate results when using for change-
point detection. 

Both the second and third settings are suitable for general-purpose applications. 
However, the second setting proved to be more reliable in practical cases, presumably 
because the number of rows in the trajectory matrix is twice as less as in the third 
case, when its reconstruction have to collect contributions from higher dimensional 
subspaces.  
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