
 

S. Vlad and R.V. Ciupa (Eds.): MEDITECH 2011, IFMBE Proceedings 36, pp. 252–255, 2011. 
www.springerlink.com 

On Approximation of Human Corneal Surface with Superellipsoids  

M. Talu1, S. Talu2, S.D. Talu3, and R. Shah4 

1 Faculty of Mechanics / Department of Applied Mechanics, University of Craiova, Romania  
2 Faculty of Mechanics / Department of Descriptive Geometry and Engineering Graphics, Technical University of Cluj-Napoca, Romania  

3 Faculty of Medicine / Department of Ophthalmology, ”Iuliu Hatieganu” University of Medicine and Pharmacy Cluj-Napoca, Romania       
4 Massachusetts Eye Research and Surgery Institution, Boston, Massachusetts, U.S.A. 

 

 

Abstract— The objective of this paper is to present results of 
the theoretical and experimental researches for determination 
of an approximation of human corneal surface with superellip-
soids using computational geometry. The mathematical for-
mula permits a complex representation and the tool allowing 
exploring the physical and optical characteristics of the cornea. 
The spatial shape of the cornea can be described using differ-
ent mathematical models with particular parameters for dif-
ferent subjects (women and men). These researches are      
applied in geometric constructions and computer aided design 
used in corneal refractive surgery, human vision studies, solid 
modelling and biomechanical behavior of the cornea. 

Keywords—  human corneal surface, superellipsoids, com-
putational geometry. 

I.   INTRODUCTION 

The ophthalmology has benefited from computational 
methods in computer graphics, used for evaluation of pa-
tient data [1].   

The visual analyzer is a complex system that has the pur-
pose to receive, analyze and synthetize the informations 
regarding the shape, the dimension, the colour, the move-
ment and the spatial depth of the objects in the surrounding 
area (Fig. 1). 

 
Fig. 1 The human eye – traverse section 

The accurately measurement of corneal shape, refractive 
power and thickness has become important with the con-
tinuously growing popularity of refractive surgery proce-
dures. Also, exact measurement of the corneal curvature is 
essential to properly fit contact lenses [1, 2]. 

Corneal topography is a modern invaluable tool to assist 
in the diagnosis and management of keratoconus as well as 
for the prevention of inappropriate refractive surgery in the 
patient groups [3 -10]. 

The cornea is the transparent front part of the eye that 
covers the iris, pupil, and anterior chamber (placed between 
air and aqueous humour), providing most of an eye's optical 
power, with a refraction index of 1.376. The refractive 
power of the cornea is approximately 43 dioptres, roughly 
two-thirds of the eye's total refractive power [11 – 21].  

The central dioptric power of the cornea (43 dioptres) 
results from the addition of the dioptric powers of the three 
optical interfaces (air - tear film = + 43.6 D, tear film - 
cornea = + 5.3 D, cornea - aqueous humor = - 5.8 D).  

The cornea presents the typical aspect of a divergent me-
niscus, in contact with transparent media having different 
refractive indices.  

Cornea is a transparent and refractive tissue having a 
fixed curvature. Because transparency is of prime 
importance the cornea does not have blood vessels; it 
receives nutrients via diffusion from the tear fluid at the 
outside and the aqueous humour at the inside and also from 
neurotrophins supplied by nerve fibres that innervate it.  

The adult cornea is normally clear, has a uniform surface, 
and is comprised of five layers:  epithelium, Bowman's 
membrane, stroma, Descemet's membrane and the endothe-
lium.  

The corneal shape is maintained by its elastic properties in 
conjunction with intraocular pressure, generated by the con-
tinuous production and outflow of aqueous humor in the eye.  

The adult cornea has a diameter of about 11.5 mm and a 
thickness of (0.5 - 0.6) mm in the center and (0.6 - 0.8) mm 
at the periphery.  

The normal cornea has an aspheric profile that is more 
steeply curved in the center relative to the periphery.  

The cornea is transparent for radiations comprised be-
tween (400 - 760) nm.  
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The transparence is influenced by anatomical and bio-
chemical factors, such as: the regularity of the cells, the 
parallelism of the fibers, the absence of the blood vessels.  

From the biochemical point of view, the transparence de-
pends on the hydration, which is arround 80 %. 
Transparency, avascularity, and immunologic privilege 
makes the cornea a special tissue.  

To model the eye as an optical system it is necessary to 
describe of the anterior and the posterior corneal surfaces. 

The aim of human corneal modelling is to determine the 
geometrical shape of the corneal surface using algorithms, 
to convert the input information to a mathematical descrip-
tion of the corneal surface. 

The anterior corneal surface has been frequently de-
scribed in the literature, as it can be measured by widely 
available techniques [11 – 20]. However, the literature  
provides only limited data on the posterior corneal surface 
[14, 15]; asphericity information is particularly scarce. 

The asphericity of the posterior cornea has been meas-
ured by different authours using a combined approach in-
volving a keratoscope to measure the anterior corneal sur-
face and pachymetry to measure the thickness profile of the 
cornea [2, 13, 15, 21]. 

II.   MATHEMATICAL MODEL 

A.   Theoretical Considerations 

The mathematical and computer models provide impor-
tant possibilities that are not available in the experimental 
studies, which make it to be a useful supplement to experi-
mental studies of the human cornea. 

In recent years, superellipsoids have received significant 
attention for object modeling with their simple and flexible 
shape description and efficient computer graphical represen-
tation, having an important potential for the 3D objects 
modeling [22, 23, 24]. Using a superellipsoid makes it easy 
to create simple 3d primitives.  

This type of implicit surface can represent various shapes 
to a high level of accuracy and allows the user to benefit 
from a generic graphics library, with the implementation of 
user objects or modules for specific applications. 

A superellipsoid, as an ellipsoid’s extension, is the result 
of the spherical product of two 2D models (two superellip-
ses) [22]. 

A superellipse, analogous to a circle, can be expressed 
using next relation:  
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where exponentiation with ε is a signed power function such 
that: 
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Superellipsoids can be expressed by a spherical product 
of a pair of such superellipses: 
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The a1, a2, a3  parameters  are scaling factors along the three 
coordinate axes. ε1 and ε2 are derived from the exponents of 
the two original superellipses. 

This flexibility achieved by raising each trigonometric 
term to an exponent is of particular interest to us. In simple 
terms, these exponents, control the relative roundness and 
squareness in both the horizontal and vertical directions. 

The shape of the superellipsoid cross section parallel to 
the [xoy] plane is determined by ε1, while the shape of the 
superellipsoid cross section in a plane perpendicular to the 
[xoy] plane and containing z axis is determined by ε2. 

A superellipsoid is defined as the solution of the general 
form of the implicit equation [23]: 
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All points with coordinates (x, y, z) that correspond to the 
above equation lie on the surface of the superellipsoid. This 
is a compact model defined by only five parameters that 
permits to handle a large variety of shapes. 

The exponent functions are continuous to ensure that the 
superellipsoid model deforms continuously and thus has a 
smooth surface. 

This form provides an information on the position of a 
3D point related to the superellipsoid surface, that is impor-
tant for interior/exterior determination [24].  

We have an inside-outside function F (x, y, z): 

F (x, y, z)  = 1 when the point lies on the surface; 
F (x, y, z) < 1 when the point is inside the superellipsoid; 
F (x, y, z) > 1 when the point is outside. 
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III.   MATERIALS AND METHODS 

In this section we present a description of our dataset and 
a summary of the experiments performed.  

Based on the experimental research and the statistical 
analysis, we consider the examination data obtained in our 
previous work [25]. 

Gender distribution and age distribution by gender don’t 
differ significantly and therefore possible age dependencies 
are not influenced by gender [25].  

These measurements were performed in order to be able 
to investigate a possible statistical deviation. 

 The average radius of the anterior corneal surface was 
7.85 ± 0.25 mm. The average radius of the posterior corneal 
surface was 6.45 ± 0.20 mm. The ratio between the poste-
rior and the anterior radius of curvature was 0.82 ± 0.02. 
Mean corneal thickness was 0.572 ± 0.032 mm [25]. 

We proposed a method that permits an anatomical corre-
spondence between the original data and the created model. 
This allows us to visualize both textual information and 
imaging data of our classification results, aiding in clinical 
decision support.  

The computational geometric analyses in this paper are 
based on the use of the Wolfram CDF Player 8.0 application 
for computation that generated the 3D superellipsoids [26, 
27]. The choice of the geometrical formulation used in the 
analysis was chosen to ensure that the performance of the 
model is satisfactory and also to avoid errors associated 
with modeling materials.  

Multiple view range images were used to capture data for 
the entire surface of the superellipsoid. 

To test the geometrical computation the parameters for 
superellipsoids were chosen for the anterior corneal surface. 

The determined parameters for the approximation of    
human corneal surface with superellipsoids are: 

a1 = a2 = a3 = 1; ε1  = 1, ε2  = 0.8 ... 1.8. 
The fitting of contour points to the superellipsoid was 

evaluated by a defined distance measure using the inside-
outside function [28, 29]: 
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where (xi, yi, zi) are the detected contours points. 
Because the error function is nonlinear the problem of 

fitting given contour points to superellipsoid model is a 
nonlinear estimation problem. 

We used the Levenberg-Marquardt algorithm [30, 31, 32] 
which solves nonlinear least square minimization of the 
error function. 

In this case it is necessary to input a set of initial values. 
We considered that the origin of object-centered coordinate 

system is aligned to the center of gravity of all the n contour 
points. The distance between the outermost contour points 
along each coordinate axis of the object-centered coordinate 
system is the site of initial fitting curve. 

If it is increased the surface model, it is possible to cap-
ture the surface irregularities that distinguish between the 
different data. In the same time, using the correct superel-
lipsoid parameters ensures that we capture most of the ir-
regularities present over the measured of the corneal sur-
face. We determined that higher superellipsoid parameters 
that were able to provide a better model fit, but it was also 
susceptible to noise.  

For smooth continuity in the representation of the meas-
ured data, a mathematical procedure was developed for 
interpolating the locations where no measurement had been 
taken. At locations where no measurement has been taken, 
the corresponding locations are obtained by interpolation at 
neighbouring points. In addition, the interpolated values are 
constrained to be no greater than the measured values.  

As an evaluation of the measurement technique, the algo-
rithm was tested. 

IV.   CONCLUSIONS  

In the context of corneal surface, models and simulations 
are used to examine the function, structure and nonlinear 
dynamics as an accurate and rigorous tool for generating 
quantitative and qualitative predictions. 

Mathematical analysis of corneal models is often re-
stricted to special cases with particular features. Numerical 
simulations can expand the range and allow understanding 
how analysis of the special cases relates to more realistic 
situations.  

In this paper are proposed contributions concerning in 
determination of a new mathematical and graphical model 
using the superellipsoids for the corneal surface, with par-
ticular parameters for different subjects (women and men).  

The determined parameters for the approximation of     
human corneal surface with superellipsoids are:  

a1 = a2 = a3 = 1; ε1  = 1, ε2  = 0.8 ... 1.8. 

This analysis predict that the radius and asphericity of the 
vertical and horizontal meridians of individual subjects 
differ. As predicted by the analysis the anterior surface of 
the cornea becomes more curved with age, but more so in 
the horizontal meridian than in the vertical meridian.  

The radii of both anterior and posterior corneal surfaces 
and asphericity of anterior corneal surface are not signifi-
cantly age-dependent, but the asphericity of the posterior 
corneal surface is age-dependent.  

There is a stronger relationship between posterior 
asphericity and anterior asphericity of the cornea.  
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These results provide the possibility of optimizing the re-
fractive surgery by considering a new mathematical and 
CAD graphical model for the corneal surface. 

In future improvement of the proposed model, deform-
able surface and advanced techniques for surface extraction 
will be chosen. 
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