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Abstract. We provide a bijection between parallelogram polyominoes
and suitable pairs of linear partitions. This lets us design a CAT (Con-
stant Amortized Time) algorithm for generating all parallelogram poly-
ominoes of size n using O(y/n) space.
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1 Introduction

As combinatorial objects, polyominoes are simply defined as finite connected
sets of edge-to-edge adjacent square unit cells in the cartesian two-dimensional
plane. Polyominoes and their applications appear more and more often in several
contexts, with interesting overlaps and interactions betweens them.

In enumerative combinatorics, where several families of polyominoes have been
characterized and enumerated according to several characteristics (area, perime-
ter, ...), providing in some cases their generating functions [4U8];

In bijective combinatorics; a polyomino P can be described by a pair of ap-
propriate paths in the N x N lattice. This consideration relates polyominoes to
lattice paths theory [TJIOI7];

In two-dimensional language theory and image treatment, where a polyomino
is considered as a two-dimensional word and appropriate families of polyominoes
turn out to be two-dimensional languages with specific properties [Bf], or where
the problem of its reconstruction from partial informations is considered [212];

In tiling theory, where tile shapes can be described by polyominoes [TTT6].

Here we are interested in particular polyominoes called Parallelogram Poly-
ominoes. This class consists of all polyominoes bounded by two paths in the NxN
lattice composed of north and east steps and intersecting each other only in the
initial and the final points. This class has first been studied by Polya [18], who
counted the number of parallelogram polyominoes with respect to the perimeter,
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and provided a (non closed) formula for the generating function by perimeter and
area. A nice bijection between parallelogram polyominoes of perimeter 2n + 2
and Dick words of length 2n was given in [8] and used in [7] to produce an
equation for the generating function according to the area, the width and the
number of left path corners. The relation between parallelogram polyominoes
and two-dimensional languages has also been studied. In particular, in [6] it is
shown that parallelogram polyominoes can be represented by two-dimensional
words of a tiling recognizable language. This class of polyominoes has also been
investigated from the exhaustive generation point of view. More precisely, in [3]
the ECO method has been applied to the recursive generation of parallelogram
polyominoes with semi-perimeter n. This method has also been used later to
generate and enumerate some classes of convex polyominoes, see [119].

In this paper, we highlight a natural bijection between parallelogram poly-
ominoes having size (or area) equal to n and pairs (s,t) of integer partitions,
where t is a partition of an integer m and s a partition of the integer m + n.

Using this bijection, we provide an algorithm for the exhaustive generation of
all parallelogram polyominoes of a given area. This algorithm runs in constant
amortized time (CAT), that is, if N is the number of all parallelogram poly-
ominoes of area n, our algorithm generates them all in time kN where k is a
constant. Its space complexity is O(y/n).

The algorithm provided is based on an idea of the second author and R. Radi-
cioni, who in their article [14] describe a CAT algorithm to generate particular
linear partitions of an integer n called ice piles. The algorithm is based on the
preorder traversal of a spanning tree for the Hasse diagram of the partial order
defined by the dominating relation between two partitions.

The article is divided into two main sections and ends with a short conclusion
presenting some possible developments of this work.

In section 2 we provide the definitions, the order structure of the set of par-
titions and the combinatorial results allowing to define the bijection between
parallelogram polyominoes and pairs of partitions. In section 3 we describe the
algorithm by providing its pseudo-code and analyze its complexity.

2 Preliminaries

A linear partition of n is a non-increasing sequence of nonnegative integers with
sum n. We indicate by LP(n) the set of the linear partitions of n.
For any two integers z, p with p > 0, we denote by z[?! the sequence (3, ey _x/) and
~
P
by - the catenation product of sequences. The length of s = (s1,...,s) € LP(n)
is I(s) = [, the height is h(s) = s1 and the size (or weight) is w(s) =Y  s; = n.
Moreover, we define A(s) = >, _,(s; — sip1) = h(s) — s;. Note that s can be

univocally written as s = s[1m1] . B»ZLQ] Cee SBZ”‘“] with s > s, > --- > s;, and

m; > 0. The following notations are useful when dealing with sequences, s<; =
($15---58i—1) (s<i = (815---,8:)) and s>i = (Sit1,---,81) (53 = (Si,-.-,51)).
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The set LP(n) can be ordered with respect to the negative lexicographic order:

Definition 1. Let s = (s1,...,5) and t = (t1,...,tm) belong to LP(n). Then,
S <nlez t if and only if there is i such that s<; = t<; and s; > t;.

Covering Partitions On the set of integer partitions we define a binary relation
~ that is of particular interest for generating parallelogram polyominoes.

Definition 2. Let s € LP(n1) and t € LP(ng). Then, s strongly covers t, de-
noted as s ~ t, if and only if | =1(s) =I(t), s1 > t1 and s; > t;_1 for all j with
1<j<l

From the previous definition we immediately get:

Lemma 1. Let s € LP(ny), t € LP(n2) and s ~t. Then ny > na + 1(t) + A(2).
Proof. By Definition [2 one has

I(s) () -1 1(t)—1
mi=stY s > bl Y (L) =t T AG)HI(E)+ > ti = na+l(t)+A(1).

i=2 i=1 i=1
O

Figure [I] shows the linear partition s of smallest weight that strongly covers a
linear partition ¢. It clearly follows that w(s) = w(t) + I(t) + A(¢).

L
L

A(t)

Fig. 1. The smallest covering partition

Given t € LP(ns), the set of linear partitions of ny that strongly cover t is
denoted by LP(n1|t) = {s € LP(n1)|s ~ t}. Observe that for all v € LP(nq]t)
one has [(v) = I(t) and that LP(n1) = U,_; _,, LP(n1|0[")). Definitions [l and
let us easily characterize § = min < (LP(n1[t)).

Lemma 2. Lett = (t1,...,t;) € LP(na). Then, for ny > ng + 1+ A(t) one has

§:(t1+1+n1—nQ—A(t)—l,tl+1,t2—|—1,...,tl_1—|—1).
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We can interpret the elements of LP(nq|t) as states of a simple discrete dynam-
ical system which simulates the movements occurring into a heap of n; — no
grains stacked into a (two-dimensional) silo of radius I(t) and whose bottom is
shaped like the profile of ¢. This system has an evolution rule called Move which
corresponds to moving one grain from column 7 of s to the first column k, with
k > 1, such that s; > s;41 and s; — s > 2. Figuratively, the rightmost grain of
a plateau can slide on the plateau on its right and find place at the bottom of
the next cliff. More formally, one has:

Definition 3. Given t € LP(n3), s € LP(n|t) and an integer i, let

i+1if$i—si+1 > 2
k= J ifsi—SjZQ/\Si+1:Sj_1:Si—1
1 otherwise

Then

MOU@(S t Z)Z S<i - (si - 135i+17"'78k7135k + 1) T8>k ka 7£ J—asi 1>t
’ 1L otherwise

The initial state of the dynamical system is §, corresponding to the configuration
where all the grains are in column 1, with the exception of those that create
a covering layer of height 1 at the bottom of the silo. Figure [2 shows s and
Move(s,t,2) fort = (3,3,3,2,1,1,1). Note that Move(s, t,i) = L fori = 3,4,6,7.

. d . . . .
We write s = ¢ if & = Move(s, t,i) and, more generally, s = v if there is a

. |

Fig.2. s = (6,5,4,4,4,2,2) and Move(s, t,2) = (6,4,4,4,4,3,2)

sequence of moves leading from s to v. The dynamical system has a set of states
denoted by G(5]t) = {v € LP(ni|t)|5 = v}, which turns out to be equal to
LP(n4|t), that is, all partitions of ny covering ¢ can be generated starting from
the minimum in the neglex order.

Lemma 3. Lett = (t1,...,t;) € LP(ny). Then, for any ny > ng + 1+ A(t) one
has LP(n1|t) = G(§]|t).

Proof. Suppose G(3[t) € LP(ni(t) and let s’ = minc | (LP(nit) \ G(5t)).
Let ¢ be the largest integer such that s, > ¢;_1 + 1. If ¢ = 1 then s{; = 55
and so s’ = 5. Thus, let j; = min{k < i|s) = si}, jo = min{k < ji|s) =
s 1} and set either j = ji (if j1 < i) or j = ja (if j1 = 7). Now, consider
s" =5, (sj+1,841,...,8_1,5; — 1) - 85, and note that s € LP(n;[t) and

T

§" <ylex s’ This implies s” € G(5]t). Lastly, from s” = s' we get ' € G(8]¢). O
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The set of moves of s € LP(ny|t) is defined as the set of integers M(s|t) =
{i|Move(s,t,i) # L}. LP(n1|t) admits exactly one element v such that M(v|t) =
0, called fized point and denoted as FP(nq|t). In particular, LP(n1|t) turns out
to be a lattice with respect to the relation induced by =-, with the top and the
bottom given by § and FP(n1]t), respectively.

We denote by s! the linear partition in LP(n; + 1|t) given by st = s; - (s; +
1) - 854, where 7 is the largest integer such that i < I(s) and s;—1 > s; (i = 1 if
I(s) = 1). The following lemma provides a characterization of FP(n|t).

Lemma 4. Lett = (t1,...,t) € LP(na) and ny > ng + 1+ A(t). Then

_ _ (t1+1,t1+1,t2+1,...,tl,1+1)ifn1:n2+l+A(t)
v=FP(mlt) = { FP(ny — 1]t)! otherwise
Proof. The case n1 = ny + 1 + A(t) follows by noting that v € LP(nq|t) and
Move(v, t,4) = L for all i. Otherwise, let u = FP(ny — 1|¢) and let i be the only
integer such that u; # uf Since u is a fixed point, it is sufficient to prove that
Move(u', t,i) = L. This follows from u~; = ul>,i and u; = ujp1 = ... = uy. O

Figure [ shows the linear partition t = (5,4, 4,2, 2,2, 1) together with the two
fixed points s = FP(31|t) and r = FP(36]t) (note that r A s).

Fig. 3. s = FP(31|t) and r = FP(36]t)

We associate with each linear partition in LP(nq|t) its grand ancestor, that
is, a particular element of LP(nq|t) playing an important role in the process
of generating LP(n1|t). To enumerate the elements in neglex order, we should
apply to the current partition s the rightmost move, in order to preserve the
longest possible prefix. However, whenever such move is also yet to be done in
another partition s’ previously generated (and hence s’ <pegies $), the move
needs to be applied not to s, but to s’ that is still waiting to make that move. s’
is the grand ancestor of s, it is the smallest partition for which max(M(s|t)) is
still a valid move. Proper grand ancestors correspond to branching nodes in the
implicit spanning tree that is being traversed to generate the partitions.

Definition 4. Let s € LP(n4|t). The grand ancestor of s is the linear partition
A(s|t) =min <, {v € LP(ni|t)|s<; = v<i,t = max(M(s|t)) € M(v|t)}.

nlex

The grand ancestor of a linear partition is characterized in
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Lemma 5. Let s € LP(n1|t), i = max(M(s[t)) and g =3, ,(s; —tj—1 —1). If
p is the largest integer such that d = Z;J;?H(si —1—t;_1—1) <gq, then A(s|t)
s the linear partition

S/:8S1‘~(81‘—1)[p] '(ti+p+1+q—d,ti+p+1—i—l,...,tl_l—i-l).

Proof. First, note that s’ € LP(n4|t), i € M(s'|t) and s’; = s<;. Thus we have
only to prove that s’ is the smallest linear partition with such properties. In fact,
suppose that z € LP(nq|t) satisfies z <plex &', With z<; = s<; and i € M(z|t).
Let j be the smallest integer such that z; > s} (obviously j > i + p). Then,
one has > o ze <> .80 =2 . ;(te—1 +1). This implies the existence of an
index j such that z; <t;_; +1 and so z A L. O

Ezample 1. Let t = (5,4,4,3,2,2,2,1,1,1,1) and s = (8,8,8,8,6,5,5,4,4,4, 4).
Then, A(s|t) = (8,8,8,8,6,5,5,5,5,4,2) (see Figure[). Note how A(s|t) has the
same prefix as s up to position max(M(s|t)), whereas the remaining suffix has
the leftmost entries as large as possible, while ensuring the covering condition.

Fig. 4. A linear partition and its grand ancestor (right)

When n; and t are clear from the context, we denote by s(¢) the eth linear
partition in LP(n1|t). We can obtain a spanning tree associated with the lattice
LP(ni|t) by defining, for e > 1, A(s(*~D|t) as the father of 5(*) (3 = s(1) is the
root). The following lemma shows how we can implicitly traverse such tree in
order to generate the sequence of elements in LP(nq|t).

Lemma 6. Let t € LP(n2) and ny > na + 1(t) + A(t). Then, for any e > 0, we
have )
A(s©t) = setD - with i, = max(M(s©]t)).

Proof. 1t is sufficient to follows the proof of [I4, Lemma 2.16], where the same
result is stated with respect to the states of a dynamical system associated with
the Ice Pile Model. We have only to take into account the (slightly) different
definition of the evolution rule (the function Move). O

We define a function Next which, having as inputs s(¢), ¢, determines first i =
max(M(s(®|t)) and s' = A(s(®)|t), and then outputs s¢*1) = Move(s’,t,1)
(Next(s(9)t) = L if 59 = FP(nq|t)). Hence, Algorithm [ generates LP(n1|t).
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Theorem 1. LINPARTGEN (ny,t) generates LP(nql|t) in time O(8LP(ny|t)) us-
ing O(yv/ny) space.

Proof. (Outline) The space requirement follows from section Bl and by imple-
menting M(s|t) as a stack of links to nodes (in the list of s) where moves occur.
With respect to the time, the result follows by reasoning as in [I4, Lemma 4.2]
and showing that, by Lemma[5 s’ = A(s5(®)|t) can be computed in time O(d.),
where d, is the distance between s’ and s(¢) in the spanning tree of LP(n4[t). O

Algorithm 1. Exhaustive Generation of LP(n|t).

: PROCEDURE LINPARTGEN(n1,t)
s:=MINLINPART(n1,); {s = min < | (LP(n1[t))}
while M(s|t) # 0 do

$:=NEXT(s, t);
end while

Similarly, we can easily generate the set {v € LP(nt)|s = v} for any s €
LP(n4|t). Then, one has:

Corollary 1. For any s € LP(ny|t) the set V = {v € LP(n|t)|s = v} can be
generated in time O(8V') using O(y/n,) space.

Parallelogram Polyominoes A parallelogram polyomino is a polyomino whose
boundary consists of two north-east lattice paths which are non-crossing (apart
the starting and ending points). Without loss of generality, we suppose that
the starting point of such paths is (1,0). Thus, a polyomino P can be speci-
fied by a pair of paths (p,q) where p = (1,0),(1,1),...,(z — 1,y), (z,y) and
q = (1,0),(2,0),...,(z,y — 1), (x,y). The height of P is y, the width is x — 1,
while its size (or area) is the number of unit squares within the boundary iden-
tified by p and ¢. The following theorem provides a useful bijection between
polyominoes of size n and suitable pairs of linear partitions.

Theorem 2. The set of parallelogram polyominoes of size n is in bijective cor-
respondence with the set of pairs of linear partitions (s,t) such that

1<1=1(t)<n;

-t = 1,‘

— 1+ A@F) <n;

te LP(m) withl <m < (I-1)(A@t)+1)+1;
s € LP(m + n|t).

Proof. First, let us see how a polyomino P with area n univocally identifies
a pair (s,t) of linear partitions. Let p = (1,0),(1,1), (z1,91), .., (Zk, y&), (x —
Ly), (z,y) and ¢ = (1,0),(2,0), (z1,91), - - -+ (@}, ¥k), (2,9 — 1), (z,y) be the two
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paths defining P. Obviously one has y + x — 1 < n. Note that there is h such
that the first h + 2 steps of p

(170)7 (17 1)7 (331, y1)7 EERER (mfu Y- 1)7 ($h+17y),

with z, = xp41 < x—1, identify a linear partition ¢t = (¢1,...,¢) withl =y < n,
t1 =xp, t; =1 and A(t) = xp, — 1. Thus, one has [+ A(t) = y+ap — 1 < n and
t € LP(m) for a suitable integer m with I <m < (I—-1)t; +1=(1—1)(A(t) +
1) + 1. Similarly, by considering ¢ we can find an index r such that the sequence
(2.,0), (z7. 1, 1),..., (2}, yp), (x,y—1), (z,y) identifies a partition s of size m+n
with s ~ ¢ (recall that the two paths are non-crossing), that is, s € LP(m 4+ nlt).
Lastly, observe that if two different polyominoes of size n are identified by two
pairs of paths, say (p,q) and (p,¢’), then one necessarily has p # p’ or ¢ # ¢/,
and the associated pairs of linear partitions are different.

Now, we show how a pair (s, t) of linear partitions satisfying the given condi-
tions uniquely defines two non-crossing paths p, ¢ which start at (1,0) and end
at (s1,1(t)). Indeed, p is the only north-east path passing through the points

— for all j, with 1 <j <1, (¢t;,1 — j);
—iftj_1 >t (th—j—‘r1),(tj—|—17l—j—‘r1),...,(tj_1—1,l—j—|—1);
— (tl—|—17l)7(t1+2,l),...,(81—17l).

Analogously, ¢ is identified by the points

- (1,0),(2,0),...,(s1 — 1,0);
— for all j, with 1 <j <1, (s;,1 — j);
— iij_1 > 8 (Sj,l—j+1)7(8j—|—17l—j+1),...,(8j_1—17l—j—|—1).

Note that p and g are non-crossing since s ~ t. Lastly, the size of the polyomino
is just w(s) —w(t) = n. Moreover, if (s,t) # (s',t’) then the pair (p, q) identified
by (s,t) is different from the pair (p/,q’) associated with (s’,¢') and the two
polyominoes are different. a

Ezample 2. Figure[lillustrates the parallelogram polyomino of size 27 identified
by (s,t) with ¢t = (8,8,6,5,5,5,2,2,1,1) and s = (9,9,9,8,8,6,6,6,6,3). The
two north-east paths p, ¢ associated with (s,t) are drawn as dashed and dotted
lines, respectively. You can see the two partitions s and ¢ represented in the
usual way by turning the picture 90 degrees counterclockwise.

We denote by PPol(n) the set of parallelogram polyominoes of size n. In the
sequel, the generation of PPol(n) respects the following ordering which can be
obtained by considering the bijection in Theorem

Definition 5. Let (s,t) and (s',t') be two pairs of linear partitions identifying
P, P’ € PPol(n), respectively. Then P < P’ if and only if

I(s) > 1(s")

or
I(s) =1(s"),t € LP(m),t' € LP(m"),m > m/
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10 I
9
8 X
7 1
6 L
5 o 1=10
4 - t=(8,8,6,5,5,5,2,2,1,1)
3! g $=(9,9,9,8.8,6,6,6,6,3)
20 ; m=43, n=27, a()=7
L)
123456789

Fig. 5. A parallelogram polyomino identified by two linear partitions

or
I(s) =1(s"),t,t" € LP(m),t <pjeq t’

or
I(s) =1(s"),t =t',s <ptex 5.

3 The Algorithm

Here we present an algorithm which solves the following problem:

Problem Parallelogram Polyominoes Generation (PPG)
Input an integer n
Output the ordered sequence of parallelogram polyominoes in PPol(n).

Our approach is that of producing the sequence of parallelogram polyominoes
(ordered with respect to Definition [

RBLE
I

by generating the associated sequence of pairs (s,t) of linear partitions charac-
terized in Theorem 21 Thus, Definition [ directly leads to Algorithm [2] shown
below.

Procedure GENPARPOL generates the sequence of pairs (s,t) of linear par-
titions associated with PPol(n). The two loops at lines 2, 3 are used to set
the height I of the polyomino, that is, the length of ¢ (from n down to 1)
and its size m, respectively. Because of Lemma [Il and Theorem Pl one has
n+m > m+ 1+ A(t): this means that the largest value for A(t) is n — !
and thus m has to satisfy the relation I < m < (I — 1)(n — ) + [. The code
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Algorithm 2. Generation of parallelogram polyominoes of size n.
1: PROCEDURE GENPARPOL(n)

2: for [:=n downto 1 do

3:  for m:=(l —1)(n — 1) + 1 downto ! do

4: t:= INITLINPART(m, [,n — [ + 1);
5: while M(¢,0) # 0 do

6: s:= MINLINPART(m + n, t);

7 while M(s,t) # 0 do

8: $:=NEXT(s,1);

9: end while

10: t::NEXT(t,O[”);

11: end while

12:  end for

13: end for

at lines 4-11 generates all the pairs (s,t) such that I(t) = [, ¢ € LP(m) and
s € LP(m + n|t). INNTLINPART(m, ,n — [ + 1) returns the representation of the
smallest linear partition of weight m and length [ having height n — [ 4 1, while
MINLINPART(m + n,t) returns min < | (LP(m + n[t)). NEXT(s,?) returns the
linear partition in LP(m + n|t) which follows s (w.r.t <uex), while NEXT(t, 0[)
returns the linear partition of length [ following ¢.

3.1 The Data Structure

In order to efficiently deal with a pair (s,t) of linear partitions with s ~ ¢, we
define a data structure consisting of two double-linked lists. The list representing
t has as many elements as different values in ¢, that is, it has d = §{i|t; > ti41}
nodes which contain two integers (a value ¢; and the largest k such that ¢, = t;),

(tr k), (g ko), (b ka) e )l lhal — g

The list representing s has a similar structure, with the only difference that
each node (s;,,h,) has a link to the node (Z;,,kq) in the list of ¢ such that
kq—1 < hp < kq. Moreover, in order to consider ¢ itself as a covering partition,
we add a zero node representing LP(0). Figure [Blillustrates the representation of
the linear partitions s and ¢ drawn in Figure[Bl Obviously, the sum of the lengths
of the lists representing ¢ and s € LP(n|t) is O(y/n). This data structure is used
in Algorithm [Tl and its properties are useful to prove Theorem [Il In particular,
it lets develop an implementation of function Move running in time O(1), while
permitting to update M(s|t) in time O(1) too. Lastly, one has:

Property 1. Let ¢ € LP(m) and n > I(t) + A(t). If k is the length of the list

representing s = min < | (LP(m + nlt)) then:

— k =2 if and only if s is a fixed point;
— #t{v € LP(m +nlt)|s = v} = 2(k).
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Fig. 6. Representing (s, t)

3.2 Complexity

By considering the data structure in Section Bl it is immediate to see that
procedure INITLINPART runs in time O(1) since it creates a list of length at
most 3. Similarly, MINLINPART(m + n,t) returns a list of length [(¢) and so it
runs in time O(I(¢)). Then, we can state:

Theorem 3. GENPARPOL(n) runs in time O(§ PPol(n)) and uses O(y/n) space.

Proof. First, note that the two for-loops at lines 2,3 set O(n?) different inte-
ger pairs (I, m). Moreover, each pair (I,m) is used (lines 4-11) to generate all
polyominoes identified by a pair (s,t) with t € LP(m|0¥) and s € LP(m + nlt).
Therefore, it is sufficient to prove that the code consisting of lines 4-11 is CAT. To
this aim, by Theorem [Il and Property [, for each fixed ¢, the cost of instructions
at lines 6-9 is O(#V), where V = {v|s = v} and s = min <lex (LP(m + nt)).
Similarly, by Corollary [ the generation of all t € LP(m|0Y) with h(t) <
n — 1 + 1 (the outer while -loop) is CAT. Hence, the set F(I,m) = {(s,t)|t €
LP(m|0),s € LP(m + n|t),h(t) < n — 1 + 1} is CAT generated and, since
tPPol(n) = Y., S2EDO=DF (1 m), the result follows. With respect to the

m=l
space complexity, we recall that the length of the lists representing s and t is

O(y/n). 0

4 Conclusions

It is noteworthy that the idea behind the initial algorithm intended to generate
ice piles has proved to be extremely adaptable, allowing to provide CAT algo-
rithms for the exhausting generation of a still growing set of classes of combina-
torial objects : (linear) integer partitions, symmetric ice and sand piles [I3/T5],
unimodal sequences, plain partitions, standard Young tableaux and now par-
allelogram polyominoes. It seems to be possible to modify the algorithms to
generates other families of combinatorial objects, such as semi-standard Young
tableaux. This raises a more general question in order theory, namely, finding a
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characterization of posets whose Hasse diagram admits a spanning tree having
a natural way to be traversed, defining this way a total order on the elements of
the poset. Our approach to generate all the elements of such posets could likely
be applied to all of them.
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