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Abstract. In this paper, we present a new method to determining the
isochronicity of a reversible cubic system based on the recursion formu-
las and mathematical induction. Unlike the method, which proves the
isochronicity of the same system with the integrability, our new method
gives the recursion formulas among the period coefficients firstly. Then,
based on these recursion formulas and using mathematical induction, the
isochronicity is proved.
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1 Introduction

The qualitative theory of differential equations is a very important branch of
dynamic system since it can provide qualitative information for the dynamic
system.

In 1989, Chicone and Jacobs put forward the concept, weak center, which can
answer how many critical periods bifurcate from the center [I]. However, because
of the computation complexity, only quadratic systems and some special cubic
systems were discussed.

Recently, some efforts for reversible cubic systems were done based on com-
puter algebra [2]-[6]. The main motivation for these methods is that computer
algebra can help compute period coefficients of the systems.

Unfortunately, determining isochronicity is a challenge for most of systems
since it has to show all period coefficients are equal to zeros [7]-[12]. One feasible
alternative for this difficulty is studying the recursion relations among coefficients
of the system and proving the isochronicity with the induction algorithm based
on the relations.

In order to show the importance of our method, one origin of a specified system
proposed by W Zhang etc, whose isochronicity is proved in [6], is considered.
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Unlike the method proposed by W Zhang [6], our new method presents recur-
sion formulas among the period coefficients firstly. Then, based on these recursion
formulas and using mathematical induction, the isochronicity is proved.

The remainder of this paper is as follows. Section [2] is devoted to the theory
of weak centers. In section [B] some conclusions for weak centers of a reversible
cubic system are given. In section ] we prove the origin of the reversible cubic
system is an isochronous center. We also give conclusions finally.

2 The Theory of Weak Centers

Let V(z,y,\) be a family of planar analytic vector fields parameterized by \ €
R™ with a nondegenerate center at the origin, i. e., the vector field does not have
an eigenvalue zero at the origin. P(r, ) denotes the minimum period of the closed
orbit passing (r,0), a point in a sufficiently small open interval J = (—a, «) on
x axis.

Definition 1. Let F(r,A\.) = P(r, ) — P(0,\.). The origin is called a weak
center of finite order k if

F(0,M\) =F'(0,M\) =---=F®D0 X)) =0 and F+20,)\,)#0 (1)

where the derivatives indicated are taken with respect to the first argument of the
function F'.

Definition 2. The origin is called an isochronous center, i. e., all closed orbits
surrounding the origin have the same period, that is, F'*) (0, \x) =0,Vk > 0.

Definition 3. Local critical period is a period corresponding to a critical point
of the period function which bifurcates from a weak center.

Lemma 1 (Period Coefficient Lemma). [1] If P(0,\) = 27,YA € R", then
for any given A\, € R",

o
P(r,\) =27+ Zpk()\)rk (2)
k=2
which is analytic for |r| and |A — A sufficiently small. Moreover,

pr € R[A1, -+, \n], the noetherian ring of polynomials; for k > 1,pagpt1 €
(p2,pa, -y D2r), the ideal generated by pa;,i = 1,k over R[\1, -+, \,]; the
first k > 1 such that pr(A\) # 0 is even.

3 Reversible Cubic System

We consider the differential system

t

-y + (,ZS(I, Y, >‘)
x + (z,y, \) (3)
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where ¢(0,0,\) = (0,0,\) =0,V € R.
Especially, for C3, functions ¢(z,y, \) and (x,y, \) are cubic systems

T=—-y+ Clgo.’l?g +a1xry + a02y2 + a30m3 + a21.’172y + algxy2 + a03y3 (4)
Y = & + baox? + biyzy + booy? + baox® + barx?y + biaxy? + bosy®

Definition 4. A planar vector field is said to be reversible if it is symmetric
with respect to a line.

Consider the cubic system Eq. B which is symmetric with respect to y axis.
Clearly, such a reversible cubic system is

&= —y + a12? + asy? + azx®y + asy® 5)
¥ =+ byxy + bex® + byzry?

with parameter A = (a1, az, as, as, b1, be,b3) € R7. This symmetry ensures that
Eq. Bl has a center at the origin.
By Lemma [ and Definition [Il we have

Theorem 1. [1] If for a certain \. € R, there is an integer k > 1 such that

p2(As) =p3(A) = - =papr1(A) =0 and  pary2(As) #0 (6)

The origin is a weak center of order k. Otherwise, the origin is an isochronous
center.

Deciding if an origin is an isochronous center using Theorem [Tl or Definition [T],
is a difficult problem since it needs compute all F'(r, Ay)s or pgs. In this paper,
we proposed a new method to determine if an origin is an isochronous center by
presenting recursion formulas firstly, and then proving the origin is isochronous
using these formulas.

Taking polar coordinate

x =rcos, y=rsinf (7)
we have
i = dcosf + ysing = r2Ga(0) + r>Gs(0) (8)
0 = (ycosh) — isinb)/r = 1+ rH, (0) + r2Hy(6) (9)
where
G2(0) = a1cos®0 + (az + bl)sin290059
G3(0) = (a3 + by)cos®sind + (ay + bs)coshsin®f
20 .3 (10)
Hy(0) = (by — a1)cos?Osinf — agsin’
Hy(0) = (bs — a3)c052051n20 + bocostl — aysiné
Thus ) .
dr r*Ga(0) + 1 G3(0) (11)

d9 1+ rHy(0) + r2Hy(0)
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Lemma 2. [6] The vector field defined by Eq. [Tl is analytic and

dr

g =T G2t Y M (GaAr2 + GaArs)

k=3
n a sufficiently small neighborhood of r = 0, where
Ay =1,A1 = —H{, Ay = —HpAp_o — H1Ap_1,Yk > 3

Consider the solution of Eq. [l with r(0, A) = r9 > 0 in the form

r(0,0) =Y ur(, \)rf
k=1

The initial condition implies

u1(0,\) = 1,uk(0,\) =0,Vk > 1, € R"

(13)

(15)

Replacing r in Eq. with the series Eq. [[4] and comparing coefficients of

rE k=1,2,---, we get the following differential equations
up =10
uy = Gou?
ué = (G2A1 + Gg)u‘;’ + 2uiusGo

(16)

where u) denotes ddauk(&)\). Under the initial conditions in Eq. I8 we can

obtain their solutions.

U1(9) =1
us(9) = [y Ga(€)de

uz(0) = [ (G + Ga(2us — Hy1))dE

(17)

Finally, we compute the period P(rg,A) of the closed orbit C(rp) through

(r0,0) from Eq.[@ and

1 = .
- A
1+ rHy (0) + r2(0) kZ:S’” g

then

P(’r‘o,)\):/c( )dt

(18)
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27
= / ! df
o 1 +rH1(<9) —|—T2H2(9)

27 00
_ / 1+ rkAL)do
0 k=1

oo

=21+ /% > rkAgde
0 k=1
Meanwhile, from Eq.[I4, we obtain the following power series expansion
Zz.; rh Ay = 21?;1(2521 upr() Ak
= Ajuiro + (Ajug + Agu?)r2 + (Arug + 2Asuiug + Agud)rd
+(Arug + Az (ud + 2ugus) + 3Asudug + Aguf)rg + - -

= plro + phrg + pirg + Py + -

therefore
P(ro,A\) =27+ Z P.(\)rk
k=1
where
pi(A) = [T pido = [FT Ayurdd = — [77 Hy(6)d§ = 0

pa(N) = [T phdd = [T (Avus + Asu?)df

o phdd = [)7 (Avug + 2A5uruz + Agud)d

3
w
—
Nt
I

pa(A) = f027r pydf = f027r(A1U4 + Az (ud + 2uqug) + 3Asuus + Agui)do

and Ag, ug, k = 1,2, -- are determined by Eq. I3 and Eq. I

3.1 The Algorithm of the Reversible Cubic System

Summary the above procedures in this section, we have
1. Compute Ga(0), G3(0), H1(6) and Hs(0) using Eq. [0

2. Compute Ag, k =1,2,--- using Eq.

3. Compute gg using Eq. [l

623

(19)

(20)

(22)
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4. Compute u}(6),k = 1,2,--- using Eq. and ug(0),k = 1,2,--- using
Eq. I one by one.

5. Compute pg(A),k =1,2,--- one by one using Eq.

According to above procedures, pi(A),k = 1,2, can be computed one by
one. Thus, if all pgs are equal to zeros, the origin is an isochronous center. That
is what we often do for weak focuses.

4 The New Method for Isochronicity

In this section, we analyze the weak center of one reversible cubic system. Con-
sider the system in the following form
&= —y—azx®+ay® + cx?y (23)
¥ = — 2axy + cxy?

The isochronicity of the system has been proved by W Zhang in [6] with
the integrability. Different from the method of W Zhang, we proposed a new
method to prove the isochronicity based on recursion formulas and mathematical
induction. In order to the consistency of this paper, the procedures of our method
are explained one by one even for the W Zhang’s overlapped parts.

4.1 The General Algorithm
Firstly, we compute coefficients about the system using the algorithm presented
in Section 3.1

1. Compute Ga(0), G3(0), H1(0) and Ho(0) using Eq. [0

Gy = —acos®0 + (a — 2a) = —acost)

Hy = (—2a + a)cos*fsind — asin®f = —asind (24)
Hy,=0
G5 = (¢ + 0)cos’@sind + (0 + c)cosfsin®0 = ccosfsing
2. Compute Ag, k =1,2,--- using Eq.
Ao =1,Ay = —H Ay, (25)
So
Ay, = afsin®0, k=0,1,2--- (26)
3. Compute % using Eq. [l
d GoAp_o + G3A;_
I R s Ny, (27)

d)  GaAp_3+ GsAi_a
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4. Compute u}(6),k = 1,2,--- using Eq. and ug(0),k = 1,2,--- using
Eq. I one by one.

u; = 0, up = 1

ub Gau? = —acost, ug = —asinf
uy = (GaAr + Ga)uf + 2uusGa, uz = (ya® + jc)sin’f (28)
= (a® + c)sinfcosh

5. Compute pr(A),k =1,2,- - using Eq.

P = Ay(0)ui(0) = asing

b= /O% Ayuydf = 0

ph = A1(0)ua(0) + Ax(0)ui(0) = —a’sind + a?0 = 0

b= [ (00 + 000 =0

by = s (B)us(6) + 24(0)us (B)ua(6) + Ay(0)d(6) (29)

1 1 .
= asinf( 2a2 + 2c)sin29 + 2a?sin?0(—asing) + a>sin®0

By Theorem [I] we know that we only need to show the coefficients of p),, k =
1,2,---, equal to zeros if we want to prove the origin is an isochronous center.
Therefore, we only consider the coefficients of py, pj, up and up, k = 1,2,---.
The coefficients of ug, pg, u}, Pj, k = 1,2, - - - are written as u}, py, duj, dp}, k=
1,2,--- respectively in the remainder of this paper.

4.2 Recursion Formulas

In this subsection, we give some preparations for the proof of the isochronous
center. Firstly, we give some recursion formulas for the system.

Lemma 3. The uyps and pys of the cubic system Eq. have following relation

2 k—1
* c—a” *,
(k= 2)a® +cJup =~ " pi— ac(y_ ujui_y) (30)
i=1
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Proof. Because of

, P ug, 8 ug, S wun
YT g2gin?e asinQ)G + (a3sin30 " a2sin?0 asind )Gs
we integer both sides of the equation
* 1 dpy * ¢ dpy g Zf:f Uiy
up ==, 4( R O ; ) (D

then

k—2 c . dpy; c c . %
— 1) — -
Gt T =™ = —1)a'a2 "V (= 1)a ;“Z“’H

times (k — 1)a? both sides

2
c—a
[(k —2)a® + duj = " dpy, — ac(z uiul_p)

Lemma 4. p), can be computed using
Pr = (D11 + P, _gua + -+ Pltn 1+ un)ds

Proof. Since

(ul+uQ+...+u7n)k+1:(ul+uQ+...+um)k(ul+ug+...

= (ur +uz + - w)Pur + (un Fug ) g
(ur +ug + - ) g,

combing with Eq. 20, we have

/

ph = (Ph_qu1 + Pl + - + Pltn_1 + up) Ay

(32)

+ um)
(33)

Corollary 1. The dp; and uj,k = 1,2,--- of the cubic system Eq.[23 can be

represented as:

dpy, = ::iadeZ‘uZ i de up_, “Zu wi )
uj, = k_jl > dpiuj ;i + " Cl)GQ(;dpjuz . azu i)

i=1

k—1 k—1
(k —1)a*u} = (c — a?) Z dpiuj_; — acz uiuL_;
i=1 i=1
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Proof. According to Eq. [31]

* * * k=1 & x
1 dp; * c dpp uj Zi:l U U5
g )

Yk = k—l(a?’ a? a

combining with Eq. B2, we have

k—1 k—1
c
uf = de it gy (X o — a3 i)
i=1 i=1
S0
k—1 k—1
(k —1)a*u} = (c — a?) defuzﬂ- — acz wiuy_,;
i=1 i=1
From Eq.
P = (D1t + P _otis + -+ 4 P14 un) Ay

we have
dpy, = (dpy,_qui +dp;,_ous + -+ -+ dpju,_; +uy)a

Replacing v}, in Eq. B with the right side of Eq. BH, the dpj, becomes

k—1
ade uk i kfl)a(;dpjuz g CLZU uk z

?v*
H

4.3 The New Method for Determining the Isochronicity

627

In this subsection, we will give a new method for determining the isochronicity
of the same system proposed by W Zhang [6]. Although W Zhang has proved
the isochronicity of the system in [6], in order to preserve the consistence of our
statement, the isochronicity still is presented as the most important theorem in

this subsection.

Lemma 5. For the system defined by Eq. [23, if

then
2k—2

2kuj, = [(2k — 1)c — (2k — 3)a*]uy;,_, — ac Z wiuSe 1
i=1

Proof. For m =1,
2ul = (c+ a?).

(40)
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If for all m < 2k, Eq.@0 hold, we will prove the Equation will hold on m = 2k-+1.
According to Eq. 36, we have

2k—2 2k—2
2, % _ 2 * ok * %
2ka U1 = (c—a”) E dp;jugy_q_; — ac E Us Ugp—1—4-
i=1 i=1

Since dpy; = 0,i = 1,2,---k and uj; x u3; = a*c"7=% so we only consider the
terms of u3,, ., and dp3,, ,;, where m is an integer.

2k
2, % _ 2 k%
2ka*uz, = (c —a”) E dpiugp 1
i=1, 1 is an odd number
2k

* %
—ac E Uj U154

i=1, 1 1s an odd

2k—2
= (c—a?) Z dp; usy,_y ;¢ + dpsy,_yus(c — a®)
i=1, 1is an odd
2k—2
—ac Z UFU 1 — 2aCUY,_1U5

i=1, 1 1s an odd

— (2k — 2)uz_yca® + (c — a?)dpiy, _uj — 2acul,_,u3
Dividing a? on both sides, above equation becomes

2k = (2k — 2)uz_ic — [(2k = 3)a® + Juzy_y
2%—2

* %
—ac E Us Ugg—1—4

i=1, 1 1s an odd
=[(2k — 1)c — (2k — 3)a*|u3,_,
2k—2

* %
—ac E Uy Ugg—1—;

i=1, 1 1s an odd
Corollary 2. For the system defined by Eq.[23, if
dps; =0,i=1,2,--- k
uh, = —ac™ti=1,2,--- k
then
2kuyy, 1 = [(4k —3)c— (2k — 3)a®July,_1 + [~ (2k — 3)c+ (2k — 3)a®]culy_5. (41)
Proof. Since

2k—2 2k—4

* ok o * ok *
E UjUgp_1_; = C E Ui Ugp_g_; + 2Uop_3
i=1, 11s an odd i=1, 11s an odd
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by Eq. E0, we have

2k—4
(2k — 2)uzy,_y — [(2k — 3)c — (2k — B)a*Juz;_3 = —ac Z U U3
i=1, 1 1s an odd
(42)

Because of

Dz yy = [(2k — Do — (2k — 3)a?Jupy_,
2k—4
—ac® Z U5y — 2ca*uyy_g
i=1, 1 is an odd
= [(2k — 1)c — (2k — 3)a?|uj;_; + (2k — 2)cud;_,
—[(2k — 3)c — (2k — 5)a?]cud;,_5 — 2ca’uy;,_4
= [(4k — 3)c — (2k — 3)a®|upy,_1 + [~ (2k — 3)c + (2k — 3)a®]cu};,_5

Theorem 2. For the system defined by Eq.[23, if

dp;Z:07Z:17277k
us; = —ad ' i=1,2,- k

for k> 2
2k—1

Z wiuy,_; = [(k —1)a® + ¢t 2. (43)
i=1, 1 18 an odd

Proof. For m = 2, we have

2uj = (a® +c)

We assume that Eq. are correct for all 2 < m < 2k, thus we will prove the
equation is correct for m = 2k + 1. According to Eq. E3] we have

2uy = (c+d?) (44)
4ui = (5¢ — a®)ul + (—c+a®)c (45)

2kudp1 = [(4k — 3)c — (2k — 3)a’|use_1 + [—(2k — 3)c + (2k — 3)a®|cud,_5 (46)

then we times Eq. 44} Eq. @5 Eq. @6 with u},_,, u}, 5 and u] respectively and
sum these equations both sides, we have

2k+1
* *
k E Ui Ugk+2—i

i=1, 11s an odd number
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2k—1
=[(2k —1)c— (k- 2)‘12] Z Ui Uk
i=1, 1 1s an odd
2k—3
Heth—Ve+ (k—Da’le 3 wlub s

i=1, 11s an odd
=[(2k — 1)e — (k — 2)a®][(k — 1)a®+dc" 2 +c[—(k — De+(k — 1)a®])[(k — 2)a* +c)c" 3
= k(ka® +¢)c" !

SO
2k+1
k Z iUy oy = k(ka® + c)ck=1
i=1, 1 1s an odd
That is

2h+1
* ok _ 2 k—1
E Ui ugp o = (ka” +c)c

i=1, 11s an odd
Theorem 3. For the system defined by Eq.[23, if
dp5, =0,i=1,2,---,k
uh, = —ac™ i =1,2,--- k

we have
2k—1

Z dpz u2k i 1' (47)

Proof. For m = 1, we have

dpiu} =a =ac'™!

We assume that Eq. 1 are correct for all m < 2k + 1, thus we will prove the
equation is correct for m = 2k 4 2. Since

dpgs:07521727"'7k7

for all m < 2k + 1, we have

2k—1

Z dpz u2k i ackil

i=1, 1 is an odd
According to Eq. 7, we have
dp; = a (48)
dpy = au} + adpju} (49)

dpsy 1 = auyyy + adpius, + - + adpsy, uy (50)
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then we times Eq. 48, Eq. E9 Eq. B0 with u3;  ,, u3;,_, and uj respectively and
sum these equations both sides, we have

2k+1

Z dpz u2k 4

i=1, 1 1s an odd

2h+1
* ok
=a E Us Ugp4 92—
i=1
2%—1 2k—3
2 * * * *
—a”[ E dpsy_;u; + ¢ E dpag—_o_;u; + -]
i=1 i=1
= a(ka® + ¢)c* 1 — kaBc !
= ack

Theorem 4. For the system defined by Eq.[23, we have

dpl; =0,i=1,2,-

uh, = —ac i =1,2,---
Proof. For m=1, we have
*
dpy =0
uy = —a=—ac' ™!

We assume that Eq. B8 and Eq. B9 are correct for all m < 2k, thus we will prove
the equation is correct for m = 2k + 2. According to corollary [}, dp3, _, can be
represented by

2k+1 2%+1 2%+1
* 2 * ok B * %
(2k + 1)adp3y,.» = 2ka Z dp; udppa—i + ¢ Z dpitgp o — @ Z U U o)
i=1 i=1 i=1
2k-+1 2%-+1

(2ka® + ¢ Z dpjuzgyo; — ac Z Ui Ugpyo i

By theorem 2l and Bl we have

2k+1 2k+1
(2k + )adpsy.yo = (2ka® +c Z dpjugyy o ; — ac Z UjUdp 1o

= (2ka?® +c)ac — ac(2ka® + ¢)cF 1
=0
Thus, for all ¢ > 1, dps, = 0.

Theorem 5. The center of the system defined by Eq.[23 is an isochronous cen-
ter.

By theorem [l and [I] the proof of theorem [l is very clear.
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5 Conclusions

In this paper, we have analyzed the coefficients of the reversible cubic system
defined by Eq.[23] and give some recursion formulas for its coefficients. Based on
these formulas, the origin of this system is an isochronous center is proved. This
proof gives a new method to determining the isochronicity of the same system
proposed by W Zhang [6].
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