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Abstract. The scaled boundary finite element method (SBFEM) was extended 
to solve dam-reservoir interaction problems in the time domain, where dams 
were flexible and the fluid in reservoir was semi-infinite and compressible. 
Transient responses of dam-reservoir systems subjected to horizontal ground 
motions were analyzed based on the SBFEM and finite element method (FEM) 
coupling method. A dam was modeled by FEM, while the whole fluid in 
reservoir was modeled by the SBFEM alone or a combination of FEM and 
SBFEM. Two benchmark examples were considered to check the accuracy of 
the SBFEM-FEM coupling method. For a vertical dam-reservoir system, the 
semi-infinite fluid with a uniform cross section was modeled by the SBFEM 
alone. For non-vertical dam-reservoir systems, the fluid was divided into a near-
field FEM domain and a far-field SBFEM domain. The geometry of near field 
is arbitrary, and the far field is a semi-infinite prism. Their numerical results 
obtained through the presented method were compared with those from 
analytical or substructure methods and good agreements were found.  

Keywords: SBFEM; SBFEM-FEM coupling; dam-reservoir system; ground 
motions; transient analysis. 

1   Introduction 

A dam-reservoir system subjected to ground motions is often a major concern in the 
design. To ensure that dams are adequately designed for, the hydrodynamic pressure 
distribution along the dam-reservoir interface must be determined for assessment of 
safety. The assessment of safety of dam should include frequency and time domain 
analyses of dam-reservoir system. 

In time-domain analyses, since an analytical solution is not available for dam-
reservoir system with general or arbitrary geometry, numerical methods are often 
adopted. In numerical methods, a semi-infinite reservoir is usually divided into two 
parts: a near-field and a far-field domain. The near-field domain can be efficiently 
modeled by finite element method (FEM), while the effect of far-field domain can be 
represented by some kinds of transmitting boundary conditions (TBC) at the near-far-
field interface. The most commonly-used TBC is Sommerfeld radiation condition [1], 
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which is very simply, but precautions have to be taken as the approach may introduce 
significant errors when the near-field domain is small. Sharan’s TBC was developed 
[2]. Although it produced better results than Sommerfeld’s, it does not represent the 
behaviour of the far-field domain well when the near-to-far-field interface is too near 
to the dam-reservoir interface. An efficient semi-analytical TBC [3] and later, its 
application [4] exhibited good results, but it required the full eigen-modes of the near-
to-far-field interface. Other types of TBC were also developed [5-7]. Except for the 
TBC, boundary element method (BEM) was often adopted to model a semi-infinite 
reservoir [8-10]. BEM can generally yield more accurate results than TBC, but it 
requires a fundamental solution, which affects its applications.  

In this study, the scaled boundary finite element method (SBFEM) was chosen to 
model the far-field domain. The SBFEM, which not only combines the advantages of 
FEM and BEM, but also avoids the disadvantages of BEM, was developed in [11] for 
an infinite soil-structure interaction. The efficiency for applications involving an 
infinite medium was also validated in [11]. The SBFEM was extended to solve certain 
infinite fluid-structure interaction problems in [12], where the fluid medium was not 
layered. For layered fluid medium, some works about frequency analysis based on the 
SBFEM [13,14] for dam-reservoir systems were done. A hydrodynamic pressure on 
rigid dams was analyzed based on SBFEM for layered incompressible fluid medium. 
In the time domain, the SBFEM includes convolution integrals, which greatly affects 
its analysis efficiency. To improve the SBFEM analysis efficiency, a continued-
fraction formulation [16] of SBFEM for time-domain analysis was proposed to avoid 
evaluating convolution integrals, and a diagonalization procedure [17] was proposed, 
whose calculation efficiency was found to be high, although it still included 
convolution integrals. With the improvement of SBFEM evaluation efficiency in the 
time domain, the SBFEM for time analysis will show gradually its advantages. An 
alternative method [18] for obtaining the responses in the time domain is to obtain  
the frequency response first and then transform it into the time response through the 
inverse Fourier transform. As the inverse Fourier transform was used and the 
eigenvalue problem of a coefficient matrix must be solved to obtain the frequency 
response for each excitation frequency, the accuracy and efficiency of the alternative 
method need further improved. Therefore, based on the diagonaliztion procedure [17], 
this paper presented a SBFEM-FEM coupling method to solve transient analysis of 
deformable dam-reservoir systems. Numerical results showed its accuracy. 

2   Problem Statement 

A dam-reservoir system shown in Fig.1 was considered, where a dam is deformable and 
the fluid in reservoir is inviscid isentropic with fluid particles undergoing only small 
displacements. Analytical solutions of dams with arbitrary geometry in the time domain 
have not been reported in literatures. To circumvent the difficulty, the fluid in reservoir 
is divided into two parts: a near-field and a far-field domain as shown in Fig.1. The 
interaction between the near-field domain and the far-field domain occurs at Interface 2, 
while the interaction between the dam and the fluid occurs at Interface 1. Of note, 
Interface 2 is chosen to be vertical and the reservoir bottom in the far-field domain is 
level and rigid. These assumptions are necessary in SBFEM formulations, because the 
SBFEM requires no energy to be radiated from the infinity towards the dam. 
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Fig. 1. Dam-reservoir system 

3   Motion Equation of Dam 

The motion equation for a dam subjected to both ground motions and external forces 
can be written in the standard finite element form as follows. 

feg
dddd FFURMUKUCUM ++−=++

 
(1)

where dM , dC  and dK  denote the global mass, damping and stiffness matrices for 

the solid dam, respectively; U , U  and U  are the vectors of the nodal acceleration, 

velocity and displacement of dams, respectively; gU , eF  and fF  are the ground 

acceleration vector, the external force vector and the hydrodynamic force vector, 
respectively; and R  denotes the acceleration transformation matrix. In Eq.(1), all 

matrices and vectors except U  and fF  can be derived in the standard manner using 

the traditional finite element procedures. It leads to an expression such that the 

displacement U  is a function of the hydrodynamic force fF . 

4   FE Equation of Near Field 

For a dam-reservoir system, the force term fF  on the right hand side of Eq.(1) is the 

force derived from the reservoir. It can be expressed as 
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where N  and fN  denote the shape functions of a typical solid element for a dam 

and of a typical element for the near-field fluid medium, respectively; 1Γ  denotes 

Interface 1; the pressure 1p  is a nodal pressure column vector, which is obtained from 

the near-field fluid domain. Note that N  is not the same as fN . 
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After partitioning it into sub-matrices corresponding to variables at Interface 1, 
Interface 2 and other interior locations, the FE equation of Near field is written as 
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(3) 

where the subscripts 1 and 2 refer to nodal variables at Interfaces 1 and 2, 
respectively; while the subscript 3 refers to other interior nodal variables in the near-

field fluid domain. m , k are the mass and stiffness matrices of Near field. Φ , nV are 

the velocity potential and efficient nodal velocity. They can be obtained by traditional 
finite element procedures. At Interface 2, the near-field FEM-domain couples with the 
far-field SBFEM-domain. 

5   SBFEM-FEM Coupling Formulation for Near Field 

For Far field shown in Fig.1, its SBFEM discretization mesh is plotted in Fig.2. Each 
element at Interface 2 represents a sub-domain (i.e. sub-semi-infinite layered 
medium), so that the whole far-field domain is represented by an assemblage of 
elements at Interface 2 and its dynamic characteristics is described by the following 
SBFEM formulation 

( ) ( ) ( )∫ −= ∞t

n dtt
0 22 τττ ΦMV  (4) 

( )t∞M  is the dynamic mass matrix of the whole far-field domain. Upon 

discretization of Eq.(4) with respect to time and assuming all initial conditions equal 
to zero, one can get the following equation. 
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+− 11 MM , ( )tjj Δ= 22 ΦΦ  and ( )tnn

n
n Δ= 22 VV  where tΔ  

denotes an increment in time step. Details about ( )t∞M  can be found in [11, 17]. 
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According to the kinematic continuity at Interface 2, one has 
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Substituting Eq.(6) into Eq.(3) and re-arranging leads to 
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where the superscript n denotes the instant at time tnt Δ= . Note that a damping 
matrix appears on the left hand side of Eq.(7). It can be regarded as the damping 
effect derived from the far-field medium and imposed on the dam-reservoir system. 

Upon determining the velocity potential Φ  through Eq.(7), the fluid pressure 1p  can 

be evaluated by 

11 Φp ρ−=  (8) 

Note that 1p  depends on the normal velocity 1nv  at Interface 1, while the solution of 

Eq.(1) including 1nv  also depends on 1p . Therefore, Eq.(1) and Eq.(7) form a 

coupling system. Following the numerical procedure with a Newmark scheme, one 
can solve the coupling system by assuming 

( ) ( ) ( )tt
n

t
n vfvft Δ−≈= 111p  (9) 

where f  denotes a function. If the time increment tΔ  is small, accurate results can 

be obtained. However, if tΔ  is relatively large, an iteration scheme should be used in 

each time step, i.e., a term 1
1
−j

n
t v  is used instead of tt

nv Δ−
1  in the global iteration 

scheme, where j  denotes the jth iteration within a time step. Its corresponding 

formulation can be found in [12]. 

6   Numerical Examples 

Consider transient responses of dam-reservoir systems where dams were subjected to 
horizontal ground acceleration excitations shown in Fig.3 and Fig.4. In the transient 
analysis, only the linear behavior was considered, the free surface wave effects and 
the reservoir bottom absorption were ignored, and the damping of dams was 
excluded. Newmark’s time-integration scheme was used to solve FE equations 
(Eq.(1) and Eq.(7)). Newmark integration parameters 0.25α =  and 0.5δ = . 
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Fig. 4. El Centro N-S horizontal acceleration            Fig. 5. Vertical dam-reservoir system 

6.1   Vertical Dam 

As the cross section of the vertical dam-system as shown in Fig.5 is uniform, a near-
field fluid domain is not necessary and the whole reservoir can be modeled by a far-
field domain alone. Its transient response was solved through coupling Eqs.(1) and 
(5). Sound speed in the reservoir is 1438.656m/s and the fluid density ρ  is 

1000kg/m3. The weight per unit length of the cantilevered dam is 36000kg/m. The 
height of the cantilevered dam h is equal to 180m. The dam was modeled by 20 
numbers of simple 2-noded beam elements with rigidity EI (=9.646826x1013 Nm2), 
while the whole fluid domain was modeled by 10 numbers of SBFEM 3-noded 
elements, whose nodes matched side by side with nodes of the dam. In this problem, 
the shear deformation effects were not included in the 2-noded beam elements. Time 
step increment was 0.005sec. Results for the pressure at the heel of dam for ramped 
acceleration obtained by using a “no-iteration” scheme in Eq.(9) and an iteration 
scheme were plotted in Fig.6a. Results at late time from no-iteration scheme were 
divergent, whereas results obtained by both schemes were the same at early time. As 
such, an iteration scheme was adopted in the following studies. Pressures at the heel 
of dam obtained from the SBFEM coupling FEM procedure and an analytical method 
[3] were shown in Fig.6b. The SFEM-FEM solutions were very close to analytical 
solutions. 

  
(a)                                                               (b) 

Fig. 6. Pressures at the heel of dam subjected to horizontal ramped acceleration 

6.2   Gravity Dam 

This example was analyzed to verify the accuracy and efficiency of the SBFEM-FEM 
coupling formulation (Eq.(1) and Eq.(7)) for a dam-reservoir system having arbitrary 
slopes at the dam-reservoir interface. The density, Poisson’s ratio and Young’s 

∞  
h

Cantilevered dam 
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modulus of the dam are 2400 kg/m3, 0.2 and 3.43x1010 N/m2, respectively. The fluid 
density ρ  is 1000 kg/m3, and wave speed in the fluid is 1438.656m/s. The height of 

the dam H is 120m. A typical gravity-dam-reservoir system and its FEM and SBFEM 
meshes were shown in Fig.7.The dam and the near-field fluid were discretized by 
FEM, while the far-field fluid was discretized by the SBFEM. 40 numbers and 20 
numbers of 8-noded elements were used to model the dam and the near-field fluid 
domain, respectively, while 10 numbers of 3-noded SBFEM elements were employed 
to model the whole far-field fluid domain. Note that the size of the near-field fluid 
domain can be very small, which was proven in the literature [14]. In this example, 
the distance between the heel of the dam and the near-far-field interface was 6m 
(=0.05H). The pressure at the heel of the gravity dam caused by the ground 
acceleration shown in Figs.3 and 4 were plotted in Fig.8. The time increment was 
0.002sec. Results from SBFEM and FEM coupling procedure were very close to 
solutions from the sub-structures method [4]. 

    

Fig. 7. Gravity dam-reservoir system and its FEM-SBFEM mesh 

    

(a) Ramped acceleration                                (b) El Centro acceleration 

Fig. 8. Pressure at the heel of gravity dam subjected to horizontal acceleration 

The displacements at the top of vertical and gravity dams subjected to ramped 
acceleration were plotted in Fig.9. The displacement solutions of vertical dam from 
the presented method are the same with analytical solutions. Fig.10 showed the 
displacement at the top of gravity dam subjected to the El Centro N-S horizontal 
acceleration. The displacements obtained by the present method agreed well with sub-
structure method’s results [4], especially at early time.  
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(a) Vertical dam                                               (b ) Gravity dam 

Fig. 9. Displacement at top of dam subjected to horizontal ramped acceleration 

 

Fig. 10. Displacement at top of gravity dam subjected to horizontal El Centro acceleration 

7   Conclusions 

The SBFEM was employed in conjunction with FEM to solve the dam-reservoir 
interaction problems in the time domain. A coupled FE-SBFEM formulation was 
presented, which included a damping matrix induced by the damping effect of semi-
infinite reservoir. The merits of the SBFEM in representing the unbounded fluid 
medium were illustrated through comparisons against benchmark solutions. 
Numerical results showed that its accuracy and efficiency of the coupled FE-SBFEM 
formulation for the transient analysis of dam-reservoir system. Of note, the SBFEM is 
a semi-analytical method. Its solution in the radial direction is analytical so that only a 
near field with a small volume is required. Compared to the sub-structure method [4], 
its formulations are in a simpler mathematical form and can be coupled with FEM 
easily and seamlessly. 
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