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Abstract. We consider a 2-dimensional model of a turbulent, methane
flame. The model is based on the compressible Navier-Stokes equations
extended with a temperature equation and chemical reaction properties.
In order to achieve a high-quality real-time simulation, a fully adaptive
finite element method is used to solve the considered system of equations.
The method performs adaptive mesh refinement, local adjustment of
the approximation order, and multilevel adaptation. The structure and
composition of the flame, along with the numerical properties of the
method, such as the mesh density, are studied. The results are compared
to results obtained with a direct numerical simulation.
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1 Introduction

Flame behavior has been extensively studied e.g. for the purpose of jet engine
design [3]. Flame and smoke propagation models are used in fire-protection sys-
tems [4]. Simplified flame models are also of interest of the entertainment in-
dustry [8], [10]. In this paper, we present a flame simulation technique that can
be used in either case. We use a 5-step reduced mechanism of methane-oxygen
combustion, based on [13], which gives already reliable results while remaining
relatively simple. The dynamics of the system is modeled with a variation of
Navier-Stokes equations, presented e.g. in [5].

The model equations are solved with an adaptive finite element method. It is
common to use adaptive mesh refinement for flame simulation, e.g. [5], [2], [1].
The refinement is usually performed to obtain high-resolution flame fronts. We
propose an algorithm which additionally performs coarsening of the mesh at
the regions of fast flow in order to obtain stability of the algorithm without
decreasing the time step length. Further improvement of the convergence rate of
the method is achieved by adjustment of the approximation order [12]. In order to
keep track of small-scale features of the flow, we use a multilevel adaptation [15].
All the adaptive techniques are used to control the approximation error and
ensure the stability of the algorithm.
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2 Model

The main model equations are [5]

∂

∂t
ρi + div(ρiv) = div(ρDi∇Yi) + ωi, i = 1 . . .Ns , (1)

∂

∂t
(ρv) + div(ρv ⊗ v) = −∇p + fb , (2)

∂

∂t
(ρT ) + div(ρTv) =

1
cp

(
div(λ∇T )−

Ns∑
i=1

ωihi

)
, (3)

where ρi is the density of the i-th species, ρ the density of the mixture, v the
velocity vector, p the pressure, T the temperature, Yi the mass fraction of the
i-th species, ωi the reaction rate of the i-th species, Ns the number of species, fb

the buoyancy force, hi the specific enthalpy of the i-th species, Di the diffusion
coefficient of the i-th species, cp the specific heat at constant pressure, and λ the
conduction coefficient. All the variables are functions defined on Ω × [0, tmax],
where tmax <∞, and Ω ⊂ R

2. The mass fraction is given by

Yi =
ρi

ρ
. (4)

Pressure is given by the ideal gas law

p = RρT , (5)

where R is the individual gas constant of the mixture. The specific enthalpy is
given by

hi = h0
i +

∫ T

T0

cp,i dT , (6)

where h0
i is the standard enthalpy of formation of the i-th species, T0 the stan-

dard temperature, and cp,i the specific heat of the i-th species at constant pres-
sure.

The reaction properties are given by [7]

ωi =
Nr∑
j=1

νijqj , (7)

qj = AjT
βje

−Eaj
R0T

Ns∏
i=1

(
ρi

Mi

)−min{νij ,0}
, (8)

where Nr is the number of reactions, qj the rate of progress for the j-th reaction,
Aj > 0 the pre-exponential factor for the j-th reaction, βj the temperature ex-
ponent for the j-th reaction, νij the stoichiometric coefficient of the i-th species
for the j-th reaction, Eaj > 0 the activation energy for the j-th reaction, R0 the
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gas constant, and Mi > 0 the molar mass of the i-th species. The stoichiomet-
ric coefficients νij are positive for products, and negative for reactants, so the
following equation holds

Ns∑
i=1

ωi = 0 . (9)

The chemical reactions are

CH4 → CH3 +
1
2

H2 , (10)

2CH3 +
1
2

O2 → CO + 3H2 + C , (11)

C +
1
2

O2 → CO , (12)

CO +
1
2

O2 → CO2 , (13)

H2 +
1
2

O2 → H2O . (14)

The mechanism is based on the 7-step mechanisms listed in [13] for lean, stoi-
chiometric and rich methane-air mixtures. The first three reactions, in the case
of a stoichiometric mixture, could be replaced by CH4 + 1

2O2 → CO + 2H2.
Splitting this into three reactions is important especially in the case of a lean
mixture, when methyl takes part in soot formation in the 2nd reaction. In the
3rd reaction, by further oxidation, the soot forms carbon monoxide, which turns
into carbon dioxide in the 4th reaction. Finally, the remaining hydrogen reacts
with oxygen to produce water. Noticeably, all the reactions except the first con-
sume oxygen, and thus limited oxygen supply may lead to release of soot and
carbon monoxide as products of an incomplete combustion. The values of the
reaction rate coefficients are given in Table 1.

Table 1. The reaction rate coefficients, calculated from GRI-Mech [14]

Reaction number Aj βj Eaj (cal/mol)

1 6.6E+8 1.6 10840

2 4E+13 0 0

3 5.8E+13 0 576

4 1.8E+10 0 2385

5 3.87E+4 2.7 6260

The initial and boundary conditions are as follows. A methane-oxygen mixture
is injected into the model domain from the bottom, as in Figure 1. For all the
boundary, we use Dirichlet boundary conditions: p = const, ρi = const. The
initial temperature at the place of injection is raised above the minimum auto-
ignition temperature.
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Fig. 1. The initial and boundary conditions

3 Algorithm

The model equations are solved with a fully adaptive finite element method,
based on [11]. We define a mesh as a finite set M = {xi}i∈I⊂N ⊂ Ω and a
neighborhood function N : Ω → P(M). The neighborhood function maps a
point x ∈ Ω into a nonempty set of its neighbors. The set of neighbors is chosen
to minimize the condition

γ
∑

xi∈N (x)

‖x− xi‖+ max
xi∈N (x)

min
xj∈N (x)

�(xi, x, xj) , (15)

where γ > 0 is a constant, ‖ · ‖ ≡ ‖ · ‖2 is the Euclidean norm, and �(x, y, z) is
equal to the angle α ∈ [0, 2π] between xy and yz. If x = y or y = z the angle is
assumed 0. If x = z 
= y the angle is assumed 2π.

The domain is divided into elements. Two points x, y belong to the same
element iff N (x) = N (y). This means that every mesh point itself is a degenerate
element.

Having a mesh (M,N ), we define the approximation ũ : Ω→ R as

wi(x) = 1− (|N (x)| − 1)
‖x− xi‖∑

xj∈N (x) ‖x− xj‖ , (16)

Φi(x) =
wi(x)pi∑

xj∈N (x) wj(x)pj
, (17)

ũ(x) =
∑

xi∈N (x)

Φi(x) (ui + fi · (x− xi)) , (18)

where pi ∈ R, ui ∈ R, fi ∈ R
2 are the approximation parameters. The parame-

ters, as well as the mesh pointsM, are sought to minimize the monitor function
E, defined as

E =
1
a
Eε +

1
b
EI + Eδ , (19)
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where

Eε = max
x∈Ω
‖ũ(x)− u(x)‖ , (20)

EI = |I| = |M| , (21)

Eδ = max
i�=j

1
‖xi − xj‖ , (22)

u : Ω→ R
2 is the approximated function, and a, b are parameters of the method.

An approximation analogous to the above can be defined for a vector function
as well, that is for u : Ω → R

2. The parameters a and b have the meanings of
the expected error and the expected number of mesh points respectively. The
parameters provide a convenient way to control the balance between the precision
and the efficiency of the algorithm.

In the considered flame model, there are N + 2 variables: ρi, v, and T . For
each variable, we seek for a solution, i.e. a mesh and an approximation defined
on the mesh. The algorithm goes as follows

1. Generate a regular mesh on Ω for each model variable, t← 0
2. Set the initial values
3. Refine each mesh by adding a new point in the center of every non-degenerate

element and at each free node of every element
4. Solve the model equations on the given meshes
5. Coarsen the meshes by removing unimportant points
6. Add sub-levels to the meshes where the mesh density increases over an ac-

ceptable value
7. If the monitor function did not change significantly for any of the meshes:

t← t + Δt
8. Go to step 3

A free node of an element is a node which is not a mesh point. Deciding whether
or not a mesh point is important is done by comparing the value of the monitor
function before and after removing the point. If the value decreases, the point
is unimportant. Otherwise, the point has to be restored. A significant change
of the monitor function, mentioned in step 7 of the algorithm, is indicated by
|Ei−Ei−1| > ε, where i is the current iteration number and ε > 0 is an arbitrary
constant. The approximation error Eε is estimated by the formula

Eε ≈ max
i∈I

max
xj∈N�(xi)

‖ũ(
xi + xj

2
)− ũ�(

xi + xj

2
)‖ . (23)

The star � denotes values calculated forM\{xi}, that is without considering xi

as a mesh point.

3.1 Finding the Neighbors and the Elements

The set of neighbors N (x) for a given point x ∈ Ω and a given mesh M is
found in constant average time. We use a Cartesian grid to localize quickly the
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close mesh points in a given area. The neighbors are first sought in the grid cell
which contains x. Next, the coincident cells are checked, and so on, until it is
clear that no better set of neighbors can be found in respect to the optimization
condition (15). For every checked grid cell, all the mesh points in the cell are
tested as neighbors. If adding a given mesh point to the set of neighbors decreases
(15), the point stays in the set. Otherwise, it is removed. If, for a current set of
neighbors, the highest possible gain is lower than the lowest possible loss, the

search ends. The side length of a grid cell is set to
√

|Ω|
|I| . The parameter γ is set

to π
6d ln |I|, where d is the average distance between the mesh points. This way,

the expected number of mesh points in a single grid cell is 1, and the expected
number of neighbors for a given point is 3. Thus checking up to 9 grid cells is
usually sufficient to find the set of neighbors. Generating the Cartesian grid and
placing the mesh points in the correct cells takes linear time in respect to the
size of the mesh, but it is only done once for a given mesh.

The elements are found in linear time in respect to the number of them. The
edges of the elements are given by (xi, xj), xi ∈ M, xj ∈ N �(xi). Some of the
edges may intersect. At each intersection a new element node is added, and the
intersected edges are split. To find the intersections in linear time, again we use
the Cartesian grid. Only the edges that share at least one coincident cell are
tested for intersection. Once the element edges are establish, we can calculate
the center points of the elements as the geometric centers of their nodes.

3.2 The Numerical Solver

Each model equation is a convection-diffusion equation, and thus it can be writ-
ten in the general form

∂

∂t
(ρu) + div(ρuv) = div(D∇u) + s , (24)

where u is a model variable in an intensive form (Yi, v or T ). This can be
transformed to

∂

∂t
(ρu) + ρv · ∇u + uv · ∇ρ + ρu divv = DΔu +∇D · ∇u + s , (25)

where s is the source term. After rearrangement the equation reads

(ρv −∇D) · ∇u = DΔu + s− ∂

∂t
(ρu)− uv · ∇ρ− ρu divv . (26)

Let us introduce the following additional notation

f := DΔu + s− ∂

∂t
(ρu)− uv · ∇ρ− ρu divv , (27)

g := ρv −∇D . (28)
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The equation (26) is solved in the following steps

1. u∗
i ← ui, i ∈ I

2. f∗
i ← f(xi)

|g(xi)|g(xi), i ∈ I

3. u∗
i ← ũ�(xi), i ∈ I

4. Find p∗i that minimizes ‖ f(x)
|g(x)|g(x)−∇ũ∗(x)‖, i ∈ I, x := xi+xj

2 , xj ∈ N �(xi)
5. If any of the approximation parameters changed significantly, go to step 2

The asterisk ∗ denotes values calculated for the next time step. All the derivatives
in f and g are approximated with the basic schemes. The time derivative in f
is approximated using ũ∗ as

∂

∂t
(ρu) ≈ ρ̃∗ũ∗ − ρ̃ũ

Δt
. (29)

3.3 Multi-level Approach

If the following condition holds for any xi, xj ∈ M, xi 
= xj

‖xi − xj‖ < δ , (30)

where δ > 0 is an arbitrary constant, then a new mesh level is added between
xi and xj . The new level domain is defined as the convex hull of N (1

2 (xi + xj)).
The calculation for every level is analogous to calculations for the root level. The
height of the level tree is limited by an arbitrary constant.

3.4 Ensuring Real-Time Simulation

The simulation is said to run in real time if the time spent for calculating one
time step is not greater than the time step length, Δtreal ≤ Δt. This property
is ensured by adjusting the method parameters a, b at every time step according
to

b← b
Δt

Δtreal
, (31)

a← a

b
. (32)

The initial values of the parameters are a = ε, b = 1.

4 Results

We have tested the algorithm on three test cases corresponding to different
equivalence ratios of the methane-oxygen mixture: φ = 0.6 (a lean mixture),
φ = 1 (a stoichiometric mixture) and φ = 1.5 (a rich mixture). The method
accuracy has been verified by comparing the results to the those obtained with
the direct numerical simulation and to the results presented in [2], [5], [6], [1]
and [9]. The structure and composition of the flame, along with the numerical
properties of the method, such as the mesh density, have been studied.
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The mixture is injected into the domain with speed of 30 cm s−1, through
a hole with area of 12.56 mm2. The temperature at the ignition area is set to
2000K at the beginning of the simulation. The numerical error tolerance ε is set
to 10−10, the minimum distance between mesh points δ is set to 10−3, and the
time step length Δt is set to 0.05s. The size of the domain is 20cm × 30cm.

Table 2. Frames per second (FPS), the number of mesh points, the error estimate,
and the error with respect to direct numerical simulation for various configurations of
the method parameters, at t = 5s.

φ, a, b FPS |I | Eε DNS error

φ = 0.6

a = 1E-10, b = 1 15.2 3303 1E-6 0.3086

a = 0.01, b = 1 138.2 69 0.0773 0.6026

a = 1E-10, b = 1000 23.5 2410 0.0001 2.398

a = 0.01, b = 1000 45.6 735 0.0025 9.573

φ = 1

a = 1E-10, b = 1 19.8 2836 1E-7 0.2579

a = 0.01, b = 1 150.5 63 0.0238 0.5496

a = 1E-10, b = 1000 15.9 3508 1E-8 0.1162

a = 0.01, b = 1000 60.3 612 0.0002 2.4803

φ = 1.5

a = 1E-10, b = 1 20 2018 1E-7 0.2112

a = 0.01, b = 1 151.2 66 0.0639 0.597

a = 1E-10, b = 1000 15.4 2922 1E-7 0.0769

a = 0.01, b = 1000 63.1 585 0.0003 1.0587

Table 2 shows how some of the simulation properties depend on the method
parameters for the three test cases. We can see that the simulation speed, ex-
pressed in frames per second, is highly correlated with the number of mesh
points, as well as the approximation error estimate. In most cases, the simula-
tion speed is above the critical 16 frames per second. The lowest approximation
error estimate corresponds to the lowest error with respect to DNS, even though
the correlation between these two properties is generally weak. Better accuracy
is obtained for higher equivalence ratios.

Table 3 describes the mesh properties with respect to values of the equivalence
ratio. Surprisingly, the average number of sub-levels is highest in the stoichio-
metric case and the lowest in the lean mixture case. This can be explained by
higher concentration of error in the case of a lean flame. For the stoichiometric
mixture, the maximum error is lower but there are more high-error points. The
maximum depth of the level tree is limited to 4 and it reaches the limit. Most
of the mesh points in the lean- and rich-mixture cases have 3 neighbors, with 5
being the maximum. In the stoichiometric case, most of the mesh points have 6
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Table 3. The mesh properties

Property φ = 0.6 φ = 1 φ = 1.5

Avg. number of sub-levels 95 144 116

Max. level tree depth 4 4 4

Avg. number of neighbors 3.54 5.37 3.8

Max. number of neighbors 5 12 5

Avg. number of elements 6506 11244 3936

neighbors. The average number of elements shows a strong correlation with the
number of points and the average number of neighbors.

Table 4. The peak values of soot and carbon monoxide mass fractions in the post-flame
zone

φ
Our results Values from [9]

YCO YC YCO YC
0.6 0.2 0.001 0.05 0

1 0.01 0 0.002 0

1.5 0.3 0.002 0.1 0.002

Fig. 2. The CO2 density for lean, stoichiometric and rich methane-oxygen mixtures
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Fig. 3. The velocity vector field for lean, stoichiometric and rich methane-oxygen mix-
tures

Fig. 4. The light radiation in gray scale for lean, stoichiometric and rich methane-
oxygen mixtures. The black color corresponds to the strongest radiation.

Table 4 compares the soot and CO release results with values presented in [9].
We can see that the soot release is highest in the rich-mixture case. Similar
behavior is observed for carbon monoxide. Rich-mixture case is related to lower
oxygen supply, which results in lower reaction rates of the reactions (2), (3), (4)
and (5).

The CO2 density presented on Figure 2 indicates the location and shape of
the flame front. The highest concentration of CO2 corresponds to the flame zone.
The low CO2 concentration region inside the flame corresponds to the pre-heat
zone. The low CO2 concentration region outside the flame corresponds to the
post-flame zone. Figure 3 shows the velocity vector field. We can see that the
flow is turbulent in the case of lean mixture, when the reaction is relatively slow
as well as the flow itself. For the stoichiometric and rich flames the flame speed
is higher and the flow becomes laminar.
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