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Abstract. A fully Bayesian approach to analyze infinite multidimen-
sional generalized Gaussian mixture models (IGGM) is developed in this
paper. The Bayesian framework is used to avoid model overfitting and
the infinite assumption is adopted to avoid the difficult problem of find-
ing the right number of mixture components. The utility of the proposed
approach is demonstrated by applying it on texture classification and in-
frared face recognition, while comparing it to different other approaches.

1 Introduction

Over the last decade, technological advances have brought an explosion of data
generation not only in size but also in dimension. These data pose a challenge
to standard statistical methods and have received much attention recently. The
importance of finding a way to model and analyze multidimensional data lie
in their usefulness in wide range of applications such as image processing and
computer vision. In recent years a lot of different learning algorithms were devel-
oped to recognize complex patterns, and to produce intelligent decisions based
on observed data. Mixture models are one of the machine learning techniques
receiving considerable attention in different applications. Mixture models are
normally used to model complex data sets by assuming that each observation
has arisen from one of the different groups or components [I]. In most of the ap-
plications, the Gaussian density is used in data analysis. However, many signal
processing systems often operate in environments characterized by non-Gaussian
and highly peaked sources [2]. Generalized Gaussian distribution (GGD) is con-
sidered as a good alternative to the Gaussian due to its shape flexibility which
allows it to model a large number of non-Gaussian signals (see, for instance,
BA5D).

In the recent past, some deterministic approaches have been proposed for the
estimation of generalized Gaussian mixture (GGM) models parameters (see, for
instance, [67/4)8]). Despite the fact that deterministic approaches have domi-
nated mixture models estimation due to their small computational time, many
works have demonstrated that these methods have severe problems such as con-
vergence to local maxima, and their tendency to overfitt the data [9] especially
when data are sparse or noisy. Moreover, another important issue is the difficulty
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of getting reliable estimates in case of high dimensional data. With the com-
putational tools evolution, researchers were encouraged to implement and use
Bayesian MCMC methods and techniques as an alternative approach. Bayesian
methods consider parameters to be random, and to follow different prior distri-
butions (probability distributions). These distributions are used to describe our
knowledge before considering the data, as for updating our prior beliefs the like-
lihood is used. Please refer to [9] for interesting and in depth discussions about
the general Bayesian theory. One of the most challenging aspects, when using
mixture models, is the estimation of the number of clusters that best describes
the data without over or under fitting it. For this purpose, many approaches
have been suggested, which can be classified from computational point of view
into two groups: deterministic, and Bayesian methods. In this paper we use a
Bayesian non-parametric approach based on allowing the number of components
to increase to infinity as new data arrive. We describe a Bayesian algorithm for
learning IGGM, and demonstrate its effectiveness by applying it to two real
applications namely image texture classification and infrared face recognition.

The remainder of this paper is organized as follows. The next section describes
our Bayesian learning approach. Section 3 presents the complete algorithm used
for learning the model parameters. In section 4, we assess the performance of
our model on different applications while comparing it to other models. Our last
section is devoted to the conclusion.

2 Learning of the IGGM Model

2.1 The Mixture Model
If a d-dimensional X = (X3, ..., X;) follows a GGD, then:

d
Pl B) = T oy~ 1)

where p= (u1,...,pa), a= (a1,...,aq), and 8= (B1, ..., B4) are the mean, the
inverse scale, and the shape parameters. Let X= (X1,..., X ) be a set of N
iid vectors assumed to arise from a GGM with M components:

M
P(X|0) =Y P(X|u;,a;,B;)p; (2)
j=1
where {p;} are the mixing proportions which must be positive and sum to
one. The set of parameters of the mixture with M components is defined by
O = ({p;}, {1, {a;},{8;},{p;})- We introduce stochastic indicator variables,
Z;, one for each observation, whose role is to encode to which component the ob-
servation belongs. In other words, Z;;, the unobserved or missing vector, equals
1 if X; belongs to class j and 0, otherwise. The complete-data likelihood for this
case is then:

P(X,Z|0) = HH Xil&)p;)? (3)

i=1j5=1
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where Z = {Z1, 2, ..., Zn}, and &= (pu;, e, 3;). Bayesian MCMC simulation
methods are based on the well-known Bayesian formulae:

m(6)P(X, Z|O)

mOINA) = e)p(x. 210)

m(O)P(X, Z]0) (4)

where (X, Z), m(©) and 7(O|X,Z) are the complete data, the prior informa-
tion about the parameters and the posterior distribution, respectively. Having
m(O|X,Z) we can simulate our model parameters @, rather than computing
them.

For the {p;}, we know that (0 < p; <1 and ZJAil pj = 1), then the typical
choice, as a prior, is a symmetric Dirichlet distribution with parameter n/M. As
for 7(Z|p) we have:

le=H (Zilp) = Hﬂpfijzﬂp?" (5)

where n; = 21111 Iz,,_,. Then using the standard Dirichlet integral, we may
integrate out the mixing proportions and write the prior directly in terms of the
indicators:

M
w(Zln) = +N H "/]7\74/]\;"]) (6)

In order to be able to use Gibbs sampling for the missing vector, Z, we need
the conditional prior for a single indicator given all the others; this can be easily
obtained from Eq. [0l by keeping all but a single indicator fixed:

Tl,Z'j + 77/M

N—-1+4+n 0

m(Zi = jln, Z2-i) =

where the subscript —¢ indicates all indexes except ¢. Note that n_;; is the
number of observations, excluding X;, in cluster j . For the parameters &, we
assign independent Normal prior with §, €2 as the mean and variance for the
distributions means (p;), respectively. Independent Gamma prior with ¢, p as
the shape and rate parameters, respectively, is assigned for the inverse scale ;.
For the shape parameter, 3;, we used independent Gamma prior with , ¢ as the
shape and rate parameters, respectively [I0]. Thus, the posterior distributions
for uj, oy, and B; are given by:

d (Mjk*‘;)2 d Z ( |X I)ﬁ'k
s ik — ik
RIS SO | (®)
k=1 k=1

L_lpLepr(jk

ac s — i )P
Pleg|z,) o [T 1 XH[%J e sum T gg)

k=1 k=1
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Bk d
e Bjk } X 71y (—ae| Xa—asu)
Z, X Zij—1 LR i
P(B;]Z,X) o H I'(k) 1;[ { r(1/B;)

(10)
In order to have a more flexible model, we introduce an additional hierarchical
level by allowing the hyperparameters to follow some selected distributions. The
hyperparameters, § and €2 associated with the p; are given Normal and Inverse
Gamma priors with parameters (e, x?) and (g, o), respectively. Thus,

~(-0?
P(3]...) o< P(d]e, ) HPu]|6€)o<e 2

j=1 j=1k=1

P 2 P 2 = 5 2 eXp(*QE2) 1
(5 | )O< |903 ]:[ “j‘ £2(p+1) c

(12)
The hyperparameters ¢ and p associated with the a; are given inverse Gamma
and Gamma priors with parameters (¢, w) and (7,w), respectively. Thus,

M L
P/ p 1 e
P .. )xP(as|d, @ H (el p) L(19+1 /t) [F(L)} XH Ha Lo—pajk

j=1k=1

(13)
M Md M d

P(p|...) o< P(Bal,w H (ajlt, p) ox p”"te™ P [pL] X H Haﬁle—pajk
J=1 j=1k=1

(14)

The hyperparameters x and ¢ associated with the 3; are given inverse Gamma
and Gamma priors with parameters (A, ¢) and (v, ), respectively. Thus,

€x —Qbfi ® /<; 1 —g k
P P R e

j=1k=1
(15)
M Md M d
P(s]...) < P(s|v,v) [] P(Bjlr, ) o ¢ ‘wg[q“] < [TT] 85 e <"
j=1 j=1k=1
(16)

2.2 The IGGM Model

So far, we have considered M to be a fixed quantity. In this section, we overcome
this obstacle by assuming that M — oo in Eqll which gives us

n_;;

(lej‘n,Z_Z)Z{N 1+n7
N 1+n’

if n_i; > 0 (cluster j € R)

if n_i; = 0 (cluster j € U) (17)
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where R and U are the sets of represented and unrepresented clusters, respec-
tively. Thus, the conditional posterior is obtained by combining this prior with
the likelihood of the data:

W(ZZ = J|777N]70137,337 Z—i7Xi) =
{ N1, P(Xilug, o, Bs); . ifjeRrR as)
f N,qunp(Xilll']Uaj>ﬁj)p(l~l'j|6>8 )p(aj|L,p)p(,6j|K/,§)d/1.jdajd,6j lf] eu

The choice of the concentration parameter 7 is of high importance as it controls
the generation frequency of new clusters. We decided to use an Inverse Gamma
prior for n:

7" exp(—7y/n)
P ~ 1
(nlv,7) D)y (19)
Using the above equation with Eq. [I7 we reach the following posterior:
N M
7Y exp(—=7y/1 1 vV exp(—=y/n) n™I'(n
P(n]...) o ( u+< ) MH x ( u+< ) w (20)
I'(v)ny i—14+n I'(v)n I'(N +n)

Our hierarchical model can be displayed as a directed acyclic graph (DAG) as
shown in Fig. Il

Fig.1. Graphical Model representation of the Bayesian hierarchical IGGM model.
Nodes in this graph represent random variables, rounded boxes are fixed hyperparam-
eters, boxes indicate repetition (with the number of repetitions in the lower right) and
arcs describe conditional dependencies between variables.

3 The Complete Algorithm

Having all the conditional posteriors, we can employ a Gibbs sampler with the
following steps:

1. Generate Z; from Eq. [I§ then update n;.

2. Update the number of represented components M.

3. Update the mixing parameters for the represented components by p;= N"in
for j =1,..., M, and for the unrepresented components by py= NZ— .

4. Generate the mixture parameters p;, o;, and 3; from Eqs. Bl and?ﬂﬂ

5. Update the hyperparameters d, €2, ¢, p, &, s, and n from Eqs. [T}, (2, I3} 4,

I35 620, respectively.
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Note that, for the initialization step we started by assuming that all the vectors
are in the same cluster, and we generated the parameters by sampling from their
prior distributions. It is quite easy to notice that we cannot simulate directly
from these posterior distributions because they are not in well known forms.
To solve this problem we applied the well known Metropolis-Hastings (M-H)
algorithm given in [I1].

4 Experimental Results

In the following applications, we use 5000 iterations for our Metropolis-within-
Gibbs sampler (we discarded the first 800 iterations as “burn-in” and kept the
rest), and our specific choices for the hypeparameters are

(U7 77 67 X27 (p7 Q? 197 w? T7 w7 )\7 ¢7 V? ’(/}) = (27 0'27 17 0'57 27 57 27 57 27 0'27 27 57 27 0'2)

4.1 Categorization of Texture Images

In this application we are interested by the categorization of texture images
which is important in the case of content-based image retrieval, for instance.
In order to determine the vector of characteristics for a given texture, we use
set of features derived from the image correlogram [12], by considering four
neighborhoods and directions: (1;0), (1,7/4), (1,7/2), and (1,37 /4), from which
we derive eight features: mean, variance, energy, correlation, entropy, contrast,
homogeneity, and cluster prominence [I3]. Thus, each image is represented by
a 32-dimensional vector. Finally, we apply two methods, our IGGM and the
infinite Gaussian mixture (IGM) [I4], in order to categorize the images.

We perform our experiments using the Vistex texture data set . Six ho-
mogeneous texture groups (Bark, Fabric, Food, Metal, Water, and Sand) are
considered. We use four 512 x 512 images from each of the Bark, Fabric, and
Metal texture groups, and six 512 x 512 from each of the Food, Water, and Sand
texture groups, then we divide each image into sixty four 64 x 64 subimages.
Now, we have a total of 1,920 sub-images: 256 sub-images for each class in the
first three groups, and 384 sub-images for each class in the second three groups.
Examples of images from each of the six categories are shown in figure

The IGGM mixture favored 6 categories which is the case here. The IGM,
however, classified the texture images into 7 clusters where the 7! component
had a very small probability of 0.0276. In order to be able to compare both
methods, we supposed that we obtained the right number of clusters in the case
of the IGM. The confusion matrices for both methods are given in tables [dla
and[Ilb. As shown the total number of misclassified images in the case of IGGM
is 36 which identifies a high accuracy of 98.12%. The accuracy of the IGM was
93.80%, as it misclassified 119 images.

L MIT Vision and Modeling Group (http://vismod.www.media.mit.edu)
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Fig. 2. Sample images from each group. (a) Bark, (b) Fabric, (c) Food, (d) Metal, (e)
Sand, (f) Water.

Table 1. Confusion matrix for texture categorization using (a) IGGM and (b) IGM

Bark Fabric Metal Food Sand Water Bark Fabric Metal Food Sand Water
Bark 255 0 0 0 1 0 Bark 241 0 0 1 6 5
Fabric 0 248 0 8 0 0 Fabric 2 238 0 6 2 2

Metal 0 0 252 0 0 4 Metal 0 2 237 3 0 4
Food 0 6 0 37 0 0 Food 0 7 3 362 0 2
Sand 3 0 0 0 380 1 Sand 5 0 2 0 363 3

Water 3 2 2 4 2 371 Water 4 1 2 3 1 360

(a) (b)
4.2 Infrared Face Recognition

Recently, different studies have shown that thermal IR offers a promising alterna-
tive to visible imagery for handling variations in face appearance [15]. Figure
shows visual and thermal image characteristics of faces with variations in il-
lumination and facial expression. Although illumination and facial expression
significantly change the visual appearance of the face, thermal characteristics
of the face remain nearly invariant. Several approaches have been proposed to
analyze and recognize infrared faces and can be divided into two main groups:
appearance-based and feature-based methods. While appearance-based meth-
ods focus on the global properties of the face, feature-based methods explore
the facial features (ex. eyes, mouth) statistical and geometrical properties [16].
Many of these approaches, however, suppose that the extracted infrared face
features are Gaussian which is not generally an appropriate assumption. We pro-
pose then, in this section, an appearance-based approach using IGGM. We are

Fig. 3. Visual and thermal image characteristics of faces with variations in illumination
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considering face recognition as an image classification problem by trying to clas-
sify to which person this image belongs. For feature extraction step we have em-
ployed both the edge orientation histograms [I7] and the co-occurrence matrices
which capture the local spatial relationships between gray levels [18]. Figure [
shows 3 face images, where the first two images are for the same person taken
from different poses, and the third image is for another person. It is quite clear
that the first two images have very close edge-orientation histograms compared
to the third image. In our experiments, we have considered the following four
co-occurrence matrices: (1;0), (1,7/4), (1,7/2), and (1,37/4), respectively [19].
For each co-occurrence matrix we derived the following features: mean, variance,
energy, correlation, entropy, contrast, homogeneity, and cluster prominence [19].
Besides, the edge directions are quantized into 72 bins of 5° each. Using the
co-occurrence matrices and the histogram of edge directions each image was
represented by a 104-dimensional vector.

In our experiments, we performed face recognition using images from the Iris
thermal face database which is a subset of the Object Tracking and Classification
Beyond the Visible Spectrum (OTCBVS) database. First we used 1320 images
of fifteen persons not wearing glasses. Knowing that in IR imaging thermal
radiation cannot transmit through glasses because glasses severely attenuate
electromagnetic wave radiation beyond 2.4 mm, we decided to investigate if our
algorithm will be capable to identify persons with glasses, so we added 880
images of eight persons with glasses. For both experiments we used 11 images

Fig. 4. 3 different images of two different persons with their corresponding shape images
and corresponding shape histograms, (a)-(c) show three database images, (d)-(f) show
the corresponding edge images, (g)-(i) show the corresponding shape histograms.
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Table 2. Accuracies for The seven different methods

IGGM EMGGM IGM EMGM PCA HICA LICA
Data 1 97.02% 94.20% 86.67% 85.89% 95.58% 95.32% 94.46%
Data 2 96.33% 92.40% 82.54% 82.18% 94.35% 93.99% 92.81%

for each person as training set and the rest as testing set. This gave us 165
and 1155 images for training and testing, respectively, in the first data. The
second data set was composed of 253 and 1947 images for training and testing,
respectively. In order to validate our algorithm (IGGM) we have compared it
with the expectation maximization (EM) one (EMGGM). We also compared it
to six other methods namely principal component analysis (PCA) with cosine
distance, localized independent component analysis (LICA) with cosine distance,
holistic ICA (HICA) with cosine distance as implemented by FastICA [20], IGM
and Gaussian mixture models learned with EM (EMGM). Table [ shows the
accuracies for the seven different methods. According to this table it is clear
that the IGMM outperforms all other methods which can be explained by its
ability to incorporate prior information during classes learning and modeling.

5 Conclusion

We have described and illustrated a Bayesian nonparametric approach based
on infinite generalized Gaussian mixtures. We proposed an MCMC algorithm
to learn the parameters of this mixture. The effectiveness of the proposed ap-
proach has been shown using two important applications namely texture images
classification and Infrared face recognition.
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