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Abstract. We begin by defining the setup and the framework of con-
nective segmentation. Then we start from a theorem based on connective
criteria, established for the power set of an arbitrary set. As the power set
is an example of a complete lattice, we formulate and prove an analogue
of the theorem for general complete lattices.

Secondly, we consider partial partitions and partial connections. We
recall the definitions, and quote a result that gives a characterization of
(partial) connections. As a continuation of the work in the first part, we
generalize this characterization to complete lattices as well.

Finally we link these two approaches by means of a commutative
diagram, in two manners.

Keywords: Connective segmentation, complete lattice, partial parti-
tion, block-splitting opening, commutative diagram.

1 Introduction

The theory of connective segmentation on sets, developed by, among others,
Serra (see e.g. [8]) and Ronse (see e.g. [3]), has proved fruitful in image segmen-
tation. In this article, we generalize this theory and concider connective segmen-
tation on arbitrary complete lattices, rather than on the power set lattice P(E)
of subsets of a set E. Apart from the theoretical value of such a generalization,
it is also relevant in practice, as a number of important lattices are not of type
P(E). Two major examples are

– viscous lattices, as described in [7]. The elements of a viscous lattice are the
images of the subsets of a set E under a given dilation, ordered by inclusion.
The smallest and greatest elements are ∅ ⊆ E and E, respectively, and
for a non-empty family of subsets, the supremum is the union, whereas the
infimum is the opening (corresponding to the dilation) of the intersection.
Viscous lattices are atomistic, the atoms being not the points of E, as is
true for P(E), but rather the images of such points under the dilation. For
example, if E = R

n, the structure element of the dilation may be a ball of
fixed radius r. This gives a model of the physical world in the sense that
atoms indeed are not singular points.
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– the lattice of functions defined on an arbitrary set, and taking values on the
extended real line R = R ∪ {±∞}. While this lattice is indeed important, it
is not even atomistic, and thus there is a motivation to extend the theory
beyond atomisticity as well.

Section 1.2 gives the definitions and one of the main results to be generalized.

1.1 Notation

Throughout this paper, all sets considered that are not obtained from other sets
as subsets (and that are usually denoted by E) are assumed to be non-empty,
unless otherwise stated. Analogously, in all complete lattices that do not arise
from a construction on other complete lattices (and that are usually denoted by
L) we assume that the smallest element, usually denoted by 0, and the greatest
element, usually denoted by 1, do not coincide. Finally, the symbols < and ⊂
always denote strict inequality and strict inclusion, respectively.

1.2 Fundamentals of Connective Segmentation

First, we recall the definition of connections and connective criteria.

Definition 1. [8] Let E and T be sets, and F a family of functions f : E → T .

1. A criterion on F is a map σ : F × P(E) → {0, 1} satisfying σ(f, ∅) = 1.
The criterion σ is said to be validated on (f,A) ∈ F × P(E) whenever
σ(f,A) = 1; otherwise it is refuted on (f,A).

2. A subset C of P(E) is a connection if
(a) ∅ ∈ C,
(b) ∀x ∈ E; {x} ∈ C, and
(c) if {Ci}i∈I ⊆ C for some index set I, and

⋂
i∈I Ci 
= ∅, then

⋃
i∈I Ci ∈ C.

3. A criterion σ on F is connective if for each f ∈ F , the set σf = {A ∈
P(E);σ(f,A) = 1} is a connection.

The elements of C are said to be C-connected, or connected if the connection
is clear from the context. A connected component of a set A ⊆ E is an element
C ∈ C ∩P(A), C 
= ∅, such that there exists no D ∈ C that satisfies C ⊂ D ⊆ A;
if A = E, such sets will simply be called connected components.

Next we define partitions and segmentation.

Definition 2. A partition of E is a map π : E → P(E) that satisfies

1. ∀x ∈ E;x ∈ π(x), and
2. ∀x, y ∈ E such that π(x) ∩ π(y) 
= ∅ it holds that π(x) = π(y).

When confusion is improbable, we will denote the image of a partition π, i.e the
collection of all its classes, by π as well. Thus the notation C ∈ π means that C
is a class of π.
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The collection of all partitions of a set E, denoted Π(E), is known to be a
complete lattice under the refinement order, defined as follows. For π, π′ ∈ Π(E),
π ≤ π′ if and only if π(x) ⊆ π′(x) for each x ∈ E, i.e. if and only if each class
of π is contained in a class of π′. The smallest element (or empty supremum)
in this lattice is the partition I; I(x) = {x} for all x ∈ E, while the greatest
partition (or empty infimum) is 1; 1(x) = E for all x ∈ E. The infimum π of a
non-empty family {πi}i∈I of partitions, where I is an index set, is the partition
whose classes are the intersections

π(x) =
⋂

i∈I

πi(x) (1)

while the supremum π′ of {πi}i∈I is the smallest partition such that for each x ∈
E, πi(x) ⊆ π′(x) for all i ∈ I.1 Partitions are the corner stone of segmentation.

Definition 3. [8] Given f ∈ F where F is a family of functions from a set E
to a set T , and given A ∈ P(E) and a criterion σ on F , let Π(A, σf ) be the
family of all partitions π on A such that σ is validated on each class of π. The
criterion σ is said to segment f (over A) if

1. ∀x ∈ E, σ(f, {x}) = 1, and
2. the family Π(A, σf ) is closed under the supremum of partitions.

In that case, the supremum of Π(A, σf ) is the segmentation of f on A by σ.

Remark 1. Closure under the supremum in item 2 is equivalently expressed by
saying that Π(A, σf ) is a dual Moore family in Π(A). When the set A is not
specified, the segmentation is understood to be over E (as is the case in the
theorem below). Note that item 1 is the special case of item 2 when taking the
empty supremum of partitions, thus making item 1 redundant. Nevertheless, we
use this formulation to prepare for the generalized version of the definition.

We aim at generalizing the following result by Serra.

Theorem 1. [8] Given two sets E and T , let F be a family of functions f :
E → T , and σ a criterion on F . Then σ is connective if and only if σ segments
all f ∈ F .

From [8] we know that in this case, for each f ∈ F the segmentation obtained
is the partition of E into its σf -connected components.2

2 Generalization to Arbitrary Complete Lattices

In this section, we will consider arbitrary complete lattices L = (L,≤) sup-
generated by a set S ⊆ L. (This indeed holds for all complete lattices L by
1 This is a formal definition. A way to construct the supremum is by chaining ; see [2].
2 This will indeed be the case in every generalization of the theorem, as the reader

will see in the coming sections.
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choosing S = L \ {0}, but often more interesting choices can be made. If, for
example, L is atomistic, then S can be chosen to be the set of all atoms.) We
always assume 0 /∈ S. An important property of a sup-generating set is that for
any x, y ∈ L, it holds that3

(∀s ∈ S; s ≤ x⇒ s ≤ y, ) ⇐⇒ x ≤ y . (2)

2.1 Adapting the Setting

We begin by generalizing the definitions.

Definition 4. Let L be a complete lattice sup-generated by a subset S ⊆ L, T
an arbitrary set, and F a family of functions f : S → T .

1. A criterion on F is a map σ : F × L → {0, 1} satisfying σ(f, 0) = 1. The
criterion σ is said to be validated on (f, l) ∈ F × L whenever σ(f, l) = 1;
otherwise it is refuted on (f, l).

2. [5] A subset C of L is an S-connection if it satisfies
(a) 0 ∈ C,
(b) S ⊆ C, and
(c) if {ci}i∈I ⊆ C for some index set I, and

∧
i∈I ci 
= 0, then

∨
i∈I ci ∈ C.

3. A criterion σ on F is S-connective if for each f ∈ F , the set σf = {l ∈
L;σ(f, l) = 1} is an S-connection.

Note that the domain of the functions is S and not L; indeed S generalizes
the set E of Definition 1, and L generalizes P(E). (In [5], an S-connection is
just called a connection.)

For simplicity, when the function f is clear from context, we will say that σ
is validated on l ∈ L, meaning that σ(f, l) = 1. An S-connected component of
an element l ∈ L greater than or equal to a given s ∈ S is an element c ∈ C such
that s ≤ c ≤ l and there exists no d ∈ C such that c < d ≤ l; due to Definition
4.2.(c), this is precisely

∨{c ∈ C; s ≤ c ≤ l}.
Next is the definition of partitions on complete lattices.

Definition 5. [1] Let L be a complete lattice sup-generated by a subset S ⊆ L.
An S-partition on L is a map π : S → L that satisfies

1. ∀s ∈ S; s ≤ π(s), and
2. ∀s, t ∈ S such that π(s) ∧ π(t) 
= 0 it holds that π(s) = π(t).

Ordered by refinement, in analogy with the case of Π(E), the set ΠS(L) of
S-partitions on L is a complete lattice. As before, we will use the same notation
for a partition and its image (which we continue to call the set of its classes,
even though the term no longer bears its original meaning), and the prefix S
will sometimes be dropped when the set S is clear from context. Segmentation
is defined as follows.
3 Thus this holds for S = L \ {0} as a special case; indeed, the strength of the notion

of a sup-generating set is that any such set S satisfies this property.
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Definition 6. Let L be a complete lattice sup-generated by a subset S ⊆ L.
Given f ∈ F where F is a family of functions from S to a set T , and a criterion
σ on F , let ΠS(L, σf ) be the family of all S-partitions π of L such that σ is
validated on each class of π. The criterion σ is said to S-segment f if

1. ∀s ∈ S, σ(f, s) = 1, and
2. the family ΠS(L, σf ) is closed under the supremum of S-partitions.

In that case the supremum of ΠS(L, σf ) is the S-segmentation of f by σ.

Remark 2. For a set E, the lattice P(E) is sup-generated by the set of singleton
sets, i.e. the points of E. Setting L = P(E) and S = {{x};x ∈ E} we retrieve the
original definitions from the generalized ones upon identifying E = {{x};x ∈ E}.
Remark 3. In general lattices, the empty supremum of partitions is not the map
π : S → L, π(s) = s, as this is not necessarily a partition (see, for instance, the
lattice in Example 1). Thus item 2 does not imply item 1. Lemma 1 below will
describe the empty supremum from a connectivity point of view.

2.2 Main Result

We now aim to generalize Theorem 1, for which we need the following

Lemma 1. Let L be a complete lattice sup-generated by a subset S ⊆ L. Let
ΠS(L) be the complete lattice of all S-partitions on L, and denote by π its
smallest element. Then for any S-connection C on L, π(s) ∈ C for all s ∈ S.

Proof. Given an S-connection C, consider the map πC : S → L defined by4

πC(s) =
∨

{c ∈ C; s ≤ c ≤ π(s)} (3)

for all s ∈ S. Then as π is an S-partition, it follows that πC is an S-partition.
Moreover, πC(s) ∈ C for all s ∈ S by Definition 4.2.(c), and in the lattice ΠS(L)
we have πC ≤ π, thus πC = π since π is the smallest S-partition on L. ��
Theorem 2. Let L be a complete lattice sup-generated by a subset S ⊆ L. Let
F be a family of functions f : S → T where T is an arbitrary set, and let σ be
a criterion on F .

1. If σ is S-connective, then σ S-segments all f ∈ F .
2. If L is atomistic, and S is the set of all atoms of L, it conversely holds that

if σ S-segments all f ∈ F , then σ is S-connective.

Proof. Throughout the proof, let f be any element of F . Let σf = {l ∈ L;σ(f, l)
= 1}, and let ΠS(L, σf ) be the collection of all S-partitions all of whose classes
belong to σf . We start by proving item 1.

4 This definition is equivalent to saying that πC assigns to each s ∈ S the connected
component of π(s) greater than or equal to it.
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Assume that σ is S-connective. By Definition 4.2.(b), the first item of Def-
inition 6 is satisfied. Definition 6.2. is satisfied for the empty supremum (i.e.
smallest S-partition) of ΠS(L, σf ) since by Lemma 1 the empty supremum of
ΠS(L) is in ΠS(L, σf ). Next, let {πi}i∈I , for some index set I, be a non-empty
family in ΠS(L, σf ) with π =

∨
i∈I πi. Let πC : S → σf be defined by

πC(s) =
∨

{c ∈ σf ; s ≤ c ≤ π(s)} (4)

for all s ∈ S. It is readily checked that πC is a partition. Now, πC ≤ π, and
for all i ∈ I and s ∈ S, πi(s) ≤ πC(S) since πi(s) ∈ σf and s ≤ πi(s) ≤ π(s).
Hence πC is an upper bound of {πi}i∈I , and π being the least such, we have
π ≤ πC and altogether π = πC . Thus ΠS(L, σf ) is also closed under non-empty
suprema. This proves item 1.

As for the converse, by Definitions 4.1 and 6.1, σ(f, l) = 1 for all l ∈ {0} ∪ S.
Take any {ci}i∈I ⊆ σf satisfying

∧
i∈I ci 
= 0. Since S is sup-generating, this

implies that ∃s0 ∈ S; s0 ≤ ∧
i∈I ci. Each ci induces a map πi : S → L defined by

{
πi(s) = ci if s ≤ ci and
πi(s) = s otherwise .

(5)

If each s is an atom, then indeed each πi is a partition, and clearly we have
πi ∈ ΠS(L, σf ) for all i ∈ I. Since σ S-segments all f ∈ F , it follows that
π =

∨
i∈I πi ∈ ΠS(L, σf ). Define x =

∨
i∈I ci. We need show that x ∈ σf . For

any i ∈ I, the definition of πi implies that πi(s0) = ci and hence πi(s0) ≤ x for
all i ∈ I. Now define the partition π′ by

{
π′(s) = x if s ≤ x and
π′(s) = s otherwise (6)

for all s ∈ S. For all i ∈ I it holds that πi ≤ π′, and as π =
∨

i∈I πi, we have
π ≤ π′, and thus π(s0) ≤ π′(s0) = x.

Since πi ≤ π, we have ci = πi(s0) ≤ π(s0) for all i ∈ I. By the definition of the
supremum this implies that x =

∨
i∈I ci ≤ π(s0). Altogether x = π(s0), whereby

x ∈ σf since ΠS(L, σf ) is closed under suprema. Thus σf is an S-connection
and the proof is complete. ��

The following example demonstrates that item 2 of the theorem is in general
false when atomisticity is not required.

Example 1. Let L be the set {0, 1, s0, s1, s2, s3, t} and define the partial order ≤
on L by

0 �� s0 ��

���
��

��
��

� s1 ��

���
��

��
��

� s3 �� 1

s2 �� t

����������

(7)

where for l ∈ L and m ∈ L, l ≤ m if and only if there exists a directed path
from l to m. It is easily checked that L is a lattice, hence a complete lattice by
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finiteness, and that it is sup-generated by the set S = {si, i = 0, 1, 2, 3}. It is
however not atomistic as e.g. s0 and s1 necessarily belong to each sup-generating
set. Let T be any set, and F any family of functions from S to T . Define the
criterion σ on F by {

σ(f, l) = 0 if l = t and
σ(f, l) = 1 otherwise (8)

for all f ∈ F . Since t = s1 ∨ s2, and s1 ∧ s2 
= 0, this implies that σ is not
connective. However, by the structure of L the only possible S-partition on L is
the one whose unique class is 1, and as σ(f, 1) = 1, we get that σ S-segments f .

Thus we conclude that Theorem 1 generalizes completely to the atomistic
setting, but in general not farther. The approach of Section 3 will, as it turns
out, in fact mend this issue.

3 Partial Connections and Partial Partitions

We now extend this study in another direction, by looking at operators that act
on partitions. More specifically, we study a certain type of openings on partial
partitions, and their relation to partial connections (concepts to be defined).
This follows the work of Ronse, who has established this theory for the case of
the power set lattice in [4]. We begin by the definitions for that case.

Definition 7. [3] Let E be a set.

1. A subset C of P(E) is a partial connection on E if it satisfies
(a) ∅ ∈ C, and
(b) if {Ci}i∈I ⊆ C for some index set I, and

⋂
i∈I Ci 
= ∅, then

⋃
i∈I Ci ∈ C.

2. A partial partition of E is a map π : E → P(E) that satisfies
(a) ∀x ∈ E;π(x) = ∅ or x ∈ π(x), and
(b) ∀x, y ∈ E;x ∈ π(y) ⇒ π(x) = π(y).

It is seen that every connection is a partial connection, and by [3] every
partition is a partial partition. As in the case of partitions, the notation C ∈ π
means that C is a class of π. Definition 7 implies that singleton sets are not
generally assumed to be connected, and that the connected components of a
partial connection and the classes of a partial partition do not necessarily cover
E. In [4], one motivation of using partiality is that in computations, considering
singleton sets to be a priori connected becomes impractical. In general, this offers
a great deal of flexibility to the theory, as we will see.

The collection of partial connections on E, denoted by Γ ∗(E), is a complete
lattice under the inclusion order: for C,D ∈ Γ ∗(E), C ≤ D ⇐⇒ ∀C ∈ C, C ∈ D;
the set of partial partitions on E is denoted Π∗(E); it is a complete lattice under
the refinement order previously defined for partitions. [3] The greatest element
in this lattice is the partition 1; 1(x) = E for all x ∈ E, while the smallest partial
partition is 0; 0(x) = ∅ for all x ∈ E.

The notions of partially connective criteria and partial segmentation, in which
a criterion segments a function partially, are obtained by replacing connections
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and partitions in Definitions 1.3 and 3.2 by partial connections and partial par-
titions, and disregarding Definition 3.1. (about singleton sets). A detailed study
of partial connections and partial partitions is conducted in [3]. We move on to
a class of operators on Π∗(E), defined in two steps.

Definition 8. [4] Let E be a set.

1. A map ψ : P(E) → Π∗(E) is set splitting if ψ(A) ∈ Π∗(A), i.e. if ψ(A)(x) ⊆
A for all x ∈ E.

2. Given a set splitting map ψ, the class splitting operator induced by ψ is
the operator ψ∗ : Π∗(E) → Π∗(E) such that for each partial partition π ∈
Π∗(E), ψ∗(π) =

∨
C∈π ψ(C).

Note that the supremum in item 2 of the definition is in fact the partial partition
whose classes are the images under ψ of the classes of π.

From [4] one learns that ψ is set splitting if and only if for all A ⊆ E and
x ∈ E \A, ψ(A)(x) = ∅. In [4] class splitting operators are called block splitting.

3.1 Openings on Partial Partitions

An opening (say, ω) on a complete lattice is an anti-extensive (ω(x) ≤ x), idem-
potent and order-preserving operator on it. The set of openings on a complete
lattice L is a subset of the complete lattice of operators on L. It exhibits addi-
tional structure by the following well-known fact.

Lemma 2. [6] Let L be a complete lattice, and LL the complete lattice of op-
erators on L. The subset of LL consisting of all openings on L is a dual Moore
family5 in LL. It is thus a complete lattice under the order induced by the order
on LL.

In this lattice, the supremum resp. the infimum of a non-empty family P of
openings is the supremum of P in LL resp. the greatest opening smaller than or
equal to the infimum of P in LL; the smallest element in the lattice of openings
is the map l �→ 0 for all l ∈ L, and the greatest element is the identity map l �→ l
for all l ∈ L.

There is indeed a greatest opening smaller than or equal to a given element
in LL, by definition of a dual Moore family; it is for the same reason that the
supremum in LL of a family of openings is an opening.

The following result by Ronse is central in the characterization of partial
connections in terms of class splitting openings.

Proposition 1. [4] The set Ω(E) of class splitting openings on Π∗(E) for a set
E is a complete sublattice of the lattice of openings on Π∗(E). It is isomorphic
to the lattice Γ ∗(E) of partial connections. The isomorphism is given by the map

λ : Γ ∗(E) → Ω(E); C �→ C∗
• (9)

where for all π ∈ Π∗(E), C∗
•(π)(x) =

∨{C ∈ C;x ∈ C ⊆ π(x)} for all x ∈ E.

5 See Remark 1.
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Put simply, λ maps each partial connection C to the (class splitting) opening
that splits the classes of a partial partition into their C-connected components.

3.2 Generalizing Ronse’s Result

Following the lines of our treatment of partitions and connections on complete
lattices, Definition 7 generalizes readily. Note that, in contrast to the general-
ization of the concept of a connection (Definition 4.2), the partial counterpart
is independent of any sup-generating set. Indeed, the dependence of Definition
4.2 on a sup-generating set lies in its second item, which does not appear here,
generalizing the aforementioned fact that in the power set lattice, singleton sets
are now not a priori assumed connected.

Definition 9. 1. Let L be a complete lattice. A subset C of L is a partial
connection if it satisfies
(a) 0 ∈ C, and
(b) if {ci}i∈I ⊆ C for some index set I, and

∧
i∈I ci 
= 0, then

∨
i∈I ci ∈ C.

2. Let L be a complete lattice sup-generated by a subset S ⊆ L. A partial S-
partition on L is a map π : S → L that satisfies
(a) ∀s ∈ S;π(s) = 0 or s ≤ π(s), and
(b) ∀s, t ∈ S such that s ≤ π(t) it holds that π(s) = π(t).

The sets of partial connections and partial S-partitions on L, henceforth denoted
by Γ ∗(L) and Π∗

S(L), respectively, are complete lattices by a straight-forward
proof. Partial S-segmentation, where a criterion S-segments a function partially,
and partially connective criteria are defined in an analogous manner to that
described above Definition 8 for the power set lattice.

Example 2. If L is a complete lattice sup-generated by S ⊆ L, then for each
m ∈ L, the function 1m : S → L defined by 1m(s) = m if s ≤ m, and 1m(s) = 0
otherwise, is a partial S-partition with m as unique non-zero class.

The class splitting operators become as follows in the general setting.

Definition 10. Let L be a complete lattice sup-generated by a subset S ⊆ L.

1. A map ψ : L → Π∗
S(L) is element splitting if ψ(l) ≤ 1l for all l ∈ L;

equivalently, if ∀l ∈ L; ∀s ∈ S;ψ(l)(s) ≤ l.
2. Given an element splitting map ψ, the class splitting operator induced by ψ

is the operator ψ∗ : Π∗
S(L) → Π∗

S(L) such that for each partial S-partition
π ∈ Π∗

S(L), ψ∗(π) =
∨

c∈π ψ(c).

Now we are ready to generalize Proposition 1.

Theorem 3. Let L be a complete lattice sup-generated by a subset S ⊆ L. Let
ΩS(L) be the set of all class splitting openings on Π∗

S(L). Then ΩS(L) is a
complete sublattice of the lattice of openings on Π∗

S(L). As a complete lattice, it is
isomorphic to the lattice Γ ∗(L) of partial connections on L, via the isomorphism

λ : Γ ∗(L) → ΩS(L); C �→ C∗
• (10)

where for all π ∈ Π∗
S(L), C∗

•(π)(s) =
∨{c ∈ C; s ≤ c ≤ π(s)} for all s ∈ S.
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The long, technical proof leading to this result follows the lines of the proof of
Proposition 1, given in [4], and we here give a brief sketch due to space limits.

Proof. The smallest opening on Π∗
S(L) is 0 : π �→ 0, which is class splitting.

The greatest opening on Π∗
S(L) is the identity map, which is class splitting

as induced by the element splitting map m �→ 1m. Consider next a non-empty
family of class splitting openings {ψ∗

i }i∈I for an index set I. Each ψ∗
i is shown to

be induced by a unique, order-preserving element splitting map ψi. By Lemma
2, the supremum

∨
i∈I(ψ

∗
i ) is an opening, which is in fact class splitting. The

infimum in the lattice of openings is described in Lemma 2. One deduces that it
is class splitting from the ψi being order preserving. This proves the first part.
Given C ∈ Γ ∗(L), the operator C∗

• : Π∗
S(L) → Π∗

S(L) is a class splitting opening,
induced by the map that splits an element of L into its C-connected components.
Thus λ is well-defined, and an isomorphism by technical considerations. ��

We moreover give the following result, which is the analogue of Theorem 2 in
the partial setup. The special case for the power set lattice was proven in [3].

Lemma 3. Let L be a complete lattice sup-generated by a subset S ⊆ L, and let
C ⊆ L be a subset. Then C is a partial connection if and only if the set Π∗

S(L, C) of
partial S-partitions all whose classes are in C is closed under arbitrary suprema.

Corollary 1. Let L be a complete lattice sup-generated by a subset S ⊆ L, F a
family of functions f : S → T for a set T , and σ a criterion on F . Then σ is
partially connective if and only if σ S-segments all f ∈ F partially.

Note how partiality circumvents the need of atomisticity in order for the result
to be fully valid as no longer all s ∈ S are required to be connected.

4 Relating Ronse’s Approach to Serra’s

In this section we will state and prove a relation between the characterization
of (partially) segmenting criteria of Corollary 1 (Theorem 2), and that of class
splitting openings of Theorem 3; this will be done by means of a commutative
diagram. We give the link in both the partial and non-partial setup, and we state
it directly for general lattices; of course, it then also holds for the special case
of the power set lattice. To the authors’ knowledge, such a link has not been
presented before in any setting.

For connective segmentation in the non-partial sense, we have the following

Theorem 4. Let L be a complete lattice, sup-generated by a subset S ⊆ L, T
a set, and F a family of functions f : S → T . Define ΣS(F ,L) to be the set of
all S-connective criteria on F , ΠS(L) the complete lattice of S-partitions on L,
Π∗

S(L) the complete lattice of partial S-partitions on L, Γ ∗(L) the complete lat-
tice of partial connections on L, and ΩS(L) the complete lattice of class splitting
openings on Π∗

S(L). Let moreover
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– for each f ∈ F , φf : ΣS(F ,L) → ΠS(L) be the map that assigns to each
S-connective criterion σ its S-segmentation of f , and

– λ : Γ ∗(L) → ΩS(L) be the lattice isomorphism that assigns to each partial
connection C the class splitting opening C∗

• .

Then for each f ∈ F there exist maps μf and κ such that following diagram
commutes

ΣS(F ,L)
φf ��

μf

��

ΠS(L)

Γ ∗(L)
λ

�� ΩS(L)

κ

��
. (11)

In other words we have φf (σ) = κλμf (σ) for all f ∈ F and σ ∈ ΣS(F ,L).
Specifically,

– μf is the map that assigns to each S-connective criterion σ the S-connection
{c ∈ L;σ(f, c) = 1}, and

– κ is the map that assigns to each class splitting opening γ∗ the partial S-
partition γ∗(1), where 1 is the greatest S-partition on L.

Proof. Given f ∈ F , take any criterion σ ∈ ΣS(F ,L). Then μf (σ) = {c ∈
L;σ(f, c) = 1}, and composing μf with λ and κ gives κλμf (σ) = (μf (σ))∗•(1),
where for all s ∈ S,

(μf (σ))∗•(1)(s) =
∨

{c ∈ μf (σ); s ≤ c ≤ 1} =
∨

{c ∈ μf (σ); s ≤ c} , (12)

i.e. (μf (σ))∗•(1)(s) is equal to the μf (σ)-connected component greater than or
equal to s, if it exists, and otherwise it is equal to 0. Since μf (σ) is a partial
connection, (μf (σ))∗•(1) is a partial S-partition all of whose classes belong to
μf (σ). It is moreover an S-partition, since μf (σ) is an S-connection. This is
the largest S-partition all of whose classes belong to μf (σ). Hence it is the S-
segmentation of f by σ, which completes the proof. ��
Next, we replace connections and partitions by partial connections and partial
partitions, respectively, to get the following

Theorem 5. Let L be a complete lattice, sup-generated by a subset S ⊆ L, T
a set, and F a family of functions f : S → T . Define Σ∗(F ,L) to be the set
of all partially connective criteria on F , Π∗

S(L) the complete lattice of partial
S-partitions on L, Γ ∗(L) the complete lattice of partial connections on L, and
ΩS(L) the complete lattice of class splitting openings on Π∗

S(L). Let moreover

– for each f ∈ F , φ′f : Σ∗(F ,L) → Π∗
S(L) be the map that assigns to each

partially connective criterion σ its partial S-segmentation of f , and
– λ : Γ ∗(L) → ΩS(L) be the lattice isomorphism that assigns to each partial

connection C the class splitting opening C∗
• .
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Then for each f ∈ F there exist maps μ′
f and κ such that following diagram

commutes

Σ∗(F ,L)
φ′

f ��

μ′
f

��

Π∗
S(L)

Γ ∗(L)
λ

�� ΩS(L)

κ

��
(13)

where μ′
f is the map that assigns to each partially connective criterion σ the

partial connection {c ∈ L;σ(f, c) = 1}, and κ is the map that assigns to each
class splitting opening γ∗ the partial S-partition γ∗(1) (where 1 is the greatest
S-partition on L).

The proof is analogous to that of Theorem 4. Theorems 4 and 5 thus relate the
two approaches to connective segmentation discussed in Sections 1–3.

5 Conclusion

As we have seen, the theory of connective segmentation generalizes to atomistic
lattices in a natural way. When dealing with non-atomistic lattices, partiality
becomes necessary in order to maintain the full strength of the theory. We have
also seen that the two approaches to connective segmentation are linked on all
levels. In short, the apparatus of connective segmentation lends itself to inves-
tigations of a large number of complete lattices that arise naturally in different
theoretical and practical contexts of mathematical morphology.

References

1. Braga-Neto, U., Goutsias, J.: Connectivity on Complete Lattices: New Results.
Comput. Vis. Image. Underst. 85, 22–53 (2001)

2. Ore, O.: Galois connexions. Trans. Amer. Math. Soc. 55, 493–513 (1944)
3. Ronse, C.: Partial Partitions, Partial Connections and Connective Segmentation. J.

Math. Imaging Vis. 32, 97–125 (2008)
4. Ronse, C.: Idempotent Block Splitting on Partial Partitions, I: Isotone Operators.

Order. SpringerLink (2010)
5. Ronse, C., Serra, J.: Geodesy and Connectivity in Lattices. Fundamenta

Informaticae 46, 349–395 (2001)
6. Ronse, C., Serra, J.: Algebraic foundations of morphology. In: Najman, L., Talbot,

H. (eds.) Mathematical Morphology: From Theory to Applications. ISTE/J. Wiley
& Sons, London (2010)

7. Serra, J.: Viscous Lattices. J. Math. Imaging Vis. 22, 269–282 (2005)
8. Serra, J.: A Lattice Approach to Image Segmentation. J. Math. Imaging Vis. 24,

83–130 (2006)


	Connective Segmentation Generalized to Arbitrary Complete Lattices
	Introduction
	Notation
	Fundamentals of Connective Segmentation

	Generalization to Arbitrary Complete Lattices
	Adapting the Setting
	Main Result

	Partial Connections and Partial Partitions
	Openings on Partial Partitions
	Generalizing Ronse's Result

	Relating Ronse's Approach to Serra's
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




