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Abstract. Let IF be a field, V C IF" be a (combinatorially interesting)
finite set of points. Several important properties of V' are reflected by the
polynomial functions on V. To study these, one often considers I(V), the
vanishing ideal of V' in the polynomial ring IF[z1, ..., z,]. Grobner bases
and standard monomials of I(V) appear to be useful in this context,
leading to structural results on V.

Here we survey some work of this type. At the end of the paper a
new application of this kind is presented: an algebraic characterization
of shattering-extremal families and a fast algorithm to recognize them.
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1 Introduction

Throughout the paper n will be a positive integer, and [n] stands for the set
{1,2,...,n}. The set of all subsets of [n] is denoted by 2[". Subsets of 2" are
called set families or set systems. Let ([:1]) denote the family of all m-subsets of

[n] (subsets which have cardinality m), and ( LT;L) is the family of those subsets
that have at most m elements. IN denotes the set of the nonnegative integers,
Z is the set of integers, Q is the field of rational numbers, and IF, is the field
of p elements, where p is a prime.

Let IF be a field. As usual, we denote by IF [z1,...,2,] = IF[x] the ring of
polynomials in variables x1,...,x, over IF. To shorten our notation, we write
f(x) for f(z1,...,2,). Vectors of length n are denoted by boldface letters, for
example y = (y1,...,y,) € F". If w € IN", we write xV for z{* ...z2%" € FF [x].
For a subset M C [n], the monomial zas is [];c,, i (and g = 1).

Suppose that V' C F". Then the vanishing ideal I1(V) of V consists of the
polynomials in IF [x], which, as functions, vanish on V. In our applications, we
consider finite sets V', and use the Grobner bases, and standard monomials of
I(V') (see the next subsection for the definitions) to prove claims on V.
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Let vp € {0,1}" denote the characteristic vector of a set F C [n], that is, the
ith coordinate of vg is 1 iff i € F. For a system of sets F C 2[”]7 let us put Vg
for the set of the characteristic vectors of elements of F. By I(F) we understand
the vanishing ideal I(Vr), as it will make no confusion.

In Sect. 2 we collected some basic facts about Grobner bases and related no-
tions, such as standard monomials, reduction and Hilbert functions. Section 3 is
devoted to the complete uniform families and their extensions. Here we discuss
results describing the Grébner bases and standard monomials of the ideals I(F),
where F is a complete uniform family ([Z]) for some 0 < d < n. We outline some
combinatorial applications of these results, including an extension of Wilson’s
rank formula. Generalizations and extensions are also considered. Section 4 gives
a brief explanation of the lex game method, which gives a powerful technique
to determine lex standard monomials both in theory and practice. In Sect. 5
we consider ideals and Grobner bases attached to more complex objects, such
as partitions, permutations and graph colorings. The latter topic is particularly
rich in results involving polynomial ideals. Section 6 briefly introduces a pow-
erful algebraic technique of combinatorics, the combinatorial Nullstellensatz by
Noga Alon, together with the resulting non-vanishing theorem. The last section
gives an algebraic characterization of shattering-extremal set families. The char-
acterization involves Grobner bases and, together with the lex game method, it
provides an efficient algorithm for recognizing shattering-extremal families.

Ideals I of TF [x] generated by monomials are perhaps the most important
objects in algebraic combinatorics. Their study, initiated by Stanley, has led to
some spectacular results, in particular, in the area of simplicial complexes and
convex polytopes. Grobner basis methods are also applicable there. In this paper
we avoid the area of monomial ideals, as there are many excellent treatments of
this subject. We refer the interested reader to the recent volume of Herzog and
Hibi [30], and the sources cited therein.

2 Grobner Bases, Standard Monomials and Hilbert
Functions

We recall now some basic facts concerning Grobner bases in polynomial rings
over fields. For details we refer to [11], [12], [13], [14], and [2].

A total order < on the monomials composed from variables zi,xs,..., T,
is a term order, if 1 is the minimal element of <, and < is compatible with
multiplication with monomials (if my, ma, m3 are monomials, m; < ma, then
mims < mems). Two important term orders are the lexzicographic (lex for short)
and the degree compatible lexicographic (deglex) orders. We have xV <jex x" if
and only if w; < wu; holds for the smallest index ¢ such that w; # u;. As for
deglex, we have that a monomial of smaller degree is smaller in deglex, and
among monomials of the same degree lex decides the order. Also in general, <
is degree compatible, if deg (xV) < deg (x") implies xV < x".

The leading monomial lm(f) of a nonzero polynomial f € IF [x] is the largest
monomial (with respect to <) which appears with nonzero coefficient in f, when
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written as the usual linear combination of monomials. We denote the set of all
leading monomials of polynomials of a given ideal I <IF [x] by Lm (I) = {lm(f) :
f € I}, and we simply call them the leading monomials of I.

A monomial is called a standard monomial of I, if it is not a leading monomial
of any f € I. Let Sm (I) denote the set of standard monomials of I. Obviously,
a divisor of a standard monomial is again in Sm (7).

A finite subset G C I is a Grébner basis of I, if for every f € I there exists a
g € G such that Im(g) divides Im(f). It is not hard to verify that G is actually
a basis of I, that is, G generates I as an ideal of TF [x]. It is a fundamental fact
that every nonzero ideal I of IF [x] has a Groébner basis.

A Grobner basis G C [ is reduced, if for all g € G, the leading coefficient of
g (i-e. the coefficient of Im(g)) is 1, and ¢ # h € G implies that no nonzero
monomial in g is divisible by lm(h). For any fixed term order and any nonzero
ideal of IF [x] there exists a unique reduced Grobner basis. A Grobner basis is
universal, if it is a Grobner basis for every term order < on the monomials.

Suppose that f € IF [x] contains a monomial xV - lm(g), where g is some
other polynomial with leading coefficient ¢. Then we can reduce f with g (and
obtain f), that is, we can replace xW -1lm(g) in f with x% - (lm(g) — ig) Clearly
if g € I, then f and f represent the same coset in IF [x] /I. Also note that
Im (x¥ - (Im(g) — Lg)) < x¥-Im(g). As < is a well founded order, this guarantees
that if we reduce f repeatedly with a set of polynomials G, then we end up with
a reduced f in finitely many steps, that is a polynomial such that none of its
monomials is divisible by any Im(g) (g € G).

If G is a Grobner basis of an ideal I, then it can be shown that the reduction
of any polynomial with G is unique. It follows that for a nonzero ideal I the
set Sm (I) is a linear basis of the IF-vector space IF [x] /I. If I(V) is a vanishing
ideal of a finite set V' of points in IF", then IF [x] /I(V) can be interpreted as
the space of functions V' — IF. An immediate consequence is that the number
of standard monomials of I(V) is |V|. In particular, for every family of sets we
have |F| = |Sm (I(F))|.

Another property of the standard monomials of I(F) we will meet several
times: for an arbitrary set family JF, one has 2 — x; € I(F), therefore all the
elements of Sm (I(F)) are square-free monomials.

We write IF [x] . for the vector space of polynomials over IF with degree at
most m. Similarly, if I <TF [x] is an ideal, then I<,, = I NTF [x]_,, is the linear
subspace of polynomials from I with degree at most m. The Hilbert function of
the IF-algebra IF [x] /I is H; : IN — IN, where

Hi(m) = dimp (IF X< /Igm) .

Let < be any degree compatible term order (deglex for instance). One can
easily see that the set of standard monomials with respect to < of degree at
most m forms a linear basis of IF [x]_,, /I<m,. Hence we can obtain H;(m) by
determining the set Sm (I) with respect to any degree compatible term ordering.

In the combinatorial literature Hy(z)(m) is usually given in terms of inclusion

matrices. For two families F,G C 20" the inclusion matriz 1 (F,G) is a matrix
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of size |F| x |G|, whose rows and columns are indexed by the elements of F and
G, respectively. The entry at position (F,G) is 1, if G C F, and 0 otherwise
(F € F,G € G). Tt is a simple matter to verify that the Hilbert function of F is
given by

Higry(m) = dimy (F [x],, /1(F)<pn) = ranki] (f, ( S[”jn)) .

3 Complete Uniform Families, Applications and
Extensions

3.1 Groébner Bases and Standard Monomials for Complete Uniform
Families

We start here with an explicit description of the (reduced) Grébner bases for
the ideals I, 4 := I(F), where F = ([Z]) for some integer 0 < d < n. That is, we
consider the vanishing ideal of the set of all 0,1-vectors in IF" whose Hamming
weight is d.

Let ¢t be an integer, 0 < t < n/2. We set H; as the set of those subsets
{s1 < s2 < --- < s} of [n] for which ¢ is the smallest index j with s; < 2j.

We have H; = {{1}}, H2 = {{2,3}}, and H3 = {{2,4,5},{3,4,5}}. It is clear
that if {s; <...< s} € Hy, then sy =2t — 1, and s;_1 =2t — 2 if ¢ > 1.

For a subset J C [n] and an integer 0 < ¢ < |J| we denote by o, the i-th
elementary symmetric polynomial of the variables z;, j € J:

0ji = Z xr EIF[ml,...,xn].
TCJ,|T|=i
In particular, 070 = 1. Now let 0 < ¢t <n/2,0 < d <n, and H € H;. Set
H =HU{2t,2t+1,...,n} C[n].

We write
t

fra= faa(z, ... ,zp) = Z(*l)t_k <;Z_ :) OH -

k=0

As an example, with U = {2,3,...,n} we have

d
fre8y.d = ov2 — (d—1)oy1 + (2) .

Grobner bases of I, 4 have been described in [26]:

Theorem 1. Let 0 < d < n/2 be integers, IF a field, and < be an arbitrary
term order on the monomials of TF [x]| for which x, < Tp—1 < ... < x1. Then
the following set G of polynomials is a Gréobner basis of the ideal I, 4:

G={2?—xy,...,22 —x,}U{z;: J€ <d[i}1)}u

U{fu,a: H € Hy for some 0 <t <d}.
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A similar description is valid for I, ,,—4 in the place of I,, 4. The standard mono-
mials for the complete uniform families have also been obtained. The next the-
orem is valid for an arbitrary term order < such that x, < xp—1 < ... < x71.
For the lex order it was proved in [6], and later it was extended to general term
orders in [26].

Theorem 2. Let 0 < d < n/2 and denote by M = My the set of all monomials
za such that G = {s1 < s2 < ... < s;} C [n] for which j <d and s; > 2i holds
for everyi, 1 <i < j. Then M is the set of standard monomials for I, q as well
as for I, n—q with respect to any term order < as above.

n

In particular, M| = (d) and M is an IF basis of the space of functions from Vr
to IF. Also, Theorem [ allows one to determine the reduced Grobner bases of
the ideals I, 4. Here we note only the fact that a suitable subset of G turns out
to be the reduced Grobner basis of I, 4 for 0 <d < 7.

3.2 Some Combinatorial Applications to g-Uniform Families
Let p be a prime, k an integer, and ¢ = p®, a > 1. Put
F(k,q) ={K C[n]: |K|=Fk (mod q)}.

In [27] the following rank inequality is proved for the inclusion matrices of

F(k,q):

Theorem 3. Let p be a prime and k an integer. Let g = p* > 1. If £ < q—1

and 20 < n, then
ranky,, T (]-"(k,q), Q”L)) < (Z) .

This result is a generalization of a theorem of Frankl [I9] covering the case
a = 1. Theorem [3lis a direct consequence of the next inclusion relation involv-
ing deglex standard monomials. In simple words, it states that the low degree
standard monomials of F(k, q) are contained among the standard monomials of
the complete uniform families.

Theorem 4. Let p be a prime and ¢ = p® > 1. Let < be the deglex order on
the monomials of TF [x] with IF = IF,,. Suppose further that k,¢ € IN, for which
0<k,l<q, and 20 <n. Then

Sm (I(F(k,q))) NTF [x]., € M.,
hence

s (r(F ) N F i, < (7).

The crucial point of the proof is the fact that we know quite explicitly a Grébner
basis for the complete uniform families. To be a bit more specific here, suppose
that &’ is an integer such that 0 < k' < n and k£ = k' (mod ¢). Using simple
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properties of binomial coefficients one can infer that fg r = fu r (mod p), i.e.,
the coefficients of the two polynomials are the same modulo p. This fact, together
with a Grobner reduction argument leads to a proof of Theorem [l

Babai and Frankl conjectured the following in [7], p. 115.

Theorem 5. Let k be an integer and ¢ = p®, a > 1 a prime power. Suppose
that 2(q — 1) < n. Assume that F = {A1,..., Apn} is a family of subsets of [n]
such that

(a) |Ai]l =k (mod q) fori=1,...,m

mSQﬁJ.

We briefly sketch a proof from [27]: let v; € ZZ" denote the characteristic vector

of A;, and write
x-v;, —k—1
fi(xl,...,xn)( q—l >

Then

This is a polynomial in n rational variables x = (z1,...,2,) € Q". By conditions
(a) and (b) the integer f;(v;) is divisible by p iff ¢ # j.

Let f! be the square-free reduction of f; for ¢ = 1,...,m. Then f] € Z[x],
because fi(v) € Z for each v € {0,1}". Let g; € IF,[x] be the reduction of f/
modulo p, and h; € IF,[x] be the reduction of g; by a deglex Grobner basis for
the ideal I(F(k,q)) over IF),.

For 1 <i4,5 < m we have then

fi(vj) = fi(vj) = gi(v;) = hi(v;) (mod p).

These imply, that the polynomials h; are linearly independent mod p. They have
degree at most ¢ — 1 and they are and spanned by Sm (I(F(k,q))). By Theorem
@ their number is at most (qﬁl).

3.3 Wilson’s Rank Formula

Consider the inclusion matrix A =1 (([Z]), ([::L])), where m < d <n—m.

A famous theorem of Richard M. Wilson [46 Theorem 2] describes a diagonal
form of A over ZZ. As a corollary, he obtained the following rank formula:

Theorem 6. Let p be a prime. Then

rank, (A) = > (7) - (an)

0<i<m

pt(2%)
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In [22] a simple proof is given which uses polynomial functions, and some basic
notions related to Groébner bases. The starting point is the observation that
the rank of A is exactly the dimension of the linear space Py ., over IF, of
the functions from V([Z]) to IF, which are spanned by the monomials xy; with
|M|=m.

The approach allows a considerable generalization of the rank formula. Here
is a result of this kind from [22]:

Theorem 7. Suppose that 0 < m; <mo---<m, <d<n—m, and let p be a
prime. Consider the set family F = (["]) U (Lﬂ) U---u (["]). Then

mi my

e, (1((1).7)) = z () -(")

where n; = ged ((T,ii:,), (T,il;l)a e (ncll_jz)) :

3.4 Generalizations of Uniform Families
Let n, k, ¢ be integers with 0 </ — 1 < k < n. The complete {-wide family is
FM={FCn:k—t<|F|<k}.

Theorem [I] was extended in [21] to complete ¢-wide families. Grobner bases
and standard monomials are described there over an arbitrary ground field IF. As
in the case £ = 1, the bases are largely independent of the term order considered.

A part of these results has been extended even further in [16]. Let ¢ be a
power of a prime p, and let n, d, ¢ be integers such that 1 < n, 1 < ¢ < gq.
Consider the modulo ¢ complete ¢-wide family:

G={FCnl:3feZs t.d<f<d+land |F|=f (modgq)}.

In [16] a Grébner basis of the vanishing ideal I(G) has been computed over
fields of characteristic p. As before, it turns out that this set of polynomials is
a Grobner basis for all term orderings <, for which the order of the variables
is xy, < p—1 < +++ < x1. The standard monomials and the Hilbert function of
I(G) were also obtained. In this work the lex game method (see Sect. M) was
substantially used. As corollaries, several combinatorial applications follow. One
of them is described next. It is a generalization of Theorem [l

Let L be a subset of integers and F be a system of sets. Then F is modulo q L-
avoiding if G € F and f € L implies |G| £ f (mod ¢). We call F L-intersecting
if for any two distinct sets G1, G2 € F the congruence |G1 N Gz| = f (mod q)
holds for some f € L. A set L C {0,...,q— 1} is called a modulo ¢ interval if it
is either an interval of integers or a union of two intervals L1 and Lo, such that
0€Liand g—1 € Ls.
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Theorem 8. Let g be a power of a prime, L be a modulo q interval and F C 2"
be a modulo q L-avoiding, L-intersecting family of sets. If |L| < n — q+ 2, then

qg—1
n
=3 (}):
k=|L|
More generally, one may consider arbitrary fully symmetric set families. Let
D C [n] be arbitrary, and put

Fp:={ZC|n]: |Z| € D}.

Thus, Fp consists of all subsets of [n] whose size is in D. It would be quite inter-
esting to describe Grobner bases and related structures for general set families
of the form Fp. Only some preliminary results are available, the most important
of them being a beautiful theorem of Bernasconi and Egidi from [9]. It provides
the deglex Hilbert function hy(z,y(m) of I(Fp) over Q.

Theorem 9. Let 0 < m < n, and suppose that
D:{lla"'als}u{mla"'amt}a
where l; <m and m <m1 <mg < -+ < my. Assume also, that

{0717"'7m}\{ll7'-~7l8} = {n17n27"'7n7n+1—s} )

with ny > ng > -+ > Nypy1-s and u = min{t,m + 1 — s}. Then we have

o =32 (1)« o (5,)- (1)

j=1

A combinatorial description of the deglex standard monomials for I(Fp) over
Q was obtained in [42] in the case when D has the following property: for each
integer 7, at most one of 4 and n—i is in D. This characterization uses generalized
ballot sequences. It would be of interest to extend this to more general sets D.
Multivalued generalizations of uniform families are considered in [29].

4 The Lex Game and Applications

Based on [I7], we outline a combinatorial approach to the lexicographic standard
monomials of the vanishing ideal of a finite sets of points V' C IF". This technique
can be applied to compute the lex standard monomials of sets of combinatorial
interest. The idea has been extended to general zero dimensional ideals in [I8].

In this section, we use the lex term order. As before, let IF be a field, V C IF"
a finite set, and w = (w1,...,w,) € IN® an n dimensional vector of natural
numbers. With these data as parameters, we define the Lex Game Lex(V;w),
which is played by two persons, Lea and Stan.
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Both Lea and Stan know V' and w. Their moves are:

1 Lea chooses w,, elements of IF.
Stan picks a value y,, € IF, different from Lea’s choices.
2 Lea now chooses w,,_1 elements of IF.
Stan picks a y,—1 € IF, different from Lea’s (last w,—1) choices.
(The game proceeds in this way until the first coordinate.)
n  Lea chooses w; elements of IF.
Stan finally picks a y; € IF, different from Lea’s (last w;) choices.

The winner is Stan, if during the game he could select a vector y = (y1,...,Yn)
such that y € V, otherwise Lea wins the game. (If in any step there is no proper
choice y; for Stan, then Lea wins also.)

Example. Let n = 5, and «, 3 € IF be different elements. Let V' be the set of all
a-f3 sequences in IF® in which the number of the a coordinates is 2 or 3. We claim
that Lea can win with the question vector w = (11100), but for w = (00110)
Stan has a winning strategy.

First consider w = (11100). To have y € V, Stan is forced to select values
from {«, 8}. If Stan gives only /3 for the last 2 coordinates, then Lea will choose
« in the first three, therefore y cannot contain any « coordinates. However, if
Stan gives at least one « for the last 2 coordinates, then Lea, by keeping on
choosing (3, can prevent y from having at least two 3 coordinates.

For w = (00110) Stan’s winning strategy is to pick ys = 3, and choose from
{a, 8} (for the 4th and 3rd coordinates). If he selected so far « twice, then he
can win by setting the first two coordinates to §. Otherwise he wins with the
moves y; = Y2 = Q.

The game allows a nice characterization of the lexicographic leading monomi-
als and standard monomials for V:

Theorem 10. Let V C IF" be a finite set and w € IN™. Stan wins Lex(V;w) if
and only if x™ € Sm (I(V)). Equivalently, Lea wins the game if and only if xV
is a leading monomial for I(V).

The theorem leads to a fast combinatorial algorithm to list those vectors w € IN"
for which x™ € Sm (I(V')). The method uses constant times |V|nk comparisons
of field elements in the worst case, where k is the maximum number of different
elements which appear in a fixed coordinate of points of V; see [I7]. In particular,
if VC {0,1}" then k < 2 and hence we have a linear time algorithm.

The problem of computing lexicographic standard monomials for finite sets
has had a long history starting with the seminal paper by Buchberger and Moéller
[40]. Their algorithm, as well as the subsequent methods of Marinari, Mdller and
Mora [36] and Abbott, Bigatti, Kreuzer and Robbiano [I] give also a Grébner
basis of I(V'). For the arithmetic complexity of these methods we have the bound
O(n?m3) when V is a subset of IF" and |V| = m (see Sect. 3 in [I5] for a related
discussion). The Lex Game provides only the standard monomials, but in return
it appears to lead to a much faster algorithm (see [I7] for the details). In general
we have the bound O(nm?). In some important special cases, such as the case
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of small finite ground fields which appear naturally in coding applications, we
have a linear bound O(nm) on the time cost of the algorithm.

5 Partitions and Colorings

5.1 Permutations, Trees and Partitions
Let aq,...,a, be n different elements of IF and put
I, = (o, ... ) i= {(Qr1), s Qr(n)) © T E Sn}.

II,, is the set of all permutations of the «;, considered as a subset of IF".
We recall the definition of the complete symmetric polynomials. Let i be a
nonnegative integer and write

hi(z1,...,2n) = Z xtag? - xen .
artetan=i
Thus, h; € Flx,...,x,] is the sum of all monomials of total degree i. For

0 <i < n we write o; for the i-th elementary symmetric polynomial:

O—i(xla"'axn): Z zs .

SCln], |S|=i
For 1 < k < n we introduce the polynomials f; € IF [x] as follows:

k
Je = Z(*l)ihk—i(xk,wkﬂ, conp)oi(ar, . o).
i=0
We remark, that fi € Flzk, zgpt1,-..,2n]. Moreover, deg fr = k and the
leading monomial of f; is I]]: with respect to any term order < for which x; >
Zg > ... > Tpn. In [25] the following was proved:

Theorem 11. Let IF be a field and let < be an arbitrary term order on the
monomials of Flxy,...,x,] such that x, < ... < x1. Then the reduced Grébner
basis of I(I1,,) is {f1, fa, ..., fn}. Moreover, the set of standard monomials is

{28 0<q; <i—1, for 1 <i<n}.

n

We remark, that [25] gives also the reduced Grobmer basis of the set Y, of
characteristic vectors of oriented trees with vertex set [m]. Here we have Y, C
F" with n = m(m — 1) and the coordinates are indexed by the edges of the
complete digraph K D,,. The term order < involved is a lexicographic order.
It would be interesting to understand a Grobner basis of Y, with respect to a
deglex (or other degree compatible) order.

Recall, that a sequence A = (A1,...,A;) of positive integers is a partition of
n,if A\ +Xo+---+ A =nand \y > Xy > ... > X > 0. Let IF be a field, and
Qg, .. .,ar—1 be k distinct elements of IF. Let A = (\1,..., Ax) be a partition of
n and V) be the set of all vectors v = (v1,...,v,) € IF" such that

Hj€ln]: vj=ai}| = Xisa
for0<i<k-—1.
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In their study of the q-Kostka polynomials, Garsia and Procesi have described
the deglex standard monomials of I(Vy) (Proposition 3.2 in [23]). They worked
over Q, but their argument is valid over an arbitrary field. The associated graded
ring grlF [x] /I(Vy) is also described there.

In [2§] it is shown that the lexicographic standard monomials of I(Vy) are the
same as the deglex standard monomials over an arbitrary IF. In the proof a new
description of the orthogonal complement (S*)+ (with respect to the James
scalar product) of the Specht module S* is given. As applications, a basis of
(SM)1 is exhibited, and a combinatorial description of the Hilbert function of Vy
is provided. This approach provides a new, simpler proof of the Garsia-Procesi
theorem on the deglex standard monomials. An interesting feature of the results
is that both in the lex and deglex cases the standard monomials are independent
of the specific choice of aq,...,ar_1, or the field IF itself.

These results partially extend the special cases we treated here earlier: the
complete uniform set families, i.e., A = (n — d,d), see Theorem [2 and the per-
mutations (the case A = (1")), see Theorem [[Il For general A it seems to be
difficult to give explicit Grébner bases of I(V)).

5.2 Graph Colorings

The algebraic study of graph colorings also employs fruitfully some Grébner basis
techniques. Here we briefly discuss some of these. Let G be a simple undirected
graph on the vertex set V' = [n] and with edge set E. Let k be a fixed positive
integer, and IF be a field which contains k distinct k-th roots of unity. The set of
those k-th roots of unity will be denoted by C. The graph polynomial fe € IF [x]

is the polynomial

fG = H (.’I}Z — xj) .

(,§)EE, i<j
Recall that a k-coloring of G is a map p from V(G) to Cj, such that u(i) # p(j),
whenever (i,j) € E. Moreover, a k coloring can be viewed as an element of
Cp CIF"™. Let K be the set of graphs whose vertex set is [n], which consist of a
k + 1-clique and n — k — 1 isolated vertices. We introduce some important ideals
from IF [x]:
Ik = {(fu: HeK)

is the ideal generated by the graph polynomials of k£ + 1-cliques on [n]. Put

Lnp:= (@ —1:4i€V).

It is easy to show that I, is actually I(CP), in fact, {a¥ —1,...2% — 1} is a
universal Grobner basis of I,, ;. Finally set

I = I + (@ +af P2+ + a7l (6,]) € B).

It is a simple matter to verify, that Ig x is the ideal of the k-colorings of G
p € IF" is a common zero for all polynomials from I 1 iff p is a valid k-coloring
of G.
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The fact that G is not k colorable admits an algebraic characterization:

Theorem 12. The next statements are equivalent:
(1) G is not k-colorable.

(2) The constant polynomial 1 belongs to Ig k.

(3) The graph polynomial fo belongs to I .

(4) The graph polynomial fo belongs to Jp k.

The equivalence of (1) and (2) is due to Bayer [8], (1) < (3) is from Alon and
Tarsi [5], this was reproved by Grobner basis techniques by de Loera [34] and
Mnuk [39]. The equivalence (1) < (4) is due to Kleitman and Lovéasz [35]. The
following beautiful theorem is due to de Loera [34]:

Theorem 13. The set of polynomials {fy : H € K} is a universal Grobner
basis of the ideal Jy, 1.

Let p be a k-coloring of G, ¢ < k be the number of colors actually used by pu.
The class cl(7) is the set of vertices with the same color as i. Let

mr <mo<---<My=mn

be the maximal elements (coordinates) of the color classes.

For a set U of indices let hdU denote the complete symmetric polynomial of
degree d in the variables whose indices are in U.

We define the polynomials g; as follows:

zh -1 if i = my,
= Rt if ¢ = m, for some j # /¢
gi = {mj,...,;me} =m; J s

Ti — Tmaxel(s) Otherwise.

Let A, := (91,92, .., gn) be the ideal generated by the polynomials g;. Hillar
and Windfeldt [31] obtained the following:

Theorem 14. We have
IG,k = ﬁuA/u

where 1 runs over the k-colorings of G.

In the course of the proof they established, that for term orders < with z; >
xg > -+ > xp the set {g1, 92, ..., 9n} is actually a Grobner basis of A,,. By using
these facts, they developed an algebraic characterization of unique k-colorability:

Theorem 15. Let p be a k-coloring of G that uses all k colors, g1,92, ..., 9n be
the corresponding basis of A,. The following are equivalent.

(1) G is uniquely k-colorable.

(2) The polynomials g1, g2, - - ., gn generate Ig k.

(3) The polynomials g1, gz, ..., gn are in Ig k.

(4) The graph polynomial fg is in the ideal Iy : (91,92, -, Gn)-

(5) dsz]F [X} /IG,k = k!
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Condition (5) leads easily to an algebraic algorithm for testing the unique k-
colorability of G. The left hand side is the number of the standard monomials
for I i with respect to an arbitrary term order, hence (5) can be checked by
standard techniques for computing Grobner bases. See Sect. 6 in [31] for more
details and data on computational experiments.

6 Alon’s Combinatorial Nullstellensatz

Alon’s Combinatorial Nullstellensatz, and in particular the resulting non-vanishing
criterion from [4] is one of the most powerful algebraic tools in combinatorics, with
dozens of important applications.

Let IF be a field and Sy, ..., S, be nonempty, finite subsets of ¥, |S;| = ¢;.
Put S =51 x -+ x S, and define g;(x;) = Hsesi(x,» —s).

Theorem 16. (Theorem 1.1 from [])].) Let f = f(x) be a polynomial from TF[x]
that vanishes over all the common zeros of g1,...,gn (that is, if f(s) = 0 for
all s € S). Then there exist polynomials hq, ..., h, € F[X] satisfying deg(h;) <

deg(f) — deg(gi) so that
n
f= Z higi .
i=1

Moreover, if f,g1,...,gn lie in R[X] for some subring R of ¥, then there are
polynomials h; € R[x] as above.

The Combinatorial Nullstellensatz can be reformulated in terms of Groébner
bases. It states that {g1,92,...,9n} is a universal Grobner basis of the ideal
I(S). The most important corollary of Theorem [[6]is a non-vanishing criterion:

Theorem 17. (Theorem 1.2 from [4)].) Let f = f(x) be a polynomial in IF[x].
Suppose the degree of f is > ., d;, where d; < t; for all i and the coefficient of
T, x% in f is nonzero. Then there is a point s € S such that f(s) # 0.

The theorem has numerous applications in combinatorial number theory, graph
theory and combinatorics. To demonstrate the amazing versatility of Theorem
[[7 we give here an argument form [4] to prove the Cauchy and Davenport
inequality from additive number theory. The inequality states that if p is a
prime and A, B are two nonempty subsets of ZZ,, then

A+ B| = min{p,|4] + |B| — 1}

We remark first, that the case |A|+|B| > p is easy. We may then assume that
|A|+|B| < p. Assume for contradiction, that there is a subset C' C IF, such that
C DA+ B,and |C|=|A| +|B|—2. Put

fay) = [[@+y—c) eFyla,y].
ceC
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Clearly f is identically zero on A x B. Now set n = 2, S; = A, Sy = B,
t1 = |A] and t2 = |B|. We have degf = t1 — 1 + t2 — 1; the coefficient of
gh—lyt2=1 g (tlftllttffl), which is not 0 in IF), as t1 — 1+t — 1 < p. By
Theorem [I7 f can not be identically zero on A x B. This is a contradiction
proving the Cauchy-Davenport inequality.

There are natural ways to generalize Theorems [[6 and [l One is to prove a
variant of the Nullstellensatz over rings instead of fields, an other is to consider
the non-vanishing problem for multisets and not merely sets. Extensions along

these lines are considered in [32], [33], and [38].

7 Grobner Bases and S-Extremal Set Systems

Grobner basis methods may be useful when studying extremal problems of com-
binatorics (see Frankl [20] for a survey of extremal questions on set families).
We give here a new application of this kind.

We say that a set system F C 2"} shatters a given set S C [n] if

29={FNnS: FeF}

The family of subsets of [n] shattered by F is denoted by Sh(F). The notion
of shattering occurs in various fields of mathematics, such as combinatorics,
statistics, computer science, and logic. As an example, one can mention the
Vapnik-Chervonenkis dimension of a set system JF, i.e. the size of the largest
S shattered by F. Sauer [43], Shelah [44] and Vapnik and Chervonenkis [45]
proved that if F is a family of subsets of [n] with no shattered set of size k (i.e.
VC — dimF < k), then

A< () () o ()

and this inequality is best possible. The result is known as Sauer’s lemma and
has found applications in a variety of contexts, including applied probability.

It was proved by several authors (Aharoni and Holzman [3], Pajor [41], Sauer
[43], Shelah [44]) that for every set system F C 2" we have that |Sh(F)| > |F|.
Accordingly, we define a set system F to be S-extremal, if [Sh(F)| = |F|. We
refer to Bollobéds and Radcliffe [I0] for some basic properties of S-extremal set
families, where they mention the lack of a good structural description of these
families.

It turns out, that shattered sets are in close connection with the standard
monomials of the ideal I(F) for different term orders. To make this connection
explicit, we first have to define a special family of term orders. At the beginning
we have already defined the lex term order. By reordering the variables one can
define another lex term order, so from now on we will talk about lex term orders
based on some permutation of the variables x1, x2, ..., Z,. There are n! possible
lexicographic orders on n variables.
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For a pair of sets G C H C [n] we define the polynomial fy ¢ as

fre =L e I -1

jeG i€H\G

Lemma 1. a) If xg € Sm (I(F)) for some term order, then H € Sh(F).
b) If H € Sh(F), then there is a lex term order for which gy € Sm (I(F)).

Proof. a) Let gy € Sm (I(F)), and suppose that H is not shattered by F.
This means that there exists a G C H for which there is no F' € F such
that G = HNF. Now frg,c(vp) # 0 only if H N F = G. According to our
assumption, there is no such set F € F, so fu,g(x) € I(F). This implies that
zg € Lm(I(F)) for all term orders, since Im(fu,¢) = xg for all term orders,
giving a contradiction.

b) We prove that a lex order, where the variables of xy are the smallest ones,
satisfies the claim. Suppose the contrary, that zy € Lm(I(F)) for this term
order. Then there is a polynomial f(x) vanishing on F with leading monomial
xp. Since the variables in xy are the smallest according to this term order,
there cannot appear any other variable in f(x). So we may assume that f(x)
has the form ZGCH agxg. Take a subset Gg C H which appears with a nonzero
coefficient in f(x), and is minimal w.r.t. this property. F shatters H, so there
exists a set Fy € F such that Gy = Fy N H. For this we have z¢g,(vg,) = 1,
and since Gy was minimal, g (vp,) = 0 for every other set G in the sum. So
fvr,) = ag, # 0, which contradicts f € I(F)). This contradiction proves the
statement. a

Combining the two parts of Lemma [Il we obtain that Sm (I(F)) C Sh(F) for
every term order, and

ShF) = |J SmUF). (1)

term orders

(Here, by identifying a squarefree monomial zz with the set of indices H C [n],
we view Sm (I(F)) as a set family over [n].) Note that on the right hand side it
is sufficient to take the union over the lex term orders only. Using the lex game
method, one can efficiently compute Sm (I(F)) for any lex term order. However,
as the number of lex orders is n!, ([l) does not immediately provide an efficient
way to calculate Sh(F). Nevertheless Lemma[[limplies at once a simple algebraic
characterization of S-extremal set systems:

Theorem 18. F is S-extremal if and only if Sm (I(F)) is the same for all lex
term orders.

Theorem [I§ leads to an algebraic characterization of S-extremal set systems,
involving the Grobner bases of I(F).

Theorem 19. F C 2[" s S-extremal if and only if there are polynomials of the
form fs g, which together with {x? —xz; : i € [n]} form a Grébner basis of 1(F)
for all term orders.
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Proof. Suppose first, that F is S-extremal. Consider all minimal sets S C [n]
for which S ¢ Sh(F), with a corresponding polynomial fg y. Here H C S is a
set which is not of the form SN F for any F' € F. Denote the set of these sets .S
by § and fix an arbitrary term order. We prove that these polynomials together
with {22 —z; : i € [n]} form a Grébner basis of I(F). In order to show this, we
have to prove that for all monomials m € Lm(I(F)), there is a monomial in

{zs: SeStui{z?: icn]}

that divides m. If m is not square-free, then this is trivial. Now suppose m is
square-free, say m = xp for a subset F C [n]. F is extremal, thus we have
[Sh(F)| = |F| = |Sm(I(F))| and hence Sm (I(F)) = Sh(F). We have then
F ¢ Sh(F), as m is a leading monomial. Then there is an S € § with S C F.
This proves that our basis is a Grobner basis.

For the opposite direction, suppose that there is a common Grobner basis G
for all term orders of the desired form. G is a Grobner basis of I(F), so

Lm(G) = {zs: ScSyu{a?: ic[n]}

determines Lm(I(F)) and hence Sm (I(F)). This clearly implies that Sm (I(F))
is the same for all term orders, since GG is a common Grobner basis for all term
orders. 0

We remark that in the theorem the phrase all term orders may be replaced by a
term order. To see this, please note that the standard monomials of F are then
precisely the monomials zr where there is no polynomial fs g in the basis with
S C F. This is independent of the term order considered.

In addition to this characterization, Theorem leads also to an efficient
algorithm for testing the S-extremality. The test is based on the theorem below.

Theorem 20. Take n orderings of the variables such that for every index i there
s one in which x; is the greatest element, and take the corresponding lex term
orders. If F is not extremal, then among these we can find two term orders for
which the standard monomials of I(F) differ.

Proof. Let us fix one of the above mentioned lex orders. Suppose that F is not
S-extremal. Then there is a set H € F shattered by F for which xy is not a
standard monomial but a leading one. Sm (I(F)) is a basis of the linear space
F[x]/I(F), and since all functions from Vz to IF are polynomials, every lead-
ing monomial can be written uniquely as an IF-linear combination of standard
monomials, as a function on Vz. This holds for xy as well. As functions on V¢
we have

TH = Zagfrg.

Suppose that for all sets GG in the sum we have G C H. Take a minimal Gy with
a nonzero coefficient. Since H is shattered by F, there is an F' € F such that
Go = FN H. For this zg,(vrp) = 1. From the minimality of Gy we have that
zg(vr) = 0 for every other G’ C H, giving that



Some Combinatorial Applications of Grobner Bases 81

SN acgra(vr) = ag, -

On the other hand zy(vp) = 0, since H N F = Gy, but H # G because xy
is a leading monomial, and z¢ is a standard monomial, giving a contradiction.
Therefore in the above sum there is a set G with nonzero coefficient such that
G\H # 0. Now let us fix an index i € G\H. For the term order where z;
is the greatest variable, xy cannot be the leading monomial of the polynomial
xg— Y agrg. Then the leading monomial is another x ¢/, which, for the original
term order was a standard monomial. So we have found two term orders for which
the standard monomials differ. a

In view of the preceding theorem, it is enough to calculate the standard mono-
mials e.g. for a lexicographic term order and its cyclic permutations, and to
check, whether they differ or not. The standard monomials can be calculated in
time O(n|F|) for one lexicographic term order, see [I7]. We have n term orders,
therefore the total running time of the algorithm is O(n?|F|).

Theorem 21. Given a set family F C 2", |F| = m by a list of characteristic
vectors, we can decide in O(n?m) time whether F is extremal or not.

This improves the algorithm given in [24] by Greco, where the time bound is
O(nm?). But it is still open whether it is possible to test S-extremality in linear
time (i.e. in time O(nm)).

We note that the results discussed here can be generalized to a multivalued
setting, see [37]. The starting point is Theorem [[8 We define a set V' C IF" to
be S-extremal, if Sm (I(V)) is independent of the term order, i.e. it stays the
same for all term orders.

References

1. Abbott, J., Bigatti, A., Kreuzer, M., Robbiano, L.: Computing Ideals of Points. J.
Symbolic Comput. 30, 341-356 (2000)

2. Adams, W.W., Loustaunau, P.: An Introduction to Grobner bases. Graduate Stud-
ies in Mathematics, vol. 3. American Mathematical Society, Providence (1994)

3. Aharoni, R., Holzman, R.: Personal communication, cited in [24]

4. Alon, N.: Combinatorial Nullstellensatz. Combinatorics, Probability and Comput-
ing 8, 7-29 (1999)

5. Alon, N., Tarsi, M.: Colorings and Orientation of Graphs. Combinatorica 12, 125—
134 (1992)

6. Anstee, R.P., Rényai, L., Sali, A.: Shattering News. Graphs and Combinatorics 18,
59-73 (2002)

7. Babai, L., Frankl, P.: Linear Algebra Methods in Combinatorics. Prel. vers (1992)

8. Bayer, D.: The Division Algorithm and the Hilbert Scheme. PhD. Thesis. Harvard
University (1982)

9. Bernasconi, A., Egidi, L.: Hilbert Function and Complexity Lower Bounds for
Symmetric Boolean Functions. Information and Computation 153, 1-25 (1999)
10. Bollobas, B., Radcliffe, A.J.: Defect Sauer Results. Journal of Combinatorial The-

ory, Series A 72, 189-208 (1995)



82

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

L. Rényai and T. Mészéros

Buchberger, B.: Ein Algorithmus zum Auffinden der Basiselemente des Restk-
lassenringes nach einem nulldimensionalen Polynomideal. Doctoral thesis, Univer-
sity of Innsbruck (1965), English Translation: An Algorithm for Finding the Basis
Elements in the Residue Class Ring Modulo a Zero Dimensional Polynomial Ideal.
Journal of Symbolic Computation, Special Issue on Logic, Mathematics, and Com-
puter Science: Interactions 41, 475-511 (2006)

Buchberger, B.: Ein algorithmisches Kriterium fur die Losbarkeit eines algebrais-
chen Gleichungssystems. Aequationes Mathematicae 4, 374-383 (1970); English
translation: An Algorithmic Criterion for the Solvability of Algebraic Systems of
Equations. In: Buchberger, B., Winkler, F. (eds.) Grobner Bases and Applications.
London Mathematical Society Lecture Note Series, vol. 251, pp. 535-545. Cam-
bridge University Press, Cambridge (1998)

Buchberger, B.: Grobner-Bases: An Algorithmic Method in Polynomial Ideal The-
ory. In: Bose, N.K. (ed.) Multidimensional Systems Theory - Progress, Directions
and Open Problems in Multidimensional Systems Theory, pp. 184-232. Reidel
Publishing Company, Dordrecht (1985)

Cox, D., Little, J., O’Shea, D.: Ideals, Varieties, and Algorithms. Springer, Heidel-
berg (1992)

Farr, J.B., Gao, S.: Computing Grébner Bases for Vanishing Ideals of Finite Sets
of Points. In: Fossorier, P.C.M., Imai, H., Lin, S., Poli, A. (eds.) AAECC 2006.
LNCS, vol. 3857, pp. 118-127. Springer, Heidelberg (2006)

Felszeghy, B., Hegediis, G., Rényai, L.: Algebraic Properties of Modulo ¢ complete
¢-wide Families. Combinatorics, Probability and Computing 18, 309-333 (2009)
Felszeghy, B., Rath, B., Rényai, L.: The lex game and some applications. J. Sym-
bolic Computation 41, 663-681 (2006)

Felszeghy, B., Rényai, L.: On the lexicographic standard monomials of zero dimen-
sional ideals. In: Proc. 10th Rhine Workshop on Computer Algebra (RWCA), pp.
95-105 (2006)

Frankl, P.: Intersection Theorems and mod p Rank of Inclusion Matrices. Journal
of Combinatorial Theory, Series A 54, 85-94 (1990)

Frankl, P.: Extremal set systems. In: Graham, R.L., Grotschel, M., Lovész, L. (eds.)
Handbook of Combinatorics, vol. 2, pp. 1293-1329. MIT Press, Cambridge (1996)
Friedl, K., Hegedis, G., Rényai, L.: Grobner Bases for Complete ¢-wide Families.
Publ. Math. Debrecen. 70, 271-290 (2007)

Friedl, K., Rényai, L.: Order Shattering and Wilson’s Theorem. Discrete Mathe-
matics 270, 127-136 (2003)

Garsia, A.M., Procesi, C.: On Certain Graded S,-modules and the g-Kostka Poly-
nomials. Advances in Mathematics 94, 82-138 (1992)

Greco, G.: Embeddings and Trace of Finite Sets. Information Processing Letters 67,
199-203 (1998)

Hegedts, G., Nagy, A., Ronyai, L.: Grébner Bases for Permutations and Oriented
Trees. Annales Univ. Sci. Budapest, Sectio Computatorica 23, 137-148 (2004)
Hegedis, G., Rényai, L.: Grobner Bases for Complete Uniform Families. Journal
of Algebraic Combinatorics 17, 171-180 (2003)

Hegedts, G., Rényai, L.: Standard Monomials for g-uniform Families and a Con-
jecture of Babai and Frankl. Central European Journal of Mathematics 1, 198-207
(2003)

Hegediis, G., Rényai, L.: Standard Monomials for Partitions. Acta Mathematica
Hungarica 111, 193-212 (2006)



29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Some Combinatorial Applications of Grobner Bases 83

Hegedis, G., Rényai, L.: Multivalued Generalizations of the Frankl-Pach Theorem.
To appear, Journal of Algebra and its Applications,
http://arxiv.org/pdf/1008.4660

Herzog, J., Hibi, T.: Monomial Ideals. GTM, vol. 260. Springer, Heidelberg (2010)
Hillar, C.J., Windfeldt, T.: Algebraic Characterization of Uniquely Vertex Col-
orable Graphs. Journal of Combinatorial Theory, Series B 98, 400-414 (2007)
Kés, G., Rényai, L.: Alon’s Nullstellensatz for multisets,
http://arxiv.org/pdf/1008.2901

Kés, G., Mészaros, T., Rényai, L.: Some Extensions of Alon’s Nullstellensatz,
http://arxiv.org/abs/1103.4768

de Loera, J.A.: Grobner Bases and Graph Colorings. Beitrdge zur Algebra und
Geometrie 36, 89-96 (1995)

Lovész, L.: Stable sets and Polynomials. Discrete Mathematics 124, 137-153 (1994)
Marinari, M.G., Moller, H.M., Mora, T.: Grobner Bases of Ideals Defined by Func-
tionals with an Application to Ideals of Projective Points. Appl. Algebra Engrg.
Comm. Comput. 4, 103-145 (1993)

Mészéaros, T.: S-extremal Set Systems and Grobner Bases. MSc Thesis, BME,
Budapest (2010), http://www.math.bme.hu/~slovi/thesiswork.pdf

Michatek, M.: A Short Proof of Combinatorial Nullstellensatz. American Mathe-
matical Monthly 117, 821-823 (2010)

Mnuk, M.: On an Algebraic Description of Colorability of Planar Graphs. In: Nak-
agawa, K. (ed.) Logic, Mathematics and Computer Science: Interactions. Proc. of
the Symposium in Honor of Bruno Buchberger’s 60th Birthday, pp. 177-186 (2002)
Moller, H.M., Buchberger, B.: The Construction of Multivariate Polynomials with
Preassigned Zeros. In: Calmet, J. (ed.) ISSAC 1982 and EUROCAM 1982. LNCS,
vol. 144, pp. 24-31. Springer, Heidelberg (1982)

Pajor, A.: Sous-espaces [T des espaces de Banach, Travaux en Cours. Hermann,
Paris (1985)

Pintér, D., Rényai, L.: Standard Monomials of some Symmetric Sets. Acta Uni-
versitatis Apulensis. Math. Inform. (10), 331-344 (2005)

Sauer, N.: On the Density of Families of Sets. Journal of Combinatorial Theory,
Series A 13, 145-147 (1972)

Shelah, S.: A Combinatorial Problem: Stability and Order for Models and Theories
in Infinitary Language. Pacific Journal of Mathematics 41, 247-261 (1972)
Vapnik, V.N., Chervonenkis, A.Y.: On the Uniform Convergence of Relative Fre-
quencies of Events to their Probabilities. Theory of Probability and its Applica-
tions 16, 264-280 (1971)

Wilson, R.M.: A Diagonal Form for the Incidence Matrices of t-subsets vs. k-
subsets. European Journal of Combinatorics 11, 609-615 (1990)


http://arxiv.org/pdf/1008.4660
http://arxiv.org/pdf/1008.2901
http://arxiv.org/abs/1103.4768
http://www.math.bme.hu/~slovi/thesiswork.pdf

	Some Combinatorial Applications of Gr\"{o}bner Bases
	Introduction
	Gröbner Bases, Standard Monomials and Hilbert Functions
	Complete Uniform Families, Applications and Extensions
	Gröbner Bases and Standard Monomials for Complete Uniform Families
	Some Combinatorial Applications to q-Uniform Families
	Wilson's Rank Formula
	Generalizations of Uniform Families

	The Lex Game and Applications 
	Partitions and Colorings
	Permutations, Trees and Partitions
	Graph Colorings

	Alon's Combinatorial Nullstellensatz
	Gröbner Bases and S-Extremal Set Systems
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




