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Abstract. We construct a universal reversible Turing machine (URTM)
from first principles. We take a strict approach to the semantics of re-
versible Turing machines (RTMs), under which they can compute exactly
all injective, computable functions, but not non-injective ones. The natu-
ral notion of universality for RTMs is RTM-universality, where programs
are considered part of both input and output of a URTM.

The machine described here is the first URTM which does not de-
pend on reversibilizing any existing universal machine. The interpretive
overhead of the URTM is limited to a (program dependent) constant
factor slowdown, with no other complexity-wise cost wrt time and space.
The URTM is also able to function as an inverse interpreter for RTMs
at no asymptotic cost, simply by reversing the string representing the
interpreted machine.

1 Introduction

Reversible computation models are time-invertible, forward and backward de-
terministic. For stateful computation models this means that not only the next,
but also the previous state is uniquely defined at all times. There is a wide range
of reversible computation models, from cellular automata [9] and pushdown au-
tomata [7], over logic circuits [16,13] to quantum computing [5,14]. Reversible
computing principles also finds use in program transformations such as inver-
sion [15], reversible programming [3,17] and translation [1], and bidirectional
model transformation [12,6].

Here, we are concerned with the foundational question of universality for
reversible Turing machines (RTMs.) Universality is the (semantic) notion of
a specific machine being able to perform any computation possible within a
computation model. In programming languages, the equivalent notion is that of
a self-interpreter.

Previous work by Morita et al. exists asserting the universality (in the sense of
full Turing completeness) of an RTM [11]. On close examination, their construc-
tion implicitly allows for a semantical relaxation with respect to what function is
being computed. Specifically, one is allowed to extract part of the tape and con-
sider it the output of the computation, whereby information is irreversibly lost.

In recent work [2] we studied the RTMs under the stricter viewpoint that
the entire configuration must be considered for the output. This decouples the
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semantic functionality of RTMs from any particular transformation, such as
Bennett’s method [4]. However, under this interpretation reversibility of a ma-
chine implies injectivity of the computed function. The RTMs are then not fully
Turing complete: They cannot simulate irreversible Turing machines without
changing their functional behavior, and in fact cannot even faithfully simulate
all reversible Turing machines. To amend this, we introduced a more natural no-
tion of universality for reversible Turing machines, RTM-universality: An RTM is
RTM-universal (is a URTM) if it can simulate any RTM while also remembering
the simulated machine’s program text.

Here, for the first time, we show how to construct a 3-tape URTM from first
principles. The URTM is efficient in the sense that the asymptotic complexity
of the interpreted RTM is preserved. The interpretive overhead is limited to a
program dependent constant time factor, and there is no change in the space
behavior except for adding a short string encoding the simulated internal state.
Furthermore, the URTM can function as an inverse interpreter at no asymptotic
cost. This is the first demonstration of a URTM with such properties.

2 Reversible Turing Machines

We here define the reversible Turing machines (RTMs). We state only results
and properties relevant here. For a more complete exposition, see [2,4].

Definition 1 (Turing machine). A TM T is a tuple (Q, Σ, δ, b, qs, qf ) where
Q is a finite set of states, Σ is a finite set of tape symbols, b ∈ Σ is the blank
symbol,

δ ⊆ Δ = (Q× [(Σ ×Σ) ∪ {←, ↓,→}]×Q)

is a partial relation defining the transition relation, qs ∈ Q is the starting state,
and qf ∈ Q is the final state. There must be no transitions leading out of qf nor
into qs. Symbols ←, ↓, → represent the three shift directions (left, stay, right).

Note that we use a triple format for the transition relation, with two kinds of
rule. A symbol rule (q, (s, s′), q′) ∈ δ says that in state q, if the tape head is
reading symbol s, write s′ and change into state q′. A move rule (q, d, q′) ∈ δ
says that in state q, move the tape head in direction d and change into state q′.
This is easily extended to k-tape machines, where we have

Δ = (Q× [(Σ ×Σ)k ∪ {←, ↓,→}k]×Q) .

The configuration of a TM is a tuple (q, (l, s, r)) ∈ Q×(Σ∗×Σ×Σ∗), where q is
the internal state, l, r ∈ Σ∗ are the left and right parts of the tape (as strings),
and s ∈ Σ is the current symbol being scanned. A TM T in configuration C
leads to configuration C′, written as T � C � C′, in a single computation step
in the obvious manner defined by the transition relation.

Definition 2 (Local fwd/bwd determinism). A TM T = (Q, Σ, δ, b, qs, qf )
is local forward deterministic iff for any distinct pair of triples (q1, a1, q

′
1) ∈ δ and
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(q2, a2, q
′
2) ∈ δ, if q1 = q2 then a1 = (s1, s

′
1) and a2 = (s2, s

′
2), and s1 	= s2. A TM

T is local backward deterministic iff for any distinct pair of triples (q1, a1, q
′
1) ∈ δ

and (q2, a2, q
′
2) ∈ δ, if q′1 = q′2 then a1 = (s1, s

′
1) and a2 = (s2, s

′
2), and s′1 	= s′2.

We say a TM is reversible iff it is locally forward and backward deterministic.
As examples, the rules (q, (a, b), p) and (q, (a, c), p) respect backward deter-

minism (but not forward determinism); rules (q, (a, b), p) and (r, (c, b), p) are
not backward deterministic; and neither are (q, (a, b), p) and (r,→, p).

The semantic function of a TM is defined by its input/output behavior on
standard configurations. A TM is in standard configuration iff the tape head is
to the immediate left of a finite, blank-free string s ∈ (Σ\{b})∗, and the rest of
the tape is blank, i.e., it is in configuration (q, (ε, b, s)) for some state q.1

Definition 3 (String transformation semantics). The semantics [[T ]] of a
TM T = (Q, Σ, δ, b, qs, qf ) is given by the relation

[[T ]] = {(s, s′) ∈ ((Σ\{b})∗ × (Σ\{b})∗) | T � (qs , (ε, b, s)) �∗ (qf , (ε, b, s′))} .

A computation with a TM is as follows: From starting state qs with input s in
standard configuration (qs , (ε, b, s)), run the machine until it halts in standard
configuration (qf , (ε, b, s′)) with output s′, or diverges. We say T computes func-
tion f iff [[T ]] = f . Under this semantics, the reversibility of individual steps
leads directly to injectivity in terms of functional behavior.

Theorem 1 (RTMs are injective [2]). If T is an RTM, then [[T ]] is an in-
jective function.

Lemma 1 (RTM inversion, Bennett [4]). Given an RTM T = (Q, Σ, δ, b,

qs, qf ), the RTM T−1 def= (Q, Σ, inv(δ), b, qf , qs) computes the inverse function
of [[T ]], i.e. [[T−1]] = [[T ]]−1, where inv : Δ→ Δ is defined as

inv (q, (s, s′), q′) = (q′, (s′, s), q) inv(q,←, q′) = (q′,→, q)
inv (q, ↓, q′) = (q′, ↓, q) inv(q,→, q′) = (q′,←, q) .

This means that an RTM can be inverted into another RTM very easily.

Theorem 2 (Bennett’s method [4]). Given a 1-tape TM T , there exists a
3-tape RTM B(T ), s.t. [[B(T )]](x) = (x, [[T ]](x)).

This seminal result states that any TM can be reversibilized, i.e. turned into
an RTM. It is important to note that Bennett’s method does not not preserve
semantics, [[T ]] 	= [[B(T )]], as the output of B(T ) includes the input x to T .2

Theorem 3 (Expressiveness [4,2]). The RTMs can compute exactly all in-
jective computable functions. That is, for every 1-tape TM T such that [[T ]] is an
injective function, there is a 3-tape RTM T ′ such that [[T ]] = [[T ′]].
1 The empty string ε denotes the infinite string of blanks bω, and is usually omitted.
2 Output values that are added to ensure reversibility are known as garbage in

reversible computing.
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Thus, even though Theorem 1 restricts RTMs to injective (computable) func-
tions, all of these are nevertheless in scope. Finally, we only need 1 tape and 3
symbols for any RTM computation.

Theorem 4 (Robustness [2]). Let T be a k-tape, m-symbol RTM. Then there
exists a 1-tape, 3-symbol RTM T ′ s.t.

[[T ]](x1, . . . , xk) = (y1, . . . , yk) iff [[T ′]](e(〈x1, . . . , xk〉)) = e(〈y1, . . . yk〉) ,

where 〈·〉 is the convolution of tape contents, and e(·) is a binary encoding.

This is used to simplify our construction of a universal RTM, below.

2.1 Universality for RTMs

A universal machine is a machine that can simulate the (functional) behavior of
any other machine. Usually, a universal TM U is defined as a self-interpreter for
Turing machines:

[[U ]](�T �, x) = [[T ]](x) .

Here, �T � ∈ Σ∗ is a Gödel number (or program text) representing some TM
T . However, [[U ]] is a non-injective function (even if T has to be an RTM), so
the RTMs are not universal in the classical sense. In [2], the authors therefore
argued to define universality for the RTMs as follows.

Definition 4 (RTM-universality [2]). An RTM UR is RTM-universal (or, a
URTM) iff for all RTMs T and all (blank-free) inputs x ∈ Σ∗,

[[UR]](�T �, x) = (�T �, [[T ]](x)) .

Theorem 5 (URTM existence [2]). There exists an RTM UR, such that UR

is RTM-universal.

This follows directly from the expressiveness of the RTMs, Theorem 3.

3 A First-Principles URTM

We shall now describe the design and inner workings of a URTM constructed
from first principles.

Besides novelty, our main motivation for constructing such a machine is to
avoid any use of reversibilization and to limit the interpretive overhead to a
constant factor. Nothing forces us to mechanically reversibilize an irreversible
(classically universal or RTM-universal) machine when constructing a URTM,
and reversibilizations come with considerable drawbacks. Most importantly, they
change the asymptotic complexities of the programs. For instance, the URTM of
Theorem 5 [2] relies on Bennett’s trick [4], which means that the URTM uses as
much (temporary) space as time, regardless of the space usage of the interpreted
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program. This change in complexity is a highly undesirable side effect of using
reversibilization.3

Such asymptotic inefficiency is not necessary: A URTM can (and should)
conserve the asymptotic complexities of the interpreted machines (up to a pro-
gram dependent constant.) However, no URTM with such properties has been
exhibited until now.

Structure and Scope. We know that the 1-tape, 3-symbol RTMs are sufficient
to express every injective computable function. We can therefore restrict our
URTM to interpret exactly these machines. (We shall refer to the interpreted
machine as T .)

We aim for a “textbook” structure for our URTM, with three tapes:

1. The first work tape will directly correspond to T ’s single tape.
2. The second program tape will hold the program text �T � (described below.)
3. The third state tape (blank at start and halt) will hold the encoding of the

internal state of the interpreted machine T during the simulation (using the
same encoding used for states in �T �.)

Our focus here is on simplicity and efficiency, rather than minimization, so it
shall not concern us that the URTM has a large number of states and symbols.
However, for the same reason we shall not show the complete rule table here.

Program Encoding. We encode the interpreted 1-tape, 3-symbol machine
T = (Q, {b, 0, 1}, δ, b, qs, qf ) by a program text �T � as follows: The program is
a string listing the rules in δ. The first rule in this program text must be the
single rule that leaves the starting state qs, and the final rule must be the single
rule that enters the halting state qf . With rules individually translated as below,
such a string is sufficient to uniquely specify T .4

For the actual string �T � we use the alphabet Σ = {b, 0, 1, B, S, M, #}. The two
rule types (symbol and move) are translated by

trans(q, (s, s′), q′) = S#encQ(q)#encΣ(s)encΣ(s′)#rev(encQ(q′))#S
trans(q, d, q′) = M#encQ(q)#encD(d)#rev(encQ(q′))#M ,

where encQ : Q → {0,1}�log |Q|� is some injective binary encoding of the states
in Q, and where

encΣ(s) =

{
B if s = b

s otherwise ,
encD(d) =

⎧⎪⎨
⎪⎩
10 if d =←
BB if d = ↓
01 if d =→ ,

encode the 3 symbols of T and the possible directions. Finally, rev(·) simply
reverses a string. The use of the special symbol B rather than the actual blank
3 In addition to the functional redundancy of conserving the inputs, this complexity-

wise inefficiency is a reason for discarding Bennett’s suggestion of B(U) as a universal
machine.

4 Note that a specific T may have more than one representation, as δ is unordered.



122 H.B. Axelsen and R. Glück

symbol b ensures that the encoding of a given machine will be a blank-free
string that can be given in standard configuration form. As an example, the
simple RTM T = ({q0, q1, q2, q3}, {b, 0, 1}, δ, b, q0, q3), with transition relation

δ = {(q0,→, q1), (q1, (0, 1), q2), (q1, (1, 0), q2), (q2,←, q3)} ,

can be represented by program text

�T � = M#00#01#10#MS#01#01#01#SS#01#10#01#SM#10#10#11#M ,

where encQ is given by q0 �→ 00, q1 �→ 01, q2 �→ 10 and q3 �→ 11.
This encoding has the great advantage that we can perform program inver-

sion by simply reversing the string, rev(�T �) = �T−1�. (String reversal can be
performed in linear time by a simple 2-tape RTM.)

URTM Program. The URTM program has the following overall structure.

1. Copy the starting state qs (first state of first rule) onto the state tape.
2. Sequentially try to apply each rule on the program tape, from left to right.
3. When all rules have been tried, compare the halting state qf (last state of

last rule) with the encoding of the current state qc (on the state tape). If
identical, clear qc reversibly, rewind the program tape, and halt.

4. If qc and qf are not identical, rewind the program tape head and go to 2.

Thus, the URTM program consists of two nested loops: an inner loop where we
try to apply each of the rules in the interpreted program to the current simulated
configuration, and an outer loop where we test for the halting condition.

This is a straightforward and well-known design for a universal machine. The
difficulty lies in that it now has to be done completely reversibly, which poses
considerable challenges. For instance, there is control flow confluence at step 2,
which is a source of backward non-determinism. In this case the situation is
resolved by testing the equality of the simulated state with the starting state:
They are only equal at the start of the simulation (i.e., if we came from step
1), and (by definition) must be different thereafter (i.e., if we came from step
4). This is closely related to the use of entry assertions in loops in reversible
programming [17].

Fig. 1 shows a state diagram of the program: nodes are states, and edges
are the actions of the associated rules. We have used a notation mixing or-
dinary state diagrams with reversible flowcharts [18]. The diamond (test) and
circle (assertion) with inscribed expressions are reversible control flow operators
(CFOs.) The expression of the assertion must be true when entering from the
branch marked “true”, and false if entering from the branch marked “false”. The
CFOs are here used as shorthand for RTM programs for comparing strings, as
described below.

String Comparison. A central functionality that we rely on throughout the
machine is string comparison. We must continuously compare the encoding of
the current state (on the state tape) with the encodings of states in the rules
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Fig. 1. Overall URTM program structure. The inner loop (topmost, written in ordinary
state diagram form) sequentially tries to apply each rule on the program tape, and the
outer loop (bottommost, written with shorthand reversible flowchart notation) tests
for the halting (and starting) conditions. The symbol rule and move rule phases test for
and apply the current rule on the program tape, passing over it in process. The write
and clear phases initialize and clear the state tape. Edges with the symbolic variable α
encode for three different transitions, with α ∈ {b, 0, 1}.

of the interpreted machine (on the program tape). How does this work in the
reversible setting?

Assume that we want to check strings #s1 . . . sn# and #t1 . . . tn# (each on a
separate tape) for equality, moving the tape heads from the starting # to the
terminating # in the process. As usual, we can scan the cells from left to right
until either the termination symbol # is reached, or a mismatch is found. If the
rightmost # symbol is reached without a mismatch, then the strings are equal
(and this information is stored in the internal state). If there is a mismatch,
however, then we cannot simply pass directly over the rest of the string, like
one would do in the irreversible case.5 Instead, we rewind until the starting #
and then pass obliviously over both strings until the string terminator is found.
Fig. 2 shows a transition diagram for this functionality. Note that this is done
without writing anything to any of the tapes. Also note that the comparison still
takes only linear time, the same as the irreversible case.

A central insight from reversible flowcharts tells us that the inverse of a test
(a conditional split in control flow) is an assertion (a conditional join of control
flow) [18]. Thus, if we invert the transition diagram in Fig. 2 as specified in
Lemma 1, we get an RTM program that can merge two control branches if we
know two strings are equal in one branch, and different in the other. We did this
in the overall URTM program in Fig. 1.

5 The first mismatch is special, in that the prefixes preceding it are equal. If we only
do a single pass of the strings, then the resulting machine cannot be reversible: In
reverse mode, it would have to predict exactly when the prefixes are equal without
having visited them which is clearly impossible.



124 H.B. Axelsen and R. Glück

����� =

�=

[
�, �
�, �

] [→
→

]

[
α, α
α, α

]
, α �= �

[
�, �
�, �

]

[
α, α
β, β

]
, α �= β[←

←
]

[
α, α
α, α

]
, α �= �

[
�, �
�, �

][→
→

]

[
α, α
β, β

]
, α, β �= �

[
�, �
�, �

]

Fig. 2. 2-tape RTM state transition diagram for comparing strings #s1s2 . . . sn# and
#t1t2 . . . tn# reversibly. (The reader is encouraged to verify the reversibility of the tran-
sitions.) The tape heads start at the left # and end at the right #. Edges with symbolic
variables α and β encode multiple rules, subject to side conditions (e.g., that α �= #).

Testing and Applying a Rule. We can distinguish symbol and move rules
by their two encompassing S or M symbols, so we have separate subroutines for
each case. We shall here only show the more involved symbol rule.

Application of a given transition rule (q, (s, s′), q′) given current state qc and
current symbol sc is done as follows: We first compare states q and qc. If they
match, we compare symbols s and sc. If these also match, we apply rule, i.e., per-
form the substitution specified by the rule, changing the current state to q′ and
the current symbol to s′. (Appendix A shows the straight-line state transition
diagram for this.)

This means that there are three distinct branches for the control flow. An
irreversible machine would be able to simply merge these directly at the exit.
This is not an option in the reversible setting, as it breaks backward determinism.
We solve this problem as follows.

We have two disjoint branches where the rule was not applicable: One with a
state mismatch q 	= qc, and one where the states matched q = qc but the tape
symbols were different s 	= sc. Thus, we can reversibly merge the control flow of
the two possible failures by comparing the current state to the source state of
the symbol rule, using the inverted string comparator above.

The key problem is to merge the branch where the rule was applied to the
one where it was not. For this we exploit the reversibility of the interpreted ma-
chine. Specifically, only if rule (q, (s, s′), q′) was just applied to cause the step
T � (q, (l, s, r)) � (q′, (l, s′, r)) can the current state and symbol be q′ and s′

simultaneously: reversibility guarantees it. With this insight, we can perform es-
sentially the inverse of the testing we did for applicability to merge the branches.

A reversible flowchart for testing and application of a symbol rule is shown in
Fig. 3. We have left out a few unimportant details (such as moving the program
tape head across string terminators, etc.) Note the use of (reversible) string
comparison for both splits and joins in control flow.

Since there is a fixed number of string comparisons, the symbol rule subroutine
only takes time linear in the size of the rule, and importantly does not need to
inspect any of the other rules in the program. So, even though reversibility is
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qc = q

sc = s

qc = q

apply rule sc = s′

qc = q′

qc = q′

t

f

f

f

t

t t

t

f
t

f

f

Fig. 3. Reversible flowchart for application of a symbol rule (q, (s, s′), q′), given current
state qc and current symbol sc. The string comparisons are (implicitly) organized such
that the program tape head moves from the left S in the encoding of the rule to the
right S.

a global property of a program, we can still rely on it for the application of
individual rule as a peephole property.6 Note also that the sole change to the
tape contents is the substitution of symbols on the work tape, and possibly an
update of the state tape.

The case of the move rule is similar.

Asymptotic Complexity. In each pass over the program text at least one
rule is applied and the work and state tapes are updated. This means that the
interpretation cost in terms of time behavior is a slowdown proportional to the
size of the program. A similar program dependent slowdown is also seen for
irreversible UTMs. With respect to space, the URTM completely follows the
interpreted machine, with only the addition of the string encoding the current
simulated state (dominated by the size of the program).

Given a specific program �T �, the URTM thus conserves the asymptotic com-
plexities of the machine T .

Inverse Interpretation. As mentioned, our chosen encoding allows for ex-
tremely simple program inversion, rev(�T �) = �T−1�. This means that we can
use the URTM for reversible inverse interpretation: Simply apply string reversal
to the program before and after running the URTM. Let R1 be an RTM that
reverses its first argument, R1(x, y) = (rev(x), y). We have that

[[R1 ◦ U ◦R1]] (�T �, y) = (�T �, [[T−1]](y)) .

This completes our presentation of the URTM.

4 Related Work

In the recent work [2] the authors studied reversible Turing machines from a
programming language viewpoint, defined RTM-universality, and showed the
results summarized in Sect. 2 about the expressiveness and robustness of the
6 The reliance on the reversibility of the interpreted machine explains why our URTM

is not a general UTM: It will get stuck if the interpreted program is not reversible.
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1-tape 3-symbol RTMs. These results form the theoretical basis for the URTM
developed in this paper.

Morita et al. have also studied RTMs [11,10] and other powerful reversible
computation models, including cellular automata [9]. In [11] a small universal
RTM was proposed, which implements an interpreter for a cyclic tag system (a
Turing complete formalism.) However, under our strict semantics approach, the
proposed machine does not demonstrate universality (or RTM-universality), as
the halting configuration encompasses not just the program and output, but
also the entire string produced by the tag system along the way, analogous to a
Landauer embedding [8]. Of course, the intent with their machine also appears
to be rather different from ours. We did not aim for a minimal machine in terms
of states and symbols, and allowed ourselves 3 tapes compared to only 1 in [11].

5 Conclusion

The study of reversible computation models complements that of deterministic
and non-deterministic models. Despite a long history, the fundamental properties
of reversible computation models are still not well-understood. In our approach,
where reversibility of a Turing machine implies injectivity of its semantical func-
tion, we have that reversible Turing machines (RTMs) are not quite Turing
complete, but still expressive enough to be universal for their own class with
the natural concept of RTM-universality (which allows a universal machine to
remember the interpreted program text).

We here showed the first RTM-universal reversible Turing machine (URTM)
constructed from first principles. The resulting machine is a very clean and simple
design. We did not have to rely on reversibilization techniques, and the URTM
never writes any temporary values to tape, except for the constant-sized string
encoding the current simulated state. The URTM interprets 1-tape 3-symbol
RTMs with a program dependent constant factor slowdown (bounded by the
size of the interpreted program). Importantly, there are no other change in the
time and space behavior as compared to the interpreted machine. Thus, for in-
dividual machines the URTM is effectively complexity preserving, which has not
been seen before with reversible Turing machines. In addition, the URTM is also
able to function as an inverse interpreter for running RTM programs backwards
by simply reversing the program text, again with no impact on asymptotic com-
plexity. These positive qualities were made possible by explicitly exploiting the
promise of reversibility of the interpreted machine in the URTM design.

We conclude that the RTMs can simulate themselves efficiently.
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Appendix A

Rule Application

q0����� q1 q2 q3

q7 q6 q5 q4

q8 q9 q10 q11

⎡
⎣α, α
�, �
�, �

⎤
⎦

⎡
⎣ ↓
→
→

⎤
⎦

⎡
⎣α, α
β, β
β, b

⎤
⎦ , β �= �

⎡
⎣α, α
�, �
�, �

⎤
⎦

⎡
⎣ ↓
→
↓

⎤
⎦⎡

⎣α†, b
α, α
�, �

⎤
⎦

⎡
⎣ ↓
→
↓

⎤
⎦

⎡
⎣b, α†

α, α
�, �

⎤
⎦

⎡
⎣ ↓
→
↓

⎤
⎦ ⎡

⎣α, α
�, �
�, �

⎤
⎦

⎡
⎣ ↓
→
←

⎤
⎦

⎡
⎣α, α
β, β
b, β

⎤
⎦ , β �= �

⎡
⎣α, α
�, �
�, �

⎤
⎦

Above is given an RTM state transition diagram for applying rule
(
q, (s, s′), q′

)
(represented on the program tape) given that the current interpreted state qc

(on the state tape) is q, and the current interpreted symbol (on the work tape)
is s. States q0 through q3 (corresponding to clear qc = q) deletes the current
interpreted state q from the state tape; states q4 through q7 (corresponding to
write qc = q′) substitutes the current interpreted symbol s on the first tape with
s′; states q8 though q11 writes the new interpreted state q′ on the state tape. α†

in the q4 to q5 and q6 to q7 transitions is b if α = B and α otherwise.
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