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Abstract. In the paper measures of classifier competence and diversity
using a probabilistic model are proposed. The multiple classifier system
(MCS) based on dynamic ensemble selection scheme was constructed us-
ing both measures developed. The performance of proposed MCS was
compared against three multiple classifier systems using six databases
taken from the UCI Machine Learning Repository and the StatLib sta-
tistical dataset. The experimental results clearly show the effectiveness
of the proposed dynamic selection methods regardless of the ensemble
type used (homogeneous or heterogeneous).

Keywords: Dynamic ensemble selection, Classifier competence, Diver-
sity measure.

1 Introduction

Dynamic ensemble selection (DES) methods are recently intensively developed
as an effective approach to the construction of multiple classifier systems ([10],
[14], [17]). In these methods, first an ensemble of base classifiers is dynamically
selected and then the selected classifiers are combined by majority voting. The
most DES schemes use the concept of classifier competence on a defined neigh-
bourhood or region [15], such as the local accuracy estimation [19], [6], [16],
Bayes confidence measure [12], multiple classifier behaviour [11] or probabilistic
model [17], among others.

The performance of multiclassifier system based on DES approach can be
significantly improved through the use of diverse ensemble of classifiers ([2], [4],
[5]). Then, it is intuitively clear that classifiers to be selected should be competent
(accurate) as well as diverse (different from one another).

In this paper a novel procedure for ensemble selection is developed, in which
both a competence and a diversity of member classifiers are simultaneously taken
into consideration in the dynamic fashion. Methods for calculating classifier com-
petence and diversity using a probabilistic model are based on the original con-
cept of a randomized reference classifier (RRC) [17], which – on average – acts
like classifier evaluated. The competence of a classifier is calculated as the prob-
ability of correct classification of the respective RRC and the class-dependent
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error probabilities of RRC are used for determining the diversity measure, which
evaluates the difference of incorrect outputs of classifiers [1]. Next, the proce-
dure for dynamic ensemble selection using both measures is proposed, in which
incompetent classifiers are eliminated and the ensemble is kept maximally di-
verse. The subset of classifiers selected in the DES procedure is combined using
continuous-valued outputs and weighted majority voting where the weights are
equal to the competence values.

The paper is organized as follows. In section 2 the randomized reference classi-
fier (RRC) is presented and measures of base classifier competence and ensemble
diversity are developed. Section 3 describes the multiple classifier system that
was constructed using both measures. The experiments conducted and results
with discussion are presented in section 4. Section 5 concludes the paper.

2 Theoretical Framework

2.1 Preliminaries

Consider a classification problem with a set M = {1, 2, . . . ,M} of class labels
and a feature space X ⊆ Rn. Let a pool of classifiers, i.e. a set of trained
classifiers Ψ = {ψ1, ψ2, . . . , ψL} be given. Let

ψl : X → M (1)

be a classifier, that produces a vector of discriminant functions [dl1(x), dl2(x), . . . ,
dlM (x)] for an object described by a feature vector x ∈ X . The value of dlj(x),
j ∈ M represents a support given by the classifier ψl for the fact that the object
x belongs to the j-th class. Assume without loss of generality that dlj(x) ≥ 0
and

∑
j dlj(x) = 1. Classification is made according to the maximum rule

ψl(x) = i⇔ dli(x) = max
j∈M

dlj(x). (2)

Now, our purpose is to determine the following characteristics, which will be the
basis for dynamic selection of classifiers from the pool:

1. a competence measure C(ψl|x) of each base classifier (l = 1, 2, . . . , L), which
evaluates the competence of classifier ψl i.e. its capability to correct activity
(correct classification) at a point x ∈ X .

2. a diversity measure D(ΨE |x) of any ensemble of base classifiers ΨE , consid-
ered as the independency of the errors made by the member classifiers at a
point x ∈ X .

In this paper trainable competence and diversity functions are proposed using a
probabilistic model. It is assumed that a learning set

S = {(x1, j1), (x2, j2), . . . , (xN , jN )}; xk ∈ X , jk ∈ M (3)

is available for the training of competence and diversity measures.
In the next section the original concept of a reference classifier will be pre-

sented, which – using probabilistic model – will state the convenient and effective
tool for determining both competence and diversity measures.



Probabilistic Approach to the Dynamic Ensemble Selection 231

2.2 Randomized Reference Classifier - RRC

A classifier1 ψ from the pool Ψ is modeled by a randomized reference classifier
(RRC) [17] which takes decisions in a random manner. A randomized decision
rule (classifier) is, for each x ∈ X , a probability distribution on a decision space
[3] or – for the classification problem (2) – on the product [0, 1]M , i.e. the space
of vectors of discriminant functions (supports).

The RRC classifies object x ∈ X according to the maximum rule (2) and it is
constructed using a vector of class supports [δ1(x), δ2(x), . . . , δM (x)] which are
observed values of random variables (rvs) [Δ1(x), Δ2(x), . . . , ΔM (x)]. Probabil-
ity distributions of the random variables satisfy the following conditions:

(1) Δj(x) ∈ [0, 1];
(2) E[Δj(x)] = dj(x), j = 1, 2, . . . ,M ;
(3)

∑
j=1,2,...,M Δj(x) = 1,

where E is the expected value operator. In other words, class supports produced
by the modeled classifier ψ are equal to the expected values of class supports
produced by the RRC.

Since the RRC performs classification in a stochastic manner, it is possible to
calculate the probability of classification an object x to the i-th class:

P (RRC)(i|x) = Pr[∀k=1,...,M, k �=i Δi(x) > Δk(x)]. (4)

In particular, if the object x belongs to the i-th class, from (4) we simply get
the conditional probability of correct classification Pc(RRC)(x).

The key element in the modeling presented above is the choice of probability
distributions for the rvs Δj(x), j ∈ M so that the conditions 1-3 are satisfied.
In this paper beta probability distributions are used with the parameters αj(x)
and βj(x) (j ∈ M). The justification of the choice of the beta distribution can
be found in [17] and furthermore the MATLAB code for calculating probabilities
(4) was developed and it is freely available for download [18].

Applying the RRC to a learning point xk and putting in (4) i = jk, we get
the probability of correct classification of RRC at a point xk ∈ S, namely

Pc(RRC)(xk) = P (RRC)(jk|xk), xk ∈ S. (5)

Similarly, putting in (4) a class j �= jk we get the class-dependent error proba-
bility at a point xk ∈ S:

Pe(RRC)(j|xk) = P (RRC)(j|xk), xk ∈ S, j(�= jk) ∈ M. (6)

In next sections probabilities of correct classification (5) and conditional prob-
abilities of error (6) for learning objects will be utilized for determining the
competence and diversity functions of base classifiers.

1 Throughout this subsection, the index l of classifier ψl and class suppports dlj(x) is
omitted for clarity.
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2.3 Measure of Classifier Competence

Since the RRC can be considered equivalent to the modeled base classifier ψl ∈ Ψ ,
it is justified to use the probability (5) as the competence of the classifier ψl at
the learning point xk ∈ S, i.e.

C(ψl|xk) = Pc(RRC)(xk). (7)

The competence values for the validation objects xk ∈ S can be then extended
to the entire feature space X . To this purpose the following normalized Gaussian
potential function model was used ([17]):

C(ψl|x) =

∑
xk∈S C(ψl|xk)exp(−dist(x, xk)2)

∑
xk∈S exp(−dist(x, xk)2)

, (8)

where dist(x, y) is the Euclidean distance between the objects x and y.

2.4 Measure of Diversity of Classifiers Ensemble

As it was mentioned previously, the diversity of a classifier ensemble ΨE is consid-
ered as an independency of the errors made by the member classifiers. Hence the
method in which diversity measure is calculated as a variety of class-dependent
error probabilities is fully justified.

Similarly, as in competence measure, we assume that at a learning point xk ∈
S the conditional error probability for the class j �= jk of the base classifier ψl is
equal to the appropriate probability of the equivalent RRC, namely:

Pe(ψl)(j|xk) = Pe(RRC)(j|xk). (9)

Next, these probabilities can be extended to the entire feature space X using
Gaussian potential function (8):

Pe(ψl)(j|x) =

∑
xk∈S,jk �=j Pe

(ψl)(j|xk)exp(−dist(x, xk)2)
∑

xk∈S,jk �=j exp(−dist(x, xk)2)
. (10)

According to the presented concept, using probabilities (10) first we calculate
pairwise diversity at the point x ∈ X for all pairs of base classifiers ψl and ψk
from the pool Ψ :

D(ψl, ψk|x) =
1
M

∑

j∈M
|Pe(ψl)(j|x) − Pe(ψk)(j|x)|, (11)

and finally we get diversity of ensemble of n (n ≤ L) base classifiers ΨE(n) at a
point x ∈ X as a mean value of pairwise diversities (11) for all pairs of member
classifiers, namely:

D(ΨE(n)|x) =
2

n · (n− 1)

∑

ψl,ψk∈ΨE(n);l �=k
D(ψl, ψk|x). (12)
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3 Dynamic Ensemble Selection System

3.1 Method

The proposed DES competence and diversity based classification system (DES-
CD) is constructed in the procedure consisting of two steps:
1. For the test object x ∈ X and for given ensemble size n and the competence

threshold α first the ensemble of classifiers Ψ∗
E(n) is found as a solution of

the folowing optimization problem:

D(Ψ∗
E(n)|x) = maxΨE(n)D(ΨE(n)|x) (13)

subject to C(ψl|x) ≥ α for ψl ∈ Ψ∗
E . This step eliminates incompetent (in-

accurate) classifiers and keeps the ensemble maximally diverse.
2. The selected classifiers are combined by weighted majority voting where the

weights are equal to the competence values. The weighted vector of class
supports of DES-CD system is given by

d
(DES−CD)
j (x) =

∑

ψl∈Ψ∗
E(n)

C(ψl|x) djl(x) (14)

and final decision is made according to the maximum rule (2).

3.2 Solution of Optimization Problem

The key moment in the method developed is the optimization problem (13). As
a solution method we propose suboptimal procedure which is followed sequential
forward feature selection method [13]. In this method first the set of competent
classifiers (better than threshold α) is created and next classifiers are sequentially
selected from this set: at first the classifier with the highest competence is chosen,
next to the already selected classifier we add another one so as to create the
couple with the best diversity, then the three classifiers with the highest diversity,
including the selected first and second ones are chosen and so one. This procedure
is continued up to n classifiers are selected.

The pseudo-code of the algorithm is as follows:
Input data: S - learning set; ΨL - the pool of classifiers;

n - the size of enesemble; x ∈ X - the testing point;
α - the threshold of competence

1. For each ψl ∈ ΨL calculate competence C(ψl|x) at the point x
2. Create temporal set of competent classifiers at the point x

Ψ(x) = {ψl ∈ ΨL : C(ψl|x) ≥ α}
3. Ψ∗

E(n) = {ψ(1)} and Ψ(x) = Ψ(x)− ψ(1) where

ψ(1) : C(ψ(1)|x) = maxψ∈Ψ(x)C(ψ|x)
4. For i = 2 to n do

a) Find ψ(i) ∈ Ψ(x) for which

D(Ψ∗
E(n) ∪ ψ(i)|x) = maxψ∈Ψ(x)D(Ψ∗

E(n) ∪ ψ|x)
b) Ψ(x) = Ψ(x)− ψ(i)

c) Ψ∗
E(n) = Ψ∗

E(n) ∪ ψ(i)

endfor
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4 Experiments

4.1 Databases and Experimental Setup

The benchmark databases used in the experiments were obtained from the UCI
Machine Learning Repository (Breast Cancer Wisconsin, Glass, Iris, Sonar,
Ionosphere) and StatLib statistical datasets (Biomed). The experiments were
conducted in MATLAB using PRTools, which automatically normalizes feature
vectors for zero mean and unit standard deviation and for a given x ∈ X pro-
duces classifying functions for all base classifiers according to the paradigms of
their activity [9]. The training and testing datasets were extracted from each
database using two-fold cross-validation. The base classifiers and both compe-
tence and diversity measures were trained using the same training dataset.

The DES-CD system was compared against three multiclassifier systems: (1)
SB system – this system selects the single best classifier in the pool; (2) MV
system – this system is based on majority voting of all classifiers in the pool;
(3) DES-SC system – this system defines the competence of the classifier ψ for
the test object x according to (8) and next the ensemble of competent (better-
than-random) classifiers is selected [17] – the final decision is made as in (14).

Two types of classifier ensembles were used in the experiments: homogeneous
and heterogeneous. The homogeneous ensemble consisted of 20 pruned decision
tree classifiers with Gini splitting criterion. Each classifier was trained using
randomly selected 70% of objects from the training dataset.

The pool of heterogeneous base classifiers using in the experiments, consisted
of the following nine classifiers [8]: (1-2) linear (quadratic) discriminant classifier
based on normal distributions with the same (different) covariance matrix for
each class; (3) nearest mean classifier; (4-6) k-NN - k-nearest neighbours classi-
fiers with k = 1, 5, 15; (7-8) Parzen classifier with the Gaussian kernel and the
optimal smoothing parameter hopt (and the smoothing parameter hopt/2); (9)
pruned decision tree classifier with Gini splitting criterion.

The following values of parameters of DES-CD system were adopted in the
experiments: α = 1/M and n = max{ 1

2 |Ψ(x)|, 2}.

4.2 Results and Conclusion

Classification accuracies (i.e. the percentage of correctly classified objects) were
calculated for the MCSs as average values obtained over 10 runs (5 replications
of two-fold cross validation). Statistical differences between the performances
of the DES-CD system and the three MCSs were evaluated using Dietterich’s
5x2cv test [7]. The level of p < 0.05 was considered statistically significant. The
results obtained for the MCSs using heterogeneous and homogeneous ensembles
are shown in Table 1. For each database and for DES systems the mean sizes of
classifier ensembles are given under the classification accuracy.

These results imply the following conclusions:

1. The DES-CD system outperformed the SB and MV classifiers by 7.82% and
5.78 % for heterogeneous ensemble and by 3.99% and 0.47% for homogeneous
ensemble, respectively;
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Table 1. Classification accuracies of the MCSs using heterogeneous/homogeneous en-
sembles. The mean sizes of classifier ensembles and statistically significant differences
found are given under the classification accuracies. The best result for each database
is bolded.

Database SB (1) MV (2) DES-CS (3) DES-CD (4)

Breast C.W. 95.39/94.99 96.45/95.99 98.03/96.18 98.05/96.22
9.13/19.58 5.21/9.82

1, 2/1 1, 2/1

Biomed 84.10/83.29 87.62/86.90 90.09/86.91 90.09/86.81
8.70/17.31 5.96/9.61

1, 2/1 1, 2/1

Glass 71.80/61.56 69.55/71.03 76.46/73.18 73.26/72.06
9.46/19.44 5.13/9.75

1, 2, 4/1, 2 1, 2/1, 2

Iris 96.00/91.07 96.80/90.80 96.67/90.8 97.33/91.13
8.87/20.00 4.98/10.00

1/

Sonar 74.48/70.19 76.44/76.06 82.29/77.12 81.52/77.12
8.63/19.76 5.21/10.00

1, 2/1, 2 1, 2/1, 2

Ionosphere 84.84/88.15 86.50/89.63 90.14/89.74 89.80/89.88
9.06/19.85 5.48/9.95

1, 2/1 1, 2/1, 2

Average 81.02/81.54 83.06/85.06 88.94/85.56 88.84/85.53
8.97/19.32 5.32/9.85

2. The DES-CD system achieved the highest classification accuracy for 3
datasets and 4 datasets for heterogeneous and homogeneous ensembles, re-
spectively; it produced statistically significant higher scores in 19 out of 36
cases.

3. There are no statistically significant difference between classification
accuracies of the DES-CS and the DES-CD systems;

4. The relative difference between mean ensemble sizes for the DES-CS and the
DES-CD systems is on average equal to 40.6% and 49% for heterogeneous
and homogeneous ensembles, respectively.

5 Conclusion

In this paper a novel procedure for dynamic ensemble selection is proposed using
probabilistic measures of competence and diversity of member classifiers. Results
of experimental investigations indicate, that the proposed method can eliminate
weak classifiers and keep the ensemble maximally diverse. This approach leads to
the final classification accuracy which, on average, was very close to the accuracy
of DES system using only the competence measure but achieved by means of
smaller number of classifiers in the ensemble.
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