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Abstract. Local incompressibility can be used to improve fitting and
analysis of ultrasound-based displacement data using a heart model. An
analytic mathematical model incorporating inflation, torsion, and axial
extension was generalized for the left ventricle. Short-axis and long-axis
images of mouse left ventricles were acquired using high frequency B-
mode ultrasound and myocardial displacements were determined using
speckle tracking. Deformation gradient components in the circumferen-
tial and longitudinal directions were fitted using linear regressions. The
slopes of these lines were then used to predict motion in the radial direc-
tions. The optimized kinematic model accurately predicted the motion
of mouse left ventricle during filling with normalized root mean square
error of 4.4±1.2%.

1 Introduction

While diagnoses and therapies for cardiovascular diseases (CVD) have improved
in recent years, CVD remain a major global health concern. In the United States,
heart disease is the leading cause of death, accounting for 33.6% of all deaths
in 2007 [1]. In an effort to curtail CVD mortality, patient-specific left ventric-
ular (LV) modeling has been introduced to facilitate improved and individu-
alized diagnoses [2,3,4]. Unfortunately, patient-specific modeling is currently a
labor-intensive process, involving multiple medical imaging modalities (typically
magnetic resonance imaging (MRI) and computed tomography (CT)), and de-
tailed geometric modeling using finite element analysis (FEA) that requires ex-
tensive manual tracings. Thus, current approaches to patient-specific modeling
are very expensive. We therefore sought a modeling approach to fitting and inter-
preting ultrasound data that could provide some of the advantages of patient-
specific FEA, such as incorporating known aspects of myocardial mechanics,
without requiring detailed knowledge of fiber structure, material properties, etc.,
for each heart.

Models using simple geometric shapes appropriate to the LV have been in-
fluential in studying cardiac mechanics. Cylindrical models have been used to
predict distribution of stress and strain around the myocardium [5]. They have
also been used to estimate material properties of the myocardium [6]. While these
models have been instrumental in understanding regional ventricular function,
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they are only accurate at the mid-ventricular section of the LV and are inade-
quate in modeling regions near the apex. Other models using prolate spheroidal
and actual heart geometries have had better success in describing motion near
the apex as well as other modes of motion observed in LV that cannot be modeled
with a cylinder [7].

While there is a plethora of established cylindrical heart models [6,8], existing
models are similar in that the radial motion is often assumed to be uniform
and axisymmetric around the myocardium. In this paper, we derive a kinematic
model describing myocardial deformation using a classic cylindrical model and
myocardial incompressibility. We then generalize the model by using actual heart
geometry to allow radial motion to vary as a function of R, Θ and Z. This
formulation allows more freedom in describing cardiac motion but retains the
incompressibility of myocardium as a constraint on the fitted displacement field.

In addition to studying cardiac mechanics, geometric models can also operate
as a filter by imposing geometric constraints on allowed myocardial motion. This
can be used to discard and correct improbable motion estimates derived from
motion tracking techniques. For example, the incompressibility constraint has
been used to improve both automated segmentation [9,10] and motion estima-
tion [11,12,13]. This is particularly useful in small animal imaging using ultra-
sound, where motion estimates using speckle tracking techniques are often noisy.
In mouse heart imaging, high heart rate and associated low number of image
frames per cardiac cycle can result in significant decorrelation between frames.
Additionally, signal dropout, attenuation and anatomical related artifacts (e.g.
sternum, rib or lung related multipath reverberation) can also degrade image
quality. Under these scenarios, motion estimates are frequently inaccurate and
unreliable. While there are disadvantages in using ultrasound images, there exist
many post image processing techniques to partially compensate for poor image
quality, including clutter and artifact reduction using finite impulse response
(FIR) filters [14] and principal component analysis via blind source separation
method [15]. Compared to MRI and CT, medical ultrasound imaging is inexpen-
sive, radiation free, and has high temporal image resolution. For these reasons,
patient-specific modeling may therefore be feasible in a clinical setting.

2 Methods

2.1 Model Formulation

A general form of cylindrical model describing inflation, torsion and extension of
a deformable thick-walled cylinder was adopted from Adkins [16]. A cylinder can
inflate and deflate radially, corresponding to LV expansion from end-systole (ES)
to end-diastole (ED) and LV contraction from ED to ES, respectively. Simple
torsion occurs on the plane perpendicular to the axis of the cylinder, and axial
extension and compression along the axis of the cylinder. In the initial cylinder
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model, undeformed and deformed states were defined at ES and ED, respectively.
Left ventricular filling from ES to ED is simulated using equation (1):

r = r(R), θ = θ(Θ) + τZ, z = z(Z). (1)

(R,Θ,Z) and (r,θ,z) are the radial, circumferential and longitudinal compo-
nents in undeformed and deformed cylindrical coordinates, respectively. During
filling, the LV expands radially as a function of R; twists circumferentially as a
function of Θ and proportionally to Z by constant τ ; and extends longitudinally
as a function of Z. We generalized this model to account for spatial nonuniformity
expected in an actual heart due to mismatch between the assumed (cylindrical)
and actual geometry, regional ischemia, dyssynchrony, etc. Specifically, we al-
lowed radial inflation to vary with circumferential and longitudinal coordinates:

r = r(R, Θ, Z), θ = θ(Θ, Z), z = z(Z). (2)

LV deformation from ES to ED can be described using a deformation gradient
tensor. In cylindrical polar coordinates and using equation (2), the deformation
gradient matrix, F , is [17]:
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To find a closed form solution to equation (2), the myocardium is assumed
to be incompressible. This is a reasonable assumption since the myocardium is
composed of 80% water [18,19], and water is almost perfectly incompressible.
While studies have shown that myocardial volume is not isovolumetric due to
blood perfusion in the heart, the change in volume is no more than 4% [20].
Using incompressibility, the determinant of the deformation gradient matrix is
equal to unity:

det(F ) =
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Integrating equation (4) and applying boundary condition at the endocardium
gives:

r(R, Θ, Z) =
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0
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. (5)

R0 is the endocardial radius at ES and r0 is the endocardial radius at ED.
The solutions to θ = θ(Θ, Z) and z = z(Z) can be determined by fitting circum-
ferential and longitudinal displacement data, and are used to predict the radial
deformation that is consistent with local geometry (R0 and r0), circumferential
and axial deformation, and myocardial incompressibility.
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2.2 Mouse Heart Imaging and Motion Estimates

Short-axis (SA) and long-axis (LA) cine B-mode images of 6 healthy male
C57BL/6 mice (10- to 12- weeks old, 24 to 26 g) were acquired using a Visual-
Sonics Vevo2100 scanner (Toronto, Ontario, Canada) with a MS400 transducer
operating at 30 MHz. Imaging frame rate was approximately 350 fps, and the
average heart rate of mice under anesthesia was 462±14 bpm. Serial SA images
were acquired at 0.5 mm interval, with 10 to 12 slices throughout the LV for
each mouse. One LA cine loop through the major axis of the LV was acquired
for each mouse.

Displacement fields across the myocardium were determined by speckle track-
ing with approximately 0.2 mm × 0.2 mm pixel block size using a minimum sum
absolute difference (MSAD) algorithm and parabolic fit derived sub-pixel res-
olution [21]. Displacement components were transformed into cylindrical polar
coordinates and fitted to the model.

2.3 Optimization of Model Parameters

For normal mouse hearts, a linear relationship was observed between θ and Θ,
and between z and Z. From this observation, the final system of equations is
expressed as follows:

r(R, Θ, Z) =

√
R2 − R2

0

ac
+ r2

0 , θ(Θ, Z) = aΘ + τZ + b, z(Z) = cZ + d. (6)

In diseased mouse hearts, higher order polynomials or piece-wise functions
might better explain the motions in circumferential and longitudinal directions.
For healthy mouse hearts, the constants a, b, c, and d can be determined using
linear regression on the observed displacement data in the circumferential and
longitudinal directions; however, these constants, specifically a and c, do not
optimize the model as a whole, since errors in the radial direction are not taken
into consideration. To optimize these constants, the normalized root mean square
error (NRMSE) between observed, (ri, θi, zi), and predicted, (r̂i, θ̂i, ẑi), position
after deformation in each direction is calculated:
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1
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The combination of parameter values that yields the minimum NRMSE is
determined to be the optimal values:

(a, b, c, d, τ) = arg min(NRMSE(a, b, c, d, τ)). (8)



An Ultrasound-Driven Kinematic Model of the Heart 133

3 Results

Motions in the circumferential and longitudinal directions were modeled using lin-
ear functions. Longitudinal motion is obtained using lateral displacement data de-
rived from tracking LA cine loops. The 0 mm-position is defined at the apex at
ES. As shown in figure 1A, tissues that are slightly above the apex did not have
any longitudinal displacement, while tissues at the basal level move upward and
tissues at the apical level move slightly downward. This effectively results in LV
extension. Circumferential motion is illustrated in figure 1B. The 0-rad reference
is defined at the section between the papillary muscles, and increases in counter-
clockwise direction. A difference in phase shift is observed at different levels of the
LV. Using the midventricular layer as a reference, the basal and apical layers are
observed to rotate in opposite directions. This results in LV torsion.

The coefficients determined using linear regression are optimized in their re-
spective components. Therefore, they are not necessarily optimal for the system.
Since b, d, and τ are not used in r(R, Θ, Z), these parameters can be easily opti-
mized individually after a and c are optimized for the system. A range of values
in the neighborhood of the regression coefficients a and c are simulated using the
model, and the NRMSE of each combination are shown in figure 2. These coef-
ficients were determined individually for each mouse. A statistical summary of
the mean and standard deviation of the values for these coefficients are reported
in table 1.

The NRMSE of the system using the optimized value is 4.4±1.2%, represented
by the minimum value of the surface in figure 2. Figure 3 shows predicted radial
motion at different levels of the LV. The fact that the model captures radial
motion at different SA levels with a single choice of parameters for ∂θ/∂Θ and
∂z/∂Z suggests that most of the variation in radial motion in the normal mouse
heart arises from spatial variation in geometry (R0 and r0 in equation (6)). As
shown in figure 3C, the apical section contributes most of the error; this error
near the apex is largely due to tracking error, as shown in the sparsely observed
data in figure 3C.

Fig. 1. Linear regression of LV wall motion in longitudinal (A) and circumferential
(B) directions. LV extension and torsion are observed, where motions at the basal and
apical layers are moving in opposite directions in both components.
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Table 1. Optimized values for model Parameters

Parameter Value

a 1.03±0.12
b -0.09±0.04 rad
c 1.12±0.08
d -0.18±0.03 mm
τ -0.01±0.004 rad/mm

Fig. 2. Model simulation using different combinations of a and c. The NRMSE is
calculated for each simulation and the combination with the minimum NRMSE (arrow)
represents the optimal parameter values.

Fig. 3. Observed and predicted radial motion at the base (A), midventricular (B) and
apical (C) levels of the LV

4 Conclusion

A unique kinematic model of mouse LV has been shown to accurately predict the
motions of the myocardium by enforcing myocardial incompressibility. Compared
to a standard cylindrical model, our generalized model can be extended to allow
sufficient spatial variation in radial motion to model diseased hearts. In situations
with substantial regional variation in deformation, a linear fit will not capture
motion in the circumferential component; instead, higher order polynomials or
piecewise functions can be used. In these cases, the value for parameter is no
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longer a constant, and therefore asymmetric motion can be modeled. Asymmetric
motion in the LV can be used to describe the dyssynchrony that is associated
with diseased hearts.

Compared to existing geometric models of the LV, the model presented here
is simple, and also accurate with 4.4% NRMSE. The presented model is shown
to work well with ultrasound datasets. This model offers a lower cost approach
to patient-specific modeling by using relatively noisy ultrasound image data as
opposed to more expensive imaging modalities.
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