
Chapter 1
Adjoint-Based Control of Model and
Discretization Errors for Gas and Water
Supply Networks

Pia Domschke, Oliver Kolb, and Jens Lang

Abstract. We are interested in the simulation and optimization of gas and water
transport in networks. Those networks consist of pipes and various other compo-
nents like compressor/pumping stations and valves. The flow through the pipes can
be described by different models based on the Euler equations, including hyper-
bolic systems of partial differential equations. For the other components, algebraic
or ordinary differential equations are used. Depending on the data, different models
can be used in different regions of the network. We present a strategy that adap-
tively applies the models and discretizations, using adjoint-based error estimators to
maintain the accuracy of the solution. Finally, we give numerical examples for both
types of networks.
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1.1 Introduction

Nowadays, water coming out of the tap is taken for granted in industrialized coun-
tries. Typically, one does not consider the efforts necessary to ensure its delivery.
Huge amounts of water have to be routed through miles of networked pipelines.
Such complex systems are difficult to operate and cost-intensive. The same holds
for gas supply networks. Both are supposed to work reliably and efficiently for eco-
nomical as well as ecological reasons and play an important role in the public utility
infrastructure. Therefore, the support of gas and water suppliers with software tools
is of great common interest. While monitoring systems are already quite advanced,
efficient simulation and optimization tools are only available to some extent. Of
course, before optimization tasks can be considered, reliable simulation algorithms
are essential. In this context, reliability implies robustness as well as trustworthy
error estimates.

In the field of simulation and optimization of gas and water supply networks, a lot
of research has been done in the last years, see for example [5,8,9,10,12,13]. Usu-
ally, especially for optimization problems, fixed models and also fixed discretiza-
tions are considered. Existing software packages like SIMONE [16] allow station-
ary as well as transient models for the simulation of gas networks. However, for
the simulation process, one model has to be chosen in advance. SIMONE is also
able to solve optimal control problems, but only steady state models are used here.
In [8,5], where nonlinear programming techniques are used to solve optimal control
problems for gas and water supply networks, full a priori discretizations in time and
space are applied to the underlying equations. Similarly, in [12, 13], where mixed-
integer linear programming is proposed for gas network optimization, fixed models
and fixed discretizations are used. Moreover, the applied discretizations are typically
quite coarse to keep the complexity of the resulting problems treatable.

While the application of coarse discretizations or simplified models is often ade-
quate in many parts of the considered networks to resolve the dynamics in the daily
operation of gas and water supply networks, no information about the quality of the
computed solutions is provided in all mentioned approaches. In [3, 4], a posteriori
estimates for the modelling and discretization errors are introduced for finite ele-
ment approximations. There, adjoint calculus is applied to measure the influence of
both errors separately on a given quantity of interest. Recently, we have published
an algorithm to adaptively control model and discretization errors in simulations for
gas supply networks [6,7]. This is considered to be the first step towards an efficient
optimization framework with reliable error estimates. Due to various similarities,
the applied concept of adjoint-based error estimators on a network can as well be
used for water supply networks, which are also considered here.

This chapter is organized as follows. We begin with a description of the underly-
ing model equations of gas and water supply networks in Section 1.2. Afterwards,
we derive error estimators for the model and discretization error with respect to
a given quantity of interest (Section 1.3). In Section 1.4, we present an algorithm
where these estimators are used to adaptively control the model and discretization
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errors. Finally, numerical results are presented for a gas and a water supply network
in Section 1.5.

1.2 Modelling

In this section, we give a brief introduction into the modelling of gas and water
supply networks. We begin with some general aspects concerning the models of
both types of networks before we describe the particular components of each.

1.2.1 General Aspects

The flow of gas or water through pipelines is a directed quantity, which can be ad-
equately described in one space dimension. Since we need to give the pipes an ori-
entation, we model gas and water supply networks as a directed graph G = (J ,V )
with arcs J and vertices V (nodes, branching points).

Typically, the set of arcs J mainly consists of pipes Jp ⊆ J , where we have
a hierarchy of models to describe the underlying gas/water dynamics. For the com-
putations, one of these models is chosen for each pipe in each time step. From top
to bottom, each model in the hierarchy results from the previous one by making
simplifying assumptions. In the case of gas networks, we have a hierarchy of three
models, while we consider only two models to describe the flow of water. In both
cases, the most complex model consists of a hyperbolic system of partial differen-
tial equations (PDEs). Due to the spatial dimension, we define an interval [xa

j ,x
b
j ]

with xa
j < xb

j for each pipe j ∈ Jp. In the case of gas transport, the considered net-
works also consist of compressor stations, valves and control valves, while we have
pumping stations, valves and tanks in water supply networks. These components are
described by algebraic equations or ordinary differential equations. Although there
is no continuous spatial dimension for these components, we also use the spatial co-
ordinates xa

j and xb
j to describe states at the beginning and end of an arc j ∈J \Jp.

Alternatively, we denote ingoing and outgoing states with a subscript.
In addition to the equations on the arcs of the network, it is necessary to specify

adequate initial, coupling and boundary conditions, which is not trivial in the case
of hyperbolic equations (see for instance [2]). Let v ∈ V be an arbitrary node with
ingoing arcs δ−

v and outgoing arcs δ+
v . Then, Kirchhoff’s first rule states that the

sum of currents flowing into that node is equal to the sum of currents flowing out of
that node (conservation of mass):

∑
j∈δ+

v

q(xa
j ,t)− ∑

j∈δ−
v

q(xb
j , t) = q(v, t) ∀t > 0 (1.1)

with an auxiliary variable q(v,t), which can be used to model feed-in or demand
(see below).
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For a unique solution, it does not suffice to only claim (1.1). A further condition
which is commonly used in practice is the equality of pressure at the node v ∈ V ,
that is,

p(xa
j , t) = p(v, t) ∀ j ∈ δ+

v ,

p(xb
i , t) = p(v, t) ∀i ∈ δ−

v

(1.2)

with an auxiliary variable p(v,t) for the pressure at the node. In water supply net-
works, the pressure p is typically replaced by the pressure head h.

In this work, we use equality of pressure (1.2) together with the conservation
of mass (1.1). Due to the hyperbolic nature of the underlying partial differential
equations, there is one degree of freedom for either boundary of each arc. This
means, at a node v ∈ V with m ingoing and n outgoing arcs, we have m + n + 2
degrees of freedom (including p(v, t) and q(v, t)) but only m+n+1 equations. Thus,
we need one further equation at the node v:

e(p(v, t),q(v, t)) = 0 .

At branching points in the network, we typically have q(v, t) = 0 , and at boundary
nodes, we use p(v,t) = pv(t) or q(v, t) = qv(t) with given profiles pv(t) or qv(t).
According to (1.1), q(v,t) > 0 corresponds to a feed-in of gas/water into the network
and q(v,t) < 0 to a demand.

1.2.2 Gas Supply Networks

In this section, we want to have a closer look on how the flow through gas networks
is modelled. As mentioned in Sect. 1.2.1, the network consists of pipes, compressor
stations, valves and control valves.

1.2.2.1 Pipes

The models describing gas flow in pipelines are based on the Euler equations, a
hyperbolic system of nonlinear partial differential equations. The system consists
of the conservation of mass, momentum and energy together with the equation of
state for real gases. The transient flow of gas may be described appropriately by
equations in one space dimension, pressure losses due to friction are modelled via
a source term. A common simplification, the restriction to isothermal flows, that is,
flows with constant temperature, makes the energy equation become redundant. The
resulting equations are called isothermal Euler equations. If we assume a constant
speed of sound and let the pipes be horizontal, the equations result in the nonlinear
model [2]
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pt +
ρ0c2

A
qx = 0 , (1.3a)

qt +
A
ρ0

px +
ρ0c2

A

(
q2

p

)
x

= −λ ρ0c2|q|q
2dAp

. (1.3b)

Here, q denotes the flow rate under standard conditions (1 atm air pressure, temper-
ature of 0 ◦C), p the pressure, c the speed of sound, λ the friction coefficient, d the
diameter, A the cross-sectional area of the pipe and ρ0 the density under standard
conditions.

Neglecting the nonlinear term in the spatial derivative of the momentum equation
(1.3b) yields the semilinear model. This simplification is motivated by the slow
velocity of gas in real networks. We get

pt +
ρ0c2

A
qx = 0 , (1.4a)

qt +
A
ρ0

px = −λ ρ0c2|q|q
2dAp

. (1.4b)

A further simplification leads to a (quasi-)stationary model: Setting the time deriva-
tives in (1.4) to zero results in an ordinary differential equation, which can be solved
analytically:

q = const. , (1.5a)

p(x) =

√
p(x0)2 +

λ ρ2
0 c2|q|q
dA2 (x0 − x) . (1.5b)

Here, p(x0) denotes the pressure at an arbitrary point x0 ∈ [xa
j ,x

b
j ]. Setting x0 = xa

j ,

that is the inbound of the pipe, and x = xb
j , that is the end of the pipe, yields the

so-called algebraic model [15].

1.2.2.2 Compressor Stations

A compressor station is a facility that increases the pressure of the gas. Running a
compressor generates costs, since the compressor station consumes some of the gas,
that means,

qout = qin −Fc(pin, pout,qin) . (1.6)

The equation for the fuel consumption of the compressor c ∈ Jc ⊆ J is given by

Fc(pin, pout,qin) = dF,c qin

⎛
⎝

(
pout

pin

) γ−1
γ
−1

⎞
⎠ , (1.7)

with pin = p(xa
c ,t), pout = p(xb

c, t), qin = q(xa
c , t) and qout = q(xb

c , t) [10]. Here, γ
is the isentropic coefficient of the gas. The coefficient dF,c is a compressor specific
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constant. The increase in pressure, performed by the compressor station c, is denoted
by

Δ pc(t) = pout − pin (1.8)

and depends on the compressor power

Pc(pin, pout,qin) = dP,c qin

⎛
⎝(

pout

pin

) γ−1
γ
−1

⎞
⎠ , (1.9)

with a compressor specific constant dP,c. Either (1.8) or (1.9) is typically used as
control variable.

1.2.2.3 Valves

Valves are used to regulate the flow of the gas by opening or closing. In the case of
an open valve, the equations

qin = qout ,

pin = pout

hold. If the valve is closed, then qin = qout = 0 .

1.2.2.4 Control Valves

Control valves, sometimes also referred to as regulators [8], are valves that reduce
the gas pressure by a controlled amount. The behaviour of a control valve is mod-
elled via

pin − pout
!= u

with control variable u = u(t). The ingoing and outgoing flow rates are identical:

qin = qout .

1.2.3 Water Supply Networks

Water supply networks feature similar structures as gas supply networks. Here, the
main components are pipes, pumps, valves and tanks.

1.2.3.1 Pipes

To describe the dynamics inside the pipes of a water supply network, we con-
sider two different models, which can for instance be found in [1]. The most com-
plex model, considering the elastic effects, is given by the so-called water hammer
equations,
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ht +
a2

gA
qx = 0 , (1.10a)

qt + gAhx = −λ
q|q|
2DA

, (1.10b)

a semilinear hyperbolic system of partial differential equations, where the piezo-
metric head h and the flow rate q are the space and time-dependent state variables.
The gravitational constant is denoted by g, a is the speed of sound in the pipe, A
and D are the cross-sectional area and the diameter of the pipe, respectively. The
right hand side of (1.10b) models the influence of friction, where λ is the friction
coefficient.

A simplified model for the water dynamics inside the pipes can be derived by ne-
glecting the time derivatives in (1.10). The resulting (quasi-)stationary or algebraic
model reads

qx = 0 , (1.11a)

hx = −λ
q|q|

2gDA2 . (1.11b)

Thus, the flow rate is constant in the pipe,

qin = qout , (1.12)

and the entire pressure head loss is given by

hin −hout = λ
L

2gDA2 q|q| , (1.13)

where L denotes the length of the pipe, and hin and hout the ingoing and outgoing
pressure head, respectively.

1.2.3.2 Pumps

Pumps are installed in water supply networks to generate or maintain a certain pres-
sure. Typically, the relation between the flow rate through a pump and the resulting
pressure increase is described by a set of characteristic curves. A commonly used
form for a single curve (see e.g. [5]) is

H(q) = hout −hin = α0 −αrq
r

with
q = qin = qout

and r ∈ R+. If multiple curves are given, the parameters α0 and αr depend on the
current speed ω of the pump.
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The running costs of a pump result from the power consumption of its motor.
Applying an efficiency curve ηc(q) as in [14, pp. 36–37] or [9, p. 46], the costs of
each pump c ∈ Jc ⊆ J are proportional to

Pc(hin,hout,q) =
(hout −hin)q

ηc(q)
.

Again, if multiple curves are given to characterize the pump, the efficiency η addi-
tionally depends on the speed of the pump.

1.2.3.3 Valves

There are various kinds of valves installed in water supply networks to control the
flow rate and pressure. Here, we consider gate valves, where the opening can be
externally controlled.

With u ∈ [0,1] being the control variable for the fraction of the opening, we apply

u2(hin −hout) = ζq|q|

with the friction loss coefficient ζ and

q = qin = qout .

1.2.3.4 Tanks

Water tanks are used to store water at certain positions in the network. The ingoing
flow at the bottom of a tank is given by

q = C sign(houter −hinner)
√
|houter −hinner| (1.14)

with the discharge coefficient C. Here, houter denotes the outer pressure head in front
of the inlet of the tank and hinner is the inner pressure head at the bottom of the tank,
which is the sum of the elevation of the tank and the current stage:

hinner = elevation + stage .

Note that formally

q = q(xa
j ,t) , houter = h(xa

j , t) , hinner = h(xb
j , t)

for each tank j ∈ J .
The change of the stage and therewith the change of hinner is modelled by an

ordinary differential equation:

d
dt

hinner =
1
A

q , (1.15)

where A is the cross-sectional area of the tank.
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Additionally to the ingoing flow at the bottom of the tank (given by (1.14)), there
can be further inflow or outflow openings, e.g. for refilling the tank or overflow.
Concerning the model equations, those terms can be simply added to q in (1.15) and
formally refer to q(xb

j ,t).

1.3 Error Estimators

For given initial and boundary conditions as well as control states for the control-
lable elements, the described model equations on the whole network can be solved
applying appropriate discretization schemes. For the discretization of the (hyper-
bolic) PDEs in the pipes, we apply an implicit box scheme [11], which perfectly
matches the properties of the underlying equations. The time steps of this scheme
are also used to discretize the ordinary differential equations as occurring in the
model of water tanks. So far, one step methods are implemented for this purpose
and delivered satisfying results.

Now, we are searching for a compromise between the accuracy of the numerical
solution and the computational costs. We want to use the more complex models in
the pipes only when necessary and to refine the discretizations only where needed.
Using the solution of adjoint equations as done in [3, 4, 2, 6, 7], one may deduce
model and discretization error estimators to measure the influence of the model
and the discretization on a user-defined target functional M. With u being the exact
solution of the (most complex) model equations and uh being the approximate (nu-
merical) solution for some choice of models, the error in the target functional can
be approximated by

M(u)−M(uh) ≈ ηm + ηh , (1.16)

where ηm estimates the model error and ηh the error resulting from the discretiza-
tion. Concerning the underlying adjoint equations, these error estimators are cur-
rently implemented in a first-discretize manner, which will be briefly described in
the following. A more detailed description with some hints on the implementation
can be found in [7].

Let t j ( j = 0, . . . ,N) be the times of the discretization. Accordingly, we split up
the solution of the discretized model equations

(uh)T =
(
(uh

0)
T , . . . ,(uh

N)T )
.

Starting with the given initial state uh
0, we have to solve a system of the form

Fj(uh
j−1︸︷︷︸

uold

, uh
j︸︷︷︸

unew

) = 0 (1.17)

in each time step. In the adaptive algorithm described in the next section, we will
partition the entire simulation horizon in several blocks. Accordingly, we define

(Uh
k )T =

(
(uh

j(k−1)+1)
T , . . . ,(uh

j(k))
T )
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for k = 1, . . . ,NB, where j(k) is given via t j(k) = Tk for k = 0, . . . ,NB. For later use,
we also define

(Ek)T =
(
(Fj(k−1)+1)

T , . . . ,(Fj(k))
T )

, (1.18)

which summarizes the state-defining equations of the block [Tk−1,Tk].
Now, we can estimate the model error of the kth block with respect to the func-

tional M via

ηm,k =
∂

∂Uk
M(uh)ΔUh

k , (1.19)

where ΔUh
k = Uk −Uh

k . Here, Uk formally denotes a reference solution in the kth
block which solves a different system of equations Ẽk based on more complex or
simpler models. Thus, the difference ΔUh

k results from the differences in the models
and can be estimated by

ΔUh
k ≈−( ∂

∂Uk
Ẽk(uh)

)−1Δ Ẽk (1.20)

with
Δ Ẽk = Ẽk(Uh

k )− Ẽk(Uk)︸ ︷︷ ︸
=0

= Ẽk(Uh
k ) . (1.21)

Inserting (1.20) and (1.21) in (1.19) finally gives

ηm,k = − ∂
∂Uk

M(uh)
( ∂

∂Uk
Ẽk(uh)

)−1
Ẽk(Uh

k ) = −ξ T
k Ẽk(Uh

k )

with ξk being the solution of the adjoint equation

( ∂
∂Uk

Ẽk(uh)
)T ξk =

( ∂
∂Uk

M(uh)
)T

. (1.22)

Instead of ∂
∂Uk

Ẽk(uh) one may also apply ∂
∂Uk

Ek(uh) in (1.22) to get an error esti-
mation. This way, it suffices to solve one system of adjoint equations (per block) for
the estimators with respect to higher and lower models and also with respect to the
discretization. Moreover, note that (1.22) can be solved very efficiently due to the
special structure of Ẽk and Ek (see [7]).

Regarding the derivation of the model error estimator ηm,k above, one may ob-
serve that an error estimator for discretization errors can be deduced in exactly the
same way. Here, the reference solution Uk resulting from solving a modified sys-
tem of equations Ẽk must refer to another discretization. In our implementation, the
residual Ẽk(Uh

k ) is estimated by comparing the single terms in the applied discretiza-
tion scheme with reconstruction formulas of higher order. This way, separate error
estimators for the temporal and the spatial error (for each element in each block)
can be evaluated:

ηh,k = ηx,k + ηt,k , (1.23)
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where ηx,k denotes the estimator for the spatial error and ηt,k for the temporal error
in the kth block [6, 7].

1.4 Adaptive Error Control

In the last section, we have developed error estimators for model and discretization
errors. With these estimators, we can now control the computational errors inside the
network. Since in practice the dynamic behaviour in the network varies, we want to
control the relative error resulting from the choice of the models and the discretiza-
tion in blocks of several time steps. Thus, we divide the time interval [0,T ] into
blocks of equal size [Tk−1,Tk], k = 1, . . . ,NB. Regarding one subinterval [Tk−1,Tk],
we can compute the forward as well as the backward/adjoint solution and evaluate
the error estimators locally, which yields

Mk(u)−Mk(uh) ≈ ηm,k + ηt,k + ηx,k .

Given a tolerance TOL for the relative error, we can approximate the exact error by
the estimators, giving

∣∣Mk(u)−Mk(uh)
∣∣

|Mk(u)| ≈
∣∣ηm,k + ηt,k + ηx,k

∣∣
|Mk(uh)|

!≤ TOL . (1.24)

We first examine the discretization error to ensure the discretization to be adequate.
Then we consider the model error.

Check Discretization Error. First, the discretization is checked. Given the toler-
ance TOL as above, we ensure the discretization error to be small enough by decreas-
ing TOL by a user-defined factor 0 < κ < 1 giving TOLh := κ ·TOL. We demand the
discretization error estimator to satisfy

∣∣ηt,k + ηx,k
∣∣ ≤ TOLh ·

∣∣∣Mk(uh)
∣∣∣ .

If the error estimator exceeds the given upper bound, the temporal and spatial dis-
cretization errors are treated individually, that is,

∣∣ηt,k

∣∣ ≤ 1
2
TOLh ·

∣∣∣Mk(uh)
∣∣∣ and

∣∣ηx,k

∣∣ ≤ 1
2
TOLh ·

∣∣∣Mk(uh)
∣∣∣ .

Check Temporal Discretization Error. If the temporal error estimator exceeds the
given tolerance, the time step size is marked for refinement. After checking the
spatial discretization error, the time interval [Tk−1,Tk] has to be computed again. If,
in contrast, the error estimator

∣∣ηt,k

∣∣ is much smaller than the upper bound, the time
step size is marked for coarsening. If the current time interval has to be recomputed
due to spatial or model errors, the temporal coarsening is not applied.
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Check Spatial Discretization Error. Now, the spatial discretization error is esti-
mated locally for each pipe,

ηx,k = ∑
j∈Jp

ηx,k, j .

Thus, we want to satisfy
∣∣∣∣∣ ∑

j∈Jp

ηx,k, j

∣∣∣∣∣ ≤
1
2
TOLh ·

∣∣∣Mk(uh)
∣∣∣ .

For this inequality to hold, it suffices to claim

∑
j∈Jp

∣∣ηx,k, j
∣∣ ≤ 1

2
TOLh ·

∣∣∣Mk(uh)
∣∣∣ .

In order to get an upper bound for each pipe itself, we uniformly distribute the target
functional, i.e., we divide it by the number of pipes

∣∣Jp
∣∣, giving

∣∣ηx,k, j
∣∣ ≤ 1

2
TOLh ·

∣∣Mk(uh)
∣∣∣∣Jp

∣∣ ∀ j ∈ Jp .

If
∣∣ηx,k, j

∣∣ exceeds the given tolerance, the pipe is marked for refinement. If, instead,
the error estimator is much smaller than the right hand side, the pipe is marked for
coarsening. The time interval [Tk−1,Tk] is computed again with a finer discretization
where needed.

Check Total Error. If the discretization error is small enough, the total error esti-
mator ηm,k + ηt,k + ηx,k is evaluated. If

∣∣ηm,k + ηt,k + ηx,k
∣∣ > TOL ·

∣∣∣Mk(uh)
∣∣∣ ,

that is, the total error does not fulfill the desired tolerance while the discretization
error did, the model error is checked.

Check Model Error. If the discretization error is small enough, but the total error
is not, the model errors of all pipes are checked. Again, we uniformly distribute the
target functional over all pipes. If the error estimator exceeds the given tolerance,
that is,

∣∣ηm,k, j
∣∣ > TOLm ·

∣∣Mk(uh)
∣∣∣∣Jp

∣∣ ,

with TOLm := (1− κ) ·TOL, the pipe is supposed to use the model above subject
to the hierarchy. The time interval [Tk−1,Tk] is computed again with the adjusted
models.
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Coarsen Temporal and/or Spatial Discretization and Switch Down Models. If the
total error fulfills the desired tolerance, the time interval [Tk−1,Tk] is accepted and
k is increased. If the time step size or any pipes were marked for coarsening, the
coarsening is applied. Then, the estimators with respect to the lower models are
computed. If the error estimator is much less than the given tolerance, that is,

∣∣ηm,k, j
∣∣ ≤ s ·TOLm ·

∣∣Mk(uh)
∣∣∣∣Jp

∣∣ ,

with a “shift down factor” s � 1 (e.g. 10−1 or 10−2), the pipe can use the lower
model for the next calculations and we go on to the next interval.

1.5 Numerical Examples

In this section, we give numerical results for a medium sized real life gas network
and a water supply network. All presented computations were done on an AMD
AthlonTM 64 X2 Dual Core 6000+.

1.5.1 Gas Supply Network

We begin with a gas supply network, which is shown in Fig. 1.1. The considered net-
work consists of twelve pipes (P01 – P12, with lengths between 30km and 100km),
two sources (S01 – S02), four consumers (C01 – C04), three compressor stations
(Comp01 - Comp03) and one control valve (CV01).

S01

S02

C01

C02

C03

C04

P01 P02 P03

P04

P05

P06
P07

P08 P09

P10

P11

P12

C
V

01

Comp01 Comp02 Comp03

Fig. 1.1 Gas supply network with compressor stations and control valve
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The simulation starts with stationary initial data. The boundary conditions and
the control for the compressor stations and the control valve are time-dependent.
Plots of the control functions are given in Fig. 1.1. The target functional is given by
the total fuel gas consumption of the compressors, i.e.

M(u) = ∑
c∈Jc

∫ T

0
Fc(t)dt .

The simulation time is 86,400 seconds (24 hours) with an initial time step size Δ t =
3,600 seconds. The subintervals are 7,200 seconds (2 hours) each. The initial spatial
step size is Δx = 10,000m. The factor κ is set to 10−1 and the shift down factor
s = 10−1. The tolerance TOL is set to values between 10−1 and 10−4.

Table 1.1 shows the maximal relative error in the target functional

rel.err. = max
k

∣∣Mk(u)−Mk(uh)
∣∣

|Mk(u)| , (1.25)

the total target functional, the maximal and the minimal time and spatial step size
used subject to the tolerance TOL and the running time. As an approximation of
the exact solution we computed a solution with the nonlinear model and a finer
discretization than used in the adaptive algorithm, which is shown in the last row.

Table 1.1 Results using different values for TOL

TOL rel.err. M(uh) max/min Δ t max/min Δx time [s]
1e-01 1.690905e-01 5.0480603810e+01 3600/900 33,333.3/10,000 2.7e-01
1e-02 1.756343e-02 4.8408860265e+01 900/450 33,333.3/10,000 1.0e+00
1e-03 1.288994e-03 4.8487439184e+01 225/28.125 16666.7/1,250 3.5e+01
1e-04 4.010694e-05 4.8486374440e+01 14.0625/1.7578 16666.7/312.5 1.0e+03
reference solution 4.8485402013e+01 1 312.5 4.2e+03

Generally, we observe that the maximal relative error decreases with the tolerance
TOL. We can also see that the error estimators do not provide a sharp upper bound
for the error.

Besides the discretization, it is also interesting how the model switching part
works depending on TOL. Table 1.2 shows how often which model is used during
the simulation. The trend is the same as for the discretization. For smaller tolerances,
the share of the more complex models is higher.

1.5.2 Water Supply Network

As a second example, we consider the water supply network shown in Fig. 1.2.
The network consists of sixteen pipes (P01 – P16, with lengths between 500m
and 20km), two suppliers (S01 – S02), six consumers (C01 – C06), three pumps
(Pump01 - Pump03), four tanks (T01 – T04) and two valves (V01 – V02).
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Table 1.2 Models used during simulation for different values of TOL

TOL ALG LIN NL
1e-01 100% 0% 0%
1e-02 46.7% 53.3% 0%
1e-03 13.7% 85% 1.3%
1e-04 2.5% 73.7% 23.7%
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Fig. 1.2 Water supply network with pumps, valves and tanks

The simulation starts with approximately stationary data. The boundary condi-
tions as well as the control for the pumps and the valves are time-dependent. As
above, plots of the control functions are given in Fig. 1.2. The target functional is
given by the total energy consumption of the pumps, which is proportional to

M(u) = ∑
c∈Jc

∫ T

0
Pc(t)dt .

The simulation time is 86,400 seconds (24 hours) with an initial time step size Δ t =
3,600 seconds. The subintervals are 7,200 seconds (2 hours) each. The initial spatial
step size has been chosen as coarse as possible such that the applied (spatial) error
estimators can be evaluated, that is exactly four grid points per pipe. Similar to
above, the factor κ is set to 10−1 and the shift down factor s = 10−1. The tolerance
TOL is set to values between 10−1 and 10−4.

Table 1.3 shows the maximal relative error in the target functional according
to (1.25), the total target functional, the maximal and the minimal time and spatial
step size used subject to the tolerance TOL and the running time. As an approxima-
tion of the exact solution we computed a solution with the time-dependent model
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Table 1.3 Results using different values for TOL

TOL rel.err. M(uh) max/min Δ t max/min Δx time [s]
1e-01 1.228465e-02 8.3184539798e+01 3600/900 6666.7/166.7 5.4e-01
1e-02 1.491658e-03 8.3079443781e+01 900/225 6666.7/166.7 1.9e+00
1e-03 9.460297e-04 8.3014423132e+01 112.5/28.125 6666.7/166.7 9.7e+00
1e-04 7.546011e-05 8.3037462607e+01 14.0625/3.5156 6666.7/166.7 1.6e+02
reference solution 8.3038197026e+01 2 100 1.5e+03

and a finer discretization than used in the adaptive algorithm, which is shown in the
last row.

As above, we observe that the maximal relative error in each block decreases
with TOL. Moreover, the error tolerance is satisfied here. Obviously, the time dis-
cretization plays the crucial role in this example. The initial spatial discretization
is not refined. Additionally, the difference between the two models only becomes
important for the smallest tolerance, which can be seen from Table 1.4.

Table 1.4 Models used during simulation for different values of TOL

TOL ALG LIN
1e-01 100% 0%
1e-02 100% 0%
1e-03 100% 0%
1e-04 42.2% 57.8%

1.6 Conclusion and Outlook

In this chapter, we have presented an algorithm to adaptively control model and
discretization errors for the simulation of gas and water flow through networked
pipelines. The gas and water dynamics in the pipes are described by a hierarchy
of models, ranging from partial differential to algebraic equations. Further network
components are modelled by algebraic and ordinary differential equations. Using
adjoint equations, we introduced error estimators to measure the influence of the
discretization in time and space and the applied models with respect to a given
target functional. With these estimators, we developed an algorithm to adaptively
control the different errors within a given tolerance.

We gave examples for both types of networks to show the applicability of the
algorithm. In both cases, it could be seen that the actual errors decreased with the
prescribed tolerance. By construction, the error estimators do not provide an upper
bound but are a first order approximation of the true error. For the considered water
supply network, all error bounds were maintained. For the gas network, the actual
errors were slightly larger than the given tolerance.

The results achieved so far (also in [6, 7]) make us confident that the presented
techniques to solve simulation tasks can build a reliable basis to address optimal
control problems for gas and water supply networks. In particular, the sensitivity
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information computed for the evaluation of the error estimators can be used to com-
pute gradient information for derivative-based optimization. There, we will have to
consider multiple quantities of interest. These are the objective function of the given
task and all constraints, which are supposed to be evaluated within given tolerances
as well.

Another part of our future work is the extension of the presented approach to fur-
ther applications. The principle of adjoint-based control of model and discretization
errors does not stick to gas and water supply networks. For instance, other transport
processes on networks can be considered. Here, one application we have in mind is
traffic flow on networks.
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