A Unified Framework for a posteriori Error
Estimation in Elliptic and Parabolic Problems
with Application to Finite Volumes

Alexandre Ern and Martin Vohralik

Abstract We present a unified framework based on potential and flux recon-
struction for guaranteed and efficient a posteriori error estimation. We consider
as model problems the Laplace equation, the singularly perturbed convection-
diffusion-reaction equation, and the heat equation. The analysis is performed for
a wide class of space discretization schemes. Three simple conditions need to be
verified, which we do for cell- and vertex-centered finite volumes for all model
problems.
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1 Introduction

A posteriori error estimation is an important tool in practical computations for error
control and computational efficiency by adapting the discretization parameters. In
the context of finite element methods, residual-based a posteriori error estimation
has been initiated by Babuska and Rheinboldt [2] over three decades ago. The
application to finite volume (FV) schemes is more recent; we refer, among others,
to Achdou, Bernardi, and Coquel [1], Nicaise [19], and Ohlberger [20,21].
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The purpose of this work is to present some recent results (and extensions
thereof) by the authors [9, 11,28-30] in a general framework. The salient features
of this framework can be summarized as follows. Firstly, the error upper bound is
formulated in terms of a potential and a flux reconstruction which must comply with
some basic physical properties related to the model problem at hand. This approach
allows one to achieve guaranteed error upper bounds, that is, upper bounds without
undetermined constants, which is a key feature in the context of error control. Flux-
based a posteriori error estimation for elliptic problems hinges on the Prager—Synge
equality [22] and was first developed, among others, by Ladeveze [18] and Haslinger
and Hlavacek [14].

Next, the present approach does not rely on a specific discretization scheme (in
space), that is, we bound the difference between the exact solution and an arbitrary
approximate solution which is only required to be piecewise smooth. Owing to
this generality, the approach encompasses a wide class of schemes including FVs
and many other schemes (discontinuous Galerkin, mixed finite elements, etc.) in a
unified setting. At this stage, quite general meshes (e.g., with polygonal elements
and so-called hanging nodes) can be considered as well. Turning next to local
efficiency, that is, to local lower bounds on the error, we still proceed generally
without resorting to any specific discretization scheme under two additional assump-
tions. On the one hand, we suppose that the approximate solution, the potential
and flux reconstructions, and the problem data are piecewise polynomials and that
the meshes possess some regularity which we formulate by introducing a matching
simplicial, shape-regular submesh. On the other hand, we assume that the potential
and flux reconstructions satisfy some local approximation properties which are
expressed in terms of suitable local residuals of the approximate solution (plus its
jumps). Local lower bounds on the error then result from the combination of these
two assumptions and the fact that the local residuals provide local lower bounds on
the approximation error, as previously shown, e.g., in Verfiirth [24].

This paper is organized as follows. In §2, we collect some useful notation and
basic ingredients for the analysis. Then, we present our results on three model
problems. In §3, we consider the Laplace equation. The aim is to present in detail
the key ideas in the context of a simple model problem. In §4, we turn to the
convection-diffusion-reaction equation. We focus on singularly perturbed regimes
resulting from dominant convection or reaction and show how the present approach
can achieve robustness with respect to physical parameters. In §5, we consider the
heat equation and the backward Euler scheme to discretize in time. The purpose is to
show how the present approach handles evolution problems including time-varying
meshes. In all cases, we first derive upper and lower bounds on the approximation
error in an abstract framework applicable to a wide class of discretization schemes
in space. Then, we show how the framework can be applied to cell- and vertex-
centered FV schemes. For the sake of simplicity, we only consider model problems
with homogeneous Dirichlet boundary conditions. Inhomogeneous Dirichlet and
Neumann boundary conditions can be taken into account following [29]. Finally,
we observe that some interesting applications of a posteriori error estimates are not
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covered herein; we mention, in particular, the use of such estimates as adaptive
stopping criteria for linear [15] and nonlinear [7] iterative solvers.

2 Basic ingredients

Let 2 C R? d > 2, be a polygonal (polyhedral) domain (open, bounded, and
connected set). Let .7, be a partition of £2 into polygonal elements. The elements K
can be nonconvex or non star-shaped. We denote by hg the diameter of K € .7, and
by ng its outward normal. The partition J}, can be nonmatching, that is, so-called
hanging nodes are allowed. We only suppose later on (cf. Assumption 3 below) the
existence of a simplicial matching and shape-regular submesh .. We say that o is
a mesh side if o has positive (d —1)-dimensional measure and if there are distinct
K, L € 9, such that 0 = 0K N dL orif there is K € .7, such that o = 9K N 052.
Mesh sides are collected in the set &j,. We denote by h, the diameter of 0 € &),
we fix a unit normal to o denoted by n,, and define the jump across o as the
difference following the direction of n,. Besides the usual Sobolev spaces H'(£2)
and H| (£2), we consider the so-called broken Sobolev space H'(.7},) spanned by
those functions whose restriction to each element K € .7}, belongs to H'(K) and the
so-called broken gradient operator V;, acting elementwise on functions in H'(.7},).
Additionally, we need the space H(div, £2) spanned by those functions in [L?(£2)]¢
with square-integrable weak divergence. The notation P, (.7},) stands for the space
of piecewise polynomials of total degree < k on .7, whereas, for .7}, simplicial and
matching, RTN(.9;,) C H(div, £2) stands for the (lowest-order) Raviart-Thomas—
Nédélec finite element space [3]. For all v, € RTN(%},), v;,-n, is constant on all
sides 0 € &, the univalued side fluxes (v;-n,, 1), representing the degrees of
freedom.
Let D C £2 be a polygon or polyhedron. The Poincaré inequality states that

le —epllh < Cophy|IVel3 VYo e H(D), (1)

where ¢p is the mean of ¢ over D givenby ¢p = (¢, 1)p/|D|. When D is convex,
the constant Cp  can be evaluated as 1/ 2. The constant Cp p can also be evaluated
for nonconvex D, cf. [12, Lemma 10.2] or [5, §2]. Let now K C 2 be a simplex
and let o be one of its sides. The trace inequality states that

lolly < Coxo (i llolk + lelxIVelk) Vo € H'(K). 2)

It follows from [23, Lemma 3.12] that the constant C; g, can be evaluated as
lo|hk/|K]|, see also [5, Theorem 4.1] for d = 2.
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3 Laplace equation

We consider the second-order elliptic problem

—Ap=f in £2, (3a)
p=0 on 082, (3b)

with f € L*(£2). The weak formulation consists in finding p € H, (£2) such that

(Vp.Vo) = (f.9) Ve Hy(R2). 4)

The scalar-valued function p € HOl (£2) is called the potential and the vector-valued
function t := —V p € H(div, §2) the (diffusive) flux.

3.1 Abstract framework

The purpose of this section is to present a unified abstract framework for a posteriori
error estimation in problem (3a)—(3b). In order to proceed generally, without the
specification of the numerical scheme at hand, we merely suppose that we are
given a function p, € H'(.7},) (which will represent the discrete solution later
on). We define the energy (semi-)norm as [||v||| := ||V,v|| for all v € H'(.Z,). The
a posteriori estimate for the energy error |||p — py||| is formulated in terms of a
potential reconstruction s, and a flux reconstruction t;,. These reconstructions must
comply with the following assumption.

Assumption 1 (Potential and flux reconstruction for (3a)-(3b)) There holds s;, €
HJ (), t, € H(div, £2), and

Vt,, Dk =(f, Dk VK€ T, 5

Remark 1 (Assumption 1). Assumption 1 is concerned with basic physical con-
straints and local conservation. For the exact solution, p € H}(£2) and t €
H(div, £2) (physical constraints); moreover, V-t = f (conservation). The potential
and flux reconstructions mimic these continuous properties.

We can now state and prove our main result concerning the error upper bound,
see [27, Theorem 4.2] and [30, Theorem 4.5].

Theorem 2 (A posteriori estimate for (3a)—(3b)). Let p be the solution of (4) and
let py, € H'(9}) be arbitrary. Let Assumption 1 be satisfied. Then,
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1/2

llp=palll = Y nhex + (rk +mork)’p
Ke7,

where, for all K € 9}, the diffusive flux estimator, the nonconformity estimator,
and the residual estimator are respectively given by

mork = [IVpn + tllk, (6a)
nnek = V(pn — sk, (6b)
MRK = Cr},/;hK”f — V-tyllx. (6¢)

Proof. Following [17, Lemma 4.4], we obtain using s, € H, (£2),

2
lp — palll* < lllpw — sulll* + sup (Vi(p — pn). Vo)
peHI (2).llell=1

The first term equals the Hilbertian sum of the nonconformity estimators, and we are
thus left with bounding the second term. Using (4) and t, € H(div, £2), we obtain

(Viu(p — pr). Vo) = (f.0) — (Viupi. Vo) = (f,¢) — (Vipr + th, Vo) + (t,, Vo)
=(f = Vtn,0) = (Vipn + ty, Vo).

We now bound the two above terms separately. For all K € ., let 9k be the mean
value of ¢ over K. Then, using (5), the Poincaré inequality (1), and the Cauchy—
Schwarz inequality, we infer

I(f = Vtn,0)x| = |(f = Vetn, 0 —0x) k| < mrxlllelllx-

Moreover, bounding [(Vpy + ty, Vo)k| < nprxkl|l¢ll|x is immediate using the
Cauchy—Schwarz inequality. The conclusion is straightforward. O

We now address local efficiency and we still proceed generally, without any
notion of a particular numerical scheme. We make two more assumptions.

Assumption 3 (Local efficiency) We suppose that

e there exists a shape-regular matching simplicial submesh %, of 7, such that,
for each K € ,, the number of subelements L C K, L € %, is uniformly
bounded;

e for a fixed integer k > 1, the approximate solution pj, and the datum f are in
Py (%), and the flux reconstruction ty, is in [Py ()]%

Henceforth, we use A < B when there exists a positive constant C, that can only
depend on the space dimension d, the shape-regularity parameter of the mesh .77,
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and the polynomial degree k, such that A < CB. For all K € 7}, let T¢ denote all
the elements in .7}, having a nonempty intersection with K, &g all the sides in &},
having a nonempty intersection with K, and Qiil‘;‘ the subset of Ex collecting those
sides lying in the interior of £2. We introduce the classical residual estimators for
problem (3a)—(3b) (cf. [24] for conforming methods and [1, 6] for nonconforming
methods) given by

Mhes.k = hicllf + Apallzi + i 1TV prenll g, (7a)

|palik := b ITpalllex- (7b)

Assumption 4 (Approximation property for (3a)-(3b)) We assume that, for all
K e 7,
IV = si)llx + IVPr + thllg S tees.x + [Pnlik- ®)

We can now state and prove our main result concerning efficiency.

Theorem 5 (Efficiency of the estimate of Theorem 2). Let p be the solution of (4)
and let Assumptions 3 and 4 be satisfied. Then, for all K € ,

nne.k + Mrx + Moek S P — pulllsg + [Prlik-

Proof. Our first step is to observe that §nc.x + MR .k + DE.K S Nres.k + | Prly. k- This
bound is immediate for nnc x and npp x owing to Assumption 4, while for ng g, the
triangle and inverse inequalities yield nr x < hg|lf + Apullx + |Vor + il S
Nres.k + | Pnl1x, owing to Assumptions 3 and 4. Our second step is to observe that
Nres.k S ||| — Palllzk, as can be derived using suitable bubble functions [24]. O

Remark 2 (Equivalence result). If p, is in H](£2), the jump seminorm |pp|y x
vanishes. If the jumps of p, have zero mean on each side, proceeding as in [1,
Theorem 10] yields |pilsx < |llp — pnlllzk. Finally, in the general case, an
equivalence result is achieved by adding the jump seminorm |p — pplyx = |pilik
to both the error measure and the nonconformity estimator.

3.2 Application to finite volumes

We apply here the framework of §3.1 to cell- and vertex-centered finite volume
schemes, i.e., we specify s, and t;, and we verify Assumptions 1, 3, and 4.
3.2.1 Cell-centered finite volumes

Definition 1 (Cell-centered FVs for (3a)-(3b)). A cell-centered FV scheme for
discretizing (3a)—(3b), cf. [12], reads: find pj, € Py(}) such that
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> Fro=(fDx VYK€ ©)

0EEK

Here, &% collects the sides of K and F, is the diffusive flux through the side o,
which depends on pj. A simple example is the so-called “two-point” scheme. In
what follows, we do not need the specific form of Fg,, but only the conservation
property Fg, = —F , for all interior sides o shared by the elements K and L.

Let us first suppose that .7}, is simplicial and matching. Following [13], let t, €
RTN(Z;,) be prescribed on all K € 7, by the fluxes Fg , as

(t|xng)ls == Fgo/lo|. (10)

Since py, is piecewise constant, the energy error ||| p — pn||| = ||V p|| is not relevant.
Instead, following [28, §3.2], we first postprocess py locally into pj, € P2(93) such
that, for all K € .7,

— Vpulk = tilk, (pn, Dk/IK| = pnlk. (11)

The potential s, is constructed by applying an averaging operator .%,, : Py (%) —
Pv(Jh) N H}(£2) to py. This operator sets the Lagrangian degrees of freedom
inside §2 to the average of the values and sets 0 on 0f§2. Theorem 2 can now
used to bound the error |||p — pnl|| observing that (5) in Assumption 1 results
from (V-ty, Dk = (tymg, 1ok = 3 cs, Fxo = (f. Dk. Note that prx = 0
from (11), which is typical for cell-centered finite volumes. To apply Theorem 5,
we verify Assumptions 3 and 4. Assumption 3 is straightforward with ., = 7,
whereas Assumption 4 is trivial for t;, since ||V p; + t;| ¢ = 0, while the bound on
IV(pr — Fav(pr))| k results from [1,4,16].

When .7}, is not simplicial or is nonmatching, the submesh .#} needs to be
introduced. We can then proceed as in [28, §5] and [10]. The averaging operator for
potential reconstruction maps into Py (#5,) N H/ (£2), while the flux is reconstructed
in RTN(.%,) either by direct prescription of its degrees of freedom or by solving
local Neumann problems.

3.2.2 Vertex-centered finite volumes

We suppose here that .7}, is simplicial and matching. Let &, be a dual mesh with
dual volumes D associated with the vertices of .73,. We refer to Fig. 1, left, for an
illustration. We decompose &}, into _@}l“t and Z;*, with .@}1‘“ associated with interior
vertices and Z;*' with boundary ones.

Definition 2 (Vertex-centered FVs for (3a)—(3b)). A vertex-centered FV scheme
for discretizing (3a)—(3b), cf. [12], reads: find p; € P1(9}) N HO1 (£2) such that
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Fig. 1 Simplicial mesh .7}, and the dual mesh 2, (left); simplicial submesh .#}, (right)

—(Vpymp, Vap =(f.)p VD e g™ (12)

To apply the framework of §3.1, we first note that, since p, € H_(£2), we can
set s, = pp. Consequently, nnc.x = 0 in Theorem 2, which is typical for vertex-
centered finite volumes. To construct the flux t;, we introduce a matching simplicial
submesh .}, cf. Fig. 1, right. Such .¥}, is a refinement of both .73, and Zj,. The flux
t;, is reconstructed in RTN(.%},) such that, at all interior sides o of .}, which lie on
the boundary of some D € %, t;'n, := —V p;-n,. Owing to the Green theorem,
(V-ty,)p = (f,1)p forall D € @}1“‘. There are various ways of prescribing the
remaining degrees of freedom of t,. We can merely prescribe them directly, but
better computational results are obtained if a local Neumann or Neumann/Dirichlet
problem is solved using mixed finite elements in each D € &, [30, §4.3]. Verifying
Assumptions 1 and 3 is immediate, while Assumption 4 is proven as in [30, §5].

4 Convection-diffusion-reaction equation

We consider the convection-diffusion-reaction equation

—V-(eVp—wp)+rp=f in £, (13a)

p=0 on 052, (13b)

withe > 0,7 € L®(R2),w € W' (2)]%, and f € L*(£2). We assume that w

is divergence-free with piecewise polynomial components and that r is piecewise

constant taking nonnegative values. We introduce the bilinear form % := HAs + B
on H}(£2) x H}(£2) such that

PBs(p.p) :=¢e(Vp. Vo) + (rp. ). (14a)

Ba(p. @) :=—(wp, Vo). (14b)

The weak formulation consists in finding p € HO1 (£2) such that
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B(p.e) = (f.9) Vo€ H(R2). (15)

The vector-valued functions t := —eVp and q := wp are in H(div, £2) and are,
respectively, called the diffusive and convective flux.

4.1 Abstract framework

We present here a unified abstract framework for a posteriori error estimation in
problem (13a)—(13b). Extending the above bilinear forms to H'(.7},) x H'(.,)
using broken gradients, we now define the energy (semi-)norm as

1/2
IVl 2= Bs(v.0)'2 = (le2v]? + ' 2v]?) " vve H'(Z).  (16)

To achieve robustness of the a posteriori error estimates in the singularly perturbed
regime resulting from dominant convection, we introduce, following Verfiirth [26],
the augmented (semi-)norm defined as

vllle == [lIvIll +- sup Ba(v.g)  Yve H'(F). (17
peH (@).llell=1

The a posteriori error estimate for |||p — pul|le is formulated in terms of a
potential reconstruction sy, a diffusive flux reconstruction t,, and a convective
flux reconstruction q;,. These reconstructions must comply with the following
assumption.

Assumption 6 (Potential and flux reconstruction for (13a)—(13b)) There holds
sy € HO1 (£2), tn, q, € H(div, £2), and

Vty+Vqp +rpp. D = (. D)k VK € . (18)

We can now state and prove our main result concerning the error upper bound.
For simplicity, we assume that the mesh .7}, is matching and simplicial so as to use
the trace inequality (2). The general case can be treated by resorting to a matching
simplicial submesh.

Theorem 7 (A posteriori estimate for (13a)-(13b)). Let p be the solution of (15)

and let p;, € H'(.9}) be arbitrary. Let Assumption 6 be satisfied. Assume that ), is

matching and simplicial. Then,

1/2 1/2
+ Z 77?\1(:,1(}

Keg,

llp— pullle <n:= 2{ Z nIZ\IC,K
Ke%z

1/2
+3 Z (mr.x + ﬂCDF,K)2§ .

KeT,
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For all K € 9, the convective-diffusive flux estimator is given by

NCDR.K := Min(1cpF,1,K » ICDF.2.K)» (19a)
neorik = & 2|k, (19b)
neora.k = mill(I — o) Veallx + 7" Y Clllanmslls.  (190)

0EEK

with ay 1= t, +q, + &V, pp —wsy, and IT the L?-orthogonal projector onto Py(F},),
the nonconformity estimators by

ek = llpn — sulllks ek := min (ne.1.k, INC2.K ) (20a)

Tneik =& by k. (20b)

Tincax = mill(I = ) Vbyllx + 7 > Cl, Ibimg o (20¢)
oEEK

with by, := w(py, — s3,), and the residual estimator by
Rk =mg|f =Vt —V-qn —rppl k. (21
Here myg = min(CPIV/Igs_l/th, re'?) and ik == 2(1 + Cl,l’/lg)s_l/me.

Proof. Following [27, Lemma 7.1] and [8, Lemma 3.1], we infer

12— pulll < lllpn = sulll + sup {B(p — pn.¢) + Balpr —s1.9)} .
oeH (@) ll¢ll=1

and proceeding as in [9, Lemma 4.2] yields

Ny — pullle < 2llpr — salll + sup Ba(ph — S, @)
peH) (2).llpll=1

+3 sup {%(p — pr, @) + Ba(pn —sn. @)}
eeH} () llell=1

For the second term on the right-hand side, we obtain

Ba(pn — sn-9) = —(by. Vo) < Y Tinclllellx-
KeZ,

Indeed, for all K € .9}, the Cauchy—Schwarz inequality on the one hand yields
—(by. Vo) < e |bllklllelllx = Tncaxlll@lllx. while integrating by parts on
K leads to
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—(by, Vo) = (I =) Vebi, o —pi) k= D (bimo, 9 =)o < ek lllellx,

0EEK

owing to the Poincaré inequality (1) and the trace inequality (2). For the third term
on the right-hand side, we observe that

B(p — P @) + Ba(pn —sn. @) = (f =Vt = Vequ —rpp, ) — (an, Vo)

< Z (mr.x + neor.x)|llell .
Keg,

using Assumption 6 for the residual term and proceeding for a;, as for by,. O

We now address the efficiency of the estimate of Theorem 7. In what follows,
< can include factors depending on the maximal ratio mg/m; for K, L hav-
ing a nonempty intersection. We introduce the classical residual estimators for
problem (13a)—(13b) given by

Mees ik = M|l + V-6V pi = wpn) = rpullcy + m*e™*|[eVi palnll gy,
(22a)

—1/2 1 2
pnls.x = (20 + mPe A Wl oo e + 1R Ipadlle,. (22

We also set |v]y := {>_xc |v|iK}l/2 forallv e H'(%,).

Assumption 8 (Approximation property for (13a)-(13b)) We assume that, for all
K € 9, with ¢;, = ay, or by,

mill(I = M) Veellk + m%e™ " 3 llewn o S Mresk + | palik

€&k

Proceeding as in [9, Theorems 3.2 and 3.4] leads to the following lower bound,
which is global in space owing to the use of a dual norm.

Theorem 9 (Efficiency of the estimate of Theorem 7). Let p be the solution
of (15) and let Assumption 8, and the second item of Assumption 3, be satisfied.
Then,

n<|p—pullle + |p — pals. (23)

Remark 3 (Fully robust equivalence result). Adding the jump seminorm |-y to the
error measure, a fully robust equivalence result is finally achieved in the form

Wy —pullle +1p— puls =0+ 1puls S llp — pullle + |p — pals. (24)
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4.2 Application to finite volumes

We apply here the framework of §4.1 to cell- and vertex-centered finite volume
schemes, i.e., we specify sy, t;, and q;, and we verify Assumption 6, and, at least in
some cases, Assumption 8.

4.2.1 Cell-centered finite volumes

Definition 3 (Cell-centered FVs for (13a)-(13b)). A cell-centered FV scheme for
discretizing (13a)—(13b), cf. [12], reads: find p;, € Py(Z;) such that

Y Fxo+ Y Wko+repile =(fDk VK€ (25)

oEEK €&k

In addition to the diffusive fluxes Fk,, Wk, are the convective fluxes, also
depending on pj;. We do not need the precise form of the fluxes, but only Fg, =
—F , and Wk, = —W, , for all interior sides o shared by the elements K and L.

Following the ideas exposed in §3.2.1, we first define t;, q;, € RTN(.%,) by
(thlxmg)|s := Fko/lo], (@nlxmg)lo := Wko/lol. (26)
Define pj, similarly to (11). It is immediate to see using the Green theorem that (26)

and (25) yield (18). A reasonable condition on Wk, in the context of upwind or
centered convective fluxes is that

1Wk.o/lo| —wnkpnlklle < IWllizoo ke I 12A1llo- 27)
Then, Assumption 8 holds, up to the oscillation terms mg||(I — ITy)V-(Wpp) ||k,

when additionally including |p;|y.x on the right-hand side, and the efficiency
result (23) holds when additionally including |p — pj |y on the right-hand side.

4.2.2 Vertex-centered finite volumes
Definition 4 (Vertex-centered FVs for (13a)-(13b)). A vertex-centered FV

scheme for discretizing (13a)—(13b), cf. [12], reads: find p;, € P1(Z;) N HO1 (£2)
such that

—(eVprnp, Dap + (Wnppu, ap + rpn. Dp = (L 1)p VD € Z™. (28)

Note that we only consider a centered convective flux.
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Asin§3.2.2, we set s, = pj, in Assumption 6. Consequently, 7nc.x = Tinc.k = 0
in Theorem 7. For the convective flux reconstruction, we simply set q;, := wpj,. For
the diffusive flux reconstruction, we introduce the mesh ., (cf. Fig. 1, right) and
we define t; € RTN(.%},) such that t;,-n, := —eV pp-n, at all interior sides o of
%, which lie on the boundary of some D € Z,. As in §3.2.2, local problems can
be solved to fulfill Assumption 6. Assumption 8§ can be verified as in §3.2.2 for the
diffusive part, while the convective part is trivial owing to the choice of qj.

5 Heat equation

We consider the heat equation

op—Ap=f in2x(0,T), (29a)
p=0 ondf2x(0,T), (29b)
p(.0)=py in2, (29¢)

with f € L?(£2 x (0,T)), initial condition py € L?(£2), and final time 7 > 0.
The exact solution is in the space ¥ := {y € X:;0,y € X'}, with X :=
L*0,T; H}(£2)) and X' = L*(0,T; H™'(£2)), satisfies (29¢) in L*(£2), and is
such that, fora.e. t € (0,7),

(0,0, 0)(1) + (V. Vo)1) = (fo)t) Vo € Hy(£2). (30)

1/2
The space-time energy norm is given by ||y|x := {fOT IV y2(t) dt} for
all y € X. Following Verfiirth [25], we augment the energy norm by a dual
norm of the time derivative as |y|ly = |yllx + [|9:y||x» with |0;y|x :=

10,y ar”

5.1 Abstract framework

We consider an increasing sequence of discrete times {t" }o<,<y such that =0
and t¥ = T and introduce the time intervals 1, := (¢"~',¢"] and the time steps
=" — " lforall 1 <n < N.The meshes are allowed to vary in time; we
denote by 9,1” the mesh used to march in time from t"~! to ¢, forall 1 <n < N,
and by 9,10 the initial mesh. We suppose that the approximate solution on ¢", denoted
by p;_,isin H ! (7)), and we let pj,, be the space-time approximate solution, given
by pj, at each discrete time ¢” and piecewise affine and continuous in time. We
denote the space of such functions by P! (H'(.7,)). We also denote by P (H, (2))
the space of functions that are piecewise affine and continuous in time and HO1 (£2)
in space and by P°(H(div, £2)) the space of functions that are piecewise constant
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in time and H(div, §2) in space. Forall 1 <n < N, we set 7” = rln fln f(,t)de,
and, for ¢y, € PH(H' (), 3 py, := 2 (0p, — o).

We aim at measuring the error (p — pj.) in the |-||y-norm using the broken
gradient operator in the energy norm. The a posteriori error estimate is for-
mulated in terms of a space-time potential reconstruction sy, and a space-time
flux reconstruction t,,;. These reconstructions must comply with the following
assumption.

Assumption 10 (Potential and flux reconstruction for (29a)-(29¢)) There holds
spe € PHHL($2)), tye € PY(H(div, 2)), and, for all | < n < N and for all
K e g,

(e8> Dk = (9 phys Dk (31a)
(f" = 8 pe = Vet D = 0. (31b)

We can now state our main result concerning the error upper bound, see [11,
Theorem 3.6] and also [11, Theorem 3.2] for a slightly sharper bound.

Theorem 11 (A posteriori estimate for (29a)—(29¢)). Let p be the solution of (30)
and let py, € P (H'()) be arbitrary. Let Assumption 10 be satisfied. Then,

1/2 1/2

N
lp— piclly = {Z(ﬂ;’p)z + +me +31f = flx, (32

n=1

N
> (k)?
n=1

with, forall 1 < n < N, the space and time error estimators given by

(ﬂgp)z = Z 3 %Tn(9(77ﬁ,1< + W%F,K)z + (nyﬁc,z,K)z)‘i‘/I (nyﬁc,l,x)z(l) dt} )
Ke7y "
(33a)

()® = > 3TV(sh, = siz Dl (33b)
Kegy

For all K € Zl” the residual estimator, the diffusive flux estimator, and the
nonconformity estimators are given by

Mk = Cplghgll " —dish, — V) | x. (34a)
Mork = IVSh, + . llk. (34b)
ek @) = IV Gne — pr) Ok, Yt €1, (34c)
Mcak = Colehx 19 (she — pie)"lIx. (34d)

Finally, the initial condition estimator is given by nc := 2!/ 2|s? = poll-
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We next turn to the efficiency of the estimate of Theorem 11. We introduce the
classical residual estimators for problem (29a)—(29c¢) given by

Mk = hicll /" = 0, Py + Apiellcg + 0PIV phendll g, (352)
1Pl = H N pp e (35b)

Assumption 12 (Approximation property for (29a)—(29c)) We assume that for
alll <n < N andforall K € ",

V3 (Phe = Skl + V5 Phe + eIk S Thes x + | Phe ik (36)
We can now state our efficiency result, see [11, Theorem 3.9]. As in [25], the
lower bound is local in time, but global in space.

Theorem 13 (Efficiency of the estimate of Theorem 11). Let Assumption 12 hold,
let Assumption 3 hold at all discrete times, let both the refinement and coarsening
in time be not too abrupt, and let, for all 1 < n < N, (h")> < t". Then, for all
1<n<N,

N + Mo < 112 — Prellyany + 2" (pwe) + 1 = Fllxa)s (37)

1/2
where 7" (pie) = (2" S ey 1P i + 7" Lxey 1P Bk) -

Remark 4 (Equivalence result). We refer to [11, Remark 3.10] for bounding the
jumps _Z"(pn:), see also Remark 2.

5.2 Application to finite volumes

We apply here the framework of §5.1 to cell- and vertex-centered finite volume
schemes, i.e., we specify s,; and t;;, and we verify Assumptions 10 and 12. For
simplicity, we only discuss matching simplicial meshes.

5.2.1 Cell-centered finite volumes

Definition 5 (Cell-centered FVs for (29a)—(29c)). A cell-centered FV scheme
for (29a)—(29c¢), cf. [12], reads: forall 1 <n < N, find p}_ € ]P’o(ﬂh”) s. t.

1 _ _ ~
B — i Dk + D0 Fi, ="k VKeZ' (39

0EEK
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As in §3.2.1, the fluxes t; are constructed from the side fluxes Fg by an
equivalent of (10). An elementwise postprocessing as (11) is applied to obtain p;
from pj_. The potential is reconstructed at each discrete time from a modification of
the averaging operator of §3.1 where local bubble functions are used to satisfy (31a)
(cf. [11]). Then, owing to the construction of t; , (31b) is also satisfied, whence
Assumption 10 follows. Finally, we set .#}" = .7,"; Assumption 12 is trivial for t;,
since | V) pi'_ +t! ||x = 0 and is proven for s7_in [11].

5.2.2 Vertex-centered finite volumes

Definition 6 (Vertex-centered FVs for (29a)-(29c)). A vertex-centered FV
scheme for (29a)-(29c), cf. [12], reads: for all 1 < n < N, find p; €
Py (7)) N H}(2)s.t.

@) Do — (Vpionp, ap = (7. 1)p VD e ™", (39)

Asin §3.2.2, py € H (2) forall 1 < n < N, so that we set Spe = Dy
Consequently, nye | ¢ = finca.x = 01n Theorem 11. The fluxes tj. are constructed
as in §3.2.2, using the simplicial submeshes .&}". Assumptions 10 and 12 are then
verified by proceeding as in §3.2.2.

Acknowledgements This work was partly supported by the Groupement MoMaS (PACEN/
CNRS, ANDRA, BRGM, CEA, EdF, IRSN).

References

1. Achdou, Y., Bernardi, C., Coquel, F.: A priori and a posteriori analysis of finite volume
discretizations of Darcy’s equations. Numer. Math. 96(1), 17-42 (2003)

2. Babuska, I., Rheinboldt, W.C.: Error estimates for adaptive finite element computations. SIAM
J. Numer. Anal. 15(4), 736-754 (1978)

3. Brezzi, F.,, Fortin, M.: Mixed and hybrid finite element methods, Springer Series in Computa-
tional Mathematics, vol. 15. Springer-Verlag, New York (1991)

4. Burman, E., Ern, A.: Continuous interior penalty /p-finite element methods for advection and
advection-diffusion equations. Math. Comp. 76(259), 1119-1140 (2007)

5. Carstensen, C., Funken, S.A.: Constants in Clément-interpolation error and residual based a
posteriori error estimates in finite element methods. East-West J. Numer. Math. 8(3), 153-175
(2000)

6. Dari, E., Duran, R., Padra, C., Vampa, V.: A posteriori error estimators for nonconforming
finite element methods. RAIRO Modél. Math. Anal. Numér. 30(4), 385-400 (1996)

7. El Alaoui, L., Ern, A., Vohralik, M.: Guaranteed and robust a posteriori error estimates and
balancing discretization and linearization errors for monotone nonlinear problems. Comput.
Methods Appl. Mech. Engrg. (2010). DOI 10.1016/j.cma.2010.03.024

8. Ern, A., Stephansen, A.F.: A posteriori energy-norm error estimates for advection-diffusion
equations approximated by weighted interior penalty methods. J. Comp. Math. 26(4), 488-510
(2008)



A Unified Framework for a posteriori Error Estimation 837

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

Ern, A., Stephansen, A.F.,, Vohralik, M.: Guaranteed and robust discontinuous Galerkin a
posteriori error estimates for convection—diffusion-reaction problems. J. Comput. Appl. Math.
234(1), 114-130 (2010)

Ern, A., Vohralik, M.: Flux reconstruction and a posteriori error estimation for discontinuous
Galerkin methods on general nonmatching grids. C. R. Math. Acad. Sci. Paris 347(7-8), 441—
444 (2009)

Ern, A., Vohralik, M.: A posteriori error estimation based on potential and flux reconstruction
for the heat equation. SIAM J. Numer. Anal. 48(1), 198-223 (2010)

Eymard, R., Gallouét, T., Herbin, R.: Finite volume methods. In: Handbook of Numerical
Analysis, Vol. VII, pp. 713-1020. North-Holland, Amsterdam (2000)

Eymard, R., Gallouét, T., Herbin, R.: Finite volume approximation of elliptic problems and
convergence of an approximate gradient. Appl. Numer. Math. 37(1-2), 31-53 (2001)
Haslinger, J., Hlavacek, I.: Convergence of a finite element method based on the dual
variational formulation. Apl. Mat. 21(1), 43-65 (1976)

Jiranek, P., Strakos, Z., Vohralik, M.: A posteriori error estimates including algebraic error and
stopping criteria for iterative solvers. SIAM J. Sci. Comput. 32(3), 1567-1590 (2010)
Karakashian, O.A., Pascal, F.: A posteriori error estimates for a discontinuous Galerkin
approximation of second-order elliptic problems. SIAM J. Numer. Anal. 41(6), 2374-2399
(2003)

Kim, K.Y.: A posteriori error analysis for locally conservative mixed methods. Math. Comp.
76(257), 43-66 (2007)

Ladeveze, P.: Comparaison de modeles de milieux continus. Ph.D. thesis, Université Pierre et
Marie Curie (Paris 6) (1975)

Nicaise, S.: A posteriori error estimations of some cell-centered finite volume methods. SIAM
J. Numer. Anal. 43(4), 1481-1503 (2005)

Ohlberger, M.: A posteriori error estimate for finite volume approximations to singularly
perturbed nonlinear convection—diffusion equations. Numer. Math. 87(4), 737-761 (2001)
Ohlberger, M.: A posteriori error estimates for vertex centered finite volume approximations of
convection—diffusion—reaction equations. M2AN Math. Model. Numer. Anal. 35(2), 355-387
(2001)

Prager, W., Synge, J.L.: Approximations in elasticity based on the concept of function space.
Quart. Appl. Math. 5, 241-269 (1947)

Stephansen, A.F.: Méthodes de Galerkine discontinues et analyse d’erreur a posteriori pour
les problemes de diffusion hétérogene. Ph.D. thesis, Ecole Nationale des Ponts et Chaussées
(2007)

Verfiirth, R.: A review of a posteriori error estimation and adaptive mesh-refinement
techniques. Teubner-Wiley, Stuttgart (1996)

Verfiirth, R.: A posteriori error estimates for finite element discretizations of the heat equation.
Calcolo 40(3), 195-212 (2003)

Verfiirth, R.: Robust a posteriori error estimates for stationary convection-diffusion equations.
SIAM J. Numer. Anal. 43(4), 1766-1782 (2005)

Vohralik, M.: A posteriori error estimates for lowest-order mixed finite element discretizations
of convection-diffusion-reaction equations. SIAM J. Numer. Anal. 45(4), 1570-1599 (2007)
Vohralik, M.: Residual flux-based a posteriori error estimates for finite volume and related
locally conservative methods. Numer. Math. 111(1), 121-158 (2008)

Vohralik, M.: Two types of guaranteed (and robust) a posteriori estimates for finite volume
methods. In: Finite Volumes for Complex Applications V, pp. 649-656. ISTE and John Wiley
& Sons, London, UK and Hoboken, USA (2008)

Vohralik, M.: Guaranteed and fully robust a posteriori error estimates for conforming dis-
cretizations of diffusion problems with discontinuous coefficients. J. Sci. Comput. 46, 397438
(2011)

The paper is in final form and has not been or is not being submitted elsewhere.



	A Unified Framework for a posteriori Error Estimation in Elliptic and Parabolic Problems with Applicationto Finite Volumes
	1 Introduction
	2 Basic ingredients
	3 Laplace equation
	3.1 Abstract framework
	3.2 Application to finite volumes
	3.2.1 Cell-centered finite volumes
	3.2.2 Vertex-centered finite volumes


	4 Convection-diffusion-reaction equation
	4.1 Abstract framework
	4.2 Application to finite volumes
	4.2.1 Cell-centered finite volumes
	4.2.2 Vertex-centered finite volumes


	5 Heat equation
	5.1 Abstract framework
	5.2 Application to finite volumes
	5.2.1 Cell-centered finite volumes
	5.2.2 Vertex-centered finite volumes
	References





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


