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Abstract We discuss several techniques for proving compactness of sequences of
approximate solutions to discretized evolution PDEs. While the well-known Aubin-
Simon kind functional-analytic techniques were recently generalized to the discrete
setting by Gallouët and Latché [15], here we discuss direct techniques for estimating
the time translates of approximate solutions in the space L1. One important result
is the Kruzhkov time compactness lemma. Further, we describe a specific technique
that relies upon the order-preservation property. Motivation comes from study-
ing convergence of finite volume discretizations for various classes of nonlinear
degenerate parabolic equations. These and other applications are briefly described.
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1 Introduction

Let us think of evolution equations set on a cylindrical domainQ WD .0; T /�˝ �
IRC � IRN . Proving convergence of space-time discretizations of such equations
often includes the three following steps: constructing discrete solutions and get-
ting uniform (in appropriate discrete spaces) estimates; extracting a convergent
subsequence; writing down a discrete weak formulation (e.g., with discretized test
functions) and passing to the limit in the equation in order to infer convergence.

For the first step, obtention of estimates is greatly simplified by preservation, at
the discrete level, of the key structure properties of the PDE (such as symmetry,
coercivity, monotonicity of the diffusion operators involved; entropy dissipation,
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for the nonlinear convection operators in the degenerate parabolic case; etc.). For
getting discrete a priori estimates test functions are often used, as in the continuous
case. Therefore, some analogues of integration-by-parts formulas and chain rules
are instrumental for the first step. For the examples we give in this paper, “discrete
duality” type schemes (mimetic, co-volume, DDFV; see, e.g., [3] and references
therein) can be used to guarantee an exact integration-by-parts feature. In contrast,
chain rules for derivation in time or in space must be replaced by approximate
analogues, often taking the form of convexity inequalities (see, e.g., [4], [3, Sect. 4]).

In this note, we give some insight into convergence proofs for different sub-
classes of degenerate elliptic-parabolic-hyperbolic PDEs under the general form1

u D b.v/;w D '.v/; ut � div
�
G.v/� a0

�rw
�� C .v/ D f in Q D .0; T /�˝

(1)
with b.�/; '.�/;  .�/ continuous2 non-decreasing on IR, normalized by zero at zero,
with a continuous convection flux G.�/ and with a0 W IRN ! IRN of Leray-Lions
type (see e.g. [1, 4]; p-laplacian, with a0.�/ D j�jp�2� is a typical example). For
the sake of simplicity, homogeneous Dirichlet boundary condition on .0; T / � @˝
is taken.

But our main goal is to discuss the second step of the proofs3, the one of getting
compact4 sequences of discrete solutions. For linear problems, the two latter steps
are somewhat trivial; indeed, mere functional-analytic bounds would lead to com-
pactness in a weak topology, which is enough to pass to the limit from the discrete
to the continuous weak formulation of the PDE. Thinking of nonlinear problems
and passage to the limit in nonlinear terms, bounds in functional spaces can be
sufficient when combined with basic compact embeddings; but this requires rather
strong bounds involving e.g. some estimates of the derivatives. Regarding evolution
PDEs of, say, porous medium type,Lp bounds are available on the space derivatives
but not on the time derivatives (those belong to some negative Sobolev spaces). In
this situation, either compactness in an ad hoc strong topology is needed; or the
weak compactness coming from uniform boundedness should be combined with
some compactification arguments (compensated compactness, Young measures and
their reduction, etc.) that exploit in a non-trivial way the particular structure of the
PDE in hand (div-curl structure, pseudo-monotonicity, entropy inequalities, etc.).

In this note, we first recall in � 2 the fundamental techniques using only bounds
in well-chosen functional spaces (see [2, 9, 11, 17] for the continuous setting; see
[12, 15] for the corresponding discrete results). In � 3, we present a collection

1See [5] and references therein for well-posedness theory of such “triply nonlinear” equations.
These are mathematical models for porous media, sedimentation, Stefan problem, etc..
2Actually, we assume that either these functions are uniformly continuous, or v is bounded a priori.
3When the compactification methods strongly utilize a particular structure of the underlying PDE,
this step is in fact combined with the third step of passing to the limit.
4Throughout the note, “compact” actually signifies “relavively compact”.
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of complementary techniques for estimation of time translates of families of
functions that already possess some estimate of space translates. In � 4, we describe
one indirect method for proving compactness and convergence of families of
approximate solutions. The method heavily exploits the order-preservation property,
required both for the PDE in hand and for the approximation scheme in use.
Throughout the note, the exposition is motivated and illustrated by applications to
approximation of several cases of problem (1) (different cases requiring different
approaches).

2 Functional-analytic approach
of Aubin-Lions-Dubinskii-Simon

In the continuous setting, one celebrated result is the Aubin-Lions or Dubinskii
lemma ([9] and [11]) and its generalization by Simon [17] (see also Amann [2]).
To give an example relevant for the applications we have in mind, let us simply
state here that a sequence .uh/h bounded in L1.0; T IW 1;1.˝// and such that
..uh/t /h is bounded in L1.0; T IW �1;1.˝// is relatively compact in L1.Q/, cf. [15].
More generally, compactness comes from an a priori bound on uh in some space
Lp.0; T;X/ with X compactly embedded in L1.˝/ (e.g., X D W 1;1.˝/) while
the PDE brings information on boundedness of the time derivatives .uh/t in some
space Lq.0; T IY / where Y can be a subspace of distributions on ˝ equipped with
a rather weak topology (e.g., Y D W �1;1.˝/). A discrete version of the Aubin-
Simon lemma was recently proposed by Gallouët and Latché in [15]; it is based
upon a careful reformulation of estimates in terms of “coherent” families .Xh/h,
.Yh/h of discrete spaces.

A related result taken from Simon [17] and Amann [2] uses a bound on fractional
time derivatives of uh. As it was demonstrated by Emmrich and Thalhammer in
[12], this version is quite appropriate in the time-discretized setting. Indeed, time
fractional derivatives of order less than 1=2 exist even for piecewise constant
functions. Technically, this method involves an indirect estimation of weighted

time translates, under a form
Z T

0

Z T

0

juh.t/ � uh.s/jp
jt � sj1C�p ds dt with some p � 1 and

� 2 .0; 1=2/.
These results only use bounds in functional spaces and very few of the underlying

PDE properties. They offer a very wide spectrum of applications; yet they are
difficult to apply on degenerate parabolic problems with non-Lipschitz nonlin-
earities. The difficulty comes from the fact that non-Lipschitz mappings make
bad correspondence between linear functional spaces. Yet this difficulty is not a
fundamental one; roughly speaking, it is settled by a careful use of translation
arguments and of moduli of continuity. This is the object of the next section.
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3 Direct estimation of time translates

In this section, the compactness question is studied using the one and only space5

L1.Q/. By the Fréchet-Kolmogorov compactness criterion in L1.Q/, uniform
bounds on space and time translates of uh are needed. In the setting of the present
note, the first ones are readily available. The difficulty lies in estimating the time
translates as

8h
Z T�ı

0

Z

˝

ˇ
ˇ
ˇuh.tCı/ � uh.t/

ˇ
ˇ
ˇ � !.ı/ with lim

ı!0
!.ı/ D 0; (2)

!.�/ being a modulus of continuity, uniform in h. Here are two ways to obtain (2).

A discrete Kruzhkov lemma6

Lemma 1 (Kruzhkov [16]). Assume that the families of functions .uh/h; .F ˛
h /h;˛

are bounded in L1.Q/ and satisfy @
@t

uh D P
j˛j�m D˛F ˛

h in D 0.Q/. Assume that uh
can be extended outsideQ, and one has7

Z Z

Q

juh.t; xCı/�uh.t; x/j dxdt � !.ı/; with lim
ı!0

!.ı/ D 0; (3)

where !.�/ does not depend on h. Then .uh/h is (relatively) compact in L1.Q/.

Clearly, this is an L1loc compactness result (one can apply the lemma locally in Q).

For problem (1), the value m D 1 is relevant, because an L1 bound is available
for the flux

�
G.v/ � a0

�r'.v/��; therefore we limit to this case the discussion of
discrete analogues of Lemma 1. To give an idea of discrete versions of the Kruzhkov
lemma8, assume we are given a family of meshes of ˝ indexed by their size h and
satisfying mild proportionality restrictions (e.g., for the case of two-point flux finite
volume schemes as described in [13], one needs for all neighbour volumes K;L,
diam.K/Cdiam.L/�const dK;L uniformly in h). Assume that on these meshes, spaces of

5Working in an h-independent space is an advantage for producing discrete versions of com-
pactness arguments; yet the approach of [15] exhibits a simple and efficient use of h-dependent
spaces.
6There is a strong relation to the method of � 2. The Kruzhkov lemma allows for general moduli of
continuity. E.g., for problem (1) with ' D Id , the Aubin-Lions-Dubinskii-Simon argument can be
used if b.�/ is Lipschitz continuous (with X D W

1;p
0 .˝/) or Hölder continuous (with a fractional

Sobolev space chosen for X), and the Kruzhkov lemma can be used for any continuous b.�/.
7In practice, space translation estimates of the kind (3) can be obtained via an estimate of some
discrete gradients; notice that estimates of kind (3) are stable upon composing .uh/h by a function
b.�/ which is uniformly continuous (as in (1), we mean that uh D b.vh/).
8Here we give a rather heuristic presentation; see [7] and [3] for two precise formulations covering,
e.g., the two-point flux finite volume schemes ([13]) and DDFV schemes ([3] and ref. therein).
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discrete functions IRh and discrete fields .IRN /h are defined (each element uh 2 IRh
or Fh 2 .IRN /h is a piecewise constant on˝ function reconstructed from the degrees
of freedom of the discretization method). Assume we are given discrete gradient
and discrete divergence operators rh and divh mapping between these spaces. Thus
all discrete objects (functions, fields, gradient, divergence) are naturally lifted to
L1.Q/.

Let .ıh/h be the associated time steps, let Nh be the entire part of T=ıh. Assume
that we are given an initial condition b0

h and discrete evolution equations under the
form

for n 2 Œ1; Nh C 1�;
b.vnh/ � b.vn�1

h /

ıh
D divh ŒFnh�C f n

h in IRh; (4)

where families (
��

unh
�
n

�
h
,

��
f n
h

�
n

�
h

(discrete functions) and
��

Fnh
�
n

�
h

(discrete
fields) are bounded in L1.Q/. Assume that the discrete gradients

��rhvnh
�
n

�
h

are
bounded in L1.Q/ and that this bound implies a uniform translation bound in
space of the family vh (this is true, e.g., when discrete Poincaré inequalities can
be proved). Under these assumptions, reproducing at the discrete level the proof
[16] of Lemma 1 as it is done in [3, 7], one concludes that the family .b.vh//h is
relatively compact in L1.Q/. Note that, the case m � 2 would require more work.

A classical technique for the “variational” setting

Following [1], by “variational” we mean a setting where the solution w is an admis-
sible test function in the weak formulation of the PDE; e.g., (1) can be tested with
w D '.v/. It typically comes along with a priori estimates that can be reproduced
at the discrete level, provided the discretization is somewhat structure-preserving.9

The technique of [1] used, in its finite volume version, e.g., in [4, 13, 14], is to
integrate10 the equation in time from t to tCı, take wh.tCı/�wh.t/ for test function,
then integrate in .t; x/. On problem (1), this leads to a uniform estimate

8h > 0
Z T�ı

0

Z

˝

�
b.vh/.tCı/� b.vh/.t/

��
'.vh/.tCı/� '.vh/.t/

�
� !.ı/: (5)

Then Lipschitz continuity of ' ı b�1 (resp., of b ı'�1) can be used to infer uniform
L2 time translates of wh D '.vh/ (resp., of uh D b.vh/). Yet the L1 time translates
can be obtained in the case ' ı b�1 (resp., b ı'�1) is a merely continuous function.

9Notice that for evolution PDEs governed by accretive in L1.˝/ operators, of which (1) is an
example, time-implicit discretizations are better suited for structure preservation. Use of numerical
schemes in space that possess a kind of discrete duality (mimetic, co-volume, DDFV schemes, etc.)
enables getting discrete estimates analogous to the continuous ones. For notions of solution involv-
ing some version of chain rule (e.g., entropy, renormalized solutions) orthogonality assumption on
the meshes and isotropy assumption on the diffusion operator may be needed, see e.g. [4].
10Here, for the sake of simplicity, we stick to the terminology and notation of the continuous case.
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� A technique for L1 estimates involving non-Lipschitz nonlinearities (see [4])

Consider the case where e' WD 'ıb�1 is a uniformly continuous function (moreover,
it is non-decreasing). Let � be a concave modulus of continuity for ' ıb�1,˘ be its
inverse, and set ĕ.r/ D r ˘.r/. Let e� be the inverse of ĕ . Note that e� is concave,
continuous, and e�.0/ D 0. Set uı D b.vh/.tCı; x/ and u D b.vh/.t; x/. We have
Z

Q

je'.uı/�e'.u/j D
Z

Q

e�ı ĕ�je'.uı/�e'.u/j� � jQj e�
�

1
jQj

Z

Q

ĕ�je'.uı/�e'.u/j�
�
:

Since je'.uı/ � e'.u/j � �.juı � uj/, we have ˘.je'.uı/� e'.u/j/ � juı � uj and

ĕ.je'.uı/� e'.u/j/ D ˘.je'.uı/� e'.u/j/je'.uı/ � e'.u/j � juı � uj je'.uı/� e'.u/j:

Therefore, (5) implies an L1 estimate of the kind (2) on wh D '.vh/:

Z

Q

jwh.tCı/�wh.t/j � jQj e�
�

1
jQj

Z

Q

juı�ujje'.uı/�e'.u/j
�

D jQj e�
�

1
jQj!.ı/

�
:

� Use of contraction arguments and absorption terms (see [8])

Let us mention one more possibility for getting estimates of kind (2) for (1),
which takes advantage of the monotonicity of  .�/. Assume ' D Id in (1);
to shorten the arguments, assume f D 0. Then L1 translates in time of uh D
b.vh/ can be estimated with every of the two preceding methods, the Kruzhkov
lemma and a direct estimation of translates with variational techniques. This makes
.b.vh//h relatively compact; yet, when b�1.�/ is discontinuous, no information on
compactness of .vh/h is obtained this way. Now, let us use the translation (in time)
invariance of the equation and the L1 contraction property11 natural for (1). This
yields the estimate (see [8])

Z

˝

jb.vıh/�b.vh/j.T�ı/C
Z T�ı

s

Z

˝

j .vıh/� .vh/j �
Z

˝

jb.vıh/.s/�b.vh/.s/j (6)

for all s 2 .0; T �ı/, where vıh.t/ D vh.t C ı/. Integrating in s > ˛ > 0, using
the time translation bound for .b.vh//h we get an L1..˛; T / � ˝/ estimate of time
translates of .vh/. If .�/ is strictly increasing, this is enough forL1loc compactness
of .vh/h.

Applications to (1) and some other parabolic PDEs

� Application to a parabolic-hyperbolic PDE (see [4])

For problem (1) with b D Id , providedLp.Q/ estimates of the discrete gradient of
'.vh/ are available, space translates of '.vh/ (and the functions '.vh/ themselves)

11Discrete version of (6) (see [8]) assumes theL1 contraction property (linked to order preservation
via the Crandall-Tartar lemma) is preserved at the discrete level. Estimate (6) is exploited in � 4.
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can be estimated uniformly, and an estimate of the form (5) can be obtained. Then
the above technique for exploiting (5) assesses the L1.Q/ compactness of .'.vh//h,
which is a first step of the convergence proof for this problem (see [4])12.

� Application to an elliptic-parabolic PDE with the structure condition (see [3])

Assume ' D Id . Estimate (5) controls the L1 time translates of b.vh/ similarly to
what was described above13. If the structure condition G.v/ D F.b.v// is satisfied,
compactness of .b.vh//h is enough to pass to the limit, see [1] (cf. [10] and � 4).

� Application to a cross-diffusion system (see [7])

The following kind of models comes from population dynamics:
�

ut �D1�u � div
�
.u C v/ru C urv

� D u.a1 � b1u � c1v/;
vt �D2�v � div

�
vru C .u C v/rv

� D v.a2 � b2u � c2v/: (7)

Natural estimates for approximate solutions of (7) areL2 bounds on
p
1C u C v ru,p

1C u C v rv; this gives only an L4=3 bound on the diffusion fluxes in (7), thus
we are not in a variational setting14. Therefore for a proof of convergence of finite
volume approximations of the kind [13], the Kruzhkov lemma was used in [7]15.

� Application to convergence of some linearized implicit schemes (see [6])

In [6], discretization of the simplified version of cardioelectrical bidomain model:
�

vt � div
�
Mi .�/rui

� CH.v/ D Iap.�/;
vt C div

�
Me.�/rue

� CH.v/ D Iap.�/; v D ui � ue; (8)

was considered; here, the “ionic current”H.�/ is a cubic polynomial. This nonlinear
reaction term brings an estimate of vH.v/ which bounds v in L4.Q/. Time-implicit
DDFV discretization of (8) preserves this structure; then the problem falls into the
“variational” framework16 and time translates can be estimated like in [1, 13, 14].
From the practical point of view, it is important to accelerate computations, and
to consider a linearized method where the discretization of the reaction term H.v/
is not fully implicit. Unfortunately, for theoretical analysis L4 estimate for vh is
not available any more; only a weaker estimate can be obtained with interpolation
arguments. In [6], we applied the Kruzhkov lemma to exploit this weaker estimate17.

12For Lipschitz '.�/, also the Aubin-Lions-Dubinskii-Simon and Kruzhkov lemmas could be used.
For general '.�/, the author thinks that neither of these lemmas can replace the direct use of (5).
13Alternatively, the Kruzhkov lemma can be used in a straightforward way, see [3].
14From the practical point of view, e.g. the first equation cannot be tested with u.tCı/.
15Alternatively, the discrete Aubin-Lions-Dubinskii-Simon lemma (see [15]) could be used here.
16Indeed, we have vh bounded in L4.Q/ and H.vh/ is bounded in L4=3.Q/ D .L4.Q//�.
17A discrete Aubin-Lions-Dubinskii-Simon argument could have been applied as well.
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4 Advanced use of the underlying PDE features

Often mere functional-analytic bounds are not enough, but additional constraints
coming from the particular structure of the approximated PDE may permit an
indirect compactness/convergence proof. E.g., for the parabolic-hyperbolic PDE (1)
(case b D Id ) we proved the compactness of .'.vh//h in � 3. The two final steps (see
[4]; see also [14]) exploit fine PDE tools. First, the Minty argument (see, e.g., [1])
is used for .a0.rh'.vh//h; second, the “nonlinear weak-* convergence” ([4,13,14])
for .vh/h is upgraded to strong convergence using entropy inequalities for (1).

Let us show how one very delicate case of (1), see [10], can be treated indirectly.

Compactness from monotone penalization and order-preservation

For getting (6), we already used the order-preservation structure for (1). Its further
use, in conjunction with penalization, may lead to the following convergence proof.

� The structure needed for compactification

Assume that one can prove uniqueness of a solution to a PDE (Eq0) under study.
Assume that (Eq0) can be embedded “continuously” into a family (Eq") of per-
turbed PDEs having the property that v"1h � v"2h when "1 � "2, where v"1h , v"2h are the
associated discrete solutions. Continuity in " 2 Œ�1; 1�means, we assume that limits
as "!0 (if they exist) of exact solutions v" of (Eq") solve the limit equation (Eq0).

Assume that for " ¤ 0, the corresponding sequence .v"
h/h is well defined and it

converges to an exact solution v" of (Eq"). Then solutions .v0h/h to the discretized
equation (Eq0) converge a.e., as h ! 0, to the unique solution of (Eq0). Indeed,
write

v�1
h � v�1=2

h � ::: � v�1=m
h � ::: � v0h � ::: � v1=mh � ::: � v1=2h � v1h; (9)

and pass to the limit as h ! 0 to define v˙1=m WD limh!0 v˙1=m
h (up to extraction of

a subsequence) solution to (Eq˙1=m); then, (9) is inherited at the limit (except that
.v0h/h may not have a limit). By monotonicity, we can define v WD limm!1 v�1=m
and v WD limm!1 v1=m; furthermore, we have v � lim infh!0 v0h � lim suph!0 v0h �
v: Both v; v solve (Eq0). Thus, by uniqueness, .v0h/h converges to v 	 v the solution
of (Eq0).

� Application to an elliptic-parabolic PDE without the structure condition (see [8])

We assume that ' D Id ,  D 0 in (1). We have seen that compactness of .b.vh//h
can be established, e.g., with the Kruzhkov lemma. Under the structure condition
G.v/ D F.b.v//, this is enough to pass to the limit in the equation. But in general
(see [10]) one lacks control of time oscillations of G.vh/, and the method of [1] fails.
Yet it is enough to add penalization term of the form  ".v/ D ".arctan v 
 �

2
sign "/

to get into the setting where (6) can be exploited to control discrete solutions .v"
h/h

and to pass to the limit, as h ! 0, for the  "-penalized equation (1"). The order-
preservation assumptions of the above method being fulfilled due to the choice of
 ", we get convergence of .vh/h in the cases where uniqueness for (1) can be shown.
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