Some Abstract Error Estimates of a Finite
Volume Scheme for the Wave Equation on
General Nonconforming Multidimensional
Spatial Meshes

Abdallah Bradji

Abstract A general class of nonconforming meshes has been recently studied for
sationary anisotropic heterogeneous diffusion problems, see [2]. The aim of this
contribution is to deal with error estimates, using this new class of meshes, for
the wave equation. We present an implicit time scheme to approximate the wave
equation. We prove that, when the discrete flux is calculated using a stabilized
discrete gradient, the convergence order is iy + k, where hy (resp. k) is the
mesh size of the spatial (resp. time) discretization. This estimate is valid for discrete
norms (0, T'; HJ (£2)) and #/1°°(0, T; L*(£2)) under the regularity assumption
u € 6€3([0, T); €*(2)) for the exact solution u. These error estimates are useful
because they allow to obtain approximations to the exact solution and its first
derivatives of order iy + k.
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1 Motivation and aim of this paper

We consider the wave equation, as a model for second order hyperbolic equations:
u(x,t) — Au(x,t) = f(x,t), (x,1) € 2 x(0,T), (1)
where £2 is an open polygonal bounded subset in RY, 7 > 0, and f is a given

function.
An initial condition is given by: for given functions u” and u' defined on £2

Abdallah Bradji
Department of Mathematics, university of Annaba—Algeria, e-mail: bradji @cmi.univ-mrs.fr

J. Fort et al. (eds.), Finite Volumes for Complex Applications VI — Problems & 175
Perspectives, Springer Proceedings in Mathematics 4,
DOI 10.1007/978-3-642-20671-9_19, © Springer-Verlag Berlin Heidelberg 2011


bradji@cmi.univ-mrs.fr

176 A. Bradji

u(x,0) = u’(x) and u;(x,0) = u'(x) x € 2, 2)
Homogeneous Dirichlet boundary conditions are given by

u(x, 1) = 0, (x,1) € 92 x (0, T). 3)

2 Definition of the scheme

The discretization of £2 is performed using the mesh ¥ = (#, &, &) described in
[2, Definition 2.1] which we recall here for the sake of completeness.

Definition 1. (Definition of the spatial mesh, cf. [2, Definition 2.1, Page 1012]) Let
2 be a polyhedral open bounded subset of RY, where d € IN \ {0}, and 92 =
2\ £ its boundary. A discretisation of £2, denoted by 2, is defined as the triplet
9D = (M,E,P), where:

1. # is a finite family of non empty connected open disjoint subsets of £2 (the
“control volumes”) such that £2 = Uge_4 K. For any K € ./, let 0K = f\ K
be the boundary of K; let m (K) > 0 denote the measure of K and hg denote
the diameter of K.

2. & is a finite family of disjoint subsets of §2 (the “edges” of the mesh), such that,
for all o € &, o is a non empty open subset of a hyperplane of IR, whose
(d — 1)—-dimensional measure is strictly positive. We also assume that, for all
K € ., there exists a subset &k of & such that d K = Uyeg, 0. Forany o € &,
we denote by #Z, = {K; 0 € &x}. We then assume that, for any o € &, either
My has exactly one element and then o C 9 £2 (the set of these interfaces, called
boundary interfaces, denoted by &uy) or .#, has exactly two elements (the set
of these interfaces, called interior interfaces, denoted by &). For all 0 € &, we
denote by x, the barycentre of 0. Forall K € .# and o € &, we denote by ng 4
the unit vector normal to o outward to K.

3. & is a family of points of §2 indexed by .#, denoted by & = (xk) ez Such
that for all K € .#, xx¢ € K and K is assumed to be xg—star-shaped, which
means that for all x € K, the property [xkx,x] C K holds. Denoting by dg ,
the Euclidean distance between xx and the hyperplane including o, one assumes
that dx » > 0. We then denote by Pk, the cone with vertex xx and basis o.

The time discretization is performed with a constant time step k = NL-H’ where
N € IN*, and we shall denote t, = nk, forn € [0, N + 1]. Throughout this paper,
the letter C stands for a positive constant independent of the parameters of the space
and time discretizations and its values may be different in different appearance.

We define the space Z5 as the set of all (Vi) ge > (Vo)oee), and g0 C Zg
is the set of all v € 2 such that v, = 0 for all 0 € & Let H 4(2) C L2(£2)
be the space of piecewise constant functions on the control volumes of the mesh
A . For all v € £y, we denote by I1 4v € H_4(82) the function defined by
Il 4, v(x) = vk, forae. x € K, forall K € .#.
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For all ¢ € €(82), we define P99 = (9(xk)ken s (@(X5))ges) € Zo. We
denote by & 49 € H_4(£2) the function defined by &4 ¢(x) = ¢(xk), for a.e.
x e K,forall K € .#.

In order to analyze the convergence, we need to consider the size of the discretiza-
tion & defined by hy = sup{diam(K), K € .#} and the regularity of the mesh

. K,o

given by fp = max{ X v A, ke ocse drg
to consider in this note (A general framework will be detailed in a future paper.) is
based on the use of the discrete gradient given in [2]. For u € 2y, we define, for
al K e A

. The scheme we want

Vgou(x) = Vg, u, a. e x € Yk, @

where Pk  is the cone with vertex xg and basis o and

d
Vikou=Vgu+ ( 7 (U —ug —Vgu- (x5 — XK))) ng o, 5
Ko
1
where Vxu = W Z m(o) (uy —ug)ng, and d is the space dimension.
m
oEEK
We define the finite volume approximation for (1)—(3) as (u”@)iv:ol e Z. @N g‘ 2 with
ul, = ((u’}()Ke/ﬂ , (uﬁ)aeg), foralln € [0, N + 1] and
1. discretization of the initial conditions (2):
(upvyp =—(Ad. [Ty V)Lz(g), VveZgo, (6)
and
”l@ - ”0@ 1
(TaV)F =—(Al/l 7”.//[‘})]]_‘2(9)’ VVE%@,(), @)

2. discretization of equation (1): forany n € [1, N],v € 25,

(M 8wt Mg v) g + (W Ve = ) m(K) fjve, )

Ke#n
where
(u,v)p =/ Vou(x)-Vgv(x)dx, Yu,ve Zgy, )
2
n+1 — Yt n—1

g2 ytt =Y kvz Y Vne[L N, (10)

1 In+1 d d
;= ,t t, 11
=i ) [ s (an

and (-, ")p2(p) denotes the IL? inner product.

The main result of the present contribution is the following theorem.
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Theorem 1. (Error estimates for the finite volume scheme (6)—(11)) Let 2 be
a polyhedral open bounded subset of R?, where d € N\ {0}, and 92 =
2\ R its boundary. Assume that the solution (weak) of (1)—(3) satisfies u €
€3([0, T); 6%(R2)). Let k = N+1, with N € IN*, and denote by t, = nk, for
n € [O,N 4+ 1]. Let 2 = (M,E,P) be a discretization in the sense of [2,
Definition 2.1]. Assume that 04 satisfies 9 > 9@

Then there exists a unique solution (uj) %g:%z for problem (6)—(11).
Foreachn € [0, N + 1], let us define the error e", € H () by:

ey =L yul,ty) —I 4 ug,. (12)
Then, the following error estimates hold

e discrete L>°(0, T; H} (£2))-estimate: foralln € [0, N + 1]
lelylli2.e = Clk + ho)llullgs o1, «2@))- (13)
e discrete W'1°°(0, T;1L*(2))—estimate: foralln € [1,N + 1]

(K3 eyl < Clk + ho)| “”%3([011; €2 () (14)

where 3" = % (v” - v”_l).

* error estimate in the gradient approximation: for alln € [0, N + 1]

Vg uy — Vu(. tn)llL22) <= Ck + ha)l ullysgor; «2@)- (15)

The following lemma will help us to prove Theorem 1

Lemma 1. Let §2 be a polyhedral open bounded subset of RY, where d € N\ {0},

and 32 = 2\ Q2 its boundary. Let k = + 1, with N € IN*, and denote by

ty = nk, forn € [O,N + 1]. Let & = (M, &, P) be a discretization in the sense

of [2, Definition 2.1]. Assume that 0 satisfies 0 > 0g. Assume in addition that

\ +01 € %g” such that for anyn € [ 1, N], forallv € Zo
(Mt @05 L V) oo + (5 Ve = D m(K)HRvg,  (16)

Ke#
where S} € R, foralln € [1, N] and for all K € 4.
Then the following estimate holds, for all j € [ 1, N].

there exists ( n@)

+1 +1,2
”H//l 31 77} ||]L2(Q) + C| 77] Iﬂf
= C (I 8" 1 gy + I3 + (7). (17)

where
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7 = max (Zm(K)(y;g)z)z, nell,N]}. (18)

Ken

Proof. Taking v = ' 0’7" in (16) and summing the result over n € [1, j], where
Jj €[1,N], we get

J
Z H 82 nn-}—l H//l al nn-{-l L2(Q)+Z f)n+l al I’L+l>
n=1

= Z > m(K) Lo (19)

n=1Ke.#
We need the following two rules

1

2 1 1 1 1 2
(H//la 77"@+ H a n+ )]Lz(.Q) ” an—i— (xn@”LZ(Q)

1 n+1 2
5 (105 1220y = oy ) - (20)

where o, = I, 9" %, and

n n 1 n n
( +1 al +1) _ % ( n@-}—l _ n@ n@-}—l _ n@)
1
+5r U o Y e — () F 21)

Identities (20)—(21) yield

J

2. n+l1 1 n+1 n+1 ql n+1
Y (Mo 0 My 'ty LZ(Q)JFZn L Yy e
n=1

1 1
Jj+1 J+1 i+l 11
= 5 (10 ey + (05705 6) = 52 (1) + (nons)r ).

This with (19) and [2, Lemma 4.2] implies

J
T (||<>zf+1||ILz(9)+C|nf+1 ) = ZZm(K)y"aln"“

1

57 (Il gy + Clnbly ) . 22)
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Multiplying both sides of the previous inequality by 2k and using the Cauchy
Schwarz inequality, we get

J
+1 +1,2
g 9" 0 Ry + Clnb ' B <267 Y M 0 0 L2

n=1

T 3" 05220, + Clngly. (23)

where . is given by (18).
This with the inequality ab < %az + %bz, (23) implies, forall j € [1, N]

2%
+1 +1p2 n n
111« 9" 77} |IL2(Q) +C| 77} | @ = ? Z (”H//l 9" 77@||i2(9) + C| ﬂ_@l?gg)
n=2
200 3 niylIE o) + Clnb % + 8T (). (24)

Using the discrete version of the Gronwall’s Lemma, (24) implies estimate (17).

Sketch of the proof of Theorem 1: The uniqueness of ( u”@)n [ON+1] satisfying
(6)—(11) can be deduced from the [2, Lemma 4.2]. As usual, we can use this
uniqueness to prove the existence. To prove (13)—(15), we compare the solution
( u’;j)n c[ON+I] satisfying (6)—(11) with the solution (it exists and it is unique thanks

to [2, Lemma 4.2]): for any n € [0, N + 1], find &}, € 2’5 such that, see (9)
(it v)p=— > VK/ Au(x,t))dx, Yve Zgy. (25)
Ke#

Taking n = 0 in (25), using the fact that u(-,0) = u°(-), and comparing this with
(6), we get the following property which will be used below

% = u,. (26)

One remarks that the solution of (25) is the same one of [1, (12)], one can use error
estimates [1, (13), (15), and (16)] as error estimates for the solution of (25).
Writing (25) in the step n + 1 and substracting the result from (8) to get

(M 0 V) oo + (057 V) F = D m(K)S vk, (27)
Ken

where 1%, = ul, —u,, foralln € [0, N 4 1] and

n In41 1 o
k= km(K)/ / fx.d xdt + ——~ m(K) Jx Au(x, typ1)dx — 07wy .
(28)
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Equation (27) with Lemma 1 implies that, foralln € [ 1, N]
1T 8" 05 sy + Lt
< € (11109 012y + Il + (7). (29)
To estimate the terms on the right hand side of the previous inequality, we consider
£, =y — Pou(-.t,), Yne[0,N +1]. (30)
It is useful to remark that (recall that %, = wy, — u?)
Uy — Poyu(ty) =Ny +£5. (31)

1. Estimate of ||IT 4 0' n1@||]Lz(Q): using (31), we get (recall that i, (-, 0) = u'(-))
4
1T 0" ntyllize) < ZTiv (32)

i=1

where
Ti = 140", l2). T2 = g 0" uly — u'|12(0).

Ts = [ u,(-.0) = 3" uC-. 1) 12(). and Ty = || 0" u(-,11) = P.40" uC-. 1) 120)-
Estimate [1, (15)], when j = 1, with (30) leads to
Ty = Challulls ., «2@)- (33)
Equation (7) can be written as
(alulg,v)p = —(Aul,l'[//{v)

Ly YV E oo, (34)

This with [2, (4.25)] and the triangle inequality implies that
T; < C(k +ho)l ulsr o1, «2@). Yi €[2.4]. (35)
Thanks to (32), (33), and (35), we have
1Tz 8" n5lli2e) < C (k + ko)l ullgro.ry: w22y (36)
2. Estimate of |n1@| - let us first remark that thanks to (6) and (7), we have

(uhyvyp =— (AW +ku'), 14 v)L2(Q), Vve 2. (37)
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In order to bound |n1@| @ =] u1@ — itgy| 9, we use the triangle inequality to get

bl < luty — Py W + ku')| o + | Py (U + ku') — Pyu-,t)| o
+ | Pgu(-.t) — iyl 2. (38)

This with the proof of [2, (4.29)] and suitable Taylor expansions, we get
Ingla < C (k + ho)l ullg2qory: 2@ (39)

3. Estimate of . substituting f by u;; — A u, see (1), in the expansion of .#¢, we
get

8% L A dxd V" Aend xd
p=— ,t t—— ,t t
K km(K)A /K””(x )d x km(K)A /K (v, 1)d x

1
+ K Au(x, tyyr)dx — 3t (40)

Thanks to the Taylor expansion and [1, (15)], when j = 2, we have
S = C(k+ho)llulgs o «2@)- 41)
Gathering now (29), (36), (39), and (41) yields, foralln € [2, N + 1]

117 0" Nglize) < C (k+ha)|l ull s o.11; €2 (2)) (42)

and
Iyl < C(k+ ho)llullgsgory; ¢2@)- (43)

We now combine (42)-(43) with [1, (13), (15), and (16)] to prove the required
estimates (13)—(15).

— Proof of estimate (13): estimate (43) with [2, (4.6)] implies
IMa nylhz.a = C(k+ha)llullgsgory; w2y, Yn€[2.N +1]. (44

This with (31), the fact that [T &7, = I1_4 i, — & 4 u(-, 1,), estimate [1, (13)],
and the triangle inequality implies estimate (13) for all n € [2, N + 1]. The
case when n = 1 in (13) can be proved by gathering (39), [2, (4.6)], and the case
n = 1 of [1, (13)]. Property (26) with the case n = 0 of [1, (13)] yields the case
n = 0 of (13).

— Proof of estimate (14): the case whenn € [2, N + 1] of (14) can be proved by
gathering (42), the case when j = 11in [1, (15)], and the triangle inequality. The
case n = 1 of (14) can be proved by gathering (36), the case when n = 1 and
j = lin[1, (15)], and the triangle inequality.
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— Proof of estimate (15): gathering (39) and (43), and [2, Lemma 4.2] leads to
[ V@’?n@”]]}(r)) < C(k+hg)l “”%3([011; €2(2))> Vne[l,N+1]. (45)

Combining (45), [1, (16)], and the triangle inequality yields (15) for all n €
[1,N 4 1]. The case n = 0 of (15) can be deduced directly from the case n = 0
of [1, (16)] by using (26). O
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