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Abstract A numerical methodology for the simulation of cavitating flows in
real complex geometries is presented. A homogeneous-flow cavitation model,
accounting for thermal effects and active nuclei concentration, which leads to
a barotropic state law is adopted. The continuity and momentum equations are
discretized through a mixed finite-element/finite-volume approach, applicable to
unstructured grids. A robust preconditioned low-diffusive HLL scheme is used to
deal with all speed barotropic flows. Second-order accuracy in space is obtained
through MUSCL reconstruction. Time advancing is carried out by a second-order
implicit linearized formulation together with the Defect Correction technique. The
flow in a real 3D inducer for rockets turbopumps is simulated for a wide range of
conditions: different flow rates and rotating speeds as well as non-cavitating and
cavitating flows are considered. The results obtained with this numerical approach
are compared with experimental data.

Keywords cavitating flows, homogeneous flow model, low diffusive HLL scheme,
linearized implicit time advancing
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1 Introduction

A tool for numerical simulation of 3D compressible flows satisfying a barotropic
equation of state is presented in this work. In particular, we are interested in
simulating cavitating flows through the barotropic homogeneous flow model pro-
posed in [1]. The numerical method used in this work is based on a mixed
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finite-element/finite-volume spatial discretization on 3D unstructured grids. Viscous
fluxes are discretized using P1 finite-elements while for the convective fluxes
the LD-HLL scheme [2], a low-diffusive modification of the Rusanov scheme,
is adopted. Second-order in space is obtained using a MUSCL reconstruction
technique and time-consistent preconditioning is introduced to deal with the low
Mach number regime. A linearized implicit time-advancing is associated to a defect-
correction technique to obtain a second-order accurate (both in time and space)
formulation at a limited computational cost. A non inertial reference frame, rotating
at constant angular velocity, is used to account for possible solid-body rotation and
the standard k � " turbulence model is introduced to capture turbulence effects. The
considered numerical tool is used to simulate the flow in a real 3D inducer in both
non-cavitating and cavitating conditions.

2 Physical model and numerical method

The physical model considered in this work consists in the standard Navier-Stokes
equations for a barotropic flow. Due to the barotropic equation of state (EOS)
considered, the energy equation can be discarded since it is decoupled from the
mass and momentum balances. Thus, considering a reference frame rotating with
constant angular velocity !, the following system of equations is obtained:
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�Vj .W; rW/ D S .!; x; W/ (1)

In Eq. (1) the Einstein notation is used, � is the molecular viscosity of the fluid,
W D .�; �u1; �u2; �u3/

T is the unknown vector, where � is the density and ui the
velocity component in the i th direction. F D .F1; F2; F3/ and V D .V1; V2; V3/ are,
respectively, the convective fluxes and the diffusive ones (not shown here for sake
of brevity). Finally, S is the source term appearing in a frame of reference rotating
with constant speed !:
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System (1) is completely defined once a suitable constitutive equation p D p.�/

is introduced. In this work a weakly-compressible liquid at constant temperature TL

is considered as working fluid. The liquid density � is allowed to locally fall below
the saturation limit �Lsat D �Lsat .TL/ thus originating cavitation phenomena. A
regime-dependent (wet/cavitating) constitutive relation is therefore adopted. As for
the wet regime (� � �Lsat ), a barotropic model of the form
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is adopted, psat D psat .TL/ and ˇsL D ˇsL .TL/ being the saturation pressure
and the liquid isentropic compressibility, respectively. As for the cavitating regime
(� < �Lsat ), a homogeneous-flow model explicitly accounting for thermal cavitation
effects and for the concentration of the active cavitation nuclei in the pure liquid has
been adopted [1]:
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where g?, �, �V and pc are liquid parameters, aLsat is the liquid sound speed at
saturation, ˛ D 1 � �=�Lsat and "L D "L .˛; �/ is a given function (see [1] for its
physical interpretation and for more details). The resulting unified barotropic state
law for the liquid and for the cavitating mixture only depends on the two parameters
TL and �. For instance, for water at TL D 293:16K , the other parameters involved
in (3) and (4) are: psat D 2806:82 Pa, �Lsat D 997:29 kg/m3, ˇsL D 5 10�10 Pa�1,
g� D 1:67, � D 0:73, �V D 1:28, pc D 2:21 107 Pa and aLsat D 1415 m/s [6].
Note that despite the model simplifications leading to a unified barotropic state law,
the transition between wet and cavitating regimes is extremely abrupt. Indeed, the
sound speed falls from values of order 103 m/s in the pure liquid down to values
of order 0:1 or 1 m/s in the mixture. The corresponding Mach number variation
renders this state law very stiff from a numerical viewpoint. As for the definition of
the molecular viscosity, a simple model, which is linear in the cavitating regime, is
considered:

�.�/ D
8<
:

�L if � � �Lsat

�v if � � �v

˛�v C .1 � ˛/�L otherwise
(5)

in which �v and �L are the molecular viscosity of the vapor and of the liquid respec-
tively, which, consistently with the assumptions made in the adopted cavitation
model, are considered constant and computed at T D TL.

The spatial discretization of the governing equations is based on a mixed
finite-element/finite-volume formulation on unstructured grids. Starting from an
unstructured tetrahedral grid, a dual finite-volume tessellation is obtained by the
rule of medians. The semi-discrete balance applied to cell Ci reads (not accounting
for boundary contributions):

Vi

dWi

dt
C

X
j 2N.i/

˚ij C �i D ˝i (6)

where Wi is the semi-discrete unknown associated with Ci , Vi is the cell volume,
and N.i/ represents the set of neighbors of the i th cell. The numerical discretization
of the convective flux crossing the boundary @Cij shared by Ci and Cj (positive
towards Cj ) is denoted ˚ij , while �i and ˝i are the numerical discretizations for,
respectively, the viscous fluxes and the source term. Let us describe, first, the first-
order version of the used numerical method. Once defined nij D �

nij;1; nij;2; nij;3

	T



138 M. Bilanceri et al.

as the integral over @Cij of the outer unit normal to the cell boundary, it is possible
to approximate ˚ij by the following preconditioned flux function:

˚ij D nij;k
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Quij and Qaij being the Roe averages for, respectively, the velocity and the sound of
speed. The discretization (7) is the 3D extension of LD-HLL scheme defined in [2]
as a low diffusive modification of the Rusanov scheme.

The discretization of the viscous fluxes is instead based on P1 finite-elements in
which the test functions are linear functions on the tetrahedral element. The source
term is discretized as follows:

˝i WD
�

0

� 2 ! ^ �i ui C �i ri

�
ri WD � ! ^ .! ^ gi / (9)

gi being the centroid of the i th cell.
A first-order implicit Euler method can be used for time-advancing. As a

consequence, at each time step it is necessary to compute F nC1
i D F .WnC1

j ; j 2
NN .i//, where NN .i/ D N.i/[fig and Fi is defined as Fi D P

j 2N.i/ ˚ij C�i �˝i .
In order to avoid the direct solution of large non-linear system of equations at

each time step a linearization can be performed finding an approximation of F nC1
i

in the form:
	nFi '

X
j 2 NN.i/

Dij 	nWj (10)

where 	n.�/ D .�/nC1 � .�/n. Using this approximation, the following linear system
must be solved at each time step:
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The implicit linearized scheme is completely defined once a suitable definition
for the matrices Dij is given. Since viscous and source terms are easily differ-
entiable, the use of the Jacobian matrices has been considered here to compute
their contribution to Dij . However the computation of the Jacobian matrices can
be more challenging for the convective fluxes. Thus, in this work the approximate
linearization developed in [2] for the numerical flux function (7) has been used.
Once matrices Dij are given, the first-order numerical method (11) is completely
defined.

Since viscous and source terms are already second-order accurate in space, the
extension to second-order accuracy in space can be achieved by simply using a
classical MUSCL technique [4], in which the convective fluxes are computed by
using extrapolated values at the cell interfaces. The second-order accuracy in time
is then achieved through the use of a backward differentiation formula. However, the
linearization for the second-order accurate fluxes and the solution of the resulting
linear system imply significant computational costs and memory requirements.
Thus, a defect-correction technique [5] is used here. It consists in iteratively solving
simpler problems obtained just considering the same linearization as used for the
first-order scheme. The number of DeC iterations r is typically chosen equal to 2.
Indeed, it can be shown [5] that only one defect-correction iteration is theoretically
needed to reach a second-order accuracy while few additional iterations (one or two)
can improve the robustness.

Finally, in order to account for the turbulence effects the RANS approach
together with the standard turbulence model k � " have been used. For the sake
of brevity the additional terms introduced in the system of equation by this model
are not shown. We just mention that the convective and viscous turbulent fluxes
are discretized using the same methods considered for their laminar counterparts.
Similarly, the turbulent source term appearing in the equations for k and " is
discretized using the same approach considered for the source term associated to
the rotating frame of reference.

3 Numerical experiments

In this section the numerical tool described in Sect. 1 is applied to the simulations
of the flow in a real three blade axial inducer [6]. It is a three blade inducer
with a tip blade radius of 81 mm and 2 mm radial clearance between the blade
tip and the external case. Experimental data are available for all the numerical
simulations described in the following. In particular the pressure jump between
two different stations has been measured for a wide range of working conditions:
from small to large mass flow rates, non-cavitating and cavitating conditions and
different values of the rotational speed !z. The results are presented in terms of
the mean adimensionalized pressure jump ‰ as a function of the adimensionalized
discharge ˆ:
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‰ D 	P

�L!2
z R2

T

ˆ D Q

�R2
T !zRT

(12)

where Q is the discharge, RT is the radius of the tip of blade, �L the density of
the liquid and !z is the angular velocity. Note that the numerical pressure jump is
averaged over one complete revolution of the inducer. A cylindrical computational
domain is used, whose external surface is coincident with the inducer case. The
inlet is placed 249 mm ahead of the inducer nose and the outlet is placed 409 mm

behind. A second computational domain, characterized by a larger streamwise
length (the inlet 1120 mm ahead the inducer nose ) has also been considered. Two
different grids have been generated to discretize the shorter domain: the basic one
G1 (1926773 cells) and G2 (3431721 cells) obtained from G1 by refining the region
between the blade tip and the external case. In particular, inside the tip clearance
region there are 3�4 nodes for the grid G1, while there are 9�10 points for G2. The
larger domain has been discretized by grid G1L (2093770 cells), which coincides
with G1 in the original domain. The working conditions considered in this work are

shown in Table 1, where pout is the outlet pressure of the flow and � D p � pLsat

0:5�!2
z R2

T
is the cavitating number (only shown for cavitating simulations). Note that, except
when differently stated, the simulations do not include turbulence effects.

Table 1 Conditions of the numerical simulations and of the experiments
Benchmark Ind1 Ind2 Ind3 Ind4 Ind5 Ind6

ˆ 0:0584 0:0391 0:0185 0:0531 0:0531 0:0531

!z (rpm) 1500 1500 1500 3000 3000 3000

pout (Pa) 125000 125000 125000 60000 85000 82500

T (Cı) 25ı 25ı 25ı 16:8ı 16:8ı 16:8ı

� - - - 0:056 0:084 0:077

As shown in Table 1, all the simulations in non cavitating conditions use the
same rotational velocity of 1500 rpm. In the ˆ � ‰ plane the experimental curves
of the performances of the inducer are roughly independent from the rotational
velocity !z [6]. As a consequence, validating the numerical tool for a specific
rotational velocity and different flow rates should validate the proposed numerical
tool for a generic rotational velocity. Table 2 shows the results for the non-cavitating
simulations. It clearly appears that the lower is the discharge ˆ, the worse are the
results. Already with the coarsest grid G1, rather satisfactory results are obtained for
intermediate and high discharge values, Ind2 and Ind1, respectively. Furthermore
the quantitative agreement is further improved considering the more refined grid
G2 for the case Ind2. Conversely, for the low discharge case, Ind3, the simulations
with the grid G1 and G2 greatly overestimate the pressure jump by, respectively,
41% and 30%. The magnitude of this error could be ascribed to the backward flow
between the inducer blades and the external case. The correct resolution of this flow
is of crucial importance for the determination of the performance of an inducer.
Since the smaller is the mass flow rate the greater is the backflow, we investigated
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Table 2 Pressure jump in non-cavitating conditions
Experimental ‰ Numerical ‰ Error%

G1-Ind1 0:122 0:114 �6:6%

G1-Ind2 0:186 0:204 C9:7%
G2-Ind2 0:186 0:179 �3:8%

G1-Ind3 0:214 0:302 C41%
G2-Ind3 0:214 0:278 C30%

G1L-Ind3 0:214 0:297 C39%
G1L-Ind3-T 0:214 0:239 C12%

Turbulent Kinetic Energy (k)
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Fig. 1 Cross section of the averaged k field at 
 D 15ı, simulation G1L-Ind3 (view of the shorter
domain)

two possible explanations of this behavior. The first one was that the distance of
the inlet from the inducer nose was not large enough to avoid spurious effects on the
solution, the second one was that for this case turbulence effects have to be included.
The results of the first simulations for the longer computational domain, G1L-Ind3,
show that even if there is a small effect, a decrease from 41% to 39%, this is not
the source of the error. Instead the results of the simulation G1L-Ind3-T, i.e. the
one done considering the RANS model, show that in this case turbulence is a key-
issue. Indeed, in this case the error falls down to 12%, less than the error obtained
with the refined grid G2 in laminar conditions. As expected the effects of turbulence
are particularly important near the gap between the blades and the external case,
as it is shown by Fig. 1 by considering the isocontours of k. This strongly affects
the backflow and, thus, the pressure jump. This also explains why for larger flow
rates, for which the backflow is less important, the effects of turbulence are not so
strong and a good agreement with experimental data can be obtained also in laminar
simulations.

The mass flow rate for the cavitating cases is large enough to prevent the issues
related to the backflow previously described, thus only laminar simulations are
considered. The results for the cavitating conditions, reported in Table 3, show
that the first grid G1 is not enough refined to correctly describe cavitation for this
case. The pressure jump is greatly overestimated. For these conditions the error is
related to the underestimation of the cavitating region: the experimental data for
� D 0:056 show a large cavitating zone and consequently the performance of the
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Table 3 Numerical results for the cavitating simulations
Experimental ‰ Numerical ‰ Error%

G1-Ind4 0:105 0:143 C36%
G2-Ind5 0:143 0:130 �8:9%
G2-Ind6 0:137 0:130 �5:0%

Fig. 2 Isocontours of the cavitating region, ˛ D 0:005, for the simulation G2-Ind6

inducer is significantly deteriorated. Instead, in the simulation with grid G1 the
extension of the cavitating region is greatly underestimated and, as a consequence,
the “numerical” performance of the inducer is similar to the non cavitating case.
Grid refinement is particularly effective as shown by the results for the simulations,
G2-Ind5 and G2-Ind6. The error in the prediction of the pressure jump is reduced
and the extension of the cavitating region, even if it is still underestimated, is closer
to the one found in experiments, as it is shown by Fig. 2 which plots the isocontours
of the void fraction, corresponding to the cavitating region. Note that when the
coarse grid G1 is used the cases Ind5 and Ind6 are not cavitating.
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