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Abstract We present a class of finite volume methods for the numerical solution
of Saint-Venant equations with variable horizontal density. The model is based on
coupling the Saint-Venant equations for the hydraulic variables with a suspended
sediment transport equation for the concentration variable. To approximate the
numerical solution of the considered models we propose a generalized Rusanov
method. The method is simple, accurate and avoids the solution of Riemann
problems during the time integration process. Using flux limiters, a second-order
accuracy is achieved in the reconstruction of numerical fluxes. The proposed finite
volume method is well-balanced, conservative, non-oscillatory and suitable for
Saint-Venant equations for which Riemann problems are difficult to solve. The
numerical results are presented for two test examples.
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1 Introduction

In this paper we are interested to develop a robust finite volume method for solving
Saint-Venant equations with variable horizontal density. The governing equations
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can be formulated in a conservative form as
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where W, F.W/ and Q.W/ are vector-valued functions in R
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where h is the water height above the bottom, u the water velocity, g the acceleration
due to gravity, Z the function characterizing the bottom topography and �s the
sediment density. For constant density �, the equations (1) reduce to the standard
Saint-Venant equations. In the current work, we assume that a sediment transport
takes place such that the density depends on space and time variables, i.e., � D
�.x; t/. This requires an additional equation for its evolution. Here, the equation
used to close the system is given by

� D �w C .�s � �w/ c; (2)

where �s is the sediment density and c is the depth-averaged concentration of the
suspended sediment. Further details on the formulation of the above equations we
refer to [3] and further references are therein. It is clear that the system (1) is
hyperbolic and the associated eigenvalues �k (k D 1; 2; 3) are

�1 D u �
p

gh; �2 D u and �3 D u C
p

gh: (3)

Note that in the above hydrodynamical model, we have considered only the source
terms related to bottom topography while the source terms related to bed friction are
neglected. Moreover, the bed-load sediment transport is assumed to be negligible
in the considered model compared to the suspended sediment load. It should also
be stressed that the transport of suspended sediments involves different physical
mechanisms occurring within different time scales according to their time response
to the hydrodynamics. In practice, the sediment transport of the bed occurs on a
transport time scale much longer than the flow time scale. It is therefore desirable to
construct numerical schemes that preserve stability for all time scales. In the current
study we propose a modified Rusanov method studied and analyzed in [1] for the
numerical solution of conservation laws with source terms. This method is simple,
accurate and avoids the solution of Riemann problems during the time integration
process. Our main goal is to present a class of numerical methods that are simple,
easy to implement, and accurately solves the Saint-Venant equations with variable
horizontal density without relying on Riemann solvers or front tracking techniques.
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Fig. 1 An illustration of modified Riemann problems in the proposed finite volume method

2 A generalized Rusanov method

To formulate our finite volume method, we discretize the spatial domain into control
volumes Œxi�1=2; xiC1=2� with uniform size �x D xiC1=2 � xi�1=2 and we divide the
temporal domain into subintervals Œtn; tnC1� with uniform size �t . Following the
standard finite volume formulation, we integrate the equation (1) with respect to
time and space over the domain Œtn; tnC1� � Œxi�1=2; xiC1=2� to obtain the following
discrete equation

WnC1
i D Wn

i � �t

�x

�
F.Wn

iC1=2/ � F.Wn
i�1=2/

�
C �tQn

i ; (4)

where Wn
i is the time-space average of the solution W in the domain Œxi�1=2; xiC1=2�

at time tn and F.Wn
i˙1=2/ is the numerical flux at x D xi˙1=2 and time tn. The

spatial discretization of the equation (4) is complete when a numerical construction
of the fluxes F.Wn

i˙1=2/ is chosen and a discretization of the source term Qn
i is

performed. In general, the construction of numerical fluxes requires a solution of
Riemann problems at the interfaces xi˙1=2.

In order to avoid these difficulties and reconstruct an approximation of Wn
iC1=2,

we adapt a finite volume method proposed in [1] for numerical solution of
conservation laws with source terms. The key idea is to integrate the equation (1)
over a control domain Œtn; tn C �n

iC1=2� � Œxi ; xiC1� containing the point .tn; xiC1=2/

as depicted in Fig. 1. It should be stressed that, the integration of the equation (1)
over the control domain Œtn; tn C�n

iC1=2�� Œxi ; xiC1� is used only at a predictor stage
to construct the intermediate states Wn

i˙1=2 which will be used in the corrector stage
(4). Here, Wn

i˙1=2 can be viewed as an approximation of the averaged Riemann
solution over the control volume Œxi ; xiC1� at time tn C �n

iC1=2. Thus, the resulting
intermediate state is given by
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where Qn
iC1=2 is an approximation of the averaged source term Q i.e.

Qn
iC1=2 D 1
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Q.W/ dt dx:

In order to complete the implementation of the above finite volume method the
parameters �n

iC1=2 and Qn
iC1=2 have to be selected. Based on the stability analysis

reported in [1] for conservation laws with source terms, the variable �n
iC1=2 is

selected as

�n
iC1=2 D ˛n

iC1=2
N�iC1=2; N�iC1=2 D �x

2Sn
iC1=2

; (6)

where ˛n
iC1=2 is a positive parameter to be calculated locally and Sn

iC1=2 is the local
Rusanov’s velocity defined as
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with �n
k;i is the kth eigenvalue in (3) evaluated at the solution state Wn

i . Notice that
the introduction of the local time step �n

iC1=2 in the predictor stage (5) is motivated

by the fact that �n
iC1=2 should not be larger than the value N�iC1=2 which corresponds

to the time required for the fastest wave generated at the interface xiC1=2 to leave
the cell Œxi ; xiC1�, compare Fig. 1.

It is clear that by setting ˛n
iC1=2 D 1 the proposed finite volume method reduces

to the well-established Rusanov method for linear systems of conservation laws,
whereas for ˛n

iC1=2 D �t=�xSn
iC1=2 one recovers the well-known Lax-Wendroff

scheme. Another choice of the slopes ˛n
iC1=2 leading to a first-order scheme is
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iC1=2 D Q̨n
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In the current study we incorporate limiters in its reconstruction as

˛n
iC1=2 D Q̨n

iC1=2 C �n
iC1=2˚

�
riC1=2

�
; (10)

where Q̨n
iC1=2 is given by (8) and ˚iC1=2 D ˚

�
riC1=2

�
is an appropriate limiter

which is defined by using a flux limiter function ˚ acting on a quantity that measures
the ratio riC1=2 of the upwind change to the local change, see for instance [6]. In the
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present study,

�n
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�x
Sn
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iC1=2

sn
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;

and the ratio of the upwind change is calculated locally as

riC1=2 D WiC1�q � Wi�q

WiC1 � Wi

; q D sgn
h

Q̨n
iC1=2

i
:

As a slope limiter function, we consider the Minmod function

˚.r/ D max .0; min .1; r// : (11)

Note that other slope limiter functions functions from [4, 6] can also apply. The
reconstructed slopes (10) are inserted in (6) and the numerical fluxes Wn

iC1=2 are
computed from (5). Remark that if we set ˚ D 0, the spatial discretization (10)
reduces to the first-order scheme.

3 Numerical Results

Two test examples are selected to check the accuracy and the performance of the
proposed finite volume scheme. As with all explicit time stepping methods the
theoretical maximum stable time step �t is specified according to the Courant-
Friedrichs-Lewy condition

�t D C r
�x

max
i

�ˇ̌
ˇ˛n

iC1=2

ˇ̌
ˇ
� ; (12)

where C r is a constant to be chosen less than unity. In all our simulations, the fixed
Courant number C r D 0:5 is used and the time step is varied according to (12).

3.1 Example 1

We consider a density dam-break problem with a single initial discontinuity. The
problem consists of solving the equations (1) in a flat channel of length 500 m filled
with two liquids with density � D 10 kg=m3 in the left section and � D 1 kg=m3 in
the right section. Initially, the system is at rest with constant water height h D 1 m

and g D 1 m=s2. In Fig. 2 we display the time evolution of the density, water height,
velocity and concentration variables using a mesh with 500 gridpoints. It is clear
from these results that at the initial time, the hydrostatic pressure difference at the
interface of the two liquids drives a flow of higher density liquid towards the right,



94 F. Benkhaldoun et al.

pushing the lower density liquid ahead. To conserve mass, the free surface of the
lower density liquid rises and a rightward propagating shock-like bore forms. This
flow features have been accurately captured by our generalized Rusanov scheme.
It should be stressed that the mechanisms of the density dam-break problems are
similar to that of the standard dam-break induced by change in free-surface depth,
in that a leftward rarefaction, a rightward shock and a contact wave are formed.
Similar wave structures also occur in shock tube gas dynamics.
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Fig. 2 Numerical results for density dam-break problem with a single initial discontinuity

For the sake of comparison, we present in Fig. 3 the results for the water height at
t D 70 s obtained using the classical Rusanov method and the proposed method
using a mesh with 500 and 1000 gridpoints. We have also included a reference
solution obtained using a refined mesh with 100000 gridpoints. As can be seen
from this figure, the results obtained using the classical Rusanov method are more
diffusive than those obtained using our finite volume method. Similar conclusion
can be drawn from other results (not reported here) obtained for the velocity field
and sediment concentration.

3.2 Example 2

In this example we solve a density dam-break problem with two initial disconti-
nuities. Here, a flat channel of length 100 m is filled at the left-hand side and
right-hand side of the channel with a liquid with density � D 1 kg=m3. At the
centre of the channel there is a liquid column of density � D 10 kg=m3 and width



A Generalized Rusanov method for Saint-Venant Equations 95

0 50 100 150 200 250 300 350 400 450 500

0.6

0.8

1

1.2

1.4

1.6

x

h

500 gridpoints
Rusanov scheme
Present scheme
Reference

0 50 100 150 200 250 300 350 400 450 500

0.6

0.8

1

1.2

1.4

1.6

x

h

1000 gridpoints
Rusanov scheme
Present scheme
Reference

Fig. 3 Comparative results for the water height at t D 70 s for density dam-break problem with a
single initial discontinuity using a mesh with 500 gridpoints (left) and 1000 gridpoints (right)
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Fig. 4 Numerical results for density dam-break problem with two initial discontinuities

of 1 m. Initially, the system is at rest with constant water height h D 1 m and
g D 1 m=s2. The computed results are illustrated in Fig. 4 for the t-x phase space.
It is evident that the sudden collapse of the denser liquid in the central column
causes primary shock waves to be created and propagate as bores in the direction
from high to low density. Two outward propagating bores are generated, traveling in
opposite directions. Each primary bore decreases in strength with time, which can
be seen from the curved shock path. On the other hand, a pair of rarefaction waves
travels inward from the interfaces. The rarefaction waves are almost immediately
reflected at the center, and then move outward, weakening rapidly. The accuracy of
the proposed finite volume is highly achieved in reproducing these physical features.
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Fig. 5 Comparative results for the water height at t D 20 s for density dam-break problem with
two initial discontinuities using a mesh with 500 gridpoints (left) and 1000 gridpoints (right)

In Fig. 5 we illustrate a comparison between the results for the water height at t D
20 s obtained using the classical Rusanov method and the proposed method using
a mesh with 500 and 1000 gridpoints. Again, a reference solution obtained using a
refined mesh with 100000 gridpoints is included in this figure. As in the previous
test example, an excessive numerical diffusion is detected in the results obtained
using the classical Rusanov method. This numerical diffusion has been noticeably
reduced in the results obtained using the proposed finite volume method.
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Zürich, (1992)

5. Roe, P.: Approximate riemann solvers, parameter vectors and difference schemes. J. Comp.
Physics. 43, 357–372 (1981)

6. Sweby, P.K.: High resolution schemes using flux limiters for hyperbolic conservation laws.
SIAM J. Numer. Anal. 21, 995–1011 (1984)

The paper is in final form and no similar paper has been or is being submitted elsewhere.


	A Generalized Rusanov method for Saint-Venant Equations with Variable Horizontal Density
	1 Introduction
	2 A generalized Rusanov method
	3 Numerical Results
	3.1 Example 1
	3.2 Example 2
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


